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Transatlantic  Communications — 
An  Historical  Resume 

By  DR.  MERVIN  J.  KELLY*  and  SIR  GORDON  RADLEYf 

(Manuscript  received  Jul}'  30,  1956) 

The  papers  that  follow  describe  the  design,  manufacture  and  installa- 
tion of  the  first  transatlantic  telephone  cable  system  with  all  its  com- 
ponent parts,  including  the  connecting  microwave  radio-relay  system  in 
Nova  Scotia.  The  purpose  of  this  introduction  is  to  set  the  scene  in  which 
this  project  was  undertaken,  and  to  discuss  the  technical  contribution 
it  has  made  to  the  development  of  world  communications. 

Electrical  communication  between  the  two  sides  of  the  North  At- 
lantic started  in  1866.  In  that  year  the  laying  of  a  telegraph  cable  be- 
tween the  British  Isles  and  Newfoundland  was  successfully  completed. 
Three  previous  attempts  to  establish  transatlantic  telegraph  communi- 
cation by  submarine  cable  had  failed.  These  failures  are  today  seen  to 
be  the  result  of  insufficient  appreciation  of  the  relation  between  the 
mechanical  design  of  the  cable  and  the  stresses  to  which  it  is  subjected 
as  it  is  laid  in  the  deep  waters  of  the  Atlantic.  The  making  and  laying 
of  deep  sea  cables  was  a  new  art  and  designers  had  few  experiments  to 
guide  them. 

During  the  succeeding  ninety  years,  submarine  telegraph  communi- 
cation cables  have  been  laid  all  over  the  world.  Cable  design  has  evolved 
from  the  simple  structure  of  the  first  transatlantic  telegraph  cable  —  a 

*  Bell  Telephone  Laboratories,     f  British  Post  Office. 
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stranded  copper  conductor,  insulated  with  gutta-percha  and  finished 
off  with  servings  of  jute  yarn  and  soft  armoring  wires  —  to  the  relatively 
complex  structure  of  the  modern  coaxial  cable,  strengthened  by  high 
tensile  steel  armoring  for  deep  sea  operation.  The  coaxial  structure  of 
the  conducting  path  is  necessary  for  the  transmission  of  the  wide  fre- 
quency band  width  required  for  many  telephone  channels  of  communi- 
cation. The  optimum  mechanical  design  of  the  structure  for  this  first 
transoceanic  telephone  cable  has  been  determined  by  many  experiments 
in  the  laboratory  and  at  sea.  As  a  result,  the  cable  engineer  is  confident 
that  the  risk  of  damage  is  exceedingly  small  even  when  the  cable  has 
to  be  laid  and  recovered  under  conditions  which  impose  tensile  loads 
approaching  the  breaking  strength  of  the  structure. 

The  great  difference  between  the  transatlantic  telephone  cable  and 
all  earlier  transoceanic  telegraph  cables  is,  however,  the  inclusion  of 
submerged  repeaters  as  an  integral  part  of  the  cable  at  equally  spaced 
intervals  and  the  use  of  two  separate  cables  in  the  long  intercontinental 
section  to  provide  a  separate  transmission  path  for  each  direction.  The 
repeaters  make  possible  a  very  large  increase  in  the  frequency  band 
width  that  can  be  transmitted.  There  are  fifty-one  of  these  submerged 
repeaters  in  each  of  the  two  cables  connecting  Clarenville  in  Newfound- 
land with  Oban  in  Scotland.  Each  repeater  provides  65  db  of  amplifi- 
cation at  164  kc,  the  highest  transmitted  frequency.  The  working 
frequency  range  of  144  kc  will  provide  thirty-five  telephone  channels 
in  each  cable  and  one  channel  to  be  used  for  telegraph  traffic  between 
the  United  Kingdom  and  Canada.  Each  cable  is  a  one-way  traffic  lane, 
all  the  "go"  channels  being  in  one  cable  and  all  the  "return"  in  the 
other. 

The  design  of  the  repeaters  used  in  the  North  Atlantic  is  based  on 
the  use  of  electron  tubes  and  other  components,  initially  constructed 
or  selected  for  reliability  in  service,  supported  by  many  j^ears  of  research 
at  Bell  Telephone  Laboratories.  Nevertheless,  the  use  of  so  many  re- 
peaters in  one  cable  at  the  bottom  of  the  ocean  has  been  a  bold  step 
forward,  well  beyond  anj^thing  that  has  been  attempted  hitherto.  There 
are  some  300  electron  tubes  and  6,000  other  components  in  the  sub- 
merged repeaters  of  the  system.  Many  of  the  repeaters  are  at  depths 
exceeding  2,000  fathoms  (2j  miles)  and  recovery  of  the  cable  and  re- 
placement of  a  faulty  repeater  might  well  be  a  protracted  and  expensive 
operation.  This  has  provided  the  incentive  for  a  design  that  provides  a 
new  order  of  reliability  and  long  life. 

On  the  North  Atlantic  section  of  the  route,  the  repeater  elements  are 
housed  in  flexible  containers  that  can  pass  around  the  normal  cable 
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laying  gear  without  requiring  the  ship  to  be  stopped  each  time  a  repeater 
is  laid.  The  advantages  of  this  flexible  housing  have  been  apparent  dur- 
ing the  laying  operations  of  1955  and  1956.  They  have  made  it  possible 
to  continue  laying  cable  and  repeaters  under  weather  conditions  which 
would  have  made  it  extremely  difficult  to  handle  rigid  repeater  housings 
with  the  methods  at  present  available. 

A  single  connecting  cable  has  been  used  across  Cabot  Strait  between 
Newfoundland  and  Nova  Scotia.  The  sixteen  repeaters  in  this  section 
have  been  arranged  electronically  to  give  both-way  amplification  and 
the  single  cable  provides  "go"  and  "return"  channels  for  sixty  circuits. 
"Go"  and  "return"  channels  are  disposed  in  separate  frequency  bands. 
The  design  is  based  closely  on  that  used  by  the  British  Post  Office  in 
the  North  Sea.  Use  of  a  single  cable  for  both-way  transmission  has 
many  attractions,  including  that  of  flexibility  in  providing  repeatered 
cable  systems,  but  no  means  has  yet  been  perfected  of  laying  as  part  of 
a  continuous  operation  the  rigid  repeater  housings  that  are  required 
because  of  the  additional  circuit  elements.  This  is  unimportant  in  rela- 
tively shallow  water,  but  any  operation  that  necessitates  stopping  the 
ship  adds  appreciably  to  the  hazards  of  cable  lajdng  in  very  deep  water. 

The  electron  tubes  used  in  the  repeaters  between  Newfoundland  and 
Scotland  are  relatively  inefficient  judged  by  present  daj^  standards. 
They  have  a  mutual  conductance  of  1,000  micromhos.  Proven  reliability, 
lower  mechanical  failure  probability  and  long  life  were  the  criteria  that 
determined  their  choice.  Electron  tubes  of  much  higher  performance 
with  a  mutual  conductance  of  6,000  micromhos  are  used  in  the  New- 
foundland-Nova Scotia  cable,  and  it  is  to  be  expected  that  long  re- 
peatered cable  systems  of  the  future  will  use  electron  tubes  of  similar 
performance.  This  will  increase  the  amplification  and  enable  a  wider 
frequency  band  to  be  transmitted;  thus  assisting  provision  of  a  greater 
number  of  circuits.  If  every  advantage  is  to  be  taken  of  the  higher 
performance  tubes,  it  will  be  necessary  to  duplicate  (or  parallel)  the 
amplifier  elements  of  each  repeater,  in  the  manner  described  in  a  later 
paper,  in  order  to  assure  adquately  long  trouble-free  performance.  This 
has  the  disadvantage  of  requiring  the  use  of  a  larger  repeater  housing. 

During  the  three  years  that  have  elapsed  since  the  announcement  in 
December,  1953  by  the  American  Telephone  and  Telegraph  Company, 
the  British  Post  Office,  and  the  Canadian  Overseas  Telecommunication 
Corporation,  of  their  intention  to  construct  the  first  transatlantic 
telephone  cable  system,  considerable  progress  has  been  made  in  the 
development  and  use  of  transistors.  The  low  power  drain  and  operating 
voltage  required  will  make  practicable  a  cable  with  many  more  sub- 
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merged  repeaters  than  at  present.  This  will  make  possible  a  further 
widening  of  the  transmission  band  which  could  provide  for  more  tele- 
phone circuits  with  accompanying  decrease  in  cost  per  speech  channel 
or  the  widened  band  could  be  utilized  for  television  transmission.  Much 
work,  however,  is  yet  to  be  done  to  mature  the  transistor  art  to  the  level 
of  that  of  the  thermionic  electron  tube  and  thus  insure  the  constancy  of 
characteristics  and  long  trouble-free  life  that  this  transatlantic  service 
demands. 

The  present  transatlantic  telephone  cable  whose  technical  properties 
are  presented  in  the  accompanying  papers,  however,  gives  promise  of 
large  reduction  in  costs  of  transoceanic  communications  on  routes  where 
the  traffic  justifies  the  provision  of  large  traffic  capacity  repeatered 
cables.  The  thirty-six,  four-kilocycle  channels  which  each  cable  of  the 
two-way  system  provides,  are  the  equivalent  of  at  least  864  telegraph 
channels.  A  modern  telegraph  cable  of  the  same  length  without  repeaters 
would  provide  only  one  channel  of  the  same  speed.  The  first  transat- 
lantic telegraph  cable  operated  at  a  much  slower  speed,  and  transmitted 
only  three  words  per  minute.  The  greater  capacity  of  future  cables  will 
reduce  still  further  the  cost  of  each  communication  circuit  provided  in 
them.  Such  considerations  point  to  the  economic  attracti\'eness,  where 
traffic  potentials  justify  it,  of  providing  broad  band  repeatered  cables 
for  all  telephone,  telegraph  and  teletypewriter  service  across  ocean 
barriers. 

The  new  transatlantic  telephone  cable  supplements  the  service 
now  provided  by  radio  telephone  between  the  European  and  North 
American  Continents.  It  adds  greatly  to  the  present  traffic  handling 
capacity  of  this  service.  The  first  of  these  radio  circuits  was  brought 
into  operation  between  London  and  New  York  in  1927.  As  demands  for 
service  have  grown,  the  number  of  circuits  has  been  increased.  We  are, 
however,  fast  approaching  a  limit  on  further  additions,  as  almost  all 
possible  frequency  space  has  now  been  occupied.  The  submarine  tele- 
phone cable  has  come  therefore  at  an  opportune  time;  further  growth 
in  traffic  is  not  limited  by  traffic  capacity. 

Technical  developments  over  the  years  by  the  British  Post  Office  and 
Bell  Telephone  Laboratories  have  brought  continuing  improvement  in 
the  quality,  continuity  and  reliability  of  the  radio  circuits.  The  use  of 
high  freciuency  transmission  on  a  single  side  band  with  suppressed 
carrier  and  steerable  receiving  antenna  are  typical  of  these  developments. 
Even  so,  the  route,  because  of  its  location  on  the  earth's  surface,  is 
particularly  susceptible  to  ionospheric  disturbances  which  produce 
quality  deterioration  and  at   times  interrupt  the  service  completely. 
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Cable  transmission  will  be  free  of  all  such  quality  and  continuity  limita- 
tions. In  fact,  service  of  the  quality  and  reliability  of  the  long  distance 
service  in  America  and  Western  Europe  is  possible.  This  quality  and 
continuity  improvement  may  well  accelerate  the  growth  in  transatlan- 
tic traffic. 

The  British  Post  Office  and  Bell  Telephone  Laboratories  are  contin- 
uing vigorous  programs  of  research  and  development  on  submarine 
cable  systems.  Continuing  technical  advance  can  be  anticipated.  Broader 
transmission  bands,  lower  cost  systems  and  greater  insurance  of  con- 
tinuous, reliable  and  high  quality  services  surely  follow. 


Transatlantic  Telephone  Cable  System  — 
Planning  and  Over-All  Performance 

By  E.  T.  MOTTRAM,*  R.  J.  HALSEY,t  J.  W.  EMLING* 

and  R.  G.   GRIFFITHJ 

(Manuscript  received  October  10,  1956) 

The  transatlantic  telephone  cable  system  was  designed  as  a  link  connecting 
communication  networks  on  the  two  sides  of  the  Atlantic.  The  technical 
planning  of  the  system  and  the  objectives  set  up  so  that  this  role  would  be 
fidfilled,  are  the  principal  subjects  of  this  paper.  Typical  performance  char- 
acteristics illustrate  the  high  degree  with  which  the  objectives  have  been 
realized.  Optimum  application  of  the  experience  of  the  British  Post  Office 
with  rigid  repeaters  and  the  Bell  System  with  flexible  repeaters,  together  with 
close  cooperation  among  three  administrations,  have  played  a  large  part  in 
achieving  the  objectives. 

INTRODUCTION 

The  transatlantic  telephone  cable  system  was  planned  primarily  to 
connect  London  to  New  York  and  London  to  Montreal,  and  thus  serve 
as  an  interconnection  between  continent-wide  networks  on  the  two  sides 
of  the  Atlantic.  Thus,  the  system  has  to  be  capable  of  serving  as  a  link  in 
wire  circuits  as  long  as  10,000  miles,  connecting  telephone  instruments 
supplied  by  various  administrations  and  used  by  peoples  of  many  nations. 
This  role  as  an  intercontinental  link  has,  therefore,  been  a  controlling 
consideration  in  setting  the  basic  objectives  for  the  system. 

The  end  sections  of  the  system  utilize  facilities  which  are  integral 
parts  of  the  internal  networks  of  the  United  States,  Great  Britain  and 
Canada,  but  the  essential  new  connecting  links,  extending  between 
Oban,  Scotland,  and  the  United  States-Canada  border,  and  forming 
the  greater  part  of  the  system,  were  built  under  an  Agreement  between 
the  joint  owners  —  the  American  Telephone  and  Telegraph  Company 
and  its  subsidiary  the  Eastern  Telephone  and  Telegraph  Company  (oper- 
ating in  Canada),  the  British  Post  Office,  and  the  Canadian  Overseas 

*  Bell  Telephone  Laboratories,  t  British  Post  Office.  %  Canadian  Overseas 
Telecommunication  Corporation. 
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Telecommunication  Corporation.  It  is  thus  the  joint  effort  of  three 
nations. 

In  planning  the  system,  the  main  centres  of  interest  were,  naturally, 
the  two  submarine  cable  sections,  Scotland  to  Newfoundland,  and  New- 
foundland to  Nova  Scotia,  each  of  which  had  to  meet  a  unique  combina- 
tion of  requirements  imposed  by  water  depth,  cable  length  and  trans- 
mitted bandwidth. 

OVER-ALL   VIEW   OF   THE   SYSTEM 

The  transatlantic  system  provides  29  telephone  circuits  between  Lon- 
don and  New  York,  six  telephone  circuits  between  London  and  Mont- 
real, and  a  single  circuit  split  between  London  —  New  York  and  Lon- 
don —  Montreal ;  this  split  circuit  is  available  for  telegraph  and  other 
narrow  band  uses.  There  are  also  24  telephone  circuits  available  for  local 
service  between  Newfoundland  and  the  Mainland  of  Canada,  and  there 
is  considerable  excess  capacity  over  the  radio-relay  link  that  crosses  the 
Maritime  Provinces  of  Canada. 

A  map  of  the  system  is  shown  in  Fig.  1 ;  the  facilities  used,  together 
with  the  approximate  route  distances  are  shown  in  Fig.  2.  It  will  be 
seen  that  the  over-all  lengths  of  the  London  to  New  York  and  London  to 
]\Iontreal  circuits  are  4,078  and  4,157  statute  miles  respectively.  Seven 
of  the  New  York  to  London  circuits  are  permanently  extended  to  Euro- 
pean Continental  centres  —  Paris,  Frankfurt  (2),  Amsterdam,  Brussels, 
Copenhagen  and  Berne.  The  longest  circuit  is  thus  New  York  to  Copen- 
hagen, 4,948  miles. 

Starting  at  London,  which  is  the  switching  centre  for  United  Kingdom 
and  Continental  points,  24-circuit  carrier  cables  provide  two  alternative 
routes  to  Glasgow  and  thence  to  Oban  by  a  new  coaxial  cable.  Between 
London  and  Oban  the  two  routes  are  fed  in  parallel  at  the  sending  ends, 
so  a  changeover  can  be  effected  at  the  receiving  ends  only.  At  a  later 
date,  an  alternative  route  out  of  Oban  will  be  provided  by  a  new  coaxial 
cable  to  Inverness. 

From  Oban  a  deep-sea  submarine  link  connects  to  Clarenville,  New- 
foundland. This  link  is  in  fact  two  parallel  submarine  cables,  one  vised 
for  east-to-west  transmission,  the  other  for  transmission  in  the  reverse 
direction.  Each  cable  is  roughly  1,950  nautical-miles  in  length  and  lies 
at  depths  varying  between  a  few  hundred  fathoms  on  the  continental 
shelf  and  about  2,300  fathoms  at  the  deepest  point.  Each  cable  incorpo- 
rates 51  repeaters  in  flexible  housings  which  compensate  for  the  cable 
attenuation  of  about  3,200  db  at  the  top  frequency  of  164  kc.  These 
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cables  carry  36  telephone  circuits  plus  maintenance  circuits  and  estab- 
lish the  present  maximum  capacity  of  the  transatlantic  system. 

At  Clarenville,  connection  is  made  with  Sydney  Mines,  Nova  Scotia, 
by  a  second  cable  system  which  goes  63  statute-miles  over  land  to  Ter- 
renceville,  Newfoundland,  and  thence  about  270  nautical-miles  in  coastal 
waters  at  a  depth  of  about  250  fathoms.  Although  this  system  is  partly 
on  land,  it  is  basically  a  submarine  system  in  design,  the  two  portions 
differing  only  in  the  protection  of  the  cable.  In  this  hnk,  the  two  direc- 
tions of  transmission  are  carried  by  the  same  cable,  a  low-frequency  band 
being  used  from  west-to-east  and  a  high-frequency  band  in  the  opposite 
direction.  In  addition  to  the  necessary  maintenance  circuits,  a  total  of 
60  two-way  circuits  are  provided,  36  being  used  for  transatlantic  service, 
and  the  remainder  being  available  for  service  between  Newfoundland 
and  the  Mainland.  Sixteen  two-way  repeaters  in  rigid  containers  provide 
close  to  1,000  db  gain  at  this  system's  top  frequency  of  552  kc. 

From  Sydney  Mines,  transmission  is  by  radio-relay  to  the  United 
States-Canada  border  and  thence  to  Portland,  Maine;  this  system 
operates  at  about  4,000  mc  and  includes  17  intermediate  stations.  From 
Portland,  standard  12-circuit  carrier  and  coaxial  cable  facilities  are  used 
to  connect  with  White  Plains,  New  York,  the  American  switching  center 
30  miles  north  of  New  York  City,  where  connection  is  made  to  the  Bell 
System  network. 

The  Montreal  circuits  leave  the  radio-relay  route  at  Spruce  Lake,  a 
relay  station  near  the  Border,  from  which  point  a  short  radio  spur  con- 
nects to  St.  John,  New  Brunswick,  thence  to  Quebec  on  a  12-circuit 
open-wire  carrier  system  and  thence  to  Montreal  on  a  12-circuit  cable 
carrier  system. 

BACKGROUND   TO    THE    SUBMARINE    CABLE    SYSTEMS 

The  submarine  cable  sections  have  been  built  upon  a  long  background 
of  experience.  Some  of  the  cable  laying  and  design  techniques  go  back  to 
the  early  telegraph  cables  of  almost  a  century  ago,  and  Lord  Kelvin's 
analysis  of  the  laying  process  is  still  the  standard  mathematical  treatise 
on  the  subject.  It  is  also  interesting  to  note  that  the  firm  which  provided 
most  of  the  cable  is  a  subsidiary  of  the  organization  that  manufactured 
and  laid  the  first  successful  transatlantic  telegraph  cable  some  90  years 
ago. 

In  addition  to  the  long  experience  in  submarine  telegraphy,  the  trans- 
atlantic system  has  drawn  on  over  a  quarter  of  a  century  of  experience 
of  telephone  cable  work  in  the  British  Post  Office  and  the  Bell  System. 
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Experience  in  these  two  organizations  has  been  quite  different,  but  each 

ill  its  own  way  has  been  im-aKiable  in  achieving  today's  system. 

British  Experience 

In  Great  Britain,  communication  to  the  Continent  dominated  the 
early  work  in  submarine  telephony  and  led  to  systems  providing  rela- 
tively large  numbers  of  circuits  over  short  cables  laid  in  shallow  water. 
Early  systems  were  un-repeatered,  but  the  ad\'antages  of  submerged 
repeaters  were  apparent.  Experimental  work,  started  in  1938,  culminated 
in  the  first  submerged  repeater  installation  in  an  Anglesey-Isle  of  ]\Ian 
cable  in  1943.  Currently,  there  are  many  repeaters  in  the  various  shallow 
water  cables  radiating  from  the  British  Isles. 

These  repeaters,  although  of  a  size  and  mechanical  structure  well 
suited  to  shallow  water  applications,  are  not  structurally  suited  to 
Atlantic  depths.  In  1948,  the  Post  Office  began  to  study  deep  water 
problems,  and  the  first  laying  tests  of  a  deep-water  repeater  housing  were 
conducted  in  the  Bay  of  Biscay  in  1951.  This  housing  was  rigid,  like  the 
shallow-water  ones,  but  smaller  and  double-ended  so  that  the  repeater 
was  in  line  with  the  cable.  Thus  the  rotation  of  the  repeater,  which 
accompanies  the  twisting  and  untwisting  of  the  cable  as  tension  is  in- 
creased and  decreased  during  the  laying  operation  could  be  tolerated. 
The  housing  now  used  by  the  British  Post  Office  is  basically  the  same  as 
this  early  deep-water  design,  although  minor  modifications  have  been 
made  to  improve  the  closure  and  water  seals. 

A  serious  study  of  transatlantic  telephony  was  begun  by  the  Post 
Office  in  1950  when  a  committee  was  set  up  to  report  on  future  possibili- 
ties of  repeatered  cables.  As  a  result,  it  was  decided  in  1952  to  engineer 
a  new  telephone  cable  to  Scandinavia,  300  nautical-miles  in  length,  as  a 
deep-water  prototype,  even  though  the  requirements  of  depth,  length, 
and  channel  capacity  all  could  have  been  met  by  existing  shallow-water 
designs. 

All  of  the  Post  Office  submarine  systems  are  alike  in  that  they  use  but 
a  single  cable,  the  go  and  return  paths  being  carried  by  different  frequency 
bands.  The  adoption  of  this  plan  was  greatly  influenced  by  the  conditions 
under  which  the  art  developed.  Because  North  Sea  and  Channel  cables 
were  highl}^  subject  to  damage  from  fishing  operations,  it  was  desirable  to 
limit  the  effects  of  such  damage  as  much  as  possible.  A  single  cable 
system  is  obviously  preferable  under  these  circumstances  to  a  system 
using  separate  go  and  return  cables  which  could  be  put  out  of  service  by 
damage  to  either  cable.  Since  these  systems  were  designed  for  shallow 
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water  use,  the  additional  container  size  required  for  two-way  repeaters 
was  of  no  great  moment  compared  to  the  advantages  of  a  single-cable 
system. 

United  States  Experience 

In  the  United  States,  the  cable  art  developed  under  very  different 
circumstances.  There  was,  of  course,  need  for  communication  to  Cuba, 
Catalina,  Xantucket  and  other  off-shore  locations,  some  of  which  in- 
volved conditions  similar  to  those  existing  around  the  British  Isles. 
The  application  of  carrier  to  several  of  these  cables  occurred  at  an  early 
date,  but  the  repeater  art  was  not  directed  at  these  shallow  water  appli- 
cations. 

For  many  years,  telephone  communication  to  Europe  had  been  an 
important  goal  and  some  thirty-five  years  ago  a  specific  proposal  was 
made  by  the  Bell  System  to  the  Post  Office  for  a  single,  continuously- 
loaded,  nonrepeatered  cable  to  provide  a  single  telephone  circuit  across 
the  Atlantic. 

This  system  was  never  built,  partly  because  of  the  economic  depression 
of  the  early  thirties  and  partly  because  short-wave  radio  was  able  to 
meet  current  needs.  Cable  studies  and  experiments  in  the  laboratorj^  and 
field  were  continued,  however,  and  largely  influenced  subsequent  de^'el- 
opments.  It  was  at  this  time  that  the  physical  structure  of  the  cable  now 
used  in  the  transatlantic  system  was  worked  out.  It  was  also  at  this 
time  that  the  harmful  effects  of  physical  irregularities  in  the  cable  were 
demonstrated.  As  cables  are  laid  in  deep  water,  high  tensions  are  devel- 
oped which  unwrap  the  armor  wires  that  normally  spiral  about  the 
central  structure.  As  tension  changes  during  the  laying  process,  twisting 
and  untwisting  occurs  which  is  harmless  if  distributed  along  the  cable. 
But  obstructions  in  the  cable  which  prevent  rotation,  or  any  other  pro- 
cess such  as  starting  and  stopping  of  the  ship  which  tends  to  localize  twist- 
ing, are  likely  to  cause  kinking  of  cable  and  buckling  of  the  conductors. 

By  1932,  electronic  technology  had  advanced  to  a  point  where  serious 
consideration  could  be  given  to  a  wideband  system  with  numerous  long- 
life  repeaters  laid  on  the  bottom  of  the  ocean  and  powered  by  current 
supplied  over  the  cable  from  sources  on  shore. 

The  hazardous  effects  of  obstructions  in  the  cable,  demonstrated  in 
early  laying  tests,  indicated  that  the  chances  of  a  successful  deep-sea 
cable  would  be  greatest  if  the  repeaters  were  in  small-diameter,  flexible 
housings  which  could  pass  through  laying  gear  without  stopping  the 
ship  and  without  restricting  the  normal  untwisting  and  twisting  of  the 
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cable.  The  structure  ultimately  evolved,  consisting  of  two  over-lapping 
layers  of  abutting  steel  pressure  rings  within  a  flexible  waterproof  con- 
tainer, was  an  important  influence  on  the  electrical  design,  since  it  placed 
severe  limitations  on  size  and  placement  of  individual  components. 

Because  these  repeaters  were  to  lie  without  failure  for  many  years  on 
the  ocean  bottom,  it  was  necessary  either  to  provide  a  minimum  number 
of  components  of  the  utmost  reliability,  or  to  provide  duplicate  com- 
ponents to  take  over  in  case  of  failure.  The  size  limitation  favored  the 
former  approach.  Similarly,  the  need  for  small  size  and  minimum  number 
of  components  militated  against  the  use  of  tw^o-way  repeaters  with  their 
associated  directional  filters. 

Out  of  these  considerations  grew  the  Bell  System  approach  to  solving 
the  transatlantic  problem  by  the  use  of  two  cables,  each  with  built-in 
flexible  amplifiers  containing  the  minimum  number  of  components  of 
utmost  reliability  and  a  life  objective  of  20  years  or  better. 

It  was  not  until  the  end  of  World  War  II  that  such  a  system  could  be 
tried.  At  this  time  it  was  decided  to  install  a  pair  of  cables  on  the  Key 
West-Havana  route  to  evaluate  the  transatlantic  design  which  had 
evolved  in  the  prewar  years.  After  further  laying  trials,  this  plan  was 
completed  in  May,  1950,  with  the  laying  of  two  cables.  Each  of  these 
had  three  built-in  repeaters  lying  at  depths  up  to  950  fathoms.  These 
cables,  each  about  120  nautical-miles  in  length,  carry  24  telephone 
circuits.  They  have  now  been  in  continuous  service  for  over  six  years 
without  repeater  failure  or  evidence  of  deterioration. 

EARLY   TRANSATLANTIC   TECHNICAL   DECISIONS 

Early  in  1952,  negotiations  concerning  a  transatlantic  cable  were 
again  opened  between  the  American  Telephone  and  Telegraph  Companj^ 
and  the  British  Post  Office.  As  indicated  above,  at  that  time  each  party 
had  been  laying  plans  for  such  a  system.  Thus  it  became  necessary  to 
evaluate  the  work  on  each  side  of  the  Atlantic  to  evolve  the  best  techni- 
cal solution. 

To  do  this,  a  technical  team  from  the  Post  Office  visited  Bell  Telephone 
Laboratories  in  the  fall  of  1952  to  examine  developments  in  the  United 
States.  The  w^ork  of  the  preceding  30  years  was  reviewed  in  detail  with 
particular  emphasis  on  the  development  and  manufacture  of  the  1950 
Key  West-Havana  cables.  This  was  followed  by  a  visit  to  the  Post 
Office  by  a  Bell  Laboratories'  team  to  review  similar  work  in  Great  Brit- 
ain. Again  the  review  was  comprehensive,  covering  shallow-water  sys- 
tems as  well  as  plans  for  deep-water  repeaters.  Each  visit  was  charac- 
terized by  a  frankness  and  complete  openness  of  discussion  that  is 
perhaps  luiusual  in  international  negotiations. 
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As  is  apparent  from  the  previous  discussion,  it  was  found  that  the 
basic  features  of  a  deep-water  design  had  been  completed  by  the  Bell 
System.  Not  only  had  many  of  the  components  been  under  laboratory 
test  for  many  years,  but  a  complete  system  had  been  operating  for  2| 
years  between  Havana  and  Key  West.  To  use  a  phrase  coined  at  the  time, 
the  design  had  proven  integrity. 

Because  of  the  years  of  proof  and  the  conservative  approach  adopted 
to  assure  long  life,  the  design  was  far  from  modern.  The  electron  tubes, 
for  example,  had  characteristics  typical  of  tubes  of  the  late  1930's,  when, 
in  fact,  they  were  designed.  Similarly,  other  components  were  essentially 
of  prewar  design. 

The  Post  Office,  on  the  other  hand,  had  pioneered  shallow-water 
repeaters  and  were  pre-eminent  in  tliis  field.  Their  deep-water  designs 
were  still  evolving  and  had  not  yet  been  subjected  to  the  same  rigorous 
tests  as  the  Bell  System  repeaters.  This  later  evolution,  however,  made 
possible  a  much  more  modern  design.  The  electron  tubes,  for  example, 
had  a  mutual  conductance  of  6,000  micromhos  as  compared  to  about 
1 ,000  in  the  Bell  System  repeater,  and  thus  had  a  potentiality  for  much 
greater  repeater  band  widths. 

It  was  apparent  from  these  reviews  that  only  the  American  design  was 
far  enough  advanced  to  assure  service  at  an  early  date.  It  also  appeared 
to  have  the  integrity  so  essential  to  such  a  pioneering  and  costly  effort 
as  a  transatlantic  cable.  On  the  other  hand,  the  more  modern  Post 
Office  design  had  many  elements  of  potential  value.  If  deep-water  laying 
hazards  could  be  overcome  and  proof  of  reliability  established,  it  gave 
promise  of  greater  flexibility  and  economy  for  future  systems. 

It  was  on  these  grounds  that  Dr.  Mervin  Kelly  for  the  Bell  System 
and  Sir  Gordon  Radley  for  the  Post  Office  jointly  recommended  that 
the  Bell  System  design  be  used  for  the  long  length  and  great  depths  of 
the  Atlantic  crossing  and  the  Post  Office  design  be  used  for  the  New- 
foundland-Nova Scotia  link  where  the  shallower  water  afforded  less 
hazard  and  better  observation  of  this  potentially  interesting  design.  The 
decision  to  use  the  Post  Office  design  was  subject  to  technical  review  after 
deep-sea  laying  tests  and  further  experience  with  circuits  and  com- 
ponents. This  review,  made  in  June  of  1954,  confirmed  the  soundness 
of  the  original  recommendation. 

SYSTEM   PLANNING 

Planning  of  the  individual  systems  began  as  soon  as  the  technical 
decision  just  mentioned  had  been  reached.  By  the  time  administrati\'e 
agreements  had  been  reached  and  the  contract  signed  on  November 
27,  1953,  both  parties  were  ready  to  set  up  system  objectives  and  an 
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over-all  system  plan.  This  work,  too,  was  accomplished  by  a  series  of 
technical  meetings  held  alternately  in  the  United  States  and  the  United 
Kingdom,  with  additional  meetings  in  Canada. 

At  the  first  of  these  meetings,  a  decision  of  far-reaching  importance 
was  made.  It  was  agreed  that  each  technical  problem  would  be  solved 
as  it  arose  in  so  far  as  possible  on  the  best  engineering  basis,  putting  aside 
all  considerations  of  national  pride.  Adherence  to  this  principle  did 
much  to  forward  the  technical  negotiations. 

The  initial  joint  meeting  was  also  responsible  for  establishing  most 
of  the  basic  performance  objectives  of  the  system.  The  target  date  for 
opening  of  service,  December  1,  1956,  had  been  settled  even  earlier  and 
was,  in  the  event,  bettered  by  nearly  10  weeks. 

Service  Objectives 

A  statement  of  the  manner  in  which  the  system  would  be  used  and  the 
services  to  be  provided  was  a  necessary  preliminary  to  establishing 
performance  objectives. 

It  was  agreed  that  the  system  should  be  designed  as  a  connecting 
link  between  the  North  American  and  European  long  distance  networks. 
As  such  it  should  be  capable  of  connecting  any  telephone  in  North  Amer- 
ica (ordinarily  reached  through  the  Bell  System  or  Canadian  long  dis- 
tance networks)  with  any  telephone  in  the  British  Isles  or  any  telephone 
normally  reached  from  the  British  Isles  through  the  European  conti- 
nental network.  The  system  would  be  designed  primarily  for  message 
telephone  service  but  consideration  would  be  given  to  the  provision  of 
other  services  such  as  VF  carrier  telegraph,  program  (music),  and  tele- 
photograph  as  permitted  by  technical  and  contractual  considerations. 
It  w^as  also  agreed  that  the  two  submarine  cable  links  should  be  so 
planned  that  it  would  be  possible  to  utilize  the  full  bandwidth  in  any 
desired  manner  in  the  future.  Thus,  for  example,  repeater  test  signals 
should  be  outside  the  main  transmission  band. 

All  elements  in  the  submarine  cable  systems  were  to  be  planned  for 
reliable  service  over  a  period  of  at  least  20  years. 

Transmission  Objectives 

The  term  "objective"  was  used  advisedly  in  describing  the  aims  of 
the  system.  It  w^as  agreed  that  such  objecti^'es  were  not  ironclad  reciuire- 
ments  but  rather  desirable  goals  which  it  was  believed  practical  to  attain 
with  the  facilities  proposed.  Reasonable  departure  from  these  goals,  how- 
ever, would  not  be  reason  for  major  redesign. 
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Since  the  transatlantic  circuits  were  to  connect  two  extensive  net- 
works, the  broad  objective  was  to  add  as  Httle  loss  and  other  forms  of 
impairment  as  practical.  To  this  end,  they  were  to  be  designed  essentially 
to  the  standards  of  international  circuits  as  defined  by  the  C.C.I.F.* 
and  of  circuits  connecting  main  switching  points  in  national  networks, 
as  for  example,  "Regional  Centers"  in  the  Bell  System  network  and 
"Zone  Centers"  in  the  Post  Office  network. 

The  possibility  of  increasing  the  circuit  capacity  of  the  system  by 
using  channel  spacings  less  than  4  kc  was  obvious.  It  was  decided,  how- 
ever, to  adopt,  initially  at  least,  the  4-kc  spacing  commonly  used  by 
long  distance  systems  on  both  sides  of  the  Atlantic.  This  would  make 
possible  the  use  of  standard  multiplexing  arrangements,  and  it  was 
believed  that  the  number  of  circuits  provided  would  be  adequate  for 
the  first  few  years  of  operation.  It  would  undoubtedly  be  desirable  to 
increase  the  number  of  circuits  in  later  years,  but  a  decision  on  the 
method  to  be  used  was  left  until  completion  of  exploratory  work  on 
several  methods  which  promised  capacity  increases  with  less  degradation 
than  narrow-band  operation. 

The  decision  to  use  standard  terminal  equipment  led  naturally  to 
acceptance  of  the  principle  that  the  36  circuits  across  the  Atlantic  would 
be  assembled  as  three  12-channel  groups  in  the  range  60-108  kc  and  the 
60  circuits  between  Newfoundland  and  Nova  Scotia  as  five  12-channel 
groups  and  thence  as  a  supergroup  in  the  range  312-552  kc.  These  are 
standard  modulation  stages  in  the  multiplexing  arrangements  for  broad- 
band carrier  system  on  both  sides  of  the  Atlantic.  Two  of  the  12-channel 
transatlantic  groups  would  be  connected  to  New  York  and  the  third 
would  be  split  to  provide  6|  circuits  to  Montreal  and  5|  to  New  York  in 
accordance  with  the  Agreement. 

To  provide  for  program  circuits,  three  eastbound  and  three  west- 
bound channels  in  each  of  the  three  transatlantic  groups  would  be  made 
available  when  required;  equipment  would  be  pro\-ided  to  replace  either 
two  or  three  4-kc  message  telephone  channels  by  a  music  channel.  In 
order  to  avoid  the  agreed  group  pilot  frequencies  and  to  provide  service 
to  Montreal,  it  was  agreed  to  utilize  the  frequency  bands  68-76  kc  and 
64-76  kc  in  the  12-channel  groups  for  this  purpose.  Terminals  of  British 
Post  Office  design  would  be  used  at  all  points  for  translation  between 
program  and  carrier  frequencies.  The  normal  Bell  System  terminals 
could  not  be  used  since  they  occupy  the  frequency  ranges  80-88  kc  and 


*  The  International  Consultative  Committee  on  Telephony  (C.C.I.F.)  bases 
its  recommendations  on  a  circuit  2,500  km  (1,600  miles)  in  length,  with  implied 
pro  rata  increases  for  noise  impairment. 
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76-88  kc  which  are  not  compatible  with  the  spht  group  arrangement  or 
with  the  84.08  kc  end-to-end  pilot. 

Net  Loss 

The  nominal  1,000-cycle  net  loss  objective  between  London  and  New 
York  for  calls  switched  to  other  long  distance  trunks  at  each  end  (i.e., 
the  via  net  loss)  was  set  at  0.5  db.  For  calls  terminating  at  either  New 
York  or  London,  the  loss  would  be  increased  by  switching  a  3.5-db  pad 
in  London,  as  recommended  by  the  C.C.LF.,  and  a  2-db  pad  at  New 
York  as  standard  in  the  Bell  System.  Thus  a  New  York  to  London  call 
would  have  a  net  loss  of  6  db. 

Variations  from  these  nominal  net  losses  owing  to  temperature  effects, 
lack  of  perfect  equalization  and  regulation,  etc.,  are  to  be  expected  and 
a  standard  deviation  of  1.5  db  was  set  as  the  objective  for  such  variations 
in  the  absence  of  trouble.  The  allocation  of  this  variation  to  the  various 
links  is  shown  in  Table  L 

It  is  interesting  to  note  that  a  smaller  variation  was  allocated  to  the 
submarine  links  than  to  the  over-land  links.  It  was  believed  that  the 
more  stable  environment  on  the  ocean  floor  would  make  it  possible  to 
meet  the  rather  small  variation  assigned  to  these  links. 

While  these  loss  variations  are  consistent  with  normal  long  distance 
trunk  objectives,  they  would  not  be  satisfactory  if  compandors  were 
found  necessary  to  meet  the  noise  objectives,  and  it  was  agreed  that  any 
of  the  links  lying  between  such  compandors  would  have  to  meet  ob- 
jectives half  as  large  as  those  in  Table  I. 

Frequency  Characteristics 

For  telephone  message  circuits,  the  frequency  characteristic  recom- 
mended by  the  C.C.I.F.,  Fig.  3,  was  adopted  with  the  expectation  that 
it  could  be  bettered  by  a  factor  of  two,  since  channel  equipments  would 
be  included  at  the  circuit  terminals  only,  as  described  later. 

Table  I  —  Standard  Deviations  of  Net  Loss  Objective 


Link 

Standard  Deviation  (db) 

New  York-Portland 

Portland-Svdnev  Mines                              

0.75 
0.75 

Sydney  Mines-Clarenville 

Clarenville-Oban                                                  

0.5 
0.5 

Oban-London 

0.75 

Total  (Assuming  rms  addition) 
New  York-Londonl 

L5 

Montreal-London  / 
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Fig.  3  —  C.C.I.F.  objectives  for  frequency  characteristic  of  voice  channel. 

No  specific  objectives  were  agreed  upon  for  the  frequency  characteris- 
tics of  the  12-channel  groups  as  such,  but  there  was  an  expectation  that 
±2db  could  be  achieved  except  for  frequencies  adjacent  to  the  filters 
in  the  split  group. 

For  program  channels,  the  C.C.I.F.  recommendations  were  also 
adopted  in  respect  of  the  two-band  (6.4  kc)  and  three-band  (10  kc) 
arrangements.  To  meet  the  requirements  of  these  channels  and  of  teleg- 
raphy, an  overall  frequency  stability  objective  of  ±2  cycles  was  adopted. 


Noise  and  Crosstalk 

Noise  objectives  were  established  to  be  reasonably  consistent  both 
with  Bell  System  and  C.C.I.F.*  objectives  for  circuits  of  transatlantic 
length. 

The  objective  for  the  rms  circuit  noise  at  a  zero  level  point  in  the 

*  The  methods  specified  by  these  two  bodies  for  the  assessment  of  circuit  noise 
differ  in  three  respects,  the  units  employed,  the  frequency  weighting  employed, 
and  the  fraction  of  the  busy  hour  for  which  the  specified  noise  may  occur.  The 
meters  concerned  are  the  Bell  System  2B  noise  meter  (FIA  weighting  network) 
reading  in  dba  and  the  C.C.I.F.  psophometer  (1951  weighting  network)  reading 
in  millivolts  across  600  ohms.  The  relationship  between  readings  on  the  two  meters 
is  discussed  in  a  later  paper  and  it  will  suffice  here  to  note  that,  for  white  noise 
dbm  (COIF)  =  dba  (Bell)  -  84. 
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Table  II  —  RMS  Xoise  Objectives  in  Busy  Hour 


Link 

Approx.  mileage 

Noise  dba 

New  York-Sydnej^  Minesl 

1,000 

400 

2,000 

500 

31 

Montreal -bydney  Mines  J                  

Sydney  Mines-Clarenville 

Clarenville-Oban 

Oban-London 

28 
36 
28 

Total 

New  York-Londonl 

38 

Montreal-London  / 

busy  hour  was  agreed  as  38  dba  (i.e.  —46  dbm  or  3.9  mv).  This  was 
allocated  between  the  various  links  as  in  Table  II. 

For  the  program  channels,  the  agreed  noise  objective  was  —50  dbm 
as  measured  on  a  C.C.I.F.  psophometer  with  a  1951  program  weighting 
network. 

Statistical  data  on  probable  speech  le^'els  and  distributions  at  London 
and  New  York  terminals  were  provided  as  a  basis  for  repeater  loading 
studies. 

Early  planning  studies  indicated  that  these  objectives  would  probably 
be  met  on  all,  or  nearly  all  channels  without  resort  to  compandors.  If, 
as  the  system  aged,  the  noise  increased  owing  to  increasing  misalign- 
ment, the  use  of  compandors  would  offer  a  means  for  reducing  message 
circuit  noise  below  the  objectives. 

The  minumum  equal-level  crosstalk  loss  between  any  two  telephone 
channels  was  set  at  56  db  for  any  source  of  potentially  intelligible  cross- 
talk. For  channels  used  for  VF  telegraph,  the  eciual-level  crosstalk  loss 
between  go  and  return  directions  was  set  as  a  minimum  of  40  db;  for 
all  program  channels  the  minimum  crosstalk  attenuation  would  be  55  db. 

Restrictions  of  Telegraph  and  Other  Services 

Since  the  system  was  being  designed  primarily  for  message  telephone 
service,  it  was  agreed  that  a  channel  used  for  any  other  service  should 
not  contribute  more  to  the  system  rms  or  peak  load  than  if  this  channel 
were  used  for  message  telephone,  except  by  prior  agreement  between 
Post  Office,  Bell  System  and  Canadian  Overseas  Telecommunication 
Corporation  engineering  representatives. 


Signalling  Objectives 

In  order  to  conserve  frequenc.y  space,  it  Avas  decided  to  transmit  all 
calling  and  supervisory  signals  within  the  telephone  channel  bands  and, 
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to  avoid  transmission  degradation,  it  was  agreed  that  the  signahng 
power  and  duration  would  not  amount  to  more  than  9  milliwatt-seconds 
in  the  busy  hour  at  a  zero  level  point;  this  would  not  contribute  unduly 
to  the  loading  of  the  system. 

It  was  agreed  that,  for  initial  operation,  ringdown  signaling  would  be 
employed,  but  the  system  design  should  be  such  as  to  permit  the  use  of 
dialing  at  a  later  date. 

Echo  Suppressors 

Echo  control  was  considered  essential,  since  the  via  net  loss  of  the 
transatlantic  circuits  would  be  only  0.5  db,  with  a  one-way  transmission 
time  of  35  milliseconds.  Echo  suppressors  would  be  provided  initially  at 
New  York  and  Montreal  only,  and  arrangements  made  in  London  to 
cut  out  such  suppressors  as  may  be  fitted  there  on  Continental  circuits, 
when  these  are  used  for  extension  of  the  transatlantic  circuits.  It  was 
recognized,  however,  that  other  suppressors  might  be  encountered  in  the 
more  remote  parts  of  Continental  and  United  States  extensions.  The 
general  problem  of  how  best  to  arrange  and  operate  echo  suppressors  on 
very  long  switched  connections  is  one  which  remains  for  consideration 
later. 

Maintenance  and  Operating  Services 

Telephone  Speaker  and  Telegraph  Printer  Circuits 

The  need  for  telephone  and  telegraph  circuits  for  maintenance  and 
administration  was  recognized,  and  it  was  agreed  to  provide  the  fol- 
lowing circuits  on  the  submarine  links  at  frequencies  immediately  out- 
side the  main  transmission  bands  where  inferior  and  somewhat  uncer- 
tain characteristics  might  be  expected  (Fig.  4) : 

(a)  A  4-kc  band,  possibly  sub-standard  in  regard  to  noise,  equipped 
with  band  splitting  equipment  (EB  Banks)  to  provide  two  half-band- 
width telephone  (speaker)  circuits,  and 

(b)  two  frequency-modulated  telegraph  (printer)  circuits. 

These  circuits  would  be  extended  over  the  land  circuits  to  the  terminal 
stations  by  standard  arrangements  as  needed  and  would  be  used  to  pro- 
^'ide  the  following  facilities: 

(I)  An  omnibus  speaker  circuit  connecting  the  principal  stations  on 
the  route,  including  Montreal. 

(II)  A  speaker  circuit  for  point-to-point  communication  between  the 
principal  stations  —  i.e.,  non-continuous. 

(III)  A  direct  printer  circuit  between  London  and  White  Plains. 

(IV)  An  omnibus  printer  circuit  as  (I)  above. 
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Repeater  Test  Frequencies 

In  each  submarine  cable  link,  test  freciuency  bands  were  required  for 
monitoring  repeater  performance;  and  these  are  indicated  in  Fig.  4. 

Pilot  Frequencies 

It  was  agreed  to  provide  pilot  facilities  throughout  the  route  for  line-up 
maintenance  and  regulation  purposes.  In  addition  to  the  usual  pilots  on 
the  inland  networks,  there  would  be  provided: 

(a)  a  92-kc  pilot  in  each  12-channel  group,  continuous  only  in  a  par- 
ticular section  of  the  route  and  fitted  with  a  recording  voltmeter  at  the 
receiving  end  of  that  section,  and 

(b)  an  84.08-kc  overall  pilot  in  each  12-channel  group  as  recommended 
by  the  C.C.I.F.  This  would  transmit  continuously  over  the  entire  route 
and  would  be  monitored  and  recorded  at  every  main  station. 

Connections  between  Component  Links 

At  the  time  that  the  objectives  were  being  established,  a  far-reaching 
decision  was  made  to  employ  channel  equipment  at  London,  New  York, 
and  Montreal  only,  and  to  adopt  the  frequency  band  60-108  kc  as  the 
standard  frequency  for  connecting  the  various  parts  of  the  over-all 
system.  By  adopting  this  band  as  standard  for  the  transatlantic  system, 
it  also  became  possible  to  interconnect  readily  with  land  systems  at  each 
end. 

This  agreement  also  facilitated  decisions  on  responsibihty  for  design 
and  manufacture  of  equipment.  For  example,  it  became  logical  to  define 
each  submarine  system  as  the  equipment  between  points  where  the 
60-108-kc  band  appeared,  i.e.,  the  group  connecting  frames.  Thus,  these 
systems  would  include  not  only  the  cable,  repeaters,  and  power  supplies, 
but  also  the  terminal  gear  to  translate  between  60-108  kc  and  line 
frequency  of  the  submarine  sj^stem.  It  also  became  logical  to  assign 
responsibility  for  manufacture  of  all  of  this  equipment  to  the  administra- 
tion responsible  for  the  specific  system  design,  i.e.,  responsibility  for  the 
Oban-Clarenville  Hnk  to  the  Bell  System  and  the  Clarenville-Sydney 
Mines  link  to  the  Post  Office. 

THE    REALIZATION    OF   THE   SYSTEM 

With  decisions  reached  on  the  system  objectives  and  interconnecting 
arrangements,  it  became  possible  to  lay  out  jointly  a  detailed  over-all 
plan  and  for  each  administration  to  proceed  with  developing  and  engi- 
neering the  links  under  its  jurisdiction. 
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There  was  an  understanding  that  there  should  be  no  deliberate  attempt 
to  make  the  characteristics  of  one  link  compensate  for  those  of  another, 
and  so  it  would  be  incumbent  on  the  administrations  to  produce  the 
best  possible  group  characteristic  on  each  link. 

The  overall  plan  for  the  system,  as  finally  developed,  is  shown  in  Fig.  2. 
Except  for  the  necessity  to  split  one  of  the  three  transatlantic  groups  in 
each  direction  to  provide  6^  circuits  to  Montreal  and  5|  to  New  York, 
which  required  specially  designed  crystal  filters,  no  unusual  circuit 
facilities  were  required. 

Special  equipment  arrangements  were  called  for  at  Sydney  Mines  and 
Clarenville  to  provide  security  for  the  Montreal-London  circuits  where 
they  appeared  in  the  same  office  with  White  Plains-London  circuits.  In 
these  cases,  a  special  locked  room  was  constructed  to  house  the  equipment 
associated  with  the  channel  group  containing  the  Canadian  circuits. 

The  details  of  how  the  two  all-important  submarine  cable  links  were 
designed  and  engineered  to  meet  their  indi\'idual  objectives  are  given  in 
companion  papers.  The  efficiency  and  integrity  of  these  two  links  are 
the  highest  that  could  be  devised  by  engineers  on  both  sides  of  the 
Atlantic. 

Finally,  each  section  of  the  connecting  links  was  lined-up  and  tested 
individually  before  bringing  them  all  together  as  an  integrated  system. 

OVER-ALL   PERFORMANCE    OF   THE    SYSTEM 

The  system  went  into  service  on  September  25,  1956,  so  soon  after 
completion  of  some  of  the  links  that  it  was  not  possible  to  include  all 
the  final  equalizers.  Nevertheless,  after  completion  of  the  initial  overall 
line-up,  the  performance  has  been  found  to  meet  very  closely  the  orig- 
inal objectives.  The  system  went  into  service  without  the  use  of  com- 
pandors on  any  of  the  telephone  circuits,  but  compandors  are  included  in 
the  program  equipment.  At  the  time  of  writing,  onlj^  the  2-channel 
program  equipment  is  available  for  use. 

Frequency  Characteristics  of  12-channel  groups 

Fig.  5  shows  the  frequency  characteristic  of  one  of  the  12-channel 
groups,  link  b}'  link  and  over-all,  measured  at  group  frequencies  corre- 
sponding to  1,000  cycles  on  each  channel.  In  both  of  the  complete 
London-New  York  groups  the  deviation  from  flat  transmission  is  within 
±1.5  db,  and  some  further  improvement  is  to  be  expected  when  the 
equalization  is  finalized.  For  the  split  group,  the  characteristics  are 
similar  except  for  the  effect  of  the  splitting  filters. 
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Variation  of  Over-all  Transmission  Loss 

The  system  has,  of  course,  only  been  completed  for  a  short  time,  but 
the  indications  so  far  are  that  the  standard  deviation  of  the  transmission 
loss,  as  indicated  by  the  84.08-kc  group  pilots  is  well  within  the  objective 
of  1.5  db.  Alarms  operate  when  the  received  pilot  level  deviates  by  ±4 
db  and,  so  far,  these  alarms  have  not  operated  under  working  conditions. 

Frequency  Characteristics  of  Telephone  Circuits 

Fig.  ()  shows  the  measured  frecjuency  characteristic  of  a  typical  circuit 
in  the  two  directions  of  transmission  as  measured  in  the  through  and 
terminated  conditions.  Half  the  C.C.I.F.  limits  are  met  on  most  circuits. 
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Fig.  5  —  Frequency  characteristic  of  typical  London-New  York  channel  group. 
(Measured  at  group  frequencies  corresponding  to  1,000  cycles.) 
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Fig.  6  —  Frequencj^  characteristic  of  typical  telephone  circuit. 

Circuit  Noise 

The  circuit  noise,  referred  to  a  zero  level  point  is  as  follows: 


London-New  York 
New  York-London 
London-Montreal 
Montreal-London 


Best  30  dba 
Best  29  dba 
Best  30  dba 
Best  30  dba 


worst  36  dba 
worst  41  dba 
worst  33  dba 
worst  31  dba 


Two  circuits  at  present  exceed  the  objective  of  38  dba  in  the  New  York- 
London  direction  only ;  the  higher  noise  levels  refer  to  the  high  frequency 
channels  in  the  Oban-Claren\'ille  cable.  After  additional  data  on  the 
effect  of  cable  temperature  variations  are  accumulated,  refinements  will 
be  made  in  the  equalization  and  adjustment  of  levels  on  the  Oban-Claren- 
ville  link.  It  is  expected  that  the  two  worst  channels  can  then  be  made 
to  meet  the  objectives  —  still  without  the  use  of  compandors. 

Frequency  Characteristics  of  Program  Channels 

Fig.  7  shows  the  measured  frequency  characteristic  of  a  London-New 
York  program  channel;  this  is  typical. 

Telegraph  Channels  London-Montreal 

In  the  Agreement  it  was  envisaged  that  at  least  six  50-baud  telegraph 
channels  could  be  provided  in  each  direction  in  the  Canadian  half  circuit. 
In  fact,  eleven  such  channels  have  been  provided  using  carriers  spaced 
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Fig.  7  —  Frequency  characteristic  of  typical  program  channel,  London-New  York. 

at  120  cycles  and  frequency  modulation.  The  telegraph  distortion  due 
to  the  cable  system  with  start  stop  signals  is  about  4  per  cent  in  every 
case,  thus  making  the  circuits  suitable  for  switched  connections,  without 
regeneration,  up  to  the  same  limits  as  inland  systems. 

Tests  over  the  system  indicate  that  the  channel  speed  can  be  raised 
satisfactorily  to  80  bauds  on  at  least  ten  of  the  channels.  By  the  adoption 
of  synchronous  working,  it  appears  that  time  division  multiplex  systems 
can  be  operated  on  these  ten  channels  to  double  their  capacity  at  a  later 
date. 


CONCLUSION 

The  transatlantic  cable  system  has  presented  unique  problems  in  sys- 
tem planning  and  design.  It  has  been  necessary  to  design  the  system 
to  connect  the  facilities  of  many  countries  and  to  provide  for  cable  com- 
munication of  unprecedented  length.  But  the  stringent  design  objectives 
necessary  to  meet  these  requirements  have  not  been  the  only  challenge 
to  the  designer.  It  has  been  necessary  to  meet  these  objectives  with  a 
system  which  for  over  2,000  miles  of  its  length  could  not  be  altered  to 
the  slightest  extent  once  it  had  been  placed  on  the  ocean  bottom.  Except 
for  the  adjustments  which  can  be  made  at  the  shore  terminals  of  the 
submarine  links  it  has  not  been  permissible  to  make  any  of  the  multitude 
of  small  design  changes,  substitutions  and  adaptations  which  are  so 
commonly  required  in  new  systems  to  achieve  the  design  objectives. 

The  success  achieved  in  meeting  the  original  objectives  is  a  measure  of 
the  realism  of  the  early  planning  as  well  as  the  diligence  with  which  the 
project  was  carried  forward  to  completion  and  is  a  tribute  to  all  who 
took  part  in  planning,  designing  and  building  the  system. 

The  accomplishment  of  getting  into  commercial  service  a  working 
system  with  many  complex  links  six  weeks  after  the  final  splice  was 
dropped  overboard,  and  nearly  ten  weeks  ahead  of  schedule,  is  a  further 
tribute  to  the  close  cooperation  of  the  technical  people  of  three  nations. 


System  Design  for  the 
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The  purpose  of  this  paper  is  to  examine  the  design  and  performance  of 
the  North  Atlantic  link,  including  consideration  of  factors  governing  the 
choice  of  features,  a  description  of  the  operational  design  of  the  facility,  and 
an  outline  of  those  measures  available  for  future  application  in  the  event 
that  faidts  or  aging  require  corrective  action. 

DESCRIPTION    OF   LINK 

That  portion  of  the  transatlantic  system  which  connects  Newfound- 
land and  Scotland  consists  of  a  physical  4-wire,  repeatered,  undersea 
link  of  Bell  Telephone  Laboratories  design,  with  appropriate  terminal 
and  power  feeding  equipment  in  cable  stations  at  Clarenville  and  at 
Oban. 

The  various  elements  comprising  the  link  are  shown  in  block  form 
in  Fig.  \.  The  termination  points  at  each  end  of  the  link  are  the  Group 
Distributing  Frames  (GDF),  where  the  working  channels  are  brought 
down  in  three  groups  to  the  nominal  group  frequency  band  60-108  kc. 
At  the  west  end,  this  point  provides  the  interconnection  between  the 
North  Atlantic  and  the  Newfoundland-Nova  Scotia  links.  At  the  east 
end,  it  is  the  common  point  between  the  North  Atlantic  link  and  the 
standard  British  toll  plant  over  which  the  circuits  are  extended  to 
London. 

Two  separate  coaxial  cables  connect  Clarenville  with  Oban,  one 
handling  east-to-west  transmission,  the  other  west-to-east.  Each  is 
about  1,940  nautical  miles  long.  A  total  of  102  repeaters  are  installed  in 
the  two  cables,  at  nominal  intervals  of  37.5  nautical  miles.  The  cables 
also  contain  a  number  of  simple  imdersea  equalizers  which  are  needed  to 
bring  system  performance  within  the  specified  objectives. 

The  working  spectrum  of  each  cable  extends  from  20  to  16-4  kc,  pro- 

*  Bell  Telephone  Laboratories. 
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viding  for  36  4-kc  voice  message  channels.  Below  this  band  are  assigned 
the  telephone  (speaker)  and  telegraph  (printer)  circuits  needed  for 
maintenance  and  administration  of  the  facility.  Above  the  working  band, 
between  167  and  174  kc,  are  the  crystal  frequencies,  which  permit  evalu- 
ation of  the  performance  of  each  repeater  individually  from  the  shore 
stations. 

The  signal  complex  carried  by  the  cables  is  derived  in  the  carrier 
terminals  from  the  signals  on  the  individual  voice  frequency  circuits  by 
conventional  frequency  division  techniques  such  as  are  employed  in 
the  Bell  System  types  J,  K  and  L  broadband  carrier  systems  manu- 
factured by  the  Western  Electric  Company.  (See  Fig.  2.)  These  signals 
are  applied  to  the  cable  through  a  transmitting  amplifier  which  provides 
necessary  gain  and  protects  the  undersea  repeaters  against  harmful 
overloads.  At  the  incoming  end  of  each  cable,  a  receiving  amplifier  pro- 
vides gain  and  permits  level  adjustment. 

Shore  equalizers  next  to  the  transmitting  and  receiving  amplifiers 
insert  fixed  shapes  for  cable  length  and  level  compensation.  Adjustable 
units  provide  for  equalization  of  the  system  against  seasonal  tempera- 
ture changes  on  the  ocean  bed,  and  some  aging. 

The  power  equipment  at  each  cable  station  includes  (a)  regular 
primary  power  with  Diesel  standby,  (b)  rotary  machines  for  driving 
the  cable  current  supplies,  with  battery  standby,  (c)  battery  plants  for 
supplying  the  carrier  terminal  bays,  and  (d)  last  but  by  no  means  least 
in  complexity,  the  cable  current  supplies  themselves.  These  latter  fur- 
nish regulated  direct  current  to  a  series  loop  consisting  of  the  central 
conductors  of  the  two  cables,  with  their  repeaters.  A  power  system 
ground  is  provided  at  the  midpoint  of  the  cable  current  supply  at  each 
cable  station. 

FACTORS   AFFECTING    SYSTEM    DESIGN 

General 

A  repeatered  submarine  cable  system  differs  from  the  land-wire  type 
of  carrier  system  in  two  major  respects.  First,  the  cost  of  repairing  a 
fault,  and  of  the  concurrent  out-of-service  time,  is  so  great  as  to  put 
an  enormous  premium  on  integrity  of  all  the  elements  in  the  system  and 
on  proper  safeguards  in  the  system  against  shore-end  induced  faults. 
Second,  once  such  a  system  is  resting  on  the  sea-bottom  it  is  accessible 
for  adjustment  only  at  its  ends.  These  two  restrictions  naturally  had  a 
profound  influence  on  the  design  of  the  North  Atlantic  link. 
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Proven  Integrity 

Assurance  of  reliability  dictated  use  of  elements  whose  integrity  had 
actually  been  proved  by  successful  prior  experience  in  the  laboratory 
or  in  the  Bell  System.  This  resulted  in  adoption  of  a  coaxial  cable  struc- 
ture explored  by  the  Laboratories  soon  after  the  war,  field  tested  in  the 
Bahamas  area  in  1948  and  applied  commercially  on  the  USAF  Missile 
Test  Range  project^^  in  1953.  It  also  resulted  in  specification  of  a  basic 
flexible  repeater  design  which  had  been  imder  test  in  the  Laboratories 
since  before  the  war  and  had  been  in  use  on  the  Key  West-Havana 
submarine  cable  telephone  system'*  since  1950. 

Cable 

The  cable  adopted  was  the  largest  which  had  actually  been  success- 
fully laid  in  deep  water,  and  its  size  afforded  an  important  benefit  in 
the  form  of  reduced  unit  attenuation.  The  structure  and  characteristics 
of  this  cable  are  covered  in  detail  in  a  companion  paper.'  Suffice  it  to 
point  out  here  that  by  its  adoption  for  the  North  Atlantic  link,  there 
were  specified  for  the  system  designers  (a)  the  attenuation  characteris- 
tic of  the  transmission  medium,  (b)  the  influence  on  this  of  the  pressure 
and  temperature  environments,  (c)  the  unit  contribution  of  the  cable 
to  the  resistance  of  the  power  loop,  and  (d)  the  impedances  faced  by  the 
repeaters. 

Re'peater 

The  adaptation  of  the  basic  Key  West-Havana  repeater  design  to 
the  present  project  hkewise  presented  the  system  designers  with  cer- 
tain restrictions.  Most  important,  the  space  and  form  of  the  long,  tubu- 
lar structure  limited  the  size  of  the  high  voltage  capacitors  in  the  power 
separation  filters,  and  thus  their  voltage  rating,  to  the  extent  that  this 
determined  the  maximum  permissible  number  of  repeaters.  Likewise 
the  performance  of  the  repeater  circuit  was  at  least  partially  defined 
because  of  several  factors.  One  was  the  effect  of  the  physical  shape  on 
parasitic  capacitances  in  the  circuit,  which  in  turn  reacted  on  the  feed- 
back and  hence  on  modulation  performance,  gain-bandwidth  and  the 
aging  characteristic.  Use  of  the  Key  West-Havana  electron  tube  in- 
fluenced the  above  factors  and  also  tended  to  fix  the  input  noise  figure 
and  load  capacity. 

System  Design 

In  similar  respects,  the  principle  of  proven  integrity  reacted  into  the 
broad  consideration  of  system  design.  For  instance,  in  a  long  system 
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having  many  repeaters  in  tandem,  automatic  gain  control  (gain  regu- 
lation) in  the  repeaters  provides  an  ideal  method  for  minimizing  the 
amount  of  the  total  system  margin  which  must  be  allocated  to  environ- 
mental loss  variations.  However,  this  would  have  required  adoption  of 
elements  of  unproved  integrity  which  might  have  increased  the  proba- 
bility of  system  failure.  So  the  more  simple  and  reliable  alternative  was 
adopted  — •  fixed  gain  repeaters  with  built-in  system  margins. 

System  Inaccessibility 

The  inaccessibility  of  the  undersea  system  for  periodic  or  seasonal 
adjustment  and  the  decision  to  avoid  automatic  gain  regulation  were 
major  factors  in  the  allocation  of  system  margins  between  undersea 
and  shore  locations.  To  avoid  wasting  such  a  valuable  commodity  as 
margin,  required  the  most  careful  consideration  of  means  of  trimming 
the  system  during  laying.  Equalization  for  control  of  misalignment  in 
the  undersea  link  is  a  function  of  the  match  between  cable  attenuation 
and  repeater  gain.  Generally  speaking,  these  are  fixed  at  the  factory. 
Very  small  unit  deviations  from  gain  and  loss  objectives  could  well  add 
to  an  impressive  total  in  a  3,200-db  system.  Accordingly,  it  was  neces- 
sary to  plan  for  periodic  adjustment  of  cable  length  during  laying,  and 
where  necessary,  insertion  of  simple  mop-up  undersea  equalizers  at  the 
adjustment  points, 

DESIGN    OF    HIGH-FREQUENCY   LINE 

Terminology 

The  high-frequency  line,  as  the  term  is  used  here,  includes  the  cable, 
the  undersea  repeaters,  the  undersea  equalizers,  and  the  shore-station 
power  separation  filters,  transmitting  and  line-frequency  receiving 
amplifiers,  and  associated  equalizers. 

Repeater  Spacing  and  System  Bandwidth 

As  in  most  transmission  media,  the  attenuation  of  the  cable  increases 
with  increasing  frequency.  Hence  the  greater  the  bandwidth  of  the  sys- 
tem, the  greater  the  number  of  repeaters  needed. 

In  this  system,  powered  only  from  its  ends,  the  maximum  permissible 
number  of  repeaters  and  thus  the  repeater  spacing  is  determined  by  a 
dc  voltage  limitation,  as  explained  in  a  later  section. 

With  the  repeater  spacing  fixed,  and  the  type  of  cable  fixed,  the  re- 
quired repeater  gain  versus  frequency  is  known  to  the  degree  of  ac- 
curacy that  the  cable  attenuation  is  known.  The  frequency  band  which 
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can  be  utilized  then  depends  on  repeater  design  considerations,  includ- 
ing gain-bandwidth  limitations,  signal  power  capacity  and  signal-to- 
noise  requirements. 

The  early  studies  of  this  transatlantic  system  were  based  on  "scaling 
up"  the  Havana-Key  West  system/  In  these  studies,  consideration  was 
given  to  extending  the  band  upward  as  far  as  possible  by  using  com- 
pandors^ on  the  top  channels,  thus  lightening  the  signal-to-noise  re- 
quirements on  these  channels  by  some  15  db  provided  they  are  re- 
stricted to  message  telephone  service. 

As  the  repeater  design  was  worked  out  in  detail,  however,  it  became 
evident  that  a  rather  sharp  upper  frequency  limit  existed.  This  resulted 
from  the  parasitic  capacitances  imposed  by  the  size  and  shape  of  the 
flexible  repeater,  the  degree  of  precision  required  in  matching  repeater 
gain  to  cable  loss  in  such  a  long  system,  and  the  feedback  requirements 
as  related  to  the  requirement  of  at  least  20  years'  life. 

These  limitations  resulted  in  the  decision  to  develop  a  system  with  36 
channels  of  4-kc  carrier  spacing,  utilizing  the  frequency  band  from  20  to 
164  kilocycles  per  second. 

Signal-to-Noise  Design 

Scaling-up  of  Key  West-Havana  System 

The  length  of  the  North  Atlantic  cable  was  to  be  about  16  times  that 
of  the  Havana-Key  West  system.  The  number  of  channels  was  to  be 
increased  as  much  as  practicable.  The  length  increase  entailed  an  in- 
creased power  voltage  to  ground  on  the  end  repeaters.  Increase  in  length 
and  in  number  of  channels  entailed  increased  precision  in  control  of 
variations  in  cable  and  repeaters.  Work  on  these  and  other  aspects  was 
carried  on  concurrently,  to  determine  the  basic  parameters  of  the  ex- 
tended system. 

Increasing  cable  size  decreases  both  the  attenuation  and  the  dc  re- 
sistance, and  in  turn  the  voltage  to  ground  on  the  end  repeaters.  It  was 
soon  decided  that  the  largest  cable  size  which  could  be  safely  adopted 
was  the  one  used  in  the  Bahamas  tests.  This  has  a  center-conductor  sea- 
bottom  resistance  of  about  2.38  ohms  per  nautical  mile.  It  consumes 
about  28  per  cent  of  the  total  potential  drop  in  cable  plus  repeaters. 

Number  of  Repeaters 

As  indicated  earlier,  the  factor  which  emerged  as  controlling  the 
number  of  repeaters  was  the  dc  voltage  to  ground  on  the  end  repeaters. 
Considerations  which  entered  into  this  were:  voltage  which  blocking 
capacitors  could  safely  withstand  over  a  life  of  at  least  20  years;  volt- 
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age  which  other  repeater  elements  such  as  connecting  tapes  between 
compartments  could  safely  hold  without  danger  of  breakdown  or  corona 
noise;  initial  power  potential  and  possible  need  for  increasing  dc  cable 
current  later  in  life  to  combat  repeater  aging;  allowance  for  repair  re- 
peaters; and  a  reasonable  allowance  for  increased  power  potential  to 
offset  adverse  earth  potential. 

Let  R      =  dc  resistance  of  center  conductor  (ohms/nautical  mile) 
L      =  length  of  one  cable*  (nautical  miles) 
Erep  =  voltage  drop  across  one  repeater  at  current  I 
/       =  ultimate  (maximum)  line  current  (amperes) 
N      =  ultimate  number  of  submerged  repeaters,  in  terms  of 

equivalent  regular  repeaters 
n       =  allowance  for  repair  repeaters,  in  terms  of  number  of 

regular  submerged  repeaters  using  up  same  voltage  drop. 
Em    =  maximum  voltage  to  ground  at  shore-end  repeaters  at 

end  of  life,  and  in  absence  of  earth  potential. 
S       =  spacing  of  working  regular  repeaters  (nautical  miles) 

Then  for  the  ultimate  condition 

2E^  =  LIR  -  2SIR  +  NErep  (1) 

in  which  the  term  2SIR  accounts  for  the  sum  of  the  cable  voltage  drops 
on  the  two  shore-end  cable  sections;  the  sum  of  their  lengths  is  assumed, 
for  simplicity,  to  equal  2S.  This  equation  also  neglects  a  small  allow- 
ance (less  than  0.6  volt  per  mile)  for  the  voltage  drop  in  cable  added  to 
the  system  during  repair  operations.  Also 

S(N  -  n  +   1)  =  L  (2) 

because  the  repeater  spacing  is  determined  by  the  number  of  working 
regular  repeaters.  From  (1)  and  (2), 

2Em  =  LIR  +  NErep  "  2LIR/(N  -  n  -|-  1)  (3) 

The  allowance  n  for  repair  repeaters  was  determined  after  studies  of 
cable  fault  records  of  transoceanic  telegraph  cables,  including  average 
number  of  faults  per  year  and  proportion  of  faults  occurring  in  shallow 
water.  If  the  fault  occurs  in  shallow  water  —  as  is  true  in  most  casesf 
• — •  the  net  length  of  cable  added  to  the  system  and  the  resulting  attenua- 
tion increase,  are  small.  Several  shallow-water  faults  might  be  permis- 

*  The  length  of  a  cable  is  greater  than  the  length  of  the  route  because  of  the 
need  to  pay  out  slack.  The  slack  allowance,  which  averages  5  per  cent  in  deep 
water  on  this  route,  helps  to  assure  that  tlie  cable  follows  the  contour  of  the 
bottom. 

t  Because  of  trawler  activity,  ship  anchors  and  icebergs. 


DESIGN    OF   SYSTEM  —  NORTH   ATLANTIC   LINK  37 

sible  without  adding  a  repair  repeater.  Therefore  it  was  decided  to  let 
n  =  3.  Since  the  repair  repeater  is  a  2-tube  repeater  while  the  regular 
repeater  has  3  vacuum  tubes,  ?i  =  3  corresponds  to  about  5  repair  re- 
peaters per  cable. 

To  determine  the  maximum  voltage  E„i  ,  it  was  necessary  to  consider 
blocking  capacitors  and  earth  potentials. 

Based  on  laboratorj^  life  tests,  the  blocking  capacitor  developed  has  an 
estimated  minimum  life  of  36  years  at  2,000  volts.  It  is  estimated  that 
life  varies  inversely  as  about  the  fourth  power  of  the  voltage.  The  po- 
tential actually  appearing  on  these  capacitors  is  determined  by  the  dis- 
tance of  the  repeater  from  shore,  the  power  potential  applied  to  the  sys- 
tem, and  the  magnitude  and  polarity  of  any  earth  potential. 

Earth  potential  records  on  several  Western  Union  submarine  tele- 
graph cables  were  examined.  These  covered  a  continuous  period  from 
1938  to  1947,  including  the  very  severe  magnetic  storms  of  April,  1938, 
and  jNIarch,  1940.  It  was  judged  rea.sonable  to  allow  a  margin  of  400 
volts  (200  volts  at  each  shore  station)  for  magnetic  storms  during  the 
final  years  of  life  of  the  system. 

With  an  assumed  maximum  voltage  of  2,300  volts  on  the  end  repeaters 
due  to  cable-current  supply  eciuipment,  and  200  volts  per  end  as  allow- 
ance for  the  maximum  opposing  earth  potential  which  the  system  would 
be  permitted  to  offset  without  automatic  reduction  of  the  cable  current, 
the  voltage  across  the  end  repeater  in  late  years  of  life  (i.e.,  after  line 
current  had  been  increased  to  offset  aging)  would  normally  be  2,300  and 
would  infrequently  rise  to  2,500.  On  the  rare  occasions  where  earth  po- 
tential would  rise  above  twice  200  volts,  the  cable  current  would  be  some- 
what reduced  and  the  transmission  affected  to  a  reasonably  small  extent. 
In  the  early  years  of  life  when  the  cable-current  supply  voltage  would 
normally  be  about  2,000  volts,  an  opposing  earth  potential  of  twice  500 
volts  could  be  accommodated  without  affecting  cable  current;  according 
to  the  telegraph  cable  records  this  would  practically  never  occur.  With 
conditions  changing  in  this  way  over  the  years,  the  life  of  the  blocking 
capacitors  in  the  end  repeaters  was  calculated  to  be  satisfactory. 

Accordingly  E^  was  established  as  2,300  volts. 

The  system  length  L  was  estimated  as  about  1 ,985  nautical  miles  and 
the  ultimate  current  I  was  estimated  as  0.250  amperes,  with  a  correspond- 
ing ultimate  Erep  of  about  62.8  volts. 

Substituting  in  (3), 

A^  =  55 

N-n  =  52  working  repeaters 
S  =  37.4  nautical  miles. 
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From  a  later  estimate  of  L  =  1,955  nautical  miles,  S  calculates  to  be 
36.9.  The  repeater  design  was  based  on  this  spacing  in  the  deep  sea  tem- 
perature and  pressure  environment.  Subsequently,  after  better  knowl- 
edge had  been  obtained  of  the  cable  attenuation  in  deep  water,  the  actual 
repeater  spacing  for  the  main  part  of  the  crossing  was  changed  to  about 
37.4  nautical  miles  for  the  eastbound  (No.  1)  cable  and  37.6  for  the  west- 
bound. Only  51  repeaters  were  required  in  each  cable. 

Number  of  Channels 

The  number  of  channels  which  could  be  transmitted  was  determined 
by  the  upper  and  lower  boundary  frequencies.  In  this  system,  the  bot- 
tom frequency  was  established  at  20  kc,  primarily  because  of  the  loss 
characteristics  of  the  power  separation  filters.^ 

Preliminary  studies  were  made  to  estimate  the  usable  top  frequency. 
For  a  system  having  a  fixed  number  of  repeaters,  this  frequency  falls 
where  the  maximum  permissible  repeater  gain  equals  the  loss  of  a  re- 
peater section  of  the  cable  —  which  varies  approximately  as  the  square 
root  of  frequency.  The  repeater  gain  is  the  difference  between  the  re- 
peater input  and  output  levels.  The  minimum  permissible  transmission 
level  at  the  repeater  input  depends  on  the  random  noise  (fluctuation 
noise)  contributed  by  cable  and  repeaters,  and  on  the  specified  require- 
ment for  random  noise.  The  maximum  permissible  transmission  level  at 
the  repeater  output  may  depend  on  the  modulation  noise  contributed 
by  the  repeaters  below  overload,  or  on  overload  from  the  peaks  of  the 
multi-channel  signal  complex.  In  this  system,  overload  was  found  to  be 
the  controlling  factor. 

An  important  consideration  was  to  provide  enough  feedback  in  the 
repeater  so  that  at  the  end  of  20  years  the  accumulated  gain  change 
(Mu-Beta  effect)  in  all  the  repeaters  would  not  cause  the  signal-to-noise 
performance  to  fall  outside  limits.  The  usable  feedback  voltage  was 
scaled  from  the  Havana-Key  West  design  according  to  the  relation  that 
this  voltage  varies  inversely  as  the  f  power  of  the  top  frequency.  Electron 
tube  aging  was  estimated  from  laboratory  life  tests  on  Key  West-Havana 
type  tubes. 

Concurrently,  detailed  theoretical  and  experimental  studies  were  be- 
ing conducted  on  the  transmission  design  of  a  repeater  suited  to  trans- 
atlantic use  with  the  chosen  type  of  cable,  as  discussed  in  a  companion 
paper.'  Intimate  acquaintance  with  the  repeater  limitations  led  to  a  de- 
cision in  1953  to  develop  a  system  with  a  working  spectrum  of  144  kc 
(36  channels)  and  a  top  frequency  of  164  kc.  Use  of  compandors  would 
not  increase  this  top  frequency  appreciably. 
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Computed  Noise 

When  the  repeater  design  was  estabhshed,  the  remaining  theoretical 
work  on  signal-to-noise  consisted  in  refining  the  determination  of  the 
repeater  output  and  input  levels;  computations  of  system  noise,  and  com- 
parison of  this  with  the  objectives  to  establish  the  margin  available  for 
variations;  and  determination  of  the  necessary  measures  in  manufactur- 
ing and  cable  laying  so  that  these  margins  would  not  be  exceeded  by  the 
deviations  from  ideal  conditions  which  would  occur.  These  deviations 
assumed  great  importance,  because  they  tended  to  accumulate  over 
the  entire  length  of  the  system,  and  because  many  of  them  were  unknown 
in  magnitude  before  the  system  was  actually  laid. 

The  repeater  levels  and  the  resultant  system  noise  were  computed  as 
follows : 

It  was  recognized  that  the  output  levels  of  different  repeaters  would 
differ  somewhat  at  any  given  frequency.  The  maximum  allowable  output 
level  of  the  highest-level  repeater  was  computed  by  the  criterion  that  the 
instantaneous  voltage  at  its  output  grid  would  be  expected  to  reach  the 
load-limit  voltage  very  infrequently.  This  is  the  system  load  criterion 
estabhshed  by  Holbrook  and  Dixon. ^  It  premises  that  in  the  busy  hour, 
the  load-limit  voltage  (instantaneous  peak  value)  should  be  reached 
0.001  per  cent  of  the  time,  or  less.  It  is  probable  that  the  level  could  be 
raised  2  db  higher  than  the  one  computed  in  this  way  without  notice- 
able effect  on  intermodulation  noise. 
An  important  factor  in  the  Holbrook-Dixon  method  is  the  talker 
volume  distribution.  Because  of  the  special  nature  of  this  long  circuit, 
a  careful  study  was  made  of  the  expected  United  States  talker  volumes. 

First,  recent  measurements  of  volumes  on  long-distance  circuits  were 
examined  for  the  relation  between  talker  volume  and  circuit  length. 
They  showed  a  small  increase  for  the  longer-distance  circuits.  This  rela- 
tion was  extrapolated  by  a  small  amount  to  reach  the  4000-mile  value 
appropriate  to  the  New  York-London  distance. 

Second,  an  estimate  was  made  of  the  probable  trends  in  the  Bell  Sys- 
tem plant  in  the  next  several  years,  which  might  affect  the  United  States 
volumes  on  transatlantic  cable  calls. 

The  result  of  this  was  a  "most  probable  U.  S.  volume  distribution". 
This  distribution,  which  had  an  average  value  of  —12.5  vu  at  the  zero 
level  point,  with  a  standard  deviation  of  5  db,  agreed  very  well  with  one 
furnished  by  the  Post  Office  and  based  on  calls  between  London  and  the 
European  continent.  A  further  small  allowance  was  then  made  for  the 
contribution  of  signaling  tones  and  system  pilots  which  brought  the 
resultant  distribution  to  an  average  value  of  — 12  vu  at  zero  level  of  the 
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system  (the  \q\q\  of  the  outgoing  New  York  or  London  or  Montreal 
switchboard),  and  a  standard  deviation  of  5  db.  It  is  approximately  a 
normal-law  distribution  (expressed  in  vu),  except  that  the  very  infre- 
quent high  volumes  are  reduced  by  load  limiting  in  the  inland  circuits. 

The  other  data  needed  for  system  load  computations  are  the  number 
of  channels,  and  the  "circuit  activity",  i.e.,  the  per  cent  of  time  during 
the  busy  hour  that  the  circuit  is  actually  carrying  voice  in  a  given  direc- 
tion (eastbound  or  westbound) .  The  circuit  activity  value  used  in  design- 
ing United  States  long-distance  multi-channel  circuits  is  25  per  cent; 
for  the  transatlantic  system,  30  per  cent  waS  used. 

The  peak  value  of  the  computed  system  multi-channel  signal  is  the 
same  as  the  peak  value  of  a  sine  wave  having  an  average  powder  of  -t-17.4 
dbm  at  the  zero  transmission  level  point  of  the  system. 

This  ^'alue,  together  with  the  measured  sine-wave  load  capacity  of  the 
undersea  repeater,  determines  the  maximum  permissible  output  trans- 
mission level  of  the  repeater.  The  measured  sine-wave  load  capacity  is 
about  +1.3.5  dbm  at  164  kc.  Hence  the  maximum  permissible  output 
transmission  level  for  the  164-kc  channel  is  +13.5  —  17.4  =   —3.9  db. 

If  the  relati\'e  output  levels  of  the  various  submarine  repeaters  were 
precisely  known,  the  highest-level  repeater  could  have  an  output  trans- 
mission level  of  —3.9  db  at  164  kc.  An  allowance  of  about  2  db  was  made 
for  uncertainty  in  knowledge  of  repeater  levels,  giving  —  6  db  as  the  de- 
sign value  for  the  maximum  repeater  output  level  at  164  kc* 

The  repeater  has  frequency  shaping  in  the  circuit  between  the  grid  of 
its  output  tube  and  the  cable.  The  maximum  repeater  output  at  lower 
frequencies  is  smaller  than  at  164  kc,  but  the  maximum  voltage  on  the 
output  grid,  from  an  overload  standpoint,  is  approximately  constant 
over  the  20  to  164  kc  band. 

The  transmission  level  of  the  maximum  level  repeater  output  is  thus 
determined,  based  on  load  considerations.  Another  factor  which  might 
limit  this  level  is  modulation  noise.  This  was  found  to  be  less  of  a  re- 
striction than  the  load  limitation,  however. 

With  the  output  level  determined,  the  random  noise  and  the  modula- 
tion noise  for  the  system  can  be  computed.  The  random  noise  computa- 
tion is  made  on  the  assumption  that  all  repeaters  are  at  the  same  level, 
and  then  a  correction  is  made  for  the  estimated  difTerences  in  levels  of 
the  various  repeaters.  The  equation  is 

No  =  Nin-^G  -  TL  +  10  log  n  +  dr 


*  At  the  time  of  writing,  the  No.  1  cable  (eastbound)  is  setup  with  a  somewhat 
lower  maximum  output  level  than  this;  the  safe  increase  in  level  will  be  deter- 
mined later. 
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where  A^o  =  system  random  noise,  in  dba,*  referred  to  zero  transmis- 
sion level 
Nin  —  random  noise  per  repeater  in  dba,  referred  to  repeater 

input  level 
G     —  repeater  gain  in  db 
TL  —  transmission  level  of  repeater  output 
n      =  number  of  undersea  repeaters 

dr     =  db  increase  in  noise  due  to  differing  output  levels  of  the 

various  repeaters  as  compared  to  the  highest  level  repeater. 

At  the  top  frequency  of  164  kc,  TL  =  —  6  db  as  seen  above,  G  =  60.7 

db,  and  Nin  is  about  —55.5  dba,  which  corresponds  to  a  noise  figure  of 

about  2  db.  Hence  for  52  repeaters, 


ATfl 


■55.5  +  60.7  -  (-6)  +  10  log  52  +  ck  =  28.4  +  dr 


At  lower  frequencies,  the  noise  power  referred  to  repeater  input  is 
greater  because  part  of  the  equalization  loss  is  in  the  input  circuit;  the 
repeater  gain  is  less,  to  match  the  lesser  loss  of  a  repeater  section  of 
cable;  and  the  repeater  output  level  is  lower  on  account  of  the  equaliza- 
tion loss  from  output  grid  to  repeater  output.  This  is  shown  in  Table  I. 

Table  1 


Channel 

Nin  =  Approx. 

Input  Noise, 

dba 

G  =  Approx. 

Repeater  Gain, 

db 

TL  =  Approx. 

Output  Trans 

Level,  db 

A^o  =  Resulting 
Noise 
dba 

Top  Freq 

-55.5 
-53 

-46 

60.7 

45 

22 

-6 

-11 

-19 

28.4  +  dr 

Middle 

20.2  +  dr 

Bottom  Freq 

12.2  +  dr 

In  order  to  estimate  dr  (which  is  a  function  of  frequency)  before  the 
cable  was  laid,  the  factors  were  studied  which  might  contribute  to  differ- 
ences between  the  levels  of  the  various  repeaters.  Estimates  were  made 
of  probable  total  misalignment  —  by  which  is  meant  the  level  difference 
between  highest-level  and  lowest-level  repeaters.  These  values  together 
with  estimates  of  the  resulting  noise  increases,  are  shown  in  Table  II. 
This  is  based  on  the  assumption  that  the  repeater  levels  would  be  dis- 
tributed approximately  uniformly  between  highest  and  lowest.  The  posi- 
tion of  a  repeater  along  the  cable  route  is  not  significant. 

*  "dba"  is  a  term  used  for  describing  the  interfering  effect  of  noise  on  a  speech 
channel.  Readings  of  the  2B  noise  meter  with  FIA  weighting  may  be  converted 
to  dba  b,y  adding  7  db.  dba  may  be  translated  to  dbm  (unweighted)  by  noting  that 
flat  noise  having  a  power  of  1  milliwatt  over  a  3,000-cycle  band  equals  approxi- 
mately -(-82  dba,  and  that  1  milliwatt  of  1,000-cycle  single-frequenc}'  power  equals 
-t-85  dba. 
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Table 

II 

Channel 

M  =  Estimated 
Misalignment 

dr  =  Resulting 
Noise  Increase 

No  —  Resulting 

System  Random  Noise 

(Approx.) 

Top 

Middle 

12  db 

10  db 

6db 

7.4  db 
6.0  db 
3.4  db 

36  dba 
26  dba 

Bottom 

16  dba 

A  study  was  made  of  the  expected  intermodulation  noise.  This  noise 
is  affected  by  repeater  level  differences,  by  talker  volumes,  and  by  circuit 
activity.  It  has  a  time  distribution,  the  most  attention  being  given  to 
the  root-mean-square  modulation  noise  in  the  busy  hour. 

Modulation  noise  was  computed  in  two  ways:  by  the  Bennett  method,^ 
and  by  the  Brockbank-Wass  method.^  Results  by  the  two  methods  are 
in  fairly  good  agreement.  The  values  computed  by  the  Bennett  method 
are  shown  in  Table  III. 

Because  noise  powers,  not  dba,  are  additive,  these  values  of  modula- 
tion noise  would  contribute  only  a  very  small  amount  to  the  total  noise 
in  the  deep-sea  cable  system,  as  previously  stated.* 

Other  possible  contributory  sources  of  noise  in  the  deep-sea  cable  sys- 
tem are  noise  in  the  terminals,  noise  picked  up  in  the  shore  lead-in  cables, 
and  corona  noise  in  the  repeaters.  The  system  has  been  designed  so  that 
the  expected  total  of  these  is  small.  Hence  the  estimate  of  total  deep- 
sea  cable  system  noise,  made  before  cable-laying,  gave  the  values  shown 
in  Table  IV,  to  the  nearest  db. 

Misalignment  Control 

Objective 

Since  the  noise  objective  for  the  deep  sea  cable  link  was  set  as  36  dba 
in  the  joint  meetings  of  the  British  Post  Office  and  Bell  System  Repre- 
sentatives^, the  above  estimate  of  system  noise  led  in  turn  to  the  objec- 
tive that  the  system  be  manufactured  and  laid  in  such  a  way  that  the 
misalignment,  including  effects  of  seasonal  temperature  change,  should 
be  no  greater  in  the  top  channel  than  the  value  assumed  in  the  estimate, 
which  was  12  db.  Half  of  this  was  alloted  to  initial  misalignment  and 
half  to  effects  of  temperature  change.  Greater  misalignments  were  per- 
missible at  lower  frequencies. 

*  The  following  table  for  adding  two  noises  expressed  in  dba  shows  the  magni- 
tudes of  the  increases: 

db  difference  lietween  larger  and  smaller    2        4        6        8        10      15      20 
noises 

Resulting  db  to  be  added  to  larger  noise  to     2.1     1.4     1.0    0.6 
get  sum  of  the  two 


0.4    0.1     0+ 
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Table  HI 

Weighted  Noise  in  dba  at  Zero  Transmission  Level 

Channel 

Second  Order 
Products 

Third  Order 
Products 

Total 

Top 

Middle 

Bottom 

8.2 
0.2 

-1.8 

8.5 
3.8 
2.5 

11.3 
5.4 
3.9 

Table  IV 

Channel 

Estimated  System  RMS  Noise  at  0  db  Transmission  Level 

Top 

dba 

36 
26 
16 

dbm  (Psophometert) 

-48 

Middle 

Bottom 

-58 
-68 

t  The  psophometer  is  the  C.C.I.F.  circuit  noise  meter.  On  message  telephone 
circuits,  dbm  (psophometer)  +  84  =  dba  using  C.C.I.F.  1951  weighting  and  Bell 
System  FIA  weighting. 

Control  of  this  misalignment  required  extensive  consideration  in  the 
equalization  design  of  the  system. 


Causes  of  Misalignment 

The  basic  causes  of  misalignment  can  be  grouped  as  follows:  those 
producing  unequal  repeater  levels  when  the  system  is  first  laid;  those 
resulting  from  changes  in  cable  loss  produced  by  changes  in  sea-bottom 
temperature;  and  those  from  aging  of  the  cable  or  repeaters. 

There  are  a  large  number  of  possible  causes  of  initial  misalignment. 
While  the  cable  and  repeaters  were  manufactured  within  very  close 
tolerances  to  their  design  objectives,  they  covild  not  exactly  meet  those 
objectives.  In  addition,  the  cable  loss  as  determined  in  the  factory  must 
be  translated  to  the  estimated  loss  on  sea-bottom,  and  the  length  of  each 
repeater  section  must  be  tailored  in  the  factory  so  that  its  expected  sea- 
bottom  loss  will  best  match  the  repeater  gain.  Possible  sources  of  error 
in  this  process  include:  uncertainty  in  temperature  of  the  cable  when  it 
is  measured  in  the  factory,  and  in  its  temperature  on  the  sea-bottom; 
uncertainty  in  temperature  and  pressure  coefficients  of  attenuation; 
changes  in  cable  loss  between  factory  and  sea-bottom  conditions,  not 
accounted  for  by  pressure  and  temperature  coefficients. 

These  latter  changes  in  cable  loss  were  called  "lajing  effect".  The 
determination  of  the  magnitude  of  laying  effect,  and  its  causes,  are  dis- 
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cussed  in  the  paper  on  cable  design. ^  Suffice  it  to  say  here  that  after  meas- 
uring the  loss  of  a  length  of  cable  in  the  factory  and  computing  the  sea- 
bottom  loss,  the  computed  result  was  a  little  greater  than  the  actual 
sea-bottom  loss.  The  difference,  i.e.,  the  laying  effect,  was  approxi- 
mately proportional  to  frequency,  and  was  greater  for  deep-sea  than  for 
shallow-water  conditions.  Its  existence  was  confirmed  by  precise  mea- 
surements on  trial  lengths  of  cable,  made  early  in  1955  in  connection 
with  cable-laying  tests  near  Gibraltar. 

Laying  effect  had  been  suspected  from  statistical  analysis  of  less  pre- 
cise tests  of  repeater  sections  of  cable  generally  similar  to  transatlantic 
cable,  as  measured  in  the  factory  and  as  laid  in  the  vicinity  of  the  Baha- 
mas. However,  the  repeater  design  had  of  necessity  been  estabhshed 
before  the  Gibraltar  test  results  were  known.  The  consequence  was  a 
small  systematic  excess  of  repeater  gain  over  computed  cable  loss,  ap- 
proximately proportional  to  frequency,  and  amounting  at  the  top 
frequency  to  about  0.04  db  per  nautical  mile  on  the  average,  for  deep- 
sea  conditions,  and  about  0.025  db  per  mile  for  shallow-water  condi- 
tions. While  this  difference  appears  small,  it  would  accumulate  in  a 
transatlantic  crossing  of  some  1,600  miles  of  deep  sea  and  350  miles  of 
relatively  shallow  sea,  to  about  75  db  at  the  top  frequency.  This  would 
be  enough  to  render  almost  half  of  the  channels  useless  if  no  remedial 
action  were  taken. 

After  the  system  is  laid,  changes  in  cable  loss  or  repeater  gain  may 
occur.  These  may  be  caused  by  temperature  effects  and  by  aging  of  cable 
or  repeaters. 

Comprehensive  studies*  of  the  expected  amounts  of  temperature 
change  were  made  both  before  and  after  the  1955  laying.  These  gave  an 
estimate  of  0  to  ±1  degree  F  annual  variation  in  sea-bottom  temperature 
in  the  deep-sea  part  of  the  route  (about  1,600  nautical  miles)  and  per- 
haps ±5°  F  on  the  Continental  shelves  (about  330  nautical  miles).  Use 
of  these  figures  leads  to  a  db5-db  variation  in  system  net  loss  at  164  kc 
from  annual  temperature  changes.  If  the  deep-sea  bottom  temperature 
did  not  change  at  all,  the  estimated  net  loss  variation  due  to  temperature 
would  be  about  half  of  this. 

Control  of  Misalignment 

The  first  line  of  defense  against  variations  leading  to  misalignment  was 
the  design  and  production  of  complementary  repeaters  and  cable.  This 
is  discussed  in  companion  papers. 

*  Factual  data  on  deep  sea  bottom  temperatures  are  elusive.  Many  of  the  exist- 
ing data  were  acquired  by  unknown  methods  vmder  unspecified  circumstances, 
using  apparatus  of  unstated  accuracies.  Statistical  analj'sis  of  selected  portions 
of  the  data  leads  to  the  quoted  estimates. 
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Signal-to-noise  changes  from  undersea  temperature  variations  were 
minimized  by  providing  adjustable  temperature  equalizers  at  both  the 
transmitting  and  the  receiving  terminals,  and  devising  a  suitable  method 
of  choosing  when  and  how  to  adjust  them. 

Partial  compensation  for  laying  effect  was  carried  out  at  the  cable 
factory  by  slightly  lengthening  the  individual  repeater  sections.  In  the 
1955  cable,  where  the  factory  compensation  was  based  on  early  data, 
the  increased  loss  compensated  for  about  two-fifths  of  the  laying  effect 
at  the  top  frequency.  In  the  1956  cable,  which  had  the  benefit  of  the 
1955  transatlantic  experience,  the  compensation  was  increased  to  nearly 
twice  this  amount.  Since  the  loss  of  the  added  cable  is  approximately 
proportional  to  the  square  root  of  frequency  and  the  laying  effect  is 
approximately  directl}"  proportional  to  frequencj^  the  proportion  of 
laying  effect  compensated  varied  with  frequency,  and  a  residual  remained 
which  had  a  loss  deficiency  rising  sharply  in  the  upper  part  of  the  trans- 
mitted band. 

The  remainder  of  the  laying  effect,  which  was  not  compensated  for  in 
the  factory,  as  well  as  other  initial  variations,  were  largely  compensated 
by  measures  taken  during  cable  laying  at  intervals  of  150  to  200  miles. 
The  whole  length  of  the  cable  was  divided  into  eleven  "ocean  blocks", 
each  either  four  or  five  repeater  sections  long.  At  each  junction  between 
successive  ocean  blocks,  means  were  provided  to  compensate  approxi- 
matel}^  for  the  excess  gain  or  loss  which  had  accumulated  up  to  that 
point. 

These  means  were  twofold.  The  first  means  was  adjustment  of  the 
length  of  the  repeater  section  containing  the  junction.  For  this  purpose, 
the  beginning  of  each  block,  except  the  first,  was  manufactured  with  a 
small  excess  length  of  cable.  This  was  to  be  cut  to  the  desired  length  as 
determined  by  shipboard  transmission  measurements. 

The  second  means  was  a  set  of  undersea  equalizers.  These  equalizers 
were  fixed  series  networks,  encased  in  housings  similar  to  the  repeater 
housings  but  shorter. 

Before  the  nature  of  the  laying  effect  was  known,  it  had  been  planned 
to  have  equalizers  with  perhaps  several  shapes  of  loss  versus  frequency; 
but  to  combat  laying  effect,  nearly  all  were  finally  made  with  a  loss  curve 
sloping  sharply  upward  at  the  higher  frequencies,  as  shown  in  Fig.  3.* 
Because  the  equalizer  components  had  to  be  manufactured  many  months 
in  advance  and  then  sealed  into  the  housings,  last  minute  designs  of 
undersea  equalizers  were  not  practical.  The  proven-integrity  principle 
prevented  use  of  adjustable  units.  Because  the  equalizers  were  series- 

*  This  characteristic  was  based  on  a  statistical  analj-sis  of  the  data  on  some 
similar  cable  laid  for  the  Air  Force  project. 
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type,  each  block  junction  was  located  at  approximately  mid-repeater 
section  to  minimize  the  effects  of  reflections  between  equalizer  and  cable 
impedances. 

The  actual  adjustments  at  block  junctions  were  determined  by  a  series 
of  transmission  measurements  during  laj'ing,  as  described  in  the  com- 
panion paper  on  cable  laying.^  Six  equalizers  were  used  at  block  junctions 
in  the  1955  (No.  1)  cable,  and  eight  in  the  1956  (No.  2)  cable. 

The  result  of  all  the  precautions  taken  to  control  initial  misalignment 
was,  in  the  1955  cable,  to  hold  the  initial  level  difference  between  highest 
and  lowest-level  repeaters  to  about  6  db  near  the  top  frequency  and  to 
values  between  4  and  9  db  at  lower  frequencies,  the  9  db  value  occurring 
in  the  range  50  to  70  kc  where  there  is  noise  margin.  In  the  1956  cable, 
the  level  difference  was  about  4  db  at  the  top  freciuency,  and  from  2  to 
7  db  elsewhere  in  the  band. 

Shore  Equalization 

The  equalization  to  be  provided  at  the  transmitting  and  receiving  ends 
of  the  North  Atlantic  link  had  these  primary  functions: 

1.  For  signal  to  noise  reasons,  to  provide  a  signal  level  approximately 
flat  with  frequency  on  the  grid  of  the  third  tube  of  the  undersea  repeaters. 

2.  To  equalize  the  system  so  that  the  received  signal  level  is  approxi- 
mately constant  over  the  transmitted  band. 

3.  To  keep  the  system  net  loss  flat,  regardless  of  temperature  varia- 
tions in  the  ocean.  (A  change  of  1°  F  in  sea-bottom  temperature  would 
cause  the  cable  loss  to  change  by  2.8  db  at  160  kc  and  less  than  this  at 
lower  frequencies.  The  amplifiers  are  relatively  unaffected  by  small 
temperature  changes.) 

4.  To  provide  overload  protection  for  the  highest  level  repeater. 

5.  To  incorporate  some  adjustment  against  possible  cable  aging. 
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Fig.  3  • —  Undersea  equalizer  —  loss-frequency  characteristic. 
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Fig.  4  —  Transmitting  equalizers  —  block  schematic. 

A  portion  of  the  transmitting  terminal  is  shown  in  block  schematic 
form  in  Fig.  4.  All  of  the  equalizers  are  constant  resistance,  135  ohm  un- 
balanced bridged-T  structures.  Their  functions  are  as  follows: 

Transmitting  Temperature  Equalizer  —  It  was  estimated  that  the  cable 
loss  change  from  temperature  variations  would  not  exceed  ±5  db  at  the 
top  of  the  transmitted  band.  The  change  in  cable  loss  versus  frequency 
due  to  temperature  variations  is  approximately  the  same  as  if  the  cable 
were  made  slightly  longer  or  shorter,  and  so  the  temperature  equalizer 
was  designed  to  match  cable  shape.  Temperature  equalizers  are  used 
both  in  the  transmitting  and  receiving  terminals  to  minimize  the  signal- 
to-noise  degradation  caused  by  temperature  misalignment.  Each  equal- 
izer provides  a  range  of  about  ±5  db  at  the  top  of  the  band,  the  loss 
being  adjustable  in  steps  of  0.5  db  by  means  of  keys.  See  Fig.  5. 

This  range  might  appear  to  be  more  than  necessary,  but  it  must  be 
borne  in  mind  that  the  sea  bottom  temperature  data  left  much  to  be 
desired  in  precise  knowledge  of  both  average  and  range. 

Transmittiiig  Equalizer  —  The  transmitting  equalizer  was  so  designed 
that  with  the  temperature  equalizer  set  at  mid-range  and  with  repeaters 
that  match  the  cable  loss,  the  signal  level  on  the  grid  of  the  output  tube 
of  the  first  repeater  would  be  flat  with  frequency.  The  loss-frequency 
characteristic  is  shown  on  Fig.  6. 

L.P.  Filter  —  This  filter  transmits  signals  up  to  164  kc  and  suppresses 
by  25  db  or  more,  signals  in  the  frequency  range  from  165  to  175  kc.  Its 
purpose  is  to  prevent  an  accidentally  applied  test  tone  from  overloading 
the  deep  sea  repeaters  should  such  a  tone  coincide  with  the  resonance 


Fig.  5  —  Transmitting  temperature  equalizer. 
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Fig.  6  —  Transmitting  equalizer  —  loss-frequencj'  characteristic. 

of  the  crystal  used  in  a  repeater  for  performance  checking.  The  gain  of 
a  repeater  to  a  signal  applied  at  the  resonance  frequency  of  its  crystal  is 
about  25  db  greater  than  at  164  kc. 

Deviation  Equalizer  ■ — •  The  transmitting  deviation  equalizer  is  used  to 
protect  the  highest  level  repeater  from  overload.  The  design  is  based  on 
data  obtained  during  the  lajdng  indicating  which  repeater  was  at  the 
highest  level  at  the  various  frequencies.  The  characteristic  of  this  equal- 
izer is  shown  on  Fig.  7. 

A  portion  of  the  receiving  terminal  is  shown  in  block  schematic  form 
on  Fig.  8.  The  generalized  function  of  the  equalizers  is  to  make  the  signal 
level  flat  versus  frequency  at  the  input  to  the  receiving  amplifier  No.  2. 
The  specific  functions  of  the  various  equalizers  are  as  follows: 
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Fig.  7  —  Transmitting  deviation  equalizer  —  loss-frequency  characteristic. 
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Cable  Length  Equalizer  —  In  planning  the  system,  an  estimate  was 
made  of  how  far  the  last  repeater  (receiving  end)  would  be  from  the 
shore.  Considerations  of  interference  and  level  dictated  a  maximum  dis- 
tance not  exceeding  approximately  32  miles.  For  protection  against  wave 
action,  trawlers  and  similar  hazards,  the  repeater  should  be  no  closer 
than  about  five  miles.  To  take  care  of  this  variation,  a  cable  length  equal- 
izer was  designed  that  is  capable  of  simulating  the  loss  of  10  miles  of 
cable,  adjustable  in  0.5  db  steps  at  the  top  of  the  frequency  band.  Two 
of  these  could  be  used  if  needed.  Once  the  system  is  laid,  this  equalizer 
should  require  no  further  adjustment  unless  it  is  used  to  take  care  of 
cable  aging  or  a  cable  repair  near  shore. 

Receiving  Fixed  Equalizer  —  This  is  the  mop-up  equalizer  for  the  sys- 
tem. A  final  receiving  equalizer,  Fig.  9,  has  been  constructed  for  the  first 
crossing.  Another,  tailored  to  the  No.  2  cable,  will  be  designed  on  the 
basis  of  data  taken  after  completion. 
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Fig.  8  —  Receiving  equalizers  —  block  schematic. 

Receiving  Temperature  Equalizer  —  The  receiving  temperature  equal- 
izer is  identical  with  the  transmitting  temperature  unit. 


OPERATIONAL   DESIGN 

General 

The  operational  design  of  a  transmission  system  considers  the  supple- 
mentary facilities  which  are  needed  for  operation  of  the  main  transmis- 
sion facility,  for  its  supervision  and  for  its  maintenance.  In  the  present 
instance,  these  facilities  include  the  cable  station  power  plants  for  driving 
the  carrier  terminals  and  high  frequency  line,  the  carrier  terminals  them- 
selves and  their  associated  carrier  supply  bays,  the  telephone  and  tele- 
graph (speaker  and  printer)  equipments  needed  for  maintenance,  super- 
vision and  administration  of  the  overall  facility,  the  pilots,  protection 
devices  and  alarms  and  the  maintenance  and  fault  locating  equipment. 

Power  Supplies 

With  the  exception  of  the  plants  for  cable  current  supply,  the  power 
plants  at  Clarenville  and  Oban  are  relatively  conventional,  and  follow 
telephone  office  techniques  which  are  standard  for  the  telephone  adminis- 
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tration  of  the  particular  side  of  the  Atlantic  on  which  they  are  located. 
They  will  not  be  discussed  here,  although  it  might  be  well  to  point  out 
that  the  equipment  supply  for  the  Bell  equipment  is  direct  current,  ob- 
tained from  floated  storage  batteries,  while  the  supply  for  the  Post  Office 
equipment  is  alternating  current  from  rotary  machines  driven  normally 
from  the  station  ac  supply,  with  storage  battery  back-up. 

The  cable  current  supplies  for  the  North  Atlantic  Hnk^"  are  complex 
and  highly  special.  It  is  pertinent  to  discuss  here  briefly  the  requierments 
which  beget  this  complexity.  To  assist  in  this,  an  elementary  schematic 
of  the  cable  power  loop  is  shown  in  Fig.  10. 

The  following  main  requirements  governed  the  design  of  these  plants: 

1.  Constant  maintenance  of  uniform  and  known  current  in  the  power 
loop. 

2.  Protection  of  HF  line  against  faults  induced  by  failures  in  power 
bays. 

3.  Protection  of  HF  line  against  damage  from  power  voltage  surges 
caused  by  faults  in  the  line  itself. 

Maintenance  of  constant  and  known  operating  current  in  the  line  is 
very  important  from  the  standpoint  of  system  life  because  of  the  de- 
pendence of  the  rate  of  electron  tube  aging  on  the  power  dissipated  in  the 
heaters.  ^^ 

The  principal  factor  which  tends  to  cause  variations  in  the  line  current 
is  the  earth  potential  which  may  appear  between  the  terminals  of  the 
system.  This  potential  may  be  of  varying  magnitude  and  of  either  po- 
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Fig.  9  —  Receiving  fixed  equalizer  —  loss-frequency  characteristic. 
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larity.  Consequently,  it  may  either  aid  or  oppose  the  driving  potential 
applied  to  a  particular  cable.  The  power  circuit  regulation  is  such  that 
the  presence  of  an  aiding  potential  will  be  completely  compensated, 
while  opposing  potentials  will  be  compensated  only  to  the  degree  possible 
with  the  maximum  of  2,500  volts  applied  by  the  terminal  plants.  Beyond 
this  point,  the  line  current  will  be  allowed  to  drop,  so  as  to  avoid  exces- 
sive potential  across  the  power  filter  capacitors  in  the  shore  end  repeaters. 

Line  faults  caused  by  failures  or  misoperation  of  the  power  supplies 
must  be  carefully  guarded  against.  Such  failures  might  result  in  surges 
on  the  line,  or  excessive  voltage  or  current.  Protection  against  surges 
takes  the  form  of  retardation  coils  in  the  terminal  power  separation  fil- 
ters, which  limit  the  rate  of  current  change  to  tolerable  values. 

Failure  of  the  capacitors  in  these  filters  could  also  create  dangerous 
surges.  The  protection  here  takes  the  form  of  a  large  voltage  design  mar- 
gin. 

Faults  in  the  HF  Une  of  importance  from  the  power  feed  standpoint 
are  short  circuits  to  ground,  and  opens.  The  former  tend  to  result  in 
excessive  currents,  the  latter,  excessive  voltages.  Very  fast  acting  pro- 
tection in  the  terminal  power  bays  is  required  to  cope  with  these,  and 
series  electron  tube  regulators  provide  the  means. 

Terminal  Plan 

The  plan  of  design  of  transmission  terminal  equipment,  shown  in  Fig. 
2,  was  based  on  the  following  objectives: 

(a)  Use  of  standard,  or  modified  standard  equipment  as  far  as  possible. 

(b)  To  facilitate  supply  and  maintenance  of  standard  equipment, 
use  of  Bell  System  equipment  in  North  America  and  Post  Office  equip- 
ment in  the  United  Kingdom. 

(c)  Provision  of  full  duplicate  equipment  and  means  for  quick  shift 
between  regular  and  alternate. 

(d)  Provision  of  special  equipment  to  fit  Canadian  requirements. 

(e)  Provision  for  ample  order-wire  (speaker  and  printer)  equipment, 
partly  because  there  is  no  alternate  undersea  route. 

(f)  Provision  of  no  automatic  loss  regulation,  because  the  loss  changes 
are  so  slow;  provision  of  three  link  pilot  frequencies  as  a  basis  for  manual 
regulation. 

Much  of  the  equipment  is  standard.  This  includes  group  modems, 
group  connectors,  pilot  supply,  frequency-shift  telegraph  equipment  for 
printer  circuits,  etc.  Supergroup  modulators  are  modified  standard  co- 
axial carrier  equipment.  The  channel  modems  for  speaker  and  printer 
circuits  are  a  combination  of  Type-C  open-wire  carrier  active  equipment. 
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Fig.  11  —  Splitting  filters  —  loss  frequency  characteristic. 
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and  filters  designed  for  a  military  carrier  system.  The  transmitting  out- 
put amplifier  is  a  modified  version  of  one  used  in  the  Havana-Key  West 
submarine  cable  system  terminals;  the  modifications  include  broader 
frequency  band,  lower  modulation  and  sharper  overload  cutoff.  As  in  the 
coaxial  carrier  system,  hybrid  coils  are  provided  at  points  in  the  Bell 
equipment  where  quick  patching  is  needed. 

The  agreed  Canadian  bandwidth  quota  is  26  kc,^  corresponding  to  six 
and  one-half  message  telephone  channels.  The  split  between  the  6^ 
Canadian  channels  and  the  remaining  5|  U.S.  channels  in  the  "spUt 
group"  was  accomplished  by  specially-designed  group-frequency  splitting 
filters,  with  very  sharp  cutoff.  The  loss-versus-frequency  characteristics 
of  these  filters  are  shown  in  Fig.  11.  The  resulting  Canadian  half  tele- 
phone channel  next  to  the  cut-apart  was  broad  enough  to  accommodate 
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twelve  frequency-shift  telegraph  channels  with  120-cycle  carrier  tele- 
graph spacing.  It  is  planned  to  use  one  of  these  for  automatic  regulation 
of  the  other  eleven.  The  U.S.  half  channel  is  at  present  unassigned. 

Two  telephone  order  wires  (speakers)  and  two  teletype  order  wires 
(printers)  are  provided  for  maintenance  and  administration  purposes. 

The  two  speakers  occupy  a  4-kc  telephone  channel  which  is  the  lower 
sideband  of  20  kc  on  the  Une.  The  4-kc  band  is  divided  into  halves  by 
Bell  T\^pe-EB  split-channel  equipment,  which  yields  two  narrow-band 
telephone  channels.  One  of  these  is  reserved  for  a  "local"  Clarenville- 
Oban  circuit,  available  at  all  times  to  the  personnel  at  these  terminals. 
It  constitutes  a  cleared  channel  which  could  be  of  great  benefit  in 
emergencies  which  might  arise.  The  other  narrow-band  telephone  chan- 
nel, the  "omnibus  speaker",  is  extended  through  to  other  control  points 
including  the  sj^stem  metropolitan  terminals. 

The  two  printer  circuits  are  frequency -shift  voice-frequency  telegraph 
channels,  occupying  line  frequencies  just  below  16  kc.  These  are  both 
brought  to  dc  at  Clarenville  and  Oban,  and  extended  by  carrier  tele- 
graph to  the  metropolitan  terminals.  One  is  normally  a  "through"  circuit 
with  teletypewriters  at  the  metropolitan  terminals  only,  and  the  other 
is  an  "omnibus"  circuit  with  teletypewriters  connected  at  Oban,  Claren- 
ville and  other  control  points,  permitting  message  interchange  be- 
tween all  connected  points. 

92-kc  group  frequency  pilots  are  transmitted  over  the  Clarenville- 
Oban  link  only,  and  blocked  at  its  ends.  The  line  frequencies  correspond- 
ing to  the  92-kc  group  frequencies  are  52,  100  and  148  kc.  These  pilots 
are  used  for  manual  regulation  and  maintenance  of  the  Clarenville-Oban 
link.  Information  derived  from  them  governs  the  manual  setting  of  the 
temperature  equalizers.  The  sending  power  of  the  92-kc  pilots  is  regu- 
lated to  within  ±0.1  db  variation  with  time. 

84.080-kc  group  frequency  pilots  also  appear  on  this  link.  These,  how- 
ever, are  system  pilots  applied  at  the  metropolitan  terminals.  They  are 
useful  for  evaluation  of  overall  system  performance  and  for  quickly 
locating  transmission  troubles. 

Alarms  are  provided  in  the  manner  usual  for  multi-channel  telephone 
systems.  A  special  feature  of  the  pilot  alarm  system  is  the  "alarm  relay 
channel",  a  third  voice-frequency  carrier  telegraph  channel  just  below 
the  printer  channels  in  line  frequency.  If  all  three  eastbound  92-kc  pilots 
fail  to  reach  Oban,  a  signal  is  transmitted  over  the  westbound  cable  which 
brings  in  a  major  alarm  at  Clarenville,  and  vice  versa.  This  major  alarm 
would  provide  news  of  a  cable  failure  immediately  to  the  transmitting 
cable  terminal  station.  Failure  of  the  pilot  supply  would,  of  course,  give 
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the  same  alarm.  The  alarm  relay  channel  circuit  is  arranged  so  that  if  it 
fails  it  does  not  give  the  major  alarm. 

A  special  alarm  system  for  the  cable  current  supply  is  described  in  the 
companion  paper  on  that  equipment.^" 

Fault  Location 

Length  and  inaccessibility  have  always  imposed  difficult  requirements 
on  fault  locating  techniques  for  undersea  cable  systems.  Before  the  ad- 
vent of  repeatered  systems,  much  effort  was  expended  on  use  of  imped- 
ance methods  —  i.e.,  those  involving  resistance  and  electrostatic  capaci- 
tance measurements  to  locate  a  fault  to  ground,  or  a  break.*  Some  work 
has  been  done  also  on  magnetic  pickup  devices  towed  along  the  route  by 
a  ship. 

With  the  advent  of  undersea  repeaters,  the  problem  has  become  even 
more  difficult,  both  because  of  the  effect  of  the  repeater  elements  on 
impedance  measurements,  and  because  a  fault  may  interrupt  trans- 
mission without  affecting  the  dc  loop. 

It  has  been  necessary,  therefore,  to  reassess  the  whole  problem  of 
fault  location. 

Location  of  Faults  Affecting  the  DC  Power  Loop 

Three  types  of  measurement  are  made  on  submarine  cables  at  present : 

(a)  Center  conductor  resistance,  assuming  a  short  circuit  or  a  sea 
water  exposure  at  some  point,  which  might  be  either  a  fault  or  a  break. 

(b)  Dielectric  resistance,  assuming  a  pinhole  leak  through  the  dielec- 
tric and  a  sea  water  exposure. 

(c)  Electrostatic  capacitance,  assuming  a  center  conductor  break  insu- 
lated from  sea  water. 

By  these  methods,  faults  and  breaks  in  non-repeatered  cables  can  be 
located  although  the  accuracy  of  determination,  and  indeed  the  practical 
success  of  the  operation,  is  dependent  on  the  nature  of  the  fault,  the 
situation  with  respect  to  earth  potential,  the  skill  of  the  craftsman  and 
many  other  factors. 

The  presence  of  cold  repeaters  in  the  circuit  adds  considerably  to  the 
difficulty,  both  because  of  the  resistance/temperature  characteristic  of 
the  electron  tube  heaters  (153  in  series  with  each  cable)  and  because  of 
polarization  effects  exhibited  by  the  castor  oil  capacitors  in  the  trans- 

*  In  the  literature,  "fault  location"  is  a  generalized  term  encompassing  the 
field.  A  "fault"  is  an  exposure  of  the  cable  conductor  to  the  sea  without  a  break 
in  the  conductor.  A  "break"  is  an  interruption  of  the  conductor  with  or  without 
exposure  to  the  sea. 
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atlantic  repeaters.  These  capacitors  have  a  storage  characteristic  which 
varies  with  the  magnitude  of  appHed  voltage,  duration  of  its  appHcation 
and  the  temperature. 

Because  of  this,  the  usual  methods  of  fault  location  are  expected  to 
give  results  of  doubtful  accuracy  and  so  a  new  approach  is  being  made 
to  the  problem.  The  results  of  the  work  to  date  are  beyond  the  scope 
of  this  paper. 

Location  of  Transmission  Faults 

The  previous  section  deals  with  the  situation  where  the  dc  power  loop 
has  been  opened  or  disturbed.  Of  equal  importance  is  the  location  of 
transmission  faults  when  the  power  loop  is  intact. 

For  this  purpose,  use  is  made  of  the  discrete  frequency  crystal  pro- 
vided in  each  repeater.^  This  crystal  is  effectively  in  parallel  with  the 
feedback  circuit  of  the  amplifier,  and  at  its  resonant  frequency  the  ampli- 
fier has  a  noise  peak  of  the  order  of  25  db,  with  an  effective  noise 
band  of  about  4  cycles.  When  one  repeater  fails,  it  is  possible  to  recognize 
the  noise  peak  of  each  amplifier  from  the  receiving  end  back  to  the  failed 
unit.  The  noise  peaks  from  the  faulty  unit  and  all  preceding  amplifiers 
will  be  missing,  indicating  location  of  the  trouble.  Noisy  amplifiers  can 
be  singled  out  by  an  extension  of  the  technique. 

Testing  and  Maintenance 

Routine  testing  and  maintenance  activities  at  Oban  and  Clarenville 
can  be  divided  into  four  parts:  for  the  carrier  terminals,  for  the  station 
power  equipment,  for  the  cable  current  power  units  and  for  the  high 
frequency  hne.  Usual  methods  apply  and  the  usual  types  of  existing  test 
equipment  were  provided  with  one  exception. 

The  exception  is  a  newly  designed  transmission  measuring  system. 
The  system  employs  a  decade  type  sending  oscillator  with  continuous 
tuning  over  the  final  1-kc  range.  Provision  is  built-in  for  precise  calibra- 
tion of  output  level.  The  receiving  console  contains  a  selective  detector 
functioning  as  a  terminating  meter  of  75-ohm  input  impedance,  and  can 
measure  over  the  range  —  120  to  0  dbm.  Coils  are  supplied  to  permit 
measuring  over  135-ohm  circuits.  The  detector  can  be  calibrated  for 
direct  reading  when  used  as  a  terminating  meter. 

The  system  covers  a  frequency  range  of  10  kc  to  1.1  mc.  It  is  useful, 
therefore,  for  measuring  much  of  the  standard  British  and  U.S.  designed 
carrier  terminal  equipment  as  well  as  for  normal  line  transmission  meas- 
urements over  both'  the  North  Atlantic  and  Cabot  Strait  (Newfound- 
land-Nova Scotia)  submarine  lines. 
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A  special  transmission  measuring  set  is  provided  in  the  receiving  con- 
sole which  facilitates  measurements  in  the  crystal  frequency  region 
166-175  kc.  This  set  is  used  for  evaluating  the  performance  of  individual 
repeaters  from  shore.  As  an  oscillator,  it  is  capable  of  delivering  an 
output  of  up  to  +8  dbm  into  a  75-ohm  load,  with  exceptional  frecjuency 
stability  and  finely-adjustable,  motor-driven  tuning.  This  is  useful  in 
locating  and  measuring  the  narrow-band  response  peaks  of  individual 
repeater  crystals.  The  oscillator  frequency  is  varied  in  the  region  of  a 
particular  peak,  and  the  received  power  is  measured  at  the  peak  fre- 
quency and  at  nearby  frequencies.  At  the  peak  frequency,  the  crystal 
removes  nearly  all  feedback  in  the  repeater.  Changes  in  repeater  internal 
gain  can  thus  be  determined  from  shore. 

As  a  detector,  the  set  can  measure  from  — 110  to  —60  dbm  in  a  band- 
width of  about  2  cycles.  This  enables  it  to  measure  crystal  noise  peaks 
which  may  be  spaced  as  closely  as  50  cycles  apart.  To  reduce  the  random 
variations  in  such  narrow-band  noise,  a  "slow  integrate"  circuit,  of  the 
order  of  10  seconds,  is  provided.  Thus  the  crystal  noise  peaks  can  be 
compared  in  magnitude  with  the  system  noise  level  at  closely  adjacent 
frequencies. 

ASSEMBLY   AND   TEST   OF   SYSTEM 

General 

Assembly  and  initial  testing  of  the  North  Atlantic  link  occupied  a 
span  of  about  three  years.  Because  of  the  geographical  and  political 
factors  involved  the  job  was  a  difficult  one  and  required  close  coopera- 
tion among  individuals  in  many  different  organizations  on  both  sides  of 
the  ocean. 

Clarenville 

The  cable  station  at  Clarenville  houses  the  carrier  terminal,  cable 
terminating  and  power  equipment  at  the  junction  of  the  North  Atlantic 
and  Cabot  Strait  links.  It  was  designed  by  United  States  architects 
from  requirements  furnished  by  A.  T.  &  T.  engineers  and  was  approved 
by  the  other  parties  to  the  enterprise.  The  building  was  constructed  bj- 
a  Canadian  firm  under  the  supervision  of  a  Canadian  architect. 
The  equipment  was  put  in  place  and  connected  by  installers  of 
the  Northern  Electric  Company  and  tested  by  representatives  of  Bell 
Telephone  Laboratories,  Eastern  Telephone  and  Telegraph  Company, 
Northern  Electric  Company  and  the  British  Post  Office. 

As  Newfoundland  is  an  island,  shipments  of  equipment  and  supplies 
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to  Clarenville  were  carried  by  sea  or  air  to  St.  John's  where  they  were 
trans-shipped  by  rail  to  Clarenville. 

Oban 

The  cable  station  at  Oban  was  executed  by  British  contractors  from 
designs  drawn  up  by  the  British  Post  Office.  Its  equipment  was  installed 
by  a  British  electrical  contracting  firm.  Two  Western  Electric  Company 
installers  were  present  at  Oban  during  the  installation  of  the  American- 
made  cable  terminating  equipment  and  cable  current  supply  bays  to 
provide  necessary  liaison  and  interpretation  of  drawing  requirements. 
The  Oban  equipment  was  tested  by  representatives  of  the  British  Post 
Office,  Bell  Telephone  Laboratories  and  the  firm  that  did  the  installing. 

Here  too,  it  was  necessary  to  ship  by  boat  or  air,  with  subsequent 
trans-shipment  by  train  and  by  truck. 

Undersea  Link 

Perhaps  the  most  interesting  phase  of  all  was  the  handling  of  the  under- 
sea section.  The  actual  laying  is  described  elsewhere,  but  much  effort 
was  required  before  the  cable  ship  ever  left  the  dolphins  at  the  cable 
manufacturing  plants. 

Most  of  the  cable  was  manufactured  at  the  plant  of  Submarine  Cables, 
Ltd.,  at  Erith,  on  the  Thames  about  fifteen  miles  downstream  from 
London.  A  smaller  quantity  of  cable  was  manufactured  by  Simplex 
Wire  and  Cable  Corporation  at  its  plant  in  Ne\Wngton,  N.H.  As  the 
cable  was  completed  it  was  coiled  in  repeater  section  lengths  in  huge 
tanks.  The  ends  of  each  repeater  section  were  left  available  at  a  "spHc- 
ing  platform"  where  the  repeaters,  manufactured  at  Hillside,  N.J., 
were  spliced  in.  Spliced  repeaters  were  located  in  water  filled  troughs 
for  protection  against  overheating  while  testing. 

All  repeaters  were  armored  by  Simplex  at  Xewington.  This  involved 
their  transportation  by  truck  from  the  Western  Electric  shop  at  Hillside 
where  the  flexible  repeaters  were  manufactured,  to  Newington.  While 
this  sounds  simple  it  was  actually  a  very  carefully  planned  and  controlled 
operation  because  of  the  need  to  avoid  subjecting  the  units  to  any  but 
the  most  necessary  and  unavoidable  hazards.  Consequently,  the  truck 
used  for  the  purpose  was  specifically  selected  for  size  and  construction 
and  was  provided  with  a  heating  unit  in  the  body.  The  route  was  care- 
fully surveyed  in  advance  for  unusual  hazards  and  the  truck  speed  was 
limited  to  a  very  modest  value. 

After  the  repeaters  were  armored,  those  to  be  incorporated  in  Simplex- 
made  cable  were  spliced  at  Xewington.  Those  destined  for  application  in 
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British-made  cable  were  shipped  by  truck,  following  the  same  precautions, 
to  Idle  wild  Airport  in  New  York.  From  there  they  proceeded  by  special 
freight  plane  —  one  or  two  at  a  time  —  to  London  Airport.  Here  they 
were  again  trans-shipped  by  truck  to  Erith. 

The  repeaters  were  housed  in  shipping  cases^^  of  a  very  strange  shape 
and  considerable  size.  These  cases  were  provided  with  max-min  thermom- 
eters and  with  impactograph  devices  that  would  record  the  maximum 
acceleration  to  which  the  repeaters  had  been  subjected. 

When  ship  loading  time  arrived,  the  cable  and  its  contained  repeaters 
were  transported  over  a  system  of  sheaves  from  the  tanks  of  the  cable 
manufacturer  to  the  tanks  on  shipboard.  This  process  offered  no  particu- 
lar obstacle  so  far  as  the  cable  itself  was  concerned,  but  the  requirement 
against  unnecessary  bending  of  the  repeater  meant  that  a  great  deal  of 
special  attention  had  to  be  given  to  avoiding  unnecessary  deviations 
from  a  straight  run,  and  to  lifting  the  repeaters  around  sheaves  where 
the  direction  of  the  loading  line  changed  materially.  Auxiliary  protection 
was  provided  on  each  repeater  in  the  form  of  angle  irons  with  flexible 
extensions  on  each  end  which  served  to  restrict  any  bending  to  the  core 
tube  region  of  the  repeater  and  safely  limited  the  magnitude  of  the  bends 
in  this  region.  One  further  precaution  was  observed  —  that  of  energizing 
the  repeaters  during  the  loading  process.  This  accomplished  two  things. 
First,  it  permitted  continuous  testing;  second,  it  reduced  the  hazards  of 
possible  damage  to  the  electron  tubes  during  loading,  as  the  tungsten 
heaters  are  much  more  ductile  when  hot  and  the  glassware  of  the  tube 
is  more  resistant  to  shock  and  vibration. 

SYSTEM    PERFORMANCE 

General 

At  the  time  of  this  writing,  the  No.  2  cable  has  just  been  laid,  but  the 
No.  1  cable  has  had  eleven  months  of  successful  life  under  test,  a  pre- 
service  period  of  probably  greater  duration  than  has  been  granted  to 
any  land  system  of  comparable  length  and  cost.  It  has  been  under  con- 
stant observation  and  test,  largely  by  the  people  who  will  operate  it 
when  it  goes  into  service.  The  pre-service  measurements  have  been  much 
more  extensive,  in  quantity  and  scope,  than  the  routine  tests  which  will 
be  made  after  the  system  goes  into  service. 

Net  Loss  Tests 

Net  Loss  versus  Frequency 

Results  of  measurements  in  June,  1956,  on  the  No.  1  cable  are  shown 
in  Figs.  12  and  13.  The  former  covers  the  equalized  high-frequency  line. 
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Fig.  12  —  Gain  versus  line  frequency  —  Xo.  1  cable. 

Fig.  13  gives  the  corresponding  group-to-group  frequency  response  of  the 
deep-sea  hnk.  These  frequency  characteristics  will  vary  a  little  from  time 
to  time,  depending  partly  on  the  change  since  the  last  adjustment  of  the 
temperature  equalizer. 

Note  that  while  the  slope  in  gross  cable  loss  between  20  and  164  kc 
is  about  2,100  db,  the  net  loss  of  the  equalized  high  frequency  line  over 
this  band  varies  only  about  1  db. 

Net  Loss  versus  Time 

The  net  loss  of  the  undersea  sj^stem  (cable  plus  repeaters)  has  de- 
creased slowly  since  the  system  was  laid.  The  decrease  is  approximately 
cable  shape,  proportional  to  the  square  root  of  frequency.  In  a  year  it 
has  amounted  to  about  5  db  at  the  top  frequency.  In  the  early  months 
the  change  was  almost  directly  proportional  to  time,  but  later  the  rate 
slowed,  as  shown  in  Fig.  14. 

The  changes  shown  in  the  figure  are  due  partly  to  change  in  cable 
temperature  and  partly  to  slow  aging  of  the  cable.  Detailed  studies  of 
repeater  crystal  frequenc,y  changes  have  resulted  in  only  an  approximate 
separation  into  temperature  effects  and  aging.  Howe^'er,  it  seems  reason- 
able to  assume  that  at  the  end  of  a  one-year  cycle  there  would  be  little 
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Fig.  13  —  Group  to  group  frequencj'  response  —  Xo.  1  cable. 


DESIGN    OF   SYSTEM 


NORTH   ATLANTIC    LINK 


61 


if  any  net  change  in  the  cable  temperature  averaged  over  the  whole  cable 
length.  The  greatest  possibility  of  change  would  be  in  the  shallow-water 
sections,  and  crystal  measurements  indicate  that  at  the  end  of  a  year 
the  average  temperature  of  the  shallow-water  sections  returned  nearly 
to  its  initial  value.  Hence  about  5  db  seems  chargeable  to  one  year's 
aging.  Extrapolation  into  the  future,  however,  is  uncertain.  Theoretical 
considerations  lead  to  the  idea  that  the  rate  of  cable  aging  should 
decrease. 

Information  on  long-term  change  in  transmission  loss  of  previous 
cables  is  very  limited.  The  Havana-Key  West  cables  were  accurately 
measured  just  after  laying,  and  again  five  years  later.  The  change  in 
that  system  due  to  aging  is  very  small,  if  indeed  there  is  a  change.  That 
cable  is  generally  like  the  transatlantic,  though  it  is  smaller  and  has  a 
perhaps  significant  difference  in  construction  of  the  central  conductor. 

The  above  applies  to  the  net  loss  of  the  undersea  part  of  the  system 
only.  The  group-to-group  net  loss  variation  with  time  of  the  Clarenville- 
Oban  link  has  been  held  within  a  much  smaller  range  by  temperature 
equalizer  adjustments.  Practices  have  been  worked  out  which  it  is  be- 
lieved will  hold  the  in-service  variation  with  time  to  a  fraction  of  a  db. 

Net  Loss  versus  Carrier  Frequency  Power  Level 

Single-frequency  tests  of  carrier  frequency  output  power  versus  input 
power  were  made,  up  to  a  test  power  a  little  below  the  estimated  overload 
of  the  highest-level  repeater.  An  increase  of  0.1  db  in  system  net  loss  oc- 
curs at  a  power  2  to  3  db  below  the  load  limit  of  the  transmitting  am- 
plifier. This  is  about  15  or  16  db  above  the  expected  rms  value  of  the 
in-service  system  busy  hour  load.  The  0.1  db  change  is  presumably  due 
to  the  cumulative  effect  of  smaller  changes  in  several  of  the  undersea 
amplifiers. 
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Fig.  15  —  Effect  of  cable  current  on  system  gain  —  No.  1  cable. 

Nel  Loss  versus  DC  Cable  Current 

Changes  in  cable  current  affect  the  repeater  gain  to  a  shght  extent, 
the  amount  depending  on  the  magnitude  and  phase  of  the  feedback  in  the 
repeater  as  a  function  of  frequency.  Measured  changes  in  the  loss  of  the 
2,000-mile  system,  for  currents  of  5  and  10  milliamperes  less  than  the 
normal  value  of  225  milliamperes,  are  shown  in  Fig.  15.  Under  normal 
conditions  the  automatic  control  will  hold  the  cable  current  variation 
within  ±0.5  milliampere. 

The  shape  of  the  curve  on  Fig.  15  is  almost  the  same  as  that  computed 
in  advance  from  laboratory  measurements  on  model  repeaters. 

System  Noise 

Shown  in  Fig.  16  are  values  of  noise  on  the  No.  1  cable  system  meas- 
ured in  the  Fall  of  1955  and  again  in  the  Spring  of  1956.  The  noise  increase 
is  compatible  with  the  decrease  in  undersea  system  net  loss  during  this 
period.  To  prevent  overload,  the  loss  in  the  transmitting  temperature 
equalizer  has  to  be  increased  as  the  undersea  loss  decreases;  this  lowers 
the  levels  of  the  various  parts  of  the  undersea  system  by  various  amounts. 

The  noise  shown  in  the  top  channel  exceeds  the  36  dba  objective  by 
a  small  amount.  The  excess  can  be  recovered,  if  necessary,  by  certain 
changes  in  the  terminals  without  recourse  to  compandors. 

Fig.  16  shows  also  the  noise  on  the  No.  2  cable  system  shortly  after 
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Fig.  16  —  System  noise. 

completion  of  laying.  The  noise  is  lower  than  on  the  No.  1  cable.  This  is 
because  results  of  experience  on  the  No.  1  cable  were  utilized  in  better 
choice  of  cable  repeater  section  lengths  and  in  better  equalization  while 
laying  the  1956  cable. 


Modulation  Tests 

Two-tone  modulation  tests  of  second  and  third  order  products  were 
made,  using  a  large  number  of  successive  frequency  combinations.  The 
highest  level  modulation  products  were  at  least  60  db  below  the  1 -milli- 
watt test  tones,  at  zero  transmission  level.  This  is  approximately  the 
value  computed  before  the  system  was  laid.  Most  of  the  modulation 
products  were  down  substantially  more  than  60  db.  Probably  various 
causes  contributed  to  the  good  performance,  including  the  effect  of  mis- 
alignment in  lowering  repeater  levels,  and  small  propagation-time  dif- 
ferences which  minimize  in-phase  addition  of  third-order  products  from 
successive  repeaters. 

Telegraph  Transmission  Tests 

At  present  writing,  telegraph  tests  have  been  made  only  on  the  printer 
(telegraph  order  wire)  channels,  and  without  a  system  multi-channel 
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load.  With  the  proposed  specific  telegraph  level  (STL)  of  —30  db  (i.e. 
telegraph  signal  of  —30  dbm  per  telegraph  channel  at  0  db  telephone 
transmission  level),  the  telegraph  distortion  was  too  low  to  measure 
reliably ;  it  was  possible  to  send  clear  messages  under  test  conditions  with 
a  signal  36  db  weaker  than  this. 

Crystal  Tests 

All  of  the  peaks  of  noise  at  the  crystal  resonance  frequencies  were 
easily  discernible. 

The  crystal  gain  values  all  lay  in  the  range  from  23.6  to  27.2  db,  with 
60  per  cent  of  them  lying  in  the  range  from  25  to  26  db.  Crystal  gain,  as 
used  here,  is  the  difference  between  the  system  gain  at  a  repeater  crystal 
frequency  and  the  average  of  the  gains  at  50  cycles  above  and  below  this 
frequency;  the  latter  value  is  approximately  the  gain  if  the  crystal  were 
absent.  No  significant  changes  in  crystal  gain  have  occurred  in  eleven 
months  of  system  life,  and  none  were  expected.  These  measurements  are 
to  be  continued  over  the  years,  as  an  indication  of  electron  tube  aging, 
as  explained  in  the  companion  paper  on  the  repeater.' 

A  series  of  measurements  of  the  frequency  of  each  of  the  51  repeater 
crystals  versus  time  has  been  made.  (Any  of  these  frequency  determina- 
tions can  be  checked  on  the  same  day  within  ±0.1  cycle  with  the  special 
test  apparatus  and  techniques  used.)  The  crystals  were  designed  to  be 
extremely  stable  in  frequency,  so  that  measurements  on  one  repeater, 
made  at  the  land  terminal,  would  not  be  affected  by  the  combined  effect 
of  50  other  crystals  at  100-cycle  spacings.  The  crystal  frequency  varies 
only  about   —  |  cycle  per  degree  Fahrenheit  increase  in  sea-bottom 
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temperature.  The  change  in  frequency  due  to  crystal  aging  in  11  months 
under  the  sea  is  considered  to  He  in  the  range  0  to  —0.4  cycle. 

Although  the  crystals  were  not  designed  as  sea-bottom  temperature 
indicators  and  are  within  a  repeater  housing,  it  seems  likely  that  with 
precise  techniques  and,  after  some  further  stabilization,  some  uniquely 
accurate  information  on  change  of  sea-bottom  temperature  will  be  ob- 
tainable. 

In  accordance  with  previous  oceanographic  knowledge  of  sea-bottom 
temperature,  the  frequency  changes  have  been  larger  in  the  crystals 
near  shore.  The  greatest  change  has  been  in  the  repeater  nearest  Oban. 
This  is  about  17  miles  from  shore  and  in  water  only  about  50  fathoms 
deep.  Its  freciuency  change,  and  that  of  a  typical  deep-sea  repeater,  are 
shown  in  Fig.  17. 

FUTURE    CONSIDERATIONS 

Spare  Equipment  for  Cable  Stations 

In  a  system  as  far-flung  geographically  as  this  one,  and  as  important, 
much  thought  must  be  given  not  only  to  the  supplies  needed  for  routine 
replacement  of  expendable  items,  but  also  to  major  replacements  neces- 
sitated by  fire  or  other  causes.  Accordingly,  a  schedule  of  spare  equip- 
ment has  been  established,  divided  into  two  groups  —  "shelf"  and 
"casualty". 

Shelf  spares  are  carried  in  the  station  itself,  and  include  items  such  as 
dial  lights,  electron  tubes  and  dry  cell  batteries,  which  have  limited  life 
in  normal  service.  These  are  maintained  in  the  cable  station  in  quantity 
estimated  as  adequate  for  two  years  of  operation. 

Casualty  spares  embrace  those  major,  essential  frames  and  equip- 
ments without  which  the  system  cannot  be  operated.  There  are  two  sub- 
divisions: those  which  are  in  common  use  in  the  telephone  plant  and  are, 
therefore,  available  by  "cannibalization",  and  those  which  are  special 
to  the  project,  like  the  cable  current  supplies  and  the  cable  terminating 
bays.  The  common-use  items  are  not  stocked  as  casualty  spares.  Spares 
of  the  special  items  have  been  built  and  are  stored  in  locations  remote 
from  the  cable  stations.  In  event  of  catastrophe,  these  can  be  drawn  out 
and  flown  as  near  the  point  of  need  as  possible,  for  onward-shipment  by 
available  means. 

Spare  Equipment  for  the  Undersea  Link 

Although  every  effort  has  been  made  to  produce  a  trouble-free  system, 
the  underwater  link  is  still  subject  to  the  hazards  of  trawlers,  icebergs. 
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anchors  and  submarine  earthquakes  or  land  slides.  There  must  be  con- 
sidered, too,  the  possibility  of  fault  from  human  failure. 

So  it  is  necessary  to  contemplate  the  replacement  of  a  length  of  cable, 
or  a  repeater  or  equalizer.  For  such  contingency,  spare  cable  of  the  vari- 
ous armor  types  has  been  stored  on  both  sides  of  the  Atlantic.  Spare 
repeaters  and  equalizers  are  also  available. 

In  addition,  a  spare  called  a  "repair  repeater"  has  been  stocked.  Need 
for  this  arises  from  the  fact  that  except  in  very  shallow  water,  a  repair 
cannot  be  effected  without  the  addition  of  cable  over  and  above  the 
length  which  was  in  the  circuit  initially.  The  amount  of  cable  which 
must  be  added  is  a  function  of  water  depth,  condition  of  the  sea  at  the 
time  of  the  repair,  and  the  amount  of  cable  slack  available  in  the  im- 
mediate vicinity  of  the  point  in  question. 

When  excess  cable  is  introduced  in  amount  sufficient  to  significantly 
reduce  the  system  operating  margins,  its  loss  must  be  compensated. 
Hence,  the  repair  repeater. 

A  repair  repeater  is  a  two-tube  device,  essentially  like  a  regular  re- 
peater although  its  impedances  are  designed  to  match  the  cable  im- 
pedances at  input  and  output  ends.  However,  its  gain  is  sufficient  to 
offset  only  about  5.3  miles  of  cable.  A  second  type  of  repair  repeater  is 
under  consideration,  to  compensate  for  about  15  miles  of  cable. 

Long-Term  Aging 
General 

In  a  system  with  some  3,200-db  gross  loss  at  its  top  frequency  between 
points  which  are  accessible  for  adjustment,  a  long-term  change  in  loss 
of  only  one  per  cent  would  have  a  profound  effect  on  system  performance. 

For  this  reason,  the  repeater  design  included  careful  consideration  of 
net  gain  change  over  the  years.^  The  degree  of  control  over  aging  is  such 
that  in  a  period  of  at  least  20  years,  and  perhaps  much  longer,  the  esti- 
mated change  in  51  repeaters  might  total  8  db  added  gain  at  the  top 
frequency.  The  gain  variation  with  frequency  would  be  proportional 
to  either  curve  of  Fig.  15,  and  the  rate  of  aging  would  be  slower  in  earlier 
than  in  later  years. 

Estimates  of  cable  aging  are  discussed  in  the  section  on  "Net  Loss 
Tests." 

Means  of  Combatting  Aging 

The  effects  of  aging  would  become  important  on  the  top  channels  first. 
Remedial  measures  to  improve  signal-to-noise,  especiall}^  in  the  top 
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channels,  include:  possible  increase  of  transmission  level  at  input  of  the 
final  transmitting  and  load  limiting  amplifier  in  the  transmitting  termi- 
nal; pre-distortion  ahead  of  this  amplifier;  compandors;  increase  of  dc 
current;  and  undersea  re-equalization  in  later  years.  This  last  would  be 
very  expensive,  and  so  it  is  necessary  to  examine  fully  the  possibilities 
of  the  other  measures. 

The  penalty  for  increasing  the  transmission  level  at  the  input  of  the 
transmitting  amplifier  is  more  peak-chopping  and  modulation-noise 
peaks.  The  improvement  that  could  be  realized  in  this  way  is  probably 
fairly  small. 

Pre-distortion  is  accomplished  by  inserting  ahead  of  the  transmitting 
amplifier  a  suitable  shaping  network  adjusted  for  gain  in  the  top  part 
of  the  band  and  loss  at  lower  frequencies.  A  complementary  network 
(restoring  network)  is  placed  at  the  receiving  terminal.  This  measure 
would  improve  signal-to-noise  in  the  uppermost  part  of  the  band  and 
reduce  it  in  lower  channels  which  have  less  noise.  Some  3-db  improve- 
ment might  be  thus  realized  in  the  top  channel. 

Compandors  would  give  an  effective  signal-to-noise  improvement  of 
up  to  about  15  db  for  message  telephone  service,  but  none  for  services 
such  as  voice-frequency  telegraph.  Compandors  would  be  applied  only 
to  those  channels  needing  them.  They  halve  the  range  of  talker  volume, 
but  also  double  the  transmission  variations  between  compressor  and 
expandor,  and  thus  tend  to  require  some  increase  in  the  overall  channel 
net  loss.  The  program  (music)  channels  are  already  equipped  with  com- 
pandors which  use  up  a  part  of  the  obtainable  advantage. 

If  the  combination  of  such  measures  netted  an  effective  message  sig- 
nal-to-noise improvement  of  20  db  in  the  top  channel,  this  would  counter- 
balance aging  of  some  28  db  in  this  channel,  if  the  aging  were  uniformly 
distributed  along  the  system  length.  Thus  considerable  aging  could  be 
handled  without  undersea  modification. 
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Repeater  Design  for  the  North  Atlantic  Link 

T.  F.  GLEICHMANN,*  A.  H.  LINCE,*  M.  C.  WOOLEY*  and 

F.  J.  BRAGA* 

(Manuscript  received  October  8,  1956) 

Some  of  the  considerations  governing  the  electrical  and  mechanical  de- 
sign of  flexible  repeaters  and  their  component  apparatus  are  discussed  in 
this  paper.  The  discussion  includes  description  of  the  feedback  amplifier 
and  the  sea-pressure  resisting  container  that  surrounds  it.  Examples  are 
given  of  some  of  the  extraordinary  measures  taken  to  ensure  continuous  per- 
formance in  service. 

INTRODUCTION 

Repeaters  for  use  in  the  transatlantic  submarine  telephone  cable  sys- 
tem had  to  be  designed  to  resist  the  stresses  of  laying,  and  to  withstand 
the  great  pressures  of  water  encountered  in  the  North  Atlantic  route. 
In  anticipation  of  the  need  for  such  a  long  telephone  system  in  deep 
water,  development  work  was  started  over  20  years  ago  on  the  design 
of  a  flexible  repeater  that  could  be  incorporated  in  the  cable  and  be 
handled  as  cable  by  conventional  cable  ship  techniques.  Successful  com- 
pletion, in  1950,  of  the  design  and  construction  of  the  24-channel  Key 
West,  Florida-Havana,  Cuba  system,^  led  to  the  adoption  of  similar 
repeaters  designed  for  36  channels  for  the  North  Atlantic  link  discussed 
in  companion  papers.^-  ^ 

Repeater  transmission  characteristics  determine,  to  a  large  extent, 
the  degree  to  which  system  objectives  can  be  met.  In  this  repeater,  sig- 
nificant characteristics  are: 

(a)  Noise  and  Modidation.  These  were  established  by  the  circuit  con- 
figuration and  by  the  use  of  the  conservative  electron  tube^  developed 
for  the  Key  West-Havana  project. 

(b)  Initial  Misalignment,  or  mismatch  of  repeater  gain  and  cable  loss 
throughout  the  transmitted  band  of  frequencies.  A  match  within  0.05 
db  was  the  objective.  This  affected  both  the  design  and  the  precision 
required  in  manufacture. 

*  Bell  Telephone  Laboratories. 
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(c)  Aging.  As  electron  tubes  lose  mutual  conductance  with  age,  re- 
peater feedback  decreases,  repeater  gain  changes,  and  misalignment  is 
affected.  Decrease  in  feedback  increases  the  gain  at  the  higher  frequen- 
cies so  that  the  signal  input  must  be  reduced  to  prevent  overloading, 
resulting  in  a  signal-to-noise  penalty.  Gain  increase  is  inversely  propor- 
tional to  the  amount  of  feedback;  in  these  repeaters,  33  to  34  db  of  feed- 
back was  the  objective  to  keep  this  source  of  misalignment  in  bounds. 

Because  repeaters  are  inaccessible  for  maintenance,  facilities  are  pro- 
vided to  enable  the  individual  repeater  performance  to  be  checked  from 
the  shore  end.  This  feature  also  permits  a  defective  repeater  to  be  identi- 
fied in  the  event  of  transmission  failure. 

REPEATER   UNIT 

The  repeater,  for  the  sake  of  discussion,  may  be  divided  into  two  parts, 
(1)  the  repeater  unit,  which  contains  the  electron  tubes  and  other  cir- 
cuit components  and  (2)  the  water-proof  container  and  seals  Avhich  house 
the  repeater  unit. 

Circuit 

The  circuit  of  the  repeater  unit  is  sho^vn  in  Fig.  1.  It  is  a  three-stage 
feedback  amplifier  of  conventional  design  with  the  cathodes  at  ac  ground. 
The  amplifier  is  connected  to  the  cable  through  input  and  output  cou- 
pling networks.  Each  coupling  network  consists  of  a  transformer  plus 
gain-shaping  elements  and  a  power  separation  inductor. 

The  coupling  networks  directly  affect  the  insertion  gain  as  do  the  two 
feedback  networks.  The  design  of  these  networks  controls  the  insertion 
gain  of  the  amplifier.  The  required  gain  (inverse  of  cable  loss)  is  shown 
in  Fig.  2.  The  39  db  shaping  required  between  20  and  164  kc  is  divided 
approximately  equally  among  the  input  and  output  coupling  networks 
and  the  feedback  networks. 

The  interstage  networks  are  of  conventional  design.  The  gain  of  the 
first  interstage  is  approximately  flat  across  the  band.  The  second  inter- 
stage has  a  sloping  characteristic,  the  gain  increasing  with  frequency. 
The  gain  shaping  of  these  networks  offsets  the  loss  of  the  feedback  net- 
works so  that  the  feedback  is  approximately  flat  across  the  band. 

Plate  and  heater  power  is  supplied  to  the  repeater  over  the  cable.'* 
The  plate  voltage  (approximately  52  volts)  is  obtained  from  the  drop 
across  the  heater  string.  The  dc  circuits  are  isolated  from  the  container 
by  the  high  voltage  blocking  capacitors  Ci  ,  C2  and  C3  . 
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Gain  Formula 

The  circuit  of  Fig.  1  may  be  represented  by  a  simplified  circuit  con- 
sisting of  an  input  coupling  network,  a  three  stage  amplifier,  an  output 
network  and  a  feedback  impedance  Z^  as  shown  in  Fig.  3.  From  this 
figure  it  can  be  shown  that  the  insertion  gain  of  the  repeater  is  given 
by:« 


e    = 


2e'e'Z, 


Pil^iifJmTZlZiZ^ 

—    PiPogmTZlZ2Z0_ 


(1) 


when  Zp  «  QmTZpZgZxZi  »  (Zo  +  Z^  and  where 


Pi  = 


Zi      +      Zg 


and 


po  = 


Zo  +  Zp 


are  "potentiometer  terms".  The  gain  of  the  input  network  is  defined  as 
e*i  =  Y lEi  ;  where  Y  is  the  open  circuit  voltage  of  the  input  network 
with  Ei  as  the  source,  and  the  gain  of  the  output  network  is  defined  as 
e'  =  ill\.  This  expression  may  be  put  in  familiar  form  by  recognizing 
that  pip^gmrZxZiZ^  is  jUjS,  the  feedback  around  the  loop.  Hence 


2i'e'Z 


[r 


M^ 


-  M/3J 


(2) 


Equation  (2)  shows  that  the  insertion  gain  of  the  I'epeater  is  the  prod- 
uct of  five  factors,  namel}': 
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(1)  e^  —  the  gain  of  the  Input  Network 

(2)  e-  —  the  gain  of  the  Output  Network 

(3)  Zc  —  the  cable  impedance 

(4)  Z^  ■ —  the  feedback  impedance 

(5)  (m/S/I  -  /i|8)  —  the  M^  effect  term 

It  should  be  noted  that  a  number  of  simplifj'ing  assumptions  have 
been  made.  For  example,  the  effect  of  grid  plate  capacitance  has  been 
neglected.  In  addition  the  /3  circuit  has  been  assumed  to  be  a  two  termi- 
nal impedance  whereas  it  is  actually  a  four  terminal  network.  However, 
in  the  pass  band  and  over  a  large  part  of  the  outband  of  the  repeater 
these  simplifications  give  a  very  good  approximation  to  the  true  gain 
of  the  repeater. 

In  the  pass  band  (n^/1  —  ju/3)  is  very  nearly  unity  so  that  the  gain  con- 
trolhng  factors  are  e\  e^,  and  1/Z^  assuming  that  Zc  is  fixed. 

Coupling  Networks 

The  input  and  output  networks  are  essentially  identical.  The  net- 
works are  of  unterminated  design  and  therefore  do  not  present  a  good 
termination  to  the  cable  at  all  frequencies  which  results  in  some  ripple 
in  the  system  transmission  characteristic  at  the  lower  edge  of  the  band 
and  makes  the  repeater  insertion  gain  sensitive  to  variations  in  the  cable 
impedance.  However,  this  arrangement  has  the  advantage  of  maximum 
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Fig.  3  —  Simplified  amplifier  circuit. 
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Fig.  4  —  Coupling  network. 

signal  to  noise  performance,  highest  gain,  and  most  effective  shaping 
with  a  minimum  of  elements.  A  minimum  of  elements  is  important  in 
view  of  the  space  restrictions  imposed  by  the  flexible  repeater  structure. 
The  sensitivity  of  the  gain  to  variation  in  impedance  is  minimized  by 
close  manufacturing  control  of  the  cable  and  networks. 

The  schematic  of  a  coupling  network  is  shown  in  Fig.  4  and  the  equiva- 
lent circuit  in  Fig.  5.  Capacitor  Ci  and  inductor  L4  are  part  of  the  power 
separation  circuit.  The  effect  of  L4  in  the  transmission  band  is  negligible 
and  it  has  been  omitted  from  the  equivalent  circuit.  However  Ci  is  in 
the  direct  transmission  path  and  has  a  small  effect  at  the  lower  edge  of 
the  band  so  that  it  becomes  a  design  parameter.  The  combination  R2 , 
L2  controls  the  low-frequency  gain  shaping  of  the  network.  Inductor  L3 


R,  C,  Rj^  L3  L3I, 


■a 


^im^^^^ 


C1-HIGH     VOLTAGE   BLOCKING  CAPACITOR 


Cr 


GRID  CATHODE    CAPACITANCE 


C3  -  HIGH    SIDE    CAPACITANCE 
Zc  -CABLE   IMPEDANCE 
R,  -RESISTANCE    OF   C, 

R,l^ 
R3t^ 

L31 


Lm  -  MUTUAL 
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G-HIGH  SIDE    CONDUCTANCE 
L3   -LEAKAGE    BUILD-OUT 
T      -  IDEAL  TRANSFORMER 


R: 


-RESISTANCE    OF    LEAKAGE 
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LOW    FREQUENCY  SHAPING 
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Fig.  5  —  Eqviivalent  circuit  of  coupling  network. 
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builds  out  the  leakage  inductance  of  the  transformer  and  together  with 
capacitor  Cs  controls  the  shaping  at  the  top  end  of  the  band.  These  ele- 
ments are  adjusted  during  manufacture  of  the  networks  to  provide  the 
desired  shaping. 

The  equivalent  circuit  is  an  approximation  to  the  true  transformer 
circuit.  By  standard  network  analysis  techniques  the  ratio  V/Ei ,  the 
gain  of  the  network,  can  be  obtained.  The  agreement  between  measure- 
ments and  computation  is  sufficiently  close,  several  hundredths  of  a  db, 
to  insure  that  the  representation  is  good. 

Each  coupling  network  is  designed  to  provide  approximately  one- 
third  of  the  total  shaping  required,  or  13  db.  While  these  networks  are 
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Fig.  6  —  Gain  of  input  coupling  network. 

outside  the  feedback  path,  the  impedances  which  they  present  to  the 
amplifier  are  important  factors  in  the  feedback  design.  It  can  be  seen 
from  Fig.  3  that  at  the  amplifier  input  the  proportion  of  the  feedback 
voltage  which  will  be  effective  in  producing  feedback  around  the  loop 
is  dependent  upon  the  potentiometer  division  between  the  grid-cathode 
impedance  of  the  first  tube  and  the  impedance  looking  back  into  the 
coupling  network.  The  greater  the  gain  shaping  of  the  network,  the 
greater  the  potentiometer  loss.  The  maximum  gain  which  can  be  ob- 
tained from  the  coupling  network  is  limited  by  the  capacitance  across 
the  circuit.  This  capacitance  cannot  be  reduced  without  increasing  the 
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Fig.  7  —  Input  potentiometer  term. 

potentiometer  loss,  and  seriously  limiting  feedback.  In  this  design  an 
acceptable  compromise  is  made  when  the  ratio  of  network  capacitance 
to  grid-cathode  capacitance  has  been  fixed  at  1.2  as  suggested  b}"  Bode.^ 
The  gain  through  the  input  network  and  the  deviation  from  one-third 
cable  shape  is  shown  in  Fig.  6.  A  typical  potentiometer  term  is  shown 
in  Fig.  7 

Similar  considerations  apply  to  the  output  network  with  the  further 
restriction  that  the  impedance  presented  to  the  output  tube  should  be 
about  40,000  ohms  at  the  top  edge  of  the  band  for  optimum  modulation 
performance. 

The  coupling  networks  have  a  temperature  characteristic  which  must 
be  taken  into  account  in  the  insertion  gain  of  the  repeater.  The  charac- 
teristic is  due  to  variations  in  the  resistance  of  Ci  and  R2  with  tempera- 
ture. This  amounts  to  0.005  db  per  degree  F  at  20  kc,  decreasing  with 
frequency,  becoming  negligible  above  80  kc. 

Beta  Circuit 

The  beta  or  feedback  network  is  designed  to  complement  the  combined 
characteristics  of  the  input  and  output  coupling  networks  and  mop-up 
residual  effects,  such  as  those  due  to  mjS  effect  and  coupling  network 
temperature  coefficients.  The  network  also  provides  the  dc  path  for  the 
output  tube  plate  current. 
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The  configuration  of  the  beta  circuit  is  shown  in  Fig.  8.  In  the  pass 
band  it  is  a  two  terminal  network  whose  impedance  varies  from  about 
300  ohms  at  20  kc  to  70  ohms  at  164  kc.  It  consists  of  essentially  two 
parts.  The  elements  to  the  left  of  the  dotted  line  provide  the  major  por- 
tion of  the  shaping.  With  these  the  repeater  is  within  ±0.7  db  of  the 
required  gain.  The  series  resonant  circuits  to  the  right  of  the  dotted  line 
reduce  this  to  the  ±0.05  db  set  as  the  objective. 

The  mopping  up  elements  are  connected  to  the  main  portion  of  the 
beta  circuit  through  a  resistance  potentiometer  Ri  ,  R2  and  R3  •  This 
scales  the  elements  of  the  resonant  circuits  to  values  which  would  meet 
mounting  space  and  component  restrictions. 

Built-in  Testing  Features 

The  crystal  Y  and  capacitor  C,  Fig.  1,  in  the  feedback  path  provide  the 
means  for  checking  the  repeater  from  the  shore  station.  The  crystal  is  a 
sharply  tuned  series-resonant  shunt  on  the  feedback  path  which  reduces 
the  feedback  at  the  resonant  frequency  and  produces  a  narrow  peak  in 
the  insertion  gain  characteristic  of  the  repeater.  The  feedback  reduction, 
and  hence  the  peak  gain,  is  controlled  by  the  potentiometer  divider 
formed  by  the  reactance  of  the  capacitor  and  the  series  resonant  resist- 
ance of  the  crystal.  The  crystal  and  capacitor  are  chosen  so  that  sub- 
stantially all  the  feedback  is  removed  from  the  repeater.  With  no  feed- 
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Fig.  8  —  Beta  network. 
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back  the  peak  gain  is  proportional  to  the  mutual  conductance  of  the 
three  tubes. 

At  frequencies  well  off  resonance  the  impedance  of  the  crystal  is  high 
so  that  no  reduction  in  feedback  results.  Periodic  measurements  of  gain 
at  the  resonant  frequency  relative  to  measurements  made  at  a  frequency 
off  resonance  will  show  any  changes  in  the  tubes.  The  crystal  frequency 
is  different  for  each  repeater  so  that  by  measuring  the  gain  from  the 
shore  stations  at  the  various  crystal  frequencies  it  is  possible  to  monitor 
the  performance  of  the  individual  repeaters. 

The  increase  in  gain  at  the  peak  is  approximately  25  db.  The  crystal 
frequencies,  spaced  at  100-cycle  intervals,  are  placed  above  the  normal 
transmitted  band  between  167  and  173.4  kc. 

Thermal  noise  always  present  at  the  input  to  the  repeater,  is  also  am- 
plified over  the  narrow  band  of  frequencies  corresponding  to  the  peak 
gain  in  each  repeater  so  that  at  the  receiving  end  of  the  line  there  are  a 
series  of  noise  peaks,  one  for  each  repeater.  Should  a  repeater  fail,  the 
noise  peaks  of  all  repeaters  between  the  faulty  repeater  and  the  receiving 
end  will  be  present  and  those  from  repeaters  ahead  will  be  missing.  By 
determining  which  peaks  are  missing  the  location  of  the  failed  repeater 
can  be  determined.  It  is  obvious  that  to  locate  a  faulty  repeater  the  power 
circuit  must  be  intact.  To  guard  against  power  interruption  owing  to 
an  open  electron-tube  heater,  a  gas  tube  V4,  Fig.  1,  is  connected  across 
the  heater  string  as  a  bypass. 

Loop  Feedback 

The  design  of  the  feedback  loop  follows  conventional  practice.  The 
restrictions  that  limit  the  amount  of  feedback  that  can  be  obtained  in 
the  transmitted  band  are  well  known. ^  Broadly  speaking,  the  figure  of 
merit  of  the  electron  tubes  and  the  incidental  circuit  capacitances  de- 
termine the  asymptotic  cutoff  which  limits  the  amount  of  feedback  that 
can  be  obtained  in  the  band.  With  the  flexible  repeater  circuit,  capaci- 
tances are  rather  large  because  of  the  severe  space  restrictions  and  physi- 
cal length  of  the  structure.  Transit  time  of  1.8°  per  megacj^cle  per  tube 
and  a  like  amount  for  the  physical  length  of  the  feedback  loop  reduced 
the  available  feedback  by  2  db. 

Margins  of  10  db  at  phase  cross-over  and  30°  at  gain  cross-over  were 
set  as  design  objectives.  While  these  may  seem  to  be  ultraconservative 
in  view  of  the  tight  controls  placed  on  components  and  the  mechanical 
assembly,  it  should  be  borne  in  mind  that  the  repeaters  are  inaccessible 
and  repairs  would  be  costly. 

Modulation  and  tube  aging  considerations  require  a  minimum  feed- 
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Fig.  9  —  Repeater  make-up. 

back  of  33-3-i  db.  With  the  restrictions  noted  above  and  the  effect  of 
the  potentiometer  terms  on  the  available  feedback,  the  top  edge  of  the 
band  is  limited  to  about  165  kc  with  the  desired  feedback. 

Mechanical  Design 

To  provide  a  flexible  structure  the  repeater  unit  is  assembled  in  a 
number  of  longitudinal  sections  mechanically  coupled  by  helical  springs 
and  electrically  interconnected  by  means  of  bus  tapes.  The  assembly  is 
composed  of  17  sections.  Figs.  9  and  10  show  the  repeater  make-up  and 
an  assembled  unit. 

The  sections  consist  of  the  circuit  component,  or  components,  mounted 
in  machined  plastic  forms  and  enclosed  in  a  plastic  container  w^hich  in 
turn  is  enclosed  in  a  housing  of  the  same  material.*  The  sections  contain 
circuit  components  grouped  functionally  such  as  input  coupling  net- 
work, interstage,  electron  tube,  or  high  \'oltage  blocking  capacitor.  In 
the  case  of  the  feedback  network  it  was  necessary  to  mount  the  network 
in  two  sections  because  of  the  large  numbers  of  components  involved. 
A  typical  network,  container  and  housing  are  shown  in  Fig.  11. 

The  bus  tapes  are  placed  in  grooves  milled  in  the  outer  surfaces  of  the 

*  The  material  used  is  methyl  methacrj-late  which  was  chosen  for  its  ph.ysical 
and  chemical  stability  and  good  machinability. 
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Fig.  10  —  Overall  view  of  the  repeater  unit. 
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Fig.  11  —  Network  section. 

section  containers.  Wiring  spaces  are  machined  into  the  ends  of  the  con- 
tainers for  connecting  network  leads  to  the  bus  tapes.  The  housing  is 
placed  over  the  container  and  the  buses  and  is  closed  by  a  plastic  coupler 
plate  which  also  forms  part  of  the  intersection  couplers.  The  coupler 
plates  are  fastened  to  the  housing  with  plastic  pins. 

Between  sections  the  bus  tapes  are  looped  toward  the  longitudinal 
axis  of  the  repeater  unit.  The  dimensions  of  the  loop  are  rigidly  con- 
trolled so  that  as  the  unit  is  flexed  during  bending  of  the  repeater,  the 
loops  always  return  to  their  original  location  between  sections  and  do 
not  short  to  each  other  or  the  metal  outer  container.  The  bus  tapes 
have  either  an  electrical  connection  or  lock  at  one  end  of  each  section 
to  eliminate  any  tendency  of  the  tapes  to  creep  as  the  repeater  unit  is 
flexed. 

The  buses  consist  of  two  copper  tapes  in  parallel  to  guard  against 
opens  should  one  tape  break.  The  design  of  the  connections  to  the  buses 
is  such  that  once  the  section  is  closed  there  can  be  no  disturbance  of  the 
tapes  or  network  leads  in  the  vicinity  of  the  electrical  connections.  The 
bus-type  wiring  plan  was  chosen  as  the  best  arrangement  for  the  long 
structure  in  keeping  with  the  stringent  transmission  requirements.  Elec- 
trically adjacent  but  physically  remote  components  can  thus  be  inter- 
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connected  with  careful  control  of  the  parasitic  capacitances  and  cou- 
plings to  insure  reproducibility  from  unit  to  unit  in  manufacture. 

COMPONENTS 

The  development  of  passi^•e  components  for  use  in  the  flexible  repeater 
presented  a  number  of  unusual  problems,  the  most  important  being:  (1) 
the  extreme  reliability^  (2)  the  high  degree  of  stability,  (3)  the  limita- 
tions on  size  and  shape  and,  (4)  an  environment  of  constant  low  tempera- 
ture. 

The  repeaters  for  the  transatlantic  system  contain  a  total  of  approxi- 
mately 6,000  resistors,  capacitors,  inductors  and  transformers.  If  we  are 
to  be  90  per  cent  certain  of  attaining  the  objective  of  20  years  service 
without  failure  of  any  of  these  components,  the  effective  average  annual 
failure  rate  for  the  components  must  be  not  more  than  1  in  a  million. 
To  assure  this  degree  of  reliability  by  actual  tests  would  require  more 
than  400  years  testing  on  6,000  components.  Obviously  some  other  ap- 
proach to  insure  reliability  is  required.  The  most  obvious  avenue,  that 
of  providing  a  large  factor  of  safety,  was  not  open  because  of  space 
limitations. 

Fortunately,  with  only  one  exception,  the  passive  components  do  not 
wear  out.  Thus  the  approach  to  reUability  could  be  made  by  one  or 
more  of  the  following: 

1 .  The  use  of  constructions  and  materials  which  have  been  proved  by 
long  use,  particularly  in  the  Bell  System. 

2.  The  use  of  only  mechanically  and  chemically  stable  materials. 

3.  The  use  of  extreme  precautions  to  avoid  contamination  by  materials 
which  might  promote  deterioration. 

4.  Special  care  in  manufacture  to  insure  freedom  from  potentially 
hazardous  defects. 

The  philosophy  of  using  only  tried  and  proved  types  of  components 
dictated  the  use  of  wire  wound  resistors,  impregnated  paper  and  silvered 
mica  capacitors  and  permalloy  cores  for  inductors  and  transformers. 
While  newer  and,  in  some  ways,  superior  materials  are  known,  none  of 
these  possessed  the  necessary  long  record  of  trouble-free  performance. 
In  some  cases,  particularly  in  resistors,  this  approach  resulted  in  more 
difficult  design  problems  and  also  in  physically  larger  components.  While 
the  ambient  conditions  in  the  repeater,  i.e.,  low  temperatures  and  ex- 
treme dryness,  are  ideal  from  the  standpoint  of  minimizing  corrosion  or 
other  harmful  effects  of  a  chemical  nature,  the  materials  used  in  the  fab- 
rication of  components  were  nevertheless  limited  to  those  which  are  in- 
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Fig.  12  — •  Accelerated  life  tests  on  paper  capacitors  with  various  impregnants 
at  room  temperature  (60°  to  80°F). 

herently  stable  and  nonreactive.  In  addition,  raw  materials  were  care- 
fully protected  from  contamination  from  the  time  of  their  manufacture 
until  they  were  used,  or,  wherever  possible,  they  were  cleaned  and  tested 
for  freedom  from  contaminants  just  prior  to  use.  Unusually  detailed 
specifications  were  prepared  for  all  materials. 

The  effort  to  achieve  extreme  reliability  also  influenced  or  dictated  a 
number  of  design  factors  such  as  the  minimimi  wire  diameters  used  in 
wound  apparatus,  the  use  of  as  few  electrical  joints  as  possible  and  the 
use  of  relati\'ely  simple  structures.  These  limitations  resulted  in  the  use 
of  unencased  components  in  most  instances.  Wherever  possible,  the  ends 
of  windings  were  used  as  terminal  leads  to  avoid  imnecessary  soldered 
connections.  This  injected  the  additional  hazard  of  lead  breakage  owing 
to  handling  during  manufacture  and  inspection.  This  hazard  was  mini- 
mized in  most  instances  by  providing  the  windings  with  extra  turns 
which  were  removed  just  before  the  component  was  assembled  in  the 
network.  Thus,  the  lead  wires  in  the  final  assembly  had  never  been  sub- 
jected to  severe  stress.  Where  this  technique  was  impracticable,  special 
fixtures  and  handling  procedures  were  used  to  prevent  imdue  flexing  or 
stressing  of  lead  wires. 

As  mentioned  above  there  was  one  type  of  passive  component  in  which 
life  is  a  function  of  time  and  severity  of  operating  conditions.  These  are 
the  capacitors,  especially  those  subject  to  high  voltages.  Because  of  this 
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and  the  fact  that  the  physical  and  electrical  requirements  dictated  the 
use  of  relatively  high  dielectric  stress  in  these  capacitors,  a  program  of 
study  covering  a  wide  range  of  dielectric  materials  was  undertaken  about 
1940.  This  study  showed  that  none  of  the  usual  solid  or  semisolid  materi- 
als used  to  impregnate  paper  capacitors  were  suitable  for  continuous  use 
at  sea  bottom  temperatures.  Typical  results  of  this  program  are  shown 
in  Figs.  12  and  13.  These  curves  show  the  performance  of  capacitors 
operating  at  approximately  1.8  times  normal  dielectric  stress  at  both 
sea  bottom  and  room  temperatures.  It  is  evident  that  even  semisolid  im- 
pregnants  are  inferior  to  liquids  at  the  lower  temperature.  The  need  for 
the  maximum  capacitance  in  a  given  space  restricted  the  field  still  fur- 
ther, so  that  the  final  choice  was  a  design  using  castor-oil-impregnated 
kraft  paper  as  the  dielectric. 

It  is  well  established  that  the  life  of  impregnated  paper  capacitors  is 
inversely  proportional  to  the  fourth  to  sixth  power  of  the  voltage  stress ; 
or 

h  = 

where  p  ranges  from  4  to  6.  This  fact  permits  the  accumulation  of  a  large 
amount  of  life  information  in  a  relatively  short  time.  In  order  to  insure 
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Fig.  13  —  Accelerated  life  tests  on  paper  capacitors  with  various  impregnants 
at  40°F. 
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that  the  capacitor  design  selected  would  provide  the  degree  of  reliability 
required,  a  number  of  capacitors  were  constructed  and  placed  on  test 
at  voltage  stresses  ranging  from  1^  to  2j  times  the  maximum  stress  ex- 
pected in  service.  From  the  performance  of  these  samples,  a  prediction 
of  performance  vmder  service  conditions  can  be  made  as  follows: 

The  total  equivalent  exposure  in  terms  of  capacitor  years  at  the  maxi- 
mimi  ser^qce  voltage  can  be  computed  for  the  samples  under  test  by  the 
following  summation : 

T  =  N.T.  (I;)'  +  N.T.  g)'  +---+N,T.  (.0'         (1) 

where  Ni  ,  N2 ,  •  •  •  Nr  are  the  number  of  samples  on  test  at  voltage 
stresses  Vi ,  V2  and  Vr ,  Ti  ,  T2 ,  ■  •  •  Tr  are  the  total  times  of  the  individ- 
ual tests  and  Vs  is  the  maximum  voltage  stress  under  service  conditions. 
If,  as  has  been  the  case  in  the  tests  described  above,  there  has  been 
only  one  failure  in  the  total  exposure  T,  we  can  estimate  from  probability 
equations  the  limits  or  bounds  within  which  the  first  failure  will  occur 
in  a  system  involving  a  given  number  of  capacitors  operating  at  a  volt- 
age stress  Vs  .  These  equations  are: 

probability  of  no  failures  in  exposure  T  =  e"  '^'^  (2) 

probability  of  more  than  one  failure  in  exposure  time  T  = 

l-(i  +  T)e-"'  (3) 


where  T  is  obtained  from  (1)  and  L  is  the  total  exposure  in  the  same 
units  as  T  for  the  service  conditions.  The  solutions  of  (2)  and  (3)  for 
L  using  any  desired  probability  give  the  maximum  and  minimum  ex- 
posures in  capacitor-years,  within  which  the  first  failure  may  be  ex- 
pected to  occur  under  service  conditions. 

However,  since  the  voltage  on  the  capacitors  varies  from  repeater  to 
repeater,  it  is  necessary  to  determine  the  equivalent  exposure  of  the  sys- 
tem in  terms  of  capacitor-years  per  year  of  operation  at  the  maximum 
service  voltage  in  order  to  estimate  the  time  to  the  first  failure  in  the 
system.  This  is  obtained  from  (1)  for  one-half  of  one  cable  by  substitut- 
ing the  supply  voltage  at  each  repeater  for  Fi  ,  y2 ,  etc.,  the  maximum 
service  voltage  for  Vs  and  the  number  of  capacitors  per  repeater  for  A^. 
The  total  exposure  for  a  two  cable  system  is  then  4  times  this  figure. 
With  the  data  which  has  been  accumulated  and  the  number  of  capacitors 
and  voltages  of  the  transatlantic  system,  we  estimate  with  a  probability 
of  being  correct  nine  times  in  ten  that  the  first  "wear-out"  failure  of  a 
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capacitor  in  the  transatlantic  system  will  not  occur  in  less  than  16  years 
nor  more  than  600  years. 

There  is,  of  course,  the  possibility  of  a  catastrophic  or  early  failure  due 
to  mechanical  or  other  defects  not  associated  with  normal  deterioration 
of  the  dielectric.  Such  potential  failures  are  not  always  detected  by  the 
commonly  used  short-time  over-voltage  test.  Thus,  for  submarine  cable 
repeaters,  all  capacitors  subjected  to  dc  potentials  in  service  are  sub- 
jected to  at  least  1|  times  the  maximum  operating  voltage  for  a  period 
of  four  to  six  months  before  they  are  used  in  repeaters.  Experience  indi- 
cates that  this  is  adequate  to  detect  potential  early  failures.  The  results 
of  this  type  of  testing  on  submarine  cable  capacitors  is  an  indication  of 
the  care  used  in  selecting  materials  and  manufacturing  the  capacitors. 
Only  one  failure  has  occurred  in  more  than  3,000  capacitor-years  of 
testing. 

An  important  aspect  of  the  control  of  quality  of  components  is  the 
control  of  the  raw  materials  used  in  their  manufacture.  For  the  trans- 
atlantic project,  this  was  accomplished  by  rigid  specifications,  thorough 
inspection  and  testing,  supplemented  in  some  cases  by  a  process  of  se- 
lection. 

This  can  be  illustrated  by  the  procedure  used  for  selecting  the  paper 
used  as  the  dielectric  in  capacitors.  The  Western  Electric  Company 
normally  inspects  many  lots  of  capacitor  paper  during  each  year.  Those 
lots  which  were  outstanding  in  their  ability  to  stand  up  under  a  highly 
accelerated  voltage  test  were  selected  from  this  regular  inspection  proc- 
ess. These  selected  lots  were  then  subjected  to  a  somewhat  less  highly 
accelerated  life  test.  Paper  which  met  the  performance  requirements  of 
this  test  was  slit  into  the  proper  widths  for  use  in  capacitors.  Sample 
capacitors  were  then  prepared  with  this  paper  and  so  selected  that  they 
represented  a  uniform  sampling  of  the  lot  at  the  rate  of  one  sample  for 
approximately  each  three  pounds  of  paper.  These  samples  were  impreg- 
nated with  the  same  lot  of  oil  to  be  used  in  the  final  product.  Satisfactory 
completion  of  accelerated  life  and  other  tests  on  these  samples  consti- 
tuted final  qualification  of  the  paper  for  production  of  capacitors.  Rela- 
tively few  raw  materials  were  adaptable  to  such  tests  or  required  such 
detailed  and  exhaustive  inspection  as  capacitor  paper.  But  the  attitude 
in  all  cases  was  that  the  material  be  qualified  not  only  as  to  its  primary 
constituents  or  characteristics  but  also  as  to  its  uniformitj^  and  freedom 
from  unwanted  properties. 

To  a  considerable  extent,  stability  of  components  is  assured  by  the 
practice  of  using  only  those  types  of  structures  which  have  long  records 
of  satisfactory  field  performance.  However,  in  some  cases,  a  product  far 
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more  stable  than  usual  was  required.  This  was  true  of  the  high  voltage 
capacitors  where  other  requirements  dictated  the  use  of  impregnated 
paper  as  the  dielectric  but  where  the  degree  of  stabiUty  required  was 
comparable  to  that  expected  of  more  stable  types  of  capacitors.  In  so 
far  as  possible,  stabiUty  was  built  into  the  components  by  appropriate 
design  but,  where  necessary,  stabiUzing  treatments  consisting  of  re- 
peated temperature  cycles  were  used  to  accelerate  aging  processes  to 
reach  a  stable  condition  prior  to  assembly  of  the  repeaters.  Temperature 
cycling  or  observation  over  periods  up  to  six  months  were  used  also  to 
determine  that  the  components'  characteristics  were  stable. 

Exceptional  inspection  procedures  followed  to  insure  reliability  and 
stability  are  described  in  detail  in  a  companion  paper.^ 

As  mentioned  earlier,  the  design  and  construction  of  components  was 
simplified  by  omitting  housings  or  containers,  except  for  oil  impregnated 
paper  capacitors.  Adequate  mountings  for  the  components  were  obtained 
in  several  ways.  Mica  capacitors  were  cemented  to  small  bases  of  methyl 
methacrylate  which  were  in  turn  cemented  in  suitable  recesses  in  net- 
work structures.  Inductors  and  transformers  were  cemented  directly 
into  recesses  in  the  network  housings.  Fig.  14  illustrates  some  of  these 
structures  and  their  mounting  arrangements.  On  the  bottom  is  a  molyb- 
denum permalloy  dust  core  coil  in  which  a  mounting  ring  of  methyl 


Fig.  14  —  Mounting  for  molybdenum  permalloy  dust  core  coils. 
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Fig.  15  —  Capacitor  and  resistor  capacitor  combinations. 


methacrylate  provided  with  radial  fins  is  secured  around  the  core  by 
tape  and  the  wire  of  the  winding.  Such  inductors  were  mounted  by  ce- 
menting the  projecting  fins  into  slots  arranged  around  a  recess  in  the 
network  housing.  On  top  is  an  inductor  which,  for  electrical  reasons, 
required  a  core  of  greater  cross-section  than  could  be  accommodated  in 
the  network  when  made  by  the  usual  toroidal  construction.  In  this  case, 
the  effective  cross-section  of  two  cores  M^as  obtained  by  cementing  the 
cores  in  a  "figure-8"  position  and  by  applying  the  winding  so  that  it 
threads  the  hole  in  both  cores.  With  these  constructions,  the  cement  used 
to  secure  the  inductors  does  not  come  into  contact  with  the  wire  of  the 
winding  which  is  thereby  not  subject  to  strains  produced  by  curing  of 
the  cement. 

For  economy  of  space  and  also  to  reduce  the  number  of  soldered  con- 
nections, many  of  the  components'  structures  contain  two  or  more  ele- 
ments. Inductors  and  resistors  were  combined  by  winding  inductors  with 
resistance  wire.  Separate  adjustment  of  inductance  and  resistance  were 
obtained  by  adjusting  turns  for  inductance  and  the  length  of  wire  in  a 
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small  "non-inductive"  winding  for  resistance.  The  inductor  on  the  bot- 
tom in  Fig.  14  illustrates  one  type  in  which  the  non-inductive  part  of 
the  winding  is  placed  on  one  of  the  separating  fins.  In  some  cases,  capaci- 
tors and  resistors  were  also  combined.  Fig.  15  shows  two  of  these.  The 
capacitor  at  the  bottom  right  contains  three  capacitances  and  a  single  re- 
sistance in  the  same  container.  This  construction  requires  that  the  re- 
sistor parts  be  capable  of  withstanding  the  capacitor  drying  and  impreg- 
nation process  and  also  that  the  resistor  contain  nothing  which  would 
be  harmful  to  the  capacitor.  The  capacitor  on  the  left  in  this  figure  is 
housed  in  a  ceramic  container  on  which  is  wound  a  resistor.  The  capaci- 
tor at  the  top  is  a  high-voltage  type  Avhich,  aside  from  electron  tubes, 
represents  the  largest  single  component  used  in  the  repeater.  In  this  ca- 
pacitor, the  tape  terminals  which  contact  the  electrodes  are  brought  out 
through  the  ceramic  cover  and  are  made  long  enough  to  reach  an  ap- 
propriate point  so  as  to  avoid  additional  soldered  connections.  Such 
special  designs  introduced  many  problems  in  the  manufacture  of  the 
components.  However,  the  improved  performance  of  the  repeater  and 
the  increase  in  the  inherent  reliability  of  the  overall  system  fully  justified 
the  greater  effort  which  was  required  for  the  production  of  such  special- 
ized apparatus. 

POWDER   BY-PASS    GAS   TUBE* 

The  fault  locating  means,  referred  to  previously,  requires  that  the 
power  circuit  through  the  cable  be  continuous.  To  protect  against  an 
open  circuit  in  the  repeater,  such  as  a  heater  failure,  an  additional  de- 
vice is  required  to  bypass  the  line  current.  This  bypass  must  be  a  high 
resistance  under  normal  operating  conditions  since  anj'  current  taken 
b}^  this  device  must  be  supplied  through  preceding  repeaters.  If  an  open 
circuit  occurs  the  bypass  must  carry  the  full  cable  current.  At  full  cur- 
rent, the  voltage  drop  should  be  small  to  avoid  excessive  localized  power 
dissipation  in  the  repeater.  The  de^'ice  should  recover  when  power  is 
removed  so  that  false  operation  by  a  transient  condition  will  not  perma- 
nently bypass  the  repeater. 

A  gas  diode  using  an  ionically  heated  cathode  has  been  used  to  meet 
these  requirements.  By  making  the  breakdown  voltage  safely  greater 
than  the  drop  across  the  heater  string,  no  power  is  taken  by  the  tube 
under  normal  repeater  operation.  In  the  event  of  an  open  circuit  in  the 
repeater,  the  voltage  across  the  tube  rises  and  breakdown  occurs.  Full 
cable  current  is  then  passed  through  the  gas  discharge.  Removal  of  power 
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from  the  cable  allows  the  tube  to  deionize  and  recover  in  the  event  of 
false  triggermg  by  transients.  The  cathode  is  a  coil  of  tungsten  wire  coated 
with  a  mixture  of  barium  and  strontium  oxide.  A  cold  cathode  glow  dis- 
charge forms  when  the  tube  is  first  broken  down.  This  discharge  has  a 
sustaining  voltage  of  the  order  of  70  volts.  The  glow  discharge  initially 
covers  the  entire  cathode  area.  Local  heating  occurs  and  some  parts  of 
the  oxide  coating  begin  to  emit  electrons  thermionically.  This  local  emis- 
sion causes  increased  current  density  and  further  increases  the  local 
heating.  The  discharge  thus  concentrates  to  a  thermionic  arc  covering 
only  a  portion  of  the  coil.  The  sustaining  voltage  is  then  of  the  order  of 
10  volts. 

Mechanically  the  tube  was  designed  to  minimize  the  possibility  of  a 
short  circuit  resulting  from  structural  failure  of  tube  parts.  Fig.  16  shows 
the  construction  of  the  tube.  The  glass  envelope  and  stem  structure  which 
had  previously  been  developed  for  the  hot  cathode  repeater  tubes  were 
used  as  a  starting  point  for  the  design.  The  anode  is  a  circular  disk  of 
nickel  attached  to  two  of  the  stem  lead  wires.  To  provide  shock  resistance 
the  supporting  stem  leads  are  crossed  and  welded  in  the  center.  To  pro- 
tect against  weld  failure,  a  nickel  sleeve  is  used  at  each  end  of  the  cathode 


Fig.  16 —  The  power  by-pass  gas  tube. 
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coil.  It  is  crimped  to  hold  the  coil  mechanically  in  place  and  then  welded 
at  the  end  for  electrical  connection.  At  the  end  of  the  coil  as  well  as  in 
all  other  places  where  it  is  possible,  a  mechanical  wrap  is  made  in  addi- 
tion to  spot  welding.  An  additional  precaution  is  taken  by  inserting  an 
insulated  molybdenum  support  rod  through  the  center  of  the  cathode 
coil.  The  filling  gas  is  argon  at  a  pressure  of  10  mm  Hg.  To  provide  ini- 
tial ionization,  1  microgram  of  radium  in  the  form  of  radium  bromide 
was  placed  on  the  inside  of  the  tube  envelope.  All  materials  were  pro- 
cured in  batches  of  sufficient  size  to  make  the  entire  lot  of  tubes  and  care- 
fully tested  before  being  approved  for  use.  The  tubes  were  fabricated  in 
small  groups  and  a  complete  history  was  kept  of  the  processing  of  each 
lot. 

For  detailed  study  of  tube  performance,  a  number  of  electrical  tests 
were  made.  These  involved  measurements  of  breakdown  voltage,  operat- 
ing voltage  as  a  glow  discharge  at  low  current,  current  required  to  cause 
the  transition  to  a  thermionic  arc,  the  time  required  at  the  cable  current 
to  cause  transition  to  the  low  voltage  arc,  and  the  sustaining  voltage  at 
the  full  cable  current. 

All  tubes  were  aged  by  operating  at  250  milliamperes  on  a  schedule 
which  included  a  sequence  of  short  on-off  periods  (2  min.  on,  2  min.  off) 
followed  by  periods  of  continuous  operation.  A  total  of  150  starts  and 
300  hours  of  continuous  operation  were  used.  Following  this  aging 
schedule  the  tubes  were  allowed  to  stabilize  for  a  few  days  and  then  sub- 
jected to  a  2-hour  thermal  treatment  or  pulse  at  125°C.  It  was  required 
that  no  more  than  a  few  volts  change  in  breakdown  voltage  occur  during 
this  thermal  pulse  before  a  tube  was  considered  as  a  candidate  for  use 
in  repeaters. 

After  aging  and  selection  as  candidates  for  repeaters,  tubes  were 
stored  in  a  light-tight  can  at  0°C.  Measurements  were  made  to  assure 
stability  of  breakdown  voltage  and  breakdown  time. 

The  quality  of  each  group  of  12  tubes  was  further  checked  by  continu- 
ous and  on-off  cycling  life  tests.  The  fact  that  none  of  these  tubes  has 
failed  on  the  cycling  tests  at  less  than  3,500  hours  and  1,500  starts  and 
no  tube  on  continuous  operation  has  failed  at  less  than  4,200  hours  gives 
assurance  that  system  tubes  will  start  once  and  operate  for  the  few  hours 
necessary  to  locate  a  defective  repeater.  Long-term  shelf  tests  of  repre- 
sentative samples  at  70°C  and  at  0°C  give  assurance  of  satisfactory 
behavior  in  the  system. 

CONTAINER   AND    SEALS 

The  design  of  the  flexible  enclosure  for  the  flexible  repeater  unit  is 
basically  the  same  as  it  emerged  from  its  development  stages  in  the 
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1930's.  It  is  virtually  identical  to  the  structure  of  the  repeaters  manu- 
factured by  the  Bell  Telephone  Laboratories  for  the  cables  laid  in  1950 
between  Key  West  and  Havana.' 

The  functions  of  the  enclosure  are  to  protect  the  repeater  unit  from 
the  effects  of  water  at  great  pressure  at  the  ocean  bottom;  to  provide 
means  of  connecting  the  repeater  to  the  cable  before  laying;  and  to  be 
slender  and  flexible  enough  to  behave  like  cable  during  laying.  How  these 
functions  are  met  in  the  design  may  be  more  readily  understood  by  refer- 
ence to  Fig.  17. 

The  repeater  unit,  described  earlier,  is  surrounded  by  a  two-layer 
carcass  of  steel  rings,  end  to  end.  The  rings  are  surrounded  in  turn  by  a 
copper  tube  If  inches  in  diameter  and  having  a  ^-inch  wall. 

When  a  repeater  is  bent  during  laying  by  passing  onto  the  cable-ship 
drum,  the  steel  rings  separate  at  the  outer  periphery  of  the  bend  and  the 
copper  tube  stretches  beyond  its  elastic  limit.  As  the  repeater  leaves  the 
drum  under  tension  the  rings  separate  and  the  copper  stretches  on  the 
opposite  side,  leaving  the  repeater  in  a  slightly  elongated  state.  At  the 
ocean  bottom,  hydraulic  pressure  restores  the  repeater  to  its  original 
condition  with  rings  abutted  and  the  copper  tube  reformed. 

The  system  of  seals  in  each  end  of  the  tube  consists  of  (1)  a  glass-to- 
Kovar  seal  adjacent  to  the  repeater  unit,  (2)  a  rubber-to-brass  seal  sea- 
ward from  the  glass  seal,  and  (3)  a  core  tube  and  core  sleeve  seal  sea- 
ward from  the  rubber  seal. 

The  glass  seal,  although  capable  of  withstanding  sea  bottom  pressures, 
is  primarily  a  water  vapor  barrier  and  a  lead-through  for  electrical  con- 
nection to  the  repeater  circuit.  In  service  it  is  normally  protected  from 
exposure  to  sea  pressures  by  the  rubber  seal. 

The  rubber  seal,  capable  of  withstanding  sea  bottom  pressures,  is  in- 
deed exposed  to  these  pressures  for  the  life  of  the  repeater,  but  is  not 
exposed  to  sea  water.  It  is  likewise  a  lead-through  for  electrical  connec- 
tion from  the  cable  to  the  glass  seal. 

The  core  sleeve  seal  is  an  elastic  barrier  betw^een  sea  water  on  the  out- 
side and  a  fluid  on  the  inside.  This  fluid,  polyisobutylene,  is  a  viscous 
honey-like  substance,  chemically  inert,  electrically  a  good  insulator,  and 
a  moderately  good  water  vapor  barrier.  It  fills  the  long  thin  annular 
space  outside  the  cable  core  and  inside  a  copper  core  tube  and  thus 
becomes  the  medium  of  transmitting  to  the  rubber  seal  the  sea  pressure 
exerted  on  the  core  sleeve.  It  can  be  seen  that  the  core  sleeve  seal  has 
nominally  no  pressure  resisting  function  and  no  electrical  function. 

The  same  fluid  is  also  used  to  fill  the  space  between  the  glass  and  rub- 
ber seals.  Voids  at  any  point  in  the  s^^stem  of  seals  are  potential  hazards 
to  long,  trouble-free  life.  Empty  pockets,  for  instance,  lying  between  the 
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central  conductor  and  the  outer  conductor,  or  container,  are  capable  of 
becoming  electrically  conducting  paths  if  filled  with  water  vapor.  As 
pointed  out  in  companion  papers,^'  ^  the  voltage  between  the  repeater 
(and  cable)  central  and  outer  conductors  is  in  the  neighborhood  of  2,000 
volts  at  the  ends  of  the  transatlantic  system. 

The  filling  of  the  seal  interspace  with  a  liquid  would  defeat  one  func- 
tion of  the  rubber  seal  if  special  features  were  not  provided  in  the  rubber 
seal  design.  Very  slight  displacement  of  the  rubber  seal  toward  the  glass 
seal  because  of  sea  pressure,  or  resulting  from  reduction  in  volume  owing 
to  falling  temperature,  would  otherwise  build  up  pressure  in  the  liquid 
and  on  the  glass  seal.  We  avoid  this  by  providing  a  kind  of  resihence  in 
the  interspace  chamber.  Three  small  brass  bellows,  partly  compressed, 
occupy  fixed  cavities  in  the  chamber.  They  can  compress  readily  and 
maintain  essentially  constant  conditions  independent  of  external  pres- 
sures and  temperatures. 

The  entire  repeater  assembly  enclosed  in  copper  is  approximately  23 
feet  long.  Tails  of  cable  at  each  end  make  the  total  length  about  80  feet 
before  splicing.  The  central  conductor  of  each  cable  tail  is  joined  to  the 
rubber  seal  central  conductor,  with  the  insulation  molded  in  place  in 
generally  the  same  manner  as  in  cable-to-cable  junctions  elsewhere  in 
the  system.  The  outer-conductor  copper  tapes  of  the  cable  tails  are 
electrically  connected  to  the  copper  core  tubes. 

The  copper  region  is  coated  with  asphalt  varnish  and  gutta  percha 
tape  to  minimize  corrosion.  Over  this  coating  bandage-Hke  layers  of 
glass  fabric  tape  are  built  up  to  produce  an  outer  contour  tapering  from 
cable  diameter  at  one  end  up  to  repeater  diameter  and  back  down  to 
cable  diameter  at  the  opposite  end.  The  tape  covering  is  saturated  with 
asphalt  varnish.  This  tape  is  primarily  a  bedding  for  the  armor  wires 
that  are  laid  on  the  outside  of  both  cable  tails  and  repeater  to  make  the 
repeater  cable-like  in  its  tensile  properties  and  capable  of  being  spliced 
to  cable. 

In  the  region  of  the  repeater  proper  where  the  diameter  is  double  that 
of  cable,  extra  armor  wires  are  added  to  produce  a  layer  without  spaces. 
Also,  to  avoid  subjecting  the  repeater  to  the  torque  characteristically 
present  in  cable  under  the  tensions  of  laying,  a  second  layer  of  armor 
wires  of  opposite  lay  is  added  over  the  first  layer.  This  armoring  process 
is  so  closely  related  to  the  armoring  of  cable  core  in  a  cable  factory  that 
it  is  performed  there. 

Materials 

Following  the  same  design  philosophy  applied  to  the  repeater  compo- 
nents, the  materials  of  construction  of  the  repeater  container  and  seals 
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were  chosen  for  maximum  life,  compatibility  with  each  other,  and  for 
best  adaptability  to  the  design  intent.  Specifications  particularly  adapted 
to  this  use  were  set  up  for  all  of  the  some  50  different  metals  and  non- 
metals  employed  in  the  enclosure  design.  In  general,  the  methods  es- 
tablished for  proving  the  integrity  of  the  materials  are  more  elaborate 
than  usual  commercial  practice.  In  most  instances,  such  as  that  of  cop- 
per container  tubes,  the  extraordinary  inspection  for  defects  and  weak- 
nesses with  its  resulting  rejection  rate,  resulted  in  high  cost  for  the  usable 
material. 

TESTING 

A  substantial  part  of  the  development  work  on  the  repeater  enclosure 
was  concerned  with  devising  tests  that  give  real  assurance  of  soundness 
and  stability.  It  is  beyond  the  scope  of  this  paper  to  discuss  how  each 
part  is  tested  before  and  after  it  is  assembled  but  certain  outstanding 
tests  deserve  mention. 

Steel  Ring  Tests 

Each  of  the  inner  steel  rings,  before  installation,  is  required  to  pass  a 
magnetic  particle  test  to  find  evidence  of  hidden  metallurgical  faults. 
Each  ring  is  later  a  participant  in  a  group  test  under  hydraulic  pressure 
simulating  the  crushing  effect  of  ocean  bottom  service  but  exceeding 
the  working  pressures.  The  magnetic  particle  test  is  repeated. 

Helium  Leak  Tests 

Both  glass  and  rubber  seal  assemblies,  before  being  installed  in  re- 
peaters, are  required  to  undergo  individual  tests  under  high-pressure 
helium  gas.  Helium  is  used  not  only  because  its  small  molecules  can  pass 
through  smaller  leaks  than  can  water  molecules  but  because  of  the  ex- 
cellent mass  spectrometer  type  of  leak  detectors  commercially  available 
for  this  technique.  While  helium  is  applied  at  high  pressure  to  the 
outer  wall  of  the  seal,  the  inner  wall  is  maintained  under  vacuum  in  a 
chamber  joined  with  the  leak  detector.  The  passage  of  helium  through  a 
faulty  seal  at  the  rate  of  10~^  milliliters  per  second  can  be  detected. 
Stated  differently,  this  is  1  milliliter  of  helimn  in  30  years.  The  relation 
of  water-leak  rate  to  helium-leak  rate  is  dependent  on  the  physical  na- 
ture of  the  leak,  but  if  they  were  assumed  to  be  equal  rates,  the  amount 
of  water  which  might  enter  a  tested  repeater  in  20  years  would  be  0.66 
grams.  A  desiccant  within  the  repeater  cavity  is  designed  to  keep  the 
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relative  humidity  under  10  per  cent  if  the  water  intake  were  five  times 
this  amount. 

After  glass  seals  are  silver  brazed  into  the  ends  of  the  copper  tube  of 
the  repeater  the  helium  test  is  repeated  to  check  the  braze  and  to  re- 
check  the  seal.  For  this  test  the  entire  repeater  must  necessarily  be  sub- 
merged in  high  pressure  helium.  Obviously,  in  order  to  sense  a  possible 
passage  of  the  gas  from  the  outside  to  the  inside,  the  leak  detector  vac- 
uum system  must  be  connected  to  the  internal  volume  of  the  repeater. 
For  this  and  other  reltsons  a  small  diameter  tube  that  by-passes  the  seal 
is  provided  as  a  feature  of  the  seal  design.  After  the  leak  integrity  of  the 
repeater  is  established  by  this  means  for  all  but  the  access  tube,  this 
tube  is  then  used  as  a  means  of  vacuum  drying  the  repeater  and  then 
filling  it  with  extremely  dry  nitrogen.  Following  this,  the  tube  is  closed 
by  welding  and  brazing.  This  closure  is  then  the  only  remaining  leak 
possibility  and  is  checked  by  a  radioisotope  leak  test. 

Radioisotope  Leak  Test 

Of  various  methods  of  detecting  the  passage  of  very  small  amounts  of 
a  liquid  or  a  gas  from  the  outside  to  the  inside  of  a  sealed  repeater,  a 
scheme  using  a  gamma-emitting  radioisotope  appeared  to  be  the  most 
applicable. 

The  relatively  small  region  of  the  welded  tube  referred  to  above  is 
surrounded  by  a  solution  of  a  soluble  salt  of  cesium^^^.  With  the  entire 
repeater  in  a  pressure  tank,  hydraulic  pressure  in  excess  of  service  pres- 
sures is  applied  for  about  60  hours.  The  repeater  is  removed  from  the 
tank,  the  radioactive  solution  is  removed  and  the  test  region  is  washed 
by  a  special  process  so  as  to  be  essentially  free  from  external  radioac- 
tivity. A  special  geiger  counter  is  applied  to  the  region.  If  there  has  been 
no  leak  the  gamma  radiation  reads  a  low  value.  If  an  intake  has  occurred 
of  as  much  as  one  milligram  of  the  isotope  solution,  the  radiation  count 
is  about  four  to  five  times  greater  than  that  of  the  no-leak  condition. 
The  rate  of  leak  indicated  is  an  acceptable  measure  of  soundness  of  the 
repeater  closure. 

The  helium  and  subsequent  isotope  leak  tests  are  made  on  a  repeater 
not  only  when  its  glass  seals  are  installed  but  are  performed  again  on 
each  rubber  seal  after  it  is  brazed  in  place. 

Electrical  Tests 

Prior  to  assembly  into  the  repeater  the  various  networks  are  tested 
under  conditions  simulating  as  nearly  as  is  feasible  the  actual  operating 
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Fig.  18  — •  Mu  Beta  gain  and  phase. 


conditions  of  the  particular  network.  The  input  and  output  coupling 
networks  and  the  beta  networks  enter  directly  into  the  insertion  gain 
and  hence  are  held  to  very  close  limits.  To  ensure  meeting  these  limits 
elements  which  go  into  a  particular  network  are  matched  and  adjusted 
as  a  group  before  assembly  into  the  network. 

Repeater  units  are  tested  for  transmission  performance  both  before 
and  after  closing.  These  tests  consist  of;  mu-beta  measurements  (simul- 
taneous measurements  of  gain  and  phase  of  the  feedback  loop);  noise; 
modulation;  insertion  gain  at  many  frequencies;  exact  f requeue}^  of  the 
fault  location  crystal  and  crystal  peak  gain.  Modulation  and  crystal 
frequency  measurements  are  made  with  the  repeater  energized  at  225 
milliamperes  cable  current  and  also  at  245  milliamperes  as  a  check  on 
the  ultimate  performance  of  the  whole  sj^stem  initially  and  after  aging. 


PERFORMANCE   OF   REPEATERS 

The  phase  and  gain  characteristics  of  the  feedback  loop  of  the  repeater 
are  shown  in  Fig.  18.  It  will  be  noted  that  at  the  upper  edge  of  the  band 
the  feedback  is  a  little  less  than  the  33-34  db  set  as  the  objective.  Addi- 
tional elements  could  have  been  used  in  the  interstages  to  increase  the 
feedback  but  the  return  per  element  is  small.  Since  an}'  element  is  a 
potential  hazard,  the  lower  feedback  is  acceptable. 
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Fig.  19  —  Repeater  deviation  from  36.9  NM  design  cable. 

The  deviation  of  the  insertion  gain  of  the  repeater  from  the  loss  of 
36.9  nautical  miles  of  design  cable^  at  sea  bottom  is  shown  in  Fig,  19. 
This  is  well  within  the  objective  of  =t0.05  db. 

It  has  been  pointed  out  that  the  repeater  input  and  output  impedance 
do  not  match  the  cable  impedance.  This  results  in  ripples  in  the  system 
frequency  characteristic  due  to  reflections  at  the  repeater.  These  are 
shown  in  Fig.  20. 

The  noise  performance  of  the  repeater  is  determined  by  the  input  tube 
and  the  voltage  ratio  of  the  input  coupling  network.  Amplifier  noise 
referred  to  the  input  is  shown  in  Fig.  21.  At  the  upper  frequencies  the 
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Fig.  20  —  Interaction  ripple  for  TAG  sj'stem. 
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repeater  contribution  to  cable  noise  is  very  small.  At  the  lower  frequen- 
cies, while  the  repeater  noise  is  considerably  greater  than  thermal  noise, 
this  does  not  degrade  performance  because  of  the  lower  cable  attenua- 
tion at  these  frequencies. 

MANUFACTURING   DRAWINGS 

Because  of  the  extraordinary  nature  of  many  of  the  manufacturing 
problems  associated  with  undersea  repeaters  it  was  determined  at  the 
outset  that  a  so-called  single-drawing  system  would  be  used.  For  this 
reason,  considerably  more  information  is  supplied  than  is  normal.  The 
effect  is  illustrated  best  in  the  rather  large  number  of  drawings  that 
consist  of  text  material  outlining  in  detail  a  specific  manufacturing 
technique.  Such  drawings  specify  the  devices,  supplies  and  work  ma- 
terials needed  to  perform  an  operation,  and  the  step-by-step  procedure. 
Of  course,  these  papers  are  by  no  means  a  substitute  for  manufacturing 
skill.  Primarily  they  insure  the  continuance  of  practices  proved  to  be 
effective  with  the  Havana-Key  West  project. 

REPAIR   REPEATER 

The  "repair  repeater,"  used  to  offset  the  attenuation  of  the  excess 
cable  which  must  be  added  in  making  a  repair,  is  basically  the  same 
general  design  as  the  line  repeater.  It  employs  a  two-stage  amplifier, 
designed  to  match  the  loss  of  5.3  nautical  miles  of  cable  to  within  ±0.25 
db.  The  larger  deviation  compared  to  the  line  repeater  is  permissible 
since  few  repair  repeaters  are  expected  to  be  added  in  a  cable.  The  input 
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Fig.  21  —  Repeater  noise. 
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and  output  impedances  match  the  cable.  As  in  regular  repeaters  a  crys- 
tal and  gas  tube  are  provided  for  maintenance  testing.  The  crystals  give 
approximately  25  db  increase  in  gain  and  are  placed  between  173.5  and 
174.1  kc  so  as  not  to  duplicate  any  frequencies  used  in  the  line  repeaters. 
The  crystal  frequency  spacing  is  100  cycles. 

Wherever  possible  the  same  components  and  mechanical  details  are 
used  in  the  repair  repeaters  as  in  the  line  repeaters.  When  changes  in 
design  were  necessary,  these  were  modifications  in  the  existing  designs 
rather  than  new  types.  Capacitors  are  like  those  of  line  repeaters.  Ex- 
cept for  the  length  of  the  container,  the  enclosure  is  identical  to  the  line 
repeater. 

Noise  and  overload  considerations  restrict  the  location  of  a  repair 
repeater  to  the  middle  third  of  a  repeater  section. 


UNDERSEA    EQUALIZERS 

Even  though  the  insertion  gain  of  the  line  repeater  matches  the  nor- 
mal loss  characteristic  of  the  cable  rather  closely,  uncertainties  in  the 
knowledge  of  the  attenuation  of  the  laid  cable  can  lead  to  misalignment 
which,  if  uncorrected,  would  seriously  affect  the  performance  of  the 
system.  Misalignment  which  has  cable  loss  shape  can  be  corrected  by 
shortening  or  lengthening  the  cable  between  repeaters  at  intervals  as  the 
cable  is  laid.  Other  shapes,  however,  require  the  addition  of  networks  or 
equalizers  in  the  line. 

With  these  factors  in  mind  a  series  of  undersea  equalizers  were  de- 
signed. The  loss  shapes  were  chosen  on  the  basis  of  a  power  series  analy- 
sis of  expected  misalignments.  The  designs  were  restricted  to  series  im- 
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Fig,  22  —  (a)  Schematic  of  Type  IV  equalizer,  (b)  Schematic  of  Tj-pe  V  equalizer 
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Fig.  23  —  Equalizer  loss  characteristics. 

pedance  type  equalizers  to  avoid  the  necessity  for  shunt  arms  and  the 
accompanying  high-voltage  blocking  capacitor  required  to  isolate  the 
cable  power  circuits.  This  restriction  confines  the  ultimate  location  of 
the  equalizers  to  the  middle  portion  of  repeater  sections  to  minimize  the 
reaction  of  the  poor  repeater  impedance  on  the  equahzer  characteristic. 
The  dc  resistance  of  equalizers  is  low  so  that  material  increase  of  the 
system  power  supply  voltage  is  not  required. 

The  configuration  of  two  of  the  equalizers  are  shown  in  Fig.  22.  The 
loss  characteristics  are  shown  in  Fig.  23.  Each  equahzer  has  a  maxi- 
mum loss  spread  in  the  pass  band  of  about  4  db  which  represents  a  com- 
promise between  keeping  the  number  of  equaUzers  low  and  at  the  same 
time  keeping  the  misalignment  within  tolerable  hmits. 

The  components  used  are  modifications  of  the  repeater  components. 
The  mechanical  construction  is  identical  to  the  repeater  except  that  with 
the  smaller  numljer  of  elements,  the  container  is  materially  shorter  than 
a  repeater. 


ACKNOWLEDGMENTS 


Scores  of  individuals  have  contributed  to  the  development  of  these 
repeaters,  some  leading  to  basic  decisions,  some  creating,  adapting  and 


FLEXIBLE    REPEATER   DESIGN  101 

perfecting  both  electrical  and  mechanical  designs.  Many  of  these  people 
have  furnished  the  continuing  drive  and  enthusiasm  that  are  so  essential 
for  a  team  of  engineers  and  scientists  having  divergent  interests.  It  is 
nearly  impossible  to  assign  relative  importance  to  the  work  of  trans- 
mission engineers,  apparatus  designers,  mathematicians  and  research 
scientists  in  the  fields  of  materials  and  processes.  Equally  difficult  is 
any  realistic  appraisal  of  the  work  of  all  of  the  technical  aides  and  shop 
personnel  whose  contributions  are  so  significant  to  the  final  product. 
The  authors  of  this  paper,  in  reporting  the  results,  therefore  acknowl- 
edge this  large  volume  of  effort  without  listing  the  many  individuals  by 
name. 

REFERENCES 

1.  E.  T.  Mottram,  R.  J.  Halsey,  J.  W.  Emling  and  R.  G.  Griffith,  Transatlantic 

Telephone  Cable  S3^stem —  Planning  and  Over-All  Performance.  Page  7  of 
this  issue. 

2.  H.  A.  Lewis,  R.  S.  Tucker,  G.  H.  Lovell  and  J.  M.  Fraser,  Sj\stem  Design  for 

the  North  Atlantic  Link.  See  page  29  of  this  issue. 

3.  J.   J.   Gilbert,   A   Submarine  Telephone   Cable  with    Submerged    Repeaters, 

B.S.T.J.,  30,  p.  65,  1951. 

4.  G.  W.  Meszaros  and  H.  H.  Spencer,  Power  Feed  Equipment  for  the  North  At- 

lantic Link.  See  page  139  of  this  issue. 

5.  A.  W.  Lebert,  H.  B.  Fischer  and  I\L  C.  Biskeborn,  Cable  Design  and  Manu- 

facture for  the  Transatlantic  Submarine  Cable  System.  See  page  189  of  this 
issue. 

6.  H.  W.  Bode,  Network  Analysis  and  Feedback  Amplifier  Design,  D.  Van  Nos- 

trand  Co.,  Inc. 

7.  H.  A.  Lamb  and  W.  W.  Heffner,  Repeater  Production  for  the  North  Atlantic 

Link.  See  page  103  of  this  issue. 

8.  J.  O.  McNally,  G.  H.  Metson,  E.  A.  Veazie  and  M.  F.  Holmes,  Electron  Tubes 

for  the  Transatlantic  Cable  Sj'stem.  See  page  163  of  this  issue. 


Repeater  Production  for  the 
North  Atlantic  Link 

By  H.  A.  LAMB*  and  W.  W.  HEFFNER* 

(Manuscript  received  September  20,  1956) 

Production  of  submarine  telephone  cable  repeaters,  designed  to  have  a 
minimum  trouble-free  life  of  twenty  years,  required  many  new  and  refined 
manufacturing  procedures.  Care  in  the  selection  and  training  of  personnel, 
manufacturing  environment,  inspection,  and  testing,  were  of  great  impor- 
tance in  the  successful  attainment  of  the  idtimate  objective.  Although  quality 
of  product  has  always  been  of  major  significance  in  Western  Electric 
Company  manufacture,  building  electronic  equipment  for  use  at  the  bottom 
of  the  ocean,  where  maintenance  is  impossible  and  replacement  of  apparatus 
extremely  expensive,  required  unusual  manufacturing  methods. 

MANUFACTURING   OBJECTIVE 

Late  in  1952,  the  manufacture  of  flexible  repeaters  for  the  North 
Atlantic  Link  of  the  transatlantic  submarine  telephone  cable  S3"stem 
was  allocated  to  the  Kearny  Works  of  Western  Electric  Compan3\ 

hi  accordance  with  established  practice  in  initiating  radically  new 
products  and  processes,  production  of  these  repeaters  was  assigned  to 
the  Engineer  of  Manufacture  Organization  rather  than  to  regular  manu- 
facture in  the  telephone  apparatus  shops.  The  job  —  to  produce  122 
thirty-six  channel  carrier  repeaters  and  19  eciualizers  capable  of  operat- 
ing satisfactorih^  at  pressures  up  to  6,800  pounds  per  square  inch  on  the 
ocean  floor,  with  minimum  maintenance,  for  a  period  of  at  least  twentj^ 
years.  Initial  delivery  of  repeaters  was  required  for  March,  1954,  less 
than  a  year  and  a  half  after  the  project  started. 

GENERAL   PHILOSOPHY 

QuaUty  has  always  been  the  prime  consideration  in  producing  appara- 
tus and  equipment  for  the  Bell  Sj^stem.  There  is  an  economical  breaking 
point,  however,  beyond  which  the  return  does  not  warrant  the  abnormal 

*  Western  Electric  Company. 
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expenditures  required  to  approach  theoretical  perfection.  The  same 
philosophy  applies  to  all  manufactured  commodities,  be  they  auto- 
mobiles, airplanes  or  telephone  systems.  In  general,  all  of  these  products 
are  physically  available  for  preventive  and  corrective  maintenance  at 
nominal  cost.  With  electronic  repeaters  at  the  bottom  of  the  ocean,  main- 
tenance is  impossible  and  replacement  would  be  extremely  expensive. 

The  general  philosophy  adopted  at  the  inception  of  the  project  was 
to  build  integrity  into  the  product  to  the  limit  of  practicability.  To  do 
this,  a  number  of  fundamental  premises  were  established,  which  form 
the  foundation  of  all  operations  involved: 

1 .  Manufacturing  environment  would  be  provided  which,  in  addition 
to  furnishing  a  desirable  place  to  work,  could  be  kept  scrupulously  clean 
and  free  from  contamination. 

2.  The  best  available  talent  would  be  screened  and  selected  for  the 
particular  work  involved. 

3.  Wage  payments  would  be  based  on  day  work,  rather  than  on  an 
incentive  plan  basis,  because  production  schedules  and  the  complexity 
of  the  operations  did  not  permit  the  high  degree  of  standardization 
essential  to  effective  wage  incentive  operation. 

4.  A  sense  of  individual  responsibility  would  be  inculcated  in  every 
person  on  the  job. 

5.  Training  programs  would  be  established  to  thoroughly  prepare 
supervisors,  operators,  and  inspectors  for  their  respective  assignments 
before  doing  any  w^ork  on  the  project. 

6.  Inspection,  on  a  100  per  cent  basis,  would  be  established  at  every 
point  in  the  process  which  could,  conceivably,  contribute  to,  or  affect 
the  integrity  of  the  product. 

PREPARATION    FOR   MANUFACTURE 

Manufacturing  Location 

It  appeared  desirable  to  set  up  manufacture  in  a  location  apart  from 
the  general  manufacturing  area.  Experience  gained  to  date  has  satisfied 
us  that  this  was  the  correct  approach,  since  it  provided  a  number  of 
advantages : 

1 .  Administration  has  been  greatly  facilitated  by  having  all  necessary 
levels  of  supervision  located  in  the  immediate  vicinity  of  the  work. 

2.  It  was  necessary  for  the  people  on  the  job  to  acquire  and  maintain 
a  new  philosophy  of  perfection  in  product,  rather  than  a  high  output 
at  an  "acceptable  cjuality  level."  This  was  easier  at  a  separate  location, 
since  only  one  philosophy  was  followed  throughout  the  plant. 


FLEXIBLE   REPEATER   MANUFACTURE 


105 


3.  Engineering,  production  control,  service  and  maintenance  organi- 
zations were  located  close  to  actual  production  and  had  no  assignments 
other  than  the  project. 

4.  The  small  plant,  due  to  its  semi-isolation,  tends  to  produce  a  \'ery 
closely  knit  organization  and  good  teamwork. 

A  large  number  of  manufacturing  locations  were  examined  and  the 
one  selected  was  a  one-story  modern  structure  in  Hillside,  New  Jersey, 
which  provided  a  gross  area  of  43,700  square  feet. 

The  entire  plant  was  air  conditioned;  in  most  cases,  the  temperature  was 
controlled  to  minimum  73  degrees  F,  maximum  77  degrees  F.  The  air  was 
filtered  through  two  mechanical  and  one  electrostatic  filters.  Relative 
humidity  was  maintained  at  maximum  40  per  cent  in  all  but  one  area  — 
the  capacitor  winding  room  —  in  which  it  was  necessary  to  maintain 
maximum  20  per  cent  humidity  to  avoid  mechanical  difficulty  with 
capacitor  paper.  While  most  of  the  air  was  recirculated,  the  air  from  the 
cafeteria,  cleaning  room,  locker  and  toilet  rooms  was  exhausted  to  the 
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Fig.  1  —  Plant  laj'out. 
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outside  atmosphere.  Two  separate  air  conditioning  systems  were  in  use. 
One,  of  300  tons  capacity,  provided  for  most  of  the  plant,  while  a  smaller 
unit  of  30  tons  capacity  served  the  capacitor  winding,  testing,  and  im- 
pregnating rooms.  Each  installation  had  its  own  air  filtering  and  condi- 
tioning equipment. 

Plant  Layout 

The  plant  layout  is  illustrated  in  Fig.  1.  All  working  areas,  with  the 
exception  of  the  repeater  enclosure  area,  were  individually  enclosed, 
and  walls  from  approximately  four  feet  above  the  floor  were  almost 
entirely  of  reinforced  glass.  This  arrangment  facilitated  supervision  by 
other  than  first-line  supervisors,  who  were  located  with  the  groups,  and 
provided  a  means  of  viewing  the  operations  by  the  many  visitors  at 
Hillside,  without  contaminating  the  critical  areas  or  disturbing  the 
operators. 

Analysis  of  Design  for  Facilities  and  Operations 

In  analyzing  the  design  for  manufacture  there  were,  of  course,  numer- 
ous instances  where  conventional  methods  and  facilities  were  entirely 
adequate  for  the  job.  Since  their  inclusion  would  contribute  little  to  this 
article,  we  shall  confine  the  description  to  those  cases  which  are  new  or 
unusual. 

Collaboration  with  Bell  Telephone  Laboratories  in  Preparation  of  Manu- 
factoring  Informatio7i 

Early  in  1953  a  coordination  committee  was  established,  consisting 
of  representatives  from  the  various  Laboratories  design  groups  and 
Western  engineers,  which  met  on  a  bi-weekly  basis  during  the  entire 
period  preceding  initial  manufacturing  operations.  These  meetings 
provided  a  clearing  house  for  questions  and  policies  of  a  general  nature 
for  this  particular  project  and  served  to  keep  all  concerned  informed  as 
to  the  progress  of  design  and  the  preparations  for  manufacture. 

It  is  customary,  during  the  latter  stages  of  development  of  any  project 
at  the  Laboratories,  for  Western  engineers  to  participate  in  the  prepara- 
tion of  manufacturing  information  as  an  aid  in  pointing  the  design  to- 
ward the  most  economical  and  satisfactory  production  methods  and 
facilities.  Since  the  decision  to  use  the  Bell  System  repeater  in  the  Trans- 
atlantic system  was  based  on  the  performance  of  the  Key  West-Havana 
installation,  and  the  fact  that  changes  in  design  would  require  further 
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trials  over  an  extended  period  of  time,  only  minor  changes  to  facilitate 
manufactm'e  were  made.  Further,  since  some  experience  had  been  gained 
by  the  Laboratories  in  producing  repeaters  for  that  installation,  it  was 
decided  to  "pool"  effort  in  preparing  the  manufacturing  process  informa- 
tion, which  is  normally  Western's  responsibility.  Close  cooperation  of 
the  two  groups,  therefore,  has  resulted  in  the  production  of  repeaters 
which  are  essentially  replicas  of  those  in  the  initial  installation  except 
for  the  internal  changes  necessary  to  increase  transmission  capacity 
from  24  to  36  channels. 

Other  Western  Electric  Locations  and  Outside  Suppliers 

During  the  development  work  on  the  Key  West-Havana  repeaters, 
the  Hawthorne  Works  of  Western  Electric  had  furnished  the  molyb- 
denum-permalloy cores  for  certain  inductors,  the  Tonawanda  Plant 
had  furnished  mandrelated  resistance  wire,  and  the  Allentown  Plant 
had  fabricated  the  glass  seal  subassemblies.  Since  the  experience  gained 
in  this  development  work  was  extremely  valuable  in  producing  the 
additional  material  required  for  the  Transatlantic  system  and  since 
the  facilities  for  doing  the  work  were  largely  available,  these  various 
locations  were  asked  to  furnish  similar  material  for  the  project.  Although 
the  Kearny  Crystal  Shop  had  not  been  involved  in  the  Key  West-Havana 
project,  arrangements  were  made  there  to  make  the  crystals  for  this 
project,  since  facilities  were  available,  along  with  considerable  experience 
in  producing  precision  units. 

Subcontracted  Operations 

While  it  was  believed,  initially,  that  all  component  parts  for  repeaters 
should  be  manufactured  by  Western  Electric,  critical  analysis  indicated 
that  it  was  neither  desirable  nor  economical  in  certain  cases.  One  of  the 
outstanding  examples  in  this  category  is  the  hardened  and  ground 
chrome-molybdenum  steel  rings  that  constitute  the  strength  members 
in  the  repeater  and  sustain  the  pressures  developed  on  the  ocean  bottom. 
Purchasing  the  many  large  and  varied  machine  tools  and  associated 
heat  treating  equipment  necessary  to  produce  these  parts  would  have 
required  a  substantial  capital  expenditure  and  additional  manufacturing 
space.  Arrangements,  therefore,  were  made  with  a  highly  qualified  and 
well  equipped  supplier  to  produce  the  rings,  using  material  furnished  by 
Western,  which  had  been  previously  inspected  and  tested  to  \'ery  strin- 
gent requirements. 
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The  situation  attending  the  manufacture  of  a  relatively  small  number 
of  comparatively  large  copper  parts  used  in  the  rubber  and  core  tube 
seals  was  much  the  same.  Here,  again,  the  large  size  machine  tools  and 
additional  manufacturing  space,  required  for  only  a  short  time,  would 
have  increased  the  over-all  cost  of  the  project  considerably.  These  parts, 
therefore,  were  subcontracted  in  the  local  area  and  inspection  was  per- 
formed by  Hillside  inspectors. 

A  safeguard,  in  so  far  as  integrity  is  concerned,  was  provided  by  the 
fact  that  these  were  individual  parts  that  could  be  reinspected  at  the 
time  of  delivery.  No  subassembly  operations  that  might  possibly  result 
in  oversight  of  a  defect,  were  subcontracted. 

Manufacturing  Conditions 

Two  major  problems  confronted  us  in  planning  the  manufacture  of 
repeaters.  First,  to  produce  units  that  were  essentially  perfect;  and 
second,  to  prevent  the  contamination  of  the  product  b}^  any  substance 
that  might  degrade  its  performance  over  a  long  period  of  time.  In  ap- 
proaching both  of  these  objectives,  it  was  realized  that  the  product  had 
a  definite  economic  value  which  the  cost  of  production  should  not 
exceed.  In  many  cases,  therefore,  it  was  necessary  to  rely  on  judgment, 
backed  by  considerable  manufacturing  experience,  in  determining  when 
the  "point  of  no  return"  had  been  reached  in  refining  processes  and 
practices. 

The  initial  approach  to  this  phase  of  the  job  was  to  classify,  with  the 
collaboration  of  Bell  Telephone  Laboratories,  all  of  the  manufacturing 
operations  involved  as  to  the  degree  of  cleanliness  required.  In  setting 
up  these  criteria,  it  was  necessary  to  evaluate  the  importance  of  contami- 
nation in  each  area  and  the  practicability  of  eliminating  it  at  the  source 
or  to  insure  that  whatever  foreign  material  accumulated  on  the  product 
was  removed. 

A  representative  case  is  the  machining  of  piece  parts.  While  the  shop 
area  is  cleaner,  perhaps,  than  any  similar  area  in  industry,  the  \evy 
nature  of  the  work  is  such  that  immediate  contamination  cannot  be 
avoided  since  material  is  being  removed  in  the  form  of  chips  and  turn- 
ings, and  a  water  soluble  oil  is  used  as  a  coolant.  In  this  instance,  however, 
the  parts  can  be  thoroughly  cleaned  and  their  condition  observed  before 
leaving  the  area.  Conversely,  in  the  case  of  an  operation  such  as  the 
assembly  of  paper  capacitors  into  a  container  which  is  then  hermetically 
sealed,  it  is  vitally  necessary  to  insure  that  both  the  manufacturing 
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area  and  the  processes  are  free  from,  and  not  conducive  to  producing, 
particles  of  material  which  are  capable  of  causing  trouble. 

The  various  classifications  established  for  the  production  areas  include 
specific  requirements  as  to  temperature,  relative  humidity,  static  pres- 
sure with  respect  to  adjacent  areas,  cleanliness  in  terms  of  restrictions 
on  smoking  and  the  use  of  cosmetics  and  food,  and  the  type  and  use  of 
special  clothing. 

Special  Clothing 

Employees'  clothing  was  considered  one  of  the  most  important  sources 
of  contamination  for  two  reasons;  first,  for  the  foreign  material  that 
could  be  collected  upon  it  and  carried  into  the  manufacturing  areas,  and 
second,  that  various  types  of  textiles  in  popular  use  are  subject  to  con- 
siderable raveling  and  fraying. 

After  considerable  study  of  many  types  of  clothing  for  use  in  critical 
areas,  the  material  adopted  was  closely  woven  Orion,  which  has  proved 
to  be  acceptably  lint-free.  The  complete  uniform  —  supplied  at  no  cost 
to  employees  —  consists  of  slacks  and  shirts  for  both  male  and  female 
employees,  Orion  surgeon's  caps  for  the  men  and  nylon-visored  caps 
for  the  women.  In  addition  shoes,  without  toecap  seams,  were  provided. 
Nylon  smocks  were  furnished  to  protect  the  uniforms  while  employees 
moved  from  locker  rooms  to  the  entrance  vestibule.  Two  changes  of 
clothing  were  provided  each  week,  and  the  laundering  was  done  by  an 
outside  concern. 

Employees  to  whom  this  special  clothing  was  issued  were  paired  for 
locker  use.  Both  kept  their  uniforms  and  special  shoes  in  one  locker  and 
their  own  clothes  and  shoes  in  the  other.  This  prevented  the  transfer 
to  the  uniforms  of  any  foreign  material  that  might  exist  on  the  street 
clothing.  At  the  entrance  vestibule  to  the  A,  B,  and  C  areas  (Fig.  1) 
the  employees  were  required  to  clean  their  shoes  in  the  specially  designed 
facilities  provided  and  to  wash  their  hands  in  the  wash  basins  installed 
for  this  purpose.  Smocks  were  then  removed  and  hung  on  numbered 
hooks  that  line  the  walls  at  the  end  of  the  vestibule.  Employees  were 
then  permitted  to  go  to  their  work  positions  within  the  inner  areas.  At 
any  time  that  it  was  necessary  for  employees  to  leave  the  work  areas 
for  any  purpose,  they  were  required  to  put  on  their  smocks  in  the  vesti- 
bule and  upon  their  return,  to  go  through  the  cleaning  procedure  again. 

Employees  in  the  other  areas  were  provided  only  with  smocks,  mainly 
for  the  protection  of  their  clothes  since  the  work  invoh-ed  could  soil  or 
stain  them  but  could  not  be  contaminated  from  the  clothing. 
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Cleaning 

Schedules  were  established  for  cleaning  the  areas  at  regular  intervals, 
the  frequency  and  methods  depending  upon  the  type  of  manufacturing 
operations  and  the  activity.  Usually,  the  vinyl  plastic  floors  were  ma- 
chine scrubbed  and  vacuum  dried.  Walls,  windows  and  ceilings  were 
cleaned  by  hand  with  lint-free  cloths.  Manufacturing  facilities  such  as 
bench  tops,  which  were  linoleum  covered,  were  washed  daily.  Test  sets, 
cabinets,  test  chambers  and  bench  fixtures  W'Cre  also  cleaned  daily. 
Hand  tools  were  cleaned  at  least  once  a  week  by  scrubbing  with  a  solu- 
tion of  green  soap,  rinsing  in  distilled  water,  followed  by  alcohol  and 
then  dried  in  an  oven. 


Dust  Cou7it 

Since  it  was  impossible  to  determine  what  contaminating  material 
in  the  form  of  air-borne  particles  might  be  encountered  from  day  to  day, 
and  what  the  effect  might  be  during  the  life  of  the  repeaters,  the  general 
approach  to  this  problem  was  to  control,  so  far  as  possible,  the  amount 
of  dust  within  the  plant. 

In  order  to  verify,  continuously,  the  over-all  effectiveness  of  the  vari- 
ous preventive  measures,  dust  counts  were  made  in  each  classified  area 
at  daily  intervals,  using  a  Bausch  and  Lomb  Dust  Counter.  This  device 
combines,  in  one  instrument,  air-sampling  means  and  a  particle-counting 
microscope.  Over  a  two-year  period  it  has  been  possible  to  maintain,  in 
certain  areas,  a  maximum  dust  count  of  between  2,000  and  3,500  particles 
per  cubic  foot  of  air  with  a  maximum  size  of  10  microns.  Control  checks, 
taken  outside  the  building  at  the  employees'  entrance,  generally  run 
upwards  of  25,000  particles  per  cubic  foot,  a  good  portion  of  which  are 
of  comparatively  large  size. 

PRODUCTION   AND    PERSONNEL 

Equipping  the  plant,  obtaining  and  installing  facilities,  and  selecting 
and  training  personnel  proceeded  on  a  closely  overlapped  basis  with 
receipt  and  analysis  of  Bell  Telephone  Laboratories'  product  design 
information.  Because  of  the  critical  nature  of  the  product,  provisions 
were  made  not  only  for  the  most  reliable  commercially  available  utilities 
and  services,  but  also  for  emergency  lighting  service  in  some  areas. 
Maintenance  and  service  staffs  had  to  be  built  up  rapidly  as  the  super- 
visory and  manufacturing  forces  were  being  developed. 
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"Qualification"  of  All  Personnel 

Before  employees  were  assigned  to  production  work  the^^  were  re- 
quired to  pass  a  qualification  test  estaljlished  by  the  inspection  organi- 
zation to  demonstrate  satisfactory  performance.  Programs  were,  there- 
fore, set  up  for  "vestibule"  training  and  qualification  of  new  employees. 
This  activity  was  carried  on  by  full-time  instructors  who  had  been  trained 
by  Western  and  Bell  Laboratories  engineers.  Training  was  carried  out 
in  two  stages: 

1.  (a)  The  employee  received  instruction  and  became  acquainted 
with  equipment  and  requirements,  (b)  A  practice  period  in  which  the 
employee  developed  technic{ues  and  worked  under  actual  operating 
conditions,  with  all  work  submitted  to  regular  inspection. 

2.  A  qualification  period  in  which  the  employee  was  required  to 
demonstrate  that  work  satisfactory  for  project  use  could  be  produced. 

The  main  objective  during  stage  1  was  progressive  quality  improve- 
ment and  in  stage  2  the  maintenance  of  a  satisfactory  quality  level  over 
an  extended  period  of  time.  Employees  made  a  definite  number  of  units 
at  acceptable  quality  levels  in  order  to  qualify.  The  number  of  units 
required  for  training  varied  with  the  type  of  work  and  the  ease  with 
which  it  was  mastered. 

All  personnel  were  required  to  pass  qualification  tests  before  being 
assigned  to  production  work  and  were  restricted  to  that  work  unless 
trained  and  qualified  for  other  work.  Employees  trained  on  more  than 
one  job  were  requalified  before  being  returned  to  a  previous  assignment. 

Records  of  the  performance  of  individual  operators  started  in  the 
training  stage  were  continued  after  the  employees  were  assigned  to 
production  work.  The  performance  record  of  the  operators  was  based  on 
results  obtained  during  the  inspection  of  their  work,  while  that  of  the 
inspectors  was  based  on  special  quality  accuracy  checks  of  their  work. 

Personnel  Selection 

It  was  apparent  that  the  new  manufacturing  techniques,  including 
the  cleanliness  and  quality  demands,  would  necessitate  that  all  shop 
supervisors  and  employees  be  very  carefully  selected.  It  also  appeared 
(and  this  was  subsequently  confirmed)  that  after  the  careful  selection 
and  training  of  supervisors,  long  training  periods  would  be  required  for 
specially  selected  shop  emploj^ees. 

In  selecting  first  line  shop  supervisors,  such  factors  as  adaptability, 
personality,  and  ability  to  work  closely  with  the  engineers  were  of  para- 
mount importance.  For  the  parts  and  apparatus  included  in  their  re- 
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sponsibility,  they  were  required  to  thoroughly  learn  the  design,  the 
operations  to  be  performed,  the  facilities  to  be  used,  the  data  to  be 
recorded,  the  cleanliness  practices  to  be  observed  ■ —  and  in  most  cases, 
prepare  themselves  to  be  able  to  do  practically  all  of  the  operations,  be- 
cause subsequently  they  had  to  train  selected  operators  to  perform  criti- 
cal operations  to  very  high  quality  standards  under  rigidly  controlled 
manufacturing  conditions.  As  shop  supervisors  and  employees  were 
assigned  to  the  manufacture  of  repeaters,  they  were  thoroughly  indoc- 
trinated in  the  design  intent  and  the  new  philosophy  of  manufacture. 

Standard  ability  and  adaptability  tests  were  used  in  a  large  number 
of  cases  to  assist  in  proper  selection  and  placement  of  technicians.  Tests 
for  finger  and  hand  dexterity;  sustained  attention;  eyes,  including  per- 
ception and  observation;  and  reaction  time  of  the  right  foot  after  a  visual 
stimulus.  (The  latter  test  was  relatively  important  for  induction  brazing 
operations.)  Other  requisite  considerations  were  a  high  degree  of  de- 
pendability and  integrity,  involving  intellectual  honesty  and  conscien- 
tious convictions;  capability  of  performing  tedious,  frustrating,  and 
exasperating  operations  against  ultra-high  quality  standards,  verifying 
their  own  work;  perseverance  and  capability  to  easily  adapt  to  changes 
in  assignment  and  occupation  or  the  introduction  of  design  changes. 
We  considered  whether  or  not  they  would  stand  up  under  "fishbowl" 
operations,  wherein  they  would  receive  a  considerable  amount  of  ob- 
servation from  high  levels  of  Western  Electric  Company  and  Bell  Sys- 
tem management  and  other  visitors.  Also,  could  they  duplicate  high 
quality  frequently  after  quahfying  for  a  particular  operation? 

During  the  period  of  repeater  manufacture,  the  number  of  employees 
rose  from  less  than  50  in  January,  1954,  to  a  maximum  of  304  by  Feb- 
ruary, 1955,  after  which  there  was  a  gradual  reduction  to  a  level  of  about 
265  employees  for  six  months  and  then  a  gradual  falling  off  as  we  were 
completing  the  last  of  the  project.  In  the  period  from  May  to  December, 
1954,  between  30  and  45  employees  were  constantly  in  training  prior  to 
being  placed  on  productive  work.  During  1955  this  decreased  to  prac- 
tically no  employees  in  training  during  the  midpart  of  the  year  and  there- 
after training  was  required  merely  to  compensate  for  a  small  labor  turn- 
over and  employee  reassignment.  It  is  significant  that  labor  turnover 
was  very  low  and  attendance  was  exceptionally  good  during  the  life  of 
the  Hillside  operations. 

Personnel  Training 

The  original  plan,  which  was  generally  followed,  was  to  prove  in  the 
tools  for  each  phase  of  the  job,  followed  by  an  intensive  program  of  train- 
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ing.  Indoctrination  of  laboratory  technicians  could  be  considered  as 
"vestibule  training"  in  that  they  were  acclimated  to  the  area  and  con- 
ditions, given  oral  instruction  in  the  work,  then  given  practice  materials 
and  demonstrations  and,  when  qualified,  were  started  on  making  project 
material.  To  do  this,  extra  supervisors  were  required  at  the  beginning 
of  the  job.  A  supervisor  trained  a  few  employees,  qualified  some  of  them, 
and  began  work  on  the  project.  Another  supervisor  was  then  required 
to  train  additional  employees  who,  as  they  became  cjualified,  were  trans- 
ferred to  the  supervisor  responsible  for  making  project  apparatus.  Addi- 
tional testing  of  the  employees,  instruction  and  reinstruction  and,  in 
some  cases,  retraining  were  required.  In  practically  all  cases,  we  were 
able  to  fit  an  employee  selected  for  work  at  Hillside  into  some  particular 
group  of  operations.  The  extra  emphasis  on  selection  and  training  cre- 
ated a  well-balanced  team  that  later  resulted  in  considerable  flexibility. 
During  all  of  this  training  our  supervisors  worked  closely  with  engineers 
and  inspectors  who  understood  the  design  intent  and  the  degree  of  per- 
fection required. 

At  the  beginning,  each  technician  was  trained  for  only  one  operation 
of  a  particular  job,  such  as  (1)  winding  Type  X  capacitors  or  (2)  im- 
pregnating all  paper  capacitors  or  (3)  winding  Type  Y  transformers  and 
so  became  an  expert  on  this  one  operation.  Later,  the  tours  of  duty  for 
many  technicians  were  broadened  to  cover  several  operations. 

Communications 

To  keep  employees  informed,  we  occasionally  assembled  the  entire 
group,  presenting  informative  talks  on  current  production  plans  and 
our  future  business  prospects.  Motion  pictures  were  shown  of  the  cable 
laying  ships  and  the  operations  of  cable  splicing  and  cable  laying.  A  dis- 
play board,  showing  all  of  the  repeater  components,  was  mounted  on 
the  wall  of  the  cafeteria.  This  informed  the  operators  just  where  the 
parts  were  used  in  apparatus;  also,  just  where  their  products  went  into 
the  wired  repeater  unit,  and  how  all  electrical  apparatus  was  enclosed 
against  sea  pressure  in  the  final  repeater.  In  small  groups,  all  of  the  em- 
ploj^ees  at  Hillside  were  gi\'en  a  short  guided  tour  of  the  plant  to  see  the 
facilities  and  hear  a  description  of  the  operations  being  performed  in 
each  area.  These  communications  were  extended  to  everyone  at  the 
Hillside  Plant,  including  those  who  did  not  work  directly  on  the  product. 
It  was  our  conviction  that  the  maintenance  men,  boiler  operators,  oilers, 
station  wagon  chauffeur,  janitors,  and  clerical  workers  in  the  office  were 
all  interested  and  could  do  a  better  job  if  kept  informed  of  the  needs  and 
progress  of  the  project. 
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Scheduling 

Capacity  was  provided  at  the  Hillside  Shop  to  manufacture  a  max- 
imum of  14  repeaters  in  a  calen(hir  month.  This  envisioned  6-day  opera- 
tion with  some  second  and  thii'd  shift  operations;  due  allowance  was 
made  for  holidays  and  vacations,  so  that  the  annual  rate  would  be  ap- 
proximately 160  enclosures  per  year.  (An  enclosure  is  either  a  repeater 
or  an  equalizer.) 

Some  of  the  facilities  and  raw  materials  were  ordered  late  in  1953. 
This  ordering  expanded  early  in  1954  and  continued  through  1955  to 
include  parts  to  be  made  by  outside  suppliers  and  the  parts  and  appara- 
tus to  be  made  at  Hillside.  Apparatus  designs  were  not  all  available  at 
the  beginning  of  the  job,  and  the  ultimate  quantities  required  were  also 
subject  to  sharp  change  as  the  project  shaped  up,  thus  further  compli- 
cating the  scheduling  problem. 

Because  of  the  time  and  economic  factors  involved,  coupled  with  the 
developmental  nature  of  the  product  and  processes,  one  of  the  most 
difficult  and  continuing  problems  was  the  balancing  of  production  to 
meet  schedules.  For  this  task,  we  devised  "tree  charts"  for  the  apparatus 
codes  and  time  intervals  in  each  type  of  repeater  or  equalizer  for  each 
project.  Each  chart  was  established  from  estimates  of  the  time  required 
to  accomplish  the  specified  operations  and  the  percentage  of  good  prod- 
uct each  major  group  of  operations  was  expected  to  produce. 

RAW   MATERIALS 

Many  of  the  specifications  were  written  around  the  specific  needs  of 
the  job  and  embodied  requirements  that  were  considerably  more  strin- 
gent than  those  imposed  on  similar  materials  for  commercial  use.  As  a 
result,  it  was  necessary  for  many  suppliers  to  refine  their  processes,  and, 
in  some  cases,  to  produce  the  material  on  a  laboratory  basis. 

One  example  is  the  container,  or  repeater  enclosure,  which  consists, 
in  part,  of  a  seamless  copper  tube  approximately  If  inches  in  diameter 
having  a  ^-inch  wall  and  approximately  8  feet  long.  This  material  was 
purchased  in  standard  lengths  of  10  feet.  The  basic  material  was  re- 
quired to  be  phosphorous  deoxidized  copper  of  99.80  per  cent  purity. 
The  tubing,  as  delivered,  had  to  be  smooth,  bright,  and  free  from  dirt, 
grease,  oxides  (or  other  inclusions  including  copper  chips),  scale,  voids, 
laps,  and  slivers.  Dents,  pits,  scratches,  and  other  mechanical  defects 
could  not  be  greater  than  0.003  inch  in  depth.  The  tubing  had  to  be 
concentric  within  0.002  inch  and  the  curvature  in  a  10-foot  length  not 
exceed  |  inch  to  facilitate  assembly  over  the  steel  rings. 
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Only  one  supplier  was  willing  to  accept  orders  for  the  tubes,  and  only 
on  the  basis  of  meeting  the  mechanical  requirements  on  the  outside  sur- 
face. To  establish  a  source  of  supply,  it  was  necessary  to  accept  the  sup- 
plier's proposal  on  the  basis  that  some  of  the  tubes  produced  could  be 
expected  to  meet  requirements  on  the  inside  as  well  as  the  outside  sur- 
face. Inspection  of  the  inside  surface  was  performed  with  a  10-foot  Bore- 
scope. 

The  supplier  then  set  aside,  overhauled,  and  cleaned  a  complete  group 
of  drawing  facilities  for  this  project.  In  addition,  a  number  of  refinements 
were  made  in  lubrication  and  systematic  maintenance  of  tools.  After  all 
refinements  were  made  and  precautions  taken,  however,  the  yield  of 
good  tubes  in  the  first  400  produced  was  less  than  1.0  per  cent.  Consulta- 
tions with  Western  and  Bell  Laboratories'  engineers,  and  with  the  sup- 
plier's cooperation,  raised  the  yield  to  approximately  50  per  cent. 

Procurement  of  satisfactory  mica  laminations  for  capacitors  intro- 
duced an  unusual  problem.  The  best  grade  of  mica  available  in  the  world 
market  was  purchased  which  the  supplier,  under  special  plant  condi- 
tions, split  and  processed  into  laminations.  Despite  care  in  selection  and 
processing,  only  50  per  cent  of  the  250,000  laminations  purchased  met 
the  extremely  rigid  recjuirements  for  microscopic  inclusions  and  delam- 
inations,  and  less  than  8  per  cent  survived  the  capacitor  manufacturing 
processes. 

A  large  number  of  the  parts,  and  the  most  complex,  are  made  from 
methyl-methacrylate  (Plexiglass).  At  the  time  manufacture  began,  there 
was  little,  if  anj^,  experience  or  information  available  on  machining  this 
material  to  the  required  close  tolerances  and  surface  finish.  Consequently, 
considerable  pioneering  effort  was  expended  in  this  field  before  satis- 
factory results  were  obtained. 

The  methacrylate  parts  cover  a  wide  range  of  size  and  complexitj^  — 
from  l|-inch  diameter  by  4|-inch  long  tubular  housing  to  tiny  spools 
|-inch  diameter  and  j^-inch  long.  Most  of  the  parts  are  cylindrical  in 
shape  with  some  semicylindrical  sections  that  must  mate  with  other 
sections  to  form  complete  cylinders.  Others  have  thin  fins,  walls,  flanges 
and  projections.  Five  representative  parts  are  shown  in  Fig.  2. 

Methyl-methacrylate  has  a  tendency  to  chip  if  tools  are  not  kept  sharp 
and  care  is  not  used  in  entry  or  exit  of  the  tool  in  the  work,  particularly 
in  milling.  In  some  cases,  it  is  necessary,  with  end-milling,  to  work  the 
cutter  around  the  periphery  of  the  area  for  a  slight  depth  so  that  sub- 
sequent cuts  will  not  break  out  at  an  unsupported  area.  Normall}^,  with 
a  sharp  cutter  and  a  0.010-inch  finish  cut,  and  a  slow  feed,  chipping  will 
not  result.  High-speed  steel  tools  with  zero  rake  were  used  for  turning 
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Fig.  2  —  Methyl  methacrj'late  parts. 

and  boring  operations.  Standard  high-speed  milling  cutters  and  end 
mills  were  used  for  milling  except  for  the  cutting  edges,  which  are  honed 
to  a  fine  finish.  A  clearance  angle  of  7  degrees  for  milling  and  10  degrees 
to  15  degrees  for  lathe  work  was  found  most  satisfactory.  In  lathe  work, 
the  general  rule  was  light  feeds  (0.003  inch-0.005  inch)  and  small  depth 
of  cut.  However,  the  depth  of  cut  could  be  safely  varied  over  a  wide 
range  depending  upon  many  factors,  such  as  type  of  part,  quality  of 
finish,  machine  and  tool  rigidity,  effective  application  of  coolant,  and 
tooling  to  support  and  clamp  the  part.  In  one  operation  of  boring  a 
li^-inch  diameter  by  4|-inch  deep  blind  hole  within  ±0.002  inch,  the 
boring  terminates  in  simultaneously  facing  the  bottom  of  the  hole  square 
with  its  axis.  A  cut  ^f-iiich  deep  with  a  light  feed  was  taken  with  a  spe- 
cially designed  boring  tool  with  the  coolant  being  fed  through  the  shank 
to  the  cutting  edge.  All  completely  machined  parts  were  annealed  for 
12  hours  at  175°  F. 


HIGHLIGHTS    IN   ASSEMBLY   AND    BRAZING 

Repeater  units  are  encased  in  hardened  steel  rings  which  previously 
had  been  tested  at  10,000  pounds  per  square  inch  hydraulic  pressure. 
This  pressure  is  approximately  50  per  cent  higher  than  the  greatest  pres- 
sure expected  at  ocean  bottom.  The  steel  rings  were  encased  in  a  copper 
sheath  and  closed  at  each  end  with  a  glass-to-Kovar  seal,  with  the  cen- 
tral conductor  coming  through  the  glass  to  the  outside.  The  copper  sheath 
was  then  shrunk  to  the  steel  rings  and  glass  seals  using  6000  pounds  per 
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square  inch  hydraulic  pressure,  and  the  glass  seal  was  then  high-fre- 
quency brazed  to  the  copper  sheath. 

To  keep  the  ocean  bottom  pressure  off  the  glass  seals  and  also  to  ter- 
minate the  cable  insulation,  a  rubber  seal  is  brazed  in  to  the  copper  con- 
tainer tube  adjacent  to  each  glass  seal.  This  rubber  seal  consists  of  rub- 
ber bonded  to  brass,  which  has  been  brazed  to  the  copper  portion  of  the 
seal.  The  rubber  terminates  in  polyethylene  through  five  steps  of  com- 
pounds containing  successively  less  rubber  and  more  polyethylene.  The 
polyethylene  can  be  readily  bonded  by  molding  to  the  polyethylene  in- 
sulation of  the  cable.  The  central  conductor  passes  through  a  central 
brass  tube  in  the  rubber  seal,  which  is  also  bonded  to  the  rubber. 

To  protect  the  rubber  seals  from  the  deleterious  effects  of  salt  water 
immersion  for  long  periods  of  time,  a  copper  core  tube  is  brazed  over 
each  rubber  seal.  The  core  tube  is  arranged  to  equalize  the  pressure  in- 
side and  out  when  submerged  at  ocean  bottom  pressure.  This  is  accom- 
plished with  a  bulge  of  neoprene  filled  with  polyisobutylene,  on  the  far 
end  of  the  core  tube,  which  transmits  the  pressure  to  the  inside  of  the 
core  tube  seal. 

To  make  doubly  sure  that  no  salt  water  reaches  the  rubber  seal,  a 
copper  cover  is  brazed  into  the  container  outside  the  core  tube  connector 
on  each  end.  This  cover  is  also  brazed  to  the  core  tube  connector.  The 
interstice  between  each  of  the  above  four  seals  is  filled  with  polyiso- 
butylene, which  is  viscous  and  inert  and  has  very  good  insulating 
qualities. 

Each  end  of  the  repeater  closure  (Fig.  3)  contains  five  successive  brazed 
joints.  Any  one  of  these  ten  brazes,  if  not  perfect,  could  cause  the  loss 
of  the  repeater  closure  and  jeopardize  the  entire  repeater.  All  of  these 
brazes  were  made  with  the  repeater  in  a  vertical  position  to  insure  an 
even  distribution  of  the  brazing  alloy  fillet  around  the  joint. 

An  upending  device  was  provided  at  the  pit  brazing  location  to  raise 
the  repeater  on  its  carrier  to  a  vertical  position  with  either  end  up  and 
move  it  into  position  for  brazing.  The  repeaters  were  brought  into  the 
brazing  area  on  an  overhead  monorail  and  an  electric  hoist.  The  shorter 
repeater  assemblies,  before  core  tube  and  cable  stub  assembly,  were  up- 
ended by  hand  and  brazed  from  a  raised  platform. 

It  was  necessary  to  make  all  of  these  brazes  by  high-frequency  induc- 
tion heating,  since  the  heat  must  be  intense,  contained  within  a  very 
narrow  band,  evenly  distributed,  and  the  area  protected  from  oxidation 
by  a  somewhat  reducing  atmosphere.  The  heat  must  be  very  intense 
since  the  time  interval  for  the  shortest  braze  was  10  seconds  maximum 
and  the  longest  was  30  seconds.  A  large  part  of  the  heat  was  dissipated 
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by  being  conducted  at  a  high  rate  from  the  copper  parts  to  the  water 
in  the  cooling  jackets  used  to  contain  the  heat  in  a  very  narrow  band. 

Circulating  cooling  water  within  a  jacket  prevented  heat  from  being 
conducted  down  the  copper  container  tube  to  the  preceding  seals  or  to 
the  repeater  unit.  This  water-cooled  jacket  was  positioned  only  |  inch 
below  the  inductor,  and  the  water  was  in  intimate  contact  with  the  con- 
tainer tube,  which  is  sealed  off  at  both  ends  with  rubber  "0"  rings.  In 
addition,  for  the  glass  seal  braze,  the  glass  inside  the  seal  cavity  was  kept 
covered  with  water  during  the  heat  cycle.  The  water  was  fed  in  and  si- 
phoned out  to  a  constant  level  which  was  kept  under  observation  by 
the  operator  and  the  inspector  to  make  sure  that  the  glass  was  covered 
at  all  times.  The  rubber  seal  was  also  water  jacketed  on  the  inside  of 
the  seal  to  prevent  deleterious  effects  of  the  heat  on  the  rubber  insulation 
around  the  central  conductor.  The  inner  cover  braze  was  cjuenched  before 
the  10-second  maximum  interval  had  expired  to  insure  that  the  heat  did 
not  penetrate  to  the  polyisobutylene  at  a  sufficient  rate  to  deteriorate 
it  or  the  rubber  inside. 

Distribution  of  the  heat  around  the  container  tube  at  the  braze  area 
was  controlled  by  locating  the  work  in  the  inductor  so  that  the  color 
came  up  essentially  evenly  all  the  waj^  around  and  at  the  proper  level  to 
bring  a  fillet  up  to  the  top  of  the  braze  joint  within  the  allowable  time 
limit.  The  time  limit  was  determined  by  experiment  so  that  none  of  the 
previously  assembled  parts  were  damaged  by  the  heat.  This  determina- 
tion of  the  proper  heat  pattern  and  the  prevention  of  overheating  re- 
quired the  development  of  considerable  skill  on  the  part  of  the  operator. 
The  variables  encountered  made  it  essential  to  rely  on  an  operator  to 
control  the  heat  rather  than  to  utilize  the  timer  with  which  the  induction 
heating  equipment  is  normally  controlled. 

The  area  to  be  heated  for  brazing  was  protected  from  oxidation  by 
enclosing  it  in  a  separable  transparent  plastic  box  and  flooding  the  in- 
terior with  a  gas  consisting  of  15  per  cent  hydrogen  and  85  per  cent  nitro- 
gen. This  atmosphere  is  somewhat  reducing  and  not  explosive.  The 
brazing  surfaces  of  the  parts  were  chemically  cleaned  immediately  before 
assembly  and  extreme  care  was  exercised  to  keep  them  clean  until  brazed. 

The  container  tube  was  shrunk  to  the  respective  glass,  rubber,  core 
tube,  and  cover  seals  using  hydraulic  pressure  so  that  the  surfaces  to  be 
brazed  and  the  brazing  alloy  were  in  intimate  contact  within  the  brazing 
area.  If  the  parts  were  clean  and  kept  from  oxidizing  by  the  protective 
atmosphere,  the  alloy  would  flow  upward  by  capillar}-  action  and  form 
a  fillet  around  the  top  of  the  seal,  impervious  to  any  leak. 

The  braze  in  each  case  was  then  leak  tested  with  a  helium  mass-spec- 
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trometer  type  leak  detector.  A  gas  pressure  of  helium  at  least  25  per  cent 
greater  than  the  maximum  pressure  to  be  encountered  at  ocean  bottom 
was  used.  In  addition,  a  radioisotope  was  used  to  test  the  effectiveness 
of  the  final  tubulation  pinch  welds  and  overbrazes  which  were  kept  open 
for  the  leak  tests  under  high  pressure  helium.  These  tests  were  made 
with  water  pressure  about  25  per  cent  greater  than  the  maximum  ocean 
bottom  pressure. 

The  completed  repeater  was  inserted  in  a  chamber  80  feet  long;  the 
chamber  was  then  filled  with  water  and  the  pressure  raised  to  7,500 
pounds  per  square  inch  and  held  at  that  pressure  for  at  least  15  hours. 
At  the  end  of  this  period  the  closure  had  to  show  no  sign  of  crushing  or 
leaking. 

The  repeater  unit  sealed  in  the  closure  must  be  extremely  dry  to  func- 
tion properly.  Any  water  vapor  which  might  remain  after  the  closure  is 
sealed,  or  enter  during  the  estimated  20-year  minimum  life,  must  be 
scavenged.  A  sealed  desiccator  with  a  thin  diaphragm  was,  therefore, 
assembled  into  the  repeater  unit  sections.  After  completely  drying  and 
sealing  the  repeater  unit  except  for  one  tubulation,  the  diaphragm  of 
the  desiccator  was  ruptured  by  dry  nitrogen  pressure  and  with  the  en- 
closure filled  with  dry  nitrogen  the  final  tubulation  was  immediately 
sealed  off.  To  insure  that  the  diaphragm  was  actually  broken,  a  micro- 
phone was  strapped  to  the  outside  of  the  repeater  over  the  location  of 
the  desiccator  and  a  second  microphone  arranged  at  the  end  of  the 
closure  to  pick  up  background  noises.  A  pen  recorder  was  used  to  record 
the  sound  from  the  two  microphones  and  also  the  change  in  nitrogen 
pressure.  Three  simultaneous  pips  on  the  chart  gave  definite  indication 
that  the  diaphragm  had  ruptured  and  that  the  desiccant  had  been  ex- 
posed to  the  internal  atmosphere  of  the  repeater. 

QUARTZ    CRYSTAL  UNITS   MANUFACTURED   AT   KEARNY 

The  primary  purpose  of  the  crystal  unit  is  to  provide  the  means  of 
identifying  and  measuring  the  gain  of  each  repeater  in  the  cable.  This 
basic  crystal  design  is  in  common  usage.  The  exacting  specifications  for 
this  application,  however,  imposed  many  problems  and  deviations  from 
normal  crystal  manufacturing  processes. 

Raw  Quartz  was  specially  selected  for  this  crystal  unit.  The  manu- 
facturing process  of  reducing  the  quartz  to  the  final  plate  followed  the 
recognized  methods  through  the  roughing  operations.  Due  to  the  rigid 
end  requirements,  the  finishing  operations  were  performed  under  labora- 
tory conditions.  Angular  tolerances  were  one-third  of  normal  limits.  No 
evidence  of  surface  scratches,  chipped  edges  or  other  surface  imper- 
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fections  visible  under  SOX  magnification  were  permitted.  This  resulted 
in  a  process  shrinkage  five  times  that  experienced  in  normal  crystal  plate 
manufacture. 

In  this  use,  the  crystal  units  were  required  to  meet  performance  tests 
at  currents  as  low  as  one-thousandth  of  a  microampere  —  far  below  the 
current  values  usually  encountered.  Improved  soldering  techniques  had 
to  be  developed  for  soldering  the  gold  plated  phosphor  bronze  and  nickel 
wires  used,  because  it  was  found  that  the  electrical  performance  of  the 
units  was  directly  related  to  the  quality  of  soldered  connections. 

Although  one-seventh  of  Western's  production  of  quartz  crystal  units 
are  in  glass  enclosures,  the  applicable  techniques  in  glass  working  re- 
quired a  complete  revision.  Glass  components  such  as  the  stem  and  bulb 
purchased  from  established  sources  were  found  to  be  far  below  the  stand- 
ard required  for  this  crystal  unit.  For  example,  the  supplier  of  the  glass 
tubing  used  in  the  manufacture  of  stems  was  reciuired  to  meet  raw  mate- 
rial specifications  that  embodied  coefficient  of  thermal  expansion,  soften- 
ing point  of  glass,  density,  refractive  index,  and  volume  resistivity.  The 
glass  stems  made  from  this  tubing  by  regular  manufacturers  were  found 
unacceptable  and  the  processes  used  by  these  sources  could  not  be  readily 
adapted  to  meet  the  desired  specifications.  The  glass  stems  contained 
four  lead  wires  made  from  30-mil  Grade  "A"  nickel  wire  butt  welded  to 
16-mil  light  borated  Dumet  wdre.  To  assure  the  quality  of  the  metal  to 
glass  seal,  each  wire  was  inspected  under  30X  magnification  for  tool 
marks  and  other  surface  imperfections.  The  finished  stem  assemblies 
were  inspected  under  SOX  magnification  for  dimensions,  workmanship, 
cleanliness  and  minute  glass  imperfections,  then  individually  stored  in  a 
sealed  plastic  envelope. 

The  glass  bulb  in  this  crystal  unit  is  known  as  the  T921  design  com- 
monly used  in  the  electron  tube  industry.  The  high  quality  required, 
however,  made  100  per  cent  inspection  necessary.  Examination  under 
SOX  magnification  resulted  in  rejected  bulbs  for  presence  of  scratches, 
open  bubbles,  chips  and  stones.  Physical  limits  for  inside  and  outside 
diameters  as  well  as  wall  thickness  were  causes  for  additional  rejects. 
Only  one  per  cent  of  the  commercial  bulbs  were  found  acceptable,  and 
these  were  also  stored  in  a  sealed  plastic  envelope. 

The  final  major  assembly  operation  consisted  of  sealing  the  glass  bulb 
to  the  stem  which  had  had  the  crystal  sub-assembly  welded  to  the  nickel 
wires.  The  techniques  for  "sealing  in"  used  in  quartz  crystal  or  electron 
tube  manufacture  were  unsuited.  Two  important  factors  in  this  crystal 
unit,  which  required  the  development  of  new  processes,  were  the  prox- 
imity of  soft  soldered  connections  to  the  sealing  fires  and  the  demands 
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that  the  glass  seal  contain  a  minimum  of  residual  tensile  stress.  These 
two  problems  were  resolved  collectively  by  performing  the  sealing  opera- 
tion on  a  single  spindle  glass  sealing  machine.  Accurate  positioning  of 
the  glassware  and  sealing  fires,  together  with  precise  timing  and  tem- 
perature controls,  achieved  the  desired  results. 

Evaluation  of  residual  stresses  were  made  by  inspections  using  a 
polarimeter  and  by  a  thermal  shock  test.  The  maximum  safe  stress  was 
established  at  1 .74  KG/mm^.  The  thermal  shock  test  required  successive 
immersion  of  the  unit  in  boiling  water  and  ice  water.  The  electrical  char- 
acteristics of  these  units  exceeded  all  others  made  previously  by  Western 
Electric.  The  ratio  of  reactance  to  effective  resistance  ("Q")  was  greater 
than  175,000  —  twice  that  ever  previously  produced  and  17  times  that 
required  in  the  average  filter  crystal. 

Stabilit}^  for  frequency  and  resistance  was  assured  by  a  28-day  aging 
test.  During  this  period,  precise  daily  resonant  frequency  and  resistance 
measurements  were  recorded  against  temperature  within  0.1°  C.  The 
maximum  permissible  change  was  0.0005  per  cent  in  frequency  and  -f5 
per  cent  to  — 10  per  cent  in  resistance. 

GLASS   SEALS   MANUFACTURED   AT   ALLENTOWN 

The  glass  seal  used  to  close  each  end  of  the  container  for  the  repeaters 
and  equalizers  is  manufactured  at  the  Allentown  Works  of  the  Western 
Electric  Gompany. 

The  unit  is  essentially  a  glass  bead-type  seal.  It  insulates  the  central 
conductor  of  the  repeater  from  the  container  and  serves  as  a  final  vapor 
barrier  between  the  cable  and  the  interior  of  the  repeater.  As  such,  it 
backs  up  several  other  rubber  and  plastic  barriers  as  shown  in  Fig.  3. 

Fig.  4  shows  the  various  components,  subassemblies,  and  a  cross-sec- 
tion of  the  unit.  The  unit  consists  of  the  basic  seal  brazed  in  the  Kovar 
outer  shell,  to  which  is  brazed  a  copper  extension  provided  with  two 
brazing-ring  grooves.  One  of  these  grooves  is  used  in  brazing  the  seal, 
along  with  support  members,  into  a  length  of  container  tubing  in  the 
same  manner  as  the  seal  is  ultimately  brazed  into  the  repeater.  Packaging 
of  the  seal  in  this  manner  was  necessary  to  pressure  test  the  seal.  Under 
test,  in  a  specially  constructed  chamber  10,000  psi  of  helium  gas  pressure 
was  applied  to  the  external  areas  of  the  packaged  glass  seal  and  a  mass 
spectrometer  type  leak  detector  was  connected  through  the  tubulation 
to  the  internal  cavity  of  the  packaged  unit.  In  this  manner,  the  interface 
of  the  glass  to  metal  seal,  the  brazed  joints,  and  the  porosity  of  the  metal 
were  checked  for  leakage.  The  unit  is  left  in  this  package  for  delivery 
to  provide  protection  during  shipment.  Before  the  seal  could  be  used. 
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it  was  machined  from  the  package  by  cutting  the  copper  extension  to 
length,  leaving  the  second  groove  for  use  in  brazing  the  seal  to  the  re- 
peater and  removing  the  container  tubing  and  the  support  members. 

The  basic  seal  consists  of  the  cup,  central  conductor  and  glass.  The 
cup  (smaller  cylindrical  item  in  the  upper  lefthand  corner  of  Fig.  4) 
was  machined  from  Kovar  rod.  The  wall  of  the  cup  is  tapered  from  a 
thickness  of  0.025  inch  at  the  base  to  0.002  inch  at  the  lip.  The  last  O.OOG 
inch  of  the  lip  is  further  tapered  from  this  0.002  inch  to  a  razor  edge. 
The  internal  surface  is  better  than  a  63-micro-inch  turned  finish  and 
was  also  liquid  honed  to  give  it  a  uniform  matte  finish.  The  central  con- 
ductor (slim  piece  in  the  upper  right-hand  corner  of  Fig.  4)  was  also 
machined  from  Kovar  rod.  Both  the  cup  and  central  conductor  were 
further  processed  by  pickling,  hypersonically  cleaning  in  deionized  water, 
and  decarburizing.  The  glass,  a  borosilicate  type  of  optical  quality,  was 
cut  from  heavy  walled  tubing.  The  glass  tubing  was  hand  polished, 
lapped  and  etched  to  remove  surface  scratches,  and  to  arrive  at  the  spe- 
cified weight.  It  was  also  fire  polished  and  hypersonically  cleaned  to 
remove  all  traces  of  surface  imperfections  and  to  assure  maximum  clean- 
liness. 

In  order  to  make  the  basic  glass  seal,  the  metal  parts  had  to  be  oxidized 
under  precisely  controlled  conditions.  For  the  oxidizing  operation,  a 
suitable  fixture  was  loaded  with  brazed  shell-cup  assemblies,  central 
conductor  assemblies,  and  a  Kovar  disc,  which  had  been  prepared  in 
precisely  the  same  manner  as  the  cups  and  central  conductors.  The 
disc  was  carefully  weighed  before  and  after  oxidizing  and  the  increase  in 
weight  divided  by  the  area  involved  yields  the  weight  gain  due  to  oxida- 
tion for  each  run.  Limits  of  1.5  to  2.5  milligrams  per  square  inch  of  oxide 
were  set.  This  operation  was  performed  by  placing  the  loaded,  sealed 
retort,  through  which  passed  a  metered  flow  of  dried  air,  into  a  furnace 
for  a  specified  time-temperature  cycle. 

In  the  glassing  operation  the  oxidized  shell  assembly,  the  carbon  mold 
and  the  central  conductor  were  placed  in  a  fixture  and  held  in  the  proper 
relationship.  The  carbon  mold  served  to  support  the  glass,  while  it  was 
being  melted,  in  that  section  between  the  cup  and  central  conductor 
where  the  glass  was  normally  unsupported.  The  prepared  cut  glass  tubing 
was  loaded  into  the  Kovar  cup  and  the  fixture  was  sealed  into  the  retort. 
During  the  glassing  cycle,  a  constant  flow  of  nitrogen  passed  through 
the  retort  to  provide  an  atmosphere  Avhich  minimized  any  reduction  or 
further  oxidation  of  the  already  carefully  oxidized  parts.  After  the  proper 
purging  period,  the  retort  was  placed  in  the  furnace.  In  the  furnace,  the 
glass  melted  and  formed  a  bond  with  the  oxidized  Kovar  of  the  cup  and 
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central  conductor  to  form  the  seal.  After  the  specified  temperature-time 
cycle,  the  retort  was  removed  from  the  furnace,  allowed  to  partially 
cool  and  then  placed  into  an  annealing  oven. 

Vertical  furnaces  and  retorts  were  used  for  brazing,  decarburizing, 
oxidizing  and  glassing.  By  varying  the  type  of  gases  flowing  into  the 
retorts,  atmospheres  which  are  reducing,  oxidizing,  or  neutral  were  ob- 
tained. To  provide  maximum  uniformity  of  process,  separate  retorts 
and  holding  fixtures  were  provided  for  operations  involving  hydrogen 
and  for  air-nitrogen  operations,  so  that  a  retort  or  a  fixture  used  for 
hydrogen  treatments  was  never  used  for  oxidizing  or  glassing. 

PILOT   AND    REGULAR   PRODUCTION 

We  called  our  first  efforts  Practice  Parts  and  Training;  the  next  we 
called  Pilot  Production.  Next,  certain  items  identified  as  Trial  Laying 
Repeaters  and  Oscillators  were  manufactured  for  use  in  "proving  in" 
the  ship  laying  gear.  To  prove  in  manufacturing  facilities,  a  few  un- 
equipped housings  were  made  without  the  usual  electrical  components 
normally  in  a  repeater.  Similarly,  each  of  the  apparatus  components 
and  parts  required  exploratory  and  pilot  effort  before  regular  production 
could  be  undertaken. 

As  might  be  expected,  the  manufacturing  yield  of  components  meeting 
all  requirements  was  very  low  during  the  early  stages  of  the  undertaking. 
However,  substantial  improvement  was  brought  about  as  experience 
was  gained.  Comments  on  some  of  the  production  problems,  highlights, 
and  yield  results,  follow. 

Paper  Capacitors  were  manufactured  only  after  painstaking  qualifying 
trials  and  tests  had  been  performed  on  each  individual  roll  of  paper. 
Cycling  and  life  testing,  procurement  of  acceptable  ceramic  parts  and 
gold-plated  tape  and  cans,  selection  and  matching  of  rolls  of  paper  for 
winding  characteristics,  and  similar  problems,  all  had  to  be  completely 
resolved  to  a  point  of  refinement  previously  unattempted  for  telephone 
apparatus. 

Composite  percentage  yield  for  all  operations  on  paper  capacitors  is 
shown  in  Fig.  5.  Yield  is  shown  as  the  ratio  of  finished  units  of  acceptable 
quality  to  the  number  of  units  started  in  manufacture. 

Mica  Capacitors  were  made  from  only  the  most  meticulously  selected 
laminations,  as  mentioned  earlier.  Even  the  best  mica  is  particularly 
susceptible  to  damage  in  processing.  In  spite  of  experience  and  knowl- 
edge of  this,  the  multiple  handling  of  the  laminations  contributed  an 
unusually  high  material  shrinkage  as  each  separate  lamination  needed 
to  be  cleaned,  then  handled  individually  many  times  through  the  proc- 
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Fig.  5  —  Paper  capacitor  yield. 


esses.  The  art  of  silk  screening  was  applied  to  deposit  silver  paste  in  a 
specific  area  or  areas  on  each  side  of  a  lamination.  A  sharply  defined 
rectangular  area  was  required  so  that  when  superimposed  one  over  an- 
other the  desired  capacitance  would  be  obtained.  Cementing  of  mica 
laminations  onto  machined  methacrylate  forms  presented  some  addi- 
tional problems  through  the  bowing  of  the  mica  laminations  as  the  ce- 
ment cured.  Obtaining  screens  that  would  give  the  proper  length  and 
width  dimensions  for  the  coated  area,  was  another  problem.  A  silk  screen 
woven  of  strands  of  silk  obviously  limits,  by  the  diameter  of  the  threads, 
the  extent  to  which  the  dimensions  of  an  opening  may  be  increased  or 
decreased.  Beryllium  copper  U-shaped  terminals  were  used  to  clamp 
the  layers  of  mica  together  into  a  stack.  Control  of  the  pressure  used  in 
crimping  these  terminals  was  found  to  be  very  critical  in  view  of  the 
exceptionally  tight  limits  on  capacitance  and  stability.  Fig.  6  shows  the 
composite  yield  at  various  times  for  all  mica  capacitors. 

Resistors.  There  were  three  designs  of  ceramic  resistors,  which  were 
resistance-wire  wound  on  ceramic  spools.  These  were  intended  to  be 
assembled  into  the  hole  inside  the  core  tube  on  which  the  paper  capaci- 
tors were  wound.  Special  winding  machines  equipped  with  binocular 
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Fig.  6  —  Mica  capacitor  yield. 


attachments  were  necessary  to  wind  these  resistors.  Other  resistors  were 
hand  wound  on  methyl-methacrylate  forms,  or  on  the  outside  of  the 
ceramic  containers,  for  certain  types  of  paper  capacitors.  Rough  adjust- 
ments were  required  of  the  lengths  of  resistance  wire  prior  to  winding, 
and  close  adjustments  to  resistance  values  were  made  after  the  windings 
were  completed  and  before  leads  were  attached  to  resistors.  Again  it  was 
necessary  to  provide  periodic  samples  that  could  be  placed  on  life  test 
by  the  Laboratories  to  ascertain  that  the  manufacturing  processes  were 
under  control.  These  samples,  in  all  possible  cases,  were  taken  from  prod- 
uct that  would  normally  be  rejected  because  of  some  minor  defect,  but 
which  would  not  in  any  way  detract  from  the  validity  of  the  life  tests. 
The  making  of  hard  solder  splices  between  nichrome  resistance  wire 
and  gold-plated  copper  leads,  and  keeping  ceramic  parts  from  coming 
in  contact  with  metal  surfaces  and  thereby  being  contaminated  because 
of  the  ceramic's  abrasive  characteristics,  were  two  major  problems  on 
resistors.  Fig.  7  indicates  resistor  jdelds. 

Inductors  comprised  20  different  designs,  most  of  which  were  air  core, 
but  there  were  some  for  which  it  was  necessary  to  cement  permalloy 
dust  cores  into  pockets  of  the  methacrylate  form,  and  thereafter  using 
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Fig.  7  —  Resistor  yield. 

wire  on  a  shuttle,  wind  by  hand  the  turns  required  to  produce  an  in- 
ductor. These  varied  from  a  very  small  inductor,  smaller  in  diameter 
than  a  pencil,  to  a  fairly  large  "figure  eight"  inductor  with  turns  having 
a  major  diameter  of  about  Ij  inches.  Each  layer  of  a  winding  was  in- 
spected with  a  microscope  to  insure  that  the  wire  had  not  been  twisted 
or  kinked,  or  that  the  insulation  was  damaged  or  uneven.  Some  of  the 
shuttles  became  fairly  long  so  that  they  could  hold  the  amount  of  wire 
required  to  make  a  continuous  winding.  The  operator's  handling  of  this 
shuttle,  as  she  moved  it  down  around  the  openings  in  the  methacrylate 
part,  or  placed  it  on  a  bench  to  proceed  with  the  interleaving  tape,  de- 
manded considerable  dexterity  and  concentration  to  insure  that  the 
shuttle  was  not  turned  over  —  which  in  effect  would  put  a  twist  in  the 
wire.  Although  best  known  means  were  used  to  sort  cores  for  their  mag- 
netic properties  prior  to  the  time  a  winding  was  made,  the  limits  on  the 
inductors  themselves  were  so  close  that  subsequently  a  large  number  of 
windings  were  lost.  The  best  cores  that  could  be  selected,  plus  the  best 
winding  practice,  could  not  produce  100  per  cent  of  the  inductors  within 
the  required  limits.  Crazing  of  the  insulation  on  the  wire;  cementing 
together  of  two  methacrylate  parts  or  of  permalloy  cores  into  pockets  of 
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Fig.  8  —  Inductor  yield. 


methaciylate  parts,  and  handling  those  inductors  having  long  delicate 
leads,  were  the  most  troublesome  items  on  this  apparatus.  Fig.  8  shows 
manufacturing  yield  for  inductors. 

Networks  combined  several  codes  of  component  apparatus,  such  as 
a  mica  and  a  paper  capacitor,  resistor  and  an  inductor.  Six  networks 
were  used  in  each  repeater  unit  consisting  of  two  interstage  networks, 
an  input,  an  output,  and  two  beta  networks.  They  demanded  a  most 
delicate  wiring  job  in  that  stranded  gold-plated  copper  wires  had  to  be 
joined  in  a  small  pocket  in  methyl  methacrylate,  where  a  minimum 
amount  of  heat  can  be  applied;  otherwise  the  methacrylate  is  affected. 
After  soldering,  a  minimum  amount  of  movement  of  the  stranded  wire 
was  permitted,  inasmuch  as  the  soldered  gold-plated  copper  wire  be- 
comes quite  brittle. 

Repeater  Units,  are  wired  assemblies  consisting  of  seventeen  sections 
in  which  there  are  six  networks,  three  electron  tubes,  one  gas  tube,  one 
crystal,  three  high  voltage  capacitors,  one  dessicator  and  two  terminal 
sections.  The  successive  build-up  of  these  materials  left  little  chance  to 
make  a  repair  because  a  splice  in  a  lead  was  not  permissible.  It  is  during 
this  assembly  stage  that  a  repeater  received  its  individual  identitj^  be- 


130  THE   BELL  SYSTEM  TECHNICAL  JOURNAL,   JANUARY    1957 

cause  of  the  frequency  of  the  particular  crystal  assembled  into  the  unit. 
A  manufacturing  yield  of  100  per  cent  was  achieved  in  the  assembly  and 
wiring  of  repeater  units. 

It  was  necessary  to  calibrate  the  test  equipment  for  this  job  very 
closel3^  Bell  Telephone  Laboratories  and  Western  Electric  worked  at 
length  to  calibrate  the  testing  details  and  the  test  sets  for  individual  net- 
works. Adjustments  in  components  apparatus  to  bring  the  network  to 
the  fine  tolerances  required  were  accomplished  by  minute  scraping  of 
the  silvered  mica  on  a  mica  capacitor  or  removing  turns  from  wire- 
wound  inductors.  The  cementing  of  methacrylate  parts,  which  was  a 
troublesome  item  on  mica  capacitors  and  inductors,  also  had  to  be  con- 
tended with  on  networks. 

PACKING   AND    SHIPPING   COORDINATION 

Repeaters  were  packed  in  Western  Electric  specially  designed  34-foot 
long  aluminum  containers,  weighing  1,000  pounds.  Forty  of  these  con- 
tainers were  made  by  an  outside  firm.  Fig.  9  shows  two  containers  tied 
down  in  a  truck  trailer.  The  repeaters  were  nested  in  a  pocket  of  polj^- 
ethylene  bags  containing  shaped  rubberized  hair  sections  in  order  to 
cushion  the  repeaters  during  their  subsequent  handhng  and  transporta- 
tion. The  instrumentation  required  with  each  case  was  tested,  properly 
set,  and  inspected  prior  to  its  use  on  each  outgoing  case.  The  instruments 
were  a  shock  recorder  to  register  shocks  in  three  planes,  and  a  thermome- 
ter to  register  the  minimum  and  maximum  temperatures  to  which  the 
repeater  had  been  exposed.  Arrangements  were  made  with  a  commercial 
trucking  company  to  provide  three  specially  equipped  truck  trailers, 
which  could  be  cooled  by  dry  ice  during  hot  weather  and  warmed  by 
burning  bottled  gas  during  cold  weather  so  as  to  control  temperature 
within  the  20-degree  F.  to  120-degree  F.  called  for  in  the  repeater  spe- 
cification. 

Appointment  of  a  shipping  coordinator  supervisor  added  tremendously 
to  the  smooth  functioning  of  services  and  provided  the  continuing  vigi- 
lance required  to  protect  repeaters  and  deliver  them  to  the  right  place 
at  the  right  time.  His  responsibility  was  to  coordinate  all  the  shipping 
information  and  arrangements  from  the  time  the  item  was  ready  for 
packing  at  the  Hillside  plant,  through  all  trucking  arrangements  to  the 
armoring  factory,  to  the  airport,  to  England,  and  to  follow,  with  sta- 
tistical data  and  reports,  each  enclosure  until  we  were  able  to  record 
the  date  on  which  the  repeater  was  laid  or  stored  in  a  depot. 
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Fig.  9  —  Shipping  containers. 


INSPECTION    PLAN   AND    PROCEDURES 


Ge7ieral 

It  is  axiomatic  that  quality  is  not  obtained  by  inspection  but  must  be 
built  into  the  product.  However,  the  Inspection  Organization  does  have 
the  responsibility  of  certifying  that  the  desired  quality  exists.  Our  eval- 
uation indicated  that  the  ordinary  inspection  "screening"  would  be 
inadequate  to  insure  the  high  degree  of  integrity  demanded  and  that 
additional  safeguards  would  have  to  be  provided.  These  controls  were 
achieved,  in  a  practical  way,  by: 

(1)  Selective  placement,  intensive  training  and  subsequent  qualifica- 
tion testing  of  all  personnel. 

(2)  Inspection  during  manufacturing  operations  in  addition  to  in- 
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spection  of  product  after  completion,  and  regulating  inspection  so  that 
critical  characteristics  received  repetitive  examination  during  the  process 
of  manufacture  and  assembly. 

(3)  A  maintenance  program  for  inspection  and  testing  facilities  which 
provided  checks  at  considerably  shorter  intervals  than  is  considered 
normal. 

(4)  Inspection  and  operating  records  and  reports  that  point  out  areas 
for  corrective  measures. 

(5)  Records  of  quality  accuracy  for  all  inspection  personnel  as  an  aid 
in  maintaining  the  high  quality  level. 

(6)  Verification  of  all  data  covering  process  and  final  inspection  as  a 
certification  of  the  accuracy  of  these  data  and  that  the  apparatus  satis- 
factorily meets  all  requirements. 

Selection  and  Training  of  Inspection  Personnel 

The  quality  of  a  product  naturally  depends  upon  the  skills,  attitude, 
and  integrity  of  the  personnel  making  and  inspecting  it.  It  was  realized 
that  in  order  to  develop  the  high  degree  of  efficiency  in  the  inspection 
organization  necessary  to  insure  the  integrity  of  the  product,  personnel 
of  very  high  caliber  would  be  required.  These  employees  would  have  to 
be  (1)  experienced  in  similar  or  comparable  work,  (2)  they  would  have 
to  be  precise,  accurate  and,  above  all,  dependable,  (3)  in  order  to  reduce 
the  possibility  of  contamination  and  damage  they  would  have  to  be  neat 
and  careful,  and  (4)  they  w^ould  require  the  ability  to  work  in  harmony 
with  other  employees,  often  as  a  member  of  a  "team,"  in  an  environ- 
ment where  their  work  would  be  under  constant  scrutiny. 

Most  of  the  inspection  employees  selected  to  work  at  Hillside  were 
transferred  from  the  Kearny  Plant  and  had  an  average  Western  Electric 
service  of  twelve  years.  They  were  hand-picked  for  the  attributes  out- 
lined above,  and  the  "screening"  was  performed  by  supervision  through 
personal  interviews  supplemented  by  occupational  tests  given  by  the 
personnel  department.  These  tests,  which  are  in  general  use,  are  designed 
to  evaluate  background  and  pl^sical  characteristics,  and  they  were 
given  regardless  of  whether  the  emploj^ee  had  or  had  not  previously 
taken  them. 

The  following  group  of  tests  is  an  example  of  those  given  inspectors 
and  testers  of  apparatus  components: 

(1)  Electrical  —  ac-dc  theory  and  application. 

(2)  Ortho-Rater  —  Eye  test  for  phoria,  acuity,  depth,  and  color. 

(3)  Finger  Dexterity  —  Ability  and  ease  of  handling  small  parts. 
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(4)  Special  —  Legibility  of  handwriting,  ability  to  transcribe  data 
and  to  use  algebraic  formulae  in  data  computations. 

Inspection  Plan 

The  general  plan  of  visual  and  mechanical  inspection  consisted  of: 

(1)  Inspection  of  every  operation  performed — ^  and  in  many  cases 
partial  operations  —  during  the  course  of  manufacture.  This  is  of  par- 
ticular importance  where  the  quality  characteristics  are  hidden  or  inac- 
cessible after  completion  of  the  operation. 

(2)  Repeated  inspection  at  subsequent  points  for  omissions,  damage 
and  contamination. 

(3)  Rejection  of  product  at  any  point  where  there  was  failure  to  ob- 
tain inspection  or  where  the  results  of  such  inspection  had  not  been 
recorded. 

Most  of  the  visual  inspection  was  performed  at  the  operators'  posi- 
tions to  reduce,  to  a  minimum,  the  amount  of  handling  that  could  result 
in  damage  and  contamination. 

Visual  inspection  covered  three  general  categories: 

(1)  Inspection  of  work  after  some  or  all  operations  had  been  com- 
pleted, such  as  the  machining  of  parts. 

(2)  Inspection  at  those  points  where  successive  operations  would  co^•er 
up  the  work  already  performed.  An  example  of  this  is  the  hand  winding 
of  toroidal  inductors  where  each  layer  of  wire  was  examined  under  a  mi- 
croscope for  such  defects  as  twists,  cracks,  and  crazes  in  enamel  insula- 
tion, spacing  and  overlapping  of  turns,  and  contamination  before  the  op- 
erator was  allowed  to  proceed  with  another  layer.  While  being  inspected, 
the  work  remained  in  the  holding  fixture,  which  was  hinged  in  such  a  man- 
ner as  to  permit  inspection  of  both  top  and  bottom  of  the  coil.  Inductors 
received  an  average  of  13  and  a  maximum  of  26  visual  inspections  during 
winding. 

(3)  Continuous  "over-the-shoulder"  inspection,  where  strict  adher- 
ence to  a  process  was  required  or  where  it  was  impossible  to  determine, 
by  subseciuent  inspection,  whether  or  not  specific  operations  had  been 
performed.  In  these  cases,  the  inspector  checked  the  setup  and  facilities, 
observed  to  see  that  the  manufacturing  layouts  were  being  followed, 
that  the  operations  were  being  performed  satisfactorily,  and  that  spe- 
cifications were  being  met. 

ELECTRICAL   TESTING 

The  electrical  testing,  in  itself,  was  not  unusual  for  carrier  apparatus 
and  runs  the  gamut  from  dc  resistance  through  capacitance,  inductance, 
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and  effective  resistance,  to  transmission  characteristics  in  the  frequency 
band  20-174  kc.  What  was  unusual  were  the  extremely  narrow  limits 
imposed  and  the  number  and  variety  of  tests  involved  as  compared  to 
those  usually  specified  for  commercial  counterparts. 

The  following  two  examples  will  serve  to  illustrate  the  extreme  meas- 
ures taken  to  prove  the  integrity  of  the  product: 

(A)  One  type  of  Resistor  was  wound  with  No.  46  mandrelated  nichrome 
wire  to  a  value  of  100,000  ohms  plus  or  minus  0.3  per  cent.  This  resistor 
received  six  checks  for  dc  resistance,  five  for  instantaneous  stability  of 
resistance  and  two  for  distributed  capacitance,  at  various  steps  in  the 
process  which  included  six  days'  temperature  cycling  for  mechanical 
stabilization.  This  resistor  was  considered  satisfactory,  after  final  anal- 
ysis of  the  test  results,  if:  (a)  The  difference  in  any  two  of  the  six  resist- 
ance readings  did  not  exceed  0.25  per  cent,  (b)  The  change  in  resistance 
during  cycling  was  not  greater  than  0.02  per  cent,  (c)  The  "instantaneous 
stability"  (maximum  change  during  30  seconds)  did  not  vary  more  than 
0.01  per  cent.  In  addition,  it  was  required  that  the  distributed  capaci- 
tance, minimum  7,  maximum  10  mmf,  should  not  differ  from  any  other 
resistor  by  more  than  2  mmf. 

(B)  For  high  voltage  paper  capacitors,  the  0.004-inch  thick  Kraft 
paper,  which  constitutes  the  dielectric,  was  selected  from  the  most 
promising  mill  lots  which  the  manufacturers  had  to  offer.  This  selection 
was  based  on  the  results  obtained  from  tests  that  involve  examination 
for  porosity,  conducting  material  and  conductivity  of  water  extractions. 
These  tests  were  followed  by  the  winding  and  impregnation  in  Halowax 
of  test  capacitors.  The  test  capacitors  were  then  subjected  to  a  direct 
voltage  endurance  test  at  266  degrees  F  for  24  hours. 

Samples  of  prospective  lots  of  paper,  which  have  passed  the  above 
test,  were  then  used  to  wind  another  group  of  test  capacitors  that  were 
subsequently  impregnated  with  Aroclor  and  sealed.  1,500-volt  dc  was 
then  applied  to  the  capacitors  at  203°  F  for  500  hours.  In  case  of  failure, 
a  second  sampling  was  permitted. 

After  the  foregoing  tests  had  been  passed,  the  supplier  providing  the 
particular  mill  lot  was  authorized  to  slit  the  paper.  Upon  receipt,  six 
special  capacitors  were  wound,  using  a  group  of  six  rolls  of  the  paper 
being  qualified.  These  capacitors  were  then  impregnated,  checked  for 
dielectric  strength  at  3,000-volt  dc,  and  measured  for  capacitance  and 
insulation  resistance.  The  capacitors  were  then  given  an  accelerated  life 
test  at  2,000-volt  dc,  temperature  150°  F,  for  25  days.  Each  lot  of  six 
satisfactory  test  capacitors  qualified  six  rolls  of  paper  for  use. 

Product  capacitors  were  then  wound  from  approved  paper,  and  the 
dry  units  checked  for  dielectric  strength  at  300-volt  dc.  Capacitance 
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was  checked  and  units  were  then  assembled  into  cans  and  ceramic  covers 
soldered  in  place.  Assemblies  were  pressurized  with  air,  through  a  hole 
provided  for  the  purpose,  while  the  assembly  was  immersed  in  hot  water 
to  determine  if  leaks  were  present.  Capacitors  were  then  baked,  vacuum 
dried,  impregnated,  pressurized  with  nitrogen,  and  sealed  off.  The  com- 
pletely sealed  units  were  then  placed  in  a  vacuum  chamber  at  a  tem- 
perature of  150°  F,  2  mm.  mercury,  for  3  hours  to  check  for  oil  leaks. 
Capacitance  was  rechecked  and  insulation  resistance  measured. 

After  seven  days,  capacitors  were  unsealed  to  replenish  the  nitrogen 
that  had  been  absorbed  by  the  oil,  resealed  and  again  vacuum  leak  tested. 
An  X-ray  examination  was  then  made  of  each  individual  unit  to  verify 
internal  mechanical  conditions.  Capacitors  were  then  placed  in  a  tem- 
perature chamber  and  given  the  following  treatment  for  one  cycle : 

16  hours  at  150°F;  8  hours  at  75°F;  16  hours  at  0°F;  8  hours  at  75°F. 

At  the  end  of  ten  days,  or  5  cycles,  the  insulation  resistance  and  con- 
ductance was  measured  and  a  norm  established  for  capacitance. 

Capacitors  were  then  recycled  for  ten  days,  and,  if  the  capacitance 
had  not  changed  more  than  0.1  per  cent,  they  were  satisfactory  to  place 
on  production  life  test.  If  the  foregoing  conditions  had  not  been  met, 
the  capacitors  were  recycled  for  periods  of  ten  days  until  stabilized. 

At  that  time,  10  per  cent  of  the  capacitors  in  every  production  lot 
were  placed  on  "Sampling  Life  Test",  which  consisted  of  applying  4,000- 
volt  dc  in  a  temperature  of  150°F  for  25  days.  At  the  same  time,  the 
balance  of  the  capacitors  in  the  lot  were  placed  on  production  life  test 
at  3,000-volt  dc  in  a  temperature  of  42°F  for  26  weeks.  At  the  end  of 
this  time,  the  insulation  resistance  was  measured  and  the  capacitance 
checked  at  75°F  and  at  39°F.  The  difference  in  capacitance  at  the  two 
temperatures  could  not  exceed  -|-0.001,  —0.005  mf,  and  the  total  ca- 
pacitance could  not  exceed  maximum  0.3726,  minimum  0.3674  mf.  The 
capacitance  from  start  to  finish  of  the  life  test  could  not  have  changed 
more  than  plus  or  minus  0.1  per  cent. 

If  all  of  the  preceding  requirements  had  been  satisfied,  the  particular 
lot  of  capacitors  described  was  considered  satisfactory  for  use. 

The  foregoing  examples  are  typical  of  the  procedures  evolved  for 
insuring,  to  the  greatest  degree  possible,  the  long,  trouble-free  life  of  all 
apparatus  used  in  the  repeater. 

Radioisotope  Test 

There  were  many  new  and  involved  tests  which  were  developed  and 
applied  to  the  manufacture  of  repeaters.  One  of  the  most  unique  is  the 
use  of  a  radioisotope  for  the  detection  of  leaks  under  hydraulic  pressure. 
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Tlie  initial  closure  operatiuiis  consisted  of  brazing  into  each  end  of 
the  repeater  housing  a  Kovar-to-glass  seal.  These  seals  are  equipped 
with  small  diameter  nickel  tubulations  which  were  used  to  flush  and 
pressurize  the  repeaters  with  nitrogen.  After  these  operations  had  been 
performed,  one  of  the  tubulations  was  pinch  welded,  overb  razed  and 
coiled  down  into  the  seal  cavity.  The  repeater  was  then  placed  in  a  pres- 
sure cylinder  with  the  open  tubulation  extending  through  and  sealed  to 
the  test  cylinder.  A  mass  spectrometer  was  then  attached  to  the  tubula- 
tion and  the  test  cylinder  pressurized  with  helium  at  10,000  psi.  At  the 
conclusion  of  this  test  the  repeater  was  removed  from  the  test  cylinder 
and,  after  breaking  the  desiccator  diaphragm,  the  remaining  open  tubu- 
lation was  pinchwelded  and  overbrazed.  At  this  point,  it  became  neces- 
sary to  determine  whether  the  final  pinchweld  and  overbrazing  would 
leak  under  pressure. 

Since  there  was  no  longer  any  means  of  access  to  the  inside  of  the 
repeater,  all  testing  had  to  be  done  from  the  outside.  This  was  accom- 
plished by  filling  the  glass  seal  with  a  solution  of  radioisotope  cesium 
134,  which  was  retained  by  a  fixture.  The  repeater  was  then  placed  in  a 
test  cylinder  and  hydraulic  pressure  applied,  which  was  transmitted  to 
the  radioisotope  in  the  fixture.  After  60  hours  under  pressure,  the  re- 
peater was  removed  from  the  cylinder  and  the  seal  drained  and  washed. 
An  examination  was  then  made  Avith  a  Geiger  counter  to  determine  if 
any  of  the  isotope  had  entered  the  final  weld. 

The  washing  procedure,  after  application  of  the  isotope  solution,  in- 
volved some  sixty  operations  with  precise  timing.  In  the  case  of  the  re- 
peater at  the  rubber  seal  stage  where  both  ends  were  tested,  it  was 
desirable  that  these  operations  be  performed  concurrently.  This  was 
accomplished  by  recording  the  entire  process  on  magnetic  tape  which, 
when  played  back,  furnished  detailed  instructions  and  exact  timing. 

RAW   MATERIAL   INSPECTION 

As  might  be  expected,  raw  materials  used  in  the  project  were  very 
carefully  examined  and  nothing  left  to  chance.  Every  individual  bar, 
rod,  sheet,  tube,  bottle  or  can  of  materials  was  given  a  serial  number  and 
a  sample  taken  from  each  and  similarly  identified.  Each  sample  was 
then  given  a  complete  chemical  and  physical  analysis  before  each  corre- 
sponding piece  of  material  was  certified  and  released  for  processing.  In 
many  cases,  the  cost  of  inspection  far  exceeded  the  cost  of  the  material. 
However,  the  discrepancies  revealed  and  the  assurance  provided,  more 
than  justify  the  expense. 

Detailed  records  of  all  raw  material  inspection  were  compiled  and 
furnished  to  the  responsible  raw  material  engineer  who  examined  them, 
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critically,  as  an  additional  precaution  before  the  material  was  released 
to  the  shop. 

INSPECTION    RECORDS 

To  eliminate,  as  much  as  possible,  the  human  element  in  providing 
assurance  that  all  prescribed  operations  had  been  performed  satisfac- 
torily, inspected  properly  and  the  results  recorded,  means  were  estab- 
lished to  compile  a  complete  history  of  the  product  concurrent  with 
manufacture.  This  was  accomplished  through  the  provision  of  permanent 
data  books  of  semilooseleaf  design,  which  require  a  special  machine  for 
removing  or  inserting  pages. 

Each  of  these  books  covered  a  portion  of  the  work  involved  in  pro- 
ducing a  piece  of  apparatus  and  contained  a  sequential  list  of  pertinent 
operations  and  requirements  prescribed  in  the  manufacturing  process 
specifications.  Space  was  provided,  adjacent  to  the  recorded  information, 
for  both  the  operator  and  inspector  to  affix  their  initials  and  the  data. 
A  reference  page  in  the  front  of  each  book  identified  the  initials  with 
the  employees'  names.  All  apparatus  was  serially  numbered  and  the 
data  were  identified  accordingly.  If  a  unit  was  rejected,  that  serial  num- 
ber was  not  reused. 

These  data  books,  in  addition  to  establishing  a  complete  record  of 
manufacture,  provided  a  definite  psychological  advantage  in  that  people 
were  naturally  more  attentive  to  their  work  when  required  to  sign  for 
responsibility. 

QUALITY   ACCURACY 

As  pointed  out  previously,  every  precaution  was  exercised  in  selecting 
and  training  inspection  personnel  assigned  to  the  project.  However,  it 
was  realized  at  the  outset  that  human  beings  are  not  infallible  and  that 
insurance,  to  the  greatest  degree  possible,  would  have  to  be  provided 
against  the  probability  of  errors  in  observation  and  jugment.  Quality 
accuracy  evaluation  procedures  were,  therefore,  established  for  deter- 
mining the  accuracy  of  each  inspector's  performance. 

Quality  accuracy  checking  was  performed  by  a  staff  of  five  Inspection 
Representatives  and  in^'olved  an  examination  of  the  work  performed 
by  inspectors  to  determine  how  accurately  it  was  inspected.  Materials 
which  the  inspector  accepted  and  those  which  had  been  rejected  were 
both  examined. 

VERIFICATION   AND   SUMMARY   OF    DATA 

As  an  added  measure  of  assurance  as  to  the  integrity  of  the  product, 
procedures  were  established  for  verifying  and  summarizing  the  inspec- 
tion records  for  each  serially  numbered  component,  up  to  an  including 
complete  repeaters, 
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Verification  involved  a  complete  audit  of  the  inspection  records  to 
provide  assurance  that  all  process  operations  were  recorded  as  having 
been  performed  satisfactorily,  that  the  prescribed  inspections  had  been 
made,  and  that  the  recorded  results  indicated  that  the  product  met  all 
of  the  specified  requirements.  This  work  was  performed  by  a  group  of 
six  Inspection  Representatives  who  had  considerably  experience  in  all 
phases  of  inspection  and  inspection  records. 

As  the  verification  of  a  particular  piece  of  apparatus  proceeded,  a 
verification  report  was  prepared  which,  when  completed,  contained  the 
most  pertinent  inspection  data,  such  as: 

(1)  Recorded  measurements  of  electrical  parameters. 

(2)  Values  calculated  from  measurements  to  determine  conformance. 

(3)  Confirmation  that  all  process  and  inspection  operations  had  been 
verified. 

(4)  Identification  (code  numbers  and  serial  or  lot  numbers)  of  mate- 
rials and  components  entering  into  the  product  at  each  stage  of  manu- 
facture. 

The  verification  report  usually  listed  the  data  for  twenty  serial  num- 
bers of  a  particular  code  of  apparatus  along  with  the  specified  require- 
ments. Included,  also,  was  a  cross-reference  to  all  the  inspection  data 
books  involved  so  that  the  original  data  could  be  located  easily.  These 
verification  reports  were  prepared  for  all  apparatus  up  to  and  including 
the  finally  assembled  and  tested  repeaters. 

The  following  gives  an  indication  of  the  number  of  items  examined 
in  the  verification  of  one  complete  repeater: 

Items  verified  in  data  books 17 ,  593 

Items  verified  on  recorder  charts 1 ,  142 

Calculations  verified 1 ,  580 

20,315 
Number  of  entries  on  verification  reports 4 ,  070 

Verification  reports,  in  addition  to  presenting  the  pertinent  recorded 
data,  provided  a  "field"  of  twenty  sets  of  measurements  from  which  it 
was  easily  possible  to  spot  a  questionable  variation.  For  example,  it  was 
the  adopted  practice  on  this  project  to  examine,  critically,  any  charac- 
teristic of  a  piece  of  apparatus,  in  a  universe  of  twenty,  which  varied 
considerably  from  the  rest,  despite  the  fact  that  it  was  still  within  limits. 

While  the  number  of  cases  turned  up  in  the  verification  process  which 
have  resulted  in  rejection  of  product  are  relatively  few,  we  believe  that 
the  added  insurance  provided,  and  the  psychological  value  obtained, 
considerably  outweigh  the  cost. 


Power  Feed  Equipment  for  the 
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Precise  regulation  of  the  direct  current  which  provides  power  for  the 
undersea  repeaters  in  the  new  transatlantic  telephone  cable  is  necessary  to 
maintain  proper  transmission  levels  and  to  assure  maximum  repeater 
tube  life.  The  highest  possible  degree  of  protection  is  needed  against  excessive 
currents  and  voltages  under  a  wide  variety  of  possible  faidt  conditions. 
Furthermore,  to  minimize  the  dielectric  stresses,  a  double-ended  series-aiding 
power  feed  must  be  used  and  the  balance  of  these  applied  voltages  must  be 
maintained  in  spite  of  substantial  earth  potentials.  This  paper  describes  the 
design  features  which  were  employed  to  attain  these  objectives  simulta- 
neously, while  eliminating,  for  all  practical  purposes,  any  possibility  of 
even  a  brief  system  outage  due  to  power  failure. 

INTRODUCTION 

The  principal  objectives  in  the  power  plant  design  for  the  Trans- 
atlantic cable  system  were  as  follows: 

1.  To  stress  reliabilit}^  in  order  to  guarantee  continuous  dc  power  to 
the  electron  tubes  that  form  an  integral  part  of  the  submerged  repeaters. 
This  is  essential,  not  only  to  be  able  to  maintain  continuous  service, 
but  to  prevent  cooling  and  contraction  of  the  repeater  components, 
especially  the  tubes. 

2.  To  provide  close  dc  cable  current  control  to  ensure  constant 
cathode  temperature  and  regulated  plate  and  screen  potentials  for  the 
repeater  tubes.  These  operating  conditions  are  essential  both  for  ob- 
taining maximum  life  from  these  tubes  and  for  maintaining  constant 
transmission  level. 

3.  To  control  and  limit  the  applied  dc  cable  potentials  in  order  to 
minimize  the  dielectric  stresses.  The  life  of  certain  capacitors  in  the  re- 
peaters is  critically  dependent  upon  these  stresses.  Moreover,  momen- 
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tary  high  potentials  increase  the  chances  of  corona  formation  and  insu- 
lation breakdown . 

4.  To  protect  the  cable  repeaters  from  the  excessive  potentials  or  cur- 
rents to  which  they  might  be  subjected  after  an  accidental  open  or  short 
circuit  in  the  cable. 

5.  To  compensate  for  earth  potentials  up  to  1,000  volts,  of  either  po- 
larity, that  may  develop  between  the  grounds  at  Oban  and  Clarenville 
during  the  magnetic  storms  accompanying  the  appearance  of  sun  spots 
and  the  aurora  borealis. 

6.  To  provide  adequate  alarms  and  automatic  safety  features  to  en- 
sure safe  current  and  voltage  conditions  to  both  the  cable  and  the 
operating  personnel. 

DESIGN    REQUIREMENTS 

Reliable  Cable  Power 

The  first  basic  problem  of  design  was  to  select  a  reliable  source  of  dc 
power  for  energizing  the  cable  repeaters.  Although  a  string  of  batteries, 
on  continuous  charge,  is  perhaps  the  most  dependable  source  of  direct 
current,  such  an  arrangement  is  not  attractive  here.  A  complex  set  of 
high-potential  switches  would  be  required  for  removing  sections  of  bat- 
teries for  maintenance  and  replacement  purposes.  Protection  of  the 
repeater  tubes  from  damage  during  a  cable  short  circuit  would  be  dif- 
ficult. Facilities  to  accommodate  changing  earth  potentials  would  be 
cumbersome.  Furthermore,  the  problem  of  hazards  to  personnel  w^ould 
be  serious. 

The  use  of  commercial  ac  power  with  transformers  and  rectifiers  to 
convert  to  high  potential  dc  would  expose  the  cable  to  power  inter- 
rviptions  even  with  a  standby  diesel-driven  alternator,  because  of  the 
time  required  to  get  the  engine  started.  A  diesel  plant  could  be  operated 
on  a  continuous  basis,  but  this  prime  power  source  would  also  present  a 
considerable  failure  hazard  even  with  the  best  of  maintenance  care. 
The  two-motor  alternator  set,  used  so  successfully  in  the  Bell  System's 
type  "L"  carrier  telephone  system,  was  adopted  as  representing  the  most 
reliable  continuous  power  source  available.  This  set  normally  operates 
on  commercial  ac  power,  but  when  this  fails,  the  directly-coupled 
battery-operated  dc  motor  quickly  and  automatically  takes  over  the 
drive  from  the  induction  motor,  to  prevent  interruption  of  the  alter- 
nator output.  Here  the  storage  battery  is  still  the  foundation  for  con- 
tinuity, but  at  a  more  reasonable  voltage. 

As  described  later,  the  possibility  of  a  system  outage  resulting  from  fail- 
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ure  of  this  two-motor  alternator  set  has  been  essentially  eliminated  by 
using  two  such  sets,  cross-connected  to  the  rectifiers  supplying  power  to 
the  two  cables,  with  a  continuously  operating  spare  for  each  set,  auto- 
matically switched  in  upon  failure  of  the  regular  set. 

The  regulating  features  of  the  rectifiers  will  be  described  in  a  later 
section.  In  the  present  discussion  of  reliability  it  is  sufficient  to  note 
that  series  regulating  tubes  are  used,  which  are  capable  of  acting  as  high- 
speed switches,  through  which  two  rectifiers  can  be  paralleled.  Thus 
either  rectifier  can  accept  instantaneously  the  entire  load  presented  by 
the  cable.  In  each  regulator  the  series  tubes  carrying  the  cable  current 
are  furnished  in  duplicate  and  connected  in  parallel  to  share  the  cable 
load,  a  single  tube  being  capable  of  carrying  the  entire  load.  These  cur- 
rent regulators  are  operated  from  separate  ac  sources  to  protect  against 
loss  of  cable  power  because  of  failure  of  one  of  the  sources  of  ac  power. 

Cable  Potentials 

To  minimize  the  cable  potentials,  half  of  the  dc  power  is  supplied 
at  each  end  of  each  cable,  the  supplies  being  connected  in  series  aiding. 
With  this  arrangement,  as  shown  in  Fig.  1,  the  dc  cable  potential  at  one 
end  of  each  cable  is  positive  with  respect  to  ground  while  at  the  other 
end  the  potential  is  negative.  This  places  the  maximum  potential  and 
risk  on  the  repeaters  near  the  shore  ends,  which  are  more  readily  re- 
trieved, while  the  repeaters  in  the  middle  of  the  cable,  in  deeper  water, 
have  potentials  very  near  to  ground.  The  power  equipment  would  be 
simpler  with  a  single-ended  arrangement,  but  at  the  penalty  of  doubling 
the  dielectric  stresses  in  the  entire  system,  which  would  be  prohibitive. 
A  balanced  power  feed  could  have  been  attained  at  the  expense  of 
power  separation  filters  in  the  middle  of  the  cable  or  a  shunt  impedance 
of  appropriate  size  at  the  midpoint.  The  resulting  complications,  in- 
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eluding  difficulty  in  the  location  of  a  cable  fault,  could  not  be  justified 
for  the  sake  of  simplification  of  power-plant  design  and  operation. 
*  The  requirement  that  minimum  cable  potentials  be  maintained  during 
and  after  severe  earth  potential  disturbances  necessitates  variable  out- 
put voltages  from  the  supplies  at  both  ends,  and  this  introduces  problems 
in  continuous  voltage  balance  and  regulation  stability.  The  design 
features  which  yield  the  required  performance  are  described  in  a  later 
section. 

DC  Cable  Current  Regulation 

The  salient  requirements  in  performance  of  the  constant  current 
regulator  are  listed  below : 

a.  The  regulator  must  have  extremely  fast  response  to  hold  the  cable 
current  within  a  few  milliamperes  of  its  nominal  value  should  a  short 
circuit  develop  in  the  cable.  Thus  damage  to  the  heaters  of  the  re- 
peater tubes,  as  well  as  excessive  induced  transient  voltages  in  the  re- 
peater transformers  is  avoided.  The  probability  of  a  short  circuit  is  higher 
near  the  shore  ends  where  the  water  is  shallow  and  sea  traffic  a  factor. 
The  regulator  must  be  capable  of  absorbing  the  reduction  in  power  to 
the  cable,  while  maintaining  current  control  under  normal  conditions. 
This  sudden  exchange  in  power  from  cable  to  regulator  may  be  as  much 
as  2,000  volts  at  0.25  ampere. 

b.  The  cable  current  should  be  maintained  constant  within  0.2  per 
cent  of  its  nominal  value  for  normal  variations  in  ac  supply,  gradual 
earth  potential  changes,  and  ambient  temperature  changes.  This  degree 
of  regulation  allows  an  adequate  safety  factor  in  maintaining  a 
constant  transmission  level. ^ 

c.  The  regulators,  in  conjunction  with  the  power  separation  filters 
and  the  rectifier  filters,  must  limit  the  power  supply  noise  at  the  cable 
terminals  to  a  peak-to-peak  valueless  than  0.02  percent  of  the  dc  supply 
potential. 

d.  The  cable  current  must  be  adjustable  over  a  range  of  225  to  245 
milliamperes  to  compensate  for  repeater  tube  aging. ^ 

e.  The  regulators  must  operate  in  parallel  in  such  a  way  as  to  ensure 
continuity  of  power  should  one  fail  or  be  removed  from  service  for  main- 
tenance. This  of  course  implies  that  regulators  can  be  switched  in  and 
out  of  service  without  causing  surges  in  the  cable  current  or  voltage. 

f.  The  series-aiding  arrangement,  with  rectifiers  at  each  end  of  the 
same  cable,  must  be  stable. 

g.  The  regulators  should  be  capable  of  being  serviced  at  low  poten- 
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tials,  when  in  the  test  position,  in  order  to  protect  maintenance 
personnel. 

h.  The  current  regulator  should  be  of  the  fail-safe  type  so  that  im- 
pairment of  any  of  the  regulator  components  will  not  permit  excessive 
rise  in  cable  current.  In  the  event  of  component  trouble,  an  aural  or 
visual  alarm  should  occur. 

It  was  decided  that  a  high  speed  electronic  constant -current  regu- 
lator backed  up  by  a  slower  speed  ser\'o  system,  as  shown  in  Fig.  2  and 
discussed  in  detail  later,  would  best  meet  the  abo\-e  requirements.  In 
this  way,  fast  response  with  high  gain  is  combined  with  wide  regulating 
range,  yet  the  efficiency  is  high  and  the  load-handling  capacilities  of 
the  various  components  are  held  to  a  minimum.  With  regard  to  sim- 
pler alternatives,  the  electromechanical  type  of  current  regulator,  using 
relays  and  a  motor-driven  rheostat,  is  too  slow  to  protect  the  repeater 
tubes  from  a  cable  short  circuit  and  its  accuracy  is  insufficient  to  meet 
the  regulation  requirements.  The  all-magnetic  type  of  regulator  is  pos- 
sibly most  dependable  but  it  does  not  readily  provide  either  the  speed 
of  response  or  the  wide  regulating  range  needed. 

GENERAL   DESCRIPTION 

Prime  and  Standby  Power  Source 

Commercial  service  is  considered  the  normal  prime  source  of  power 
for  the  cable,  although  at  the  Clarenville  terminal  commercial  power 
was  not  available  at  the  time  of  installation.  Anticipating  this  condi- 
tion, a  reserve  plant  consisting  of  three  60-kw  diesel  alternators  was 
installed  and  the  distribution  circuits  were  arranged,  as  shown  in  Fig.  3, 
to  provide  partial  or  total  use  of  the  commercial  service.  Initially  all 
cable  power  was  supplied  by  diesel  operation,  alternating  the  prime 
movers  on  a  weekly  basis.  These  sets  are  paralleled  manually  when  they 
are  interchanged,  to  prevent  an  interruption  in  the  60-cycle  supply. 
It  may  be  noted  that  Engine  Xo.  1  is  arranged  as  an  automatic  standby 
whether  prime  power  is  provided  by  diesels  or  by  commercial  service. 

The  switching  and  distribution  arrangements  are  designed  to  be  es- 
sentially failure-proof.  At  Clarenville,  for  example,  two  ac  distribution 
cabinets,  each  capable  of  being  fed  from  two  sources,  were  provided  in 
separate  locations.  The  normal  source  through  Engine  Xo.  1  control 
bay  can  be  readily  by-passed  directly  to  the  manual  diesels,  should  En- 
gine Xo.  1  control  bay  be  disabled.  Furthermore,  allocation  of  charging 
rectifiers,  control  circuits,  ac  motors  for  continuity  sets,  etc.,  has  been 
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made  in  such  a  manner  that  loss  of  one  cabinet  alone  will  ha\'e  minimum 
effect  on  the  cable  power  supplies  or  office  loads.  At  Oban,  where  50- 
cycle  commercial  service  is  normally  used,  special  distribution  ar- 
rangements have  been  provided  to  gi\'e  maximum  power  supply  relia- 
bility, with  three  manually  operated  50-cycle,  90-kw,  diesel-alternator 
sets  arranged  for  standby  service.  The  diesels  at  this  terminal  are  larger 
to  care  for  greater  local  power  loads. 

Continuous  AC  Power  From  Two-Motor  Alternators 

At  both  cable  terminals,  two  reliable  ac  buses  supply  power  to  the  dc 
cable  regulating  bays.  Each  of  these  buses  is  fed  from  a  continuously 
operated,  self-excited,  single-phase,  230-volt  alternator  normally  driven 
by  a  3-phase  induction  motor  on  the  same  shaft  with  a  130-volt  dc  motor. 
Each  regular  alternator  is  backed-up  by  a  similar  emergency  alterna- 
tor running  at  no  load.  A  fifth  motor-alternator  is  provided  which  can 
be  used  whenever  any  other  set  is  out  of  service  for  routine  maintenance 
or  repair. 

As  alternator  loads  are  essentially  constant,  and  since  induction  motor 
speeds  are  fairly  insensitive  to  power  supply  voltage  variations,  alter- 
nator outputs  are  set  by  fixed  adjustments  of  their  field  rheostats.  Suppl}^ 
voltages  are  monitored  to  control  automatic  transfer  to  dc  motor  drive 
whenever  the  supply  voltage  drops  below  80  per  cent  of  the  normal 
value.  Fig.  4  shows  the  normal  running  circuit  for  an  alternator  set, 
with  the  dc  motor  connected  to  the  battery  through  a  resistance  of  75 
ohms  inserted  in  the  armature  circuit.  The  field  resistance  FR  is  preset 
so  that  when  the  battery  is  driving  the  set,  the  speed  matches  that  of 
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Fig.  4  —  Two-motor  alternator  set. 
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the  ac  drive  when  the  battery  voltage  is  at  the  mean  discharge  value. 
During  ac  drive,  the  EMF  generated  in  the  dc  motor  armature  is  a  few 
volts  below  that  of  the  battery.  Accordingly,  when  the  fast  acting  con- 
tactor AR  shorts  the  75-ohm  resistance  in  the  armature  circuit,  the 
motor  finds  itself  essentially  at  the  desired  operating  flux  condition  and  a 
smooth  pickup  of  drive  occurs.  Oscillograms  indicate  that  the  interval 
between  failure  of  ac  power  and  operation  of  contactor  AR  is  less  than 
0.1  second.  During  the  transfer  from  ac  to  dc  drive,  the  change  in  the 
nominally  230- volt  output  is  less  than  5  volts. 

Return  to  ac  drive  is  delayed  approximately  20  seconds  after  the 
ac  supply  voltage  has  returned  to  normal  to  allow  time  for  the  ac  to  sta- 
bilize. Fixed  field  settings  for  both  dc  motor  and  alternator  fields  provide 
simple  control  arrangements  without  the  overspeed  or  overvoltage 
hazards  which  automatic  regulators  might  add.  Alternator  output  is 
monitored,  however,  to  give  alarms  for  voltage  changes  exceeding  ±5 
per  cent  and  to  control  transfer  to  dc  drive  if  the  output  should  drop 
more  than  10  per  cent  for  any  reason.  When  the  latter  occurs,  the  ma- 
chine locks  on  dc  drive.  This  feature  guards  against  ac  motor  failure 
or  low  ac  drive  speed  because  of  low  supply  frequency  without  low 
supply  voltage. 

Failure  of  the  alternator  output  after  transfer  to  dc  drive  causes  the 
set  to  stop  and  automatically  transfer  the  load  to  its  emergency  alter- 
nator. This  transfer  causes  a  break  in  the  alternator  supply  to  its  bus, 
but  cable  power  is  maintained  constant  by  the  parallel  dc  regulating  bay 
fed  from  the  other  alternator  bus. 

Battery  Plants  and  Distribution 

Battery  power  for  dc  motor  drive  is  supplied  from  a  66-cell,  1,680- 
ampere-hour  battery  at  Clarenville  and  from  two  68-cell,  1,680-ampere- 
hour  batteries  at  Oban.  The  latter  station  has  double  capacity  to  pro- 
vide stand-by  power  for  the  ac  supplies  to  the  inland  transmission 
equipment. 

At  both  cable  terminals,  control  battery  for  the  small  alternator  plants 
and  the  cable  dc  regulating  equipment  provides  24  volts  and  is  split 
so  that  a  fuse  or  a  battery  failure  on  either  supply  will  not  interrupt  cable 
power.  To  guard  against  so  remote  a  hazard  as  loss  of  a  common  battery 
for  this  vital  control,  two  separate  24-volt  power  plants  have  been  pro- 
vided with  one  half  of  the  critical  control  circuits  furnished  from  each 
plant. 

In  addition  to  supplying  dc  motor  power,  the  130-volt  battery  at 
Clarenville  supplies  current  to  the  carrier  terminal  and  test  equipment 
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through  voltage  dropping  resistors  which  are  normally  in  the  circuit 
to  hold  the  load  voltages  below  a  maximum  of  135  volts.  These  resistors 
are  automatically  shorted  to  maintain  a  minimum  load  voltage  of  125 
volts  when  the  battery  voltage  drops.  A  voltage  detecting  relay  also 
steps  the  fixed  field  adjustment  of  each  dc  motor  when  the  battery 
nears  its  final  discharge  voltage  so  that  dc  motor  speed  is  kept  within 
about  ±3  per  cent  of  normal  ac  drive  speed  during  battery  operation. 
The  66-cell  battery  is  floated  at  143  volts  by  means  of  voltage  regulated 
rectifiers  and,  after  a  discharge,  is  recharged  by  automatic  operation  of 
a  regulated  100-ampere  motor-generator  set.  As  indicated  in  Fig.  3,  the 
rectifiers  for  this  plant  are  connected  so  that  loss  of  one  service  cabinet 
will  still  leave  sufficient  charging  capacity  to  float  the  load  from  the 
other  cabinet. 

Rectifiers  and  Associated  Controls 

As  mentioned  earlier,  each  cable  is  supplied  at  all  times  by  two  regu- 
lating bays  in  parallel,  each  operating  from  a  separate  ac  source  and  each 
capable  of  taking  over  the  cable  load  should  the  other  fail.  Thus  failure 
of  an  alternator  supply  or  of  a  regulating  bay  itself  will  not  interrupt  the 
cable  power.  A  spare  regulating  bay  for  each  cable  is  arranged  for  re- 
placing either  of  the  two  regular  bays  and  may  be  connected  in  parallel 
with  the  other  two  without  overloading  the  associated  2.5-kva  alternator. 

As  shown  schematically  in  Fig.  2,  the  ac  supply  to  the  rectifiers  is  con- 
trolled by  a  continuously-tapped  variable  autotransformer,  operated 
normally  by  a  two-phase  low -inertia  reversible  motor,  with  provision 
for  manual  adjustments  also.  The  autotransformer  output  is  stepped  up 
and  rectified  by  a  series  arrangement  of  five  rectifiers,  each  to  give  a 
maximum  of  550  volts  for  a  total  of  2,750  volts  when  the  autotrans- 
former is  at  the  upper  limit.  The  high  voltage  rectifier  output  is  filtered 
and  supplied  to  the  cable  through  the  current  regulating  unit,  cable  con- 
necting switch,  and  common  cable  control  circuit.  The  cable  current  is 
regulated  by  controlling  the  plate  to  cathode  drop  across  the  electron 
tubes  through  which  this  current  flows.  A  dc  amplifier,  which  derives  its 
signal  from  a  resistance  in  series  with  the  total  cable  current,  varies  the 
grid  bias  of  the  series  regulating  tubes.  The  series  tubes  have  a  control- 
drop  range  from  about  150  volts  to  the  full  supply  voltage,  the  dc  am- 
plifier being  capable  of  driving  the  regulating  tubes  to  cut-off".  However, 
to  protect  the  series  tubes  and  to  keep  them  operating  at  practically  a 
constant  plate  ^'oltage  of  300  volts,  a  ser^'o  system  automatically  raises 
and  lowers  the  output  from  the  autotransformer  by  means  of  the  motor- 
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driven  ac  control  unit  whenever  the  series  tube  plate  voltage  varies 
more  than  25  volts  from  the  normal  value.  For  example,  a  2  per  cent 
change  in  input  ac  would  change  the  rectifier  output  of  2,300  volts 
(corresponding  to  a  cable  supply  voltage  of  2,000  volts)  by  46  volts, 
which  would  increase  the  series  tube  drop  to  346  volts.  This  increase  in 
voltage  would  raise  the  signal  current  through  the  control  winding  of  a 
saturable  reactor  which  forms  one  leg  of  a  balanced  bridge  in  the  ac 
motor  control  circuit,  and  thus  cause  the  autotransformer  to  be  driven 
down,  lowering  the  rectifier  output  until  the  series  tube  drop  is  restored 
again  to  approximately  300  \'olts. 

Over  voltage  and  Overcurrent  Protection  and  Alarms 

While  the  power  for  the  cable  is  electronically  regulated,  protective 
features  are  provided  to  guard  against  abnormal  cable  current  or  volt- 
age. The  first  order  of  protection  is  a  ±2  per  cent  cable  current  alarm 
given  by  a  voltage  relay  which  operates  from  the  drop  across  a  resistor 
in  the  ground  return  circuit  to  the  dc  bays.  A  second  voltage  relay,  set 
for  5  per  cent  high  cable  current,  also  monitors  the  current  in  the  ground 
return  side  and  in  conjunction  with  the  current-monitors  in  the  high 
voltage  side,  limits  the  cable  current  by  operating  the  motor-driven 
autotransformers  until  the  current  is  within  5  per  cent  of  normal.  The 
voltage  of  the  ungrounded  side,  however,  is  much  too  high  for  direct 
connected  voltage  or  current  relays.  Therefore,  magnetic  amplifiers  have 
been  used  to  obtain  isolated  metering  of  the  cable  current.  Two  of  these 
devices  measure  the  current  in  the  ungrounded  side  of  the  common 
power  supply  lead  to  the  cables.  Of  the  three  current-monitors  available, 
two  must  operate  before  turndown  functions,  to  prevent  false  turndown 
because  of  faulty  metering. 

Voltage  protection  is  provided  by  means  of  magnetic  amplifiers  in 
shunt  across  the  common  power  supply  to  the  cable.  Here,  three  monitors 
are  arranged  so  that  any  two  can  reduce  power,  by  means  of  the  turn- 
down control,  if  the  ^'oltage  rises  to  the  maximum  allowable  value  for 
which  the  voltage  relays  are  adjusted.  These  monitors  draw  about  1.5 
milliamperes  each,  but  are  connected  on  the  supply  side  of  the  cable- 
regulating  resistance  so  as  not  to  affect  cable  regulation.  The,y  guard 
against  excessive  voltage  resulting  from  an  open  circuit  where  voltages 
around  4,000  volts  could  otherwise  occur.  They  also  guard  against  high 
voltage  caused  by  earth  potentials  or  unbalance  between  ^'oltages  at  op- 
posite ends  of  the  cable.  When  set  for  a  ceiling  \-oltage  of  2,600  volts,  a 
maximum  of  3,000  volts  occurs  on  open  circuit  on  the  first  rise,  after 
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which  the  voltage  holds  within  2,600  ±  200  volts  as  the  turndown  relays 
operate  and  release  to  maintain  the  ceiling  voltage.  A  fourth  magnetic- 
amplifier  voltage  detecting  relay  provides  an  alarm  for  ±5  per  cent  ex- 
cursions in  cable  voltage  from  the  normal  value.  Other  alarms  are  pro- 
vided to  indicate  low  output  in  either  of  the  two  parallel  regulating  bays, 
relay  troubles,  loss  of  magnetic  amplifier  ac  control  voltage,  and  fuse 
failures. 

To  limit  the  rate  of  change  in  the  cable  current  under  short  circuit 
conditions  and  to  reduce  the  rise  in  voltage  at  the  repeaters  on  open  cir- 
cuit failure,  an  inductance  of  about  36  henries  is  connected  in  series 
with  the  cable  circuit,  and  physically  close  to  the  cable  termination,  so 
that  any  failure  in  the  power  supply  would  have  the  advantage  of  this 
surge-limiting  element. 

Metering 

Metering  of  the  cable  current  is  a  very  important  part  of  the  power 
plant  design.  Not  only  are  the  cable  current  ammeters  needed  to  set  the 
value  of  current  desired,  but  their  ability  to  indicate  absolute  current 
values  assists  in  obtaining  stable  regulation  between  the  two  ends  of  the 
cable.  The  meters  provided  for  this  purpose  are  suppressed-zero,  mag- 
netically and  statically  shielded  150-300  milliampere,  large  scale  amme- 
ters, with  0.5  per  cent  accuracy.  One  of  these  meters  is  connected  in  the 
ungrounded  side  and  another  in  the  grounded  side  of  the  cable  supply 
circuit  to  provide  an  accuracy  check  and  to  indicate  any  ground  leakage 
current  in  the  supply  circuit.  They  are  connected  to  highly  accurate 
1-ohm  four-terminal  shielded  resistors  acting  as  shunts  in  the  cable  current 
circuits  with  their  shunt  leads  arranged  for  switching  to  a  calibration 
box  for  checking  accuracy  and  for  adjustment.  This  box  employs  a 
Weston  laboratory  standard  cell,  essentially  a  single-point  potentiometer 
with  the  usual  galvanometer,  acting  as  a  calibration  standard  at  the  225- 
milliampere  point.  Meters  calibrated  at  Oban  for  225  milliamperes  were 
expected  to  be  within  0.2  per  cent  or  0.5  milliampere  of  those  similarly 
calibrated  at  Clarenville,  and  at  present  are  within  about  0.2  milliampere. 

The  cable  current  is  also  indicated  by  a  recording  ammeter.  Meters  in 
each  regulating  bay  indicate  the  division  of  current  between  paralleled 
regulators.  These  meters  have  only  1  per  cent  accuracy  but  are  satis- 
factory for  adjusting  load  balance  between  parallel  bays  and  also  are 
used  in  turnup  of  power  on  a  particular  bay. 

Cable  voltage  is  read  on  a  large  scale  voltmeter  reading  0-3,000  volts 
and  having  ±0.25  per  cent  accuracy.  Since  the  accuracy  is  not  critical. 
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this  meter  is  not  arranged  for  calibration.  However,  the  series  resistors 
incorporate  6,000-volt  components  for  an  extra  degree  of  rehability.  The 
voltmeter  with  its  series  resistor  is  normally  connected  across  the  com- 
mon cable  power  supply  ahead  of  the  cable  current  regulating  point.  It 
can,  however,  be  switched  to  read  the  cable  voltage  nearer  the  cable 
termination.  In  the  latter  position,  it  reduces  the  cable  current  by  about 
1  milliampere,  causing  an  unbalance  in  cable  regulation,  and  therefore 
is  not  normally  left  in  this  position.  The  cable  supply  voltage  is  also 
indicated  by  a  recording  voltmeter. 

Other  meters  are  provided  to  indicate  series  tube  plate  voltages,  dc 
rectifier  voltages,  ac  input  voltages,  series  tube  currents,  test  currents 
for  adjusting  mag-amp  operating  limits,  and  the  difference  in  current 
between  the  positive  and  negative  power  supplies  to  ground.  Since 
many  of  these  instruments  operate  at  high  potential,  a  special  design 
was  used  with  the  operating  mechanism  and  scale  depressed  in  the  in- 
strument case  approximately  1  inch.  This  both  eliminated  possible 
electrostatic  effects  on  the  instrument  pointers  and  served  as  a  safety 
measure. 

DC   REGULATION 

DC  Amplifier 

The  direct-coupled  two-stage  amplifier  shown  in  Fig.  5  is  characterized 
by  potentiometer  coupling  and  cold-cathode  gas-tube  voltage  stabilizers. 
The  biases  are  selected  high  enough  so  that  linear  operation  is  assured 
even  for  a  short  circuit  at  the  cable  terminal.  As  is  apt  to  be  the  case  in 
a  direct-coupled  amplifier,  cathode  temperature  in  the  low -level  stage 
is  critical.  In  this  amplifier,  a  5  per  cent  change  in  heater  voltage  results 
in  a  0.5  milliampere  change  in  the  cable  current. 

The  required  precision  of  current  regulation  in  these  power  supplies 
can  be  expressed  as  representing  a  source  impedance  of  not  less  than 
100,000  ohms.  To  meet  this  requirement,  the  gain  of  the  dc  amplifier 
was  made  as  large  as  practicable  with  the  plate  and  screen  potentials 
available  from  gas-tube  regulators.  Interstage  network  impedances  are 
high  to  reduce  the  shunt  losses,  and  are  proportioned  to  provide  the 
large  biases  mentioned  above.  Gain  adjustment  is  provided  by  a  variable 
resistance  in  series  with  the  cathode  of  the  first  stage. 

Shaping  of  the  loop  gain  and  phase  characteristics  to  obtain  margins 
for  stable  operation  is  accomplished  by  means  of  the  RC  shunt  (R9C1) 
across  the  plate  resistor  for  the  first  stage.  The  amplifier  gain  and  phase 
characteristics  without  this  compensation  are  shown  in  Fig.  6.  These 
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Fig.  6  —  DC  amplifier  gain  and  phase,  experimental  model. 


data  were  obtained  by  opening  the  feedback  loop  at  the  control  grid  of 
the  first  stage,  applying  normal  dc  bias  plus  a  A'ariable  frequency  ac 
signal  to  the  grid  of  the  tube,  and  measiu'ing  the  magnitude  and  relative 
phase  of  the  return  signal. 

The  corresponding  characteristics  with  the  compensating  network  in 
place  are  also  shown  in  Fig.  6.  The  compensating  network  effectively 
puts  a  relatively  low-impedance  shunt  across  the  interstage  network  at 
the  higher  frequencies,  resulting  in  a  "step"  in  the  gain  characteristic. 
A  secondary  effect  is  the  phase  shift  in  the  transition  region.  The  calcu- 
lated "corner  frequencies"  are  2,800  and  195  cps,  respectively,  chosen  on 
the  basis  of  the  criteria  (1)  little  effect  on  regulator  gain  at  100  or  120 
cps,  the  most  prominent  rectifier  ripple  frequency,  and  (2)  a  gain  step 
of  something  above  20  db  with  no  appreciable  contribution  to  the  phase 
shift  at  frequencies  above  30  kc.  The  calculated  loss  at  120  cps  is  1.2  db 
with  a  maximum  phase  shift  of  about  60  degrees  at  the  median  frequency. 
These  results  agree  quite  well  with  the  measured  data  plotted  in  Fig.  6. 

As  indicated  in  Fig.  6,  the  phase  margin  at  the  gain  crossover  frequency 
of  55  kc  was  somewhat  over  100  degrees  for  the  experimental  model  on 
which  these  measurements  were  made.  The  gain  margin  could  not  be 
measured  readily  but  is  clearly  substantial.  On  production  units,  larger 
wire  sizes  and  longer  lead  lengths  resulted  in  lesser,  but  still  satisfactory 
stability  margins,  as  shown  in  Fig.  7,  the  phase  margin  being  somewhat 
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over  60  degrees.  Fig.  7  also  shows  the  characteristics  at  the  extremes  of 
gain  control,  the  range  of  control  being  about  8  db. 

Fig.  8  shows  the  measured  performance  of  the  dc  regulators,  the  servo 
system  being  disabled  in  order  to  obtain  a  plot  of  the  performance  of  the 
dc  amplifier  and  associated  circuits.  Twenty-two  regulator  units  were 
manufactured  and  measured  and  the  curves  of  Fig.  8  show  the  extreme 
limits  observed,  the  differences  between  individual  regulators  being  due 
primarily  to  differences  between  electron  tubes.  The  measured  range  of 
source  impedance,  130,000  to  170,000  ohms,  allows  margin  for  regulator 
tube  aging  above  the  100,000-ohm  objective. 

AC  Servomechanism 

As  noted  earlier,  the  servo  system  shown  in  Fig.  2  is  part  of  the  cur- 
rent regulating  scheme  and  holds  the  series  tube  plate  potential  within 
reasonable  limits  by  adjusting  the  rectifier  input  voltage.  In  an  emer- 
gency, a  "turndown"  feature,  operated  from  several  remote  points, 
either  manually  or  automatically,  will  reduce  the  autotransformer  output 
to  zero  in  less  than  two  seconds.  For  simplicity,  only  the  manual  turn- 
down feature  is  shown  in  Fig.  2.  It  operates  simply  by  switching  one  end 
of  the  motor  control  winding  from  one  corner  of  the  bridge  to  the  other, 
thus  applying  half  of  the  input  voltage  to  the  control  winding. 

Manual  operation  of  the  autotransformer  tap  is  provided  to  raise  the 
cable  current  slowly,  either  initially  or  after  a  turndown.  In  manual 
operation  a  dynamic  brake,  consisting  of  a  short  circuit  on  the  motor 
control  winding,  prevents  the  motor  from  creeping  or  coasting  when  the 
operator  releases  the  hand  wheel,  as  it  otherwise  would  since  the  fixed 
phase  of  the  two-phase  motor  is  always  energized.  The  turndown  feature 
takes  precedence  over  the  short  circuit  of  the  motor  control  winding, 
automatically,  to  energize  the  motor  should  the  operator  inadvertently 
cause  abnormally  high  cable  voltage  or  current. 

One  essential  feature  of  the  servo  design  is  the  dead  band  of  the  series 
tube  plate  voltage  in  which  the  servo  remains  stationary,  even  though 
there  are  small  changes  in  the  incoming  signal.  This  band  can  be  varied 
from  10  to  100  volts  under  control  of  a  gain-adjust  potentiometer  across 
the  control  winding  of  the  two-phase  motor.  Without  this  dead  band, 
the  servo  would  be  constantly  in  operation  correcting  for  small  random 
variations  in  line  voltage  or  earth  potentials.  Furthermore,  since  it  is 
extremely  difficult  to  set  the  current  regulators  at  the  two  ends  of  a 
cable  to  exactly  the  same  current,  the  servo  dead  band  permits  some 
margin  of  error.  Otherwise  the  servo  associated  with  the  current  regu- 
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lator  trying  to  regulate  for  a  slightly  higher  cable  current,  would  drive 
its  rectifier  voltage  to  its  stop  or  maximum  output,  unbalancing  the 
cable  voltages. 

System  Stability* 

A  complete  analysis  of  system  stability  represents  an  exceedingly 
formidable,  if  not  impossible,  task.  It  has  been  established  analytically 
that  for  a  linear  network  the  two  dc  regulators  in  parallel  and  the  system 
as  a  whole  are  unconditionally  stable.  The  details  of  this  proof  are  too 
long  to  be  presented  here  but  the  line  of  reasoning  with  respect  to  the 
overall  system  is  as  follows.  The  system  of  Fig.  1  is  symmetrical  about  a 
vertical  plane  through  the  middle  of  the  figure.  Under  these  conditions, 
the  system  will  be  stable  if,  and  only  if,  the  following  three  simpler  sys- 
tems! are  stable: 

(a)  A  power  supply  short-circuited; 

(b)  A  power  supply  feeding  an  impedance  equal  to  twice  that  of  the 
half  cable  short-circuited ;  and 

(c)  A  power  supply  feeding  an  impedance  equal  to  twice  that  of  the 
half  cable  open-circuited. 

The  transfer  function  of  the  servomechanism  was  measured  over  the 
frequency  range  of  principal  interest,  0  to  1  cps,  the  behavior  near  zero 
frequency  being  determined  from  the  asymptotic  slope  of  the  unit  step 
response.  J  In  this  frequency  range  the  dc  amplifier  gain  is  a  real  constant, 
flat  gain  and  negligible  delay  as  previously  shown,  therefore  only  the  ac 
servo  feedback  loop  characteristic  has  to  be  known  to  predict  the  sta- 
bility of  condition  (a).  The  Nyquist  loop  for  this  transfer  function  shows 
that  condition  (a)  above  is  satisfied.  A  similar  examination  of  the  Nyquist 
plot,  including  the  readily  computed  cable  impedance  shows  that  condi- 
tions (b)  and  (c)  above  are  satisfied.  Thus  the  linear  analysis  indicates 
stable  operation  for  the  system  of  Fig.  1.  This  result  was  confirmed  by 
tests  of  conditions  (a),  (b),  and  (c)  individually  and  by  the  behavior  of 
the  system  as  a  whole,  both  in  the  laboratory  with  a  simulated  power 
network  for  the  cable  and  in  the  final  installation. 

One  of  the  most  obscure  aspects  of  the  power  system  behavior  is  that 
of  equilibrium  conditions  after  one  or  a  series  of  large  earth  potential 


*  The  analysis  briefly  summarized  here  was  made  by  C.  A.  Desoer. 

t  In  this  discussion  of  simpler  sj'stems  a  power  supply  consists  of  only  the 
elements  shown  in  Fig.  2. 

J  In  the  course  of  these  time-domain  measurements,  it  was  quite  apparent  that 
the  ac  control  loop  could  be  considered  as  a  linear  network  only  in  an  approximate 
sense  and  thus  that  the  analytical  results  were  primarily  useful  in  interpretation 
of  observed  behavior  of  the  system. 
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disturbances.  While  the  system  is  stable  in  the  sense  that  the  transient 
due  to  a  perturbation  will  disappear  in  a  finite  time  once  the  disturbance 
has  been  withdrawn,  the  range  of  possible  equilibrium  positions  (disre- 
garding the  overvoltage  protective  feature)  is  extremely  wide  —  from 
perhaps  1,300  to  2,500  volts  at  the  cable  terminals.  The  upper  limit  of 
2,500  \-olts  is  set  by  the  maximum  output  available  from  one  power 
plant;  this  also  sets  the  lower  limit  of  the  associate  power  plant  at  the 
far  end  of  the  cable.  This  situation  is  illustrated  diagrammatically  in 
Fig.  9. 

The  behaviors  of  the  servomechanisms  at  the  two  ends  of  a  given  cable 
are  nearly  enough  alike  that  the  repeated  introduction  of  simulated  earth 
potential  in  the  laboratory  was  found  not  to  disturb  substantially  the 
equilibrium  point.  This  was  true  for  earth  potentials  of  either  polarity 
up  to  1,000  volts  and  with  these  potentials  introduced  at  am^  point  along 
the  artificial  cable.  A  rate  of  change  of  earth  potential  of  20  ^'olts  per 
second  was  adopted  in  these  tests  with  the  thought  that  such  values 
would  be  realistic. 

With  regard  to  the  long-term  stability  of  the  equilibrium  condition 
described  above,  it  is,  of  course,  important  that  the  controls  which  es- 
tablish the  cable  current  at  the  two  ends  of  the  same  cable  be  adjusted 
for  very  nearly  the  same  value.  Unless  this  is  done,  the  cable  voltage  at 
(jue  end  will  gradually  increase  or  decrease  and  the  voltage  at  the  other 
end  will  move  equally  in  the  opposite  direction.  This  would  eventually 
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bring  in  alarms  and  necessitate  manual  readjustment.  In  this  connection, 
the  voltmeters  which  indicate  the  drop  through  the  series  regulating 
tubes  provide  a  very  convenient  magnification  of  any  drift  in  cable  cur- 
rent. The  multiplying  factor  is  the  effective  dc  impedance  of  the  regu- 
lated system,  that  is,  more  than  100,000  ohms.  Thus  25  volts,  which  is 
an  appreciable  fraction  of  the  nominal  300  volts  across  the  series  regu- 
lating tubes,  is  equivalent  to  less  than  0.25  ma.,  which  is  of  the  order  of 
0.1  per  cent  of  normal  cable  current.  As  a  matter  of  fact,  the  behavior  of 
this  voltage  provides  the  final  criterion  for  precise  adjustment  of  cable 
current  to  assure  long-term  stability. 

EQUIPMENT   DESIGN 

Description 

Fig.  10  shows  the  complete  dc  equipment  for  supplying  one  polarity 
of  power  to  one  cable.  Similar  equipment  provides  the  opposite  po- 
larity to  the  other  cable.  The  tw^o  equipments  are  located  facing  each 
other  across  a  common  aisle  with  their  conmion  control  bays  directly 
opposite.  Regulator  1  on  the  right  is  normally  operated  in  parallel  with 
Regulator  2.  Regulator  3  on  the  left  is  the  spare  regulator,  normally  off. 
The  common  bay,  between   Regulators  1   and  2,  includes  the  cable 


Fig.  10  —  DC  regulator  and  common  control  bays. 
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termination  and  power  separation  filter.  This  equipment  and  all  the  live 
parts  of  the  circuit,  back  to  the  common  point  to  which  the  switches  in 
the  individual  regulator  bays  are  connected,  is  enclosed  in  a  high  voltage 
compartment. 

The  paralleling  control  switches  are  mounted  in  high  voltage  compart- 
ments in  their  respective  regulating  bays  and  must  remain  completely 
enclosed,  as  their  common  cable  connections  are  alive  during  cable 
operation.  These  switches  have  an  interrupting  capacity  of  1  ampere  at 
3,000  volts,  thus  providing  a  large  safety  factor  over  the  0.245  ampere 
maximum  load  current. 

Fig.  11  illustrates  some  of  the  special  design  features  built  into  the 
equipment  to  facilitate  maintenance.  The  high  voltage  compartment 
shown  open  at  the  top  is  locked  whenever  the  cable  is  in  operation  and 
this  protection  feature  will  be  described  below.  Pull-out  drawers  at  the 
bottom  contain  metering  shunts,  a  test  unit  for  adjusting  voltage  and 
current  protection  limits,  a  voltage  protection  unit,  a  current  protection 
unit,  and  an  alarm  unit.  While  only  one  of  these  compartments  is  to  be 
pulled  out  at  a  time,  they  are  arranged  so  as  not  to  endanger  personnel 
or  to  affect  service  during  adjustment  when  open.  Doors  are  provided 
on  all  bays  to  prevent  accidental  disturbance  of  adjustments  and  to 
protect  against  damage  to  controls. 

Corona 

The  high  voltage  ac  elements  of  the  complete  regulator  bays  were 
tested  for  corona  with  4,000  volts  ac  applied,  and  furthermore,  if  corona 
was  observed  on  increasing  the  applied  rms  voltage  to  5,000  volts,  it  was 
required  to  extinguish  when  the  voltage  was  reduced  to  3500  volts.  The 
maximum  acceptable  leakage  was  20  microamperes  at  4000  volts  across 
the  circuit  (200  megohms) .  A  dc  corona  requirement  of  4000  volts  was 
applied  to  the  dc  elements  of  the  regulator  bays  and  5000  volts  for  the 
common  bay,  with  a  maximum  permissible  leakage  of  5  microamperes. 
The  higher  corona  requirements  on  the  common  bay  were  intended  to 
eliminate  the  necessity  for  turning  down  the  entire  system  for  repair.  A 
high  standard  of  workmanship  is  required  to  provide  such  performance. 
There  can  be  no  sharp  projections  and  no  loose  strands  of  wire.  Solder 
must  be  applied  in  such  a  manner  as  to  obtain  a  rounded  smooth  joint 
and  high  voltage  wiring  must  be  dressed  away  from  exposed  grounded 
metal,  bus  bars,  etc.,  so  that  the  outer  braid  (other  than  polyethylene) 
does  not  come  in  contact  with  metal. 
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Fig.  U  —  Common  control  bay. 
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Crosstalk  and  Outside  Interference 

111  order  to  meet  the  severe  crosstalk  requirements  between  receiving 
and  transmitting  circuits  and  to  guard  against  feeding  office  noise  po- 
tentials into  the  carrier  transmission  system,  arrangements  were  made 
so  that  office  grounds  are  carefully  separated  from  the  outer  conductor 
of  the  cable  and  from  all  circuit  elements  within  the  power  separation 
filter.  Pickup  of  external  radio-frequency  fields  by  the  power  separation 
filters  was  greatly  reduced  by  completely  enclosing  in  a  copper  shield 
the  cable  terminal  and  the  power  separation  filter  elements  nearest  to 
the  terminal.  The  shielding  itself  and  the  cans  of  PSF  capacitors  and 
oil-filled  coils  are  connected  to  the  return  tape  of  the  cable  which  is 
insulated  from  office  ground  until  it  reaches  sea  water,  thus  reducing  the 
coupling  to  the  other  cable  as  compared  to  tying  both  tapes  together  at 
the  office  or  bay  frame  ground. 

Protection  of  Personnel 

A  key  locking  system  is  provided  to  safeguard  against  any  hazard  to 
personnel  from  high  voltages.  In  the  common  bay,  the  high  voltage  com- 
partment can  be  entered  only  by  operating  a  switch  which  shorts  the 
cable  to  ground  and  releases  a  key  for  the  compartment  doors.  In  each 
regulating  bay,  the  key  system  assures  that  the  bay  is  disconnected  from 
the  cable  and  hence  from  the  paralleling  power  supplies.  Where  access 
is  required  to  the  interior  of  any  compartment,  the  key  system  insures 
that  the  ac  power  to  the  bay  also  be  switched  off. 

The  test  compartment  contains  pin  jacks,  provided  for  maintenance 
operations  which  are  always  performed  with  the  regulator  bay  con- 
nected to  a  low  resistance  load.  Access  to  this  compartment  can  be  ob- 
tained with  ac  power  connected  to  the  bay.  However,  for  such  access, 
the  key  system  enforces  the  operation  of  the  output  disconnect  switch, 
which  also  transfers  the  bay  to  a  low-resistance  load.  Moreover,  a  me- 
chanical interlock  with  the  autotransformer  assures  that  the  test  voltages 
are  reduced  to  safe  ^'alues. 

In  addition  to  its  function  in  protecting  personnel,  the  key  system 
also  insures  that  no  more  than  one  regulating  bay  is  disconnected  at  one 
time  so  that  continuity  of  service  is  protected  at  all  times  by  two  parallel 
regulators. 

FACTORY    AND    SHIP    CABLE    POWER 

In  addition  to  the  above  cable  power  supplies  at  the  ocean  terminals, 
similar  dc  cable  current  regulating  equipment  was  designed  for  use  at 
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the  cable  factory  and  abroad  the  cable  ship  Monarch.  Well  protected  and 
closely  regulated  reliable  power  was  considered  essential  during  the 
cable  loading  and  lajang  operations.  It  was  necessary  to  have  power  on 
the  cable  continuously,  except  when  splices  were  made,  in  order  to  detect 
a  fault  immediately,  to  measure  transmission  characteristics  for  equali- 
zation purposes  and  finallj"  to  alle^date  the  strain  on  the  glassware  and 
tungsten  filaments  of  the  repeater  tubes  during  the  difficult  laying 
period.^ 
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Electron  tubes  for  use  in  repeatered  underwater  telephone  cable  systems 
must  be  capable  of  operating  for  many  years  with  a  reasonable  probability 
of  proper  functioning.  In  the  new  transatlantic  telephone  cable  system  the 
section  of  the  cable  between  Nova  Scotia  and  Newfoundland  contains  re- 
peaters developed  by  the  British  Post  Office  Research  Station  at  Dollis  Hill. 
These  repeaters  are  built  around  the  type  6P12  tube  developed  at  that  re- 
search station.  The  repeaters  contained  tn  the  section  of  the  cable  system  be- 
tween Newfoundland  and  Scotland  are  of  Bell  System  design  and  depend  on 
the  175 HQ  tube  developed  at  Bell  Telephone  Laboratories. 

In  this  paper  the  philosophy  of  repeater  and  tube  desigji  is  discussed,  and 
the  fundamental  reasons  for  arriving  at  quite  diferent  tube  designs  are 
pointed  out.  Some  of  the  tube  development  problems  and  the  features  intro- 
duced to  eliminate  potential  difficulties  are  described.  Electrical  characteris- 
tics for  the  two  types  are  presented  and  life  test  data  are  given.  Fabrication 
and  selection  problems  are  outlined  and  reliability  prospects  are  discussed. 

INTRODUCTION 

Electron  tubes  suitable  for  use  in  long  submarine  telephone  cables 
must  meet  performance  requirements  that  are  quite  different  from  those 
imposed  by  other  communication  systems.  In  the  home  entertainment 
field,  for  example,  an  average  tube  life  of  a  few  thousand  hours  is  gen- 
erally satisfactory.  In  the  field  of  conventional  land-based  telephone 
equipment,  where  the  replacement  of  a  tube  may  require  that  a  mainte- 
nance man  travel  several  miles,  an  average  life  of  a  few  years  is  considered 
reasonable.  In  deep-water  telephone  cables  such  as  the  new  transatlantic 
system,  the  lifting  of  a  cable  to  replace  a  defective  repeater  may  cost 
several  hundred  thousand  dollars  and  disrupt  service  for  an  extended 

*  Bell  Telephone  Laboratories,     t  British  Post  Office. 
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period  of  time.  These  factors  suggest  as  an  objective  for  submerged  re- 
peaters that  the  tubes  should  not  be  responsible  for  a  system  failure  for 
many  years,  possibly  twenty,  after  the  laying  of  the  cable.  Such  very 
long  life  requirements  make  necessary  special  design  features,  care  in  the 
selection  and  processing  of  materials  that  are  used  in  the  tubes,  unusual 
procedures  in  fabrication,  detailed  testing  and  long  aging  of  the  tubes, 
and  the  application  of  unique  methods  in  the  final  selection  of  individual 
tubes  for  use  in  the  submerged  repeaters. 

As  indicated  in  the  foreword  and  discussed  at  length  in  companion 
papers,  the  British  Post  Office  developed  the  section  of  the  cable  system 
between  Clarenville,  Newfoundland,  and  Sidney  Mines,  Nova  Scotia. 
This  part  of  the  transatlantic  system  uses  the  6P12  tube  which  was  devel- 
oped at  the  General  Post  (3ffice  (G.P.O.)  Dollis  Hill  Research  Station. 
The  submerged  portion  of  this  system  contains  84  tubes  in  14  repeaters. 
Bell  Telephone  Laboratories  developed  the  part  of  the  system  between 
Clarenville,  Newfoundland,  and  Oban,  Scotland.  This  section  requires 
102  repeaters,  including  30()  tubes,  of  a  type  known  as  the  175HQ. 
Although  a  common  objective  in  the  development  of  each  of  the  two 
sections  has  been  to  obtain  very  long  life,  the  tube  designs  are  quite  dif- 
ferent. 

The  Bell  System  decided  on  the  use  of  a  repeater  housing  that  could  be 
treated  as  an  integral  part  of  the  cable  to  facilitate  laying  in  deep  Avater. 
The  housing  is  little  larger  than  the  cable  and  is  sufficiently  flexible  to  be 
passed  over  and  around  the  necessary  sheaves  and  drums.  In  such  a 
housing  the  space  for  repeater  components  is  necessarily  restricted.  This 
space  restriction,  combined  with  the  general  philosophy  that  the  num- 
ber of  components  should  be  held  to  an  absolute  minimum  and  that  each 
component  should  be  designed  to  have  the  simplest  possible  structural 
features,  has  resulted  in  the  choice  of  a  three-stage,  three-tube  repeater. 
In  this  design,  each  tube  carries  the  entire  responsibility  for  the  con- 
tinuity of  service. 

The  Post  Office  Research  Laboratories,  prior  to  the  development  of 
the  transatlantic  cable  system,  had  concentrated  their  efforts  on  shorter 
systems  for  shallow  water.  The  placing  of  the  repeaters  on  the  bottom 
did  not  present  the  serious  problems  of  deep-sea  laying,  so  more  liberal 
dimensions  could  be  allowed  for  the  repeater  circuit.  A  three-stage  ampli- 
fier was  developed  which  consisted  of  two  strings  of  three  tubes  each, 
parallel  connected,  with  common  feedback.  The  circuit  was  so  designed 
that  almost  any  kind  of  tube  failure  in  one  side  of  the  amplifier  caused 
very  Httle  degradation  of  circuit  performance.  This  philosophy  of  having 
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the  continuity  of  service  depend  on  two  essentially  independent  strings 
of  tubes  has  been  carried  over  to  the  repeater  design  for  the  Clarenville- 
Sidney  Mines  section  of  the  transatlantic  cable. 

In  the  Post  Office  system  containing  84  tubes  in  the  submerbed  re- 
peaters, five  tube  failures  randomly  occurring  in  the  system  will  result 
in  slightly  over  fifty  per  cent  probabilitj^  of  a  system  failure;  one  tube 
failure  in  the  306  tubes  in  the  Newfoundland-Scotland  section  of  the 
system  will  result  in  certain  system  failure.  It  is  not  surprising,  therefore, 
to  find  the  tube  designed  for  the  Newfoundland-Scotland  section  of  the 
cable  to  have  extremely  liberal  spacing  between  tube  elements  in  order 
to  minimize  the  hazards  of  electrical  shorts.  This  results  in  a  lower  trans- 
conductance  than  is  found  in  the  tubes  designed  for  the  Nova  Scotia- 
Newfoundland  link.  Other  factors  in  the  design  will  be  recognized  as 
reflecting  the  different  operating  hazards  involved. 

Early  models  of  the  British  Post  Office  and  Bell  Laboratories  tubes, 
together  with  the  final  tubes  used  in  the  cable  system,  are  shown  in 
Fig.  1. 


mmmm 


ifc 


Fig.  1  —  The  final  designs  of  tubes  for  the  Nova  Scotia-Newfoundland  section 
of  the  cable  (right)  and  for  the  Newfoundland-Scotland  section  (left).  Earlv 
models  of  each  type  stand  behind  the  final  models. 
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TUBES   FOR   THE   NEWFOUNDLAND-SCOTLAND    CABLE 

Early  Development  Considerations 

In  Bell  Telephone  Laboratories,  work  on  tubes  for  use  in  a  proposed 
transatlantic  cable  was  started  in  1933.  This  was  preceded  by  a  study  of 
what  type  of  tube  would  best  fit  the  needs  of  the  various  proposed  ampli- 
fier systems  and  by  consideration  of  what  might  be  expected  to  give  the 
best  life  performance. 

At  the  time  this  project  was  started,  reasonably  good  tube  life  had 
been  established  for  the  filamentary  types  used  in  Bell  System  repeaters. 
Some  groups  of  tubes  had  average  lives  of  50,000  or  60,000  hours  (6  or 
7  years) .  Equipotential  cathode  tubes  were  not  then  used  extensively  in 
the  plant,  and  there  was  no  long  life  experience  with  them.  However, 
there  appeared  to  be  no  basic  reason  why  inherently  shorter  thermionic 
life  should  be  expected  using  the  equipotential  cathode  and  there  were 
several  advantages  in  its  use.  One  was  the  greater  freedom  in  circuit 
design  afforded  by  the  separation  of  the  cathode  from  the  heater.  Also 
there  was  the  possibility  of  operating  the  heaters  in  series  and  using  the 
voltage  drop  across  the  heaters  for  the  other  circuit  voltages.  It  was  felt, 
in  addition,  that  the  overall  mechanical  reliability  would  be  greater  if 
the  cathode  were  stiff  and  rigidly  supported. 

The  first  equipotential  tubes  made  were  triodes.  They  were  designed 
for  use  in  push-pull  amplifiers  wherein  continuity  of  service  might  be  re- 
tained in  case  of  a  tube  failure.  This  circuit  was  abandoned  in  favor  of  a 
three  tube,  feedback  amplifier  that  was  the  forerunner  of  the  present 
repeater.  The  pentode  was  favored  over  the  triode  for  this  amplifier  for 
obvious  reasons,  and  in  1936  the  triode  development  was  discontinued. 

Early  in  the  development  of  the  tube  three  basic  assumptions  were 
made.  These  were,  (a)  that  operation  at  the  lowest  practical  cathode 
temperature  would  result  in  the  longest  thermionic  life,  (b)  that  operat- 
ing plate  and  screen  voltages  should  be  kept  low,  and  (c)  that  the 
cathode  current  density  should  be  kept  as  low  as  practicable. 

The  first  assumption,  concerning  the  cathode  temperature,  was  based 
on  the  observation  of  life  tests  on  other  types  of  tubes.  While  the  data 
at  the  time  of  the  decision  were  not  conclusive,  there  was  definite  indica- 
tion that  too  high  a  cathode  temperature  shortened  thermionic  life. 
Little  was  known  about  life  performance  in  the  temperature  range  below 
the  values  conventionally  used. 

The  second  assumption,  concerning  low  screen  and  plate  voltages,  had 
not  been  supported  by  any  experimental  work  available  at  the  time  of 
decision.  Sixty  volts  was  originally  considered  for  the  output  stage;  this 
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value  was  later  lowered  when  other  operating  conditions  were  changed. 
Subsequent  results  showed  that  in  this  range  the  voltage  effects  on 
thermionic  life  were  relatively  negligible. 

The  third  assumption,  that  low  cathode  current  density  fa\'ored  longer 
thermionic  life,  affected  the  tube  design  by  suggesting  the  use  of  a  large 
coated  cathode  area.  This  implied  the  use  of  relatively  high  cathode 
power.  It  was  decided  early  in  the  planning  of  the  repeater  that  the 
voltage  drop  across  the  three  heaters  operated  in  series  would  be  used 
to  supply  part  or  all  of  the  operating  plate  and  screen  potentials.  For  a 
60-volt  plate  and  screen  supply,  the  heater  voltage  could  be  as  high  as 
20  volts.  A  quarter  of  an  ampere  was  considered  a  reasonable  cable  cur- 
rent consistent  with  voltage  limitations  at  the  cable  terminals.  Thus  5.0 
watts  were  available  for  each  cathode.  With  this  power,  a  coated  area  of 
2.7  square  centimeters  was  provided.  The  "\'alue  of  the  cathode  current, 
the  cathode  area,  and  the  interelectrode  spacings  define  the  transcon- 
ductance.  Very  liberal  interelectrode  spacings  were  provided  consistent 
with  reasonable  tube  performance.  The  original  design  called  for  a  spac- 
ing of  0.040  inch  between  control  grid  and  cathode.  This  value  was  later 
reduced  to  0.024  inch,  and  a  satisfactory  design  was  produced  which 
gave  1,000  micromhos  or  one  milliampere  per  volt  at  a  cathode  current 
drain  of  approximately  2.0  milliamperes.  The  resulting  current  density 
of  approximately  0.7  milliampere  per  square  centimeter  is  in  sharp  con- 
trast with  values  such  as  50  milliamperes  per  square  centimeter  used 
currently  in  tubes  designed  for  the  more  conventional  communication 
uses.  Subsequent  data,  discussed  later,  indicate  that  for  current  densities 
of  a  few  milliamperes  per  square  centimeter,  the  exact  value  is  not 
critical  in  its  effect  on  thermionic  life. 

Subsequent  Production  Programs 

The  development  of  the  tube  was  pursued  on  an  active  basis  through 
the  years  leading  up  to  World  War  II.  During  the  war  development  ac- 
tivity essentially  stopped.  It  was  only  possible  to  keep  the  life  tests  in 
operation.  After  the  war  the  development  of  the  tube  was  completed  and 
a  small  production  line  was  set  up  in  Bell  Telephone  Laboratories  under 
the  direct  supervision  of  the  tube  development  engineers  to  make  and 
select  tubes  for  a  cable  between  Key  West,  Florida,  and  Havana,  Cuba. 

This  cable  turned  out  to  be  a  "field  trial"  for  the  transatlantic  cable 
which  was  to  come  later.  A  total  of  G  submerged  repeaters  containing  18 
tubes  were  laid  and  the  cable  was  put  in  operation  in  June,  1950.  The 
cable  has  been  in  operation  since  this  date  without  tube  failure,  and 
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Fig.  2  —  Parts  used  in  the  stem  and  a  finished  stem  of  the  175HQ  tube.  The 
separate  beading  of  the  leads  maj'  be  noted. 

periodic  observations  of  repeater  performance  indicate  no  statistically 
significant  change  in  tube  performance  over  the  6  years  of  operation. 

Sufficient  tubes  were  made  at  the  same  time  as  the  Key  West-Havana 
run  to  provide  the  necessary  tubes  for  a  future  transatlantic  cable.  These 
tubes  were  never  used  principally  because  the  tubes  had  been  assembled 
with  tin  plated  leads.  Tin  plating,  subsequent  to  the  laying  of  the  Key 
West-Havana  cable,  was  found  to  be  capable  of  growing  "whiskers".^ 

In  1953  another  production  setup  was  made,  also  in  Bell  Telephone 
Laboratories,  for  the  fabrication  of  tubes  for  the  Newfoundland-Scotland 
section  of  the  transatlantic  cable.  On  the  completion  of  this  job  fabrica- 
tion was  continued  to  provide  tubes  for  an  Alaskan  cable  between  Port 
Angeles,  Washington,  and  Ketchikan,  Alaska.  After  a  pause  of  several 
months  another  run  was  made  to  provide  tubes  for  a  cable  to  be  laid 
between  California  and  the  Hawaiian  Islands. 


Mechanical  Features 

The  tube,  shown  on  the  left  in  Fig.  1,  is  supported  in  the  repeater 
housing  by  two  soft  rubber  bushings  into  which  the  projections  of  the 
two  ceramic  end  caps  fit.  All  leads  are  flexible  and  made  of  stranded 
beryllium  copper  which  has  been  gold  plated  before  braiding.  Both  for 
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convenience  in  wiring  in  the  circuit  and  to  hold  down  the  control-grid  to 
anode  capacitance,  the  grid  lead  has  been  brought  through  the  opposite 
end  of  the  tube  from  the  other  leads. 

A  number  of  somewhat  unusual  constructional  features  appear  in  the 
tube.  The  stem  on  which  the  internal  structure  is  supported  consists  of 
a  molded  glass  dish  into  which  seven  two-piece  beaded  dumet  leads  are 
sealed.  The  parts  used  in  a  stem,  and  also  a  finished  stem,  are  shown  in 
Fig.  2.  It  is  usual  to  embed  the  weld  or  "knot"  between  the  dumet  and 
nickel  portions  of  the  lead  in  the  glass  seal  to  provide  more  structural 
stiffness.  This  has  not  been  done  in  this  stem  because  it  was  believed  that 
a  fracture  of  a  lead  at  the  weld  could  be  detected  more  easily  if  it  were 
not  supported  by  the  seal.  It  might  be  questioned  why  the  modern  alloys 
and  fiat  stem  structure  have  not  been  used.  It  is  to  be  remembered  that 
one  gas  leak  along  a  stem  lead  would  disable  the  system,  and  experience 
built  up  with  the  older  materials  provides  greater  assurance  of  satis- 
factory seals. 

The  structure  of  the  heater  and  cathode  assembly  is  uniciue,  as  may 
be  seen  in  Fig.  3.  A  heater  insulator  of  aluminvmi  oxide  is  extruded  with 
7  holes  arranged  as  shown.  This  insulator  is  supported  by  a  0.025  inch 
molybdenum  rod  inserted  in  the  center  hole.  The  heater  consisting  of 
about  36  inches  of  0.003  inch  tungsten  is  wound  into  a  helix  having  an 
outside  diameter  of  0.013  inch.  After  dip  coating  by  well  known  tech- 
niques the  heater  is  threaded  through  the  6  outer  holes  in  the  insulator. 
A  suspension  of  aluminum  oxide  is  then  injected  into  the  holes  in  the 
insulator  so  that  on  final  firing  the  heater  becomes  completely  embedded. 


CATHODE    SLEEVE, 


MOLYBDENUM 
.  CATHODE 
/     CORE   ROD 


^  CERAMIC 
INSULATOR  \ 


,         TUNGSTEN 
I      /HEATER 

I      / 

I     / 
I 

i     I 


Fig.  3  —  Heater,  heater  insulator  and  cathode  assembly  of  the  175HQ  tube, 
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The  cathode  sleeve,  which  is  necked  down  at  one  end  as  shown  in  Fig.  3, 
is  sUpped  over  the  heater  assembly  and  welded  to  the  central  molyb- 
denum rod  which  becomes  the  cathode  lead.  By  this  means  a  uniform 
temperature  from  end  to  end  of  the  cathode  is  obtained.  Under  normal 
operating  conditions  the  heater  temperature  is  approximately  1100°C, 
which  is  very  considerably  under  the  temperature  found  in  other  tubes. 
Connection  of  the  heater  to  the  leads  from  the  stem  presented  a  serious 
design  problem.  Crystallization  of  tungsten  during  and  after  welding 
and  mechanical  strains  developed  by  thermal  expansion  frequently  are 
the  causes  of  heater  breakage.  This  problem  was  successfully  overcome 
by  the  means  illustrated  in  Fig.  4.  Short  sections  of  nickel  tubing  are 
slipped  over  the  cleaned  ends  of  the  heater  coil  and  matching  pieces  of 
nickel  wire  are  inserted  as  cores.  These  parts  are  held  together  by  tack 
welds  at  the  midpoints  of  the  tubing.  The  heater  stem  leads  are  bent, 
flattened  and  formed  to  receive  the  ends  of  the  heater,  which  are  then 
fastened  by  welds  as  indicated  in  the  drawing. 


Fig.  4  —  Heater  tabbing  arrangement  of  the  175HQ. 
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A  serious  attempt  has  been  made  in  the  design  of  the  tube  to  hold  the 
number  of  fastenings  that  depend  entirely  on  one  weld  to  an  absolute 
minimum.  The  grids  are  of  conventional  form  in  which  the  lateral  wires 
are  swaged  into  notches  cut  in  the  side  rods  or  support  wires.  The  side 
rods  as  well  as  the  lateral  wire  are  molybdenum.  This  produces  grids 
which  are  considerably  stronger  than  those  using  more  conventional 
materials. 

The  upper  mica  is  designed  to  contact  the  bulb  and  the  bulb  is  sized 
to  accurate  dimensions  to  receive  and  hold  the  mica  firmly.  The  tube 
in  its  mounting  will  withstand  a  single  500g  one  millisecond  shock  with- 
out apparent  changes  in  mechanical  structure  or  electrical  characteris- 
tics. It  is  estimated  from  preliminary  laying  tests  that  accidental  or  un- 
usual handling  would  rarely  result  in  shocks  exceeding  lOOg. 

Electrical  Characteristics  and  Life 

The  average  operating  electrical  characteristics  for  the  175HQ  tube 
are  given  in  Table  I,  and  a  family  of  plate- voltage  versus  plate-current 
curves  for  a  typical  tube  is  given  in  Fig.  5  for  a  region  approximating 
the  operating  conditions. 

The  development  of  a  long-life  tube  offers  good  opportunities  to  ob- 
serve effects  which  are  more  likely  to  be  missed  where  shorter  lives  are 
satisfactory.  For  example,  some  of  the  earliest  tubes  made,  after  20,000 
hours  on  the  life  racks,  began  to  show  a  metallic  deposit  on  the  bulbs. 


Table  I  —  Average  Operating  Electrical  Characteristics  for 

THE  175HQ  Tube 


Heater  Current 

Heater  Voltage 

Heater  Power 

Control-Grid  Bias 

Screen  Voltage 

Plate  Voltage 

Screen  Current 

Plate  Current 

Transconductance 

Capacitances  (cold,  with  shield) 

Input  Capacitance 

Output  Capacitance 

Plate  to  Control-Grid  Capacitance 


Stages 
1  &  2 

Stage  3 

220 

217      milliamperes 

18.2 

18.4  volts 

4.0 

4.0  watts 

-1.3 

—  1.4  volts 

38 

40      volts 

32 

51      volts 

0.3 

0.3  milliamperes 

1.3 

1.4  milliamperes 

980 

1010      micromhos 

All  Stages 

9.2    MMf 

15.6     MMf 

0.03  ^L^li 
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Fig.  5  —  Typical  plate  voltage-plate  current  characteristics  for  a  type  175HQ 
tube. 
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Immediate  concern  for  the  lowering  of  insulation  resistance  across  mica 
spacers  prompted  an  investigation.  The  source  was  traced  to  the  use  of 
plates  made  from  a  grade  of  nickel  from  which  magnesium  as  a  contam- 
inant was  evaporating.  A  change  was  made  to  molybdenum  which  has 
been  used  successfully  since  that  experience. 

The  effect  on  the  thermionic  life  of  operating  at  different  cathode  cur- 
rent densities  was  of  interest.  Life  tests  were  started  in  which  the  cathode 
current  drain  in  one  group  of  tubes  was  approximately  7.5  milliamperes 
(2.8  ma/cm^)  and  in  another  group  the  average  cathode  current  was  0.6 
milliamperes  (0.2  ma/cm^).  The  results  presented  in  Fig.  6  after  120,000 
hours,  or  approximately  14  years,  show  that  at  the  cathode  temperature 
of  approximately  710°C*  selected  for  the  test,  there  is  practically  no 
current  density  effect  in  this  12  to  1  current  range.  The  circles  indicate 
average  values,  while  the  dots  and  crosses  at  each  test  point  show  the 
positions  of  the  extreme  tubes  of  the  group. 

Similar  life  tests  set  up  to  show  the  effect  of  operating  at  plate  and 
screen  voltages  of  60  volts  as  compared  to  40  volts  indicate  no  essential 
differences  in  performance  after  8  years  of  operation. 

*  All  cathode  temperatures  referred  to  in  this  paper  are  "true"  temperatures, 
not  imcorrected  pj^rometer  temperatures. 
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Fig.  6  —  Results  of  life  tests  on  eighteen  175HQ  tubes  operating  at  two  differ- 
ent current  densities. 

The  cathode  temperature  is  one  of  the  most  critical  operating  vari- 
ables affecting  thermionic  life.  As  mentioned  above,  the  early  develop- 
ment objective  was  a  cathode  power  of  5.0  watts  which  corresponded 
to  710°C  for  the  cathode  design  used  at  that  time.  The  results  of  op- 
erating at  this  condition  are  illustrated  in  Fig.  7.  No  tubes  have  been 
lost  from  the  test  where  the  direct  cause  has  been  failure  of  emission. 
Several  tubes  were  lost  because  of  mechanical  failure  resulting  from 
design  defects  which  were  subsequently  corrected.  It  will  be  observed 
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Fig.  7  —  Results  of  life  tests  on  sixteen  175HQ  tubes  operating  at  a  cathode 
temperature  of  710°C. 
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that  at  the  end  of  17  years  the  average  transeonductance  is  80  per  cent 
of  its  original  value,  and  the  poorest  tube  has  dropped  to  69  per  cent. 
There  is  reason  to  believe  that  test  set  difficulties  may  very  well  account 
for  a  large  part  of  the  variation  shown  in  the  first  three  years. 

The  cathode  coatings  used  in  all  experimental  and  final  tubes  for  the 
Newfoimdland-Scotland  link  of  the  transatlantic  cable  are  the  con- 
ventional double  carbonate  coatings.  The  cathode  base  material  is  an 
International  Nickel  "220"  nickel.  The  particular  melt  used  for  the 
transatlantic  cable  is  known  as  melt  84.  A  typical  analysis  for  melt  84 
nickel  cathodes  is  given  in  Table  II. 

Table  II  —  Typical  Analysis  of  Inco  220  Nickel  Cathode  Melt  84 
(Analysis  made  prior  to  hydrogen  firing) 


Impurity 

Per  Cent 

Impurity 

Per  cent 

Aluminum 

0.008 
<0.004 

0.46 
<0.005 
0.028 
0.093 
0.046 

Manganese 

Silicon .                

0.11 

Boron 

0.033 

Cobalt 

Chromium 

Copper 

Iron 

Magnesium 

Titanium 

Oxygen 

Sulphur 

Carbon 

0.032 
0.0001 
0.0016 
0.058 

The  relatively  high  carbon  content  (0.058  per  cent)  of  melt  84  cathode 
nickel  is  capable  of  producing  excessive  reduction  of  barium  in  the 
cathode  coating.--  ^  A  treatment  in  wet  hydrogen,  prior  to  coating,  at 
925°C  for  15  minutes  reduces  the  carbon  in  the  cathode  sleeve  to  about 
0.013  per  cent. 

Melt  84  was  as  close  as  was  obtainable  in  composition  to  melts  60  and 
63  previously  used  for  the  Key  West-Havana  tubes.  The  results  of  up 
to  five  years  of  life  testing  were  thus  available  on  materials  of  very  similar 
composition. 

One  common  cause  of  tube  deterioration  mth  life  is  the  result  of 
formation  of  an  interface  layer  on  the  surface  of  the  cathode  sleeve.  It 
is  known  that  the  rate  of  development  of  this  layer  depends  in  a  complex 
way  on  the  chemical  composition  of  the  nickel  cathode  core  material. 
The  effect  of  such  a  layer  is  to  introduce  a  resistance  in  series  with  the 
cathode.  This  results  in  negative  feedback  and  reduces  the  effective 
transeonductance.  Since  the  effect  of  a  given  feedback  resistance  in  this 
location  is  proportional  to  transeonductance,  the  relatively  low  value  for 
the  175HQ  tube  tends  to  minimize  this  feedback  effect.  In  addition,  the 
low  cathode  temperature  tends  to  reduce  the  rate  of  formation  of  inter- 
face resistance,  and  the  relatively  large  cathode  area  tends  to  further 
minimize  the  effects.  The  final  decision  to  use  melt  84  was  based  on  ac- 
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celerated  aging  tests  which  showed  it  to  be  superior  to  melts  60  and 
G3  from  an  interface  standpoint. 

The  interface  problem  will  be  discussed  further  in  a  later  section. 

As  the  development  of  the  tube  proceeded,  both  the  processing  of  the 
parts  and  the  cleanliness  of  the  mount  assembly  were  impro\'ed  and  the 
cathode  emission  level  increased.  Life  tests  indicated  that  better  therm- 
ionic life  might  be  obtained  by  operating  at  a  lower  cathode  tempera- 
ture. Accordingly  a  cathode  power  of  approximately  4.0  watts  was 
adopted,  which  corresponds  to  a  temperature  of  670°C.  A  life  test,  now 
45,000  hours  or  about  5  years  old,  shows  the  results  in  Fig.  8  of  operating 
groups  of  tubes  at  three  different  cathode  temperatures.  This  is  a  well 
controlled  test  in  that  the  tubes  for  the  three  groups  were  picked  from 
tubes  having  common  parts  and  identical  fabrication  histories.  It  may 
be  noted  that  the  average  of  the  725°C  lot  has  lost  approximately  5  per 
cent  of  the  initial  transconductance,  whereas  the  4.0  watt  group  after 
about  5  years  has  lost  essentially  none  of  its  transconductance.  The  3.0 
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Fig.  8  —  Results  of  operating  thirty-six  175HQ  tubes  divided  equally  among 
three  different  cathode  temperature  conditions.  For  each  of  the  curves  the  cathode 
core  material  used  was  half  from  melt  60  and  half  from  melt  63.  The  conditions 
in  cable  operation  are  essentially  those  represented  by  the  center  curve. 
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watt  (61o°C)  group  shows  serious  instabilities  in  its  performance.  In  some 
of  the  tubes  the  cathode  temperature  has  not  been  sufficiently  high  to 
provide  the  required  emission  levels. 

The  design  of  the  repeaters  in  the  Newfoundland-Scotland  section  of 
the  cable  is  such  that  reasonably  satisfactory  cable  performance  would 
be  experienced  if  the  transconductance  in  each  tube  dropped  to  65  per 
cent  of  its  original  value.  The  life  test  performance  data  presented  in 
Figs.  7  and  8,  and  other  tests  not  shown,  indicate  that  operation  of  the 
175HQ  tubes  in  the  transatlantic  cable  at  approximately  4.0  watts  will 
assure  satisfactory  thermionic  performance  for  well  oxev  20  years. 

Mention  was  made  that  cleanliness  in  the  assembly  of  the  mounts  was 
a  factor  which  affected  thermionic  activity.  Interesting  evidence  sup- 
porting this  view  was  obtained  during  the  fabrication  of  tubes  for  the 
Key  West-Havana  cable.  The  cjuality  control  type  of  chart  reproduced 
in  Fig.  9  shows  the  average  change  in  transconductance  between  two  set 
values  of  heater  current  for  the  first  5  tubes  in  each  group  of  approxi- 
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Fig.  9  —  Control  chart  showing  the  effect  of  air  cleaning  on  the  cathode  ac- 
tivity level.  The  per  cent  change  in  transconductance  for  normal  heater  current 
and  a  value  20  per  cent  lower  is  used  as  the  measure  of  cathode  performance. 
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mately  28  tubes  made.  The  data  were  taken  after  5,000  hours  of  aging. 
A  sharp  improvement  in  thermionic  emission  was  noted  at  a  point  on  the 
chart  where  about  one  half  of  tubes  had  been  fabricated.  An  examination 
of  the  records,  which  are  very  carefully  maintained,  disclosed  that  the 
windows  of  the  assembly  room  were  sealed  and  air  cleaning  and  condi- 
tioning was  put  in  effect  at  the  point  indicated  on  the  chart.  No  other 
changes  in  processing  or  materials  occurred  at  this  time.  A  second  definite 
improvement  in  thermionic  emission  occurred  when  the  work  was  moved 
from  the  location  in  New  York  City  to  the  new  and  better  controlled 
environment  at  Murray  Hill  in  New  Jersey. 

Fabrication  and  Selection 

All  assembly  operators  on  the  175HQ  tube  program  wore  nylon* 
smocks  to  keep  down  the  amount  of  dust  and  lint  that  might  otherwise 
leave  their  clothing  and  get  into  the  tubes.  Rayon  acetate  gloves  were 
worn  when  handling  parts  as  a  protection  against  perspiration.  Rubber 
finger  cots  did  not  prove  satisfactory  because  they  covered  too  little  area 
and  once  contaminated  they  did  not  absorb  the  contaminant. 

The  tubes  for  the  Newfoundland  to  Scotland  section  of  the  cable  were 
made  at  Bell  Telephone  Laboratories  under  the  extremely  close  engineer- 
ing supervision  of  many  of  the  original  development  engineers.  All  ma- 
terials going  into  the  tubes  were  carefully  checked,  and  wherever  possible 
they  were  tried  out  in  tubes.  Experience  under  accelerated  aging  condi- 
tions was  obtained  before  these  materials  were  used.  For  example,  al- 
though during  the  development  period  all  glass  bulbs  were  used  as  re- 
ceived without  any  failures  resulting,  less  than  one-cjuarter  of  the  bulbs 
bought  for  the  actual  cable  job  passed  the  inspection  requirements.  Each 
batch  of  heaters  was  sampled  and  results  obtained  on  intermittent  and 
accelerated  tests  before  approval  for  use. 

The  fabrication  of  the  tube  was  carried  out  with  extreme  care  by  op- 
erators especially  selected  for  the  job.  If  normal  commercial  test  limits 
were  applied  to  the  tubes  after  exhaust,  the  yield  from  acceptable  mounts 
would  have  been  about  98  to  99  per  cent.  Yet  only  approximately  one 
out  of  every  seven  tubes  pumped  was  finally  approved  for  cable  use. 
All  tubes  were  given  5,000  hours  aging  and  electrical  tests  were  made  at 
six  different  times  during  this  period.  The  results  weighed  heavily  in 
the  final  selection.  For  example,  a  correlation  between  thermionic 
life  and  gas  current  had  been  established  during  the  tube  develop- 


Trade  name  for  DuPont  polymide  fibre. 
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ment  period,  and  only  tubes  having  control-grid  currents  due  to  gas  of 
less  than  5  X  10~"  ampere  were  acceptable.  This  corresponds  to  a  gas 
pressure  of  approximately  2  X  10~^  mm  of  Hg.  Very  thorough  mechani- 
cal inspections  after  the  5,000-hour  aging  were  made  to  insure  that  there 
were  no  observable  mechanical  deviations  that  could  cause  trouble.  The 
history  of  each  group  of  28  tubes,  from  which  prospective  candidates  for 
the  cable  were  selected,  was  reviewed  to  see  if  any  group  abnormalities 
were  found.  In  case  a  suspected  trait  was  seen,  all  tubes  in  the  group 
were  ruled  out  for  cable  use. 

As  an  aid  in  the  selection  of  tubes  for  the  cable,  all  pertinent  data  were 
put  on  IBM  cards.  It  was  then  possible  to  manipulate  and  present  the 
data  in  many  very  helpful  ways  that  would  have  otherwise  been  wholly 
impractical  from  time  and  manpower  considerations.  An  over-all  total 
of  about  half  a  million  bits  of  information  was  involved. 

Reliability  Prospects 

Questions  are  frequently  raised  concerning  the  probability  of  tube 
failures  in  the  system.  There  are  two  areas  into  which  failures  naturally 
fall — catastrophic  failures  and  the  type  of  failure  caused  by  cumulative 
effects  such  as  the  decay  of  thermionic  activity,  development  of  primary 
emission  from  the  control-grid,  or  the  build-up  of  conductance  across 
mica  insulators  or  glass  stems. 

The  catastrophic  failures  might  include  such  items  as  open  connections 
caused  by  weld  failures  or  fatigue  of  materials,  short  circuits  caused  by 
parts  of  two  different  electrodes  coming  into  contact  or  being  bridged  by 
conducting  foreign  particles  and  gas  leaks  through  the  glass  or  along 
stem  leads.  Fortunately  these  failure  rates  have  been  lowered  to  a  point 
where  there  are  no  sound  statistical  data  available  in  spite  of  the  sub- 
stantial amount  of  life  testing  that  has  been  done.  In  approximately 
4,800  tubes  made  to  date,  there  have  been  four  failures  that  were  not 
anticipated  by  the  inspections  made.  All  four  of  these  failures  were  of 
different  types  and  occurred  either  at  or  before  5,000  hours  of  life.  All 
four  were  of  types  more  apt  to  occur  during  the  early  hours  of  aging  and 
handling. 

Of  the  cumulative  types  of  failure,  life  testing  has  indicated  no  ap- 
parent problem  with  either  the  growth  of  insulation  conductance  or 
primary  emission  from  the  grids.  As  indicated  earlier  in  the  paper,  therm- 
ionic life  results  are  such  that  there  is  reason  to  be  optimistic  that  no 
failures  will  occur  in  20  years. 
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Trend  of  Tube  Development  in  British  Submarine  Repeater  Systems 
Early  Use  of  Commercial  Receiving  Tubes 

The  development  of  submerged  telephone  repeaters  in  Britain  has 
taken  a  somewhat  different  course  from  that  followed  in  the  United 
States.  Off  North  America,  deep  seas  are  encountered  as  soon  as  the 
continental  shelf  has  been  passed.  Consequently  emphasis  has  been 
placed  from  the  beginning  on  the  design  of  repeaters  for  ocean  depths. 
In  Britain,  separated  from  many  countries  by  only  shallow  seas,  it  was 
natural  for  development  to  start  with  a  repeater  specially  designed  for 
shallow  water.  Such  a  repeater  was  laid  in  an  Anglo-Irish  cable  in  1944. 

The  tubes  used  in  the  amplifier  of  this  repeater  were  normal  high 
transconductance  commercial  pentodes  type  SP61.  These  tubes  were 
known,  from  life  test  results,  to  last  at  least  for  two  years  under  condi- 
tions of  continuous  loading.  Their  performance  in  the  first  and  subse- 
quent early  repeaters  exceeded  all  expectations.  So  far  one  tube  has 
failed,  and  this  from  envelope  fracture,  after  a  period  of  four  years 
service.  There  remain  23  of  this  type  on  the  sea  bed  with  a  service  Hfe 
of  five  or  six  years,  and  3  tubes  which  have  survived  ten  years. 

All  these  SP61  tubes  were  part  of  a  single  batch  made  in  1942  and 
their  performance  set  a  high  standard.  It  was,  however,  found  that  sub- 
sequent batches  did  not  attain  the  same  standard  set  by  the  1942  batch. 
In  1946,  therefore,  the  British  Post  Office  was  faced  with  the  fact  that 
future  development  of  the  shallow  water  system  of  submerged  repeaters 
was  dependent  on  the  production  of  a  tube  type  which  could  take  the 
place  of  the  1942  batch  of  SP61  tubes.  This  situation  led  to  the  formation 
of  a  team  at  Dollis  Hill  whose  terms  of  reference  were,  specifically,  to 
produce  the  replacement  tube  and,  generally,  to  study  the  problems 
presented  by  the  use  of  tubes  in  submerged  repeaters.  Apart  from 
changes  in  the  specific  requirements,  these  terms  of  reference  have  re- 
mained unchanged  from  that  day  to  this. 

Replacement  by  the  G.P.O.  6P10  Type 

Coincident  with  the  rapid  exhausting  of  stocks  of  satisfactory  SP61 
tubes  for  submerged  telephone  systems,  there  arose  the  need  for  a  tube 
type  for  a  submerged  telegraph  repeater.  This  latter  requirement  was 
complicated  by  the  fact  that  the  telegraph  cable  was  subject  to  severe 
overall  voltage  restrictions  which  precluded  the  630  ma  heater  current 
required  for  the  4  watt  cathode  of  the  SP61.  In  order  to  avoid  production 
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of  one  tube  type  for  telephone  systems  and  another  for  telegraph,  it  was 
decided  that  the  replacement  for  the  SP61  should  have  a  2  watt  cathode 
with  a  300  ma  heater. 

During  the  years  1944  and  1945  a  very  successful  miniature  high  slope 
pentode,  the  CV138,  was  produced  for  the  armed  services.  The  electrical 
characteristics  of  this  tube  were  superior  to  those  of  the  SP61  and,  in 
addition,  it  used  a  2  watt  cathode.  It  was  therefore  decided  to  base  the 
replacement  tubes,  electrically,  on  the  CV138,  whilst,  at  the  same  time, 
retaining  freedom  to  amend  the  mechanical  features  in  any  way  which 
might  seem  to  favor  the  specific  requirements  of  submerged  repeater 
usage,  in  particular,  maintenance  of  the  level  of  transconductance  un- 
changed for  long  periods.  Consequently  three  major  mechanical  changes 
were  made  at  the  outset  of  the  project.  The  miniature  bulb  of  the  CV138 
was  replaced  by  one  of  normal  size  (approximately  1  inch  diameter  and 
2|  inches  long).  This  was  done  to  reduce  the  glass  temperature  and  so 
reduce  gas  evolution.  At  the  same  time  a  normal  press  and  drop  seal 
were  substituted  for  the  button  base  and  ring  seal  of  the  CV138,  as  it 
was  felt  that,  wuth  the  techniciues  available,  the  former  would  be  more 
reliable  than  the  latter.  With  the  use  of  a  normal  press  there  immediately 
followed  a  top  cap  control  grid  connection,  so  producing  a  double-ended 
tube  in  place  of  the  single-ended  CV138. 

These  three  modifications  and  a  number  of  major  changes  to  improve 
welding  and  assembly  techniques  led  to  the  G.P.O.  type  known  as  the 
6P10  [A  pentode  (P)  with  a  6.3-volt  heater  (6)  of  design  mark  10].  The 
6P10  replaced  the  SP61  in  the  18  shallow  water  repeaters  laid  in  various 
cables  after  1951.  There  are,  therefore,  54  tubes  type  6P10  in  service 
on  the  sea  bed  with  periods  of  continuous  loading  ranging  from  two  to 
four  years.  There  has  been  one  failure  due  to  a  fractured  cathode  tape, 
and  one  other  repeater  was  withdrawn  from  service  to  investigate  a  high- 
frequency  oscillation  associated  with  a  tube.  The  oscillation  cleared, 
however,  before  the  cause  could  be  identified. 

The  first  eighteen  6P10  type  tubes  used  in  repeaters  had  conventional 
nickel  cathode  cores.  Appreciation  of  the  problem  of  interface  resistance 
led  to  the  use  of  platinum  as  a  core  material  for  the  following  36  tubes. 
The  steps  leading  to  this  radical  change  of  technique  will  be  described 
later. 

Development  of  the  6P12  for  Long  Haul  Systems 

Although  .submerged  repeater  development  started  naturally  in  Brit- 
ain with  shallow-water  systems,  it  was  inevitable  that  attention  should 
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ultimately  turn  towards  trans-ocean  cables.  The  tube  requirements  for 
such  long  haul  systems  differ  from  those  for  short  haul  shallow-water 
schemes  in  that  operation  at  a  lower  anode  voltage  is  essential.  A  new 
tube  to  replace  the  6P10  was  therefore  unavoidable. 

By  the  time  emphasis  started  to  shift  in  Britain  from  shallow-water 
to  deep-sea  systems  some  considerable  experience  had  been  gained  at 
Dollis  Hill  on  the  production  techniques  required  to  fit  a  6P10  type  tube 
having  a  platinum  cathode  core  for  submerged  repeater  usage.  When  it 
became  apparent  that  a  new  tube  had  to  be  designed  for  the  first  long 
haul  system,  it  was  resolved  to  retain  as  much  as  possible  of  the  6P10 
structure  in  order  to  take  full  advantage  of  familiar  techniques.  The 
()P10  was  therefore  redesigned  for  60-volt  operation  simply  by  a  major 
adjustment  to  the  screen  grid  position  and  minor  alterations  elsewhere. 
The  new  tube  became  known  as  the  6P12  and  was  used  in  seven  repeaters 
installed  in  the  Aberdeen-Bergen  cable.  This  scheme  was  regarded  as  a 
proving  trial  for  the  Newfoundland-Nova  Scotia  section  of  the  transat- 
lantic project. 

It  has  always  been  appreciated  that  the  use  of  high  transconductance 
tubes  using  closely-spaced  electrodes  will  involve  a  higher  liability  to 
mechanical  failure  by  internal  short  circuits.  Practical  experience  in 
shallow-water  schemes,  where  repeater  recovery  is  a  comparatively  cheap 
and  simple  operation,  has  shown  however  that  such  risks  seem  to  be  out- 
weighed by  the  economic  advantage  accruing  from  a  tube  capable  of 
wider  frequency  coverage.  In  point  of  fact  a  failure  by  internal  short 
circuit  has  not  yet  materialized  on  any  shallow-water  system. 

This  background  of  experience  explains  the  British  choice  of  a  high 
transconductance  tube  for  deep-sea  systems,  but  the  greater  liability  to 
mechanical  failure  is  acknowledged  by  use  of  parallel  amplifiers.  Con- 
fidence in  this  policy  has  been  increased  by  the  successful  operation  oi' 
the  Aberdeen-Bergen  system. 

Problems  of  Development  of  the  6P12  Tube 

The  main  preoccupation  of  the  thermionics  group  at  Dollis  Hill  since 
1946  has  been  a  study  of  the  electrical  life  processes  of  high  transcon- 
ductance receiving  tubes.  This  effort  has  led  to  a  conviction  that  all 
changes  of  electrical  performance  have  their  origin  in  chemical  or  elec- 
tro-chemical actions  occurring  in  the  tube  on  a  micro-  or  milli-micro  scale 
of  magnitude.  The  form  of  change  of  most  importance  to  the  repeater 
engineer  is  decay  of  transconductance  and  this  will  be  considered  in  brief 
detail  as  typical  of  the  development  effort  put  into  the  6P12  tube. 

Transconductance  decay  in  common  tubes  results  from  two  separate 
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and  distinct  chemical  actions  occurring  in  the  oxide  cathode  itself.  Both 
actions  are  side  issues  in  no  way  essential  to  the  basic  functioning  of  the 
cathode  and  it  seems  probable  that  both  can  be  eliminated  if  sufficient 
understanding  of  their  nature  is  available.  The  first  action  is  the  growth 
of  a  resistive  interface  layer  between  the  oxide  matrix  and  its  supporting 
nickel  core,  discussed  briefly  in  an  earlier  section.  This  effect  is  assumed 
to  be  due  to  silicon  contamination  of  the  nickel  core  metal. 

4  BaO  +  Si  =  Ba2Si04  +  2  Ba. 

The  resistance  of  the  laj^er  of  barium  orthosilicate  rises  as  it  loses  its 
barium  activator  and  approaches  the  intrinsic  state.  The  effect  of  the  in- 
terface resistance  is  to  bring  negative  feedback  to  bear  on  the  tube  with 
resulting  loss  of  transconductance.  The  second  deleterious  action  is  loss 
of  electron  emission  from  the  oxide  cathode  by  direct  destruction  of  its 
essential  excess  barium  metal  by  oxidizing  action  of  residual  gases.  Such 
gases  result  from  an  imperfect  processing  technology. 

These  two  problems  have  been  approached  in  the  6P12  tube  in  a  some- 
what novel  manner.  The  conventional  nickel  core  is  replaced  by  platinum 
of  such  high  purity  (99.999  per  cent)  that  the  possibility  of  appreciable 
interface  growth  from  impurities  can  be  disregarded.  The  only  factor  to 
be  considered  is  the  appearance  of  high  resistive  products  of  a  possible 
interaction  between  platinum  and  the  alkaline  earth  oxides.  Batch  tests 
over  a  period  of  30,000  hours  have  failed  to  show  any  sign  whatever  of 
such  an  action  occurring  and  workers  at  Dollis  Hill  now  regard  the  pure 
platinum-cored  tube  as  free  from  the  interface  resistance  phenomenon. 

The  problem  of  avoiding  gas  deactivation  of  the  cathode  is  a  more 
difficult  one  and  so  far  has  been  reduced  in  magnitude  rather  than  elim- 
inated. It  is  now  appreciated  that  the  dangerous  condition  arises  from 
"gas  generators"  left  in  the  tube  and  not  from  a  true  form  of  residual 
gas  pressure  left  after  seal-off  from  the  pump.  These  gas  generators  are 
solid  components  of  the  tube  which  give  off  a  continual  stream  of  gas 
over  a  prolonged  period  of  time.  The  gas  evolution  rates  are  usually  so 
small  that  they  cannot  be  detected  by  reverse  grid  current  measurement 
but  they  tend  to  integrate  gas  by  absorption  on  the  cathode  and  to  de- 
stroy its  activity.  The  gas  generators  are  usually  of  finite  magnitude  and, 
depending  mainly  on  diffusion  phenomena,  evolve  gas  at  a  rate  which 
falls  in  roughly  exponential  fashion  with  time.  The  probability  of  trans" 
conductance  failure  is  therefore  highest  in  early  life  and  tends  to  lessen 
with  time  as  the  generators  move  to  exhaustion. 

One  particularly  useful  feature  of  the  platinum-cored  cathode  is  its 
freedom  from  core  oxidation  during  gas  attack  and  this  leaves  the  tube 
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Fig.  10  —  Behaviour  of  a  group  of  50  tubes  deliberately  left  with  a  "gas  gen- 
erator" (tube  type  6P12). 


free  to  recover  from  transconductance  failure  when  the  gas  attack  has 
passed.  In  Fig.  10  is  shown  the  behaviour  of  a  group  of  50  tubes  which 
have  been  deliberately  left  in  possession  of  a  component  capable  of  gen- 
erating carbon-monoxide  over  a  prolonged  period  of  time.  The  curve 
shows  the  characteristic  recovery  of  a  platinum-cored  oxide-cathode  with 
the  gradual  passing  of  what  is  thought  to  be  a  typical  gas  attack. 

One  problem  that  has  attracted  much  attention  at  Dollis  Hill  is  the 
actual  manner  in  which  a  platinum-cored  cathode  recovers  from  a  gas 
attack.  The  mechanism  must  involve  the  dissociation  of  a  small  fraction 
of  the  oxide  cathode  itself  with  the  retention  of  barium  metal  in  the 
oxide  lattice  and  the  evolution  of  oxygen.  That  such  an  essential  mecha- 
nism does  in  fact  exist  has  been  proved  by  the  slow  accumulation  of  barium 
metal  in  the  platinum  core.  This  accumulation  takes  the  form  of  a  dis- 
tinctive alloy  of  barium  and  platinum  and  only  occurs  when  the  cathode 


184  THE    BELL   SYSTEM   TECHNICAL   JOURNAL,    JANUARY    1957 

is  passing  current.  The  barium  regenerative  process  seems  therefore  to 
be  electrolytic  in  nature  and,  depending  only  on  current  flow  and  a  stock 
of  oxide,  would  appear  to  be  virtually  inexhaustible. 

These  few  remarks  are  perhaps  sufficient  to  give  some  idea  of  the  lines 
on  which  the  British  research  effort  has  run  during  the  past  decade.  More 
detailed  descriptions  have  ah-eady  been  presented  elsewhere.^-  s.  e,  7 

Electrical  and  Mechanical  Characteristics 
Electrical  Characteristics 

The  main  electrical  characteristics  of  the  6P12  are  shown  in  Figs.  11 
and  12.  The  heater  voltage  used  for  both  sets  of  curves  is  5.5  volts,  the 
same  value  as  that  used  in  the  British  amplifier. 

Fig.  11  shows  the  change  of  transconductance  with  anode  current, 
with  screen  voltage  as  parameter.  An  anode  voltage  of  40  volts  and  a 
suppressor  voltage  of  zero  correspond  with  the  static  operating  condi- 
tions in  the  first  two  stages  of  both  the  Aberdeen-Bergen  and  the  British 
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Fig.  12  —  Typical  anode  voltage-anode  current  characteristics  for  a  type  6P12 
tube  (No.  457/6). 

transatlantic  telephone  (T.A.T.)  amplifiers.  The  screen  voltage  and 
anode  current  of  the  first  two  stages  of  the  British  T.A.T.  amplifier  were 
chosen  to  be  40  volts  and  3  ma  respectively. 

Fig.  12  shows  the  normal  anode  voltage-anode  current  characteristics 
for  conditions  corresponding  to  the  output  stage  of  the  amplifier  (static 
operating  point,  anode  voltage  =  90,  screen  voltage  =  60,  anode  cur- 
rent =  6  ma) .  A  final  electrical  characteristic  worthy  of  comment  is  the 
level  of  reverse  grid  current.  For  all  specimens  tested  at  the  time  of  se- 
lection, after  about  4,000  hours  life  test,  the  level  is  very  low,  about  100 
micromicroamperes  per  milliampere  of  anode  current. 


Lije  Performance 

The  life  performance  of  the  6P12  is  still  a  matter  for  conjecture.  The 
only  concrete  evidence  available  is  the  behaviour  of  a  group  of  92  tubes 
which  w^ere  placed  on  hfe  test  some  three  years  ago.  The  change  of  the 
average  transconductance  of  this  group  (with  anode  current  constant  at 
6  ma)  is  shown  in  Fig.  13.  It  may  be  clearly  appreciated  that  there  is  no 
definite  trend  over  the  past  year  which  permits  any  firm  prediction  of 
life  expectancy.  Examination  of  other  tube  characteristics  is  equally  un- 
productive from  the  point  of  view  of  prediction  of  failure. 
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Fig.  13  —  Behaviour  of  a  group  of  92  type  6P12  tubes  over  a  period  of  three 
years. 

In  the  early  stages  of  the  test  there  were  eight  mechanical  failures. 
The  cause  in  all  instances  was  identified  and  corrected  in  subsequent 
production  before  the  start  of  the  T.A.T.  project. 

Mechanical  Characteristics 

The  chief  mechanical  characteristics  of  the  6P12  have  been  mentioned 
before  in  that  they  are,  as  explained,  very  similar  to  those  of  the  6P10. 
A  photograph  of  the  interior  of  the  tube  is  shown  in  Fig.  14. 


Tube  Selection  Techniques 

Not  all  the  tubes,  found  after  production  to  be  potentially  suitable  for 
the  British  T.A.T.  amplifier,  remained  equally  suitable  after  the  life  test 
period  of  about  4,000  hours.  A  brief  account  of  how  the  best  were  se- 
lected is  given  below. 

The  fact  that  every  tube  had  to  pass  conventional  static  specification 
limits  needs  little  emphasis  here.  This  test  was,  however,  supplemented 
by  three  additional  types  of  specification.  First,  every  tube  was  tested 
in  a  functional  circuit,  simulating  that  stage  of  the  amplifier  for  which 
the  tube  was  ultimately  intended.  Here  measurements  were  made  of  shot 
noise  (appropriate  to  first  stage  usage)  and  harmonic  generation  (ap- 
propriate to  the  output  stage)  in  addition  to  the  usual  measurements  of 
transconductance,  anode  impedance  and  working  point. 
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Second,  all  tubes  were  subject  to  intensive  visual  scrutiny  in  which 
some  80  specific  constructional  details  were  checked  for  possible  faulty 
assembly. 

Third,  the  Ufe  characteristics  of  transconductance,  total  emission  and 
working  point  were  examined  over  the  test  period  of  about  4,000  hours 
for  unsatisfactory  trends.  Although  this  type  of  specification  is  more 
difficult  to  define  precisely,  its  application  is  probably  more  rigorous  and 
exacting  than  any  of  the  previous  specifications. 

Only  if  a  tube  passed  the  conventional  test  and  the  three  supple- 
mentary tests  was  it  considered  adequate  for  inclusion  in  a  repeater. 


Fig.  1-1  —  View  of  interior  of  a  6P12  type  tube. 
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CONCLUSION 

The  laying  of  the  present  repeatered  transatlantic  cable  represents  by 
far  the  most  ambitious  use  to  date  of  long  life,  unattended  electron  tubes. 
On  this  project  alone  there  are  390  tubes  operating  on  the  ocean  bottom. 
If  to  this  number  are  added  the  ocean  bottom  tubes  from  earlier  shorter 
systems,  those  used  in  the  Alaskan  cable  completed  a  few  months  ago, 
and  those  to  be  used  in  the  California-Hawaiian  cable  to  be  laid  in  1957, 
the  total  number  on  the  ocean  bottom  will  be  about  one  thousand.  The 
capital  investment  dependent  on  the  satisfactory  performance  of  these 
tubes  is  probably  about  one  hundred  million  dollars  — ■  strong  evidence 
of  faith  in  the  ability  to  produce  reliable  and  trustworthy  tubes. 

It  is  of  interest  to  note  that  the  two  groups  working  on  the  tubes  on 
opposite  sides  of  the  Atlantic  had  no  intimate  knowledge  of  each  other's 
work  until  after  the  tube  designs  had  been  w^ell  established.  As  a  result 
of  subsequent  discussions,  it  has  been  surprising  and  gratifjdng  to  find 
how  similarly  the  two  groups  look  at  the  problems  of  reliability  of  tubes 
for  submarine  cables. 

The  authors  would  be  completely  remiss  if  they  did  not  mention  the 
contributions  of  others  in  the  work  just  described.  These  projects  would 
have  been  impossible  if  it  were  not  for  the  enthusiastic,  cooperative  and 
careful  efforts  of  many  people  working  in  varied  fields.  Over  the  years 
chemists,  physicists,  electrical  and  mechanical  engineers,  laboratory 
aides,  shop  supervisors  and  operators  all  have  made  essential  contribu- 
tions to  the  projects.  It  would  be  impractical  and  unfair  to  attempt  to 
single  out  for  mention  the  work  of  specific  individuals  whose  contribu- 
tions are  outstanding.  There  are  too  many. 
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The  transatlantic  cable  project  required  that  two  repeatered  cables  be  laid 
in  the  deep-water  crossing  between  Newfoundland  and  Scotland,  and  one 
across  the  shallower  waters  of  Cabot  Strait.  The  same  structure  was  adopted 
for  the  cables  laid  in  the  two  locations. 

This  paper  discusses  the  considerations  leading  to  design  of  the  cable  and 
describes  the  method  of  manufacture,  the  means  and  equipment  for  control 
of  cable  quality,  the  process  and  final  inspection  procedures,  the  electrical 
characteristics  of  the  cable,  and  factors  relating  to  mechanical  and  electrical 
reliability  of  the  final  product. 

DESCRIPTION    OF    CABLE 

General  features  of  the  cable  structure  adopted  for  the  transatlantic 
cable  project^  are  illustrated  in  Fig.  1.  The  cable  consists  of  two  basic 
parts:  (1)  the  coaxial,  or  the  electrical  transmission  path,  and  (2)  the 
armor  or  outer  protection  and  strength  members. 

The  coaxial  is  made  up  of  three  parts:  (1)  the  central  conductor,  (2) 
the  insulation,  and  (3)  the  outer  or  return  conductor.  The  central  con- 
ductor is  composed  of  a  copper  center  wire  surrounded  by  three  helically 
applied  copper  tapes.  The  insulation  is  a  polyethylene  compound  which 
is  extruded  tightly  over  the  central  conductor.  The  insulated  central  con- 
ductor is  called  the  cable  core.  The  outer  or  return  conductor  is  com- 
posed of  six  copper  tapes  applied  helically  over  the  insulation. 

The  protection  and  strength  components  shown  in  Fig.  1  for  the  type 
D  deep  water  cable  are  provided  by  a  teredo  tape  of  thin  copper  applied 
over  the  outer  coaxial  conductor,  a  fabric  tape  binding,  a  layer  of  jute 
rove  for  armor  bedding,  the  textile  covered  armor  wires  and  finally, 
two  layers  of  jute  yarn  flooded  with  an  asphaltum-tar  compound.  This 
cable  is  characterized  by  the  extra  tensile  strength  of  its  armor  wires  and 
by  the  extra  precautions  taken  to  minimize  con-osion  of  these  wires. 

*  Bell  Telephone  Laboratories. 
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At  the  shallow  water  shore  ends,  the  armor  types  are  characterized  by 
the  use  of  mild  steel  wires  which  are  increased  in  diameter  in  steps  as 
the  landing  is  approached.  These  types  are  designated  A  and  B  and  will 
be  described  in  greater  detail  later. 

The  transmission  loss  of  this  cable  structure  at  the  top  operating  fre- 
quency of  164  kc  is  1.6  db  per  nautical  mile  and  is  0.6  db  per  nautical 
mile  at  20  kc,  which  is  the  lower  end  of  the  frequency  band.  The  high 
frequency  impedance  of  the  cable  is  about  54  ohms. 

BASIS   OF   DESIGN 

A  coaxial  structure  was  first  used  for  telephone  and  telegraph  service 
in  a  submarine  installation  in  1921,  between  Key  West  and  Havana, 
Cuba.  Three  coaxial  cables  with  continuous  magnetic  loading  and  no 
submerged  repeaters  were  laid.  One  telephone  circuit  and  two  telegraph 
circuits  were  provided  in  each  cable  for  each  direction  of  transmission. 

In  1950,  a  pair  of  submarine  coaxial  cables,^  which  included  flexible 
submerged  repeaters,  was  laid  between  Key  West  and  Havana,  Cuba. 
Each  cable  furnished  24  voice  circuits.  One  cable  served  as  the  "go"  and 
the  other  as  the  "return"  for  the  telephone  conversations.  The  transat- 
lantic telephone  cable  design  is  similar  to  this  cable  except  that  the 
nominal  diameter  of  the  insulation  is  0.620"  instead  of  0.460".  An  out- 
standing difference  between  the  transatlantic  and  Key  West-Havana 
systems  is  cable  length  —  about  2,000  nautical  miles  as  compared  with 
125.  This  difference  influenced  significantly  the  permissible  electrical 
and  mechanical  tolerances  applying  to  the  cable  structure. 

The  installation  of  some  1,200  miles  of  cable  with  island  based  re- 
peaters for  a  communication  and  data  transmission  system  for  the  U.  S. 
Air  Force,  between  Florida  and  Puerto  Rico,^  followed  the  1950  sub- 
marine cable  system.  The  design  of  this  cable  is  identical  with  that  of 
the  transatlantic  cable,  except  for  differences  in  the  permissible  dimen- 
sional tolerances  on  the  components  of  the  electrical  transmission  path. 
Data  obtained  on  the  electrical  performance  of  the  Air  Force  cable  pro- 
vided the  transmission  characteristic  to  which  the  repeaters  for  the 
transatlantic  project  were  designed. 

The  design  of  this  cable  installation  was  the  result  of  many  years 
of  cable  development  effort,  which  was  guided  by  the  successes  and 
failures  of  the  earlier  submarine  telegraph  cables.  The  1950  Key 
West-Havana  and  the  Air  Force  cables  differed  from  the  earlier  struc- 
tures in  one  important  respect,  namely,  the  lay  of  the  major  components. 
A  series  of  fundamental  design  studies  during  the  1930's  and  1940's  and 
extensive  field  tests  in  the  Bahamas  in  1948  demonstrated  that  having 
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the  same  direction  of  lay  of  the  major  components  of  a  cable  was  very 
important  in  minimizing  kinking  and  knuckling.  In  addition,  other  lab- 
oratory tests  pointed  the  direction  for  the  adoption  of  new  materials  and 
techniques  in  the  manufacture  of  these  cables.  These  and  subsequent 
improvements  in  materials  and  manufacturing  techniques  were  included 
in  the  transatlantic  cable  design. 

Since  the  electrical  characteristics  of  a  cable  have  a  direct  bearing  on 
the  overall  system  design  and  performance,  considerable  emphasis  was 
placed  on  this  phase  of  the  design  of  the  transatlantic  cable.  The  size  of 
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Fig.  1  —  Structural  features  of  the  deep  water  type  of  cable. 
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central  conductor  and  core  used  in  the  Air  Force  cable  resulted  in  low 
unit  attenuation  and  low  dc  resistance.  These  advantages  resulted  in  the 
adoption  of  this  size  of  cable.  However,  the  outside  diameter  of  the  core 
and  the  diameter  of  the  central  conductor  of  the  coaxial  do  not  fulfill  the 
requirements  generally  described  as  optimum  for  minimum  attenuation. 
Mathematical  analysis  shows  that  there  is  a  preferred  diameter  ratio 
which  results  in  minimum  transmission  loss.  For  the  0.620''  core  diameter 
employed  in  the  Air  Force  cable,  the  central  conductor  diameter  chosen 
was  smaller  than  the  ideal  central  conductor  required  to  satisfy  the  pre- 
ferred diameter  ratio.  The  diameter  chosen  retained  the  central  conductor 
size  which  the  Key  West-Havana  and  Air  Force  cables  proved  to  be 
satisfactory  from  a  manufacturing  standpoint.  The  choice  was  also  com- 
patible with  the  dc  resistance  requirement  for  transmission  of  power 
over  the  cable  to  each  of  the  repeaters. 

While  production  of  the  cable  was  proceeding,  cable  manufactured  to 
the  transatlantic  specification  was  tested  near  Gibraltar  in  March,  1955. 
These  tests  provided  a  final  evaluation  of  the  mechanical  and  electrical 
characteristics  of  this  cable  before  the  actual  laying  of  the  transatlantic 
link. 

DETAILS    OF   STRUCTURAL   DESIGN   OF   CABLE 

The  structural  features  of  the  coaxial  and  of  types  A,  B  and  D  armor 
are  summarized  in  Fig.  2. 

A  composite  central  conductor  was  chosen  to  provide  a  conductive 
bridge  across  a  possible  break  in  any  one  of  its  elements,  due  to  a  hidden 
defect,  such  as  an  inclusion  of  foreign  material  in  the  copper.  The  dimen- 
sions of  the  components  of  the  central  conductor  were  preciselj^  con- 
trolled, and  a  light  draw  through  a  precision  die  was  used  to  compact 
and  size  the  assembly. 

Use  of  high  molecular  weight  polyethylene  (grade  0.3)  for  core  in- 
sulation is  a  major  departure  from  the  materials  used  in  early  submarine 
telephone  and  telegraph  cables.  The  development  of  synthetic  polymers 
such  as  polyethylene  had  led  to  the  replacement  of  gutta  percha  as  cable 
insulation,  since  polyethylene  possesses  better  dielectric  properties  and 
mechanical  characteristics  and  is  lighter  in  weight. 

Ordinary  low  molecular  weight  polyethylene  is  subject  to  environ- 
mental cracking,  especially  in  the  presence  of  soaps,  detergents  and  cer- 
tain oils.  High  molecular  weight  material  is  much  less  subject  to  crack- 
ing, and  by  adding  5  per  cent  butyl  rubber,  further  improvement  in 
crack  resistance  is  obtained. 

Six  copper  tapes  applied  helically  over  the  core  comprised  the  return 
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conductor  and  thus  completed  the  coaxial  structure.  The  dimensions  of 
these  tapes  were  precisely  controlled.  The  helical  structure  was  chosen 
to  impart  flexibility  to  the  coaxial. 

Insulation  of  some  of  the  early  submarine  telegraph  cables  suffered 
from  attack  b}^  marine  borers  such  as  the  teredo,  pholads  and  limnoria. 
To  protect  against  such  attack,  a  thin  metallic  tape  was  placed  over  the 
insulation  in  the  early  submarine  cables.  The  necessity  for  such  protec- 
tion for  the  transatlantic  cables,  especially  in  deep  water,  may  be  ques- 
tioned, but  the  moderate  cost  of  this  protection  was  considered  cheap  in- 
surance against  trouble.  The  copper  teredo  tape  was  applied  directly 
over  the  return  conductor,  as  a  helical  serving  Avith  overlapped  edges  to 
completely  seal  the  coaxial  from  attack  by  all  but  the  smallest  marine 
organisms. 

A  cotton  tape  treated  with  rubber  and  asphaltum-tar  compound  was 
applied  over  the  teredo  tape  to  impart  mechanical  stability  to  the  co- 
axial during  manufacture.  A  small  gap  between  adjacent  turns  of  the 
helix  was  specified  to  permit  ready  access  of  water  to  the  return  tape 
structure  and  to  the  surface  of  the  core.  The  use  of  a  gap  was  based  on 
laboratory  tests  which  showed  that  transmission  loss  was  dependent  to 
a  modest  extent  on  thorough  wetting  of  the  exterior  of  the  coaxial.  Since 
transmission  loss  measurements  are  made  on  repeater  sections  of  cable 
shortly  after  manufacture  to  determine  whether  any  length  adjustments 
are  required,  it  was  essential  that  the  wetting  action  be  as  rapid  as 
possible. 

The  design  of  the  protection  and  strength  components  of  the  cable  was 
modified  according  to  the  depth  of  the  water  in  which  the  cable  was  to 
be  laid.  To  prevent  damage  to  the  coaxial  by  any  cutting  action  of  the 
armor  wires  during  manufacture  and  laying,  a  resilient  cushion  of  jute 
roving  was  placed  between  the  armor  wires  and  coaxial.  For  type-D 
cable,  a  single  layer  of  jute  was  used;  for  types  A  and  B  cable,  the  bed- 
ding was  made  up  of  two  layers  of  jute.  To  protect  this  jute  from  micro- 
biological attack,  a  cutching  treatment  was  employed.  The  traditional 


Table  I 


Armor  Wire 

Type 

Number  of 
Wires 

Diameter  in 
Inches 

Material 

Application 

A 
B 
D 

12 
18 
24 

0.300 
0.165 
0.086 

.Mild  Steel 
Mild  Steel 
High  Strength  Steel 

Up  to  350  fath. 
350  to  700  fath. 
Greater  than  700  fath. 
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cutching  process  consists  of  treating  the  jute  with  a  vegetable  compound 
called  catechu  or  cutch. 

Armor  wires  were  applied  over  the  bedding  jute.  The  use  of  heavy  or 
intermediate  weight  near  shore  has  been  established  by  experience  with 
ocean  cable.  This  type  of  armor  is  generally  employed  where  the  cable 
may  be  exposed  to  wave  action,  bottom  currents,  rocks,  icebergs,  ship's 
anchors  and  fishing  trawlers.  A  lighter  weight  structure  having  higher 
tensile  armor  wires  is  needed  in  deep  water.  Table  I  shows  the  essential 
differences  between  the  armor  types  employed  in  the  transatlantic  cable 
and  the  approximate  range  of  depths  in  application. 

In  addition  to  the  above  armor  types,  a  shore  length  of  0.6  nautical 
mile  was  provided  with  an  insulated  lead  sheath  under  Type  A  armor  to 
facilitate  preferred  grounding  arrangements  and  to  provide  signal  to 
noise  improvement. 

Where  the  tensile  strength  of  the  armor  wires  is  most  important,  as 
in  the  type  D  design,  each  of  the  wires  was  protected  against  corrosion 
by  a  zinc  galvanize  plus  a  knitted  cotton  serving  or  helically  applied 
tape,  the  whole  assembly  being  thoroughly  saturated  with  an  asphaltum- 
tar  compound.  The  effectiveness  of  such  protection  is  clearly  apparent 
Avhen  early  submarine  cables,  which  used  this  protection,  are  recovered 
and  examined.  For  the  heavier  armor  types,  the  protection  was  similar 
to  that  of  type  D,  except  that  the  textile  serving  was  replaced  by  a  dip 
treatment  to  coat  each  wire  with  an  asphaltic  compound. 

As  the  armor  wires  were  applied  to  each  type  of  cable  additional  pro- 
tection was  obtained  by  flooding  the  cable  with  a  special  asphaltum-tar 
compound  and  then  applying  two  layers  of  jute  yarn  over  the  wires.  The 
jute  yarn  was  impregnated  with  an  asphaltum-tar  compound  before  ap- 
plication to  the  cable  and  then  flooded  with  another  asphaltum-tar 
compound  after  application.  Formulation  of  cable  flooding  materials  re- 
quired the  use  of  compounds  having  a  relatively  high  coefficient  of  fric- 
tion to  avoid  slippage  of  the  cable  on  the  ship's  drum  during  laying. 

To  assure  satisfactory  handling  characteristics  during  the  laying  op- 
eration, all  of  the  metallic  elements  of  the  cable  were  applied  with  a  left- 
hand  direction  of  lay  and  the  lengths  of  lay  (except  for  the  teredo  tape) 
were  chosen  so  that  approximately  the  same  helical  length  of  material 
was  used  per  unit  length  of  cable.  Since  the  teredo  tape  was  relatively 
soft  and  ductile  compared  to  that  of  the  other  metallic  components,  it 
was  not  necessary  to  equate  its  helical  length  to  that  of  the  other  com- 
ponents. Width  and  lay  of  the  teredo  tape  were  selected  to  give  a  smooth, 
tight  covering. 

The  choice  of  direction  and  length  of  lay  of  the  jute  layers  was  based 
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on  experience  with  cable  in  factory  handling  and  laying  trials.  Experi- 
ence, particularly  with  the  direction  of  lay,  has  shown  that  improper 
choice  of  lays  for  the  two  outer  layers  of  jute  may  result  in  a  cable  that 
is  difficult  to  coil  satisfactorily  in  factory  and  ship  storage  tanks.  The 
combination  of  lays  selected  for  the  cable  components  provided  good 
performance  in  all  the  handling  operations,  including  the  final  laying 
across  the  Atlantic. 

MANUFACTURE    OF   THE    CABLE 

Before  considering  the  manufacture  of  the  cable,  it  should  be  under- 
stood that  the  repeater  gain  characteristic  was  designed  to  compensate 
for  the  loss  characteristic  of  the  cable.  Therefore,  once  this  loss  charac- 
teristic was  established,  it  was  essential  that  all  cable  manufactured 
conform  with  this  characteristic. 

To  obtain  the  required  high  degree  of  conformance,  close  control  had 
to  be  kept  over  all  stages  of  manufacture  and  over  the  raw  materials. 
Controls  to  guide  the  manufacture  of  the  cable  were  set  up  with  two 
broad  objectives: 

1.  To  produce  a  structure  capable  of  meeting  stringent  transmission 
requirements. 

2.  To  assure  that  the  manufactured  cable  could  be  laid  successfully 
and  would  not  be  materially  affected  by  the  ocean  bottom  environment 
for  the  expected  life  of  the  cable  system. 

Attainment  of  a  final  product  capable  of  meeting  the  stringent  trans- 
mission requirements  is  described  in  a  later  section  of  this  paper.  Process 
and  raw  material  controls  in  manufacture  were  provided  by  an  inspection 
team  which  checked  the  quality  of  the  various  raw  materials  and  the 
functioning  of  the  several  processes  during  the  manufacturing  operations. 
This  type  of  inspection  coverage  is  somewhat  unique  with  submarine 
cable.  It  assures  the  desired  final  quality  by  permitting  each  error  or 
accident  to  be  investigated  and  corrected  on  an  individual  basis. 

Cable  for  the  transatlantic  crossing  was  manufactured  in  America  by 
the  Simplex  Wire  and  Cable  Company  and  in  England  by  Submarine 
Cables,  Limited.  Differences  in  machinery  and  equipment  in  the  plants 
of  the  two  manufacturers  necessitated  minor  differences  in  the  sequence 
of  the  operations  and  in  the  processes.  The  sequence  of  operations  in 
assembly  of  the  cable  was  as  follows: 

Step  No.  Operation 

1  Stranding  of  central  conductor 

2  Extrusion  of  insulation 

3  Runover  examination,  repair  where  necessar}- 
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4  Panning  and  testing  of  core 

5  Jointing  of  core 

6  Application  of  return  tapes,  teredo  tape,  fabric  tape,  jute  bedding  and 

binding  string 

7  Application  of  armor  wire  and  outer  jute  layers 

8  Storage  in  tanks,  testing 

9  Splicing  in  repeaters,  testing 

The  only  important  difference  in  the  sequence  of  the  manufacturing 
operations  at  the  two  plants  was  the  use  of  separate  operations  for  steps 
6  and  7  at  Submarine  Cables  and  the  combination  of  these  operations 
in  one  machine  at  Simplex. 

Other  minor  differences  in  process  methods  related  to  raw  materials. 
For  example,  the  American  supplier  purchased  polyethylene  already 
compounded  with  butyl  rubber  and  antioxidant  in  granule  form,  ready 
for  use.  The  British  supplier  purchased  polyethylene,  butyl  rubber  and 
antioxidant  separately,  and  performed  the  compounding  in  the  cable 
factory. 

STRANDING   OF    CENTRAL    CONDUCTOR 

The  central  conductor  was  stranded  on  a  machine  which  included  a 
revolving  carriage  with  suitable  arbors  for  the  three  surround  tapes.  It 
was  equipped  with  brakes  designed  to  assure  equal  pay-off  tension  among 
the  tapes  and  with  detectors  to  automatically  stop  the  strander  in  case 
of  a  tape  break.  Each  tape  was  guided  through  contoured  forming  rolls 
to  shape  the  tape  to  the  center  wire. 

The  joints  between  successive  reels  of  wire  and  tape  used  in  fabrication 
of  the  central  conductor  were  butt  brazed.  The  brazes  w^ere  staggered  to 
avoid  more  than  one  braze  in  a  given  cross-section  of  the  conductor.  The 
quality  of  the  brazes  in  these  components  was  controlled  by  a  qualifica- 
tion technique  described  below  in  the  section  on  core  jointing. 

The  strand  was  drawn  through  several  forming  dies  to  size  the  finished 
diameter  of  the  central  conductor  accurately.  No  lubrication  was  used 
because  the  removal  of  the  resultant  residues,  which  could  contaminate 
the  polyethylene  insulation,  was  difficult.  The  taper  in  the  central  con- 
ductor diameter  due  to  the  die  wear  w^as  controlled  by  appropriate  re- 
placement of  tungsten  carbide  dies,  where  used,  or  by  the  use  of  a 
diamond  die  where  the  rate  of  die  wear  is  less  than  1  or  2  micro-inches 
per  mile. 

The  stranding  area  in  both  plants  was  enclosed  and  pressurized  to 
guard  against  dirt  and  dust  settling  on  the  central  conductor.  A  high 
standard  of  cleanliness  was  maintained  for  parts  of  the  machine  which 
touched  the  conductor  or  its  components.  Undue  wear  of  the  guide  faces 
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or  capstan  sheaves  was  cause  for  replacement  of  the  sheaves  and  adjust- 
ment of  the  machine.  A  photograph  of  the  stranding  area  is  shown  in 
Fig.  3. 

EXTRUSION    OF   INSULATION 

To  avoid  possible  contamination  of  the  polyethylene  insulating  com- 
pound in  the  extruder-hopper  loading  area,  a  pressurized  enclosure  pre- 
vented entry  of  air-borne  dust  and  dirt,  and  the  containers  of  poly- 
ethylene compound  were  cleaned  with  a  vacuum  cleaner  before  being 
brought  into  the  hopper  area.  A  fine  screen  pack  placed  in  the  extruder 
reduced  the  possibility  of  contamination  in  the  core. 

In  passing  through  the  extruder,  the  central  conductor  was  payed-off 
of  a  large  reel  with  controlled  tension,  into  the  pay-out  capstan,  through 
an  induction  heater,  through  a  vacuum  chamber,  and  thence  into  the 
cross-head  of  the  extruder.  The  induction  unit  heated  the  central  con- 
ductor and  provided  means  for  controlling  the  shrinkback  of  the  core 
insulation  and  the  adhesion  of  the  conductor  to  the  insulation.  Shrink- 
back  is  a  measure  of  the  contained  stresses  in  the  insulation. 

On  the  output  side  of  the  extruder,  the  core  was  cooled  in  a  long  sec- 
tionalized  trough  containing  progressively  cooler  water  from  the  input  to 
the  output  end.  The  annealing  of  the  polyethylene  in  the  cooling  trough 
also  served  to  hold  the  shrinkback  of  the  core  to  a  low  value.  The  extru- 
sion shop  is  shown  in  Fig.  4. 

An  important  addition  to  the  extrusion  operation  consisted  of  the  use 
of  an  improved  servo  system  to  control  the  extruder  automatically  to 
attain  constant  capacitance  per  unit-length  of  coaxial.  The  system  used 
is  described  in  a  subsequent  section. 

RUNOVER    EXAMINATION 

Following  extrusion,  the  core  was  subjected  to  continuous  visual  and 
tactual  examination  in  a  rereeling  operation  called  "runover".  The  pur- 
pose of  the  runover  operation  was  the  detection  of  inclusions  of  foreign 
material  in  the  dielectric  and  the  presence  of  abnormally  large  or  small 
core  diameters.  Core  not  meeting  specification  requirements  was  cut 
out  or  repaired. 

In  addition  to  visual  inspection  of  the  cable,  examination  of  short 
lengths  of  core  was  made  at  regular  intervals  with  a  shielded  source  of 
light  arranged  to  illuminate  the  interior  of  the  dielectric  material.  Provi- 
sion of  this  internal  illumination  facilitated  detection  of  particles  of 
foreign  material  well  beneath  the  surface  of  the  core.  Strip  chart  records 
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Fig.  5  —  Special  water  tank  or  pan  for  tests  on  immersed  cable  core. 

of  the  unit-length  capacitance  of  the  core  obtained  during  extrusion  were 
used  as  a  guide  in  searching  out  regions  of  uncertainty. 

PANNING   AND   TESTING 


After  runover,  the  core  was  coiled  in  tanks  of  water,  as  shown  in  Fig.  5. 
Precautions  were  taken  to  remove  the  air  dissolved  in  the  water  and  thus 
prevent  the  formation  of  bubbles  on  the  surface  of  the  core.  The  water 
was  also  temperature  controlled  and  circulated  to  maintain  uniform 
temperature  throughout  the  tank.  Thermocouples  placed  at  different 
levels  in  the  tank  determined  when  the  temperature  was  uniform. 
Measurements  of  dc  conductor  resistance,  ac  capacitance,  insulation  re- 
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sistance,  and  dielectric  strength  were  then  made.  These  measurements 
are  discussed  in  detail  in  a  later  section  of  this  paper. 

JOINTING   OF   CORE   LENGTHS 

The  cable  core  was  manufactured  in  lengths  much  shorter  than  a  re- 
peater section,  which  necessitated  connecting  the  individual  core  lengths 
together.  Jointing  techniques  consisted  of  brazing  the  central  conductor 
with  a  vee-notch  type  of  junction  and  of  molding  in  a  short  section  of 
the  polyethylene  insulation.  After  silver-soldering  the  vee-joint,  a  safety 
wire  consisting  of  four  fine  gauge  tinned  copper  wires  was  bridged  across 
the  junction  in  an  open  helix  and  soft  soldered  at  the  ends.  Extreme  care 
was  taken  to  remove  any  excess  rosin  and  to  eliminate  any  sharp  points 
on  the  ends  of  the  safety  wires.  The  safety  wire  is  intended  to  maintain 
continuity  of  the  electrical  path  in  case  the  braze  should  fail. 

Visual  examination  of  brazes  in  the  actual  cable  was  the  only  means 
available  for  their  final  inspection.  To  assure  a  high  degree  of  quality  on 
these  brazes,  a  system  was  devised  for  checking  the  performance  of  the 
operator  and  the  brazing  machine  initially  and  at  frequent  intervals 
through  the  use  of  sample  brazes  in  each  of  the  components,  which  were 
tested  to  destruction.  To  control  the  uniformity  of  brazes,  the  brazing 
of  the  copper  wire  and  tapes  was  made  as  automatic  as  possible  by  the 
use  of  controlled  pressure  on  the  components,  appropriate  sized  wafers 
of  silver  solder,  and  an  automatically  timed  heat  cycle.  The  tests  on  the 
brazes  used  to  qualify  operators  and  machinery  indicated  that  a  high  de- 
gree of  braze  performance  was  achieved. 

Pressure  and  temperature  were  carefully  controlled  during  the  molding 
of  the  insulation  over  the  conductor.  Periodic  checks  similar  to  those 
described  for  brazes  were  made  on  operator  and  molding-machine  to 
maintain  a  satisfactory  level  of  performance.  In  addition,  each  molded 
joint  placed  in  the  actual  cable  was  X-rayed  and  subjected  to  a  high 
voltage  test  while  immersed  in  water. 

APPLICATION   OF   RETURN   TAPES   AND   ARMOR   WIRES 

After  the  core  lengths  were  joined  together,  they  were  pulled  through 
the  return  taping  and  armoring  operations.  The  machine  for  applying 
return  tapes  was  designed  specifically  for  the  purpose  and  was  similar  in 
characteristics  to  the  corresponding  portion  of  the  strander  for  the  cen- 
tral conductor.  Controlled  pay-off  tension,  automatic  breakage  detectors, 
precision  guides,  and  contoured  forming  rolls  to  shape  the  tape,  were 
incorporated  in  the  construction. 
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The  return  tape,  teredo  tape,  and  fabric  tape  were  applied  from  taping 
heads,  and  the  bedding  jute  and  binding  string  were  appHed  from  serving 
heads  in  a  tandem  operation.  Another  set  of  tandem  operations  inchided 
the  appHcation  of  armor  wires,  outer  jute  layers  and  the  appropriate 
asphaltum-tar  flooding  compounds.  In  the  American  suppliers  plant, 
both  sets  of  tandem  operations  were  combined  into  one  continuous  pro- 
duction line.  In  the  British  plant,  these  operations  were  divided  into  two 
separate  production  lines.  A  view  of  the  armoring  machine  area  is  shown 
in  Fig.  6.  Following  the  application  of  the  flooding  compounds,  whiting 
is  applied  either  at  the  take-up  capstan  on  the  armoring  line  or  in  the 
storage  tanks  as  the  cable  is  coiled. 

To  avoid  core  damage,  the  flow  of  hot  flooding  compound  w^as  stopped 
when  the  cable  in  the  armoring  line  was  stopped.  One  of  the  major 
sources  of  such  stoppages  was  the  reloading  of  the  various  applicating 
heads. 

STORAGE   AND   TESTING 

In  a  continuous  haul-off  operation,  the  cable  was  conveyed  from  the 
armoring  machine  to  the  tank  house  for  storage.  The  cable  was  coiled 
in  spiral  layers,  called  flakes.  Each  flake  started  at  the  outside  rim  of  the 
tank  and  worked  toward  the  central  cone.  Several  37-nautical  mile  re- 
peater sections  were  stored  in  each  tank. 

Water  was  circulated  through  the  cable  tanks  to  establish  uniform 
temperature  conditions  throughout  the  mass  of  cable.  When  thermo- 
couples located  at  appropriate  points  in  the  tank  indicated  that  the  cable 
temperature  was  uniform,  measurements  were  made  of  attenuation,  in- 
ternal impedance  irregularities  and  terminal  impedances,  dc  resistance, 
dc  capacitance,  insulation  resistance,  and  dielectric  strength. 

To  facilitate  these  tests  without  interrupting  production,  successive 
repeater  section  lengths  were  placed  in  alternate  tanks.  By  this  pro- 
cedure, a  group  of  four  or  five  sequential  repeater  section  lengths,  called 
an  "ocean  block",  was  stored  in  two  tanks.  The  ends  of  each  repeater 
section  were  brought  out  of  the  tank  to  a  splicing  location.  After  all  tests 
were  completed  and  the  specification  requirements  met,  the  repeaters 
were  spliced  in.  Testing  of  the  ocean  block  for  transmission  performance 
completed  the  manufacturing  operations. 

RAW   MATERIALS 

Stringent  requirements  were  placed  on  all  raw  materials  used  in  the 
manufacture  of  the  transatlantic  cable.  Detailed  specifications  covered 
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the  basic  requirements  and  the  methods  of  controlHng  their  quahty  on  a 
samphng  inspection  procedure.  The  requirements  for  the  materials  were 
estabhshed  to  insure  that  their  use  would  not  jeopardize  the  life  of  the 
cable.  Since  cable  life  is  critically  related  to  the  integrity  of  the  insulation, 
all  materials  had  to  be  scrutinized  for  their  tendency  to  cause  environ- 
mental cracking.  These  tests  were  necessarily  made  on  an  accelerated 
basis.  Since  no  correlation  exists  at  present  between  accelerated  tests 
and  long  term  (20  year)  life  tests,  only  conservative  design  selections  can 
be  justified. 

Close  tolerances  such  as  dzO.0002  inch  for  the  diameter  of  the  solid 
center  wire  in  the  central  conductor  were  specified  for  all  copper  com- 
ponents of  the  coaxial.  In  addition,  these  components  had  to  be  free  from 
slag  or  other  inclusions,  and  the  wire  drawing  and  rolling  of  the  tape  had 
to  be  controlled  to  assure  smooth  surfaces,  edges  of  prescribed  shape,  and 
freedom  from  filamentary  imperfections.  Compounds  used  in  drawing 
and  rolling  operations  were  selected  to  minimize  the  possibility  of  con- 
taminating or  causing  cracking  of  the  polyethylene.  Residual  quantities 
of  compound  on  the  wire  or  tapes  were  removed  prior  to  annealing,  which 
was  controlled  to  prevent  the  formation  of  oxides  and  to  assure  clean 
and  bright  copper. 

The  dielectric  constant  range  of  the  polyethylene-butyl  compound  was 
limited  to  2.25  to  2.29.  These  limits  were  determined  by  the  limited  ac- 
curacy of  the  measuring  equipment  available  at  the  time.  Restrictions 
covered  the  allowable  amount  of  contamination  since  its  presence  in 
other  than  minute  quantities  might  reduce  the  dielectric  strength  or  de- 
grade the  power  factor  of  the  compound. 

In  addition,  the  melt  index  (a  factor  related  to  molecular  weight)  of 
the  final  insulating  compound  composed  of  polytheylene  resin,  butyl 
rubber,  and  antioxidant,  was  held  to  0.15  to  0.50.  The  melt  index  of  or- 
dinary polyethylene  used  for  insulation  generally,  is  2.0  or  higher. 
Choice  of  the  low  index  assured  the  maximum  resistance  to  environ- 
mental cracking. 

The  cutching  and  fixing  processes  used  in  the  manufacture  of  bedding 
jute  were  adjusted  to  limit  the  alkalinity  of  the  jute  because  of  the  ad- 
verse effect  of  alkaline  materials  on  polyethylene  compound.  Oils  used 
in  the  spinning  of  the  jute  were  selected  to  obtain  types  which  were  not 
strong  cracking  agents  for  polyethylene,  and  the  quantities  used  were 
reduced  to  the  workable  minimum.  The  presence  of  such  impurities  as 
bark  and  roots  was  restricted  to  provide  the  desired  fiber  strength.  The 
impregnation  of  the  jute  w^as  controlled  to  ensure  adequate  distribution 
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of  the  coal  tar  throughout  the  fibers  without  having  an  excess  that  would 
make  the  jute  difficult  to  handle  during  the  armoring  process. 

The  size,  composition,  and  processing  of  the  armor  wires  were  also 
placed  under  close  control.  Purity,  tensile  strength,  and  twist  recjuire- 
ments  were  designed  to  ensure  that  the  wire  could  be  applied  to  the 
cable,  and  welded,  and  that  it  could  withstand  the  expected  tensions 
during  laying  and  pickup.  Strength  considerations  made  it  mandatory 
that  inclusions  of  slag  or  piping  of  the  wire  be  eliminated.  Piping  is  an 
unusual  condition  encountered  during  rolling  or  drawing  which  results 
in  a  hollow  shell  of  steel  which  may  be  filled  with  slag. 

CONTROL    OF   TRANSMISSION   CHARACTERISTICS 

From  a  broad  point  of  view,  the  attainment  of  a  final  product  capable 
of  meeting  the  stringent  transmission  requirements  was  achieved  by  the 
following  basic  steps. 

1.  Precision  control  of  the  dimensions  of  the  copper  conductors,  in- 
cluding the  diameter  of  the  fabricated  central  conductor. 

2.  Automatic  control  of  the  insulating  process  to  maintain  a  constant 
capacitance,  thus  compensating  for  deviations  in  central  conductor  diam- 
eter and  dielectric  constant  of  the  insulation. 

3.  Factory  process  control,  by  means  of  a  running  average  of  the 
measured  attenuation  characteristic  of  current  production,  to  guide  the 
adjustment  of  suitable  parameters  when  necessary. 

As  indicated  in  the  sections  above  on  the  method  of  manufacture  and 
the  control  of  raw  materials,  precautions  were  taken  to  obtain  a  central 
conductor  that  had  predictable  electrical  performance,  and  a  controlled 
taper  in  overall  diameter  along  its  length.  The  need  for  such  effort  is  ex- 
plained by  consideration  of  the  factors  that  determine  the  attenuation  of 
a  coaxial  structure. 

The  attenuation,  a,  of  the  cable  is  directly  proportional  to  the  ac  re- 
sistance, /?,  and  inversely  proportional  to  the  characteristic  impedance, 
Zo ,  as  a  satisfactory  approximation.  That  is, 

a  =  -=-  db/nm 

where  "a"  is  a  coefficient  depending  on  the  units.  It  is  thus  clear  that 
control  of  a  may  be  attained  by  control  of  R  and  Zo .  Since  the  resistance 
is  a  function  largely  of  the  diameter  of  the  central  conductor,  and  since 
it  is  held  to  close  tolerances,  the  constancy  of  impedance  completes  the 
requirement  for  attenuation  control. 
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The  characteristic  impedance  of  a  transmission  line  is  determined  by: 

Zo  =  b  -y/e  log  -J  ohms 

where  e  is  the  dielectric  constant  of  the  insulating  material,  D  is  the 
inside  diameter  of  the  outer  conductor,  d  is  the  diameter  of  the  inner 
conductor,  and  6  is  a  numerical  coefficient.  If  the  dielectric  constant  of 
the  insulating  material  (polyethylene)  does  not  vary,  control  of  charac- 
teristic impedance  reduces  to  control  of  capacitance.  This  follows  from 
the  fact  that  the  capacitance,  C,  is  related  to  the  D/d  ratio  as  follows: 

D  ...      ke 

-  =  antilog  ^ 

where  fc  is  a  numerical  coefficient. 

Precision  control  of  capacitance  during  the  insulating  process  is 
achieved  by  a  double-loop  linear  servo  system,  as  shown  in  a  simplified 
block  diagram,  Fig.  7.  The  two  loops  consist,  respectively,  of  one  capable 
of  introducing  relatively  fast  capacitance  corrections  of  only  modest 
accuracy  and  of  one  capable  of  highly  precise  capacitance  control  on  a 
relatively  long  time  basis.  The  servo  system  controls  the  capstan  payout 
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Fig.  7  —  Simplified  block  diagram  of  capacitance  monitor  servocontrol  system. 
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speed  of  the  central  conductor  feeding  into  the  extruder  applying  the 
core  insulation,  as  shown  in  the  block  diagram.  Since  the  extruder  de- 
livers insulating  material  at  a  constant  rate,  an  increase  in  central  con- 
ductor speed  results  in  a  thinner  than  normal  wall  of  insulation  and  thus 
causes  an  increase  in  capacitance. 

The  sensing  element  for  the  control  loop  consists  of  a  capacitance 
monitor.  This  is  a  device  capable  of  measuring  the  unit  length  coaxial 
capacitance  of  the  cable  core  continuously  as  it  moves  through  the  water 
in  the  trough.  Since  the  capacitance  of  a  polyethylene  insulated  core  is 
temperature  sensitive,  the  monitoring  electrode  must  be  located  at  a 
point  in  the  cooling  trough  where  the  temperature  of  the  core  is  stable 
and  known  to  a  degree  commensurate  with  the  overall  accuracy  objec- 
tives. The  distance  from  the  extruder  to  the  electrode  corresponds  to 
about  10  minutes  of  cooling  time;  hence,  a  servo  system  based  on  this 
loop  would  be  necessarily  slow,  due  to  the  10-minute  delay  in  detecting 
a  drift  in  capacitance. 

Analysis  shows  that  fast  capacitance  information  of  only  moderate 
accuracy  may  be  used  in  combination  with  the  slow  loop  to  speed  up 
the  response  of  the  overall  system  to  a  satisfactory  degree,  without 
sacrifice  of  precision  of  the  slow  loop.  The  sensing  element  used  for  the 
fast  loop  consisted  of  a  light-ray  diameter  gauge,  which  measures  the 
diameter  (changes  in  diameter  are  the  approximate  inverse  of  the  ca- 
pacitance) of  the  hot  core  close  to  the  extruder.  The  slow  and  fast  data 
are  combined  to  control  the  extruder,  as  shown  in  the  block  diagram. 

The  servo  constants  were  chosen  to  minimize  the  deviations  in  unit 
length  capacitance  occurring  in  core  lengths  corresponding  to  less  than 
J  wave  length  of  the  top  operating  frequency.  Stated  in  other  words,  the 
objective  for  choice  of  servo  loop  constants  was  to  assure  equality  in  the 
capacitance  of  all  I  wave  sections  of  core.  Echo  measurements  indicated 
that  a  highly  satisfactory  degree  of  control  was  achieved.  Overall  servo 
system  performance  was  such  that  the  standard  deviation  of  the  ca- 
pacitance of  the  core  lengths  manufactured  for  the  two  crossings  was 
±0.1  per  cent.  The  capacitance  monitor  electrode  and  the  servo  console 
is  illustrated  in  Fig.  8. 

ADJUSTMENT   OF    CONCENTRICITY 

Means  for  setup  and  adjustment  of  the  extrusion  process  to  achieve 
relatively  accurate  centering  of  the  conductor  in  its  sheath  of  insulation 
was  provided  by  a  device  called  a  concentricity  gauge.  This  device  op- 
erates on  the  principle  that  two  small,  plane  electrodes  on  opposite 
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Fig.  8  —  Photograph  of  capacitance  monitor  electrode  and  servo-controller 
console  in  laboratory  setup. 

sides  of  the  core  will  have  different  direct  capacitances  to  the  central 
conductor,  when  the  conductor  is  not  properly  centered. 

A  simplified  block  diagram  of  the  concentricity  gauge  is  shown  in  Fig. 
9.  Data  obtained  with  two  sets  of  electrodes  displaced  90°  were  recorded 
on  a  strip  chart  recorder,  with  the  output  of  the  two  sets  of  electrodes 
being  displaj^ed  alternately.  A  satisfactory  degree  of  centering  was 
moderately  easy  to  maintain. 


ELECTRICAL   MEASUREMENTS 

To  assist  in  achieving  the  goal  of  matching  the  cable  and  the  repeater 
characteristics  with  a  minimum  of  deviations,  electrical  measiu'ements 
were  made  throughout  the  process  and  close  tolerances  were  placed  on 
the  electrical  parameters  in  each  stage  of  production.  Measurements  on 
the  repeater  section  lengths  of  cable  were  used  as  a  final  check  to  deter- 
mine the  extent  to  which  all  of  the  controls  had  been  successful.  The 
primary  standards  used  were  calibrated  by  the  Bureau  of  Standards  in 
the  United  States  or  the  National  Physical  Laboratories  in  England. 
These  precision  standards  were  used  to  calibrate  the  bridges  frequently. 

The  dc  resistance  of  the  central  conductor  was  measured  under  con- 
stant temperature  conditions  with  a  precision  type  of  Wheatstone 
bridge.  The  permissible  range  of  resistance  was  2.514  and  2.573  ohms 
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per  nautical  mile  at  75°F.  In  practice,  the  spread  of  resistance  values  was 
well  within  these  limits. 

The  20-cycle  core  capacitance  was  also  measured  under  constant- 
temperature  conditions.  For  this  measurement,  the  two  ends  of  the 
central  conductor  were  connected  together  and  the  measurements  made 
l)etween  the  central  conductor  and  ground,  which  was  provided  by  the 
water.  A  capacitance-conductance  bridge  was  used  for  this  purpose.  The 
capacitance  limits  set  initially  were  from  0.1726  to  0.1740  microfarads 
per  mile  at  75°F.  Analysis  of  the  core  measurements  indicates  that  at 
each  factory  the  range  of  capacitance  was  held  more  closely  than  indi- 
cated, which  illustrates  the  benefits  of  servo  control  to  the  insulating 
process. 

The  dc  insulation  resistance  of  the  core  was  also  measured  by  applying 
500  volts  for  one  minute.  A  minimum  insulation  resistance  requirement 
of  100,000  megohm-miles  at  75°F  was  established,  but  any  lengths  that 
had  less  than  500,000  megohm-miles  were  scrutinized  for  possible  sources 
of  trouble  and  were  subject  to  rejection.  As  a  general  rule,  insulation 
resistances  considerably  in  excess  of  500,000  megohm-miles  were  ob- 
tained. 

The  core  was  tested  also  at  a  voltage  of  90,000  volts  dc  for  a  period 
of  one  minute.  This  test  was  designed  to  catch  any  gross  faults  in  the 
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Fig.  9  —  SimpUfied  block  diagram  of  concentricity  gauge  for  continuous  meas- 
urement of  centering  of  central  conductor. 
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core  caused  by  foreign  particles  which  escaped  detection  by  the  other 
mechanical  and  electrical  tests  made  on  the  core. 

As  discussed  under  the  section  on  jointing,  the  core  lengths  were  as- 
sembled and  joined  together  to  form  a  repeater  section  of  cable.  In 
general,  an  effort  was  made  to  produce  the  core  for  a  repeater  section 
of  cable  on  a  particular  strander,  extruder,  and  armoring  line,  and  to 
join  the  lengths  together  in  the  order  of  manufacture.  Practical  difficul- 
ties such  as  the  fact  that  the  outputs  of  two  stranders  were  required  to 
supply  one  extruder  made  it  impossible  to  achieve  this  objective  in  all 
cases. 

Capacitance  deviations  from  the  desired  nominal  resulted  from  a 
variety  of  causes,  such  as  inaccurate  control  of  the  temperature  of  the 
water  in  the  core  cooling  troughs  and  improper  adjustment  of  the  control 
apparatus.  To  minimize  the  reflection  which  would  result  from  joining 
together  two  lengths  of  core  of  widely  different  capacitances,  cores  were 
not  joined  together  if  their  measured  ac  capacitances  differed  by  more 
than  0.3  per  cent.  When  such  capacitance  differences  did  exist,  the  core 
length  involved  was  removed  from  its  normal  sequence  and  placed  in  a 
position  near  the  middle  of  the  repeater  section. 

Because  the  taping  and  armoring  processes  were  combined  in  one 
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production  line  in  the  American  factory,  no  other  electrical  measure- 
ments could  be  made  on  the  components  of  the  cable  until  it  was  com- 
pletely armored.  In  the  British  factory,  tests  for  information  purposes 
only  were  made  on  the  cable  in  the  coaxial  stage.  These  tests  included 
measurements  of  attenuation,  internal  impedance  irregularities,  and 
terminal  impedances.  They  served  as  a  means  of  evaluating  the  changes 
in  the  electrical  performance  during  armoring. 

The  insulation  resistance  requirement  after  armoring  and  storage 
under  water  for  at  least  24  hours  was  100,000  megohm-miles.  The  cable 
had  to  withstand  50,000  volts  for  a  period  of  one  minute  without  failure. 


ATTENUATION   MEASUREMENTS 

As  an  aid  in  achieving  the  desired  uniformity  of  product,  new  meas- 
uring equipment  of  improved  accuracy  was  provided.  A  block  schematic 
of  this  equipment  is  shown  in  Fig.  10.  The  requirements  for  this  equip- 
ment were  that  it  should  be  capable  of  measuring  a  37  to  44  mile  section 
of  cable  with  an  absolute  accuracy  of  0.04  db  and  a  precision  of  0.01  db 
in  the  frequency  range  from  1  to  250  kc. 

The  attenuation  of  the  cable  was  measured  at  10  kc  intervals  from 
10  kc  to  210  kc  and  measured  values  were  corrected  to  37°F,  using  the 
changes  in  attenuation  owing  to  temperature,  shown  in  Fig.  11.  By 
comparing  the  corrected  values  with  the  design  characteristic  shown  in 
Fig.  12,  the  deviations  were  determined.  Both  the  attenuation  charac- 


ic'''°"'' 

u. 

y 

m   1.4 

yT 

r 

a 

UJ 
Q. 

UJ  1.2 

_i 

5 

y 

y 

NAUTICAL 
b 

^ 

^^ 

DECIBELS 
o 

y^ 

/ 

' 

0.4 

20 


40  60  80  100  120  140 

FREQUENCY    IN    KILOCYCLES   PER   SECOND 


160 


180 


Fig.  11  • —  Change  in  cable  attentuation  due  to  temperature  as  a  function  of 
frequency. 
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Fig.  12  —  Design  characteristic  of  cable  attentuation  as  a  function  of  fre- 
quency for  37°F  and  atmospheric  pressure. 

teristic  and  the  changes  in  attenuation  owing  to  temperature  were  de- 
rived from  factory  measurements  of  attenuation  made  on  the  Florida- 
Puerto  Rico  cable. 

By  comparing  the  running  average  and  spread  of  these  deviations  with 
the  design  requirements,  it  was  possible  to  assess  the  performance  of  the 
cable  and,  if  required,  to  make  any  necessary  adjustments  in  parameters 
for  subsequent  sections.  In  addition,  these  deviations  were  used  to 
determine  the  length  adjustment  required  for  each  repeater  section  to 
keep  the  sum  of  the  deviations  at  each  frequency  in  any  one  ocean  block 
to  a  minimum.  Typical  average  attenuation  deviation  characteristics 
are  shown  in  Fig.  13. 


TEMPERATURE   AND    PRESSURE    COEFFICIENTS 

Measurements  of  primary  constants  were  made  on  20-foot  lengths  of 
cable  and  core  placed  in  a  temperature  and  pressure  controlled  tank. 
These  measurements  were  used  to  compute  the  temperature  coefficients 
of  attenuation  in  order  to  check  the  values  derived  from  measurements 
made  on  the  Florida-Puerto  Rico  cable  section.  Additional  attenuation 
measiu'ements  were  made  on  several  repeater  section  lengths  of  cable 
over  a  range  of  temperature  from  approximately  40°  to  70°F,  to  estab- 
lish further  the  magnitude  of  the  changes  in  attenuation  with  tempera- 
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Fig.  13  —  Deviation  of  measured  cable  attentuation  from  design  characteris- 
tic as  a  function  of  frequenc.v.  Typical  average  values  for  Types  A,  B,  and  D  for 
37°F  and  atmospheric  pressure. 

tiire.  The  measurements  indicated  that  the  derived  temperature  co- 
efficients were  accurate  to  within  ±10  percent. 

Measurements  also  were  made  to  determine  the  effect  of  pressure  on 
the  primary  constants  of  the  cable.  These  measurements  indicated  that 
capacitance  was  the  only  parameter  affected  by  pressure.  The  capaci- 
tance increased  linearly  0.1  percent  for  each  500  pounds  per  square  inch 
of  applied  pressure.  Since  the  attenuation,  a,  is  inversely  proportional 
to  the  impedance,  it  is  evident  that  if  C  is  the  only  parameter  affected 
by  pressure,  a  will  also  be  affected  b}^  pressure  to  an  amount  equal  to 
approximately  one  half  the  pressure  effect  on  C.  The  pressure  coefficient 
of  oc  was  therefore  established  as  0.05  percent  per  500  pounds  per  square 
inch  of  pressure. 


LAVING   EFFECT 

Analysis  of  the  Florida-Puerto  Rico  cable  data  indicated  that  the 
measured  ocean  bottom  attenuation  was  less  than  the  attenuation 
predicted  from  factory  measurements.  The  differences  were  large  enough 
to  warrant  study  and  indicated  that  the  measurements  were  in  doubt  or 
sea  bottom  conditions  w^re  not  known  accurately  or  that  some  un- 
explained phenomenon  was  taking  place. 

In  March  of  1955,  approximately  22  miles  of  cable  of  the  transatlantic 
design  were  laid  in  300  fathoms  of  water  off  the  coast  of  Spain  in  the 
Bay  of  Cadiz,  and  another  equivalent  length  was  laid  in  2,300  fathoms 
off  Casablanca.  Precise  measurements  of  attenuation  were  made  in 
both  cases,  and  it  w^as  established  that  a  difference  did  in  fact  exist 
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Fig.  14  — ■  Laying  effect  or  deviation  of  measured  attenuation  from  predicted 
attenuation  as  a  function  of  frequency,  as  observed  in  Gibraltar  trials. 

between  measured  values  of  attenuation  at  the  ocean  bottom  and  values 
predicted  from  factory  measurements.  It  was  further  established  that 
the  difference  in  2,300  fathoms  was  about  twice  that  in  300  fathoms. 
The  measured  differences  are  shown  in  Fig.  14. 

It  was  established  during  these  trials  that  the  difference  increased 
slightly  with  time.  Measurements  made  on  the  cable  in  300  fathoms 
immediately,  18  hours,  48  hours,  and  86  hours  after  laying  indicated 
that  measurable  changes  in  attenuation  were  taking  place.  However, 
the  change  between  48  and  86  hours  was  so  small  that  it  was  concluded 
only  very  small  changes  would  occur  in  a  moderate  interval  of  time. 
The  tests  also  indicated  that  the  attenuation  of  the  two  lengths  of  cable 
decreased  somewhat  during  loading  of  the  cable  ship. 

The  total  difference  between  the  attenuation  at  the  ocean  bottom  and 
the  values  predicted  from  factory  measurements,  taking  the  temperature 
and  pressure  coefficients  into  account,  was  designated  "laying  effect". 
Various  theories,  such  as  the  consolidation  of  the  central  conductor, 
consolidation  of  retvu'n  structure,  and  changes  in  the  dielectric  material 
have  been  advanced  to  explain  these  differences.  Each  of  these  has  been 
under  study,  but  at  the  time  of  writing  this  paper,  no  conclusive  ex- 
planation has  been  established. 

The  shape  of  the  "laying  effect"  versus  frequency  characteristic  was 
such  that  the  adjustment  of  repeater  section  lengths  in  conjunction  with 
several  fixed  equalizers,  which  had  approximately  4  db  loss  at  160  kc  and 
0.6  db  loss  at  100  kc,  would  provide  a  good  system  characteristic.  The 
matter  of  equalization  is  covered  in  greater  detail  in  the  article^  on  the 
overall  system.  The  magnitude  of  the  laying  effect  observed  during  the 
laying  of  the  two  transatlantic  cables  substantiated  the  trial  results. 
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PULSE   ECHO    MEASUREMENTS 

Process  controls,  such  as  the  use  of  a  capacitance  monitor  and  the 
jointing  of  the  core  in  manufacturing  sequence  provided  the  means  for 
controlling  the  magnitude  of  reflections  due  to  impedance  mis-matches. 
However,  to  insure  that  the  final  product  met  these  requirements, 
measurements  of  terminal  impedance  and  internal  irregularities  were 
made  using  pulse  equipment. 

A  block  schematic  of  the  circuit  of  the  echo  set  is  shown  in  Fig.  15. 
For  the  submarine  cable  tests,  a  1.5-microsecond  raised  cosine  pulse 
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Fig.  15  —  Simplified  block  diagram  of  pulse  echo  set  for  measurement  of  ter- 
minal impedance  and  internal  impedance  irregularities. 

was  used,  and  the  impedance  of  the  balancing  network  was  calibrated 
at  165  kc.  The  165-kc  impedance  of  the  repeater  sections  was  maintained 
well  within  a  range  of  54.8  =b  1  ohm.  The  internal  irregularities  at  the 
point  of  irregularity  were  maintained  at  least  50  db  below  the  magnitude 
of  the  measuring  pulse.  The  requirement  was  45  db. 
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System  Design  for  the 
Newfoundland-Nova  Scotia  Link 

By  R.  J.  HALSEY*  and  J.  F.   BAMPTON* 

(Manuscript  received  September  14,  1956) 

The  design  and  engineering  of  the  section  of  the  transatlantic  cable  sys- 
tem between  Newfoundland  and  Nova  Scotia  were  the  responsibility  of  the 
British  Post  Office.  The  tj-ansmission  objectives  for  this  link  having  been 
agreed  in  relation  to  the  overall  objectives,  the  paper  shows  how  these  were 
translated  into  system  and  equipment  design  and  demonstrates  how  the 
objectives  were  realized. 

INTRODUCTION 

Under  the  terms  of  the  Agreement/  it  was  the  responsibility  of  the 
British  Post  Office  to  design  and  engineer  the  section  of  the  transatlantic 
cable  system  between  Newfoundland  and  Nova  Scotia.  In  common  with 
other  parts  of  the  system,  all  specifications  were  to  be  agreed  between 
the  Post  Office  and  the  American  Telephone  and  Telegraph  Company, 
but  as  both  the  British  and  the  American  types  of  submerged  repeater 
had  been  carefully  studied  and  generally  approved  by  the  other  party 
prior  to  the  agreement,  the  basic  pattern  of  the  system  was  clear  from 
the  beginning. 

The  service  and  transmission  objectives  for  the  overall  connections 
London-New  York  and  London-Montreal  were  agreed-  in  early  joint 
technical  discussions  in  New  York  and  Montreal  and  the  agreed 
total  impairments  were  divided  appropriately  between  the  various 
sections.  In  this  way,  the  transmission  objectives  for  the  Newfoundland- 
Nova  Scotia  link  were  established. 

ROUTE 

The  choice  of  Clarenville  as  the  junction  point  of  the  two  submarine 
sections  of  the  transatlantic  system  was  determined  primarily  in  relation 

*  British  Post  Office. 
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to  the  Atlantic  crossing  and  the  desire  to  follow  a  transatlantic  route  to 
the  north  of  existing  telegraph  cables.^  There  were  a  number  of  possi- 
bilities for  the  route  between  Clarenville  and  the  east  coast  of  Cape  Bre- 
ton Island,  the  most  easterly  point  which  could  be  reached  reliably  by 
the  radio-relay  system  through  the  Maritime  Provinces  of  Canada. 
One  possibility,  which  had  been  considered  earlier,  was  to  cross  New- 
foundland by  a  radio-relay  system  and  to  employ  a  submarine-cable  link 
across  Cabot  Strait  only.  The  final  decision  to  build  a  cable  system 
between  Clarenville  and  Sydney  Mines  raised  a  number  of  problems 
in  respect  of  the  route  to  be  followed,  concerned  primarily  with  poten- 
tial hazards  to  the  cable  brought  about  by: 

(a)  The  existence  of  very  extensive  trawling  grounds  on  the  New- 
foundland Banks. 

(b)  The  location  of  considerable  numbers  of  telegraph  cables  in  the 
vicinity. 

(c)  Grounding  icebergs. 

The  route  finally  selected  after  thorough  on-the-spot  investiga- 
tions^' ^'  ^  (Fig.  1)  is  satisfactory  in  respect  of  all  these  hazards,  in- 
volving no  cable  crossings  and  being  inshore  of  the  main  fishing  grounds. 
The  straight-line  diagram  of  the  route  is  shown  in  Fig.  2;  the  total  cable 
length  is  326  nautical  miles,  of  which  54.8  nautical  miles  are  between 
Clarenville  and  Terrenceville,  Newfoundland,  where  the  cable  finally 
enters  the  sea.  The  maximum  depth  of  water  involved  is  about  260 
fathoms. 
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CABLE 

Choice  of  Design 

Since  1930,  when  the  Key  West-Havana  No.  4  cable  was  constructed,^ 
it  has  been  usual  to  extrude  the  insulation  of  coaxial  submarine  cables 
to  a  diameter  of  about  0.62  inch,  and  most  of  the  cables  in  the  waters 
around  the  British  Isles  are  of  this  size.  The  experience  of  the  British 
Post  Office  with  submerged  repeaters'^  in  its  home  ^vaters,  dating  from 
1944,  when  the  first  repeater  was  laid  between  Anglesey  and  the  Isle 
of  Man,*  has  therefore  been  mainly  with  0.62  inch  cables,  first  with  para- 
gutta  as  a  dielectric  and  later  with  polyethjdene.  Most  of  these  cables 
were  originally  operated  without  repeaters,  and  the  60-circuit  both-way 
repeaters  which  are  now  installed  on  the  routes  were  designed  to  match 
their  characteristics. 

In  planning  a  new  system,  the  size  of  cable  will  be  determined  by  one 
of  the  following  considerations: 

(i)  Minimum  annual  charges  for  the  desired  number  of  circuits. 
(ii)  Terminal  voltage  required  to  feed  the  requisite  number  of  re- 
peaters. 

(iii)  Maximum  number  of  repeaters  or  minimum  repeater  spacing 
which  is  considered  permissible. 

(iv)  Maximum  (or  minimum)  size  of  cable  which  can  be  safely  handled 
by  the  laying  gear  in  the  cable  ship. 


Fig.  3  • —  Cross-section  of  cable  across  Newfoundland  showing  make-up.  A. 
Centre  conductor,  0.1318-inch  in  diameter  copper.  B.  Three  0.0145-inch  copper 
surround  tapes.  C.  Polyethylene  to  0.620-inch  diameter.  D.  Six  0.016-inch  copper 
return  tapes.  E.  0.003-inch  overlapped  copper  teredo  tape.  F.  Impregnated  cotton 
tape.  G.  Five  iron  screen  tapes.  H.  Impregnated  cotton  tape  overlapped.  J.  Poly- 
ethylene sheath  to  1.02-inch  diameter.  K.  Inner  serving  of  tanned  jute  yarn.  L. 
Armour  wire  29  x  0.128-inch  diameter.  M.  Outer  serving  of  tarred  jute  yarn. 
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When  the  36-circuit  system  between  Aberdeen,  Scotland,  and  Bergen, 
Norway,  was  planned  in  1952,  the  route  length  (300  nautical  miles) 
greatly  exceeded  that  of  any  other  submarine  telephone  sj^stem,  and  it 
was  decided  to  use  a  core  diameter  of  0.935  inch,  first,  to  keep  the  number 
of  repeaters  as  low  as  seven,  and  second,  because  the  system  was  in- 
tended as  a  prototype  of  a  possible  Atlantic  cable.  The  cable  dielectric 
is  polyethylene  (Grade  2)  with  5  per  cent  polyisobutylene. 

For  the  Clarenville-Sydney  Mines  link  it  proved  possible  to  design 
for  minimum  annual  charges.  With  increasing  experience  and  confidence 
in  submerged  repeaters,  it  was  no  longer  considered  necessary  to  restrict 
the  number  of  repeaters  as  for  Aberdeen-Bergen,  and  the  terminal  volt- 
age requirements  were  reasonable.  At  the  current  prices  of  cable  and 
repeaters  in  Great  Britain  the  optimum  core  diameter  for  60  both-way 
circuits  is  about  0.55  inch,  but  the  increased  charge  incurred  by  using 
0.62-inch  cable  is  less  than  5  per  cent  (0.62-inch  core  is  optimum  for  120 
both-way  circuits).  In  order  to  facilitate  manufacture  and  the  provision 
of  spare  cable,  it  was  therefore  logical  to  adopt  the  same  design  as  that 
proposed  for  the  Atlantic  crossing  and  described  elsewhere.^'  ^ 

After  investigating  various  possible  types  of  cable  for  the  overland 
section  in  Newfoundland,  it  was  decided  to  use  a  design  essentially  the 
same  as  the  main  cable  but  with  additional  screening  against  external 
interference.*  As  far  as  the  outer  conductor  and  its  copper  binding  tape, 
the  construction  (Fig.  3)  is  identical  with  that  of  the  main  cable  except 
that  the  compounded  cotton  tape  is  overlapped.  Outside  this  are  five 
layers  of  soft-iron  tapes  each  0.006-inch  thick,  the  innermost  being  longi- 
tudinal and  the  others  having  alternate  right-  and  left-hand  lays  at  45° 
to  the  axis  of  the  cable.  After  another  layer  of  compounded  cotton  tape 
there  is  extruded  a  polyethjdene  sheath  0.080  inch  thick,  and  the  whole  is 
jute  served  and  wire  armoured.  As  a  check  on  the  efficiency  of  the 
screening,  the  maximum  sheath-transfer  impedance  at  20  and  100  kc 
was  specified  as  0.005  ohm  per  1,000  j^ards. 

It  was  thus  possible  to  treat  the  entire  link  from  Clarenville  to  Syd- 
ney Mines  as  a  uniform  whole,  using  the  same  type  of  repeater  on  land 
as  in  the  sea.  A  small  hut  at  Terrenceville  contains  passive  networks 
only. 

Attenuation  Characteristics 

When  the  system  was  designed,  precision  measurements  of  cable  at- 
tenuation were  not  available.  The  design  of  the  Oban-Clarenville  link 
^vas  based  on  laboratorv  measurements  on  earlier  0.62-inch  cable  of  a 


222  THE    BELL   SYSTEM   TECHNICAL   JOURNAL,    JAXUARY    1957 

similar  t3^pe,  but  the  available  data  applied  only  to  frequencies  up  to 
about  180  kc,  whereas  the  Clarenville-Sydney  Mines  link  was  to  operate 
at  frequencies  up  to  552  kc;  extensive  extrapolation  was  therefore  in- 
volved. As  soon  as  the  first  production  lengths  of  cable  became  available 
in  February,  1955,  lajang  trials  were  carried  out  off  Gibraltar,  and  it  was 
found  that  there  were  serious  changes  of  attenuation  on  la3dng,  over  and 
above  those  directly  attributable  to  temperature  and  pressure  effects, 
and  that  the  assumed  characteristics  were  inaccurate.  Although  the 
attenuation  in  the  factor}'  tanks  had  been  in  reasonable  agreement  with 
that  of  the  earlier  cable,  there  were  changes  on  transfer  to  the  ship's 
tanks  and  again  on  lajdng,  amounting  in  all  to  a  reduction  of  about 
1.5  per  cent  at  180  kc.  This  would  have  been  comparatively  miimportant 
had  the  discrepanc}'  been  of  'cable  shape',  i.e.,  the  same  fraction  of  the 
cable  attenuation  at  all  frequencies  and  therefore  exactly  compensated 
bj^  a  length  adjustment  of  the  repeater  sections.  As  this  was  not  so,  and 
as  the  cable-equalizing  networks  in  the  repeaters  were  settled  by  this 
time,  it  was  clear  that  precise  information  must  be  obtained  in  order  that 
suitable  additional  equalizers  could  be  provided  for  insertion  in  the  cable 
on  laying.  There  are  a  number  of  factors  which  can  lead  to  small  changes 
of  attenuation  on  laying,  but  most  of  these  tend  to  increase  the  losses. 
The  primary  reason  for  the  observed  changes  appears  to  be  contact 
variations  between  the  various  elements  of  the  inner  and  outer  con- 
ductors, i.e.  the  wire  and  three  helical  tapes  forming  the  centre  conduc- 
tor and  the  six  helical  tapes  forming  the  return  conductor.  These  contact 
resistances  tend  to  change  with  handling,  and  as  a  result  of  a  slight 
degree  of  'bird  caging'  when  coiled,  it  seems  that  the  attenuation  de- 
creases as  the  coiling  radius  increases,  and  vice  versa.  Also,  the  effect  of 
sea  pressure  is  to  consolidate  the  conductors  and  thereb}^  further  reduce 
the  attenuation  —  an  effect  which  appears  to  continue  on  a  diminish- 
ing basis  for  a  long  time  after  laying. 

To  obtain  reliable  data  for  the  Clarenville-Sydney  Klines  link,  10 
nautical  miles  of  cable  with  A-type  armour  was  laid  at  about  the  mean 
depth  of  the  system  (120  fathoms),  off  the  Isle  of  Skye.  The  attenua- 
tions, coiled  and  laid,  are  shown  in  Fig.  4,  due  allowance  ha^dng  been 
made  for  temperature  and  pressure.  The  ordinates  —  attenuation 
versus  frequencj^  —  are  such  that  the  value  should  be  approximately  con- 
stant at  high  frequencies. 

In  making  a  final  determination  of  the  cutting  lengths  for  the  re- 
peater sections,  it  was  assumed  that  the  factory  measurements  of  at- 
tenuation would  be  reduced  by  1.42  per  cent  at  552  kc  on  laying,  that 
the  temperature  coefficient  of  attenuation  would  be  +0.16  per  cent 
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Fig.  4  —  Cable  attentuation  characteristics  —  Skj-e  trials,  (a)  Characteristic 
originally  assumed.  (6)  Characteristic  measured  in  factory  tank  (flooded),  (f) 
Characteristic  measured  in  ship's  tank  (flooded),  (c?)  Characteristic  measured 
after  laying. 

per  deg  C  and  that  the  true  pressure  coefficient  of  attenuation  was 
negligible  at  the  depths  involved. 


DESCRIPTION    OF   SYSTEM 

Circuit  Provision  and  Frequency  Allocation 

It  was  originally  thought  that  a  design  similar  to  that  of  the  Aber- 
deen-Bergen system  would  be  suitable  for  the  Clarenville-Sydney  Mines 
route  in  that  it  Avould  provide  more  circuits  (36)  than  the  long  section 
across  the  Atlantic.  This  potential  excess  capacity,  which  was  required 
for  circuits  between  Newfoundland  and  the  Canadian  mainland,  dis- 
appeared when  it  was  found  that  36  circuits  could,  in  fact,  be  provided 
over  the  longer  link.  The  Aberdeen -Bergen  design  was  therefore  modi- 
fied to  provide  a  complete  supergroup  of  60  circuits,  the  same  capacity 
as  the  earlier  British  projects.^  The  system  thus  requires  broad-band 
transmission  of  240  kc  in  each  direction. 

In  the  earlier  British  projects  the  frequency  bands  transmitted  are 
24-264  and  312-552  kc,  but  for  the  present  purpose  the  lower  band  is 
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dropped  by  4  kc  to  20-260  kc,  so  that  the  loAvest  frequency  is  the  same 
as  on  the  Atlantic  cables.  This  enables  common  frequency-generating 
equipment  to  be  used  at  Clarenville  for  the  two  links  and  minimizes 
crosstalk  problems.  The  main  transmission  bands  and  the  allocation  of 
the  five  12-circuit  groups  are  shown  in  Fig.  5,  together  with  the  ancillary 
channels;  the  facilities  pro^dded  are  discussed  later. 

Submerged  Repeaters 

The  submerged  repeaters  emploj^ed  are  fully  described  elsewhere/" 
and  it  will  suffice  to  note  here  that  they  are  rigid  units,  approximately 
cylindrical  in  shape,  9  feet  long  and  10^  inch  maximum  diameter.  The}' 
are  capable  of  withstanding  the  full  laying  pressure  in  deep  water,  al- 
though this  of  little  importance  in  the  present  application. 

They  are  arranged  for  both-way  transmission  through  a  common  am- 
plifier which  has  two  forward  paths  in  parallel,  with  a  single  feedback 
path.  The  two  halves  of  the  amplifier  are  so  arranged  that  practically 
any  component  can  fail  in  one,  without  affecting  the  other. 

Power-Feeding  Arraiigements 

The  submerged  repeaters  are  energized  by  constant-current  dc  sup- 
plies between  the  center  conductor  and  ground,  the  power  units  at  the  two 
ends  being  in  series  aiding  and  the  repeater  power  circuits  being  in 
series  with  the  center  conductor,  i.e.,  without  earth  connections,  as  in 
Fig.  6.  This  is  the  only  arrangement  by  which  it  is  possible  to  control 
the  supply  accurately  at  every  repeater,  the  insulation  resistance  of  cable 
and  repeaters  being  sufficiently  great  that  the  current  in  the  center 
conductor  is  virtually  the  same  at  all  points.  The  constant-current  fea- 
ture of  the  supply  ensures  that  repeaters  cannot  be  overrun  in  the  event 
of  an  earth  fault  on  the  system. 

On  the  Oban-Clarenville  link  the  anode  voltage  is  derived  from  the 
drop  across  the  electron  tube  heaters.  This  results  in  the  heaters 
being  at  a  positive  potential  with  respect  to  the  cathodes,  a  condition 
which  tends  to  break  down  the  heater-cathode  insulation."  In  the  Ameri- 
can electron  tubes  this  insulation  is  very  robust  and  the  risk  is  considered 
to  be  negligible,  but  in  the  current  British  electron  tubes,  which  have 
a  much  higher  performance,  the  arrangement  is  undesirable.  In  view  of 
the  much  smaller  number  of  repeaters  it  was  possible  to  derive  the 
heater  and  anode  supplies  as  in  Fig.  6  and  thus  to  reverse  the  sense  of  the 
heater-cathode  ^•oltage  and  also  to  proA'ide  an  anode  voltage  of  90, 
against  55  in  the  longer  link. 
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With  this  arrangement  the  Unk  requires  a  total  supply  voltage  of 
about  2,300.  The  power-feeding  equipment^^  at  each  terminal  station  is 
designed  to  feed  a  constant  current  of  316  ma  at  this  voltage,  and  it  is 
permissible  to  energize  the  system  from  one  end  only,  if  necessary.  The 
repeater  capacitors  —  the  limiting  factors  in  respect  of  line  voltage  — 
are  rated  very  conservatively  at  2,500  volts,  so  that  a  single-ended 
supply  of  2,300  volts,  with  the  possibility  of  superimposed  ground-po- 
tential differences,  is  near  the  desirable  maximum.  The  two  terminal 
power  units  are  therefore  designed  to  operate  in  series  and  to  share  the 
voltage. 

With  access  to  the  cable  provided  at  Terrenceville  it  is  possible  to 
operate  the  power  system  on  the  following  bases: 

(a)  No  ground  at  Terrenceville,  power  from  both  ends  on  a  master- 
and-slave  basis  (to  ensure  that  the  constant-current  units  do  not  build 
up  an  excessive  voltage) ;  this  is  the  normal  arrangement. 

(6)  No  ground  at  Terrenceville,  power  from  one  end  only. 

(c)  Ground  at  Terrenceville,  with  the  Clarenville  and  Sydney  Mines 
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Fig.  6  —  Power-feeding   arrangements,    (a)    General  schematic,   (b)  Repeater 
power  circuit.  P.F.  —  Power  filter. 
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power  units  energizing  the  land  and  sea  cables  respectively;  this  ar- 
rangement has  been  particularly  useful  during  the  installation  period. 

The  presence  of  high  voltages  on  the  cable  constitutes  a  potential 
danger  to  personnel,  hence  special  precautions  are  taken  in  the  design 
of  the  equipment  in  which  the  cable  terminates  and  in  which  high  volt- 
ages exist  or  may  exist. 

The  ground  connections  for  the  power  circuits  at  the  two  ends  are  via 
special  ground  cables  and  ground  plates  located  about  half  a  mile  from 
the  main  cable,  and  metering  arrangements  are  provided  to  check  that 
the  current  does  in  fact  take  this  path.  These  measures  ensure  that  the 
current  returning  via  the  cable  armour  is  never  sufficient  to  cause  serious 
corrosion. 

Arrangement  of  Terminal  Equipment 

Fig.  7  show  the  arrangement  of  the  terminal  equipment.  In  accord- 
ance with  an  early  agreement  defining  precisely  the  various  sections 
of  the  project,  the  link  is  considered  to  terminate  at  the  group  distribu- 
tion frames  at  Clarenville  and  Sydney  Mines,  i.e.  at  the  60-108  kc  inter- 
connection points. 

In  addition  to  the  cable-terminating  and  power-feeding  equipments 
(A  and  B) ,  the  following  are  provided  at  the  terminals  : 

(a)  Submarine-cable  terminal  equipment  (C)  consisting  of  repeaters 
to  amplify  the  signals  transmitted  to  and  received  from  the  cable, 
equalizers  and  frequency-translating  equipment  to  convert  the  line  fre- 
quencies to  basic  supergroup  frequencies  (312-552  kc). 

(6)  Group-translating  (group-bank)  equipment  (D)  to  convert  the 
basic  supergroup  to  five  separate  basic  groups  (60-108  kc)  and  vice 
versa. 

(c)  Equipment  for  the  location  of  cable  and  repeater  faults  (E  and  F) . 

(d)  Speaker  and  printer  circuit  equipments  (G  and  H)  to  provide 
two  reduced-bandwidth  telephone  circuits,  two  telegraph  circuits  and 
one  alarm  circuit  for  maintenance  purposes.  It  is  clear  that  such  circuits 
should  be  substantially  independent  of  the  main  transmission  equip- 
ment. 

Two  principles  were  agreed  very  early  in  the  planning;  first,  that  the 
engineering  of  the  various  links  should  be  integrated  as  far  as  possible, 
and  second,  that  the  items  of  equipment  at  each  station  should  be  pro- 
vided by  the  party  best  in  the  position  to  do  so.  In  consequence: 

(i)  Items  of  standard  equipment  were  provided  by  the  A.T.  and  T. 
Co.  at  Clarenville  and  Sydney  Mines  (and  by  the  Post  Office  at  Oban), 
thus  simplifying  maintenance  and  repair  problems. 
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(ii)  Basic  power  plant  and  the  carrier  supplies  for  supergroup  and 
group  translation  were  provided  by  the  A.T.  and  T.  Co.  for  both  ter- 
minal equipments  at  Clarenville. 

(iii)  Terminal  equipment  special  to  the  Clarenville-Sydney  Mines 
link  was  provided  by  the  Post  Office. 

In  view  of  the  importance  of  the  link,  the  power-feeding  and  trans- 
mission equipment  are  completely  duplicated. 

The  submarine-cable  terminal  equipment  is  arranged  to  transmit 
the  basic  supergroup,  directly  over  the  cable  in  the  east-to-west  direc- 
tion. In  the  west-to-east  direction  the  supergroup  is  translated  to  the 
range  20-260  kc,  using  a  572  kc  carrier. 

DESIGN    OF   TRANSMISSION   SYSTEM 

Performance  Requirements 

The  agreed  transmission  objects  for  the  Clarenville-Sydney  Mines 
link  were  as  follows : 

Variation  of  Transmission  Loss. 

The  variation  in  the  transmission  loss  of  each  group  should  have  a 
standard  deviation  not  greater  than  0.5  db;  this  implies  that  the  varia- 
tion from  nominal  should  not  exceed  1.3  db  for  more  than  1  per  cent 
of  the  time. 

A  ttenuation/ Frequency  Characteristics. 

Only  the  overall  characteristics  of  the  individual  circuits  were  pre- 
cisely specified,  the  limits  being  the  C.C.I.F.  limits  for  a  2,500-km  cir- 
cuit and  the  target  one-half  of  this.  With  this  objective  in  view,  the  group 
characteristics  in  each  link  must  clearl}^  be  as  uniform  as  is  practicable. 

Circuit  Noise. 

The  total  noise  contributed  by  the  link  to  each  channel  in  the  busy 
hour  (i.e.,  including  intermodulation  noise)  should  have  an  r.m.s.  value 
not  exceeding  -(-28  dba*  (corresponding  to  —56  dbm)  at  a  point  of  zero 
relative  level. 


*  This  refers  to  the  reading  on  a  Bell  System  2B  noise  meter  (FIA  weighting 
network);  the  noise  level  (dba)  is  relative  to  a  1  kc  tone  at  —85  dbm.  In  Europe, 
noise  is  measured  on  a  C.C.I.F.  Psophometer  (1951  weighting  network),  which  is 
calibrated  in  millivolts  across  60(?  ohms;  this  is  commonly  converted  to  picowatts 
(pw).  The  white  noise  equivaleTir<^  of  the  two  instruments  is  given  bj'  dba  =  10 
logio  pw  —  6  =  dbm  -f-  84;  the  agreed  limit  of  -{-28  dl)a  is  therefore  equivalent 
to  2513  pw  (1.2.3  mv  or  —56  dbm).  The  corresponding  C.C.I.F.  requirement  at 
4.0  pw/km  would  be  2,400  pw,  this  vidue  not  to  be  exceeded  for  more  than  1  per 
cent  of  the  time. 
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Crosstalk. 

The  minimum  equal-level  crosstalk  attenuation  should  be  61  db  for 
all  sources  of  potentially  intelligible  crosstalk;  this  was  accepted  as  a 
target  for  both  near-  and  distant-end  crosstalk.  Although  go-to-return 
crosstalk  is  not  important  for  telephony  (it  appears  as  sidetone)  and  a 
limit  of  40  db  is  satisfactory  even  for  voice-frequency  telegraphy,  it 
assumes  great  importance  for  both-way  music  transmission ;  also,  it  was 
desired  to  be  non-restrictive  of  future  usage. 

Assessment  of  Requirements 

The  design  of  the  high-frequency  path  to  meet  the  agreed  require- 
ments involves  consideration  of: 

(a)  Noise,  including  fluctuation  (resistance  and  tube)  noise  and  inter- 
modulation. 

(6)  Wide-band  frequency  characteristics,  including  the  effects  of  the 
directional  filters  at  the  terminal  and  in  the  repeaters. 

(c)  Variations  of  (a)  and  (6)  in  respect  of  temperature  and  aging. 

The  noise  requirement  is  by  far  the  most  important  factor  in  the 
design  of  the  line  system. 

The  choice  of  route  and  cable  having  been  made,  the  total  loss  was 
known  and  it  was  necessary  to  determine  the  minimum  number  of  re- 
peaters to  compensate  for  this  loss  and  to  meet  the  noise  requirement 
with  adequate  margin  for  inaccurate  estimates  of  cable  attenuation 
after  laying,  temperature  variations,  aging  and  repairs.  An  attempt  to 
achieve  the  necessary  gain  with  too  few  repeaters  would  result  in  exces- 
sive noise. 

Design  of  the  amplifiers  in  the  British  repeaters  is  such  that,  with 
both  forward  paths  in  operation,  the  overload  point  is  about  +24  dbm, 
and  with  a  loading  of  60  channels  in  each  direction,  this  permits 
planning  levels  of  about  —4  dbm  at  the  amplifier  output  after  allowing 
reasonable  margins  for  errors  and  variations. ^^  Previous  experience 
shows  that,  at  such  output  levels,  intermodulation  noise  can  be  neg- 
lected and  the  full  noise  allowance  allotted  to  fluctuation  noise.  The  effect 
of  tube  noise  is  to  increase  the  weighted  value  of  resistance  noise  by 
about  1  db  to  —137.5  dbm,  or  —53.5  dba,  at  the  input  to  the  amplifier 
in  each  repeater. 

At  the  highest  transmitted  frequency  the  equalizers,  power  filters  and 
directional  equipment  introduce  losses  of  about  1  db  and  4  dh  at  the 
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input  and  output  of  the  amplifier  respecti\-ely ;  these  losses  must,  effec- 
tivel}',  be  added  to  the  loss  in  the  cable. 

Two  other  pieces  of  information  are  necessary  before  the  repeater 
system  can  be  planned  —  the  permissible  transmitting  and  receiving 
levels  at  the  shore  stations.  The  transmitting  equipment  provided  at 
Clarenville  can  be  operated  at  channel  levels  up  to  +20dbm,  and  it  is 
logical  to  allow  the  same  recei\dng  level  at  the  shore  end  as  at  inter- 
mediate repeaters. 

On  the  above  basis  it  is  possible  to  construct  a  curve  (Fig.  8)  relating 
the  total  circuit  noise  to  the  number  of  intermediate  repeaters,  and  it  is 
seen  that  the  minimum  number  is  15,  each  of  which  must  have  an  overall 
gain  of  59  db  (amplifier  gain,  64  db)  at  552  kc.  The  actual  provision  is  16 
repeaters,  each  having  a  gain  of  60  db  at  552  kc,  the  additional  gain 
being  absorbed  in  fixed  and  adjustable  networks  at  points  along  the  route, 
as  indicated  in  the  follomng  section. 

Level  Diagram 

The  actual  level  diagram  (planning  levels  are  shown  in  Fig.  9)  differs 
somewhat  from  that  which  can  be  deduced  directly  from  the  preceding 
because  of  the  following  considerations: 

(a)  The  location  of  the  first  repeater  from  Clarenville  (i.e.,  on  land) 
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Fig.  8  —  Variation  of  circuit  noise  with  number  of  repeaters. 
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was  dictated  b}-  topography  and  the  desire  to  locate  both  it  and  the 
second  repeater  in  ponds;  thus  the  transmitting  level  at  Clarenville  is 
substantially  lower  than  the  permissible  maximum. 

(h)  There  are  equalizing  networks  at  Terrenceville  and  facilities  for 
their  adjustment  to  compensate  for  temperature  variations. 

(c)  Because  of  the  difference  between  the  actual  cable  attenuation 
and  that  for  which  the  repeaters  were  planned  (see  section  on  Attenuation 
Characteristics)  it  was  necessary  to  include  an  equalizer  unit  in  the  sea, 
midway  between  Terrenceville  and  Sydney  Mines.  Loss  equivalent  to  9 
nautical  miles  of  cable  was  also  introduced  at  this  point  to  ensure  that 
repeater  No.  16  would  be  sufficiently  far  from  the  shore  at  Sydney  Klines. 

(d)  Cable  simulators  are  included  in  the  cable-terminating  equipment 
at  Sydney  Mines  to  build  out  this  section  to  a  standard  repeater  section; 
the  actual  cable  length  was,  of  course,  unknown  until  the  cable  was 
complete. 

Taking  into  account  the  existence  of  the  intermediate  networks, 
the  repeater  spacing  is  such  that  when  both  land  and  submarine  cable 
sections  are  at  mean  temperature  the  compensation  is  as  accurate  as 
possible.  In  general  the  highest  frequency  is  of  greatest  importance  in 
this  respect.  Since  the  low -frequency'  channels  experience  less  attenua- 
tion than  the  high-frequency  channels,  it  is  permissible  to  transmit  them 
at  a  somewhat  lower  level,  thereby  increasing  the  load  capacity  of  the 
amplifiers  which  is  available  to  the  high-frequenc\'  channels. 
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Temperature  Effects  and  their  Compensation 

The  effect  of  temperature  changes  is  hkely  to  be  somewhat  complex. 
The  land-and-sea  cable  sections  are  expected  to  behave  in  different  ways 
in  this  respect,  but  data  on  the  manner  of  variation  are  not  very  precise. 
The  submarine  cable  crosses  Cabot  Strait,  where  melting  icebergs  drift- 
ing down  from  Labrador  as  late  as  June  can  be  expected  to  keep  the  sea- 
bottom  temperature  low  until  well  into  the  summer;  temperatures  just 
below  0°  C  were,  in  fact,  recorded  when  the  cable  was  laid  in  May.  On 
land,  the  cable  is  buried  3  feet  deep  in  bog  and  rock,  and  traverses  many 
ponds;  some  data  on  temperatures  under  similar  conditions  in  other  parts 
of  the  world  were  available. 

For  planning  purposes  it  was  clear  that  the  assumptions  made  would 
have  to  be  somewhat  pessimistic,  and  the  assumed  ranges  of  tempera- 
ture, with  the  corresponding  changes  of  attenuation  at  552  kc,  were: 
Sea  section        .  .     .  .     2.3  ±  3°  C;       ±4  db 
Land  section     .  .      .  .     7.5  ±  10°  C;     ±3  db 

A  possible  method  of  circuit  adjustment  for  temperature  changes  is 
to  increase  the  gains  equally  at  the  sending  and  receiving  terminals 
as  the  temperature  rises  and  to  reduce  them  ecjually  as  it  falls.  Under 
such  conditions  the  effect  of  temperature  variations  on  resistance  noise 
is  not  \e\y  important;  the  levels  at  repeaters  near  the  center  of  the 
route  remain  substantially  constant,  and  the  increase  in  noise  from  the 
repeaters  whose  operating  levels  are  reduced  is  partly  compensated  by 
the  reduction  in  noise  from  those  whose  levels  are  increased.  The  effect 
of  the  level  changes  on  repeater  loading  is,  however,  more  important  as 
it  is  undesirable  that  any  repeater  in  the  link  should  overload,  and  ad- 
ditional measures  which  can  be  readily  adopted  to  avoid  serious  changes 
in  repeater  levels  are  clearty  desirable. 

The  estimated  change  of  attenuation  of  the  land  sections  is  seen  to  be 
roughly  ecjual  to  that  of  the  submarine  section,  so  that,  from  the  point 
of  view  of  temperature  changes,  Terrenceville  is  near  the  electrical 
center  of  the  link.  It  was  thus  both  desirable  and  convenient  to  provide 
adjustment  at  this  point:  Fig.  10  illustrates  the  advantage  of  seasonal 
changes  in  equalizer  setting  at  Terrenceville,  showing  the  way  the  output 
levels  of  repeaters  are  likelj^  to  vary  along  the  route.  The  system  of  tem- 
perature compensation  adopted  therefore  involves  adjustable  networks 
at  both  ends  of  the  system  and  at  Terrenceville.  All  the  networks  are 
cable  simulators;  hence  the  process  of  temperature  compensation  con- 
sists, effectively^  in  adding  'cable'  when  the  temperature  falls  and  re- 
moving it  when  the  temperature  rises. 
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At  Terrenceville,  the  networks  permit  adjustments  equivalent  to 
±1  nautical  mile  of  cable  (3  db  at  552  kc),  but  at  Clarenville  and  Syd- 
ney Mines  adjustments  equivalent  to  0.5  db  at  552  kc  are  provided.  It 
should  therefore  always  be  possible  to  maintain  the  overall  loss  of  the 
system  within  ±0.25  db,  and  the  level  at  any  repeater  should  never 
change  by  more  than  ±2  db. 

System  Pilots 

The  use  of  pilot  tones  applied  at  constant  level  at  the  input  of  a 
system  with  indicating  or  alarm  meters  at  the  receiving  end  is  standard 
on  land  systems  on  both  sides  of  the  Atlantic,  although  the  philosophies 
underlying  the  methods  of  use  differ.  On  the  submarine  cables  round  the 
British  Isles,  with  or  without  submerged  repeaters,  pilot  tones  are  used 
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Fig.  10  —  Deviation  from  mean  of  transmission  levels  with  optimum  adjust- 
ments of  equalizers  at  Sj'dney  Mines,  Terrenceville  and  Clarenville. 

^ W-E  at  260  kc. 

■  E-W  at  552  kc. 

jVIaximum  deviation  in  the  two  directions  occurs  at  the  above  frequencies. 
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to  indicate  the  attenuation  of  the  transmission  path;  these  pilots  are 
normally  located  just  outside  the  main  transmission  bands  in  each 
direction.  In  the  Clarenville-Sydney  Mines  system  the  frequency  bands 
just  outside  the  main  transmission  bands  are  occupied  by  telephone 
speaker  and  teleprinter  circuits  and  by  monitoring  frequencies  associated 
with  the  repeaters  (see  Fig.  5) ;  this  prevents  the  use  of  out-of-band  pilots. 

Fortunately,  the  standard  Bell  System  group  equipment  is  designed 
to  apply  92-kc  pilots  to  each  group  and  to  measure  the  corresponding 
received  level.  Although  these  are  essentially  group  pilots,  being  applied 
and  measured  at  points  in  the  60-108-kc  band,  it  was  decided  that 
they  could  reasonably  replace  the  out-of-band  pilots.  These  pilots  are 
blocked  at  each  end  of  the  system  and  therefore  function  as  section  pilots 
only. 

Normal  Post  Office  practice,  both  on  land  and  submarine  systems,  is  to 
use  recording  level  meters  to  provide  a  continuous  and  permanent  record 
of  the  pilot  levels.  In  the  present  system  such  recording  meters  are  used 
on  the  92-kc  pilots  of  two  groups  in  each  direction  of  transmission. 

In  addition  to  the  section  pilots  the  system  carries  the  84.080-kc 
end-to-end  pilots  in  each  of  the  three  transatlantic  groups. 

MAINTENANCE   FACILITIES 

Speaker  and  Printer  Circuits 

It  was  part  of  the  planning  of  the  transatlantic  system  that  two  low- 
grade  telephone  (speaker)  and  two  telegraph  (printer)  circuits  should 
be  provided  over  the  submarine  cables,  outside  the  main  transmission 
bands,  and  that  the  speaker  circuits  in  particular  should  be  reasonably 
independent  of  the  main  terminal  equipment.  One  speaker  circuit  is  re- 
quired for  local  communication  between  the  terminals  of  each  section, 
the  other  to  form  part  of  an  omnibus  circuit  connecting  the  principal 
stations  on  the  route  including  Montreal.  The  arrangement  for  tele- 
printer communication  was  that  one  channel  should  be  an  overall 
all-station  omnibus  printer,  the  other  being  a  direct  London-New  York 
printer. 

Independent  frequency-translating  equipment  is  provided  to  connect 
the  speaker  and  printer  bands  (each  4  kc)  to  the  line.  The  carrier  fre- 
quencies required  for  the  speaker  are  provided  by  independent  oven- 
controlled  crystal  oscillators,  but  for  the  printer  the  independent  genera- 
tion of  high-stability  572-kc  carriers  was  not  considered  to  be  justified 
and  the  main  station  supplies  are  used. 

Two  half -bandwidth  telephone  circuits  are  provided  in  the  4  kc  speaker 
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bands  by  the  use  of  standard  A.T.  and  T.  band-splitting  equipment  (EB 
banks).  Signalling  and  telephone  equipment  are  provided  to  give  the 
required  omnibus  facilities  on  one  circuit  and  local-calling  facilities  on 
the  other.  The  arrangement  of  the  speaker  and  printer  equipment  at 
Sydney  Mines  is  shown  in  Fig.  11. 

In  the  telegraph  band  a  third  channel  transmits  an  alarm  to  the  re- 
mote terminal  when  the  92-kc  pilots  incoming  from  that  terminal  fail 
simultaneously. 

Fault  Location 

The  speed}^  and  accurate  location  of  faults  in  repeatered  cables  is  of 
very  great  importance,  owing  to  the  number  of  circuits  involved  and  the 
difficulty  and  cost  of  repairs.  The  standard  dc  methods  which  have  been 
applied  in  the  past  to  long  telegraph  cables  are,  of  course,  available.  The 
application  of  these  methods  is,  however,  recognized  as  being  rather  more 
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Fig.  11  —  Arrangement  of  speaker  and  printer  equipment  at  Sydney  Mines. 
A.  Submarine  cable  terminal  equipment.  B.  Speaker  circuit  equipment.  C.  Emer- 
gencj'-band  bank  equipment.  D.  Omnibus  speaker  telephone.  E.  Local  speaker 
telephone.  F.  Printer  circuit  ecjuipment.  G.  Three-channel  telegraph  equipment. 
H.  Printer. 
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in  the  nature  of  an  art  than  a  science  and  usually  requires  an  intimate 
knowledge  of  the  behaviour  and  peculiarities  of  the  particular  cable 
concerned.  While  the  problem  appears  at  first  sight  to  be  simple  it  is 
complicated  by: 

(a)  The  presence  of  ground-potential  differences  along  the  cable,  some- 
times amounting  to  hundreds  of  volts;  these  vary  with  time. 

(6)  Electrolytic  e.m.f.  generated  when  the  center  conductor  is  exposed 
to  sea  water. 

(c)  Absorption  effects  in  the  dielectric  of  the  cable. 

When  repeaters  are  added  the  position  is  further  complicated  by: 

(d)  The  lumped  resistance  of  the  repeaters,  which  is  current-dependent 
and  exceeds  the  cable  resistance. 

(e)  The  lumped  capacitance  of  the  repeaters  with  an  absorption  char- 
acteristic which  differs  from  that  of  the  cable. 

It  is  a  great  advantage  of  both-way  transmission  over  one  cable  that, 
by  introducing  some  form  of  freciuency  changer  at  each  repeater,  signals 
outgoing  in  one  direction  can  be  looped  back  to  the  sending  terminal. 
There  have  been  a  number  of  developments  based  on  this  principle,  and 
in  the  Clarenville-Sydney  Mines  link  two  methods  are  available  for  use. 
Of  these,  the  so-called  'loop-gain'  method  uses  steady  tones  and  depends 
on  selective  frequency  measurements  to  discriminate  between  repeaters ; 
the  second  is  a  pulse  method  in  which  repeaters  are  identified  on  the 
basis  of  loop  transmission  time. 

The  use  of  these  methods  under  fault  conditions  depends  on  the  pos- 
sibility of  keeping  the  repeaters  energized.  Work  is  in  progress  to  de- 
velop methods  of  fault  location  which  are  of  general  application  and  do 
not  depend  on  the  activity  of  the  repeaters,  but  these  are  outside  the 
scope  of  the  present  paper. 

Loop-Gain  Method. 

In  the  loop-gain  method,  the  frequency  changer  in  the  repeater  takes 
the  form  of  a  frequency  doubler  and  each  repeater  is  identified  uniquely 
by  one  of  a  group  of  frequencies  spaced  at  120  cycles  and  located  im- 
mediately above  the  lower  main  transmission  band  in  the  frequency 
range  260-264  kc.  Since  the  frequency  changing  is  in  an  upward  sense, 
the  measuring  terminal  is  Sydney  Mines,  which  transmits  the  lower 
band.  On  the  Clarenville  side  of  the  directional  filters  in  each  repeater 
is  connected,  via  series  resistors,  a  crystal  filter  accepting  the  test  fre- 
quenc3^  appropriate  to  the  repeater  [see  Fig.  12(a)];  this  frequency  is 
doubled,  filtered  and  returned  to  the  repeater  at  the  same  point  at  which 
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Fig.  12  —  Fault    location  —  loop-gain    method,     (a)    Block    schematic.    Fre- 
quency/is in  the  band  260-264  kc.  (6)  Diagram  of  display. 
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Fig.  13  —  Fault  location:  pulse  method.  A.  Pulse  generator.  B.  Display  of 
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the  original  frequency  is  selected.  From  this  point  it  passes  via  the 
high-pass  directional  filters  through  the  amplifier  and  back  to  Sydney 
Mines,  where  the  level  is  measured  on  a  transmission  measuring  set. 
Information  obtained  in  this  way  on  each  repeater  can  be  compared  at 
any  time  with  that  obtained  when  the  system  was  installed  and  any  gain 
variations  localized.  The  test  equipment  provided  has  the  additional 
facility  of  an  automatic  sweep  of  the  test  frequency  at  4  cycles  and  a 
display  of  the  returned-signal  levels  on  a  cathode-ray  tube  as  in  Fig. 
12(5). 

Although  the  transmitted  signals  lie  outside  the  band  of  the  W-E 
supergroup,  the  received  signals,  520-528  kc,  lie  within  the  band  of  the 
E-W  supergroup,  and  two  channels  must  be  removed  from  traffic  to 
carry  out  the  tests;  these  channels  are  in  a  "local"  group. 

Piihe  Method. 

As  applied  to  the  present  system,  the  pulse  method  utilizes  the  over- 
load characteristic  of  the  amplifier  to  effect  the  frequency  change  in  the 
repeater.  At  Sydney  Mines  a  continuous  train  of  single-frequency 
pulses  is  applied  in  the  lower  transmission  band,  such  that  either  the 
second  or  third  harmonic  is  returned  in  the  upper  band,  as  in  Fig.  13; 
at  Clarenville  two-frequency  pulses  are  applied  in  the  upper  band  such 
that  either  a  second-  or  third-order  difference  product  is  returned  in  the 
lower  band.  The  pulse  length  is  0.15  millisecond,  and  the  frequencies  used 
are  given  in  Table  I.  At  Sydney  Mines  the  signals  can  be  sent  and  re- 
ceived either  on  the  line  itself  or  via  the  group  equipment;  in  the  latter 
case  only  one  group  need  be  taken  out  of  service.  At  Clarenville  line 
measurements  only  are  provided  for. 

The  primary  display  is  on  a  cathode-ray  tube  with  a  circular  time- 
base,  and  any  one  returned  pulse  can  be  accurately  compared  with  the 
reference  pulse  on  a  second  tube  with  a  linear  time-base.  The  pulse 
selected  for  such  measurement  is  automatically  blacked  out  on  the  pri- 
mary display. 


Table  I 


Station 

Send  to  line 

Product 

/i 

h 

Sydney  Mines 

kc 

216 
144 
530 
530 

kc 

380 
340 

2/i 
3/i 

2/2  -  /l 

kc/s 
432 

Clarenville 

432 
150 
150 
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Usefulness  of  the  Loop-Gain  and  Pulse  Methods. 

Both  ineth(xls  require  that  all  the  repeaters  between  the  testmg  ter- 
minal and  the  fault  can  he  energized.  If  the  fault  is  in  the  cable  there  is  a 
\ery  high  probability  that  the  center  conductor  will  be  exposed  to  the 
sea,  in  which  case  the  power  circuit  can  be  maintained  on  one  side  of  the 
fault  at  least,  although  it  may  be  somewhat  noisy.  Because  the  system  is 
short,  it  is  permissible  to  energize  the  link  full}'  from  one  end  onh'.  The 
condition  can  never  arise  — ■  as  it  can  in  the  Oban-Claren\-ille  link  —  that 
the  line  current  is  limited  by  the  maximum  permissible  terminal  voltage. 

The  loop-gain  test  is  concerned  with  the  amplifiers  in  their  linear 
regime  and  gives  no  mdication  of  the  overload  point ;  for  this  the  pulse 
test  must  be  used.  On  the  other  hand,  the  pulse  test  does  not  permit  ac- 
curate measurement  of  levels,  since  the  pulse  level  reaching  a  particu- 
lar repeater  may  be  restricted  by  the  o^•erload  of  an  earlier  repeater  in 
the  chain.  The  pulse  test  is  particularly  useful  in  providing  a  check  that 
both  sides  of  each  amplifier  are  in  operation  and  in  locating  a  fault  of 
this  type. 

Each  method  depends  for  its  operation  on  non-linearitj'  at  a  point 
within  each  repeater  and  can  only  identify  a  fault  as  lying  between  two 
such  consecutive  points  in  the  link.  It  is  therefore  desirable  that  these 
points  should  be  as  close  as  possible  to  the  terminals  of  the  repeater 
in  order  to  ensure  that  the  faulty  unit  can  be  identified.  In  this  respect 
the  loop-gain  test  has  the  advantage  o^•er  the  pulse  test. 

EXECUTION   OF   WORK 

Problems  due  to  the  remoteness  of  the  site  were  overcome  without 
undue  difficult}'  with  the  co-operation  of  the  other  parties  concerned  in 
the  project,  but  the  present  paper  would  be  incomplete  without  a  brief 
reference  to  the  cable-  and  repeater-laying  operations  in  Newfoundland 
and  at  sea. 

The  terrain  and  conditions  in  Newfoundland  were  quite  unlike  those 
with  which  the  British  Post  Office  normally  has  to  contend,  involving 
trenching  and  cabling  through  bog,  rock  and  ponds  in  country  of  which 
no  detailed  surve}'  or  maps  were  available.  Maps  were  constructed  from 
aerial  surve}',  and  alternative  routes  were  explored  on  foot  before  a  final 
choice  was  made.  As  much  use  as  possible  was  made  of  water  sections 
in  the  sea,  river  estuarj^  and  ponds;  some  22  miles  were  accounted  for  in 
this  way,  leaving  about  41  miles  to  be  trenched  by  machine  or  blasted. 
A  contractor  Avas  engaged  for  this  purpose  and  to  lay  the  cable  in  the 
trench,  but  all  jointing  was  done  by  the  Post  Office.  The  standards  of 
conductor  and  core  jointing  were  the  same  as  those  in  the  cable  factories 
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and  on  ship,  portable  injection-moulding  machines  and  X-ray  equip- 
ment being  specially  designed  for  handling  over  the  bog.  A  single  pair 
cable  was  also  laid  in  the  main  cable  trench  to  provide  speaker  facilities 
between  Clarenville  and  Terrence\'ille  (which  has  no  public  telephone), 
with  intermediate  positions  for  use  of  the  lineman.  As  a  measure  of  pro- 
tection against  lightning  strikes,  two  bare  copper  wires  were  buried 
about  12  inches  apart  and  6  inches  above  the  cable.  Both  the  construc- 
tional work  in  Newfoundland"*  and  the  laying  operation  at  sea^  have  been 
described  elsewhere. 

TEST    RESULTS 

In  the  interval  between  the  completion  of  the  link  in  May,  1956,  and 
its  incorporation  in  the  transatlantic  system,  tests  were  carried  out  to 
establish  its  performance  and  day-to-day  variations;  an  assessment  of 
the  annual  variations  has,  of  course,  been  impossible  at  this  date. 

Variation  of  Transmission  Loss 

Close  observation  of  the  transmission  loss  of  the  92  kc  pilots  on 
Groups  1  and  5  leads  to  the  following  tentative  conclusions: 

(a)  Over  periods  of  1  hour  the  variations  are  not  measurable,  i.e., 
less  than  =b0.05  db. 

(6)  Over  periods  of  24  hours  there  are  no  systematic  changes;  ap- 
parently random  changes  of  about  0.1  db  are  probably  attributable  to 
the  measuring  equipment. 

(c)  Over  a  period  of  eight  weeks  (July  and  August,  1956)  there  was 
a  systematic  increase  in  loss  of  about  0.3  db.  By  means  of  the  loop-gain 
equipment  it  has  been  possible  to  deduce  that  most  of  this  change  has 
occurred  in  the  land  section. 

The  results  indicate  that  the  submarine  cable  link  has  better  day-to- 
day stability  than  the  best  testing  equipment  which  it  has  been  possible 
to  provide.  Many  more  data  will  clearly  be  necessary  befoi'e  the  annual 
variations  can  be  definitely  established,  but  the  present  indications 
are  that  these  will  be  less  than  those  assumed  in  the  design  of  the  link. 

A  ttenuation/ Frequency  Characteristics 

The  frequency  characteristics  of  the  supergroup  in  the  two  directions 
of  transmission  are  shown  in  Fig.  14.  It  will  be  seen  that  in  no  transat- 
lantic groups  does  the  deviation  from  mean  exceed  ±0.35  db. 

Circuit  Noise 

Table  II  shows  the  noise  level  on  Channels  1  and  12  of  each  of  the 
five  groups  measured  without  traffic  on  the  system. 
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To  assess  the  magnitude  of  intermodulation  noise,  all  channels  in  one 
direction  were  loaded  simultaneously  with  white  noise  and  measure- 
ments taken  on  each  channel  in  the  opposite  direction.  From  the  talker 
volume  data  assumed  in  the  design  of  the  sj'stem,  the  expected  mean 
talker  power  is  —11.1  dbm  at  a  point  of  zero  relative  level,  with  an  ac- 
tivity of  25  per  cent.  For  an  equivalent  system  loading,  therefore,  the 
level  of  white  noise  applied  to  each  chamiel  under  the  above  test  condi- 
tions should  be  —14.1  dbm.  Since  this  loading  gave  no  sensible  increase 
in  the  circuit  noise,  the  test  levels  were  raised  until  a  reasonable  increase 
in  the  noise  level  was  obtained.  In  order  to  raise  the  channel  noise  to  the 
specified  maximum  of  28  dba  it  was  necessary  to  raise  the  channel 
levels  to  about  —  1  dbm  and  —  4  dbm  in  the  lower  and  upper  bands  re- 
spectively. These  levels,  some  13  db  and  10  db  above  the  assumed 
maximum  loading  of  the  system,  give  noise  levels  at  least  26  db  and  20 
db  above  normal,  and  it  is  seen  that  adequate  margins  exist  for  varia- 
tions and  deterioration  of  the  link. 

Closely  alUed  to  the  problem  of  intermodulation  is  the  overload 
characteristic  of  the  sj^stem.  Table  III  shows  the  measured  overload 
point  of  the  Hnk  expressed  as  an  equivalent  level  at  the  output  of  the 
amplifier  in  the  repeater  nearest  to  the  transmitting  terminal.  It  also 
shows  the  margm  between  the  channel  level  at  that  point  and  the  over- 
load point  of  the  sj^stem;  according  to  Holbrook  and  Dixon^'  the  mini- 
mum requirement  in  this  respect  is  18  db. 
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Fig.  14  —  Attenuation   versus   frequency   characteristics   of   supergroup,    (a) 
Sydnej^  Mines — Clarenville.  (6)  Clarenville — Sydney  Mines. 
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Table  II 


Group 

Channel 

Noise 

level 

Sydney  Mines 

Clarenville 

dba 

dba 

1 

1 

25.0 

24.5 

1 

12 

24.5 

23.2 

2 

1 

24.0 

22.5 

2 

12 

23.5 

22.0 

3 

1 

24.0 

20.5 

3 

12 

25.0 

17.5 

4 

1 

24.5 

17.5 

4 

12 

24.5 

16.5 

5 

1 

24.5 

17.5 

5 

12 

27.0 

18.0 

These  results  justify  the  assumption  made  in  the  design  of  the 
Hnk,  that  intermodulation  noise  is  neghgible. 

Crosstalk 

The  crosstalk  requirements  are  met  in  all  respects. 

CONCLUSIONS 

The  submarine-cable  link  between  Clarenville,  Newfoundland,  and 
Sydney  Mines,  Nova  Scotia,  was  completed  in  May,  1956,  and  provides 
five  carrier  telephone  groups,  each  capable  of  carrying  twelve  high-grade 
telephone  circuits  or  their  equivalent.  The  transmission  objectives  have 
been  met  in  everj^  respect. 

Three  12-circuit  groups  are  connected  to  the  three  groups  across  the 
Atlantic  between  Scotland  and  Newfoundland;  the  other  two  groups 
are  available  to  provide  24  circuits  between  Newfoundland  and  the 
mainland  of  Canada. 


Table  III 


Frequency 

Equivalent  at  amplifier  in  first  repeater 

Channel  level 

Overload 

Margin 

kc 

db 

db 

db 

552 

-2 

-1-20 

22 

312 

-4 

-f24 

28 

260 

-5 

+25 

30 

20 

-5 

-1-25 

30 
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Repeater  Design  for  the 
Newfoundland-Nova  Scotia  Link 

By  R.  A.  BROCKBANK,*  D.  C.  WALKER*  and 
V.  G.  WELSBY* 

(Manuscript  received  September  15,  1956) 

The  Newfoundland-Nova  Scotia  cable  required  the  provision  of  16  sub- 
merged repeaters  each  transmitting  60  circuits  in  the  bands  20-260  kcfrom 
Newfoundland  to  Nova  Scotia  and  312-552  kc  in  the  opposite  direction. 
The  paper  deals  with  the  design  and  production  of  these  repeaters.  Each 
repeater  has  a  gain  of  60  db  at  552  kc,  and  the  amplifier  consists  of  two  for- 
ward amplifying  paths  with  a  common  feedback  network.  Reliability  is  of 
paramount  importance,  and  production  was  carried  out  in  an  air-condi- 
tioned building  with  meticulous  attention  to  cleanliness  and  to  very  rigid 
manufacturing  and  testing  specifications.  The  electrical  unit  is  contained 
in  a  rigid  pressure  housing  9  feet  long  and  10  inches  in  diameter  with  the  sea 
cables  connected  to  an  armor  clamp  and  a  cable  gland  at  each  end.  A 
submerged  equalizer  was  provided  near  the  middle  of  the  sea  crossing. 

INTRODUCTION 


The  British  Post  Office  has  engineered  many  shallow-water  submerged- 
repeater  systems/  and  there  has  been  a  progressive  improvement  in  de- 
sign techniques  and  in  the  reliability  of  components  which  has  been  re- 
flected in  a  growing  confidence  in  the  ability  to  provide  long-distance 
systems  having  an  economic  life.  The  seven-repeater  scheme  from  Scot- 
land to  Norway  laid  in  1954  introduced  for  the  first  time  repeaters  which 
would  withstand  the  deepest  ocean  pressure  together  with  an  electrical 
circuit  which  embodied  improved  safety  and  fault-localizing  devices. 
Also,  since  a  repeater  is  only  as  reliable  as  its  weakest  component,  much 
greater  attention  and  control  was  directed  at  this  stage  to  the  design, 
manufacture  and  inspection  of  all  components,  both  electrical  and  me- 
chanical. This  repeater  design  was,  in  fact,  envisaged  as  a  prototype  for 
a  future  transatlantic  project. 


*  British  Post  Office. 

245 


246  THE   BELL  SYSTEM   TECHNICAL   JOURNAL,    JANUARY    1957 

In  the  finalized  plans^  for  the  Newfoundland-Nova  Scotia  cable  it 
was  required  to  carry  60  circuits,  so  that  some  redesign  of  the  36-circuit 
'prototype'  repeater  became  essential.  It  was  accepted,  however,  as  a 
guiding  principle  throughout  the  redesign  that  there  should  be  no  de- 
parture from  previous  practice  without  serious  consideration  and  ade- 
quate justification.  It  was  obviously  not  an  occasion  to  experiment  with 
new  ideas. 

Post  Office  and  Bell  Telephone  Laboratories  experiences  were  pooled 
for  the  project,  and  the  whole  technical  resources  of  both  organizations 
were  freely  available  at  all  times  for  consultative  purposes.  Detailed 
manufacturing  and  testing  specifications  were  exchanged  and  approved, 
and  each  party  was  free  to  inspect  the  other's  production  methods.  This 
mutual  interchange  was  undoubtedly  highly  beneficial,  and  in  the  British 
case  it  resulted  in  a  still  more  rigorous  control  of  manufacturing  and  in- 
spection methods. 

PLANNING 

General 

Preliminary  design  calculations  indicated  that  it  should  be  possible 
to  increase  the  circuit-carrying  capacity  of  the  Anglo-Norwegian  proto- 
type repeater  from  36  to  60  circuits,  and  tests  on  a  model  confirmed 
that,  with  band  frequencies  of  20-264  and  312-552  kc,  a  60.0  db  gam 
at  552  kc  could  be  realized  with  satisfactory  margins  against  noise,  dis- 
tortion and  overload.  This  gain  fixed  the  repeater  spacing  at  about  20.0 
nautical  miles  so  that  on  the  selected  route  two  repeaters  would  be  re- 
quired on  the  land  section  between  Clarenville  and  Terrenceville  and 
14  in  the  Terrenceville-Sydney  Mines  sea  section.  It  was  noted  that  the 
land  repeaters  might  have  to  work  with  an  ambient  temperature  12°C 
higher  than  in  the  sea  repeaters. 

Each  repeater  would  need  to  be  energized  with  a  direct  current  of 
316  ma  at  124  volts  so  that  the  total  route  voltage  would  be  about  2,300 
volts.  This  voltage  would  be  quite  acceptable  to  the  repeaters,  but  for 
normal  operation  it  was  proposed^  to  feed  from  both  terminals  simul- 
taneously, thereby  halving  the  maximum  voltage  to  ground.^ 

The  precise  localization  of  any  faulty  or  aging  repeater  would  be  of 
paramount  importance.  It  was  decided  to  retain  the  two  supervisory 
methods  which  on  the  prototype  had  worked  satisfactorily  in  this  re- 
spect. These  consisted  of  a  pulse-distortion  equipment  requiring  no  addi- 
tional components  in  the  repeater  and  a  loop-gain  monitoring  set  in- 
volving a  special  unit  in  the  repeater  and  the  allocation  of  a  4-kc  band 
(260-264  kc)  for  its  operation. 
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Manufacture  and  testing  of  the  electrical  units  was  again  to  be  carried 
out  by  a  contractor  in  a  temperature-  and  humidity-controlled  produc- 
tion building,  and  in  order  to  enable  manufacture  to  start  as  early  as 
possible,  arrangements  were  made  for  the  contractor  to  co-operate  with 
the  Post  Office  at  an  early  design  stage  so  that  engineering  could  follow 
fast  on  the  heels  of  the  design.  The  outer  housing  and  method  of  braz- 
ing-in  the  bulkheads  had  all  proved  entirely  satisfactory  on  the  proto- 
type, and  therefore  these  operations  could  proceed  according  to  previous 
production.  The  Post  Office  assumed  responsibility  for  the  production 
and  testing  of  the  glands,  since  no  contractor  had  experience  of  this  work. 

Forward  planning  in  early  1954  scheduled  the  first  electrical  unit  to 
be  completed  in  June,  1955,  with  units  following  at  5-day  intervals.  This 
target  was,  in  fact,  delayed  until  August,  1955,  but  all  16  working  re- 
peaters were  available  fully  tested  before  the  commencement  of  the 
alying  operation  in  May,  1956. 

Distortion  Monitoring  Equipment 

The  pulsed-carried  supervisory  method  as  used  on  previous  systems^ 
is  employed  primarily  for  measuring  the  distortion  on  repeaters.  Under 
normal  operating  conditions  the  distortion  level  may  be  only  just  notice- 
able above  the  noise,  but  should  appreciable  distortion  occur,  e.g.,  failure 
of  one  amplifying  path  in  a  repeater,  it  could  be  readily  located,  since 
the  pulse  amplitude  from  the  faulty  repeater,  would  increase  by  about 
12  db  for  second-harmonic  distortion  and  about  18  db  for  third-order 
distortion. 

Loop-Gain  Monitoring  Equipment 

For  the  loop-gain  monitoring  equipment'  the  repeaters  have  to  be 
designed  to  incorporate  a  second-harmonic  generator  operating  at  a 
frequency  unique  to  each  repeater  at  120-cycle  spacing  in  the  260- 
264-kc  band.  The  second  harmonics  return  to  Sydney  Mines  in  the  520- 
528-kc  band,  and  these  two  channels  must  be  taken  out  of  service  during 
the  measurement. 

Levels  and  Equalization 

Controlling  Factors. 

In  practice,  deviations  from  an  ideal  system  wherein  all  repeaters 
match  the  cable  and  operate  at  all  times  at  the  same  levels  require  the 
repeaters  to  be  designed  with  specific  margins  against  overload  and 
intermodulation  to  meet  an  agreed  maximum  noise  figure  for  the  system 
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under  all  working  conditions.'^  Factors  involved  in  assessing  these  mar- 
gins and  in  planning  the  equalization  and  level  diagram  for  the  s^^stem 
are  as  follows: 

(a)  Temperature.  —  The  final  assumed  sea-bottom  temperature  was 
2.3°C,  with  a  maximum  annual  variation  of  ±3°C.  The  maximum  change 
in  attenuation  might  therefore  be  ±4  db  at  552  kc.  The  land  section 
change  would  be  ±3  db  at  552  kc  due  to  a  possible  ±10°C  change  on  a 
mean  of  7.5°C.  The  effect  of  these  seasonal  changes  would  be  reduced 
by  the  provision  of  manually  adjusted  equalization  at  Clarenville, 
Terrenceville  and  Sydney  Mines. 

The  repeaters  show  a  small  change  in  gain  (less  than  0.05  db)  during 
the  warming-up  period  after  energization,  but  the  effect  of  ambient- 
temperature  change  is  negligible. 

(6)  Repeater  spacing.  —  The  repeater-section  cable  lengths  were  to  be 
cut  in  the  cable  factory  such  that  the  expected  attenuation  at  552  kc 
when  laid  at  the  presumed  mean  annual  temperature  of  the  location 
should  be  60.0  db.  An  anticipated  decrease  in  attenuation  of  1.42  per 
cent  at  552  kr  was  assumed  when  laid.  The  assumed  mean  annual  tem- 
perature of  sections  of  the  route  varied  between  1.7  and  4.0°C.  Tempera- 
ture corrections  employed  an  attenuation  coefficient  at  552  kc  of  -f-O.lG 
per  cent  per  degree  centigrade.  It  was  expected  that  the  total  error  at 
552  kc  after  laying  seven  repeaters  would  not  exceed  1.5  db,  and  this 
could  be  largely  corrected  as  explained  in  (c) . 

(c)  Cable  Characteristics.  —  The  cable  equalization  built  into  the  re- 
peater was  based  on  a  cable  attenuation  characteristic  which  was  later 
discovered  to  be  appreciably  different  from  the  laid  characteristic.  Cut- 
ting the  cable  as  described  in  (b)  overcomes  this  difficulty  at  552  kc, 
where  the  signal/noise  ratio  is  at  a  minimum.  The  new  shape  of  the 
characteristic,  however,  indicated  that  at  about  100  kc  the  error  would 
reach  7  db  on  the  complete  route.  To  reduce  this  deviation  it  was  de- 
cided to  introduce  a  submerged  equalizer  in  the  middle  of  the  sea  section 
to  correct  for  half  this  error  and  to  insert  in  each  of  the  four-wire  paths 
of  the  transmit  and  receive  equipments  equalization  for  one-quarter  of 
this  error.  There  is  an  appreciable  signal/noise  margin  in  hand  at  this 
frequency,  so  that  the  system  would  not  be  degraded  below  noise  speci- 
fication b}^  these  equalizer  networks. 

It  was  also  decided  that  the  splice  at  the  equalizer  which  would  con- 
nect the  halves  of  the  link  together  should  not  be  completed  until  after 
the  laying  operation  had  commenced.  An  excess  length  of  cable  was  pro- 
vided on  the  equalizer  tail,  and  this  could  be  cut  at  a  position  indicated 
by  measurements  taken  during  the  laying  of  the  first  half-section  so  that 
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the  equalization  at  the  552-kc  point  could  be  largely  corrected  for  laying 
and  temperature-coefficient  errors.  It  is  not,  in  practice,  easy  to  separate 
these  two  factors. 

(d)  Repeater  characteristic.  —  The  repeater  was  designed  to  equalize 
the  original  cable-attenuation  characteristic  to  ±0.2  db,  as  this  was 
possible  with  a  reasonable  number  of  components.  This  ^-ariation  ap- 
peared as  a  roll  in  the  gain/frequency  characteristic,  which  was  expected 
to  be  systematic  and  would  therefore  lead  to  a  ±3  db  roll  in  the  overall 
response.  It  was  proposed  that  equalization  for  this  should  be  provided 
at  the  receive  terminal.  Manufacturing  tolerances  were  expected  to  be 
small  and  random. 

(e)  Repeater  interaction.  — At  the  lower  frecjuencies  where  the  loss  of 
a  repeater  section  is  comparatively  small,  a  roll  in  the  overall  frequency 
response  will  arise  due  to  changes  in  the  interaction  loss  between  re- 
peaters. The  design  aimed  at  providing  a  loop  loss  greater  than  50  db 
which  would  reduce  rolls  to  less  than  ±0.03  db  per  repeater  section  and 
therefore  to  about  0.5  db  at  20  kc  with  systematic  addition  on  the  whole 
route. 

Planning  of  Levels 

From  a  critical  examination  of  all  these  variables  it  was  concluded  that 
the  repeater  should  be  designed  to  have  an  overload  margin  of  4  db  above 
the  nominal  mean  annual  temperature  condition.  It  was  also  desirable 
for  the  system  to  be  able  to  operate  within  its  noise  allowance  if  one 
path  of  a  twin  amplifier  failed.  Tests  on  a  model  amplifier  gave  overload 
values  of  +24  dbm  and  +19  dbm  for  two-  and  one-path  operation, 
respectively,  so  that  with  a  single-tone  overload  requirement  of  18 
dbm"*  at  a  zero-level  point,  the  maximum  channel  level  at  the  amplifier 
output  would  be  —3  dbr  for  a  single  amplifying  path. 

Thermal-noise  considerations  (i.e.  resistance  plus  tube  noise)  fixed 
the  minimum  channel  level  at  the  repeater  input  at  —  69  dbr  in  order  to 
meet  the  allowable  S3^stem  noise  limit  of  +28  dba  at  a  zero-level  point. 
At  552  kc  the  amplifier  gain  is  65  db,  so  that  the  minimum  level  at  the 
amplifier  output  is  —4  dbr.  A  system  slope  of  ±4  db  due  to  temperature 
variations,  corrected  by  similar  networks  at  the  transmit  and  receive 
terminal,  would,  however,  degrade  the  noise  by  0.5  db.  Intermodulation 
noise  was  estimated^  on  an  average  busy -hour  basis,  and  it  was  concluded 
that  the  increase  in  noise  at  552  kc  from  this  source  was  negligible  — 
less  than  1  db,  even  with  several  repeaters  in  which  the  amplifier  had 
failed  on  one  path.  At  lower  frequencies  the  contribution  from  inter- 
modulation noise  is  greater,  and  at  20  kc  it  exceeds  resistance  noise. 
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However,  at  20  kc  the  total  noise  is  some  8  db  below  the  specification 
limit,  and  therefore  again  several  amplifiers  could  fail  on  one  path  be- 
fore the  noise  exceeded  the  specification  limit.  Actually  it  was  discovered 
that  the  predominant  source  of  third-order  intermodulation  on  the  re- 
peater was  in  the  nickel-iron/ceramic  seals  on  high-voltage  capacitors 
and  followed  a  square  law  with  input  levels. 

From  a  more  detailed  examination  of  the  factors  briefly  mentioned 
above  it  was  decided  that  the  initial  line-up  should  be  based  on  a  nominal 
flat  —3.5  dbr  point  at  the  amplifier  output  and  the  final  working  levels 
decided  upon  as  the  results  of  tests  on  the  completed  link. 

With  equal  loading  on  the  grid  of  the  output  tube  at  all  frequencies 
the  worst  signal/noise  ratio  exists  at  552  kc;  some  pre-emphasis  of  the 
transmit  signal  should  therefore  prove  to  be  beneficial.  In  fact,  after 
completing  the  tests  on  the  link  it  was  decided  to  improve  the  margin 
on  noise  by  raising  the  level  at  552  kc  by  2  db,  thus  giving  a  sloping  level 
response  at  the  amplifier  output  in  the  high-frequency  band.  To  main- 
tain the  same  total  power  loading,  the  low-frequency  band  levels  were 
decreased  bj^  1  db,  still  retaining  a  flat  response. 

Laying 

It  was  proposed  to  use  laying  methods  with  continuous  testing  similar 
to  those  employed  successfully  on  the  Anglo-Norwegian  project.  The 
complete  link  with  a  temporary  splice  at  the  equalizer  would  be  assem- 
bled and  tested  on  board  H.M.T.S.  Monarch  and  laying  would  proceed 
from  Terrenceville  to  Sydney  Mines  in  the  high-frequency  direction  of 
transmission.  A  detailed  description  of  the  actual  laying  operation  is 
given  elsewhere.^  After  completion  of  tests  on  the  submarine  section  the 
land  section  to  Clarenville  would  be  connected  with  appropriate  equaliza- 
tion at  Terrenceville. 

DESIGN   OF   ELECTRICAL   UNIT   OF   SUBMERGED    REPEATER 

General 

The  equipment  is  contained  in  a  hermetically  sealed  brass  cylinder 
(filled  with  dry  nitrogen)  7|  inches  in  diameter  and  50  inches  long,  which 
is  bolted  at  one  end  to  one  of  the  bulkheads  of  the  housing.  A  flexible 
coaxial  cable  emerges  through  an  0-ring  seal  at  each  end,  and  these  are 
ultimately  jointed  to  the  cable  glands.  The  various  imits  forming  the 
complete  electrical  unit  are  mounted  within  a  framework  of  Perspex 
(polymethylmethacrylate)  bars  w^hich  forms  the  main  insulation  of  the 
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Fig.  1  —  Internal  unit. 


repeater,  and  these  units  may  operate  at  3  kv  do  to  the  grounded  brass 
cylinder.  Fig.  1  shows  the  construction. 

A  schematic  of  the  electrical  circuit  is  given  in  Fig.  2.  The  direct  cur- 
rent for  energizing  the  repeater  is  separated  from  the  carrier  transmission 
signals  by  the  A-  and  B-end  power  separating  filters,  and  passes  through 
the  amplifier  tube  heaters  and  a  chain  of  resistors  developing  90-volt 
high- voltage  supply  for  the  amplifier.  The  carrier-frequency  signals  pass 
through  the  same  amplifier  \-ia  directional  filters.  Equalization  is  pro- 
vided in  the  amplifier  feedback  circuit  (about  20  db)  and  in  the  equal- 
izers and  the  bridge  networks  which  combine  the  directional  filters.  The 
main  purpose  of  the  bridges,  however,  is  to  reduce  the  severe  harmonic 
requirement  on  the  directional  filters  due  to  having  high-  and  low-level 
signals  present  at  the  repeater  terminals.  The  whole  carrier  circuit  is 
designed  on  a  nominal  impedance  of  55  ohms.  Attached  to  the  B-end  of 
the  repeater  is  the  loop-gain  supervisory  unit  and  also,  via  a  high-volt- 
age fuse,  a  moisture-detector  unit  used  primarily  during  the  high-pres- 
sure test  to  confirm  that  the  housing  is  free  from  leaks.  The  latter  com- 
prises a  series-resonant  circuit  at  about  1.3  mc,  in  which  the  inductance 
is  varied  by  the  gas  pressure  on  an  aneroid  capsule  mounted  in  the  space 
between  the  electrical  unit  and  the  housing.  The  presence  of  moisture 
in  this  cavity  increases  the  gas  pressure  owing  to  the  release  of  hydrogen 
by  the  reaction  of  water  vapor  with  metallic  calcium  held  in  a  special 
container.  At  a  later  stage  the  fuse  is  blown  to  disconnect  this  circuit. 

The  circuit  design  of  the  repeater  introduces  multiple  shunt  paths 
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across  the  amplifier,  and  care  has  to  be  taken  to  ensure  that  there  is 
adequate  attenuation  in  each  path.  In  general,  the  design  is  such  that 
the  combination  will  give  a  loop  loss  of  at  least  40  db  in  the  working  band 
(to  reduce  rolls  in  the  gain  characteristic)  and  20  db  at  all  frequencies 
(as  a  guard  against  instability),  even  when  one  repeater  terminal  is 
open-  or  short-circuited  to  simulate  a  faulty  cable. 

Unit  Details 

Power  Filter. 

The  power  filters  are,  in  effect,  a  series  pair  of  high-  and  low-pass 
filters  (see  Fig.  2).  The  shunt  capacitors  may  have  to  withstand  3  kv, 
and  clearances  on  the  input  cable  and  some  wiring  have  to  be  adequate 
for  this  voltage.  The  inductors  have  to  carry  the  line  current  of  316  ma 
dc,  and  the  intermodulation  must  be  extremely  low  (see  section  on  in- 
ductors below). 

Directional  Filter. 

The  directional  filters  are  a  conventional  Zobel  high-pass  and  low-pass 
filter  pair  with  a  susceptance-annulling  network.  Silvered-mica  capacitors 
and  carbonyl-iron  dust-cored  inductors  are  used.  The  bridges  combining 
the  'go'  and  'return'  filters  reduce  the  distortion  due  to  the  ferromagnetic 
material  to  an  acceptable  level. 

Bridge  and  Equalizer. 

A  simple  non-resonant  bridge  is  used  at  the  B-end  of  the  repeater,  but 
the  A-end  bridge  is  a  resonant  type  and  provides  a  substantial  degree  of 
equalization  (see  Fig.  2). 

The  equalizers  are  of  conventional  form.  Trimming  capacitors  (se- 
lected on  test)  were  provided  for  critical  capacitances  in  order  to  utilize 
standard  tolerances  on  all  capacitors.  A  pad  of  0.2  db  and  0.4  db  is  pro- 
vided on  each  equalizer  unit  so  that  the  repeater  low-frequency  or  high- 
frequency  path  can  be  independently  trimmed  to  give  the  best  match  to 
the  target  response  for  the  repeater. 

The  components  in  the  above  circuit  were  small  air-cored  inductors, 
silvered-mica  capacitors,  and  wire-wound  resistors,  except  for  a  few  high- 
resistance  ones,  which  were  of  the  carbon-rod  type.  Included  in  this  unit 
are  coaxial  chokes  whose  purpose  is  to  separate  parts  of  the  circuit  to 
avoid  the  effect  of  multiple  grounding.  They  are  merely  inductors  wound 
with  coaxial  wire  on  2-mil  permalloy  C  tape  ring  cores. 
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Supervisory  Unit. 

The  supervisory  unit  comprises  a  frequency-selection  crystal  filter  of 
about  100-cycle  bandwidth  in  the  range  260-264  kc  fed  from  the  low-fre- 
quency output  end  of  the  repeater  via  a  series  resistor.  This  filter  feeds  a 
full-wave  germanium  point-contact  crystal-rectifier  bridge  which  acts  as 
a  frequency  doubler.  The  second  harmonic  in  the  band  520-528  kc  is 
filtered  out  by  a  coil-capacitor  band-pass  filter,  and  fed  back  through  a 
resistor  to  the  same  point  in  the  repeater.  The  two  series  resistors  mini- 
mize the  bridging  loss  of  the  unit  on  the  repeater  and  ensure  that  a  faulty 
supervisory  component  has  negligible  effect  on  the  normal  working  of 
the  repeater. 

DC  Path. 

The  dc  path  includes  a  resistor  providing  the  90-volt  supply  and  the 
heater  chain  of  six  electron  tubes  (see  Fig.  2).  The  voltage  drop  across 
the  heater  chain  is  not  utilized  for  the  ampUfier  high-voltage  supply,  as 
the  heaters  would  then  be  at  a  positive  potential  with  respect  to  the 
cathodes,  thereby  increasing  the  risk  of  breakdown  of  heater-cathode 
insulation.  There  w^ould  also  be  a  complication  in  maintaining  the  con- 
stant heater  current,  particularly  should  the  high-voltage  supply  current 
fail  in  one  path  of  the  amplifier.  The  normal  amplifier  high- voltage  supply 
current  is  32  ma. 

It  is  essential  to  maintain  a  dc  path  through  the  repeater  even  under 
fault  conditions  in  order  that  fault-location  methods  can  be  apphed. 
Special  care  has  therefore  been  taken  to  provide  parallel  paths  capable 
of  withstanding  the  full  line  current.  For  example,  the  high-voltage  re- 
sistor actually  consists  of  a  parallel-series  combination  of  ten  resistors, 
and  the  whole  assembly  is  supported  on  Sintox  (a  sintered  alumina) 
blocks  which  maintain  a  good  insulation  at  3  kv  dc,  even  at  high  tem- 
peratures. 

Electron  tube  operation  for  consistent  long  life  indicates  the  necessity 
to  maintain  a  specific  constant  cathode  temperature,  and  to  achieve  this, 
electron  tubes  are  grouped  according  to  heater  characteristics  into  six 
heater-current  groups  between  259  and  274  ma  and  stabilized  to  ±1  per 
cent.  The  appropriate  heater-shunt  resistor  is  applied  so  that  the  tube 
operates  correctly  with  316-ma  line  current,  but  for  convenience  the 
shunt  is  taken  across  each  set  of  three  tubes,  all  in  one  heater  group, 
forming  one  amplifier  path.  Rl  is  fixed  (300  ohms)  and  R2  is  selected  to 
suit  the  tubes.  Rl  is  the  resistance  winding  of  a  special  short-circuiting 
fuse;  when  energized  by  the  full  line  current  should  a  heater  become 
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open-circuited,  it  causes  a  permanent  direct  short-circuit  across  the 
heater  chain.  The  Hne  voltage  will  be  temporarily  increased  by  about  95 
volts  while  the  fuse  operates  (1  min)  and  will  then  drop  to  12  volts  below 
normal. 

Amplifier. 

The  amplifier  circuit  is  shown  in  Fig.  3.  It  consists  of  two  3-stage 
amplifiers  connected  in  parallel  between  common  input  and  output  trans- 
formers with  a  single  feedback  network.  This  circuit  arrangement  al- 
lows one  amplifier  path  to  fail  without  appreciably  affecting  the  gain 
of  the  complete  amplifier  (less  than  0.1  db  for  all  faults  except  those  on 
the  grid  of  VI  and  the  anode  of  V3,  but  the  overload  point  is  reduced  by 
about  5  db  and  distortion  at  a  given  output  level  is  increased  (about 
12  db  for  second  harmonics).  Care  has  been  taken  to  ensure  that  the 
open-  or  short-circuiting  of  a  component  in  one  amplifier  path  will  not 
affect  the  performance,  life  or  stability  of  the  remaining  path,  and  this 
involves  the  duplication  of  certain  components. 

Mixed  feedback  is  employed  to  produce  the  required  output  imped- 
ance ;  the  current  feedback  is  obtained  from  the  resistor  feeding  the  high- 
voltage  suppl}^  to  the  output  transformer,  and  the  voltage  feedback  is 
developed  across  a  two-turn  winding  on  the  output  transformer,  which 
also  serves  as  a  screen.  The  output  of  the  feedback  network  is  fed  in  series 
with  the  input  signal  to  the  grid  of  VI.  The  gain  response  of  the  amplifier 
is  chiefly  controlled  by  the  series-arm  components  in  the  feedback  net- 
work, which  resonate  at  600  kc. 

The  input  transformer  is  built  out  as  a  filter  and  steps  up  in  imped- 
ance from  55  ohms  to  17,000  ohms.  Protective  impedances  minimize  the 
effect  of  a  short-circuit  on  the  grid  of  one  of  the  first-stage  tubes.  The 
anode  load  of  the  first  stage  resonates  at  600  kc,  and  is  roughly  the  in- 
verse of  the  feedback  network  so  as  to  give  constant  feedback  loop  gain 
over  the  working  frequency  band.  The  output  tube  has  about  5.5  db  of 
feedback  from  its  cathode  resistor,  and  the  pair  of  output  tubes  feed  the 
output  transformer,  which  steps  do^vn  from  5,000  to  55  ohms. 

Specially  designed  long-life  tubes  are  used.'^  The  first  two  stages  are 
operated  at  about  40  volts  on  the  screens  and  anodes;  each  anode  cur- 
rent is  3  ma,  giving  a  mutual  conductance  of  5.1  ma/v.  The  output  stage 
is  operated  at  60  volts  on  the  screen,  -|-15  volts  on  the  suppressor  grid 
to  sharpen  the  knee  of  the  Va/h  characteristic,  and  nearlj^  the  full  high- 
voltage  suppl}^  of  90  volts  on  the  anode ;  the  anode  current  is  6  ma,  giving 
a  mutual  conductance  of  6.6  ma/v.  The  tube  dynamic  impedance  is  ap- 
proximately 300,000  ohms.  To  obtain  an  anode  current  nearest  to  the 
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design  value  (and  for  which  the  tubes  are  aged),  one  of  two  values  of  bias 
resistance  can  be  selected  for  VI  and  V2,  and  one  of  three  values  of  bias 
resistance  for  V3. 

All  capacitors  subject  to  the  high- voltage  supply  voltage  are  of  the  oil- 
filled  paper  type,  and  the  others  are  of  the  silvered-mica  type.  Inductors 
are  air-cored  spools  which  are  multi-sectioned  when  used  in  high-imped- 
ance circuits.  All  resistors  are  of  the  solid  carbon-rod  type,  except  for  the 
input-transformer  termination,  which  consists  of  two  high-stability 
cracked-carbon  resistors,  and  those  in  the  feedback  network,  which  are 
wire  wound. 

The  input  and  output  transformers  employ  2-mil  permalloy  C  lamina- 
tions, and  the  latter  core  is  gapped  on  account  of  the  polarizing  current. 
A  narrow  Perspex  spool  fits  the  center  limb,  and  conventional  layer 
windings  are  used;  the  screen  is  a  sandwich  made  of  copper  foil  with 
adhesive  polythene  tape. 

3.3  Mechanical  Design  Details 

The  arrangement  can  be  seen  from  Fig.  1.  At  the  A-end  is  a  cast-brass 
pot  containing  the  resistors  providing  the  amplifier  high-voltage  sup- 
ply, and  as  this  is  bolted  directly  on  to  the  housing  bulkhead,  the  heat 
generated  is  readily  conducted  away.  The  remainder  of  the  units  are  in 
cylindrical  cans  mounted  in  the  insulating  framework  formed  by  four 
Perspex  bars.  These  are  sprayed  with  copper  on  both  faces  to  guarantee 
the  dc  potential  on  these  surfaces  and  eliminate  the  risk  of  ionization 
at  working  voltages.  The  cans  are  not  hermetically  sealed  but  are  dried 
out  with  the  repeater  when  it  is  finally  sealed  and  filled  with  dry  nitro- 
gen. Perforated  covers  on  the  amplifier  allow  air  circulation  to  reduce 
the  ambient  temperature. 

Fig.  4  shows  a  typical  can  assembly,  and  Figs.  5  and  6  the  construction 
of  the  amplifier.  It  will  be  seen  that  the  latter  is  a  double-shelved  struc- 
ture with  tubes  alternating  in  direction,  and  an  amplifier  path  is  located 
on  each  side  of  the  chassis;  the  input  and  output  transformers  are  at  op- 
posite ends,  and  the  feedback  network  is  contained  in  a  hermetically 
sealed  can  in  the  center  of  the  unit. 

All  cans  are  finished  with  a  gold  flash  which  is  inert  and  gives  a  clean 
appearance  stimulating  a  high  standard  of  workmanship.  Tin  plating 
was  formerly  used,  but  it  has  been  shown  that  tin  tends  to  grow  metallic 
whiskers.^  Unfortunately  certain  capacitor  cans  had  to  be  tin  plated, 
and  extra  precautions  consisting  of  wide  clearances  or  protective  shields 
have  had  to  be  taken.  The  risks  from  growth  on  soldered  surfaces  is  not 
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Fig.  4  —  Directional  filter  unit.  High-pass  filter 
with  low-pass  filter  can  on  rear. 


thought  to  be  great,  as  all  solders  used  have  less  tin  content  than  the 
eutectic  alloy.  All  connecting  wires  are  gold  plated  instead  of  the  usual 
tin  plating. 

The  insulating  sub-panels  in  units  are  usually  made  of  Perspex,  but 
where  the  items  are  subjected  to  high  temperatures  (e.g.,  resistance  box), 
Sintox,  a  sintered  alumina  ceramic,  or  Micalex  is  used. 

Polytetrafluoroethylene  (p.t.f.e.)  is  another  insulant  used,  and  p.t.f.e.- 
covered  wire  threaded  through  copper  tube  forms  the  coaxial  intercon- 
necting leads  between  the  can  units. 

Careful  attention  is  paid  to  the  mounting  of  components.  Small 
resistors,  etc.,  are  supported  by  soldering  to  tags  which  are  the  appro- 
priate distances  apart,  and  multi-limb  tags  are  employed  to  minimize 
the  number  of  soldered  joints.  Where  it  is  essential  to  solder  more  than 
one  wire  per  limb  on  a  tag,  they  must  be  soldered  at  the  same  time. 


REPEATER   DESIGN  —  NEWFOUNDLAND-NOVA    SCOTIA    LINKS      259 

Larger  components  are  clamped.  Electron  tubes  are  mounted  in  a  holder 
so  as  to  facilitate  preliminary  testing  with  'standard  electron  tubes,' 
and  they  have  a  sprung  nylon  retainer;  the  final  electrical  connection  is 
made  by  soldering  on  to  an  extension  of  the  wire  leading  through  the 
pins. 


Fig.  5  —  Amplifier. 


Fig.  6  —  Feedback  unit  of  amplifier. 
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DESIGN   OF    INTERNAL   UNIT   OF   SUBMERGED    EQUALIZER 

The  submerged  equalizer  corrects  for  the  difference  between  the  as- 
sumed design  cable  characteristic  and  the  subsequently  determined  laid 
characteristic  for  equal  attenuation  lengths  at  552  kc.  It  also  absorbs 
the  loss  of  9  nautical  miles  of  cable  and  has  an  attenuation  of  26.0  db 
at  552  kc. 

The  construction  is  identical  with  the  submerged  repeater  except  for 
the  replacement  of  all  can  assemblies,  other  than  the  power  filters,  by 
the  equalizer  cans.  Fig.  7  is  a  schematic  of  the  unit. 

ELECTRICAL   COMPONENTS 

General 

The  components  used  in  the  repeaters  were  either  designed  specially 
for  submerged  repeaters  or  were  standard  items  with  improvements. 
There  are  approximately  300  components  in  each  repeater  of  which  110 
are  in  the  amplifier.  Rigorous  control  of  manufacture  and  meticulous 
inspection  is  imperative  to  ensure  a  consistent  long-life  product,  and 
cleanliness  is  essential  at  all  stages.  In  some  cases  'belt  and  braces'  tech- 
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Fig.  7  —  Schematic  of  submerged  equalizer. 
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niques  can  be  effectivel}'  employed,  e.g.,  by  using  double  connections. 
Over  1,500  separate  soft-soldered  connections  are  involved  in  the  com- 
plete assembly.  Much  work  has  been  done  on  components,  but  only  a 
brief  indication  can  be  included  here.  A  range  of  typical  components  ap- 
pears in  Figs.  4-6. 

Resistors 

Resistors  fall  into  the  following  categories: 

(o)  Power  resistors  used  solely  for  dc  purposes  (e.g.,  resistors  provid- 
ing the  amplifier  high-voltage  supply).  These  are  wire-wound  vitreous- 
enamelled  resistors  on  Sintox  ceramic  formers.  Nichrome  terminal  leads 
are  used,  and  all  connections  are  brazed. 

(h)  High-frequency  resistors  whose  tolerance  is  not  close,  and  often 
carrying  direct  current  but  of  low  power  (e.g.,  anode  load  resistances). 
A  modification  of  a  standard  carbon-rod  resistor  is  used.  The  ends  of  the 
rod  are  copper  plated  and  the  end  caps  and  terminal  leads  are  soldered 
on.  The  tolerance  is  normally  ±5  per  cent,  and  the  maximum  rating 
permitted  is  about  one-quarter  of  the  commercial  rating. 

(c)  Precise  high-frequency  resistors  of  resistance  below  1,000  ohms 
(e.g.,  feedback  components).  Here  wire-wound  spool  resistors  are  suita- 
ble, and  bifilar  or  reverse  layer  windings  with  Lewmex  enamel  and  silk- 
covered  wire  are  used. 

(d)  Precise  high-frequency  resistors  of  high  resistance.  For  terminat- 
ing the  input  transformer  a  resistance  of  17,000  ohms  is  required.  Because 
it  is  not  possible  to  make  a  suitable  wire-wound  resistor,  high-stability 
cracked-carbon  film  resistors  are  used,  but  to  minimize  the  effect  of  a 
disconnection  two  are  used  in  parallel. 

Inductors 

The  majority  of  inductors  used  in  the  amplifier  and  equalizer  do  not 
require  a  high  Q-factor.  They  are  wound  on  air-cored  ceramic  bobbins 
of  four  types,  and  the  high -inductance  ones  are  sectionalized.  In  general 
solid  wire  with  Lewmex  enamel  and  double-silk  covering  is  used  for  the 
amplifier  mductors,  and  stranded  wire  for  the  equalizer  inductors. 

A  high  Q-factor  inductor  is  essential  in  the  directional  filters,  and  a 
carbonyl-iron  pot  core  was  used;  the  Q-factor  is  about  250  at  300  kg, 
Precise  adjustment  and  stability  of  inductance  was  obtained  by  set  tins 
the  gap  between  the  halves  of  the  pot  core  with  a  cement  of  Araldite 
(an  epoxy  resin)  and  titanium  dioxide.  A  Perspex  former  was  used. 

Special  inductors  were  required  in  the  power  filters  to  take  the  316-ma 
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dc  line  current.  A  wave-wound  air-cored  coil  was  used  for  the  carrier- 
path  filter  (Li  in  Fig.  2),  and  a  toroid  on  an  a.f.  Permalloy  dust-core  ring 
for  the  low-pass  filter  (L2  in  Fig.  2).  Solid  wire,  with  Lewmex  and  double- 
silk  covering,  was  used  to  keep  the  dc  resistance  to  a  minimum. 

5.4  Capacitors 

Capacitors  are  divided  into  three  categories: 

(a)  Those  subjected  to  the  full  hne  voltage  which  may  operate  at 

up  to  3  kv. 

(h)  Those  subjected  to  the  amplifier  high-voltage  supply  of  90  volts, 
(c)  Those  which  have  negligible  polarization  (less  than  10  volts), 

and  which  are  often  required  to  precise  values. 

Groups  (a)  and  (6)  are  of  the  oil-filled  paper  type,  with,  respectively, 
four  layers  of  36-micron  and  three  layers  of  7-micron  Kraft  paper.  The 
oil  is  a  mineral  type  loaded  with  18  per  cent  resin,  and  the  capacitors  are 
filled  at  60°C  and  sealed  at  room  temperature. 

Small  capacitors  and  those  of  precise  value  as  in  group  (c)  are  silvered- 
mica  capacitors.  These  are  encased  in  an  epoxy  resin  to  give  mechanical 
protection  and  a  seal  against  moisture.  Visual  inspection  of  all  mica 
plates  is  made  before  and  after  silvering,  and  any  with  cracks,  inclusions, 
stains  or  any  other  abnormality  are  rejected.  Mica  is  a  very  variable 
material  and  at  times  the  percentage  rejects  were  high,  but  probably 
many  of  the  reasons  for  rejection  would  not  have  been  significant  as  far 
as  the  life  of  the  capacitor  is  concerned.  However,  experience  has  shown 


Fig.  8  —  Details  of  housing  construction.  A.  Armour  clamp.  B.  Gland.  C.  Bulk- 
head. D.  Part  of  internal  unit. 
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that  even  with  stringent  precautions  mica  is  not  an  entirely  satisfactory 
dielectric  material. 

Other  Comyonents 

Electron  tubes  form  the  subject  of  a  separate  paper  J  Of  the  other 
miscellaneous  components  used,  one  of  interest  is  the  short-circuiting 
fuse  across  the  electron  tube  heaters.  It  is  constructed  like  a  normal  wire- 
wound  resistor  on  a  Sintox  tube  former,  but  inside  are  two  cupped  copper 
electrodes  filled  with  a  low-melting-point  eutectic  alloy.  If  the  full  line 
current  (316  ma)  is  passed  through  the  winding,  owing  to  a  heater  dis- 
connection, the  heat  generated  is  sufficient  to  melt  the  alloy,  which  then 
fuses  the  two  electrodes  together.  The  winding  is  thus  short-circuited, 
and  a  permanent  connection  is  left  between  the  electrodes. 

DESIGN    OF  HOUSING  AND    GLAND 

General 

Although  the  maximum  depth  of  water  in  which  British  rigid-type 
repeaters  were  laid  did  not  exceed  about  250  fathoms,  the  housings  used 
for  these  repeaters  were  generally  of  a  type  designed  for  use  at  ocean 
depths,  and  when  connected  into  the  cable  they  were  amply  strong 
enough  to  transmit  stresses  up  to  the  breaking  point  of  any  of  the  cables 
used. 

The  part  of  the  housing  which  is  sealed  against  water  pressure  consists 
essentially  of  a  hollow  cylinder,  machined  from  hot-drawn  steel  tube,  and 
closed  at  both  ends  by  steel  bulkheads  carrying  the  cable  glands  through 
which  the  connections  are  made  to  the  electrical  unit  (see  Fig.  8).  The 
latter  is  bolted  rigidly  to  the  inner  face  of  the  A-end  bulkhead.  The  steel 
blanks  used  for  the  main  cylinder  and  the  bulkheads  are  tested  with  an 
ultrasonic  crack  detector,  and  after  machining  they  are  further  sub- 
jected to  magnetic  crack-detection  tests. 

Each  gland  has  a  brass  cover  which  completes  the  coaxial  transmission 
path  and  contains  a  weak  solid  mixture  of  polythene  and  polyisobutylene 
(p.i.b.).  Outside  the  brass  cover  is  a  larger  chamber  closed  by  a  flexible 
polyvinylchloride  (p.v.c.)  diaphragm  and  containing  p.i.b.  —  a  viscous 
liquid  —  which  prevents  sea  water  coming  into  direct  contact  with  the 
bulkhead  seal  and  the  gland  assembly. 

Cylindrical  extension  pieces,  screwed  on  to  the  main  casing,  contain 
the  clamps  for  attaching  the  repeater  housing  to  the  armour  wires  of  the 
sea  cable,  and  the  housing  is  completed  by  dome-shaped  end  covers. 
Two  external  annular  ridges  near  the  centre  of  the  housing  accommodate 
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the  special  quick-release  clamp  used  for  handling  the  repeater  during 
the  laying  operation. 

Protection  against  corrosion  is  provided  by  shot-blasting  the  surface 
and  then  applying  hot-sprayed  zinc  to  a  thickness  of  0.010  in,  followed 
by  two  coats  of  \'inyl  paint.  The  A-end  of  the  repeater  is  finished  red. 
The  dimensions  of  the  complete  repeater  are  8  feet  llf  inches  X  lOJ 
inches  diameter,  and  its  weight  is  1,150  lb  in  air 

Sealing  of  Housing 

The  bulkheads,  which  register  on  seatings  designed  to  withstand  the 
axial  thrust  due  to  the  water  pressure,  are  in  the  form  of  discs  with  ex- 
tended skirts.  A  watertight  and  diffusion-proof  seal  is  formed  between 
the  casing  and  the  outer  skirt  of  each  bulkhead  by  a  silver-soldering 
process,  using  carefully  controlled  electromagnetic  induction  heating  to 
raise  the  jointing  region  to  the  required  temperature.  The  diametral 
clearance  between  the  cylinder  and  the  locating  surface  of  the  bulkhead 
is  0.003  inch  ±  0.002  inch,  the  diameter  of  the  bulkhead  being  reduced 
b}'  0.004  inch  for  an  axial  distance  of  3  inches  from  the  rim  of  the  skirt 
to  provide  a  recess  into  which  the  molten  solder  can  flow. 

The  solder  is  applied  as  eight  pre-formed  No.  16  s.w.g.  wire  rings  which 
are  fitted  into  place  cold  and  coated  with  a  paste  formed  by  mixing  flux 
powder  with  dehydrated  ethyl  alcohol.  The  generator  used  for  heating 
has  a  nominal  output  of  50  kw  at  a  frequency  of  about  350  kc  and  is 
capable  of  raising  the  temperature  of  the  jointing  region  to  750°C  in  5 
min.  The  temperature,  as  indicated  by  four  thermocouples  inserted  in 
special  holes  drilled  in  the  ends  of  the  casing,  is  maintained  at  750°C  for 
a  period  of  45  min  to  allow  ample  time  for  the  entrapped  gas  and  flux 
pockets  to  float  to  the  surface.  Fig.  9  shows  the  arrangement  for  solder- 
ing in  a  bulkhead. 

The  primary  object  of  the  outer  skirt  is  to  keep  the  heated  region  far 
enough  away  from  the  base  to  prevent  the  temperature  of  the  latter  rising 
unduly.  Temporary  water  jackets  are  also  clamped  o\'er  the  gland  and 
around  the  outside  of  the  casing  during  the  sealing  operation.  A  sub- 
sidiary skirt  on  each  bulkhead  contains  a  vent  hole  which  serves  to  allow 
displaced  air  to  escape  as  the  bulkheads  are  inserted  into  the  casing. 
These  vents  are  later  used  to  apply  a  low-pressure  gas-leak  test  to  the 
bulkhead  seals  and  then  to  flush  the  housing  with  dry  nitrogen  to  remove 
any  trapped  moisture.  The  vents  are  finally  sealed.  At  this  stage  the 
sealed  housing  is  pressure-tested  in  water  at  1\  tons*/square  inch  for  a 

*  These  are  long  tons.  1  long  ton  =  2240  lb. 
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Fig.  9  —  Silver-soldering  of  bulkhead  into  housing  with  induction  heater. 

period  of  seven  days,  a  moisture  detector,  mentioned  previously,  being 
used  to  check  that  no  leakage  occurs. 


Glands 

The  deep-sea  gland  was  de\eloped  from  the  castellated  gland  which 
has  been  used  successfully  for  a  number  of  years  in  shallow-water  re- 
peaters. The  basic  principle  of  this  gland  is  very  simple  and  is  shown  in 
Fig.   10;  the  polythene-insulated  cable  core  passes  right  through  the 
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Fig.  10  —  Section  of  high-pressure  gland. 


bulkhead,  and  the  initial  seal  is  formed  by  the  contraction,  during  cool- 
ing, of  potythene  moulded  on  to  the  core  and  enclosing  a  steel  stem,  hav- 
ing a  castellated  profile,  which  forms  part  of  the  bulkhead.  Each  side  of 
the  castellation  has  a  taper  of  about  7°.  The  application  of  water  pressure 
increases  the  contact  pressure  between  the  polythene  and  the  stem,  thus 
making  the  gland  inherently  self -sealing.  As  an  additional  safeguard,  the 
gland  stem  is  first  prepared  by  a  lead  plating  and  anodizing  process, 
followed  by  the  application  of  a  thin  film  of  polythene  which  forms  a 
chemical  bond  to  the  plated  surface.  The  injected  polythene  merges  with 
this  film,  thus  bonding  the  molded  portion  to  the  castellated  stem.  Tests 
on  sample  gands,  using  a  radioactive  tracer,  have  shown  no  measurable 
(less  than  0.001  mg)  water  diffusion  at  a  pressure  of  5  tons*/square 
inch  over  a  period  of  6  months. 

Intrusion  of  the  potythene  into  the  housing,  at  hydraulic  pressures  up 
to  at  least  6  tons*/square  inch,  is  eliminated  by  the  use  of  a  small-diame- 
ter core  and  by  the  provision  of  a  screw  thread  in  the  hole  through  which 
the  core  passes.  During  the  molding  operation  a  corresponding  thread  is 
formed  on  the  polj^thene  core  itself.  This  method  of  construction  dis- 
tributes the  axial  force  over  a  sufficiently  wide  area  to  prevent  any  ap- 
preciable creep  of  the  polythene. 
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The  completed  gland  assemblies  were  all  subjected  to  a  minute  X-ray 
examination,  followed  by  a  pressure  test  at  5  tons*/square  inch  for  three 
months.  Whilst  under  pressure,  the  glands  had  to  withstand  a  voltage 
test  of  40  kv  dc  for  1  minute,  to  show  no  ionization  effects  when  a  volt- 
age of  3  kv  (r.m.s.)  at  50  cycles  was  applied  and  to  have  an  insula- 
tion resistance  greater  than  20  X  10^^  ohms. 

MANUFACTURE 

General 

The  manufacture  of  the  electrical  units  was  carried  out  in  accommo- 
dation specifically  designed  for  submerged-repeater  production.  Tem- 
perature was  controlled  at  68°F  and  the  relative  humidity  was  less  than 
20  per  cent  in  the  component  shops  and  40  per  cent  in  the  assembly  and 
test  shops.  Filtered  air  forced  into  the  building  maintained  a  slight  posi- 
tive pressure  with  respect  to  the  outside  and  eliminated  the  ingress  of 
dust.  With  the  exception  of  the  tubes  and  some  resistors  all  components 
were  manufactured  in  this  'diary'  (Fig.  11).  Operators  are  specially 
selected,  and  they  must  change  into  clean  protective  clothing  in  an  ante- 
room before  entering  the  working  area,  where  no  smoking  or  eating  is 
permitted.  All  operators  are  particularly  encouraged  to  report  or  reject 
any  condition  which  is  abnormal  or  in  which  they  have  not  complete 
confidence.  Rigorous  inspection  and  testing  were  carried  out  by  the  con- 
tractor at  all  stages,  and  a  Post  Office  team  collaborated  with  'floor' 
inspection  and  the  examination  and  approval  of  test  results. 

The  Electrical  Unit 

The  components,  after  the  most  careful  examination  and  testing, 
which  in  some  cases  included  an  aging  test,  were  assembled  into  their 
cans  and  then  subjected  to  a  shock  test  before  undergoing  detailed  elec- 
trical characteristics  tests.  Initial  tests  on  the  amplifier  were  done  with  a 
set  of  'standard'  electron  tubes,  which  were  later  replaced  by  the  final 
tubes  for  the  complete  tests.  The  cans  were  then  assembled  in  a  repeater 
chassis  and  the  electrical  tests  required  before  sealing  performed  —  this 
included  a  gain  response  to  determine  the  best  settings  for  the  trinmier 
pads  in  each  transmission  band.  After  fitting  and  sealing  the  outer  brass 
case,  dry  nitrogen  was  blown  through  the  unit  for  24  hours  and  the  gas 
holes  then  sealed.  The  overall  electrical  characteristics  were  then  taken, 
the  repeater  was  energized  for  a  two  weeks'  'confidence  trial'  and  the 
characteristics  were  rechecked.  During  the  'confidence  trial'  the  gain  was 
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Fig.  12  —  Completed  repeater. 

continuously  monitored  on  a  recorder  (duplicated  to  distinguish  between 
test  equipment  and  repeater  vaiiations)  on  which  changes  in  gain  of 
0.01  db  were  clearly  indicated.  On  satisfactory  completion  of  these  tests 
the  unit  was  ready  for  housing. 

Assevibly  of  Electrical  Unit  in  Housing 

The  first  step  was  to  complete  the  molded  joint  between  the  tail 
cables  from  the  A-end  of  the  electrical  unit  and  the  low-pressure  side  of 
the  appropriate  bulkhead.  This  joint  was  X-rayed  and  proof  tested  at 
20  kv  dc  for  1  minute.  The  electrical  unit  was  then  bolted  to  the  bulkhead, 
the  slack  tail  cable  being  correctly  coiled  into  the  recess  provided,  and 
the  whole  assembly  was  lowered  into  the  housing  for  the  first  silver- 
soldering  operation.  Following  this  sealing  the  tail  cable  joint  was  made 
to  the  B-end  bulkhead,  which  was  then  lowered  into  the  housing  and 
sealed. 

A  leak  test  was  then  made  by  applying  an  internal  air  pressure  of 
5  lb/square  inch  (gauge)  and  observing  the  surface  when  wetted  with  a 
solution  of  a  suitable  detergent  in  water.  After  flushing  with  dry  nitrogen 
the  vents  were  sealed  and  the  housing  was  pressure  tested.  Finally  the 
brass  gland  covers  were  fitted  and  filled  with  compound,  the  extension 
pieces  were  screwed  on,  the  flexible  diaphragms  were  fitted  and  the  in- 
ternal space  was  filled  with  polyisobutylene.  The  housing  was  then  ready 
for  further  electrical  testing. 

Tests  on  Complete  Repeater 

After  housing,  the  repeaters  were  submerged  in  a  tank  of  water  for  a 
three-month  electrical  'confidence  trial.'  Before  and  after  the  trial  the 
complete  characteristics  were  checked  and  the  noise  was  monitored  on 
both  terminals;  during  the  first  and  last  few  weeks  of  the  trial  the  gain 


270  THE   BELL   SYSTEM   TECHNICAL   JOURNAL,    JANUARY    1957 

70 
65 
60 
55 
50 
45 
40 
35 

V)      30 

_l 

LU 

tn 

O     25 

LU 
Q 

2  20 
15 
10 


< 


5 

0 
-5 
-10 
-15 
-:?0 
-25 


^ 

-^ 

^^ 

,^ 

AMPLIFIER 

/ 

/ 

y 

/ 

y 

y" 

y 

y 

y 

y 

y 

/ 

/ 

^REPEATER 

/ 

/ 

/ 

/ 

/ 

/ 

ALL    FILTERS 

LF 

OUTPUT   EQN 
(B  END) 

^     - 

^^ 

*^HF    INPUT   EQN 

(B  END)           ^ 

^ 

-y^ 

^ 

/ 

y 

-"HF    OUTPUT  EQN 
(A  END) 

J 

>^F    INPUT  EQN 
/^             (A  END) 

^ 

/ 

100  200  300  400  500 

FREQUENCY  IN    KILOCYCLES  PER   SECOND 

Fig.  13  —  Repeater  gains  and  losses. 


600 


was  monitored  on  recorders  in  both  directions.  Owing  to  the  insertion 
and  withdrawal  of  repeaters  in  the  power  circuit  from  time  to  time,  the 
repeaters  were  subjected  to  several  power-switching  operations  and 
temperature  cycles. 

Stability  of  electrical  characteristics,  particularly  gain,  between  the 
pre-housing  tests  and  the  completion  of  the  'confidence  trial'  some  four 
months  later  was  regarded  as  an  important  criterion  of  the  reliability 
of  a  repeater.  Unfortunately  test  conditions  and  differences  ])etween,  and 
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Stability  of,  the  testing  eciuipinents  reduced  the  uccurac.y  originally  ex- 
pected, but  even  so,  changes  of  over  0.1  db  were  regarded  as  significant. 

Connection  of  Repeaters  to  Cable 

On  board  the  cable  ship  the  cable  ends  were  prepared  by  making 
tapered  molded  joints  to  0.310-inch  tail  cable,  sliding  the  domed  ends  of 
the  repeater  up  the  cable  and  forming  the  armor  wires  round  the  ar- 
mor clamps.  The  tapered  joint  included  a  castellated  ferrule  on  the 
center  conductor,  which,  operating  on  the  principle  of  the  main  gland, 
acts  as  a  barrier  against  the  possible  passage  of  water  down  the  center 
conductor  into  the  repeater.  The  final  assembly  operation  consists  of 
jointing  the  tail  cables,  bolting  the  armor  clamps  to  the  repeater 
housing  and  screwing  on  the  domed  ends.  Fig.  12  shows  a  completed 
repeater  connected  to  a  cable. 
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PERFORMANCE 


The  gains  and  losses  of  various  sections  of  the  repeater  are  shown  in 
Fig.  13.  Figs.  14  and  15  show,  respectively,  the  harmonic  distortion  and 
the  stabilit}^  characteristics  of  the  amphfier  with  one  and  two  paths 
operating.  The  total  shunt  loss  across  the  amplifier  is  shown  in  Fig.  16 
as  a  margin  above  the  amplifier  gain.  The  curves  show  the  result  with 
55-ohm  terminations  on  the  repeater  and  with  a  short-circuit  on  each 
terminal.  Fig.  17  shows  the  production  spread  in  gain  of  the  16  repeaters 
for  the  system  as  a  deviation  from  the  target  value.  The  highest  standard 
deviation  (at  260  kc)  was  only  0.11  db.  In  all  respects  the  production 
repeaters  proved  to  be  very  consistent  and  satisfactory  in  their  per- 
formance and  differed  httle  from  the  original  laboratory-built  model. 

Typical  electrical  characteristics  of  a  repeater  and  the  submerged 
equalizer  are  showTi  in  Appendices  1  and  2  respectivel3\ 

The  characteristics  of  the  completed  link  are  described  elsewhere,^ 
but  it  is  of  interest  to  note  that  the  overall  tests  showed  that  the  link 
behaved  as  predicted  and  met  the  noise  requirement  and  the  design 
margins. 


ACKNOWLEDGMENTS 


It  will  be  appreciated  that  the  design  and  manufacture  of  these  re- 
peaters has  been  an  undertaking  of  teams  rather  than  of  individuals. 
The  authors  are  very  grateful  to  Standard  Telephones  and  Cables,  Ltd., 


274  THE    BELL   SYSTEM   TECHNICAL   JOURNAL,    JANUARY    1957 

and  Submarine  Cables,  Ltd.,  for  their  unsparing  efforts  to  ensure  the 
very  highest  standards  in  the  engineering,  production  and  testing  of 
these  repeaters.  Numerous  firms  have  also  co-operated  in  specialized 
fields,  and  the  authors  are  very  appreciative  of  their  help.  The  authors 
also  wish  to  acknowledge  the  enthusiastic  assistance  of  their  many 
colleagues  in  the  Research  Branch  of  the  Post  Office  in  the  design  and 
in  the  supervisory  inspection  during  manufacture.  Finally  a  grateful 
acknowledgment  is  made  to  the  Engineer-in-Chief  of  the  British  Post 
Office  for  permission  to  publish  the  paper. 

Appendices 
1  performance  of  typical  submerged  repeater 

(a)  Insulation  resistance 8000  megohms  (cold) . 

(b)  DC  resistance  at  20°C. 

Current,  ma  DC  resistance,  ohms 

5  343.0 

20  343.2 

50  344.2 

100  347.9 

(c)  Voltage  drop  at  316  ma 124  volts 

(d)  Carrier  gain  (55  ohms)  without  moisture  detector. 

Frequency,  kc  Gain,  db  Frequency,  kc  Gain  db 

20  11.54  308  44.52 

30  13.82  312  44.87 

50  17.47  320  45.56 

100  25.06  330  46.29 

150  30.86  350  47.75 

200  35.81  400  51.19 

230  38.40  450  54.20 

260  40.96  500  57.31 

264  41.13  552  60.01 

268  40.83 

(e)  Noise  level. 

A  terminal  (312-552  kc) -59.8  dbm 

B  terminal  (20-260  kc) -70.3  dbm 

(/)    Harmonic  level. 

170  kc  fundamental  level  at  B  terminal +10  dbm 

340  kc  second  harmonic  level  at  A  terminal —  60  dbm 

510  kc  third  harmonic  level  at  A  terminal —58  dbm 
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•zio 


(g)  Supervisory  —  260.800  kc  (nominal). 


Fundamental  level 
at  B  terminal,  dbm 

-12 
-2 

+8 


Second  harmonic  level 
at  A  terminal,  dbm 

-26 
-13.8 
-3.6 


(h)  Moisture  detector. 

Resonant  f requeue}^  with  30-f t  cable  tail 

(i)   Impedance. 

Return  loss  against  55  ohms 


1,237  kc 


A-terminal 

B-terminal 

Frequency,  kc 

return  loss,  db 

return  loss,  db 

20 

17 

8 

50 

17 

13 

100 

16 

15 

200 

16 

4 

260 

16 

4 

312 

13 

21 

350 

14 

14 

500 

18 

16 

552 

16 

25 

2   PERFOR^L'\.NCE   OF   SUBMERGED    EQUALIZER 

(a)  Insulation  resistance 8,000  megohms 

(h)  DC  resistance  at  20°C 9.2  ohms 

(c)  Voltage  drop  at  316  ma 3.0  "\'olts 

(d)  Carrier  loss  (55  ohms)  —  without  moisture  detector. 

Frequency,  kc  Loss,  db  Frequency,  kc  Loss,  db 

20  4.28  260  15.90 

30  4.23  312  18.26 

50  4.87  350  19.96 

100  7.47  400  21.75 

150  10.35  450  23.16 

200  13.04  500  24.55 

230  14.52  552  25.97 

(e)  ^loisture  detector. 

Resonant  frequenc}^  with  5-ft  cable  tail 1,387  kc 

(/)  Impedance 

Return  loss  against  55  ohms 

A-terminal  B-terminal 

Frequency,  kc  return  loss,  db  return  loss,  db 

20  35  31 

50  19  19 

100  25  25 

260  34  27 

552  30  23 
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Power-Feed  System  for  the 
Newfoundland-Nova  Scotia  Link 

By  J.  F.  P.  THOMAS*  and  R.  KELLYf 

(Manuscript  received  September  22,  1956) 

Design  engineers  now  have  available  the  results  of  many  years  of  operat- 
ing experience  with  submerged-repeater  systems  supplied  from  electronic, 
electromagnetic  and  rotary -machine  power  equipments.  To  meet  the  very 
high  standards  of  reliability  required  for  the  transatlfintic  telephone  system, 
a  scheme  has  been  evolved  that  is  a  combination  of  new  developments  and  the 
best  features  of  previous  methods.  Electronic-electromagnetic  equipment 
forms  the  basis  of  an  automatic  no-break  system  requiring  very  little  routine 
maintenance. 

INTRODUCTION 

The  operating  power  for  the  submerged  repeaters  of  the  Clarenville- 
Sydney  Mines  Hnk  is  derived  from  a  constant  current  suppHed  over  the 
central  conductor  from  power  equipments  located  at  the  two  terminal 
stations.  In  order  to  protect  the  electron  tubes  in  the  repeaters  the  cur- 
rent must  be  closely  maintained  at  the  design  value,  irrespective  of 
changes  in  the  mains  supply  voltage  or  ground  potential  differences  be- 
tween the  two  ends  of  the  link.  Automatic  tripping  equipment  must  be 
provided  to  disconnect  the  cable  supply  should  the  current  deviate  be- 
yond safe  limits,  but  otherwise  there  must  be  a  minimum  of  interrup- 
tions due  to  power-equipment  and  primary -source  failures. 

Earlier  British  Post  Office  schemes  have  been  powered  by  electron- 
ically controlled  units  feeding  from  one  end  only.t  Manual  change-over 
to  standby  units  has  been  provided  at  the  end  feeding  power  and  at  the 
distant  end  —  a  method  which  has  satisfactorily  met  the  economic 
requirements  of  short  schemes. 

*  British  Post  Office,  f  Standard  Telephones  and  Cable  Ltd. 

X  Walker,  D.  C,  and  Thomas,  J.  F.  P.,  The  British  Post  Office  Standard  Sub- 
merged-Repeater System  for  Shallow-Water  Cables  (with  special  reference  to  the 
England-Netherlands  System),  Proc.  I.E.E.,  101,  Part  I,  p.  190,  Feb.,  1954. 
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For  the  Clarenville-Sydney  Mines  link  a  new  and  more  reliable  de- 
sign of  equipment  has  been  developed.  An  automatic  no-break  system 
provides  an  uninterrupted  supply  to  repeaters  unless  equipments  at 
both  ends  of  the  link  simultaneously  fail  to  deliver  power. 

The  main  improvement  in  the  reliability  of  the  equipment  is  the  re- 
placement of  all  high-power  electron  tubes  by  electromagnetic  compo- 
nents. The  automatic  no-break  system  takes  advantage  of  the  fact  that 
the  rating  of  the  repeater  isolating  capacitors  has  been  chosen  to  permit 
single-end  feeding.  Normally  the  link  is  fed  from  both  ends,  but  in  the 
event  of  one  equipment  failing  to  deliver  power  the  link  is  powered  from 
the  other  end  without  interruption  to  the  cable  suppl^^  If  the  failure  is 
due  to  a  power-equipment  fault,  double-end  feeding  can  rapidly  be  re- 
established by  manual  switching  to  the  standby.  During  an  ac-supply 
failure,  single-end  feeding  must  be  maintained  until  the  supply  is  re- 
stored. In  view  of  the  very  reliable  no-break  ac  supply  provided  at  both 
stations,  the  possibility  of  a  simultaneous  ac  supply  failure  at  both  ends 
of  the  link  is  extremeh'  remote. 

The  power  equipments  at  each  end  of  the  link  must  be  capable  of 
suppl^dng  the  whole  of  the  power  to  the  cable  should  one  end  fail,  which 
requires  that  each  should  be  capable  of  operating  as  a  constant-current 
generator.  If  two  constant-current  generators  are  connected  in  series, 
unless  precautions  are  taken,  an  unstable  combination  will  result  and 
the  unit  suppl3'ing  the  higher  current  will  driA-e  the  other  unit  'off  load.' 
Manual  adjustment  could  be  provided  to  equalize  the  currents  fed  from 
the  two  ends,  but  a  different  solution  has  been  developed  in  which  one 
of  the  units  is  a  constant-current  master  and  controls  the  line  current, 
while  the  other  unit  is  a  slave  whose  voltage/current  characteristic  in 
the  normal  operating  range  is  such  that  its  current  is  always  equal  to 
that  of  the  master  unit.  If  the  slave  unit  fails,  the  master  will  take  over 
the  suppl}^;  if  the  master  unit  fails,  the  slave  unit  will  take  over  the 
suppl}'  and  automatically  assume  the  role  of  a  master  unit.  The  first 
unit  sAvitched  on  to  an  unenergized  link  operates  as  a  master  generator 
and  the  other  unit,  on  being  switched  on,  automatically  operates  as  a 
slave.  Other  than  ensuring  that  the  link  is  safe  for  energizing,  there  is  no 
need  for  any  cooperation  between  the  two  ends  when  putting  the  equip- 
ment into  service. 

DETAILS   OF   METHOD    EMPLOYED 

The  Master-Slave  System  of  Operations 

The  output-current/output-voltage  characteristics  for  the  equipments 
are  shown  in  Fig.  1,  and  are  the  same  for  both  regular  and  alternate 
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Fig.  1  —  Output-current  versus   output-voltage  characteristics,    (a)   Master. 
(6)  Slave,  (c)  Master  versus  master  shut-down. 


equipments  at  both  ends  of  the  link.  Any  equipment  can  operate  with 
any  of  the  characteristics  (a),  (h)  or  (c). 

Normally  the  choice  between  characteristics  (a)  and  (b)  is  made  auto- 
matically by  the  equipment.  If  the  output  voltage  does  not  reach  80 
per  cent  of  the  full  link  voltage  (approximately  2  kv) ,  the  unit  will  have 
the  slave  characteristic  (6)  (DCAB).  If  the  output  voltage  reaches  or 
exceeds  2  kv,  the  unit  automatically  switches  to  the  master  characteristic 
(a)  (EAF) .  Once  having  switched  to  the  master  characteristic  the  equip- 
ment does  not  automatically  change  back  to  the  slave  characteristic 
even  if  the  output  voltage  falls  below  2  kv. 

When  the  link  is  energized,  the  first  equipment  switched  to  line  will 
come  on  as  a  slave  unit ;  its  output  voltage  will  then  pass  2  kv  and  it  will 
automatically  be  switched  to  the  master  characteristics  and  the  complete 
link  will  be  energized  from  one  end.  The  second  unit  switched  to  line 
will  come  on  as  a  slave  unit,  and  having  a  higher  output  current,  will 
drive  down  the  output  voltage  of  the  master  unit  at  the  other  end  until 
the  current  of  the  slave  unit  has  become  equal  to  that  of  the  master 
(DCA  in  Fig.  1).  The  output  voltage  of  this  equipment  will  not  exceed 
2  kv  and  it  will  not  switch  to  master.  The  cross-over  point  of  the  two 
characteristics.  A,  will  determine  the  potential  fed  from  each  end,  and 
this  can  be  adjusted  as  indicated  by  the  dotted  lines  near  C. 

In  an  emergency,  an  equipment  can  be  taken  out  of  service  by  switch- 
ing off  the  ac  supply,  and  the  links  will  then  be  powered  from  the  dis- 
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tant  end  only.  Should  the  master  end  be  switched  off,  the  distant  slave 
unit  will  switch  to  master  characteristic  as  soon  as  its  output  voltage 
exceeds  2  kv.  This  abrupt  disconnection  of  one  equipment  causes  un- 
necessary voltage  surges  on  the  cable,  and  when  an  equipment  is  re- 
moved for  normal  maintenance  purposes  the  following  procedure  is 
adopted.  The  slave  equipment  is  switched  to  the  master  characteristic 
(an  external  key  is  provided  for  changing  from  master  to  slave  or  vice 
versa,  but  see  the  limitation  described  in  the  next  paragraph).  This 
leaves  two  master  equipments  feeding  the  cable,  but  any  redistribution 
of  voltage  is  slow  since  the  currents  are  approximately  equal.  An  external 
control  (master/master  shut-down),  is  then  operated  on  the  equipment 
to  be  taken  out  of  service,  changing  its  characteristic  to  that  shown  in 
Fig.  1(c).  The  output  voltage  of  this  unit  will  then  be  slowly  reduced, 
and  when  it  is  zero  the  equipment  can  be  switched  off  without  causing 
surges  on  the  cable. 

The  current  deviations  occurring  over  the  slave  characteristic  (c) 
(from  4-2  per  cent  to  —3  per  cent)  are  the  maximum  permitted  by  the 
tube  design  engineers  for  the  tubes  in  the  submerged  repeaters,  and 
are  permitted  only  for  short  periods.  The  circuit  associated  with  the 
manual  switching  of  the  equipment  to  the  slave  characteristic  is  there- 
fore made  inoperative  if  the  output  voltage  exceeds  2  kv,  since  in  this 
range  the  slave  characteristic  is  the  extension  of  the  line  CAB  on  curve 
(6)  and  the  current  is  outside  the  permitted  range.  The  slave  characteris- 
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tic  over  the  range  CAB  is  controlled  by  a  voltage-sensitive  circuit  con- 
nected near  the  output  of  the  equipment,  and  the  stability  of  the  charac- 
teristic against  input  \'oltage  and  component  aging  is  the  same  as  for 
the  master  characteristic.  Changes  in  the  distribution  of  the  system 
potential  due  to  supply  variations  and  component  aging  are  therefore 
small. 


Overall  Current  and  Voltage  Distribution 

Facilities  have  been  provided  at  the  j  unction  of  the  land  and  sea  cables 
(Terrenceville)  to  connect  a  power  ground  to  the  center  conductor  of  the 
cable.  Normally  this  ground  will  be  disconnected,  but  during  installation 
it  enables  the  land  and  sea  sections  to  be  energized  separately  and  may 
subsequently  be  of  assistance  in  the  localization  of  cable  faults  near 
Terrenceville. 

The  full  line  in  Fig.  2  shows  the  current  path  with  normal  double-end 
feeding,  while  the  broken  lines  show  the  current  paths  when  a  ground  is 
connected  at  Terrenceville. 

The  full  line  (d)  in  Fig.  3  shows  the  voltage  distribution  along  the  link 
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Fig.  3  —  Potential  distribution  on  Clarenville-Sydney  Mines  link,  (a)  Single- 
end  feeding  from  Sydney  Mines,  (b)  Single-end  feeding  from  Clarenville.  (c) 
Ground  at  Terrenceville;  double-end  feeding,  (d)  Normal  operation;  double- 
end  feeding. 
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with  normal  double-end  feeding,  the  broken  lines  (a)  and  (6)  show 
the  distribution  with  single-end  feeding  from  Sydney  Mines  and  Claren- 
ville  respectively  and  the  broken  line  (c)  shows  the  distribution  when  a 
power  ground  is  connected  at  Terrenceville. 

DETAILS    OF    EQUIPMENTS 

Connection  of  the  Equipment  to  the  Cable 

Each  station  is  provided  with  two  power  equipments  and  one  cable- 
terminating  equipment  interconnected  as  shown  in  Fig.  4.  When  the 
live  side  of  the  output  of  the  regular  equipment  is  connected  to  the 
cable  via  SWD  and  the  link  LKl,  the  alternate  equipment  output  is 
connected  to  its  own  dummy  load  (equi^'alent  of  RVl)  and  vice  versa. 

The  grounded  sides  of  the  regular  and  alternate  equipments  are  made 
common  and  then  connected  via  a  removable  link,  LK2,  to  the  sea 
ground.  A  safety  resistor  R2  connects  the  sea  ground  to  the  station 
ground  to  restrict  the  rise  in  potential  to  100  ^•olts  if  the  sea  ground 
becomes  disconnected.  During  maintenance  on  the  sea-ground  circuit 
the  link  LK2  can  connect  the  power  equipment  ground  to  the  station 
ground. 

If,  for  maintenance  purposes,  it  is  necessary  to  feed  from  the  distant 
end  onl}^,  the  link  LKl  can  connect  the  cable  to  the  power-equipment 
ground  and  disconnect  the  live  side  of  both  power  equipments  from  the 
line. 

Safety  Inter-locks 

Safety  interlock  circuits  are  installed  to  protect  the  maintenance  staff 
if  the  equipments  are  used  incorrectly  and  are  not  the  normal  methods 
employed  for  controlling  the  power  supplies.  With  double-end  feeding, 
dangerous  ^'oltages  are  generated  at  both  ends  of  the  system,  and  when 
access  is  gained  to  any  point  in  the  equipments  personnel  must  be  pro- 
tected from  the  local  and  distant  power  sources. 

To  minimize  interruptions  to  traffic,  the  units  of  the  cable-terminat- 
ing equipment  have  been  grouped  under  three  headings  (see  Fig.  4), 
namely 

(a)  Transmission  equipment  (Si)  isolated  from  the  dc  cable  supply: 
this  includes  cable  simulators  and  monitoring  facilities  not  associated 
with  the  power  supplies. 

(b)  E(fuipment  associated  with  the  dc  supply  that  can  be  made  safe 
without  interrupting  traffic. 

(c)  Equipment  that  can  be  made  safe  only  by  intei-rupting  traffic. 
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Group  (a)  is  treated  as  normal  terminal  transmission  equipment  and 
is  not  interlocked.  Groups  (6)  and  (c),  the  power-change-over  and  cable- 
terminating  boxes  respectively,  both  require  that  the  local  power  equip- 
ments are  switched  off  before  they  can  be  made  safe.  The  external  panel 
covers  over  both  boxes  have  links  disconnecting  the  ac  supplies  to  both  of 
the  local  power  equipments  when  the  covers  are  removed  (LK3-LK6). 
This  will  not  interrupt  traffic,  since  single-end  feeding  will  continue  from 
the  distant  station. 

The  doorknob  switch  of  the  power-change-over  box  automatically 
connects  the  live  lead  to  ground  (at  the  point  B)  when  the  door  is  opened. 
This  will  not  interrupt  traffic  since  the  impedance  of  L2  is  high  at  carrier 
frequencies.  Changing  over  the  power  equipments  and  grounding  arrange- 
ments can  therefore  be  performed  without  interrupting  traffic. 

The  doorknob  switch  of  the  cable-terminating  box  automatically 
connects  the  center  conductor  of  the  cable  to  ground  (at  the  point  A) 
when  the  door  is  opened.  Traffic  will  therefore  be  interruped  if  main- 
tenance work  is  necessary  within  this  box. 

Access  is  gained  to  a  power  equipment  by  opening  one  or  more  of 
four  doors.  Each  of  the  doorknob  switches  disconnects  the  ac  supply 
(SWA)  and  short-circuits  the  output  of  the  equipment  (SWC) . 

It  will  be  appreciated  that  if  the  correct  procedure  is  adopted  the  local 
power  equipments  will  be  switched  off  by  SWB  after  the  master/master 
shut-down  procedure  (described  in  section  on  The  Master-Slave  Systems 
of  Operations)  has  been  carried  out  and  not  by  removing  the  panel 
covers  or  opening  the  doors. 

Electrical  Details  of  Power  Equipment 
Control  Method. 

Fig.  5  is  a  functional  simpHfied  circuit  diagram  in  which  TRl,  MRl 
and  CI  represent  a  conventional  unregulated  power  unit. 

The  control  circuit  compares  a  signal  proportional  to  the  output  cur- 
rent, Fo ,  with  a  stable  reference  signal,  Vr  ,  the  two  signals  being  ap- 
plied to  the  cathode  and  grid,  respectively,  of  V5;  the  difference  between 
them  is  amplified  and  used  to  adjuste  the  voltage  fed  to  the  rectifier 
circuit,  MRl,  to  maintain  the  output  current  constant. 

Ignoring  at  this  stage  the  auxiliaiy  coil  1-2  of  the  magnetically  con- 
trolled diode  V3,  the  output  current  flows  through  the  coil  3-4  and  con- 
trols the  voltage  across  R4  and  hence,  via  the  cathode-follower  ^^4,  the 
potential  Fo  on  the  cathode  of  V5.  Vr  is  a  function  of  the  output  of  a 
conventional  electronic  constant- voltage  power  unit  (reference  power 
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unit)  using  a  neon  tube  for  its  reference.  The  grid-cathode  bias  of  V5  con- 
trols the  secondary  impedance  of  the  transductor  TD2  \'ia  the  ampHfier 
V5,  V6,  TDl.  The  gain  of  the  control  amplifier  and  the  sign  and  magni- 
tude of  the  normal  impedance  of  the  secondary  of  TD2  are  arranged  to 
giv^e  a  fall  of  approximately  0.25  per  cent  in  the  current  from  full  system 
load  to  short-circuit. 

Two  advantages  are  obtained  by  emplojdng  a  magentically  controlled 
diode  for  V3  instead  of  an  electrostatically  controlled  tube.  The  control 
is  directly  proportional  to  the  output  current,  and  is  not  dependent  upon 
the  stability  of  a  series  resistor,  while  the  control  circuits  are  isolated 
from  the  output-circuit  voltage,  which  simplifies  maintenance  of  the 
more  complex  parts  of  the  equipment. 

Current  Characteristics. 

Without  current  flowing  in  the  auxiliary  coil  1-2  (on  "\'3  in  Fig.  5)  the 
equipment  has  a  normal  constant-current  characteristic,  the  value  of 
which,  322  ma,  is  preset  by  adjusting  the  mechanical  position  of  the 
coil  assembly  along  the  main  axis  of  V3. 

Two  neon  tubes  and  two  resistors  form  the  bridge  VI,  V2,  Rl  and  R2, 
which  is  balanced  when  the  voltage  drop  across  Rl  and  R2  equals  the 
constant  voltage  across  V2  and  VI,  the  output  voltage  at  which  this 
occurs  being  adjusted  by  RVl.  At  voltages  below  balance,  current  tries 
to  flow  from  y  to  x  and  at  voltages  above  balance  it  flows  from  x  to  y. 
The  balance  voltage  corresponds  to  the  voltage  at  which  the  sla\-e-unit 
characteristic  changes  slope  (C  in  Fig.  1).  For  voltages  below  balance 
the  rectifier  J\IR2  prevents  current  from  flowing  in  the  winding  1-2  (on 
V3),  and  in  this  range  the  constant  current  of  322  ma  is  maintained  (see 
DC,  Fig.  1).  For  voltages  above  balance,  current  flows  in  the  winding  1-2 
and  progressiveh'  decreases  the  output  current  (CAB,  Fig.  1).  At  80  per 
cent  of  the  full  link  voltage,  the  contacts  of  relay  M  are  operated  and 
disconnect  the  auxiliary  coil  1-2  from  the  voltage-sensitive  bridge  and 
connect  it  across  the  reference  supph'.  The  current  through  1-2  is  then 
set  by  the  fine  current  control  (RV2)  to  make  the  output  current  the  re- 
quired 316  ma.  As  previously  stated,  relay  i\I  does  not  automatically 
switch  back  when  the  output  voltage  drops  below  80  per  cent  of  full  link 
voltage;  the  current  characteristic  of  a  master  unit  is  EAF  in  Fig.  1. 

The  master/master  shut-down  characteristic  [Fig.  1,  curve  (c)]  is 
obtained  by  short-circuiting  R3,  which  causes  the  constant  current  to 
fall  to  312  ma.  Adjusting  R^^2  would  be  equally  effective,  but  short- 
circuiting  R3  does  not  permanently  disturb  the  normal  current  setting. 
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Alarms. 

The  equipment  trips  and  gives  both  aural  and  visual  alarms  for 
-|-20  per  cent  current,  +20  per  cent  full  link  voltage  and  for  the  failure 
of  certain  auxiliary  supplies  that  would  damage  the  equipment. 

Aural  and  visual  alarms  are  provided  for  ±1  per  cent  current  and 
±3  per  cent  voltage  and  for  equipment  changes  from  slave  to  master 
characteristic  or  vice  versa.  Visual  indication  is  given  if  the  ac  supply 
fails. 

Reliahilitij. 

Where  possible,  only  components  of  proven  integrity  have  been  used. 
High-power  thermionic  tubes  have  been  excluded  and  the  tube  types 
employed  have  been  specially  selected  for  long  life.  Electrolytic  capaci- 
tors have  been  excluded  from  all  except  one  position,  and  in  this  case 
the  component  has  been  divided  into  six  units  in  parallel,  the  failure  of 
all  but  one  of  these  units  causing  only  a  slight  increase  in  the  output 
ripple. 

Particular  attention  has  been  given  to  the  continuity  of  the  output 
circuit.  A  failure  of  a  power  equipment  for  any  reason  other  than  an  open- 
circuit  in  the  output  will  not  interrupt  traffic,  the  link  changing  to 
single-end  feeding  from  the  far  end.  A  disconnection  anywhere  in  the 
dc  feed  path  will  disconnect  all  power  from  the  line.  Relatively  short- 
lived components  in  this  part  of  the  circuit  have  either  been  duplicated 
in  parallel  or  shunted  by  resistors  capable  of  carrying  the  full  line  cur- 
rent. 

Other  facilities. 

Each  equipment  has  facilities  for  checking  its  overall  performance.  A 
\'ariable-ratio  transformer  can  be  introduced  at  SKI  (Fig.  4)  and  with 
the  4-position  dummy  load  referred  to  earlier,  the  regulation  against 
alternating  input  voltage  and  output  load  can  be  measured. 

Provision  is  made  for  checking  all  the  alarms,  and  the  current  can  be 
measured  at  strategic  points  in  the  control  circuit  either  when  the  equip- 
ment is  normal  or  with  the  loop  feedback  disconnected. 

Separate  large-size  meters  are  provided  for  measuring  the  output  volt- 
age and  current  to  an  accuracy  of  ±1  per  cent.  A  more  accurate  meas- 
urement of  current  is  obtained  from  potentiometric  measurements  made 
across  a  standard  resistor  connected  in  series  with  the  output. 
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Electrical  Details  of  Cable-Terminating  Equipment 

The  majority  of  the  electrical  features  of  the  cable-terminating  equip- 
ment have  already  been  considered. 

Within  the  cable-terminating  box  (Fig.  4)  are  the  power-separating 
filters;  the  high-pass  filters  CI,  C2  and  LI  passing  the  carrier  frequencies 
and  the  low-pass  filter  L2  passing  the  direct  current.  The  transmission 
equipment  represented  by  the  block  SI  is  for  convenience  mounted  in  the 
cable-terminating  cubicle.  The  extra  low-pass  filter  L3,  C3  can  be  spe- 
cially designed  to  prevent  signals  that  are  peculiar  to  the  site  (local  radio 
stations,  etc.),  which  are  picked  up  in  the  power  equipment,  from  being 
fed  to  the  transmission  circuits. 

Metering  facilities  (not  shown  in  Fig.  4)  are  provided  to  check  the 
continuity  of  the  sea-ground  circuit.  A  separate  insulated  wire  is  con- 
nected to  the  sea-ground  plate  and  the  continuity  is  checked  by  measur- 
ing the  voltage  drop  along  the  ground  cable.  Aural  and  visual  alarms 
are  given  if  the  sea  ground  becomes  disconnected. 

Current  and  Voltage  Recorders 

Current  and  voltage  recorders  are  provided  for  both  the  regular  and 
the  alternate  eciuipments,  the  values  being  measured  at  the  points  where 
the  outputs  of  the  power  equipments  enter  the  cable-terminating  equip- 
ment. 

A  magnetic-ampUfier  unit  drives  the  current  recorder,  the  scale  de- 
flection being  from  —5  per  cent  to  +5  per  cent  of  the  normal  line  cur- 
rent. The  voltage  recorder  is  connected  across  the  ground  end  of  a  resist- 
ance potentiometer,  the  full-scale  deflection  being  3  kv. 

The  magnetic  amplifier  and  potentiometer  units  are  mounted  in  the 
cable-terminating  equipment,  but  the  four  recorders  and  their  associated 
supplies  and  alarms  are  mounted  on  a  separate  rack. 

Mechanical  Details 

Fig.  6  shows  two  power  equipments  and  a  cable-terminating  equip- 
ment as  installed  at  each  terminal  station.  The  same  cubicle  frameworks 
are  used  for  power  and  cable-terminating  equipments,  the  power  equip- 
ment consisting  of  two  cubicles  bolted  side  by  side  and  fitted  with  doors 
at  the  front  and  back. 

The  top  of  the  cable-terminating  cubicle  contains  the  power-change- 
over box,  the  center  contains  the  cable-terminating  box,  while  the  trans- 
mission and  ground-cable  test  circuits  are  located  near  the  bottom.  The 
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Fig.  6  —  Power  and  cable-terminating  equipments  as  installed  at  each  terminal 
station. 

main  cable  enters  the  bay  at  the  top  and  passes  behind  the  power-change- 
over box  into  the  cable-terminating  box.  Access  to  the  recorder  units  and 
cable  simulators  is  from  the  rear. 

Fig.  7  shows  the  front  of  one  power  equipment  with  the  doors  open. 
The  left-hand  cubicle  contains  the  main  h.v.  transformer,  the  electronic 
and  magnetic  parts  of  the  control  circuits,  the  reference  power  unit  and 
the  auxiliary  supplies.  The  other  cubicle  contains  the  main  rectifier  and 
smoothing  circuits,  and  the  associated  meter  and  alarm  circuits. 


PERFORMANCE 

Six  power  eciuipments  and  four  cable-terminating  equipments  were 
manufactured  for  the  link.  Of  these,  four  power  equipments  and  two 
cable-terminating  equipments  were  provided  for  the  terminal  stations 
and  the  remainder  were  for  use  on  H.iM.T.S.  Monarch  during  the  cable 
laying  and  subsequently  as  off-station  and  training  spares. 

After  individual  testing,  the  power  equipments  were  checked  in  pairs 
energizing  a  16-section  artificial  cable  constructed  to  simulate  the  Claren- 
ville-Sj'dnej' Alines  link.  These  tests  were  kept  running  for  approximately 
two  weeks  on  each  equipment,  and  the  line  current  was  monitored  with 
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Fig.  7  —  Power  equipment. 

expanded-scale  current  recorders  (from  —  1  per  cent  to  + 1  per  cent  of 
the  normal  current). 

The  equipments  were  completed  at  the  begimiing  of  1956,  and  have 
given  satisfactory  service  both  at  the  terminal  stations  and  on  board 
H.M.T.S.  Monarch.  From  March  to  June,  1956,  all  four  units  at  the 
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terminal  stations  were  operating  into  their  dummy  loads  and  daily- 
current  and  voltage  readings  were  well  within  the  required  specifications. 
Since  the  laying  of  the  sea  section  the  eciuipments  have  satisfactorily 
operated  the  completed  link.  When  the  link  is  in  service  the  working 
equipment  at  each  end  will  be  changed  at  6-monthly  periods  and  the 
change-over  time  will  be  staggered  by  three  months  each  end.  The  equip- 
ment coming  out  of  service  will  be  immediately  routine  checked  and 
adjusted  if  necessary. 

The  tests  since  installation  confirm  the  laboratory  and  factor}'  results 
that  the  regulation  is  better  than  ±1  ma  for  anj^  alternating  input  volt- 
age from  195-265  volts  in  the  frequency  range  40-70  cj'Cles  for  output 
voltages  of  0  to  3  kv.  The  relatively  long  correction  period  of  the  mag- 
netic-amplifier control  circuit  (about  0.5  sec)  is  satisfactory  with  the  type 
of  no-break  supply  installed  at  the  stations. 

Another  useful  by-product  of  double-end  feeding  is  that,  when  there 
is  a  shunt  fault  on  the  system,  the  voltages  supplied  from  the  two  ter- 
minal stations  give  an  indication  of  the  fault  position.  Manj^  factors  will 
control  the  accuracy  of  the  location,  e.g.  magnitude  and  position  of  the 
fault,  and  how  nearly  the  currents  fed  from  the  two  ends  are  equal. 
Calculations,  confirmed  by  tests  made  with  shunt  faults  introduced  at 
Terrenceville,  show  that  any  continuous  shunt  fault  that  will  affect 
transmission  (to  the  extent  of  operating  the  1  db  pilot  alarms)  will  be 
detected  to  an  accuracy  of  ±1  per  cent.  The  limit  is  set  by  the  accuracy 
with  which  the  link  voltage  distribution  can  be  measured. 

CONCLUSIONS 

The  power-feeding  system  described  is  suitable  for  submerged-re- 
peater schemes  that  can,  in  an  emergency,  be  temporaril}'  powered  from 
one  end  only.  For  locations  within  reasonable  reach  of  a  central  catas- 
trophe-spare store  the  equipment  should  be  sufficientlj'  reliable  not  to 
need  duplication  at  both  terminal  stations.  For  future  schemes  this  will 
provide  a  method  which  is  economically  attractive  compared  with  the 
present  single-ended  methods  and  which  offers  numerous  electrical  ad- 
vantages. 

The  routine  maintenance  required  on  the  power  equipment  could  be 
further  reduced  if  the  few  remaining  electron  tubes  were  replaced  bj' 
electromagnetic  components.  On  schemes  where  short  interruptions  to 
traffic  do  not  involve  a  relatively  high  loss  of  revenue  it  would  then  be 
unnecessary  for  the  local  staff  to  maintain  the  high-voltage  equipment 
and  the  expensive  no-break  ac  supplies  could  be  abandoned.  The  latter 
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depends  upon  the  probabilit}'  of  the  primary  sources  at  the  terminal 
stations  faihng  simultaneously. 
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Route  Selection  and  Cable  Laying  for  the 
Transatlantic  Cable  System 

By  J.  S.  JACK*,  CAPT.  W.  H.  LEECHf  and  H.  A.  LEWISJ 

(Manuscript  received  September  7,  1956) 

The  repeatered  submarine  cables  which  form  the  backbone  of  the  trans- 
atlantic telephone  cable  project  were  installed  during  the  good  iveather 
periods  of  1955  and  1956.  This  paper  considers  the  factors  entering  into 
the  selection  of  the  routes,  describes  the  planning  and  execution  of  the  laying 
task  and  presents  a  few  observations  on  the  human  side  of  the  venture.  It  also 
covers  briefly  the  routing  of  some  55  nautical  miles  of  repeatered  submarine 
type  cable  which  were  trenched  in  across  the  neck  of  the  Burin  Peninsida 
in  Newfoundland  to  connect  the  Terrenceville  submarine  terminus  with 
the  cable  station  at  Clarenville. 

GENERAL 

In  the  days  of  Cyrus  Field,  Lord  Kelvin  and  those  other  foresighted 
and  courageous  entrepreneurs  of  the  early  transoceanic  submarine 
cable  era,  the  risks  involved  in  selecting  a  route  and  laying  such  a 
cable  must  have  appeared  formidable  beyond  description.  And  indeed 
they  were,  for  not  until  the  third  attempt  was  a  cable  successfully  laid. 

Today  the  hazards  may  be  somewhat  more  predictable,  our  knowl- 
edge of  the  ocean  bottom  more  refined  and  our  tools  improved,  but  only 
to  a  degree.  The  task  still  remains  extremely  exacting  in  its  demands  for 
sound  engineering  judgment,  careful  preparation,  high  grade  seaman- 
ship, and  good  luck  —  weatherwise.  For  the  basic  methods  now  in  use 
are  still  remarkably  like  those  employed  on  Great  Eastern  and  other 
early  cable  ships  and  the  meteorological,  geographical  and  topographi- 
cal problems  have  changed  not  at  all. 

In  the  current  transatlantic  project  —  the  first  transoceanic  telephone 
cable  system  —  there  are  two  submarine  links.  Between  Clarenville  in 
Newfoundland,  and  Oban  in  Scotland  there  lie  some  1,850  nautical 
miles§  of  North  Atlantic  water,  most  of  it  deep  and  all  of  it  subject  to 

*  American  Telephone  and  Telegraph  Company,  f  British  Post  Office.  }  Bell 
Telephone  Laboratories. 

§  A  nautical  mile,  as  used  herein,  is  6,087  feet,  15.3  per  cent  longer  than  a  stat- 
ute mile. 
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weather  of  unpredictable  and  frequently  unpleasant  nature.  The  bridg- 
ing of  this  required  the  laying  of  two  one-way  cables  over  carefully 
selected  routes,  using  an  available  cable  ship.  And  the  presence  in  these 
cables  of  102  flexible  repeaters  posed  problems  quite  unique  for  such 
long  and  deep  cables,  as  also  did  the  need  for  trimming  the  system  equal- 
ization during  laying  so  that  transmission  over  the  completed  system 
would  fall  within  the  prescribed  limits. 

From  Terrenceville,  Newfoundland,  to  Sydney  ]Mines,  Nova  Scotia,  a 
single  cable,  270  nautical  mile  path  was  required  through  Fortune  Bay 
and  across  Cabot  Strait.  While  this  water  is  considerably  shallower,  here 
again  a  relatively  conventional  cable  laying  problem  was  complicated 
by  the  presence  of  repeaters  which  in  this  section  were  rigid  units,  14  in 
number.*  Trimming  of  system  equalization  was  also  required. 

These  cables  were  laid  during  the  spring  and  summer  months  of  1955 
and  1956.  And  the  preparation  for  the  laying  required  many  months  of 
effort  in  fields  which  were  for  the  most  part  quite  foreign  to  the  usual 
scope  of  land  wire  telephone  activity.  Some  appreciation  of  the  prob- 
lems encountered  in  this  phase  of  the  venture  may  be  gained  from  the 
following  sections. 

NORTH   ATLANTIC   LINK 

Route  Selection 

The  first  successful  transatlantic  telegraph  cable  was  laid  across  the 
North  Atlantic  in  1866.  Since  that  date  15  direct  cables  have  been  laid 
and  5  cables  by  way  of  the  Azores.  The  approximate  routes  of  these 
cables  are  shown  in  Fig.  1.  It  is  at  once  evident  that  the  shortest  and 
possibly  the  best  routes  were  already  occupied  so  that  selection  of  routes 
for  the  two  transatlantic  telephone  cables  could  be  expected  to  present 
some  difficulty. 

Some  of  the  more  important  considerations  which  guided  the  selection 
were  (a)  route  length,  (b)  clearance  for  repairs,  (c)  trawler  and  anchor 
damage  possibilities,  (d)  terminal  locations  suitable  for  repeater  sta- 
tions, with  staffing  in  mind  as  well  as  facifities  for  onward  routing,  due 
consideration  being  given  to  the  strategic  aspects  of  the  locations. 

Route  Length 

Obviously,  the  shorter  the  length  of  a  submarine  route,  the  better. 
In  the  present  instance,  any  system  length  much  in  excess  of  about  2,000 

*  Two  additional  repeaters  are  located  in  the  55  nautical-mile  section  which  is 
trenched  in  across  Newfoundland  from  Clarenville  to  Terrenceville. 
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nautical  miles  would  have  resulted  in  a  reduction  in  the  number  of  voice 
channels  which  could  be  derived  from  the  facility. 

On  Fig.  2  are  shown  a  number  of  the  routes  to  which  consideration 
was  given  in  the  early  planning  stages.  The  distances  shown  are  actual 
cable  lengths  and  include  an  allowance  for  the  slack  necessary  to  assure 
conformance  of  the  cable  to  the  profile  of  the  ocean  bottom. 

Route  1,  from  Eire  to  Newfoundland,  at  1,770  miles,  is  the  shortest 
route  and  in  point  of  fact  was  provisionally  suggested  in  1930  for  a  new 
cable.  But  the  difficulty  of  onward  transmission  of  traffic  to  London 
made  this  route  unattractive. 

Route  2,  from  Newfoundland  to  Scotland,  compared  favorably  in 
length  with  Route  1,  but  its  adoption  was  dependent  upon  location  of 
a  suitable  landing  site  in  Scotland. 

Route  3,  from  Newfoundland  to  Cornwall,  England,  approximated 
2,000  miles  laid  length  and  would  have  been  very  attractive  had  not  so 
many  existing  cables  terminated  in  southern  Ireland  or  the  southwest 
corner  of  Cornwall,  which  would  lead  to  a  great  amount  of  congestion 
and  consequent  hazards  to  the  telephone  cables. 

Route  4,  from  New  York  to  Cornwall,  was  too  long  to  be  considered 
as  its  length  amounted  to  some  3,200  miles. 

Routes  5,  6,  7  and  8  were  indirect  via  the  Azores.  They  were  attractive, 
as  only  relatively  short  lengths  were  involved  and  suitable  sites  for 
intermediate  cable  stations  could  have  been  found  on  one  of  the  several 
islands  in  the  Azores.  But  difficulties  attendant  upon  landing  rights, 
and  staffing  problems  in  foreign  territory  could  be  foreseen. 

Clearance  for  Repairs 

Repair  of  a  faulty  cable  or  repeater  necessitates  grappling,  and  in 
deep  water  this  is  likely  to  be  a  difficult  operation.  To  avoid  imperiling 
other  cables  while  grappling  for  the  telephone  cables  and,  con^'ersely, 
to  provide  assurance  against  accidental  damage  to  the  telephone  cables 
from  the  grappling  operations  of  others,  it  was  considered  essential 
that  the  route  selected  provide  adequate  clearance  from  existing  cables. 
Suitable  clearance  is  considered  to  be  15  to  20  miles  in  the  ocean,  with 
less  permissible  in  the  shallower  waters  of  the  continental  shelves. 

Trawler  and  Anchor  Damage  Possibilities 

It  is  probable  that  fishing  trawlers  cause  more  interruption  of  sub- 
marine cables  than  any  other  outside  agency.  Cables  laid  across  good 
fishing  grounds  are  always  liable  to  damage  from  fouling  by  the  otter 
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boards  of  the  trawlers.  Final  splices,  either  initial  or  as  a  result  of  repair 
operations,  are  especially  vulnerable  to  damage  because  of  the  difhculty 
in  avoiding  slack  bights  at  such  points.  It  was  desired,  therefore,  to 
avoid  fishing  grounds  if  at  all  possible. 

If  cables  are  laid  in  or  near  harbors  frequented  by  merchant  shipping, 
damage  must  be  expected  from  vessels  anchoring  off  shore  in  depths  of 
less  than  30  fathoms  and  proposed  routes  should,  therefore,  avoid  such 
areas. 

Cable  Terminal  Siting 

Location  of  the  cable  terminal  stations  must  be  considered  from  the 
standpoints  of  suitability  of  shore  line  for  bringing  the  cables  out  of  the 
water  and  also  from  the  standpoint  of  amenities  for  the  staff.  This  latter 
factor  is  most  important  in  keeping  a  permanent  w^ell-trained  staff.  For 
example,  owing  to  staff  difficulties,  it  w-as  necessary  to  move  a  terminal 
station  of  one  company  from  the  west  side  of  Conception  Bay  in  New- 
foundland to  a  site  within  easy  reach  of  St.  Johns. 

A  further  factor  in  proper  siting  of  the  cable  terminals  is  consideration 
for  onward  routing  of  the  circuits  carried  by  the  cables. 

And  finally  in  view  of  the  importance,  generally,  of  submarine  cable 
facilities,  it  is  considered  desirable  to  avoid  cable  terminal  locations  in 
or  near  a  potential  military  target  area  and,  if  at  all  possible,  consider- 
ation should  be  given  to  underground  or  protective  construction  for 
the  terminal  stations. 

Preliminary  Selection 

The  routes  for  the  telephone  cables  were  considered  in  the  light  of  the 
foregoing  and  after  preliminary  discussion  it  was  agreed  that  the  two 
new  cables  should  lie  north  of  all  existing  cables,  should  avoid  ships' 
anchorages  and  should  lie  on  the  best  bottom  which  could  be  picked, 
clear  of  all  known  trawling  areas. 

In  1930,  A.T.  &  T.  Co.,  in  conjunction  with  the  British  Post  Office, 
gave  serious  consideration  to  the  laying  of  a  single  coaxial  telephone 
cable  between  Newfoundland  and  Frenchport,  Ireland  (Route  1,  Fig. 
2).  A  tentative  route  was  plotted  and  the  cable  ship  Dominia  steamed 
over  this  taking  a  series  of  soundings.  These  soundings  indicated  that 
good  bottom  w^as  to  be  found  about  20  miles  north  of  the  Hearts  Con- 
tent —  Valencia  cable  of  1873.  This  cable  was  the  most  northerly  of 
the  telegraph  cables  spanning  the  Atlantic.  Study  of  its  life  history 
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indicated  that  faults  clear  of  the  continental  shelf  were  few  and  far  be- 
tween throughout  its  long  life. 

The  latest  British  Admiralty  charts  and  bathymetric  charts  of  the 
U.  S.  Hydrographic  Office  for  the  North  Atlantic  Ocean  were  scrutinized 
and  from  these  and  a  study  of  all  other  relevant  data,  two  routes  were 
plotted  which  appeared  to  fulfill  the  necessary  requirements  so  far  as 
possible.  However,  it  was  agreed  that  if  possible  the  selected  routes 
should  be  surveyed  so  that  minor  adjustments  could  be  made  if  desirable. 

Landing  Sites 

East  End  —  It  was  now  necessary  to  find  suitable  landing  sites  having 
regard  for  the  decision  that  the  telephone  cables  should  be  routed  north 
of  all  other  existing  cables. 

On  the  British  side  it  was  necessary  to  look  north  of  Ireland. 

The  North  Channel,  the  northern  entrance  to  the  Irish  Sea,  divides 
northern  Ireland  from  Scotland  and  had  this  channel  been  suitable,  the 
telephone  cables  might  have  been  run  through  it  to  a  terminal  station 
on  the  southwest  coast  of  Scotland  in  the  vicinity  of  Cairn  R\'an.  How- 
ever, the  tidal  streams  through  the  channel  are  strong,  at  least  4  to  5 
knots  at  spring  tides;  the  bottom  is  rocky  and  uneven,  with  overfalls, 
and  any  cable  laid  through  it  would  have  a  very  short  life  indeed. 

It  was  therefore  necessary  to  search  farther  north.  The  west  coast  of 
Scotland  presents  a  practically  continuous  series  of  deep  indentations 
and  bald,  rocky  cliffs  and  headlands.  The  chain  of  the  Hebrides  Islands 
stretches  almost  uninterruptedly  parallel  with  and  at  short  distances 
from  the  coast.  It  was  obviously  most  desirable  to  land  the  cable  on  the 
Scottish  mainland,  and  close  to  rail  and  road  communication  if  at  all 
possible. 

From  previous  cable  maintenance  experience  it  was  known  that  Firth 
of  Lome  which  separates  the  island  of  Mull  from  the  mainland  was  a 
quiet  channel,  little  used  by  shipping  or  frequented  bj^  trawlers  and 
with  tidal  streams  which  were  not  strong.  Earlier  passages  of  Post  Office 
cable  ships  through  the  Firth  had  yielded  a  series  of  echo  sounding 
surveys  which  indicated  that  except  for  a  distance  of  about  5  or  6  miles 
in  the  vicinity  of  the  Isles  of  the  Sea,  the  bottom  was  fairly  regular. 
Several  small  bays  on  the  mainland  side  of  the  Firth  just  south  of  Oban 
appeared  from  seaward  to  be  very  suitable  landing  sites  and  this  was 
confirmed  by  a  survey  party,  which  selected  a  small  bay  localh'  named 
Port  Lathaich  for  the  cable  landing  and  site  of  the  station. 

The  fore  .shore  was  mainly  firm  sand  with  outcroppings  of  rock  which 
could  be  avoided  easily  when  landing  the  cables.  The  seaward  approach 
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was  clear  of  danger  and  there  was  ample  room  to  land  two  cables  with 
a  separation  on  the  shore  of  some  30  yards. 

Port  Lathaich  is  only  about  3  miles  by  road  from  Oban.  Additional 
land  cables  would  be  necessary,  however,  to  carry  traffic  to  the  main 
trunk  network.  From  a  strategic  point  of  view,  although  Oban  might 
only  just  be  considered  a  target  area,  the  cable  landing  was  sufficiently 
remote  to  be  relatively  safe,  especially  if  the  cable  terminal  station  was 
sited  in  the  rocky  hillside.  To  ascertain  whether  any  serious  chafing  or 
corrosion  would  result  if  cables  were  laid  over  the  une\-en  bottom  in 
the  Firth,  some  8  miles  of  coaxial  cable  with  E  type  armoring  were  laid 
over  the  area  and  recovered  after  2  years.  There  was  no  evidence  of 
any  chafing  or  corrosion.  It  was  therefore  decided  that  the  telephone 
cables  should  be  routed  through  the  Firth  of  Lome  to  the  cable  terminal 
station  site  at  Port  Lathaich. 

West  End  —  The  choice  of  a  suitable  cable  landing  in  Newfoundland 
was  more  difficult  to  make,  in  view  of  the  rugged  and  sparsely  populated 
nature  of  the  countr3\  From  Fig.  3  it  will  be  seen  that  the  existing  tele- 
graph cables  spanning  the  Atlantic  land  either  just  north  of  St.  Johns, 
in  Conception  Bay,  or  in  Trinity  Bay.  North  of  Cape  Bonavista  the 
coast  becomes  more  broken,  and  the  sea  approach  is  not  good.  Accord- 
ingly, there  was  no  good  alternative  to  routing  both  telephone  cables 
into  Trinity  Bay,  close  to  and  northwest  of  the  telegraph  cable  landing 
at  Hearts  Content  on  the  southern  shore  of  the  bay.  A  survey  party 
made  an  extensive  examination  of  all  likely  places  on  the  western  side 
of  the  bay  from  Cape  Bonavista  in  the  north  to  Bull  Arm  at  the  southern 
end  where,  incidentalh^  the  first  successful  telegraph  cable  was  landed. 
Careful  consideration  of  all  of  the  places  visited  led  to  the  agreement 
that  Clarenville  was  the  best  site  for  a  landing  and  for  a  cable  terminal 
station. 

Clarenville  is  at  the  head  of  the  Northwest  Arm  of  Random  Sound. 
It  is  a  junction  on  the  main  railway,  and  a  good  road  to  St.  Johns  will 
pass  through  the  town  in  traversing  its  course  from  St.  Johns  to  Port 
aux  Bascjues.  Clarenville  has  a  growing  population  of  some  1,600  inhabi- 
tants, with  stores  and  repair  facilities  of  various  sorts.  Good  cable  land- 
ing sites  are  available  just  out  of  town  and  the  approach  from  the  sea 
up  the  Northwest  Arm  presents  no  navigational  difficulties.  Such  few 
small  vessels  as  ply  to  Clarenville  during  the  summer  months  are  not 
likel}'  to  interfere  with  the  cables. 

Final  Route  Agreement 

Having  agreed  Clarenville,  Newfoundland,  and  Oban  (Port  Lathaich), 
Scotland,  for  shore  terminations,  it  was  possible  to  complete  the  routes 
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for  the  two  cables  as  shown  in  Figs.  3  and  4.  The  final  routes  are  clear  of 
existing  cables  and  avoid  crossing  known  trawling  areas  and  anchorages. 
The  cable  stations  are  well  sited  with  regard  to  staff  amenities,  accessi- 
tnlity  and  strategic  requirements.  Soundings  taken  during  the  laying  of 
the  two  cables  showed  a  very  even  bottom  except  in  the  Firth  of  Lome 
and  one  or  two  places  in  Trinity  Bay.  The  general  profile  of  the  route  is 
shown  on  Fig.  5. 

It  is  considered  that  these  routes  have  been  selected  with  care  and 
meet  all  of  the  requirements  of  a  well  planned  cable  project.  Time  alone 
will  tell  how  well  the  objectives  have  been  met. 

Cable  Laying 
Earhj  Methods 

In  1865  when  the  legendary  Great  Eastern  was  pressed  into  service 
to  lay  the  first  successful  transoceanic  telegraph  cable  she  was  fitted 
out  with  certain  special  cable  handling  gear.  The  need  for  such  gear 
had  been  amply  demonstrated  by  events  which  transpired  during  two 
earlier  and  unsuccessful  attempts  by  H.M.S.  Agamemnon  and  U.S.S. 
Niagara. 

For  her  assignment,  Great  Eastern  was  fitted  with  three  large  tanks 
into  which  her  cargo  of  cable  could  be  coiled.  She  was  also  provided 
with  a  large  drum  about  which  the  cable  could  be  wrapped  in  the  course 
of  its  passage  from  the  tanks  to  the  sea.  This  drum  was  connected  to  an 
adjustable  braking  mechanism  which  provided  the  drag  necessary  to 
assure  that  the  cable  pay-out  rate  was  correct  with  relation  to  the  speed 
of  the  vessel.  In  addition,  a  dynamometer  Avas  provided  so  that  the 
stress  in  the  cable  would  be  known  at  all  times.  A  large  sheave  fitted 
to  the  stern  of  the  ship  provided  the  point  of  departure  of  the  cable  in 
its  journey  to  the  sea  bottom. 

On  Friday,  July  13,  1866,  Great  Eastern  steamed  away  from  Valencia, 
Ireland,  and  14  daj's  later,  on  July  27,  she  arrived  off  Trinity  Bay, 
Newfoundland,  and  completed  the  landing  of  the  western  shore  end. 

H.M.T.S.  Monarch 

Earl}'  in  the  planning  for  the  transatlantic  project  it  was  realized  that 
in  no  small  measure  the  success  of  the  venture  would  depend  on  avail- 
abilitj'  of  a  vessel  suitable  for  laying  the  cables.  It  was  fortunate  that 
one  of  the  partners  to  the  enterprise  was  also  the  o\Mier  and  operator  of 
the  largest  cable  ship  in  all  the  world,  and  one  well  suited  to  the  task  at 
hand. 
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The  twin-screw  cable  ship  Monarch,  Fig,  6,  was  built  for  H.M.  Post 
Master  General  by  Messrs.  Swan,  Hunter  and  Wigham  Richardson, 
Ltd.,  at  their  Neptune  Works,  Walker-on-Tyne.  She  was  completed  in 
1946.  This  ship  is  of  the  shelter  deck  type  having  principal  dimensions 
as  follows: 

Length  overall 482  feet  9  inches 

Breadth  moulded 55  feet  6  inches 

Depth  moulded  to  shelter  deck 40  feet  0  inches 

Gross  tonnage 8,056 

The  ship  has  an  overhanging  bow  which  carries  three  cable  sheaves, 
a  cruiser  stern  with  the  after  paying  out  cable  sheave  offset  on  the  port 
quarter,  a  semi-balanced  rudder  having  extra  large  surface,  and  a  cel- 
lular double  bottom  extending  from  the  collision  to  the  aft  peak  bulk- 
heads. Both  main  and  shelter  decks  are  steel  and  extend  her  complete 
length. 

The  cable  is  carried  in  four  welded  steel  cable  tanks  fixed  to  the  tank 
top  plating.  These  are  arranged  along  the  ship's  center  line  in  a  fore  and 
aft  direction  forward  of  the  main  propelling  machinery  space.  They  are 
each  41  feet  in  diameter  and  have  the  following  cubic  capacities: 


Coiling  Space 

Gross  Cubic  Feet 

No.  1  Tank 

33,730 
31,820 
30,865 
30,230 

40,170 

No,  2  Tank 

38,460 

No.  3  Tank 

No.  4  Tank 

37,375 
36,300 

The  opening  in  the  shelter  deck  above  each  tank  is  a  circular  hatch 
8  feet  in  diameter. 

A  water  tight  cone  of  steel  plates  is  built  in  the  center  of  each  tank 
to  insure  against  fouling  of  the  cable  during  payout.  Further  control 
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Fig.  5  —  Profile  of  ocean  depths  between  Clarenville  and  Oban. 
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Fig.  7  —  Interior  of  cable  tank  showing  central  core,  crinoline  and 

flake  of  cable. 


of  the  cable  is  provided  by  a  crinoline,  Fig.  7,  which  is  a  circular  spider 
of  steel  tubing  normally  suspended  from  1  foot  to  3  feet  above  the  top 
layer  of  cable  in  the  tank.  The  crinoline  tends  to  prevent  flj'ing  bights 
of  cable  and  also  provides  a  safety  platform,  in  case  of  trouble,  for  the 
men  who  work  in  the  cable  tanks.  Each  crinoline  ma}^  be  raised  and 
lowered  by  an  electric  motor  drive. 

The  maximum  cable  carrying  capacity  is  approximately  5,000  long 
tons,  or  almost  2,000  miles  of  the  deep  sea  type  of  cable  used  on  this 
project  if  no  repeaters  were  involved. 


ROUTE   SELECTION   AND    CABLE   LAYING  307 

Monarch  is  driven  by  two  steam  engines.  The  maximum  propeller 
revolutions  are  estimated  at  110  per  minute,  giving  a  ship's  speed  of 
about  14  knots. 

Two  cable  engines  are  fitted  forward,  both  capable  of  being  used  for 
picking  up  or  paying  out.  These  are  driven  by  electric  motors  having  a 
maximum  rating  of  160  hp,  which  will  permit  picking  up  at  a  rate  of 
0.9  nautical  miles  per  hour  with  a  stress  of  20  tons,  or  at  3.5  knots  with 
a  stress  of  5.3  tons.  The  drive  system  is  constant  current,  so  designed 
that  a  uniform  torque  may  be  held  at  the  drum  for  any  setting  of  the 
speed  control.  When  paying  out,  these  motors  operate  as  generators  to 
provide  electrical  braking,  and  auxiliary  mechanical  brakes  are  also 
provided. 

A  single  cable  engine  is  fitted  aft  and  this  is  the  main  paying  out  gear. 
In  addition  to  the  electrical  brake,  the  aft  engine  is  provided  with 
a  multiple  drum  externally  contracting  band  brake,  manually  adjustable 
and  water  cooled,  and  with  a  further  auxiliary  fan  brake.  The  fan  shaft 
is  driven  in  such  a  manner  that  when  cable  is  being  paid  out  at  approxi- 
mately 8f  knots  the  fan  will  revolve  at  1,000  rpm  and  absorb  120 
bhp.  Adjustments  in  this  are  effected  by  varying  the  amount  of  opening 
in  the  fan  shroud  so  that  as  little  as  27  bhp  may  be  absorbed. 

Dynamometers,  both  fore  and  aft,  provide  for  measurement  of  the 
cable  tension. 

Taut  wire  gear  is  furnished  on  the  starboard  quarter  to  provide  an 
effective  means  for  calculating  the  amount  of  slack  paid  out.  With  this 
gear,  steel  piano  wire,  anchored  to  the  bottom,  is  paid  out  at  constant 
tension  and  provides  a  rough  measure  of  distance  steamed  over  the 
ground. 

A  test  room  with  trunks  to  each  cable  tank  is  provided  on  the  shelter 
deck  and  fitted  with  instruments  for  measuring  and  locating  faults. 

Modifications  for  Flexible  Repeaters 

In  the  normal  cable-paying-out  process,  the  cable  is  drawn  from  the 
tank,  carried  along  fairleads  to  the  holdback  gear  (a  mechanism  for  ap- 
plying slight  tension  to  the  cable  so  that  it  will  snub  tightly  around  the 
drum),  and  then  wrapped  around  the  drum  of  the  cable  engine  from  two 
to  four  turns  depending  upon  the  weight  of  the  cable  and  the  depth  of 
the  water.  At  the  drum,  a  fleeting  knife  is  fitted  which  pushes  over  the 
turns  already  present  to  make  way  for  the  oncoming  turn.  From  the 
drum  the  cable  passes  through  the  dynamometer  and  thence  to  the 
overboarding  sheave. 

The  Bell  System  repeaters,  manufactured  by  the  Western  Electric 
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Company,  were  designed  with  the  objective  of  making  them  act  as  much 
Hke  cable  as  possible.^  Despite  this,  their  presence  introduced  a  loading 
and  laying  problem  as  their  ability  to  bend  without  injury  is  limited  to 
about  3^  ft  radius,  and  their  structure  is  such  that  unnecessary  bending 
may  involve  a  hazard  to  their  water  tightness.  As  the  majority  of  the 
sheaves  and  drimis  of  the  conventional  laying  gear  are  considerably 
smaller  than  7  ft  diameter,  a  number  of  modifications  were  required  in 
Monarch's  equipment  to  satisfy  the  repeaters. 

For  the  most  part,  the  new  gear  was  designed  by  the  Telegraph 
Construction  and  Maintenance  Co.,  Ltd.,  to  broad  requirements  sup- 
plied by  the  A.T.&T.  Co.  The  modifications  included  providing  the  port 
bow  sheave  with  a  flat  tread  to  bring  its  diameter  to  6' 10",  and  replac- 
ing both  forward  dynamometers  and  the  aft  dynamometer  by  a  new 
design  employing  a  7-foot  wheel  in  a  pivoted  "A"  frame  bearing  on 
Elliott  pressure  type  load  cells.  Port  and  starboard  forward  drums  were 
replaced  with  the  maximum  diameter  drums  possible  without  a  major 
change  in  the  complete  gear.  This  diameter  proved  to  be  6'10"  on  the 
tread.  The  after  paying  out  drum  was  replaced  with  one  having  a  7'0" 
diameter.  The  forward  port  and  aft  cable  drums  were  equipped  with 


Fig.  8  —  General  view  of  modified  after  cable  gear  (one  of  2  hold  back  sheaves, 
drum  with  fleeting  knife  and  ironing  board,  and,  at  extreme  right,  dynamometer 
sheave). 
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Fig.  9  —  Cable  payout  over  the  stem. 


ironing  boards.  (An  ironing  board  is  a  curved  shoe  placed  adjacent  to 
the  cable  drum  and  spring  loaded  so  that  it  will  force  the  repeater  to 
conform  to  the  curvature  of  the  drum  as  it  goes  on.) 

The  forward  port  and  starboard  draw-off  gear  sheaves  were  replaced 
with  larger  ones  7'0''  in  diameter  which  were  made  traversable.  The 
aft  hold-back  gear,  of  the  double  sheave  type,  was  also  replaced  with 
units  having  7'0"  sheaves. 

Fig.  8  shows  a  general  view  of  the  modified  after  cable  gear,  and  the 
7-ft  stern  sheave  may  be  seen  in  Fig.  9.  A  line  schematic  of  the  gear  will 
be  found  on  Fig.  10. 

Roller  type  fairleads  shaped  into  arcs  of  minimum  3^'  radius  were 
fitted  at  each  cable  tank  hatch,  with  smaller  roller  guides  at  convenient 
points  to  assure  fair  lead  of  the  cable  from  the  tanks  to  the  cable  ma- 
chinery. Electric  hoisting  gear  was  provided  for  the  crinoline  in  each 
tank  as  it  was  necessary  to  raise  the  crinoline  whenever  a  repeater  left 
the  tank. 
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The  test  room  was  greatly  enlarged  and  fitted  with  the  special  gear 
necessary  for  powering  and  measuring  the  system  during  laying. 

Loading  Considerations 

When  the  ship  is  loaded,  the  cable  is  coiled  carefully  in  the  tanks, 
layer  upon  layer  —  each  layer  being  called  a  "flake".  The  coihng  is 
started  from  the  outside  of  the  tank  and  progresses  clockwise  toward 
the  center  so  that  the  armor  is  untwisted  one  revolution  for  each  com- 
plete turn  in  the  tank.  When  paid  out  in  the  reverse  order,  this  twist 
is  restored. 

Handling  of  the  repeaters  during  loading  presents  a  problem  because 
of  the  need  to  restrict  their  bending.  After  some  experimental  work 
was  carried  out,  splints  were  de^'ised  to  provide  the  needed  rigidity. 
These  consisted  of  two  angle  irons  each  12  ft  long  and  equipped  at  the 
ends  with  cold  rolled  steel  rods  ranging  in  length  from  1|  ft  to  6  ft.  By 
this  device  it  was  possible  to  maintain  rigidity  over  the  main  central 
portion  of  the  repeater,  including  the  junction  of  the  core  tube  with 
the  end  nosing,  and  provide  limited  flexibility  along  the  outer  ends  of 
the  core  tubes  which  are  less  sensitive  to  bending.  The  splints  were  re- 
moved once  the  repeater  reached  the  tank. 

Repeaters  are  always  stowed  at  the  outside  of  the  flake  where  they 
need  be  subjected  to  only  a  minimum  of  bending.  They  are  protected 
with  wood  dunnage,  which  must  be  removed  before  the  repeater  is 
paid  out. 

With  these  modifications  all  repeaters  and  equalizers  were  laid 
successfully  from  either  forward  or  aft  gear  at  a  cable  speed  of  around 
three  knots. 

Testing  and  Equalization 

Purpose  —  Once  a  submarine  cable  system  has  been  installed,  it  is 
accessible  only  at  the  ends  for  adjustment  to  improve  performance, 
save  at  great  difficulty  and  large  cost.  As  some  irregularities  cannot  be 
corrected  from  the  ends,  it  behooves  the  designers  to  discover  and  ac- 
count for  such  irregularities  and  to  correct  them  before  the  cable  is 
finally  on  the  ocean  bed. 

The  laying  period  offers  the  last  opportunity  for  accomplishing  this, 
and  indeed  all  too  frequently,  also  the  first.  This  fact,  coupled  with  the 
broadband  design  of  the  link  and  with  the  presence  in  the  system  of 
active  elements  (the  repeaters),  necessitated  a  very  comprehensive 
program  of  tests  and  measurements  during  laying. 
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The  program  had  three  specific  purposes;  (1)  to  detect  immediately 
any  fault  which  might  develop  during  laying;  (2)  to  perinit  the  design 
and  execution  of  corrective  system  adjustments  while  en  route  so  that 
transmission  performance  of  the  completed  link  would  fall  within  speci- 
fied objectives;  and  (3)  to  gather  data  on  system  characteristics  at 
intermediate  points  for  eventual  use  in  fault  location  or  in  aging  studies. 
The  need  for  parts  (1)  and  (3)  of  the  program  is  more  or  less  self  evident, 
but  part  (2)  merits  some  further  discussion. 

In  an  ideal  submarine  cable  system  in  an  average  environment,  the 
attenuation  of  the  cable  from  one  repeater  to  the  next  would  be  offset 
exactly  across  the  frequency  band  by  the  gain  of  the  following  repeater. 
Such  a  result  is  never  achieved  in  practice,  as  the  temperature  and  pres- 
sure environments  (which  affect  cable  attenuation)  cannot  be  known 
precisely  in  advance,  and  the  cable  structure  itself  cannot  be  manufac- 
tured for  mile  after  mile  without  variation  in  transmission  characteristic. 
Additionally,  the  mechanics  of  the  laying  process  induce  minor  changes 
in  the  physical  structure  of  the  cable  which  reflect  in  attenuation 
changes. 

If  such  deviations  from  desired  characteristic  produced  only  differ- 
ences from  the  specified  system  gain  objective,  compensation  could  be 
readily  applied  at  the  ends  of  the  submarine  link.  Unfortunatel}^,  this 
is  onlj^  partl}^  the  case.  Their  more  important  effect  is  the  resulting 
misalignment  of  operating  levels  of  individual  repeaters  from  design 
objective. 

Misalignment  magnitudes  must  be  watched  carefully,  for  at  best 
misalignment  narrows  the  system  latitude  for  seasonal  temperature 
changes  and  for  aging,  and  at  worst  it  can  result  in  intolerable  sj^stem 
noise.  If  a  repeater  is  preceded  by  too  much  cable  the  signal  to  noise 
ratio  at  the  repeater  input  will  be  less  than  desired  because  of  thermal 
noise.  In  the  opposite  case  of  too  little  cable,  the  signal  level  will  be  too 
high  and  the  resulting  overloading  in  the  repeater  will  also  affect  the 
signal-noise  adversely.  Once  present  on  the  signal,  the  noise  cannot  be 
removed,  and  so  the  cure  for  excessive  misalignment  must  be  applied 
before  the  misalignment  has  developed.  Adjustments  at  intermediate 
points  along  the  route  must  therefore  be  contemplated. 

Testing  Program  —  The  program  which  was  evolved  to  meet  the  three 
objectives  outlined  was  meticulously  reviewed  and  practiced  before  the 
start  of  laying,  and  various  forms  were  prepared  for  entering  data  and 
plotting  and  evaluating  results.  This  was  essential  to  avoid  wasting 
effort  or  missing  \'aluable  data.  The  wisdom  of  this  was  fully  apparent 
to  all  involved  after  experience  with  the  close  time  schedules  and  the 
mental  tensions  which  developed  during  the  actual  laying. 
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Staffing  for  testing  was  provided  by  crews  of  2  or  3  trained  engineers 
located  at  the  transmitting  cable  station  and  on  shipboard.  Those  on 
the  ship  served  4|  hour  watches  at  9  hour  intervals,  which  permitted  a 
reasonable  amount  of  rest  and  avoided  continuous  "dog  watch"  duty 
by  any  one  crew. 

Close  contact  between  shipboard  and  cable  station  crews  was  essen- 
tial, and  was  achieved  by  means  of  cable  and  radio  order  circuits  (or 
"speakers").  Communication  from  shore  to  ship  when  the  cable  was 
powered  made  use  of  the  standard  cable  order  wire  circuit  at  the  cable 
station  to  apply  a  signal  in  the  frequency  band  16-20  kc.  The  signal  was 
demodulated  and  amplified  aboard  ship  by  a  special  stripped  version 
of  this  same  gear.  The  radio  order  circuits  employed  special  land  anten- 
nas and  equipment,  and  for  the  most  part  the  ship's  standard  single 
sideband  telephone  set,  although  other  equipment  at  medium  frequency 
was  sometimes  used  for  short  distances.  Radio  telegraph  with  hand 
keying  was  available  for  back-up  when  conditions  were  too  poor  for  the 
radiophone  sets. 

Plans  called  for  powering  the  cable  at  all  times  except  when  splices 
were  being  made.  This  was  necessary  for  the  measurement  program,  of 
course,  but  also  provided  additional  assurance  of  safe  laying  of  repeaters, 
as  the  glassware  and  tungsten  heaters  of  the  vacuum  tubes  are  more  re- 
sistant to  damage  when  hot.  Power  for  the  first  half  of  each  crossing  was 
provided  from  the  cable  station.  Beyond  this  point,  the  required  voltage 
would  have  become  excessive  and  so  the  shipboard  supply  was  inserted 
into  the  series  power  loop  and  its  voltage  adjusted  in  proportion  to 
the  amount  of  second  half  cable  actually  in  the  loop. 

Monitoring  against  the  possibility  of  faults  was  accomplished  by 
measurement  of  a  pilot  tone  at  160  kc,  transmitted  over  the  cable  at 
all  times  except  when  data  were  being  taken  or  power  was  turned  down. 
Audibly  alarmed  limits  were  set  on  the  measurement  to  indicate  any 
significant  deviation  in  transmission.  In  actuality,  all  unanticipated  re- 
ceived alarms  were  found  to  have  resulted  from  frequency  or  voltage 
shifts  in  the  primary  shipboard  supply  for  the  measuring  equipment. 

During  the  design  of  the  system,-  consideration  of  the  misalignment 
problem  had  indicated  the  desirability  of  splitting  the  cable  for  each 
crossing  into  a  number  of  sections,  called  ocean  blocks.  These  contained 
either  4  or  5  repeaters,  and  were  150  to  200  miles  in  length.  In  loading 
the  ship,  the  two  ends  of  each  ocean  block  were  left  accessible  for  con- 
nection to  the  test  room  and  for  splicing  operations. 

Measurements  made  in  the  spring  of  1955  off  Gibraltar  had  indicated 
an  unexpected  change  in  attenuation  called  "laying  effect",^  which  re- 
quired some  last  minute  adjustment  of  the  repeater  section  lengths. 
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With  incorporation  of  these  changes,  it  was  known  that  the  factory 
lengths  of  cable  between  repeaters  were  adequate  to  keep  misalignment 
within  an  ocean  block  within  reasonable  limits.  The  system  could  then 
be  equalized  between  ocean  blocks  so  that  the  signal  level  at  the  first 
repeater  of  a  new  block  would  be  approximately  correct,  and  the  total 
system  noise  thus  would  fall  within  limits. 

This  equalization  was  accomplished  in  two  ways.  Excess  cable  of  the 
order  of  |  to  3  miles  in  length  was  provided  at  the  top  end*  of  each  ocean 
block.  Based  on  measurements,  this  could  be  cut  longer  or  shorter  than 
the  nominal  spacing  of  repeaters,  so  that  the  repeater  gains  and  cable 
losses  would  be  matched  at  some  frequency  in  the  band.  Residual  devia- 
tions in  other  parts  of  the  band  could  then  be  mopped  up  if  necessary 
by  inserting  a  simple  equalizer,  housed  in  a  container  similar  to  those 
used  for  the  repeaters.  Ten  such  equalization  points  were  provided  in 
each  cable. 

In  practice,  sending  levels  were  adjusted  at  the  cable  station  to  give 
test  tones  at  the  grids  of  the  output  tubes  of  the  repeaters  which  if  the 
system  equalization  were  perfect,  would  be  flat  across  the  frequenc}^ 
band,  and  at  the  proper  level.  These  tones  were  measured  on  shipboard 
at  the  end  of  the  ocean  block  being  paid  out.  The  results  were  plotted 
against  mileage,  with  one  sheet  for  each  frequency  being  measured. 
Because  of  the  "laying  effect"  and  of  temperature  and  pressure  changes 
on  the  cable  as  it  progressed  to  the  bottom,  these  plots  displayed  a  slope. 

The  value  of  loss  (or  gain)  to  be  ascertained  for  each  frequency  was 
that  which  would  exist  when  the  entire  ocean  block  was  on  the  bottom. 
To  obtain  this,  it  was  necessary  to  extrapolate  the  cur^'es  to  the  mileage 
point  representing  the  end  of  the  block  in  question.  The  extrapola- 
tion was  required  to  avoid  stopping  the  ship  at  the  end  of  the  block,  and 
so  had  to  anticipate  the  time  needed  for  turning  over  and  cutting  the 
cable  end  at  the  proper  point,  and  making  one  or  two  splices  (depending 
on  whether  or  not  an  equalizer  was  inserted  at  the  point  in  question). 

Having  read  the  extrapolated  values  from  the  curves,  these  were  com- 
pared with  objectives  for  that  block  junction,  and  the  deviations  plot- 
ted. Transparent  overlays,  showing  the  net  effect  of  each  of  several  types 
of  equalizer  combined  with  varying  amounts  of  cable  around  the  nom- 
inal spacing,  greatly  facilitated  the  final  decision  as  to  cutting  point  and 
equalizer  choice. 

This  implementation  of  the  system  undersea  equalization  represented 
a  very  large  part  of  the  effort  required  of  the  testing  crews  during  laying. 

Additional  data  gathered  for  fault  location,  aging  studies  and  other 

*  First  end  out  of  the  cable  tank. 
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purposes  included  precise  determination  of  repeater  crystal  frequencies 
on  the  bottom,  gain  frequency  runs  to  show  up  any  fine  grained  structure 
which  might  exist  in  the  band,  and  values  of  line  current  and  driving 
voltages. 

Copper  resistance  and  capacitance  measurements  proved  to  be  of 
dubious  value;  in  the  first  case  because  of  the  temperature/resistance 
characteristic  of  the  vacuum  tube  heaters;  in  the  case  of  capacitance, 
probably  because  of  polarization  effects  in  the  castor  oil  capacitors  used 
in  the  repeaters. 

Shipboard  Test  Equipment  —  A  new  test  room  had  been  equipped  for 
making  the  above  measurements  with  transmitting  and  receiving  trans- 
mission measuring  sets^  including  the  crystal  test  panels.  These  sets  were 
provided  in  duplicate  to  forestall  difficulty  should  one  set  develop  trouble 
during  the  laying.  The  transmitting  consoles  were  recjuired  only  for 
use  in  calibrating  the  receiving  sets,  and  for  some  measurements  which 
were  made  on  individual  ocean  blocks  in  the  ship's  tanks. 

Additional  gear  in  the  test  room  included  a  cable  current  power  sup- 
ply,-* and  a  "Lookator"  which  is  a  pulse  echo  type  of  fault  locator  useful 
from  a  point  in  the  cable  to  the  adjacent  repeater  on  either  side. 

Laying  Sequence 

H.M.T.S.  Monarch  is  the  largest  cable  ship  afloat,  \\ith  capacity  for 
about  2,000  miles  of  the  Type  D  deep  sea  cable  in  her  tanks.  However, 
because  of  the  inherent  limitation  on  their  bending  radius,  the  presence 
of  flexible  repeaters  in  the  cable  puts  a  restriction  on  the  height  to 
which  the  coil  can  be  permitted  to  rise  in  the  tanks.  For  repeatered  Type 
D  cable,  therefore.  Monarch's  capacity  is  cut  back  to  about  1,600  nauti- 
cal miles. 

Types  A  and  B  cable,  used  in  shallower  waters,  are  considerably  larger 
and  heavier  than  Type  D  and  consequently,  less  of  these  can  be  car- 
ried. 

The  ideal  laying  program  would  have  involved  one  continuous  pas- 
sage across  the  North  Atlantic  from  cable  station  to  cable  station.  How- 
ever, this  would  have  required  carrying  over  1,900  miles  of  cable  in- 
cluding about  300  miles  of  Type  A  and  something  less  than  50  miles  of 
Type  B.  Such  an  amount  of  cable  would  greatly  exceed  the  ship's 
capacity. 

Each  cable  was,  therefore,  laid  in  3  sections.  The  No.  1  cable  (southern- 
most), which  transmits  from  west  to  east,  was  laid  in  the  following  se- 
quence: Clarenville  to  just  beyond  the  mouth  of  Trinity  Bay,  a  distance 
of  200  miles;  thence  about  1,250  miles  to  Rockall  Bank  (a  submerged 
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plateau) ;  and  finally  the  remaining  500  miles  from  Rockall  Bank  to  Oban. 
The  No.  2  cable  followed  the  opposite  sequence,  starting  at  Oban  and 
proceeding  in  3  sections  of  500  miles,  1,250  miles,  and  200  miles  to  the 
terminal  at  Clarenville.  Shore  ends,  about  f  mile  long  at  Clarenville  and 
2  miles  at  Oban,  were  prepared  and  put  in  place  in  advance  of  the  time 
when  they  would  be  needed.  At  each  intermediate  point,  the  cable  was 
"buoyed  off"  with  a  mushroom  anchor,  connecting  lines,  and  a  surface 
buoy  of  size  appropriate  for  the  water  depth. 

The  mileages  indicated  are  actual  cable  lengths.  They  exceed  the 
geographical  distances  between  the  points  involved  because  of  the  slack 
allowance  which  experience  has  shown  to  be  necessary  to  assure  reason- 
able conformance  of  the  cable  with  the  contour  of  the  ocean  bed.  Nor- 
mally, about  5  per  cent  slack  is  considered  desirable  in  deep  water,  with 
the  allowance  decreasing  in  steps  to  zero  in  shallow  water. 

All  available  information  indicated  that  the  most  favorable  weather 
conditions  in  the  North  Atlantic  could  be  anticipated  in  the  period  ^lay 
through  August.  Prior  to  May,  ice  could  be  expected  along  the  western 
sections  of  the  route  and  after  August,  hurricanes  were  likely,  and  later 
the  winter  storms. 

The  laying  of  the  No.  1  cable  was  started  June  28,  1955,  and  com- 
pleted September  26.  The  actual  laying  period  took  in  but  24  days  in 
this  interval,  the  remainder  of  the  time  being  spent  in  transit  and  in  re- 
loading. The  No.  2  cable  was  started  June  4,  1956,  and  completed  August 
14.  About  16  of  laying  days  were  involved. 

The  routine  aboard  ship  during  laying  consisted  in  passing  out  cable 
at  the  rate  of  6  to  7  knots  for  a  repeater  section  length  of  a  little  over 
37  nautical  miles,  then  slowing  down  to  about  3  knots  as  the  repeater 
passed  through  the  cable  machinery  and  overboard,  then  back  to  speed 
again.  During  all  of  this  period  the  testing  crews,  both  on  shipboard 
and  at  the  transmitting  cable  station,  were  busy  measuring,  recording 
data  and  planning  the  equalization  trimming.  At  a  point  shortly  after 
the  passage  of  the  next-to-last  repeater  in  an  ocean  block,  special  meas- 
ures were  required  for  the  equalization  program.  From  that  point  until 
the  joints  associated  with  the  connection  to  the  following  ocean  block 
had  been  completed,  the  speed  was  reduced  to  5  knots.  The  need  for 
this  arose  from  the  following  considerations. 

Stopping  of  the  ship  in  deep  water  introduces  serious  possibility  of 
formation  of  kinks  in  the  cable,  and  is  to  be  avoided  at  all  costs.  To  per- 
mit continuous  laying,  it  was  necessary  to  determine  the  amount  of 
cable  needed  for  equalization,  measure  out  this  cable,  and  complete 
the  splices  before  reaching  the  end  of  the  block  being  laid. 
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The  addition  of  an  equalizer  at  the  end  of  the  block  requires  two  joints 
and  armor  splices.  Preparing  the  cable  ends,  brazing  together  the  center 
conductor  and  associated  tapes,  injection  molding  the  polyethylene 
around  the  center  conductor,  replacing  and  overlaying  the  armor  wires 
and  binding  the  splice  consumes  6  to  7  hours  for  a  single  splice,  and  8  to 
9  hours  for  two  splices  when  overlapping  of  operations  is  practical.  An 
allowance  of  3  hours  is  considered  necessary  for  remolding  in  event  of  a 
defective  joint  (disclosed  by  X-ray  inspection).  The  time  allowance 
required  to  complete  the  splicing  of  ocean  blocks  is  therefore  9  to  12 
hours.  About  1^  hours  are  needed  to  carry  out  the  extrapolation,  make 
the  equalization  decision  and  turn  over  cable  to  the  cutting  point.  Dur- 
ing the  interval  between  the  cable  cut  and  the  completion  of  the  joint, 
the  ship's  speed  was  maintained  at  5  knots  so  as  to  minimize  the  distance 
over  which  extrapolation  of  equalization  data  had  to  be  extended.  Even 
so,  the  final  extrapolation  covered  the  last  60  to  75  miles  of  each  ocean 
block. 

During  the  jointing  intervals,  system  power  was  turned  down  to  avoid 
any  hazard  to  the  members  of  the  jointing  crew.  It  was  restored  as  soon 
as  the  moldings  had  been  X-rayed  and  the  outer  or  return  tapes  had 
been  brazed.  These  activities  were  so  timed  that  in  almost  every  case 
the  system  was  powered  as  each  repeater  went  overboard. 

CLARENVILLE-SYDNEY   MINES   LINK 

Route  Selection 

Clarenville  having  been  selected  as  the  site  of  the  cable  terminal  sta- 
tion on  the  west  end  of  the  ocean  crossing,  it  was  necessary  to  consider 
how  the  system  was  to  be  extended  to  Nova  Scotia  for  connection  with 
the  North  American  continental  network. 

A  number  of  alternatives  were  possible  as  described  below: 

Alternative  1  contemplated  radio  relay  across  Newfoundland  to  Port 
aux  Basques,  and  thence  across  the  Cabot  Strait.  However,  a  survey 
revealed  that  maintenance  access  to  suitable  sites  would  be  most  diffi- 
cult, particularly  in  winter,  and  primary  power  was  not  obtainable. 

Alternative  2  involved  a  poor  submarine  route  around  the  Avalon 
Peninsula  to  possibly  Halifax,  Nova  Scotia.  The  length  of  the  sea  cable 
would  be  about  600  nautical  miles.  It  would  be  necessary  to  cross  many 
working  telegraph  cables,  (Fig.  3).  Trawler  damage  could  be  expected  as 
the  cable  would  need  to  traverse  known  trawling  areas,  and  during  the 
winter  months  any  repairs  would  be  costly  and  prolonged.  Also  it  was 
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not  desired  to  lay  another  cable  out  of  Trinity  Bay  as  the  route  might 
be  wanted  for  a  second  transoceanic  cable  at  some  time  in  the  future. 

Alternative  3  involved  a  submarine  cable  from  Clarenville  out  through 
the  North  West  Arm  to  Rantem  at  the  head  of  Trinity  Bay,  a  short  land 
cable  across  the  isthmus,  and  thence  either  a  submarine  cable  direct  to 
Sydney,  Nova  Scotia,  or  a  land  crossing  of  the  Burin  Peninsula  at  Garnish 
and  thence  by  submarine  cable  to  Sydney.  This  route  involved  three 
open  sea  sections  with  one  or  two  land  sections.  There  was  rather  limited 
space  for  a  cable  in  Placentia  Baj"  and  the  bottom  was  uneven  and  rocky. 
Existing  cables  laid  around  the  Burin  Peninsula  have  had  interruptions 
which  indicated  an  unsuitable  bottom  and  fishing  trawlers  had  been 
seen  in  the  vicinity  recently. 

Alternative  4  also  involved  a  cable  overland,  from  Clarenville  to 
Terrenceville  at  the  head  of  Fortune  Bay,  there  to  join  a  direct  sub- 
marine cable  to  Sydney  Mines.  Three  short  underwater  sections  would 
be  involved  in  the  Clarenville-Terrenceville  link,  but  these  could  be  in 
shallow  water  out  of  harm's  way.  The  main  submarine  route  from  Ter- 
renceville to  Sydney  Mines  would  be  clear  of  other  cables  and  would 
avoid  trawling  areas  and  anchorages,  a  not  inconsiderable  achievement 
in  view  of  the  congestion  of  submarine  cables  and  the  fishing  activity 
around  the  southeast  corner  of  Newfoundland.  Further,  a  good  landing 
site  in  Nova  Scotia  was  available  on  property  near  Sydney  Mines  owned 
by  Eastern  Telephone  and  Telegraph  Company. 

After  due  consideration.  Alternative  4  was  chosen  as  being  the  most 
satisfactory  from  all  aspects  and  the  final  route  is  shown  on  Figure  3. 

This  route  is  considered  to  be  most  likely  to  have  a  good  life  history. 
While  it  would  have  been  possible  to  have  one  continuous  land  cable 
between  Clarenville  and  Terrenceville,  the  three  short  underwater  sec- 
tions saved  a  considerable  amount  of  trenching  without  adding  undue 
hazard  to  the  system. 

Clarenville-Terrenceville  Route 

It  having  been  decided  to  route  the  Post  Office  single  cable  system 
overland  from  Clarenville  to  Terrenceville  a  number  of  other  matters 
required  decision.  The  first  was  the  type  of  cable  to  be  employed  for  this 
section.  Several  alternatives  were  considered,  bearing  in  mind  factors 
such  as  the  type  of  terrain,  access,  aA'ailability  of  primary  power,  possi- 
ble future  expansion  of  capacity  and,  of  course,  interference  from  static 
and  radio  frequency  pick-up.  The  advantages  of  using  standard  solid 
dielectric  coaxial  ocean  cable  with  submarine-type  repeaters  were  judged 
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to  outweigh  all  other  considerations  and  left  only  one  problem,  namely, 
shielding  from  interference. 

Up  to  this  time  shore  ends  of  submarine  cables  used  by  the  Post  Office 
were  shielded  for  about  a  quarter  of  a  mile  from  shore  by  a  lead  sheath 
insulated  from  the  return  tapes  of  the  coaxial  by  a  polyethylene  barrier. 
Experience  indicated  that  such  shielding  might  not  be  adequate  over  a 
long  distance  on  land.  The  question  was  resolved  by  the  addition  of  iron 
shielding  tapes  and  a  plastic  jacket  to  standard  submarine  cable.  The 
structure  is  described  elsewhere.^ 

Through  the  use  of  this  robust,  wire  armored  cable  and  two  steel 
housed  submarine  repeaters,  no  limitations  from  the  noise  pickup  angle 
were  placed  on  the  detailed  route  selection  for  the  overland  section.  The 
first  thought  was  to  try  to  proceed  directly  across  country  from  Claren- 
ville  to  Pipers  Hole  River,  saving  at  least  10  miles  over  a  route  which 
followed  the  road,  and  on  which  advantage  might  be  taken  of  quite  long 
water  stretches  into  which  the  cable  could  be  dropped.  Black  River  Pond, 
for  instance,  is  4|  miles  long.  This  proposal  was  abandoned  after  surveys, 
because  of  the  very  rocky  nature  of  the  country  and  difficulty  of  access 
both  for  construction  and  any  subsequent  maintenance,  and  it  was 
decided  to  follow  the  general  course  of  the  roads. 

It  was  possible  to  avoid  trenching  in  the  rocky,  precipitous  cliff  coun- 
try from  Clarenville  to  Adeytown  by  laying  about  6  miles  of  cable  in 
the  water  of  Northwest  Arm.  Similar  considerations  dictated  the  choice 
of  two  miles  of  cable  in  the  sea  across  Southwest  Arm.  Thence  the  route 
followed  the  road,  at  a  distance  ranging  from  250  yards  to  more  than  a 
mile,  as  far  as  Placentia  Bay,  taking  advantage  of  the  larger  ponds  where 
possible  to  avoid  trenching. 

Reaching  the  800  foot  high  ground  beyond  the  Pipers  Hole  River  from 
the  north  of  Black  River  proved  quite  difficult.  Here  the  road  is  carved 
out  of  the  foot  of  the  cliffs  as  far  as  Swift  Current  and  the  country  behind 
is  solid  rock.  Plans  exist  for  a  hydro-electric  project  involving  dams  in 
Pipers  Hole  River  just  north  of  the  road  crossing  and  it  is  naturally  not 
desirable  to  bury  a  cable  in  such  a  locality.  The  river  estuary  itself  pass- 
ing by  Swift  Current  presents  only  a  narrow  6  foot  deep  navigable  chan- 
nel at  low  water  but  it  was  decided  that  this  could  be  used  for  some  6 
miles  by  employing  a  barge  and  a  shallow  draft  tug  for  the  laying. 

A  suitable  route  out  of  the  basin  up  through  wooded  gorges  to  the 
top  took  about  a  week  of  very  hard  going  to  locate.  Thereafter  all  was 
plain  sailing  taking  advantage  of  ponds  such  as  Long  Pond  (4  miles) 
and  Sock  Pond  (3  miles)  until  the  route  arrived  within  G  miles  of  Ter- 
renceville. 
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Here  it  was  reluctantly  decided  to  bury  the  cable  in  a  deep  trench  on 
the  inner  side  of  the  road,  as  the  other  side  falls  sharply  to  the  sea.  The 
desire  to  avoid  roads  was  due  to  their  instability  and  the  methods  used 
for  construction  and  repair.  This  road  is  dirt  only,  with  no  foundations, 
and  in  this  particular  section  has  been  known  to  slide  away  into  the 
river  bed  below\ 

The  final  length  of  cable  laid  was  just  short  of  55  nautical  miles. 

Cabot  Strait  Laying 

Coaxial  submarine  cables  in  which  rigid  repeaters  are  inserted  cannot 
be  laid  with  the  existing  cable  laying  machinery  except  by  stopping  the 
ship,  removing  the  turns  of  cable  from  the  drum  and  then  passing  the 
repeater  by  the  drum  and  restoring  the  turns.  Special  equipment  is  also 
needed  for  launching  the  repeater  over  the  bow  sheaves. 

Ship  Modifications 

The  following  equipment  was  installed  on  Monarch  for  the  laying  of 
cables  carrying  rigid  repeaters. 

A  gantry  over  the  bow  baulks,  consisting  of  a  22  foot  steel  beam  pro- 
jecting 6  feet  beyond  the  sheaves,  was  installed  for  handling  repeaters 
at  the  bow.  This  gantry  was  fitted  with  an  electrically  operated  traveling 
hoist  for  lifting  the  repeaters  over  the  bow  sheaves  and  lowering  them 
into  the  sea.  A  standby  hand  operated  lifting  block  and  traveller  were 
provided  to  guard  against  failure  of  the  power  point. 

A  rubber-tired  steerable  steel  dolly  (or  trolley)  was  developed  from 
the  chassis  of  a  small  car  to  transport  the  repeaters  from  the  cable  tank 
hatches  to  the  bow  sheaves.  These  repeaters  weigh  about  1200  pounds' 

Storage  racks  were  built  up  from  steel  sections  provided  with  shaped, 
rubber  lined  wood  blocks  and  were  fitted  at  each  cable  tank  hatch  on 
the  shelter  deck.  Each  rack  held  4  repeaters  in  double  tiers.  A  hand 
operated  lift  was  furnished  for  moving  the  repeaters  from  the  storage 
racks  to  the  dolly. 

A  special  quick  release  grip  was  furnished  for  use  when  lifting  the 
repeaters  by  the  electric  hoist  on  the  bow  gantry.  Deflection  plates  were 
also  fitted  on  the  fore  deck  around  dynamometers  and  hatches  to  avoid 
their  fouling  the  dolly. 

Launching  Rigid  Repeaters 

The  rigid  repeaters  were  stowed  in  their  racks  in  the  order  of  their 
laying.  The  bights  of  the  cable  attached  to  the  ends  of  the  repeaters 


ROUTE    SELECTION   AND   CABLE   LAYING  321 

were  brought  up  the  sides  of  the  cable  tanks,  secured  along  the  arms  of 
the  crinoline  and  up  the  sides  of  the  hatch  coamings  to  the  deck,  clear 
of  the  running  length  of  cable  and  from  where  the  repeater  could  be 
drawn  forward  along  the  deck  on  the  dolly. 

When  the  time  came  for  a  repeater  to  be  laid,  speed  was  reduced  and 
the  ship  finally  stopped  head  to  wind.  A  6x3  compound  rope  from  the 
starboard  cable  drum  was  secured  to  the  cable  just  abaft  the  bow  baulks. 
Sufficient  cable  was  then  paid  out  until  the  tension  was  taken  up  by  this 
rope.  The  turns  of  the  running  cable  were  then  removed  from  the  port 
cable  drum  and  the  resulting  slack  cable  worked  overboard  by  paying 
out  the  starboard  drum  rope  which  was  holding  the  tension.  When  the 
excess  cable  had  been  cleared  from  the  deck,  the  repeater  on  its  dolly 
was  carefullj^  hauled  along  the  fore  deck  to  the  traveling  hoist  of  the 
o\'erhead  gantr3^  Cable  was  then  drawn  from  the  tank  so  that  the  turns 
could  be  re-formed  on  deck  and  replaced  on  the  port  cable  drum.  The 
repeater  was  lifted  from  the  trolley  and  traversed  outboard  as  soon  as 
it  was  high  enough  to  clear  the  bow  baulks.  It  was  then  lowered  to  the 
water's  edge  and  when  the  tension  had  again  been  taken  by  the  cable, 
the  quick  release  grip  was  slipped  and  the  starboard  diTim  rope  cut. 
Paying  out  was  then  resumed. 

Laying  Program  ^ 

On  February  1,  1956,  Monarch,  having  returned  to  Ocean  Works, 
Erith,  after  refitting,  commenced  loading  the  various  sections  of  cable 
to  be  used  for  the  Terrenceville-Sydney  Mines  route.  The  sections  were 
all  carefull}^  tested  and  measured  in  the  Works  before  loading.  The  cable 
ends  were  clearly  marked  and  dogged  together  by  a  length  of  rope  which 
was  not  removed  until  the  repeater  had  been  jointed  into  its  connecting 
sections  of  cable. 

Loading  of  the  cable  and  splicing  in  of  repeaters  was  finished  by  April 
10  and  the  system  tested  and  checked.  Monarch  sailed  for  Sydney  Mines 
on  April  18  and  arrived  there  April  30.  The  cable  station  is  situated 
about  1^  miles  inland  from  the  shore,  with  a  small  lake  intervening.  A 
length  of  Type  B,  insulated  outer  conductor,  lead  covered  cable  had 
previously  been  laid  from  the  station  across  the  lake  to  a  narrow  strip 
of  land  which  separates  it  from  the  sea.  The  joint  to  the  main  cable  was 
to  be  made  on  this  strip.  Two  medium  sized  shore  based  motor  boats 
were  used  to  tow  the  end  of  the  double  armored  section  of  cable  from 
Monarch  to  the  shore.  During  this  journey  the  cable  was  supported  by 
empty  oil  drums  at  close  intervals.  When  the  motor  boats  had  reached 
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shoal  water  the  end  of  the  cable  was  secured  to  a  landing  line  and  two 
tractors  took  over  the  hauling. 

When  enough  cable  was  on  shore  to  make  the  joint  and  the  splice, 
the  barrels  were  cut  away  and  Monarch  weighed  anchor  and  paid  out 
this  section  of  double  armored  cable  on  the  agreed  route  and  buoyed  off 
the  end.  She  then  steamed  over  the  proposed  track  to  Terrenceville, 
taking  soundings  and  sea  bottom  temperatures  as  required,  and  an- 
chored off  Terrenceville  on  May  3. 

Preparations  for  landing  the  end  were  at  once  put  in  hand  and  the 
ship's  motor  launches  towed  the  end  of  the  cable  towards  the  cable  land- 
ing, the  cable  again  being  supported  by  empty  oil  drums.  This  end  was 
jointed  and  spliced  to  a  piece  of  cable  which  had  been  laid  previously 
from  the  Terrenceville  cable  hut  to  a  sand  spit  which  juts  across  the 
head  of  Fortune  Bay,  about  a  mile  away. 

Upon  completion  of  the  splice,  overall  tests  were  made  from  the  ship 
to  the  Terrenceville  cable  hut,  and  all  being  well,  paying  out  toward 
the  buoj^ed  end  off  Sydney  Mines  was  begun  on  May  4. 

The  first  repeater  went  over  about  two  hours  after  the  start  of  lajdng 
and  the  others  followed  at  approximately  4f  hour  intervals. 

On  May  7  the  cable  buoy  on  the  Sydney  Mines  end  was  recovered 
and  the  end  hove  inward.  After  tests  in  both  directions,  the  final  joint 
and  splice  were  made.  This  operation  was  completed  on  ]May  9,  and  on 
receipt  of  a  signal  that  all  was  well.  Monarch  proceeded  into  harbor 
at  Sydney  to  land  testing  equipment,  a  spare  equalizer  and  other 
equipment. 

Equalization  and  Testiyig 

The  cable  had  been  loaded  into  the  ship  in  repeater  section  lengths,  so 
cut  that  when  laid  at  estimated  mean  annual  sea  temperature,  the  ex- 
pected attenuation  would  be  60.0  db  at  552  kc.  A  correction  for  the 
change  in  attenuation  of  the  cable  when  coiled  in  the  factorj'  tanks  and 
when  laid  in  about  100  fathoms  had  been  determined  from  tests  on  two 
10-mile  lengths  of  cable,  laid  off  the  Island  of  Skye.  The  correction 
amounted  to  a  decrease  in  attenuation  when  laid  of  1.42  per  cent.  This 
was  essentially  an  empirical  result,  and  as  the  mechanism  of  the  change 
was  not  fully  understood,  a  possible  further  inaccuracj''  of  equalization 
might  arise. 

Sea  bottom  temperatures  along  the  route  were  obtained  from  informa- 
tion supplied  by  the  Fisheries  Research  Board  of  Canada,  })ut  unfor- 
tunately, this  information  was  rather  meager  ^nd  varied  considerably 
with  locahty. 
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Since  the  cable  equalization  built  into  the  repeater  differed  appreciably 
from  the  final  determination  on  laid  cable,  it  was  found  necessary  at  a 
comparatively  late  stage  to  introduce  an  undersea  equalizer  into  the 
center  of  the  sea  section.  This  was  intended  to  eliminate  a  flat  peak  of 
loss  of  3.5  db,  expected  at  about  100  kc.  So  that  the  last  repeater  should 
not  he  too  near  the  beach  at  Sydney  Mines,  a  network  simulating  9  miles 
of  cable  was  also  inserted  in  the  undersea  equalizer. 

The  repeaters  were  spliced  into  the  cable  lengths  on  board  Monarch 
and  tests  were  made  at  every  stage  of  the  buildup  of  the  system.  The 
eciualizer  was  permanently  jointed  to  the  first  half  section  of  7  repeaters 
and  left  with  an  excess  length  of  tail  which  could  be  cut  as  desired  during 
the  laying  operation  to  further  improve  the  equalization.  The  first  and 
second  halves  of  the  system  were  temporarily  connected  through  power 
separation  filters  so  that  the  whole  system  could  be  energized  just  prior 
to  laying. 

The  test  routine  carried  out  included  attenuation  measurement  at  5 
frequencies  in  each  direction  of  transmission,  noise,  pulse  and  loop-gain, 
supervisory  measurements,  dc  and  insulation  resistance  and  capacitance. 
Monarch  test  room  contained,  therefore,  two  sets  of  terminal  equipments 
similar  to  those  installed  at  Clarenville  and  at  Sj^dney  Mines. 

It  was  decided  to  energize  the  system  continuously  during  the  laying 
except  for  the  few  hours  when  power  had  to  be  removed  to  make  the 
equalizer  splice.  This  enabled  a  continuous  order  (speaker)  circuit  to  be 
operated  over  the  cable  and  minimized  the  number  of  energizing  and 
warm-up  periods.  The  only  disadvantage,  considered  to  be  slight,  was 
the  necessary  omission  of  insulation  resistance  and  capacitance  measure- 
ment during  laying,  except  in  the  course  of  the  equalizer  splicing 
operation. 

The  plan  was  to  lay  from  Terrenceville  in  the  direction  of  the  high- 
frequency  band  and  to  test  the  system  to  Monarch  during  the  laying 
from  this  shore  station.  The  overland  section  between  Clarenville  and 
Terrenceville,  which  contained  two  repeaters,  was  connected  on  with 
appropriate  equalization  after  the  submarine  section  had  been  satisfac- 
torily completed  and  tested. 

At  Terrenceville,  after  the  cable  end  had  been  taken  ashore  and  the 
beach  joint  completed,  the  system  was  energized  from  Monarch  with 
a  dc  power  ground  at  Terrenceville  for  the  necessary  4  hour  minimum 
warming  up  period.  The  first  set  of  routine  measurements  of  the  laying 
operation  was  then  carried  out.  Thereafter,  a  complete  set  of  measure- 
ments on  the  Terrenceville  half  of  the  system  was  made  after  every  10 
miles  of  cable  laid.  An  occasional  check  set  of  measurements  was  also 
made  on  the  Sydney  Mines  half  of  the  system  in  the  tanks. 
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The  primary  object  of  these  tests  was  to  determine  what  length  of 
cable  should  be  inserted  between  the  equalizer  and  the  8th  undersea 
repeater  to  obtain  the  optimum  system.  In  practice  this  resulted  in 
arranging  for  a  length  of  cable  such  that  the  output  level  of  the  8th 
repeater  at  522  kc  should  be  equal  to  that  at  the  output  of  the  first  re- 
peater at  the  assumed  mean  annual  temperature  of  35.1°F. 

The  estimated  length  of  cable  required  for  this  purpose  was  plotted 
after  each  measurement.  It  became  evident  soon  after  laying  the  5th 
repeater  (94.6  nautical  miles  of  cable  laid)  that  the  linear  relation  ob- 
tained could  be  extrapolated  with  adequate  accuracy  to  safely  specify 
a  length  of  6.06  nautical  miles  of  cable  between  the  equalizer  and  the 
adjacent  repeater. 

This  decision  on  length  was  taken,  and  after  removing  power  the 
equalizer  was  accordingly  jointed  in,  the  operation  being  completed 
before  it  was  necessary  to  pay  out  the  splice.  During  this  period  capaci- 
tance and  conductor  and  insulation  resistances  were  checked  on  each 
half.  During  the  laying  of  the  second  half,  measurements  were  made  as 
for  the  first  half.  On  arrival  at  the  buoyed  shore  end  a  final  complete 
set  of  measurements  was  made  and  these  suitably  corrected  for  the  shore 
end  length,  transmitted  to  Sydney  Mines  so  that  the  first  measurements 
from  Sydney  Mines  to  Clarenville  could  be  checked  with  those  obtained 
on  the  ship. 

SIDELIGHTS 

Weather 

Weather  is  the  big  question  mark  in  cable  laying  and  repair  activities. 
With  few  exceptions  the  transatlantic  project  was  blessed  with  remark- 
ably good  weather.  The  exceptions  were,  however,  noteworthy. 

Heavy  snow  squalls  were  encountered  off  Terrenceville  during  the 
operation  in  that  \'icinity.  At  Rockall  Bank  on  the  first  laj'  one  hea\'y 
storm  came  up  as  the  last  repeater  in  the  1,200-mile  section  was  going 
over,  and  made  this  launching  and  the  subseciuent  buojdng  of  the  end 
very  difficult  operations.  Both  were  accomplished  successfully  as  a  result 
of  the  superb  seamanship  of  Monarches  commander,  Captain  J.  P.  F. 
Betson,  and  his  officers  and  crew. 

A  second,  and  worse  storm  was  encountered  upon  the  return  to 
Rockall.  This  was  a  manifestation  of  hurricane  lone,  with  wind  velocities 
above  100  mph  and  very  high  seas.  The  ship  had  given  up  searching  for 
the  buoy  (later  reported  drifting  more  than  500  miles  awaj-  off  the  Faeroe 
Islands)  and  was  grappling  for  the  cable,  when  the  storm  hit.  Fortun- 
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ately,  the  cable  had  not  yet  been  found,  so  the  ship  could  head  into  the 
wind  and  ride  it  out.  She  was  driven  many  miles  off  course  in  the  process, 
and  the  seas  will  be  long  and  vividly  remembered  by  all  present.  In- 
cidentally, the  cable  was  picked  up  shortly  after  the  storm  had  mod- 
erated. 

Generally  speaking,  the  effect  of  the  weather  on  the  engineering  super- 
numeraries on  board  was  not  severe,  although  Monarch's  stock  of  dram- 
amine  was  somewhat  depleted  by  the  end  of  the  project. 

Miscellaneous  Events 

At  the  start  of  the  first  transatlantic  lay,  several  icebergs  were  en- 
countered. One,  a  small  one  at  the  mouth  of  Random  Sound,  lay  in  the 
planned  path  of  the  cable  and  caused  an  involuntary,  though  minor, 
revision  of  the  route.  The  others,  beyond  the  mouth  of  Trinity  Bay, 
were  larger  but  also  farther  away. 

Whales  and  grampuses  got  to  be  common  sights,  although  much  film 
was  expended  at  first  by  the  uninitiated. 

An  occasional  bird  rested  on  the  ship  far  from  land,  obviously  ex- 
hausted from  its  long  and  presumably  unintended  journey. 

Progress  Bulletins 

Daily  progress  bulletins  were  radioed  to  headquarters  of  all  partners 
during  the  laying. 

In  addition,  because  a  telephone  cable  system  differs  considerably 
from  submarine  telegraph  cables,  the  officers  and  crew  were  briefed  by 
the  engineering  personnel  as  to  the  repeater  structure,  the  need  for 
equalization  and  the  general  objectives  of  the  venture.  This  proved  to 
be  a  very  profitable  move  indeed,  for  the  cooperation  of  all  hands  was 
everything  that  could  be  wished.  As  a  follow  up,  daily  performance 
bulletins  were  posted  in  strategic  parts  of  the  ship  so  that  everyone  no 
matter  what  his  duties,  could  know  just  how  the  evolving  system  was 
performing  with  respect  to  objectives. 

Cable  Order  Circuit 

One  way  conversation  from  shore  to  ship  over  the  cable  was  possible 
all  the  time  the  repeaters  were  energized.  This  was  a  source  of  very  great 
satisfaction  to  the  shipboard  test  crew,  as  it  was  concrete  evidence  that 
the  cable  was  working,  and  working  well.  When  power  was  turned  down, 
the  recourse  to  radio  telephone  provided  a  comparison  which  generally 
left  no  doubt  as  to  the  future  value  of  the  cable. 
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the  M.I.T.  Corporation  and  a  Trustee  of  Stevens  Institute  of  Tech- 
nology. His  honors  include  the  Air  Force  Association  Trophy  in  1953; 
the  Industrial  Research  Institute  Medal  in  1954;  and  the  Christophei 
Columbus  International  Communication  Prize  in  1955. 

R.  Kelly,  Associate  of  Royal  College  of  Science,  Ireland  1925;  B.Sc. 
University  College,  Dublin  1937.  After  four  years  experience  on  power 
work  for  the  Dublin  United  Tramways,  he  joined  the  power  section  of 
Standard  Telephones  and  Cables  in  1925.  Following  ten  years  of  labo- 
ratory and  field  experience  on  carrier  telephone  and  VF  telegraph 
equipment,  he  took  charge  in  1936  of  power  development  for  trans- 
mission equipments. 

Harold  A.  Lamb  joined  the  Western  Electric  Company  Installation 
Department  in   1920,  where  he  became  engaged  in  installation  and 
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installation  engineering  of  telephone  equipment.  In  1923,  he  entered  the 
Engineer  of  Manufacture  Organization  at  Hawthorne,  where  he  be- 
came concerned  with  relays,  panel,  step-by-step,  and  crossbar  machine 
switching  apparatus.  During  this  time,  he  attended  the  Lewis  Institute 
of  Technology.  In  1936  he  was  appointed  a  Department  Chief  on  step- 
by-step  apparatus.  During  World  War  II,  Mr.  Lamb  transferred  to  the 
Passaic,  New  Jersey,  Shops  as  Assistant  Superintendent  in  the  Western 
Electric  Radio  Division.  Here  he  was  engaged  in  engineering  the  manu- 
facture of  submarine  radar  and  radar  bomb  sights.  Returning  to  the 
Western  Electric,  Kearny,  New  Jersey,  Works  in  1947,  he  was  concerned 
principally  with  central  office  apparatus,  including  the  card  translator, 
and  in  1953  was  placed  in  charge  of  the  Hillside,  New  Jersey,  Engineer- 
ing and  Inspection  Organizations  for  building  the  flexible  repeaters  for 
the  transatlantic  submarine  telephone  cable.  He  is  at  present  Resident 
Head  of  the  Hillside  Shops  on  flexible  repeater  manufacture. 

Andrew  W.  Lebert,  B.S.  in  E.E.,  New  York  Univ.,  1932;  Cornell- 
DubiHer  Corporation,  1932-1936;  Bell  Telephone  Laboratories,  1936-. 
For  the  first  five  years  at  the  Laboratories,  Mr.  Lebert  worked  on  trans- 
mission engineering  on  open  wire  and  cable  carrier  systems.  He  then  was 
concerned  with  fault  location  problems.  During  World  War  II,  he  turned 
to  mihtary  communications  on  cable  and  open  wire,  and,  following  this 
period,  he  spent  eight  years  on  coaxial  cable  systems  development. 
Since  1952  he  has  been  connected  with  transatlantic  telephone  cable 
development.  He  is  a  member  of  I.R.E.,  Tau  Beta  Pi  and  Psi  Upsilon. 

Capt.  W.  H.  Leech  entered  the  British  Post  Office  in  1920  as  Third 
Officer  of  H.M.T.S.  Alert  and  was  later  promoted  to  the  old  H.M.T.S. 
Monarch  of  which  ship  he  became  Chief  Officer.  Both  of  these  ships  were 
subsequently  lost  by  enemy  action  in  World  War  II.  After  a  year  ashore 
as  Assistant  Submarine  Superintendent  in  1938-39  he  took  command 
of  H.M.T.S.  Aeriel  and,  in  1940,  of  H.M.T.S.  Iris.  In  1944  his  ship  was 
engaged  in  laying  cables  to  the  Normandy  Beach  head,  an  operation  for 
which  he  was  awarded  the  Distinguished  Service  Cross.  In  1946  he  be- 
came Submarine  Superintendent,  in  immediate  charge  of  the  Post 
Office  cable  fleet  and  as  such,  directed  the  operations  of  H.INI.T.S. 
Monarch  during  the  lajdng  of  the  transatlantic  cables.  He  is  an  Officer 
of  the  Order  of  the  British  Empire  (O.B.E.). 

Herbert  A.  Lewis,  E.E.,  Cornell  Univ.,  1926;  Bell  Telephone  Labo- 
ratories, 1926-.  Before  World  War  II  Mr.  Lewis  worked  on  the  design 
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of  equipment  for  manual  and  dial  central  offices,  PBX's  and  broad-band 
carrier  installations.  During  the  war,  he  was  concerned  with  the  mechani- 
cal design  of  radar  systems  for  the  military.  He  was  later  responsible 
for  transmission  and  equipment  development  for  various  carrier  tele- 
phone systems.  As  project  engineer  for  the  Laboratories  phases  of  the 
transatlantic  telephone  cable  he  was  responsible  for  its  transmission  and 
equipment  development.  He  is  now  Director  of  Outside  Plant  Develop- 
ment and  is  responsible  for  the  devising  and  developing  of  new  and 
improved  methods,  materials  and  equipment  for  that  part  of  the  tele- 
phone network  which  connects  one  central  office  with  another  and  which 
ties  the  telephone  customer's  equipment  into  the  central  office.  He  is  a 
senior  member  of  I.R.E. 

Arthur  H.  Lince,  B.S.  in  E.E.,  Univ.  of  Michigan,  1925;  Bell  Tele- 
phone Laboratories,  1925-.  Until  1941  Mr.  Lince  worked  on  the  engineer- 
ing and  design  of  dial  central  office  equipment.  During  World  War  K 
he  was  concerned  with  engineering  and  design  of  radar  for  the  armed 
forces.  He  then  became  involved  with  the  development  of  microwave 
antennas,  towers,  waveguides  and  related  items  for  microwave  radio 
relay  systems  and  testing  equipment.  He  was  engaged  in  the  building  of 
repeaters  for  the  Havana-Key  West  submarine  cable.  Beginning  in  1953, 
he  has  been  in  charge  of  the  group  responsible  for  the  design  of  water- 
tight enclosures  for  the  repeaters  used  on  the  transatlantic  telephone 
cable. 

G.  H.  LovELL,  B.S.  in  E.E.,  Texas  A  &  M  College,  1927;  M.S.  in 
E.E.,  Polytechnic  Institute  of  Brooklyn,  1943;  N.Y.  Edison  Co.,  1927- 
28;  Bell  Telephone  Laboratories,  1929-.  From  1929  until  1948  Mr. 
Lovell  was  concerned  with  the  development  of  crystal  filters  for  carrier 
systems.  He  then  worked  on  the  development  of  networks  for  use  in 
broad -band  amplifiers.  For  the  transatlantic  telephone  cable  project  he 
worked  on  the  amplifier  networks  and  the  equalization  of  the  undersea 
system. 

J.  O.  McNally,  B.S.  in  E.E.,  Univ.  of  New  Brunswick,  Canada, 
1924;  Western  Electric  Company,  1924-25;  Bell  Telephone  Laboratories, 
1925-.  Mr.  McNally  has  speciahzed  in  research  and  development  on 
electron  tubes  for  Bell  System  communication  and  military  uses.  This 
included  work  on  voice  and  carrier  repeater  tubes,  electron  tubes  for  the 
first  commercial  transatlantic  radio  system,  and  for  the  talking  movie 
industry.  During  World  War  II,  he  had  development  responsibility  for 
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many  of  the  klystrons  used  in  radar  equipment.  Later  he  again  be- 
came concerned  with  the  development  of  long-hfe  tubes  for  submarine 
telephone  cables.  He  has  been  awarded  several  patents  on  electron  tube 
construction  and  operation.  He  is  a  FeUow  of  the  I.R.E.  and  a  member  of 
the  American  Physical  Society. 

George  W.  Meszaros,  B.E.E.  1939,  College  of  the  City  of  New  York; 
Bell  Telephone  Laboratories,  1926-.  INIr.  ]\leszaros  started  his  Bell  System 
career  in  the  Systems  Drafting  Department.  After  spending  a  short  time 
in  several  engineering  groups  of  the  System  Department,  he  transferred 
to  the  Power  Development  Department  in  1941.  Here  he  has  specialized 
in  electronically  controlled  power  equipment.  Currently  he  is  in  charge  of 
a  group  designing  transistorized  power  supphes  for  the  electronic  switch- 
ing system  and  for  several  mihtary  projects. 

G.  H.  Metson,  B.Sc.  in  Engineermg,  University  of  London  1931; 
M.Sc.  in  1938  and  Ph.D.  in  AppHed  Science  and  Technology,  Queens 
Universitj%  Belfast  1941.  Dr.  Metson  is  in  charge  of  the  Thermionics 
Group  at  the  Post  Office  Research  Station  and  is  particularly  concerned 
with  oxide  coated  cathodes  and  problems  of  tube  life.  He  was  responsible 
for  the  tubes  used  in  the  British  submerged  repeaters.  Member  of  the 
Royal  Institution  and  an  Associate  Member  of  The  Institution  of 
Electrical  Engineers. 

Elliott  T.  Mottram,  B.S.  Columbia  University  1927,  M.E.  1928; 
Western  Electric  Company  1922-25;  Bell  Telephone  Laboratories,  1928-. 
Mr.  Mottram's  first  assignments  were  in  the  development  of  disc  re- 
cording and  reproducing  machines  and  equipment.  Later  he  was  con- 
cerned with  sound  on  film  recording  and  reproducing  equipment,  and 
with  tape  recording.  From  1939  to  1950,  he  was  engaged  in  development 
of  airborne  radio  and  radar  equipment,  electronic  computer  and  bomb 
sights,  and  airborne  homing  missiles.  As  Dh*ector  of  Transmission 
Systems  Development  since  1950,  he  has  been  concerned  with  the  de- 
velopment of  transmission  systems  and  equipment  for  military  purposes, 
transmission  test  equipment,  and  television  and  wire  transmission 
systems.  In  this  capacity,  he  was  responsible  for  technical  liaison  with 
the  British  Post  Office  on  submarine  cable  matters  and  was  in  charge  of 
Laboratories'  activities  in  this  field.  He  is  a  member  of  the  A.S.M.E. 
and  I.R.E. 

Sir  Gordon  Radley,  B.Sc.  in  Engineering,  University  of  Lon- 
don 1919;  Ph.D.  L'niversity  of  London  1934.   Sir    Gordon's    under- 
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graduate  studies  were  interrupted  by  military  service  in  World  War  1. 
Engineering  Research  Branch  of  the  British  Post  Office  1920,  where  he 
was  engaged  initially  on  materials  problems  and  later  on  interference, 
corrosion,  and  long  distance  signaling.  He  became  Head  of  Research 
in  1939,  and  in  1949  was  made  Deputy  Engineer-in-Chief.  In  1951  he 
became  Engineer-in-Chief,  and  in  this  position,  was  one  of  the  principal 
architects  of  the  transatlantic  submarine  telephone  cable  system.  In 
1954  he  was  made  Deputy  Director  General,  and  in  1955  Director 
General  —  the  permanent  Head  of  the  British  Post  Office.  He  became  a 
Conmiander  of  the  Order  of  the  British  Emphe  (CBE)  in  1946  and  was 
honored  with  a  knighthood  in  1954.  In  1956,  he  became  a  Knight  Com- 
mander of  the  Bath  (KCB)  and  is  President  of  The  Institution  of 
Electrical  Engineers  for  the  year  1956-57. 

H.  H.  Spencer,  B.S.  in  :\I.E.,  Univ.  of  New  Hampshire,  1923;  Bell 
Telephone  Laboratories,  1923-.  He  has  been  engaged  primarily  in  the 
development  of  power  supplies  for  broadband  carrier,  long  distance  and 
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tion on  J,  K,  and  L  carrier  systems  and  TD-2  microwave  radio  relay 
systems.  Mr.  Spencer  is  an  Associate  ^Member  of  the  American  Institute 
of  Electrical  Engineers. 

J.  F.  P.  Thomas,  B.Sc.  London  University  1942;  British  Post  Office 
Research  Branch,  1937-.  In  his  early  years,  J\Ir.  Thomas  was  engaged 
on  investigations  into  contact  phenomena  and  dust  core  magnetic  ma- 
terials. In  1948,  he  was  transferred  to  the  Submerged  Repeater  Group, 
where  his  main  work  has  been  the  design  and  construction  of  power 
feeding  equipment  and  pulse  monitoring  equipment  used  for  fault  loca- 
tion in  submerged  repeater  sj'-stems.  Associate  Member  of  The  Institu- 
tion of  Electrical  Engineers. 

Rexford  S.  Tucker,  A.B.,  Harvard  College,  1918;  S.B.,  Harvard 
Engineering  School,  1922;  American  Telephone  and  Telegraph  Com- 
pany, 1923-34;  Bell  Telephone  Laboratories,  1934-.  Mr.  Tucker's 
early  work  was  on  noise  and  crosstalk  prevention.  During  World  War 
II  he  was  engaged  in  classified  military  projects  and  served  as  co-editor 
of  a  War  Department  technical  manual.  Electrical  Communications 
Systeins  Engineering.  After  the  war  he  worked  on  mobile  radio  systems 
engineering  and  then  the  transatlantic  telephone  cable.  He  is  an  Associate 
Member  of  A.I.E.E.,  Senior  Member  of  I.R.E.,  Charter  Member  of 
Acoustical  Society  of  America,  member  of  Sub-Committee  No.   1  of 
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American  Standards  Association  Sectional  Committee  C63,  Harvard 
Engineering  Society,  and  Phi  Beta  Kappa. 

Edmund  A.  Veazie,  B.A.  in  Physics,  Univ.  of  Oregon,  1927;  Bell 
Telephone  Laboratories,  1927-.  His  early  assignments  included  the 
design  of  multi-grid  tubes  for  use  in  aircraft  radio  receivers,  police 
transmitters,  and  carrier  telephone  systems.  During  World  War  H  he 
concentrated  on  tubes  for  radar  and  other  military  applications,  in- 
cluding proximity  fuses  and  gun  directors.  Since  then  he  has  been 
engaged  principally  in  the  design,  fabrication  control,  testing,  and  selec- 
tion of  tubes  for  use  in  submarine  telephone  cable  systems.  He  holds 
several  patents  on  electron  tubes  and  associated  circuits.  He  is  a  Senior 
Member  of  I.R.E.  and  a  member  of  Phi  Beta  Kappa. 

D.  C.  Walker,  B.Sc.  in  Engineering  and  Diploma  of  the  Imperial 
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British  Post  Office  Research  Branch  1938.  Mr.  Walker's  early  work  Avas 
on  interference  and  protection  problems  and  during  the  war  on  special 
investigations  for  the  services.  Later  engaged  on  development  and  equip- 
ment for  carrier  telephone  systems,  and  since  1946  has  specialized  on 
submerged  repeater  systems.  He  is  in  charge  of  the  group  concerned  with 
the  design  of  the  internal  electrical  unit  of  the  rigid  transatlantic  tele- 
phone cable  repeaters  and  the  special  terminal  equipment.  Associate 
Member  of  The  Institution  of  Electrical  Engineers. 

V.  G.  Welsby,  B.Sc.  London  University  1934;  Ph.D.  London  Univer- 
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group  concerned  with  the  mechanical  design  of  repeater  housings  and 
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was  awarded  for  his  work  on  dust-cored  inductors.  He  is  the  author  of 
a  text  book  on  inductor  theory  and  design.  Associate  Member  of  The 
Institution  of  Electrical  Engineers. 

M.  C.  WooLEY,  B.S.  in  E.E.,  Ohio  Northern  Univ.,  1929;  Bell  Tele- 
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and  design  of  inductors  until  1935.  Capacitor  development  then  occupied 
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tioii  of  capacitors  for  the  Key  West-Havana  submarine  cable  repeaters. 
He  then  became  concerned  with  fundamental  development,  primarily 
on  materials  and  processes  used  in  capacitors,  including  those  for  the 
transatlantic  submarine  telephone  cable.  He  is  currently  supervising  a 
group  engaged  in  development  and  design  of  capacitors  and  resistors  for 
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A  New  Carrier  System  for  Rural  Service 

By  R.  C  BOYD,  J.  D.  HOWARD,  JR,  and  L.  PEDERSEN 

(Manuscript  received  July  19,  1956) 

A  study  of  the  problem  of  providing  telephone  service  to  rural  customers 
indicated  the  need  for  a  flexible  carrier  system  that  could  be  used  economically 
on  new  and  existing  rural  cable  and  open  wire  lines.  The  desire  for  low  cost 
required  new  approaches  to  almost  every  phase  of  the  carrier  system  design 
for  rural  service,  which  has  been  designated  Type  PI . 

Use  of  transistors  led  to  sweeping  changes  in  the  detailed  circuitry  and 
also  created  demand  for  other  new  components.  Mounting  and  intercon- 
necting the  circuit  components  by  means  of  printed  wiring  boards  empha- 
sized the  necessity  for  close  coordination  between  design  and  manufacturing 
objectives.  The  low  power-drain  requirements  of  t^'ansistor  circuitry  were 
supplied  economically  by  the  use  of  similar  solid  state  devices,  a  new  storage 
battery,  and  efficient  packaging. 

A  fast,  accurate  and  simple  method  has  been  evolved  for  applying  the  PI 
carrier  system  to  rural  lines  with  a  minimum  of  line  treatment  or  rearrange- 
ment. Plug-in  equipment,  readily  accessible  test  points,  and  a  carrier  test 
set  provide  the  ease  of  maintenance  needed  in  the  use  of  telephone  equipment 
at  remote  locations.  Use  of  the  PI  carrier  system  will  extend  the  application 
of  electronic  equipment  outside  of  the  telephone  central  office  and  provide 
a  carrier  system  ivhose  performance  will  be  consistent  with  requirements 
for  high  quality  communication  service  at  low  cost. 
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1.  INTRODUCTION 

Although  carrier  has  been  used  successfully  to  provide  trunks  in  the 
Bell  System  for  more  than  35  years,  it  has  not  been  economically  feasible, 
up  to  the  present  time,  to  apply  carrier  telephone  techniques  extensively 
to  the  rural  telephone  plant.  The  technical  and  economic  problems  as- 
sociated with  providing  telephone  service  to  customers  in  rural  areas  has 
long  been  one  of  the  most  difficult  problems  facing  the  telephone  indus- 
try. The  widely  scattered  locations  of  customers  in  rural  areas  have  led 
to  a  large  number  of  rural  telephone  routes  with  only  a  few  customer 
lines  per  route.  This  has  precluded  the  use  of  large  cables  on  any  one 
route,  which  would  be  economically  attractive  in  urban  areas.  The  ex- 
tensive use  of  carrier  has  not  been  feasible  because  the  distances  from 
the  rural  customers  to  the  Central  Ofhce  are  in  the  5-  to  20-mile  range 
in  which  carrier  has  not  been  generally  economical  in  the  past. 

The  two  lines  of  attack  which  were  taken  on  this  problem  were  to 
reduce  the  cost  of  telephone  plant  through  less  expensive  small  cables 
and  open-wire  plant,^  and  to  provide  an  economically  attractive  carrier 
system  designed  to  meet  the  particular  needs  of  rural  telephone  service. 

This  paper  discusses  the  broad  objectives  for  a  rural  customer  carrier 
system,  the  major  parameters  of  the  Pi  system  which  was  developed  to 
meet  those  objectives,  and  its  circuit,  equipment,  and  power  arrange- 
ments. It  also  covers  the  engineering  and  maintenance  methods  to  be 
used  by  the  Bell  System  Operating  Companies  to  install  and  operate 
the  system. 2 

2.  BROAD    OBJECTIVES   FOR   PI    CARRIER   SYSTEM 

The  broad  objectives  for  the  Type  PI  carrier  system  resulted  from 
the  stringent  economic  limits  imposed  on  the  system  to  enable  it  to  prove 
in  over  conventional  rural  plant  of  the  latest  and  most  economical  de- 
sign, from  the  requirements  of  rural  telephone  transmission  and  signaling, 
and  from  Bell  System  experience  gained  with  earlier  carrier  systems  for 
customer  and  trunk  use.  The  low  cost  objective  for  this  system  also  im- 
plied the  need  to  achieve  an  appropriate  balance  among  an  economic 
first  cost  of  equipment,  low  in-place  cost  due  to  simplified  engineering 
and  installation  practices,  and  accompanying  low  annual  costs  due  in 
part  to  simplified  system  maintenance. 

To  achieve  an  economic  carrier  system  for  rural  telephone  use,  the  dc 
power  requirements  of  the  terminals  and  repeaters  had  to  be  kept  low. 

'  Lester  Hochgraf  and  R.  G.  Watling,  Telephone  Lines  for  Rural  Subscriber 
Service,  A.I.E.E.  Communication  and  Electronics,  No.  18,  p.  171,  Ma}',  1955. 

2  These  aspects  of  the  PI  system  are  covered  in  more  detail  in  four  papers  on 
"The  PI  Carrier  System."  A.I.E.E.  Communication  and  Electronics,  No.  24, 
pp.  188,  191,  195,  205,  May,  1956. 
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This  was  especially  important  since  previous  Bell  System  experience 
indicated  that  where  commercial  power  is  used  to  supply  the  system, 
some  form  of  reserve  must  be  provided,  and  where  commercial  power  is 
not  available,  the  use  of  primary  batteries  places  a  premium  on  mini- 
mizing the  power  i-equired. 

From  these  considerations  two  additional  major  objectives  were  de- 
rived :  low  manufacturing  costs  for  the  components  and  assembled  equip- 
ment, and  the  use  of  transistors  to  minimize  power  supply  drains.  In 
addition,  flexibility  was  needed  in  the  proposed  carrier  system  because 
of  the  difficulty  of  accurately  forecasting  the  demand  for  rural  service. 

These  objectives  have  been  met  in  the  design  of  the  Type  Pi  rural 
customer  telephone  system.  It  is  a  fully-transistorized  system  con- 
sisting of  independent  two-way  carrier  channels  applicable  in  increments 
of  one  to  four  at  a  time  in  the  frequency  band  above  the  regular  voice 
frequency  circuit.  Each  channel  uses  a  terminal  at  the  central  office  and 
at  a  remote  point  with  intermediate  repeaters  as  necessary.  Between 
terminals,  the  system  is  equivalent  to  a  rural  voice  frequency  line  with  no 
changes  required  in  the  central  office  or  rural  customer  equipment.  Be- 
yond the  outlying  terminal,  distribution  is  by  voice  frequency  wire  on 
a  single  or  multiparty  basis.  The  system  can  be  applied  to  existing  and 
new  lines  utilizing  combinations  of  fine  gauge  exchange  cable  and  copper 
or  steel  open- wire.  Systems  can  be  used  on  each  of  several  pairs  on  a 
given  pole  line,  the  number  depending  on  the  line  characteristics. 

3.    MAJOR   PARAMETERS   OF   PI    CARRIER   SYSTEM 

This  section  summarizes  the  important  features  incorporated  in  the 
PI  carrier  system  and  the  reasons  governing  their  choice.  The  system 
has  a  number  of  features  in  common  with  Bell  System  toll  carrier  sys- 
tems, but  it  also  differs  in  several  important  aspects  because  of  specific 
rural  requirements.  One  aspect  is  the  signaling,  which  requires  different 
arrangements  at  the  two  ends  of  the  circuit  because  of  the  widely'  differ- 
ent signals  carried  in  the  two  directions.  Another  is  that  the  remote  ter- 
minals of  the  individual  channels  are  usually  distributed  along  the  line 
rather  than  grouped  at  a  common  location. 

3.1     Transmission  Plan 

It  is  difficult  to  divorce  the  considerations  leading  to  the  choice  of 
carrier  frequency  range  from  those  affecting  the  choice  of  modulation 
in  the  carrier  system.  Studies  of  growth  on  rural  lines  indicated  that  a 
system  giving  three  or  four  channels  (customer  circuits)  on  one  pair  of 
wires,  in  addition  to  the  physical  circuit,  should  be  sufficient  if  systems 
could  be  applied  to  each  of  several  pairs  on  a  given  open-wire  line. 
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The  blocking  out  of  the  frequency  range  was  controlled  by  a  number 
of  factors.  Cost  considerations  required  that  the  carrier  frequencies  be 
kept  above  the  voice  frequency  range.  If  carrier  extended  into  the  voice 
range,  the  voice  frequency  circuit  would  be  lost  on  a  carrier  pair.  One 
of  the  carrier  channels  applied  to  that  pair  would  have  to  be  used  to  re- 
place it.  Thus,  the  addition  of  four  carrier  channels  to  a  pair  would  yield 
a  net  gain  of  only  three  channels.  This  in  turn  would  increase  the  net 
cost  per  gained  channel.  Filter  costs  determined  how  close  to  the  voice 
frequency  band  the  carrier  frequency  range  could  be  placed  and  in  con- 
junction with  the  number  of  channels  required  how  closely  the  channels 
could  be  placed  to  each  other. 

Crosstalk  considerations  restricted  the  carrier  frequency  range  to  below 
about  100  kc  in  order  to  reduce  the  cost  of  line  treatment  and  rearrange- 
ment of  pairs  on  existing  rural  lines.  By  using  this  frequency  range  it 
appeared  possible  to  apply  more  than  one  carrier  system  to  crossarms  on 
an  open-wire  route.  The  rapid  rise  in  attenuation  with  frequency  of  steel 
wire  used  on  rural  lines  dictated  that  the  range  of  frequencies  be  kept  low. 
As  a  result  of  these  two  sets  of  considerations,  development  work  on 
the  PI  carrier  system  was  concentrated  in  the  8-  to  100-kc  range. 

Amplitude  modulation  of  the  carrier  frequencies  was  chosen  over 
other  forms  of  modulation  because  of  the  simpler  terminal  circuitry 
and  equipment  and  because  of  the  saving  in  bandwidth.  Use  of  ampli- 
tude modulation  and  the  use  of  compandors,  discussed  in  a  later  section, 
were  felt  to  compensate  for  possible  transmission  advantages  that  could 
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be  obtained  by  using  angular  modulation  (frequency  or  phase)  with  a 
large  modulation  coefficient. 

Cost  was  again  a  major  factor  in  the  choice  between  double  sideband 
and  single  sideband  amplitude  modulation.  Past  experience  with  other 
carrier  systems  has  indicated  that  filters  are  a  major  part  of  the  cost  of  a 
system  and,  when  frequency  space  is  available,  double  sideband  filters 
are,  in  general,  less  expensive  than  those  for  single  sideband.  In  addition, 
the  cost  of  a  single  sideband  system  would  be  increased  because  of  the 
problem  of  obtaining  the  necessary  carrier  supply  at  the  terminal. 

The  frequency  plan  developed  for  the  PI  carrier  system  is  shown  in 
Fig.  1.  The  unusually  wide  carrier  spacing  of  12  kc  was  adopted  in  order 
to  minimize  filter  costs.  Since  the  remote  terminals  are  generally  distribu- 
ted along  the  line,  it  was  not  practical  to  use  double  modulation  to  ac- 
complish filtering  in  the  most  efficient  frequency  range.  Instead,  filtering 
was  done  at  line  frequencies.  Every  effort  was  made  to  achieve  channel 
filter  designs  with  maximum  efficiency  of  element  utilization.  Advantage 
was  taken  of  the  more  leisurely  rising  characteristics  of  the  double  side- 
band filters  permitted  by  the  wide  frequency  spacing. 

The  stackable  frequency  arrangement  Avas  provided  for  non-repeatered 
operation,  because  when  the  lowest  two  carrier  frequencies  are  used  to 
provide  a  channel,  it  can  be  used  over  substantially  longer  distances  than 
channels  using  higher  frequencies.  The  grouped  arrangements  were  pro- 
vided for  repeatered  systems  to  reduce  the  cost  and  number  of  the  re- 
peater filters  and  amplifers  needed  to  separate  the  two  directions  of 
transmission.  The  staggered  grouped  arrangement  can  be  used  with  the 
normal  grouped  arrangement  on  a  pole  line  having  poor  crosstalk  coup- 
ling in  order  to  increase  the  effective  coupling  loss  between  carrier 
channels  on  different  pairs.  The  grouped  and  stackable  arrangements 
cannot  be  used  on  the  same  pole  line,  because  certain  frequencies  would 
be  used  for  both  directions  of  transmission.  This  would  produce  large 
differences  between  transmitted  and  received  carrier  power  at  terminals 
and  repeaters  which  would  lead  to  intolerable  crosstalk. 

A  number  of  terminal  arrangements  were  studied  in  order  to  implement 
the  above  frequency  plan.  The  arrangement  for  a  remote  terminal  shown 
in  Fig.  2  was  chosen  as  the  simplest  terminal  meeting  all  of  the  system 
requirements.  It  is  very  similar  to  the  channel  terminal  arrangement 
used  in  the  Type  Nl  carrier  system,  another  double  sideband  amplitude 
modulation  sj^stem  used  for  long  distance  trunks  of  the  Bell  System.  The 
several  shaded  portions  in  the  figure  show  the  breakdown  of  the  terminal 
functions  into  individual  sub-units,  which  are  the  basis  for  the  equipment 
arrangements  discussed  in  Section  5  of  this  paper.  A  number  of  the  other 
important  features  that  make  up  the  terminal  arrangement  are  discussed 
in  the  following  sections. 
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3.2     Use  of  Transistors 

Transistors  were  chosen  for  use  in  the  PI  system  because  they  are  low 
voltage,  low  power  devices  as  compared  to  electron  tubes  suitable  for 
transmission  circuitry.  Also,  transistors  are  expected  to  be  lower  in  cost 
and  inherently  longer  life  devices  than  electron  tubes,  thus  contributing 
to  reduced  initial  and  operating  costs. 

The  dc  power  requirements  for  the  PI  system,  using  transistors,  may 
be  compared  to  those  for  a  channel  terminal  in  the  Type  Nl  system  as 
an  indication  of  the  dc  power  saving  that  has  been  achieved  with  the 
Pi  system.  A  transistorized  PI  terminal  requires  about  1.2  watts  while 
it  is  in  operation  compared  to  40  watts  required  for  an  Nl  terminal, 


INPUT 


OUTPUT 


'    ■  BATTERY 

Fig.  -3.  —  PI  transistor  transmitting  amplifier  circuit. 


which  represents  a  substantial  power  reduction  achieved  by  the  use  of 
transistors.  Because  part  of  the  PI  terminal  is  turned  off  during  idle 
periods,  the  average  power  required  over  a  day  is  about  0.9  watt. 

During  the  development  of  the  PI  terminals  it  was  found  that  a  single 
design  of  a  transistor  amplifier  could  be  used  in  se^'eral  different  places. 
These  included  the  compressor  and  expandor  amplifiers,  the  transmitting 
amplifier  and  the  input  portion  of  the  receiving  amplifier.  The  circuit 
for  that  amplifier  is  shown  in  Fig.  3. 

The  amplifier  uses  Western  Electric  NPN  grown  junction  type  tran- 
sistors coded  4B  for  the  voice  frequency  amplifiers  and  4C  transistors  for 
the  carrier  amplifiers.  The  first  transistor  is  connected  as  a  common  col- 
lector and  the  second  as  a  common  emitter.  By  using  them  in  this  man- 
ner it  is  possible  to  employ  the  same  type  of  transistor  in  both  stages. 
Feedback  is  obtained  by  using  hybrid  coils  at  both  the  input  and  output 
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of  the  circuit  in  much  the  same  manner  as  for  electron  tube  circuits.  One 
significant  difference  is  that  in  this  transistor  circuit  only  the  second 
transistor  introduces  a  180-degree  phase  shift.  This  permits  both  input 
and  output  coils  to  return  to  a  common  ground  as  in  a  three-tube  electron- 
tube  circuit  and  thereby  avoids  the  circuit  complications  of  a  two-tube 
circuit  where  one  of  the  coils  must  float  off  ground.  A  simple  resistance 
interstage  is  used  and  battery  filtering  completes  the  circuit. 

3.3  Low  Voltage  Protection 

Use  of  transistors  gave  rise  to  the  need  for  supplementary  protection 
from  voltage  surges  on  the  line  below  those  for  which  conventional  carbon 
blocks  afford  protection.  This  additional  protection  was  obtained  by 
using  the  reverse  voltage  breakdown  characteristics  of  newly  developed 
silicon-aluminum  junction  diodes  as  shown  in  Fig.  4.  Protection  is  pro- 
vided in  the  50-  to  1,000-volt  range  by  the  diodes  and  above  a  nominal 
value  of  750  volts  by  the  carbon  blocks.  During  the  normally  short  period 
of  operation  the  small  diodes  carry  a  current  of  up  to  10  amperes. 

3.4  System  Levels  and  Carrier  Line  Loss 

The  carrier  frequency  output  power  of  the  transistorized  transmitting 
amplifier  in  the  terminals  was  set  at  -|-6  dbm.  This  level  was  limited 
primarily  by  the  power  handling  capabilities  of  the  transistors  used.  Be- 
cause of  the  loss  of  the  secondary  protection  circuitry,  band  filters,  and 
the  line  transformer,  this  became  +4  dbm  at  the  carrier  line  terminals. 
This  is  equal  to  the  highest  carrier  power  transmitted  by  the  Type  Nl 
carrier  system.  With  50  per  cent  modulation  of  the  carrier,  the  effective 
sideband  level  at  the  transmitting  line  terminals  is  only  2  db  below  that 
transmitted  by  the  Type  0  carrier  system,  the  most  recent  carrier  system 
used  for  open-wire  long  distance  trunks  of  the  Bell  System. 
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Fig.  4  —  Secondary  protection  circuit  in  carrier  portion  of  PI  carrier  terminal. 
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The  +4  dbm  output  level  coupled  with  noise  and  crosstalk  considera- 
tions indicated  that  30-db  bare  carrier  line  loss  between  terminals  would 
be  possible.  A  survey  of  existing  and  planned  Bell  System  rural  telephone 
lines  indicated  that  substantial  amounts  of  entrance  cable  and  open  wire 
would  be  encountered  in  potential  carrier  layouts.  Calculations  of  carrier 
frequency  loss  of  those  facilities  showed  that  30-db  loss  would  not  be 
sufficient  to  care  for  all  of  the  necessar}^  rural  applications,  which  con- 
firmed the  need  for  carrier  repeaters. 

3.5  Compandors 

Compandors  were  incorporated  in  the  PI  system  because  their  several 
advantages  more  than  offset  their  added  cost.  The  crosstalk  and  noise 
advantage  provided  by  their  use  reduced  the  need  for  expensive  line 
treatment  to  reduce  crosstalk.  In  addition,  the  compandor  noise  advan- 
tage permitted  lower  received  carrier  levels  to  be  used,  thus  increasing 
the  permissible  carrier  line  loss.  Compandors  also  eased  the  requirements 
on  terminal  and  repeater  filters,  thus  reducing  filter  cost. 

The  compandor  in  the  PI  sj^stem  is  a  simplified  version  of  the  syllabic 
compandor  used  in  Type  Nl  and  0  carrier  systems,  but  its  performance 
is  comparable  to  those  units.  The  new  problem  of  matching  the  com- 
pressor and  expander  characteristics  in  PI  terminals  operating  in  differ- 
ent ambient  temperatures  has  been  simplified  by  the  use  of  silicon-alumi- 
num junction  diodes  in  the  compandor  variolossers  and  control  circuits. 

3.6  Channel  Regulation 

Channel  regulation  was  necessary  to  provide  satisfactory  transmission 
performance  and  keep  maintenance  adjustments  to  a  minimum.  The 
regulation  was  designed  to  compensate  for  daily  and  seasonal  carrier 
circuit  net  loss  variations  caused  by  changes  in  line  attenuation  with 
temperature.  It  would  be  desirable  to  have  the  terminal  regulation  range 
equal  to  30  db,  the  maximum  line  loss  that  can  be  spanned  between  the 
terminals,  to  ease  engineering  layout  considerations.  However,  cost  con- 
siderations led  to  a  15-db  range,  with  span  pads  used  where  required  by 
system  layout  to  adjust  the  received  carrier  power  to  the  center  of  the 
range  of  the  regulator. 

The  regulation  in  the  receiving  amplifier  is  of  the  backward-acting 
type.  A  reference  control  signal,  derived  from  the  receiving  amplifier 
output,  is  used  to  vary  the  loss  of  the  balanced  diode  variolosser  at  the 
amplifier  input.  The  regulator  "stiffness"  of  1.6-db  change  in  channel 
voice  frequency  output  for  15-db  variation  in  carrier  input  is  obtained 
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by  the  combination  of  the  rectified  control  signal  voltage  exceeding  the 
reference  voltage  of  a  silicon-aluminum  junction  diode  and  by  the  ex- 
pansion characteristic  of  the  variolosser.  The  variolosser  uses  a  specially 
coded  set  of  the  silicon  diodes  which  are  matched  for  both  ac  and  dc 
characteristics.  Modulation  products  introduced  by  the  variolosser  have 
been  kept  below  those  produced  in  the  associated  receiving  demodulator. 

3.7  Signaling 

The  need  to  transmit  customer  signaling  information  over  a  carrier 
channel  required  the  development  of  means  of  passing  dialing  and  super- 
vision signals  toward  the  central  office.  It  also  required  passing  ringing 
information  to  the  remote  terminal  for  the  types  of  multiparty  ringing 
generally  used  in  the  Bell  System,  including  four-party  selective  service, 
eight-party  semi-selective  service  and  divided  code  ringing. 

These  requirements  were  met  in  such  a  way  that  the  carrier  system 
can  be  inserted  into  a  normal  voice  frequency  circuit  and  function  with- 
out requiring  any  change  in  the  existing  signaling  equipment  in 
the  central  office  or  in  the  customer's  telephone.  The  central  office  ter- 
minal is  activated  by  20-cycle  ringing  signals  which  are  reproduced  at 
the  remote  terminal.  The  remote  terminal  is  activated  by  switchhook 
signals  and  dial  pulses  which  are  reproduced  at  the  central  office  termi- 
nals. Thus,  the  two  directions  of  signaling  require  completely  different 
circuits.  A  block  schematic  of  the  arrangement  used  is  shown  in  Fig.  5. 

3.7.1  Ringing 

The  customer  signaling  originating  in  Bell  System  central  offices  con- 
sists of  20  cycles  superimposed  on  plus  or  minus  battery  and  applied 
between  either  tip  or  ring  and  ground.  These  signals  control  the  trans- 
mission over  the  PI  carrier  system  of  three  in-band  frequency  tones,  the 
proper  combination  of  two  of  them  serving  to  select  the  party  to  be  rung 
from  the  far  end.  The  third  tone  (2,500  cycles),  modulated  at  a  20-cycle 
rate,  carries  the  information  as  to  whether  20-cycle  ringing  is  present  or 
absent.  In-band  frequencies  were  chosen  to  encode  ringing  information 
for  transmission  over  the  carrier  channel  because  of  the  substantially 
lower  cost  of  in-band  filters  as  compared  to  those  required  for  out-of-band 
transmission. 

The  three  signaling  tones  are  generated  by  three  transistor  tone  oscil- 
lators incorporated  in  a  PI  central  office  terminal.  One  set  of  three  oscil- 
lators can  be  arranged  to  supply  four  central  office  channel  terminals. 

The  transmission  of  the  tones  is  controlled  by  three  diode-operated 
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keyers  which,  function  independently,  depending  on  the  nature  of  the 
ringing  signal.  The  2,500-cycle  keyer  responds  to  20  cycles  applied  to 
either  the  tip  or  ring  conductors.  The  gating  diode  is  back  biased  about 
3  volts  to  prevent  random  noise  peaks  from  operating  it.  The  l,7oO-cycle 
keyer  responds  to  any  ringing  signal  applied  to  the  tip  circuit.  A  diode 
oppositely  poled  to  the  gating  diode  has  a  high  breakdown  so  that  any 
reverse  voltage  peaks  leaking  through  to  it  will  not  open  the  gate.  The 
1,150-cycle  keyer  responds  to  20-cycle  ringing  voltage  superimposed  with 
either  plus  bias  voltage  applied  to  the  tip  or  with  minus  bias  voltage 
applied  to  the  ring  conductor. 

At  the  remote  terminal  the  signaling  tones  are  each  selected  at  the 
output  of  the  expandor  by  tuned  circuits,  amplified  by  a  transistor  and 
rectified  to  activate  relays  controlling  the  customer  ringing.  The  2,500- 
cycle  tone  interrupted  at  a  20-cycle  rate  controls  the  remote  ringing  gen- 
erator, the  1,750-cycle  tone  determines  whether  ringing  is  to  be  on  the 
tip  or  ring  side  of  the  line,  and  the  1,150-cycle  tone  whether  the  bias  ap- 
plied to  the  line  is  positive  or  negative. 

The  ringing  power  at  the  remote  terminal  is  provided  by  a  3,000-cycle 
transistor  oscillator  which  uses  a  2-watt  6A  transistor  in  the  second  of 
its  two  stages,  as  shown  in  Fig.  6.  The  rectified  output  of  the  oscillator 
is  pulsed  at  a  20-cycle  rate  by  a  relay  controlled  by  the  2,500-cycle  in- 
band  tone  and  applied  to  the  line  through  a  low-pass  filter  ip  reduce  the 
harmonic  content  of  the  ringing  signal.  Positive  or  negative  bias  is  pro- 
vided from  one  of  two  clamper  diodes.  In  order  to  obtain  sufficient  power 
from  the  ringing  generator,  two  electrolytic  capacitors  are  used  in  a  volt- 
age doubler  configuration.  The  ringing  generator  draws  nearly  500  mils 
of  battery  current  w^hich,  by  PI  standards,  is  a  heavy  power  drain.  In 
order  to  keep  this  drain  to  a  minimum,  the  ringing  generator  is  activated 
only  during  the  ringing  period.  Also  the  generator  is  connected  to  the 
customer's  line  only  during  the  ringing  period  to  remove  its  shunting 
effect  on  the  talking  circuit. 

3.7.2  Supervision  and  Dialing 

Carrier  on-off  signaling  was  chosen  to  transmit  supervision  and  dialing 
signals  from  the  customer  to  the  central  office.  This  method  was  used 
because  of  the  ease  of  implementing  it  and  because  of  savings  in  dc  power 
drain  at  the  remote  terminal  achieved  by  transmitting  the  carrier  from 
that  terminal  to  the  central  office  only  during  the  off-hook  condition. 

An  off -hook  signal  on  the  voice  frequency  extension  of  the  remote  ter- 
minal, caused  by  the  customer  lifting  his  handset,  is  used  at  the  remote 
terminal  to  activate  the  transmitting  amplifier  and  to  remove  a  short- 
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circuit  from  its  input.  This  results  in  carrier  being  transmitted  to  the 
central  office  terminal,  where  it  causes  relays  in  the  terminal  to  recreate 
the  customer's  line  short  across  the  line  connecting  the  ccntnil  office 
carrier  terminal  and  the  central  office  switching  eciuipment. 

Dialing  at  the  customer's  instrument  alternately  opens  and  shorts 
the  voice  frequency  extension  at  each  dial  pulse.  Opening  of  the  line 
operates  a  relay  in  the  remote  terminal  which  short-circuits  the  transmit- 
ting amplifier  input  and  causes  the  relays  in  the  central  office  to  follow 
the  pulsing  of  the  received  carrier,  recreate  the  dial  pulses  there,  and 
operate  the  central  office  smtching  equipment. 

3.8  Repeater 

Repeaters  are  used  in  the  PI  system  whenever  the  line  transmission 
loss  exceeds  the  maximum  that  the  terminals  can  accommodate.  The 
repeaters  use  transistors  for  gain  instead  of  electron  tubes,  but  otherwise 
are  schematically  very  much  like  previous  repeaters  as  shown  in  Fig.  7. 
The  two  directions  of  transmission  have  similar  functions  differing  only 
in  the  frequency  band  that  is  amplified  and  the  options  that  are  used  in 
the  gain  regulating  circuits. 

Identical  high-low  pass  directional  filters  at  each  end  of  the  repeater 
separate  the  directions  of  transmission  into  the  high  and  low  frequency 
groups.  Optional  phase  correction  sections  for  these  directional  filters  are 
used  along  a  line  to  improve  the  phase  characteristics  in  the  cut-apart 
region.  The  directional  filters  are  connected  to  the  line  through  the  same 
line  matching  coils  and  secondary  protection  circuits  used  in  the  termi- 
nals. Repeater  input  span  pads  are  used  to  build  out  the  line  loss  to  its 
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Fig.  7  —  PI  repeater  block  schematic. 
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Fig.  8  —  PI  repeater  gain-frequency  characteristic. 


proper  value  for  the  nonregulated  repeater  and  to  adjust  the  power  of 
the  received  carriers  to  the  center  of  the  regulator  range  for  a  regulated 
repeater.  The  output  span  pads  are  used  where  it  is  necessary  to  adjust 
the  repeater  output  power  in  order  to  equalize  levels  between  a  PI  sys- 
tem and  other  PI  systems  or  other  types  of  carrier  systems  operating  on 
the  same  open  wire  line.  These  pads  provide  attenuation  in  2  db  steps 
up  to  30  db. 

The  repeater  amplifiers  were  designed  to  have  a  wide  enough  frequency 
band  to  cover  both  high  and  low  groups  of  frequencies,  so  that  each  re- 
peater contains  two  identical  amplifiers.  Each  amplifier  has  three  transis- 
tors with  each  stage  connected  as  a  common  emitter.  Western  Electric 
Company  PNP  7B  and  6B  transistors  are  used  in  the  first  and  last  stages, 
respectively,  and  a  NPN  type  4C  transistor  is  used  in  the  second  stage. 
Local  feedback  is  required  around  each  transistor  to  reduce  the  gain 
spread  and  phase  variations  among  units.  Overall  feedback  is  obtained 
around  the  three  transistors  with  hybrid  coils  at  input  and  output. 

The  repeater  equalizer  characteristic  represents  a  compromise  for 
several  types  of  transmission  facilities  generally  encountered  in  the  rural 
plant.  The  equalizer  design  also  covers  both  the  high  and  low  freciuency 
groups  so  that  identical  equalizers  are  used  for  both  the  high  group  and 
low  group  sides  of  the  repeater. 

A  preUminary  characteristic  for  the  overall  repeater  gain  is  shown  in 
Fig.  8  plotted  against  the  design  objective.  There  is  a  significant  depar- 
ture in  shape  only  at  the  cut-apart  frequencies.  This  will  be  corrected 
sufficiently  to  permit  as  many  as  four  repeaters  to  be  used  in  tandem. 
As  the  design  objective  is  a  compromise  of  the  loss  of  several  types  of 
lines  that  may  be  encountered  in  the  use  of  this  system,  the  departures 
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Fig.  9  —  PI  Repeater  amplifier  gain-frequencj'  characteristic. 


in  system  performance  may  vary  considerably  from  that  shown.  The 
repeater  ampUfier  gain  frequency  characteristic,  plotted  in  Fig.  9,  shows 
a  non-regenerative  peak  gain  of  the  three-stage  transistor  amplifier  of 
80  db  and  a  feedback  gain  characteristic  of  50  db.  This  provides  20  db 
or  more  of  feedback  over  the  transmitted  band  to  produce  the  necessary 
operating  stability  with  temperature  and  power  supply  variations,  and 
a  working  value  of  modulation  svippression. 

3.9  Repeater  Regulation 

Repeater  regulation  will  be  furnished  as  an  option  where  variations 
in  line  loss  exceed  the  terminal  regulating  range.  It  will  usually  be  neces- 
sary on  sj-^stems  employing  more  than  one  repeater  in  order  to  control 
noise  performance.  Repeater  regulation  in  the  direction  of  transmission 
from  central  office  to  remote  terminal  is  controlled  by  the  total  carrier 
power  of  the  channels  working  on  one  system.  In  the  opposite  direction, 
the  repeaters  will  regulate  on  a  low  level  carrier  frequenc}''  pilot  because 
the  channel  carriers  are  not  always  present  in  that  direction  of  transmis- 
sion due  to  their  signaling  function.  The  pilot  frecpencies  are  showTi  in 
Fig.  1. 

The  repeater  regulator,  shown  in  schematic  form  in  Fig.  10,  functions 
in  much  the  same  manner  as  the  terminal  regulator.  The  principal  dif- 
ferences between  the  two  regulators  arise  from  the  requirement  that 
interchannel  modulation  must  be  appreciably  less  than  1  per  cent  in  the 
repeater.  To  limit  the  contribution  of  the  repeater  regulator  to  a  small 
value,  the  variolosser  operates  into  a  lower  impedance  and  at  a  higher 
control  current  than  used  in  the  channel  regulator. 
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The  input  section  to  the  control  amphfier  is  either  a  flat  bridging  pad 
for  the  case  where  all  carriers  are  always  present  on  the  line  or  a  pilot 
pick-off  filter  and  its  associated  single  transistor  amplifier  where  carriers 
are  turned  on  and  off  for  supervision.  The  latter  extra  amplifier  is  neces- 
sary because  the  pilot  power  is  20  db  below  the  power  in  each  normal 
carrier. 

The  regulator  stiffness  provided  by  the  repeater  regulator  results  in 
a  variation  of  1  db  in  output  carrier  power  for  a  10-db  variation  in  re- 
ceived total  carrier  or  pilot  power. 

4.    COMPONENTS 

Development  of  the  passive  components  of  the  PI  carrier  system, 
including  the  various  filters  and  other  networks,  were  influenced  by 
three  major  considerations.  The  manufacturing  cost  had  to  be  as  low  as 
possible  consistent  with  the  traditional  standards  of  Bell  System  service 
life.  The  components  had  to  lend  themselves  to  maximum  utilization  of 
the  printed  wiring  techniques  to  be  used  as  the  basic  equipment  method. 
And  lastly,  advantage  wherever  possible  was  to  be  taken  of  the  fact  that 
transistors  are  low"  power  devices. 

4.1  Filters 

Component-wise,  filters  are  the  most  important  single  assembly  de- 
termining the  first  cost  of  a  carrier  system  employing  frequency  division 
multiplexing  and  frequency  separation  for  obtaining  equivalent  four-wire 
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Fig.  10  —  PI  Repeater  regulator  block  schematic. 
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Fig.  11  —  Miniaturized  inductor  for  PI  carrier. 

operation  on  the  line.  Past  experience  has  shown  that  one-quarter  or 
more  of  the  first  cost  is  often  chargeable  to  the  various  filter.  The  decision 
to  employ  double  sideband  modulation  was  largely  based  on  the  knowl- 
edge that  when  frequency  space  is  available  the  double  sideband  channel 
filters  are  generallj'  the  least  expensive. 

With  this  decision  made,  every  effort  was  directed  toward  the  achieve- 
ment of  channel  filter  designs  of  maximum  efficiency  in  element  utiliza- 
tion. Inexpensive  wide-limit  capacitors  were  used,  and  the  desired  per- 
formance achieved  through  the  use  of  an  adjustable  ferrite  inductor 
expressly  developed  for  the  PI  system.  The  filters  are  rapidly  adjusted  in 
the  manufacturing  process  using  visual  display  testing  circuits. 

4.2  Inductors 

The  inductor  which  makes  this  possible  is  shown  in  Fig.  11.  It  is  de- 
signed for  printed  wiring  use  and  provides  a  wide  range  of  inductance 
while  maintaining  excellent  "Q"  performance  in  the  carrier  and  voice 
range.  This  is  accomphshed  in  a  single  basic  design  by  so  selecting  the 
winding  for  particular  nominal  inductances  that  the  air-gap  adjustment 
remains  at  or  near  its  most  efficient  setting.  Inductors  of  this  tj^pe  were 
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used  not  only  in  all  the  channel,  demodulator,  and  signaling  filters  in 
the  terminal  and  in  the  directional  filters  at  the  repeater,  but  also  in  the 
channel  oscillators  and  other  parts  of  the  circuitry  where  an  inexpensive, 
adjustable  element  offered  manufacturing  or  service  advantages. 

4.3  Capacitors 

Most  of  the  wide-limit  capacitors  used  in  the  filters  are  of  the  com- 
mercially available  molded  mica  type.  Where  the  capacitance  values 
would  require  large  and  expensive  mica  units  both  in  filters  and  other  parts 
of  the  circuit,  newly  available  foil-Mylar  capacitors  were  used.  These  take 
the  form  of  very  small  pigtail  units  in  a  range  of  physical  sizes  similar 
to  those  of  the  solid  tantalum  capacitors  described  below.  The  Mylar 
capacitors  have  low  working  voltages  in  these  miniature  sizes  and  can 


Fig.  12  —  Prototype  solid  tantalum  capacitors  for  PI  carrier. 
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be  employed  because  of  the  low  voltage  protection  provided  for  the  tran- 
sistorized circuits.  Both  cost  and  space  savings  an;  realized  in  these  ca- 
pacitors since  no  cans  or  potting  are  rerjuired  due  to  the  stability  of  the 
Mylar  dielectric  under  moisture  exposure. 

Another  new  type  of  capacitor  has  foinid  widesprc^ad  use  in  the  PI 
system.  This  is  a  solid  tantalum  electrolytic  capacitor  used  in  place  of 
the  usual  paste  or  liquid  electrolytic  capacitor.  The  solid  electrolyte  is 
manganese  dioxide  deposited  upon  the  capacitor  surfaces.  The  anode  is 
made  from  tantalum  metal  and  upon  its  surfaces  is  deposited  the  tanta- 
lum oxide  which  forms  the  dielectric.  The  cathode  is  an  enveloping  metal 
completing  the  capacitor  structure.  This  new  design  of  capacitor  is  now 
available  in  values  up  to  100  microfarads  in  a  very  small  volume.  It  is 
expected  to  be  less  expensive  than  other  electrolytic  capacitors  while  at 
the  same  time  providing  a  rugged  structure  which  is  relatively  inert  elec- 
trochemically  and  which  has  better  stability  in  operation  and  storage. 
Fig.  12  shows  prototype  models  of  typical  solid  tantalum  units. 

4.4  Transformers 

Transformer  needs  in  the  PI  system  are  met  by  two  miniature  struc- 
tures wliich  were  made  possible  by  the  use  of  low  power  transistor  cir- 
cuits. The  carrier  frequency  units  employ  a  manganese  zinc  ferrite  core,  a 
spool  winding  and  wire  terminals  which  permit  assembly  on  printed 


Fig.  13  —  Carrier  and  voice  frequency  transformers  for  PI  carrier. 
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Fig.  14  —  Example  of  PI  carrier  line  network. 

wiring  boards.  They  are  potted  with  an  asphalt  compound  in  a  cyhndri- 
cal  ahiminum  can.  The  voice  frequency  transformers  are  wound  on  lam- 
inated core  structures  of  permalloy.  The  units  are  potted  in  an  epoxy 
resin  in  rectangular  aluminum  cans.  The  terminal  plate  carrying  the 
wire  terminals  for  mounting  is  a  cast  unit  of  a  styrene  polyester.  Both 
types  of  transformer  are  shown  in  Fig.  13. 

4.5  Ldne  Networks  and  Filters 

Also  deserving  mention  is  a  new  series  of  line  networks  and 
filters  (which  do  not  form  part  of  either  the  terminal  or  repeater  equip- 
ment) with  specific  functions  described  in  Section  7.  All  of  the  networks 
have  been  designed  with  the  same  tj^pe  mounting  arrangement  sho'RTi 
in  Fig.  14  with  two  sizes  used  depending  on  the  number  of  components 
housed.  The  networks  are  cast  in  a  styrene  poh^ester.  High  voltage  pro- 
tection is  self-contained  and  sturdy  terminals  are  provided  for  bridle 
wire  connection.  By  means  of  side  slots  in  the  casting  the  network  is 
mounted  on  a  wedge-shaped  holder  which  is  fastened  to  the  crossarm  or 
pole.  A  flexible  rubber  cover  is  snapped  over  the  face  of  the  network  to 
protect  against  weather  effects. 

5. EQUIPMENT   ARRANGEMENTS 

The  emphasis  placed  on  economy  in  this  development  project  made 
it  necessary  to  consider  a  number  of  different  approaches  before  deciding 
on  the  physical  arrangement  pro^'ided  for  both  central  office  and  pole 
mounted  equipment.  At  both  locations  the  terminals  for  each  channel 
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Fig.  15  —  Front  and  back  of  typical  printed  wiring  board. 


were  treated  on  an  independent  basis,  thus  providing  maximum  flexibil- 
ity in  application.  While  the  use  of  transistors  made  it  possible  to  take 
advantage  of  miniaturized  components,  the  major  emphasis  in  design 
has  not  been  on  miniaturization;  instead  it  has  been  to  achieve  low  manu- 
facturing costs,  simplicity  of  engineering  and  installation,  and  a  mini- 
mum of  maintenance  effort.  The  recent  trend  toward  automation  in 
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manufacture  of  electronic  equipment  has  also  influenced  the  design  to  a 
great  extent. 

5.1  Printed  Wiring  Boards 

To  best  meet  these  objectives,  use  has  been  made  of  plug-in  units  which 
have  proved  successful  in  other  carrier  systems,  such  as  the  Nl  and  0. 
The  assembly  technique  used  here,  however,  is  an  entirely  new  approach 
for  carrier  equipment  in  that  the  plug-in  unit  consists  of  a  printed  wiring 
board  on  which  all  components  are  mounted.  Printed  wiring,  which  is  a 
comparatively  new  engineering  technique,  was  selected  because  of  its 
applicability  to  automatic  assembly,  including  mass  soldering  of  con- 
nections. In  addition,  the  use  of  printed  wiring  greatly  simplifies  testing 
and  inspection  and  assures  a  more  uniform  product.  The  two  sides  of  a 
typical  printed  wiring  board  are  shown  in  Fig.  15. 

5.2  Interconnection  of  Boards 

The  interconnection  of  the  various  plug-in  units  or  printed  wiring 
boards,  required  to  make  up  a  complete  PI  terminal  or  repeater,  is  ac- 
complished by  means  of  a  wire  connector  specifically  developed  for  this 
project.  Basically,  the  connector  consists  of  a  number  of  accu- 
rately spaced  bare  wires  running  parallel  to  each  other  and  imbedded 
in  cross  member  strips  of  insulating  plastic  material.  At  fixed  intervals 
the  wires  are  exposed,  and  this  is  where  contact  is  made  to  terminal  con- 
nectors mounted  on  the  printed  wiring  boards.  These  terminal  connec- 
tors, shown  in  Fig.  16,  are  made  of  spring  tempered  phosphor  bronze 


Fig.  16.  —  Closeup  of  terminal  connectors. 
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and  consist  of  bifurcated  cantilever  springs,  providing  a  total  of  four 
contacts  for  each  connection. 

As  can  be  seen  in  Fig.  17,  the  wire  connector  is  actually  a  molded  phe- 
nolic box  into  which  are  inserted  all  of  the  printed  wiring  boards  that 
make  up  a  complete  terminal  or  repeater.  The  terminal  connectors  on 
the  boards  thus  engage  the  wires  that  are  imbedded  in  the  back  of  the 
connector.  To  insure  contact  reliability,  a  finish  of  precious  metal  is  pro- 
vided on  both  the  wires  of  the  connector  and  the  terminal  connectors  on 
the  board.  Additional  flexibility  in  the  interconnection  of  the  boards  is 


Fig.  17  —  Prototype  model  of  connector 
box  unequipped  showing  grid  wires. 


Fig.  18  —  Typical      terminal     netw( 
mounted  in  a  prototype  connector  b( 
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obtained  by  cutting  the  wires  at  various  points  by  simply  drilling  holes 
in  the  phenol  structure  supporting  the  wire. 

5.3  Terminal  and  Repeater  Mounting 

A  complete  terminal  ready  for  installation  at  a  remote  location  is  shown 
in  Fig.  18.  The  top  position  in  the  connector  is  shown  vacant.  This  is 
where  the  connections  to  line  and  power  supply  are  made  by  means  of 
another  plug-in  printed  wiring  board  with  attached  flexible  wiring  for 
the  external  connections. 


Fig.  19  —  PI  carrier  remote  terminal  in  pole  mounted  cabinet. 
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The  equipment  described  here  is  equally  adaptable  to  central  office 
mounting  and  pole  mounting  at  remote  locations.  At  the  remote  loca- 
tions, however,  it  is  necessary  to  provide  the  equipment  with  an  outer 
housing  which  gives  protection  from  all  kinds  of  weather  and  even  from 
moisture  condensation.  The  opened  housing  is  shown  in  Fig.  19.  Fig.  20 
shows  a  typical  remote  mounting  of  the  housing  on  the  left.  In  previous 
electron  tube  carrier  systems  the  amount  of  heat  generated  by  the  equip- 
ment itself  was  sufficient  to  pre\'ent  moisture  condensation.  In  the  case 


Fig.  20  —  Example  of  remote  mounting  of  PI  terminal  and  ac  power  supply. 
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of  the  PI  carrier,  however,  the  heat  dissipation  during  the  idle  period  is 
less  than  1  watt  for  the  entire  terminal.  To  prevent  condensation,  the 
housing  or  apparatus  case  is  sealed  by  means  of  a  neoprene  gasket.  To 
further  reduce  the  moisture  content  of  the  trapped  air,  the  use  of  a  desic- 
cant  is  specified.  The  apparatus  case  is  made  of  die-cast  aluminum  with 
the  outside  walls  finished  in  white  enamel  to  keep  heat  absorption  to  a 
minimum.  The  system  was  designed  to  operate  between  temperature 
extremes  of  —  40°F  and  +140°F.  This  limitation  might  necessitate  the 
additional  installation  of  sun  shields  in  a  few  cases  where  extreme  temper- 
atures prevail. 

The  terminal  equipment  at  the  central  office  makes  use  of  the  same 
type  of  printed  wiring  boards  plugged  into  a  connector  as  used  at  the 
remote  location.  In  the  central  office,  however,  the  outer  housing  is  dis- 
pensed with  and  the  connector  is  mounted  on  mounting  brackets 
on  standard  relay  racks.  The  relay  rack  layouts  can  be  arranged  in  a 
number  of  ways  to  suit  the  particular  installation,  since  no  shop  wired 
bays  are  used.  A  tj^pical  11'6"  relay  rack  layout  will  provide  for  10  ter- 
minals. No  line  jacks  or  alarm  features  are  provided  and  fusing  may  be 
obtained  from  existing  fuse  boards  in  the  office.  The  equipment  also 
lends  itself  to  wall  mounting  in  locations  where  relay  rack  space  is  not 
available. 

5.4  Testing  and  Maintenance  Features 

One  great  advantage  of  the  equipment  design  used  in  the  PI  carrier 
system  is  the  ease  with  which  an  entire  terminal  or  repeater  can  be  trans- 
ported to,  and  installed  at,  a  remote  location.  In  case  of  trouble,  the 
entire  equipment  unit,  be  it  a  terminal  or  a  repeater,  can  be  readily  re- 
placed. It  is  not  expected  that  the  maintenance  man  will  attempt  to 
replace  an  individual  printed  board  at  a  remote  location;  however,  this 
procedure  is  perfectly  feasible  in  a  central  office.  To  facilitate  the  loca- 
tion of  trouble  in  a  unit,  the  various  boards  are  provided  with  test  points 
located  at  the  outer  end  of  the  boards  so  as  to  be  easily  accessible  to  the 
maintenance  man. 

Certain  precautions  will  have  to  be  taken  at  central  repair  centers  in 
replacing  defective  individual  components  in  order  not  to  damage  the 
printed  wiring.  Too  much  heat  applied  by  a  large  soldering  iron  will  de- 
stroy the  adhesive  bond  between  the  copper  conductor  and  the  phenolic 
board,  but  repair  can  be  made  under  certain  controlled  conditions.  A 
limited  amount  of  wiring  modifications  can  also  be  made  to  the  printed 
wiring  by  inserting  strap  wires  in  place  of  components. 
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6.    POWER   SUPPLIES 

The  design  of  a  carrier  system  with  low  power  drain  made  possible  the 
development  of  a  low-cost,  reliable  dc  power  supply  for  the  carrier  equip- 
ment. Because  the  central  office  carrier  terminal  was  designed  to  utilize 
standard  central  office  voltages  (24  or  48  volts),  onl}'  the  power  supply 
for  the  remote  equipment  will  be  described  here. 

Early  exploratory  studies  showed  that  conventional  power  supply- 
designs  would  miss  the  first  and  annual  cost  objective  by  an  uncomforta- 
ble margin.  A  number  of  unconventional  approaches  were  studied: 

(a)  Storage  batteries  charged  over  the  carrier  line. 

(b)  Storage  batteries  placed  in  service  with  full  charge  and  removed 
to  a  central  point  for  recharging. 

(c)  Solar  power  plants. 

(d)  Wind  power  plants. 

(e)  Thermoelectric  power  plants. 

(f)  Dry  cells. 

In  all  of  the  above  cases  the  power  plant  was  either  too  costty,  too 
large,  or  technicalh-  unfeasible,  and  none  could  prove  in  ovev  the  con- 
ventional conversion  of  ac  to  dc  where  commercial  power  is  available. 
This  was  true  despite  need  for  a  storage  batterj-  to  operate  the  s^-stem 
during  ac  power  failure  intervals  and  to  provide  peak  ringing  power. 

6.1  AC  Rectifiier-Storage  Battery  Plant 

The  basic  elements  of  the  power  plant  circuit,  as  shown  in  Fig.  21,  are 
the  con\-ersion  section  represented  by  the  step-down  transformer  Tl  and 
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Fig.  21  —  Schematic  of  ac  rectifier-battery  power  supply 
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the  semiconductor  rectifier  bridge  CRl,  the  voltage  control  circuit  rep- 
resented by  that  part  of  Fig.  21  enclosed  in  dashed  lines,  and  the  energy- 
storage  circuit  represented  by  the  battery. 

Rectification  is  obtained  with  germanium  rectifiers  that  are  very  effi- 
cient, have  long  life  with  negligible  aging,  and  are  very  compact  phys- 
ically. The  output  of  this  rectifier  is  not  constant,  because  the  output 
voltage  will  vary  with  the  ac  input  voltage  and  the  dc  load  current  drawn 
by  the  carrier  terminal.  Thus  a  i-egulating  circuit  must  be  provided. 

The  regulating  network  senses  the  voltage  across  the  battery  and 
compares  this  voltage  to  a  reference  obtained  from  a  silicon  junction 
diode  biased  in  the  reverse  dirction.^  Any  error  in  the  output  voltage 
is  converted  to  a  current  signal  in  the  first  amplifier  stage  and  amplified 
by  the  second  stage  transistor  Q2.  The  amplified  error  current  is  then 
used  to  control  the  impedance  of  transistor  Ql  which  acts  as  a  current 
shunt  around  the  battery. 

The  fundamentals  of  the  operation  of  this  regulating  system  are  shown 
in  Fig.  22.  If  the  load  voltage  is  too  high,  the  network  adjusts  the  re- 
sistance of  transistor  Ql  so  that  some  of  the  rectifier  output  current  is 
shunted  around  the  load.  The  load  voltage  will  then  return  very  quickly 
to  the  regulated  value.  Because  the  rectifier  circuit  must  not  be  over- 
loaded by  a  discharged  battery,  some  form  of  current  limiting  must  be 
provided;  this  is  automatically  taken  care  of  by  resistor  Rl.  The  rectifier 
is  capable  of  supplying  indefinitely  the  current  that  would  be  drawn  to 
charge  a  battery  after  a  very  long  power  failure. 

The  storage  battery  is  shown  in  Fig.  23  near  the  bottom  of  the  power 
plant  housing.  It  is  a  new  design  with  a  hfgh  specific  gravity  sulphuric 

^  D.  H.  Smith,  Silicon  Allo}^  Junction  Diode  as  a  Reference  Standard,  A.I.E.E., 
Communication  and  Electronics,  No.  16,  pp.  645-651,  Jan.  1955. 
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Fig.  22  —  Simplified  schematic  and  regulation  characteristic  of  ac  power  supply 
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Fig.  23  —  PI  carrier  ac  power  plant  in  cabinet  for  pole  mounting. 


acid  electrolyte  for  good  low  temperature  operation  and  lead  calcium 
alloy  electrodes  for  long  life.  The  battery  has  10  cells  housed  in  two  jars 
of  five  cells  each.  It  is  operated  at  about  23.5  volts  and  weighs  about 
ten  pounds.  It  provides  about  six  days'  reserve  for  a  remote  terminal  or 
about  two  days  for  a  remote  repeater.  The  battery  should  not  freeze  at 
temperatures  as  low  as  40°F,  but  the  storage  capacity  may  be  reduced 
90  per  cent  at  this  extreme.  The  battery  is  mounted  on  steps  so  that  the 
electrolyte  level  can  be  seen  through  the  transparent  plastic  batterj^ 
jars.  Fig.  23  also  shows  the  compact  packaging  of  the  entire  power  supply 
within  the  same  type  of  aluminum  housing  as  used  for  the  carrier  termi- 
nal. A  tj^pical  pole  mounted  installation  is  shown  in  Fig.  20.  Fig.  24  is  a 
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close-up  of  the  bottom  of  the  rectifier  chassis  which  shows  the  regulating 
network  mounted  on  a  printed  wiring  board. 

6.2  Air  Cell  Primary  Battery  Plant 

Because  ac  will  not  be  readily  available  at  all  remote  locations,  an 
alternate  power  supply  has  been  de^•eloped  and  this  is  shown  in  Fig.  25. 


PI   aoj    volts 


Fig.  2-i  —  Close-up  of  Ijottom  of  rectifier  chassis. 
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The  alternative  supply  uses  oxj-gen-depolarized  primary  cells  having 
an  alkaline  electroMe,  and  has  been  used  for  many  \'ears  in  railway 
signaling  circuits  and  in  the  telephone  plant.  Sixteen  batter}-  cells  are 
connected  in  series  to  provide  enough  power  for  three  years  of  operation 
of  a  remote  terminal  or  about  one  year  for  a  remote  repeater.  The  battery 
is  discarded  when  fulh-  discharged  and  is  then  replaced  by  a  new  battery. 

7.    APPLICATIOX   OF   PI    CARRIER  TO    RURAL   TELEPHONE   LINES 

The  Pi  carrier  system  is  to  be  applied  to  normal  exchange  loop  plant 
facilities  engineered  in  accordance  with  the  present  Resistance  Design 


Fig.  25  —  Primary  battery  power  plant. 
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Methods  used  generallj^  throughout  the  Bell  System.*  These  facilities 
consist  of  mixed  gauges  of  high  capacitance  cable  extended  at  their  outer 
ends  by  109-mil  steel,  104  mil-copper  or  copper  steel  open  wire. 

In  engineering  the  carrier  line  design  or  carrier  layout,  the  Plant  Engi- 
neer will  determine  the  carrier  line  laj^out  necessary  to  meet  the  over-all 
requirements  for  a  suitable  carrier  transmission  path  on  the  available 
physical  facilities.  To  do  so  he  need  only  be  familiar  with  the  general 
capabilities  of  the  carrier  system,  its  basic  "building  blocks,"  and  the 
limitations  that  must  be  considered  in  applying  the  system  to  the  physi- 
cal line.  The  capabilities  of  the  carrier  system  have  been  described  in 
earlier  sections.  From  those  descriptions  it  can  be  seen  that  the  basic 
"building  blocks"  for  a  PI  carrier  system  are: 

1.  Central  office  channel  terminals 

2.  Remote  channel  terminals 

3.  Repeaters 

4.  Ac  or  dc  remote  terminal  and  repeater  power  supplies 

5.  Carrier  line  networks  and  filters 

A  carrier  application  of  these  "building  blocks"  is  shown  in  schematic 
form  in  Fig.  26. 

The  low-pass  filters  or  carrier  blocking  networks  shown  are  placed  at 
the  junctions  of  the  carrier  line  and  side  leads  of  customer  drops  served 
by  ph}' sical  or  derived  voice  frequency  circuits  on  the  base  carrier  facil- 
ity. These  filters  are  required  to  reduce  the  bridging  loss  of  the  side  leads 
at  carrier  frequencies  and  to  keep  carrier  frequencies  out  of  the  customer 
drops  to  prevent  annoyance  to  the  customers.  High-pass  filters  are  pro- 
vided to  make  the  carrier  line  continuous  at  carrier  frequencies,  but 
divide  it  into  isolated  sections  for  voice  frequency  distribution. 

In  addition  to  these  blocks,  an  autotransformer  may  be  required  at 
the  junction  of  the  open  wire  and  cable.  The  autotransformer,  either 
alone  or  in  conjunction  with  a  junction  line  filter,  is  required  to  eliminate 
reflection  losses  and  reduce  crosstalk  at  carrier  frequencies  due  to  im- 
pedance mismatch  between  the  cable  and  open  wire.  The  junction  line 
filter  is  required  to  allow  the  carrier  and  physical  voice  frequency  circuit 
to  be  used  on  different  pairs  in  the  cable  and  on  the  same  open-wire  pair 
beyond  the  cable-open-wire  junction.  This  is  necessary  where  the  physi- 
cal circuit  is  so  long  that  load  coils  are  required  on  the  voice  frequency 
cable  pair  and  non-loaded  cable  pairs  are  required  for  carrier.  A  pair 
of  junction  line  filters  may  also  be  used  to  provide  a  voice  frequency 
by-pass  around  a  repeater.  As  illustrated  in  Fig.  26,  this  may  be  necessary 

*L.  B.  Bogan  and  K.  D.  Young,  Simplified  Transmission  Engineering  in  E.\- 
change  Cable  Plant  Design,  A.I.E.E.  Communication  and  Electronics,  No.  15 
page  498,  Nov.  1954. 
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to  serve  customers  beyond  that  point  from  physical  voice  frequency 
circuit. 

A  carrier  Hue  termination  network  is  also  provided  to  terminate  the 
end  of  the  carrier  line  at  all  frequencies  and  thus  prevent  reflections  from 
interfering  with  the  transmission  at  remote  carrier  terminals  spaced  along 
the  line.  This  network  and  all  of  the  other  line  networks  are  available  in 
the  pole  or  crossarm  mounted  arrangement  shown  in  Figure  14  and  de- 
scribed in  Section  4.5. 

Fig.  26  also  gives  examples  of  two  types  of  subscriber  distribution 
beyond  the  remote  carrier  terminals.  One,  wire  distribution,  is  indicated 
by  the  voice  frequency  extensions  of  Channels  1  and  4  and  the  other, 
filter  distribution,  is  shown  for  Channels  2  and  3.  Filter  distribution 
permits  the  carrier  line  to  be  used  simultaneously  for  carrier  transmission 
and  voice  frequency  distribution  of  the  derived  voice  frec^uency  circuit, 
thus  saving  the  pair  of  wires  required  if  wire  distribution  were  used. 

7.1  Layout  Procedure  and  Ground  Rules 

PI  carrier  channel  laj^outs  for  a  given  rural  line  will  be  based  on  the 
forecast  of  commercial  requirements  for  that  route.  The  Plant  Engineer 
must  determine  the  number  and  arrangements  of  channels  which  can 
be  applied  within  the  system  limits  to  meet  that  forecast.  The  locations 
of  remote  terminals  are  then  chosen  based  on  customer  locations,  channel 
freciuency  arrangements,  and  the  availability  of  commercial  ac  power. 
With  the  terminal  locations  fixed,  the  line  losses  are  determined  at  ap- 
propriate frequencies  and  repeaters  are  specified  as  necessary  along  with 
any  line  networks  and  filters  required  for  the  layout. 

The  characteristics  and  limitations  of  the  Pi  system  lead  to  certain 
simplified  ground  rules  which  may  be  used  in  laying  out  the  carrier  chan- 
nels. Some  of  these  rules  are  summarized  in  Fig.  27.  The  stackable  fre- 
quency arrangement  is  used  for  non-repeatered  operation,  and  the  design 
of  the  carrier  channels  permits  the  bare  line  loss  of  each  individual  chan- 
nel to  be  30  db  at  the  top  frequency  between  the  central  office  terminal 
and  the  remote  terminal. 

Another  limit  shown  in  the  figure  is  that  the  dc  loop  resistance  of  the 
voice  frequency  extension  beyond  the  remote  terminal  can  not  exceed  390 
ohms  (5  miles  of  109-steel  wire) .  The  390-ohm  limit  is  determined  by  the 
talking  battery  supply  requirements  of  the  500-type  customer  telephone 
sets  when  the  battery  is  supplied  from  the  remote  PI  terminal  power 
supply.  The  PI  carrier  system  has  been  designed  to  operate  with  the 
500-type  telephone  set.  The  improved  dialing,  ringing  and  transmission 
features  of  that  set  wall  help  to  insure  satisfactory  performance  of  the 


384 


THK    BELL    SYSTEM   TECHNICAL   JOURNAL,    MARCH    1957 


over-all  carrier  derived  circuit.  In  keeping  with  the  system  objectives, 
the  over-all  transmission  of  a  carrier  channel  and  its  voice  frequency 
extension,  using  the  500-type  telephone  set,  will  be  as  good  or  better 
than  that  obtained  on  long  rural  lines  using  phj^sical  plant  laid  out  by 
the  Resistance  Design  Method  mentioned  earlier. 

As  shown  in  Fig.  27,  the  normal  and  staggered  grouped  frequency 
arrangements  used  for  repeater  operation  allow  30-db  bare  line  attenua- 
tion at  the  top  freciuency  (96  kc)  between  the  central  office  terminal  and 
the  first  repeater  or  between  repeaters,  and  about  30  db  between  the 
last  repeater  and  each  remote  channel  terminal  at  the  top  frequency  used 
for  that  channel.  Directional  filter  characteristics  limit  the  repeater  sys- 
tem can  use  a  maximum  of  four  repeaters  for  a  total  line  loss  of  about  150 
db  at  96  kc.  However,  noise  and  crosstalk  requirements  will  permit  no 
more  than  two  of  the  four  repeaters  to  be  used  in  the  open-wire  line,  with 
the  last  cable  repeater  at  least  one  mile  back  in  the  cable  from  the  cable- 
open-wire  junction,  as  show^n  in  Fig.  27.  Spacings  must  be  limited  to 
somewhat  less  than  30  db  on  certain  line  facilities  such  as  B  rural  wire 
to  insure  proper  terminal  regulation.^ 
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(b)    GROUPED     FREQUENCY    ARRANGEMENTS:  REPEATED 
Fig.  27  —  PI  carrier  application  ground  rules. 


^  C.  C.  Lawson,  Rural  Distribution  Wire,  Bell  Lab.  Record,  pp.  167-170,  May, 
1954. 
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In  addition  to  bare  line  loss,  the  ground  rules  make  allowance  for  ap- 
proximately 3  db  of  miscellaneous  losses  in  any  normal  channel  layout, 
including  bridging  losses  of  carrier  blocking  networks  and  other  terminals 
on  the  carrier  line,  insertion  losses  of  high-pass  filters,  and  losses  in  the 
autotransformer  and  junction  line  filters  used  at  the  cable-open-wire 
junction.  Since  these  losses  do  not  all  add  directly,  it  is  simpler  to  use  an 
average  loss  factor  to  co\'er  most  conditions  rather  than  make  compu- 
tations to  determine  a  definite  loss  for  each  set  of  conditions  that  might 
exist.  Thus  for  channels  using  a  stackable  frequency  arrangement,  a 
maximum  of  about  33  db  loss,  including  the  bare  line  loss  and  miscel- 
laneous losses,  may  be  expected  between  the  points  where  the  terminals 
connect  to  the  line. 

A  further  loss  is  experienced  because  the  remote  terminals  are  bridged 
onto  the  carrier  line.  As  a  result  the  carrier  power  transmitted  toward 
the  central  office  terminal  is  only  +0.5  dbm  due  to  a  bridging  loss  of 
about  3.5  db  at  that  point.  Therefore,  in  the  remote-to-central  office 
direction,  the  minimum  power  will  be  —32.5  dbm  (0.5  dbm  —  33  dbm) 
at  the  line  terminals  of  the  central  office  terminal.  The  minimum  carrier 
power  in  the  central  office  to  remote  direction  will  be  —29  dbm  (+4 
dbm  —  33  dbm)  at  the  bridging  point  of  the  remote  terminal. 

7.2  Terrninal  and  Repeater  Location 

In  laying  out  the  carrier  line  design,  it  is  ffi"st  necessary  to  determine 
the  possible  locations  for  the  remote  terminals  based  on  distances  to 
the  customers  to  be  served  and  the  a\'ailability  of  conmiercial  ac  power, 
since  this  is  the  most  economical  power  source.  (When  commercial  ac 
power  can  not  readily  be  made  available,  the  primary  air  cell  batteries 
can  be  used.)  Having  determined  the  ideal  location  of  the  terminals  from 
a  physical  standpoint,  the  makeup  of  the  physical  circuits  back  to  the 
central  office  must  be  determined  and  computations  made  of  the  carrier 
frecjuency  attenuation  of  the  facilities.  These  loss  computations  are  used 
to  determine  the  number  of  repeaters  required,  if  any,  and  their  locations, 
once  again  modified  by  availability  of  commercial  power.  The  Plant 
Engineer  must  also  check  for  the  necessity  of  input  and  output  pads  at 
the  terminals  and  repeaters. 

The  need  for  loss  computations  led  to  the  development  of  length-loss 
charts  so  that  a  carrier  line  design  could  be  made  in  a  manner  ^•ery  similar 
to  the  loop  cable  design  using  the  Resistance  Design  JNIethods  as  men- 
tioned earlier.*  Fig.  28  shows  one  of  the  96-kc  length-loss  charts  used 
to  lay  out  repeater  spacings  and  Channel  4  over-all  circuit  design.  Fig.  29 
shows  the  48-kc  length-loss  charts  as  an  example  of  the  charts  that  are 
provided  at  each  carrier  frequency  other  than  96  kc  for  terminal-to- 
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terminal  section  layouts  of  all  channels  using  the  stackable  frequency 
arrangement  or  repeater-to-terminal  section  layouts  for  channels  using 
grouped  normal  or  staggered  frequency  arrangements. 

7.3  Pad  Selection 

The  Plant  Engineer  is  given  general  ground  rules  for  determining  the 
values  of  input  and  output  pads  used  in  the  terminals  and  repeaters. 
Charts  are  provided  for  use  in  determining  the  input  and  output  pads, 
and  they  are  so  arranged  that  the  engineer  can  take  values  directly  from 
the  length-loss  charts  and  enter  them  into  the  appropriate  slots  to  cal- 
culate the  proper  pad  values. 


7.4  Crosstalk  Limitations 

The  Plant  Engineer  must  be  given  information  showing  how  many 
carrier  channels  can  be  applied  to  each  circuit  of  open  wire,  cable  or  B- 
rural  wire  on  a  rural  route.  Crosstalk  studies  and  tests  have  indicated 
that  the  stackable  frequency  arrangement  or  the  grouped  frequency 
arrangements  used  singly  or  in  combination  can  be  used  on  cable  or  B 
rural  wire  with  a  full  system  complement  of  channels  applied  to  each 
pair.  However,  in  the  case  of  open  wire,  the  frequency  arrangement  and 
number  of  channels  which  can  be  applied  is  very  dependent  on  the  type 
of  transposition  system  used.  The  Rl  design  is  the  most  commonh^  used 
transposition  design  on  rural  lines  of  the  Bell  System,  and  Fig.  30  gives 


CHANNEL  NOS, 

(a)  stackable: 

(b)  GROUPED: 


POLE  PAIR 
NONE 


N,2N,3N,4N  IN,2N,3N,4N 


(a)  stackable: 

(b)  grouped: 


FREQUENCY  ARRANGEMENT: 
N  -   NORMAL  GROUPED 
S  =  STAGGERED  GROUPED 


Fig.  30  —  Number  of  PI  carrier  channels  on  an  Rl  transposed  line. 


THE   TYPE   PI    CARRIER   SYSTEM  389 

the  carrier  assignments  for  the  various  frequency  arrangements  on  a 
one  and  two-crossarm  route  using  the  Rl  transposition  design.  Use  of  a 
transposition  system  giving  better  carrier  frequency  crosstalk  perform- 
ance than  the  Rl  design  is  expected  to  permit  the  apphcation  of  a  number 
of  additional  channels  over  those  shown  in  Fig.  2. 

It  will  be  noted  that  the  grouped  arrangement  provides  four  channels 
less  on  a  two-crossarm  basis  than  the  stackable  arrangement.  From  a 
transmission  standpoint,  equal  numbers  of  channels  would  be  possible 
by  assigning  one  or  two  channels  to  a  pair,  but  these  arrangements  will 
usually  be  uneconomical  for  grouped  systems  because  of  the  high  cost 
per  channel  of  repeaters. 

7.5  Line  Networks 

The  location  of  the  line  networks  and  filters,  which  are  a  permanent 
part  of  the  carrier  layout,  will  be  designated  by  the  Plant  Engineer,  and 
the  location  and  type  of  the  remaining  networks,  which  will  vary  with 
changes  in  subscriber  service,  will  be  selected  by  the  plant  forces.  The 
low-pass  filters  or  carrier  blocking  networks  used  on  the  carrier  lines  are 
simple  resonant  circuits  designed  to  match  given  ranges  of  capacitance 
that  will  be  presented  by  the  drop  wire  or  open-wire  side  leads.  Since 
this  capacitance  varies  considerably  with  various  lengths  of  facility,  a 
method  will  be  provided  by  which  the  total  capacitance  of  the  drop  can 
be  determined  and  the  proper  network  chosen.  The  other  line  networks 
are  applied  to  the  line  as  necessary  to  achieve  their  particular  functions. 

8.    INSTALLATION   AND   MAINTENANCE 

A  portable  field  test  set  has  been  developed  which  will  simplify  the 
installation  and  maintenance  of  the  PI  carrier  sj^stem.  The  new 
set,  known  as  the  7F  test  set,  will  provide  the  carrier  and  audio  frequen- 
cies and  a  means  of  measuring  them  required  to  align  and  troubleshoot 
units  of  the  system.  The  set,  which  is  battery  operated,  contains  a  carrier 
oscillator  to  supply  test  frequencies  from  10  to  100  kc,  an  audio  fre- 
quency oscillator  having  six  selected  frequencies  in  the  range  of  250  to 
2,500  cycles,  a  modulator  to  modulate  the  carrier  frequency  signal  with 
the  audio  signal,  a  demodulator  for  calibrating  the  modulated  signals, 
and  a  wide-band  amplifier-detector  for  making  level  and  transmission 
measurements.  The  model  of  the  set  shown  hi  Fig  31  included  a  pre- 
cision dial  for  signaling  testing  which  was  subsequently  found  mmeces- 
sary  and  eliminated.  An  ac  operated  set  providing  the  same  desired  fa- 
cilities is  now  under  development. 
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The  carrier  channel  installation  and  lineup  procedure  is  set  up  on  the 
basis  of  using  the  test  set  and  a  generally  available  \'olt-ohmmeter  to 
make  a  series  of  measurements  in  a  specified  order.  This  will  permit 
potentiometers  to  be  adjusted  as  necessary  until  the  specified  meter 
readings  are  obtained  at  built-in  test  points.  Lineup  of  the  terminals  and 
repeaters  done  first  in  the  central  office  to  insure  proper  operation  and 
then  at  the  in-plant  locations  to  check  system  performance. 

Maintenance  will  be  handled  on  a  complete  terminal  replacement 
basis  and  will  consist  of  making  a  series  of  checks  with  the  test  set  to 
determine  whether  the  terminal  is  functioning  satisfactorily.  If  it  is  not 
and  it  cannot  be  adjusted  to  restore  satisfactory  operation,  a  replace- 
ment terminal  will  be  used  to  restore  service.  All  repairs  and  isolation  of 
trouble  within  the  terminal  unit  or  on  the  individual  boards  will  be  han- 
dled at  a  centralized  testing  or  repair  point  so  as  to  require  a  minimum 
of  personnel  with  electronic  experience.  The  test  set  has  been  designed 
to  handle  all  tests  for  a  PI  carrier  system,  when  used  with  the  volt-ohm- 
meter,  and  when  used  bj^  trained  personnel  will  permit  trouble  to  be 
isolated  to  a  given  printed  wiring  board  in  the  Pi  carrier  equipment. 
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Fig.  31  —  PI  carrier  7F  test  set. 


An  Experimental  Dual  Polarization 

Antenna  Feed  for  Three  Radio 

Relay  Bands 

By  R.  W.  DAWSON 

(Manuscript  received  April  26,  1956) 

The  fundamental  problems  associated  with  coupled-wave  transducers 
which  operate  over  a  3-to-l  frequency  hand  have  been  explored  and  usable 
solutions  found.  The  experimental  models  described  are  directed  toward  the 
broad  objectives  of  feeding  the  horn-rcficctor  antenna  with  two  polarizations 
of  waves  in  the  4-,  6-  and  11-kmc  radio  relay  bands. 

INTRODUCTION 

There  are  at  least  two  communications  problems  which  require  fre- 
quency selective  filters  that  operate  in  waveguides  over  an  approxi- 
mately 3-to-l  frequency  interval:  (1)  channel-separation  filters  for  a 
circular-electric  waveguide  system  in  which  it  is  desirable  to  use  the 
medium  from  perhaps  35  to  75  kmc,^  and  (2)  band-separation  networks 
needed  for  the  horn  reflector  antenna  that  permits  simultaneous  trans- 
mission or  reception  in  the  4,  6  and  11  kmc  bands  with  both  polariza- 
tions.--^  The  research  reported  in  this  paper  was  directed  at  deter- 
mining the  capabilities  of  coupled-wave  transducers  for  solving  such 
problems.  Experimental  work  was  directed  toward  the  second  problem 
(above)  because  it  is  more  immediate. 

Fig.  1 ,  which  is  a  schematic  representation  of  the  feed  array,  comprised 
of  three  sets  of  directional  couplers,  shows  that  the  -l-kmc  bands  are 
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Fig.  1  — -Schematic  of  dual-polurizatioii  feed  for  three  microwave  bands. 
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separated  one  at  a  time  at  the  antenna  end  of  the  arraj'.  The  6-kmc  bands 
are  separated  next  and  the  11-kmc  bands  are  added  or  removed  at  the 
far  end  of  the  array. 

GENERAL   OBJECTIVES 

Neghgiblc  loss  of  power  should  result  when  coupling  TEio°  waves 
to  TEu°  waves  for  the  six  bands  concerned.*  The  6-  and  11-kmc  waves  of 
both  polarizations  must  pass  through  the  round  guide  of  the  4-kmc 
transducers  without  significant  attenuation.  Waves  in  the  11-kmc  band 
must  also  pass  through  the  circular  guide  of  the  6-kmc  transducers 
without  appreciable  loss.  A  good  impedance  match  is  desired  at  all 
ports.  No  cross  coupling  is  desired  between  the  orthogonally  polarized 
waves  in  the  round  guide. 

FUXDAMEXTAL    PROBLEMS    EXCOUXTERED 

The  frequency-selectivit}^  required  to  separate  various  bands  in  the 
same  polarization  can  be  achieved  in  a  coupled-wave  device  bj^  either 
varying  the  coupling  coefficient  and/or  var\'ing  the  phase  constant,  as 
illustrated  by  the  expression  for  the  amplitude  of  the  selected  wave:^ 

E\  =       ,  :„         ==^,,Ax/\^[^-^^^\\cx         (1) 


7rTfiiy--it^-(-)'l 


Avhere     c  =  coupling  coefficient 

X  =  length  of  coupling  array 

jS  =  phase  constant 

In  the  present  designs  some  of  the  frequency  selectivity  is  in  the  coupling 
holes.  The  greater  part  of  the  selecti^'ity  is  in  the  design  of  the  phase 
constants;  the\'  are  made  equal  in  the  band  to  be  selected  (|(3i  —  /3o  =  0) 
and  ver}^  unequal 


(' 


2c  > 


in  the  frequency  bands  to  be  passed. 

The  size  of  the  coupling  hole  must  be  controlled  to  avoid  coupling  hole 
resonance  in  any  of  the  three  bands  that  may  be  present.  This  problem 
is  especially  bothersome  in  the  4  kmc  coupler  where  signals  are  present 

*  As  used  in  this  article,  superscripts  O  and  D  refer  to  round  and  rectang- 
ular waveguides,  respectively. 
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in  all  three  bands.  To  keep  the  coupler  length  within  a  reasonable  size, 
the  individual  hole  dimensions  must  be  on  the  order  of  Xo/4  (at  4  kmc), 
which  will  permit  coupling  hole  resonance  within  the  3-to-l  frequency 
l)and.  A  further  consideration  is  the  selection  of  the  hole  shape  to  avoid 
perturbing  the  TEii°  wave  that  is  orthogonal  to  the  strongly  coupled 
TEii^  wave. 

Spacing  of  the  coupling  holes  nuist  not  be  \g/2  to  avoid:  (1)  large  re- 
flections in  the  driven  waveguide,  and  (2)  large  backward-travelling 
waves  in  the  adjacent  coupled  waveguide.  This  requirement  is  easily 
met  in  the  11-kmc  coupler  where  only  one  band  is  present;  however,  the 
presence  of  signals  in  two  or  three  bands  makes  the  non  Xg/2  spacing 
more  difficult  in  the  6-  and  4-kmc  couplers. 

Another  phenomena  of  importance  exists  in  coupled  waveguides  operat- 
ing over  an  extended  frequency  range.  A  coupling  aperture  in  the  side 
wall  (see  Fig.  1)  may  interact  with  a  high-order  mode  at  the  latter's 
cutoff  frequency,  resulting  in  a  significant  perturbation  of  the  desired 
coupling.  For  example,  at  the  frequency  where  TEoi^  passes  through  cut 
off,  the  coupling  between  TEu^  and  TEio°  will  be  perturbed  if  the  coup- 
ling hole  is  of  sufficient  size.  Small  coupling  holes  do  not  allow  this  pertur- 
bation to  manifest  itself.  Coupling  holes  in  a  realistic  design  do  become 
large  enough  to  allow  this  effect  to  appear.  Since  dominant  mode  guides 
in  the  4-  and  6-kmc  bands  can  support  other  modes  in  the  higher  fre- 
quency bands,  considerable  caution  must  be  exercised  in  selecting  the 
round  guide  sizes  on  this  account  alone.  (The  size  of  the  round  guide  is 
determined  also  by  the  phase  velocity  in  the  rectangular  guide). 

SELECTION   OF   COUPLING   APERTURES 

A  series  of  holes  in  either  the  narrow  or  broad  side  of  the  rectangular 
guide  can,  in  principle,  be  used  to  achieve  complete  power  transfer  from 
TEio°  waves  to  TEn°  waves.  The  specific  consequences  of  coupling 
through  holes  located  along  the  center  line  of  the  broad  side  will  be 
considered  first.  (Off  center  holes  are  not  of  interest  because  they  couple 
TEio'"'  waves  to  both  polarizations  of  TEii°  waves  in  a  frequency-sensitive 
way.)  The  transverse  magnetic  field  H^  and  the  electric  field  Ep  of  the 
TEii°  waves  can  couple  to  TEio°  waves.  When  two  fields  couple,  the  back- 
ward wave  in  the  undriven  guide  can  be  greater  than  the  forward  wave 
in  the  same  guide.  To  avoid  this  possibility,  transverse  slots  can  be  used 
to  prevent  electric  field  coupling.  The  coupling  of  a  transverse  slot  in- 
creases as  the  frequency  is  increased  which  suggests  that  11  kmc  signals 
be  introduced  at  the  position  nearest  to  the  antenna  because  the  largest 
tolerable  apertures  for  an  11-kmc  coupler  would  not  perturb  6-  or  4-kmc 
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waves.  Unfortunately,  coupling  to  slots  in  this  orientation  is  small,  re- 
([uiring  several  hinidred  for  complete  power  transfer.  Such  a  large  num- 
ber would  make  the  coupler  too  long. 

Coupling  through  holes  in  the  center  of  the  narrow  wall  of  the  rec- 
tangular waveguide  as  shown  in  Fig.  2  allows  only  the  longitudinal  mag- 
netic field  Hz  to  couple  when  the  electric  field  of  the  TEii°  wave  is 
parallel  to  the  hole  containing  wall.  No  coupling  exists  between  the 
TEio°  waves  and  the  TEu^  wave  having  an  electric  field  perpendicular 
to  the  plane  of  the  hole.  The  use  of  longitudinal  slots  where  practicable 
minimizes  perturbation  of  this  wave.  Since  the  desired  TEio°  —  TEu 
coupling  decreases  by  15  db  from  the  4  kmc  to  the  11  kmc  bands  (for 
1.872  X  0.872"  and  2.2"  diam.  guide),  the  layout  of  Fig.  1  suggests  itself 
since  some  coupling  discrimination  is  present  for  the  higher  frecjuency 
waves  that  pass  through  the  lower  frequency  couplers. 

DESIGN    OF   ll-KMC    COUPLER 

The  objective  of  this  design  is  to  transfer  all  of  the  power  from  a 
dominant  mode  rectangular  guide  into  one  polarization  of  the  TEii° 
forward  traveling  wave  in  an  adjacent  circular  guide.  Fundamental 
coupled-wave  theory"*  shows  that  phase  velocities  must  be  matched  in  the 
two  guides  to  achieve  complete  power  transfer. 

A  standard  rectangular  guide  size  is  selected  and  the  round  guide 
size  that  has  the  same  phase  constant  is  calculated  for  the  center  of  the 
1,000-mc  wide  band.  An  approximate  total  length  is  selected  for  the 
series  of  coupling  holes  that  permits  the  holes  to  be  spaced  approxi- 
mately X3/4  apart.  The  hole  spacing  is  not  critical  although  the  non- 
directional  properties  of  \g/2  spacing  must  be  avoided.  The  required 
magnitude  of  multiple  discrete  couplings  is  shown  in  equation  (40)  of 
Reference  4  to  be: 


a 


(2) 


where  n  is  the  number  of  coupling  holes  and  a  is  the  amplitude  of  the 
wave  transferred  at  a  single  coupling  hole  for  unit  incident  amplitude. 

Equation  (3)  expresses  the  power  coupled  from  TEii°  waves  to  TEio° 
waves  through  a  circular  hole  in  a  common  wall  of  zero  thickness  where 
P2  is  the  power  propagating  away  from  the  coupling  point  in  either 
direction  in  the  undriven  guide,  and  Pi  is  in  the  driven  guide.  This  deriva- 
tion is  based  on  the  work  of  H.  A.  Bethe^  and  some  unpublished  notes  of 
S.  P.  Morgan. 
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The  quantities  a  and  b  are  the  large  and  small  dimensions  of  the  rec- 
tangular waveguide  and  R  is  the  round  guide  radius.  The  wavelength  in 
air  is  designated  by  Xn  ,  and  the  radius  of  the  coupling  hole  by  r.  A  cor- 
rection for  the  finite  thickness  of  the  wall  is  made  by.  considering  the 
circular  coupling  hole  to  be  a  mund  wa\'eguide  beyond  cutoff.  The  ad- 
ditional loss  is 


where  t  is  the  wall  thickness.  Total  coupling  loss  per  hole  is  defined  by 

20  1ogioa  =  10  log  :^'  -  A  (5) 

The  number  of  coupling  holes  n  is  found  from  the  approximate  coupling 
length  and  hole  spacing.  Equation  (2)  is  used  to  find  a  and  then  the  hole 
radius  r  is  calculated  from  (3). 

Wa^'eguide  dimensions  must  be  corrected  to  allow  for  the  perturba- 
tion of  the  phase  constants  due  to  the  coupling  holes.  The  perturbed 
phase  constant*  for  the  round  guide  is 


d 


where  d  is  the  hole  spacing  and  p    is  the  coupling  between  a  pair  of  round 


guides 


^o 

0.1056r%2 

p   - 

R' 

[l        (     '«     Yl 

L         \3.413i?/  J 

(7) 


The  perturbed  phase  constant  for  the  rectangular  guide  is 


D    _    ^D      ,__    VP° 


/3p^  =  /3"  +  -^  (8) 


P     = 


9a%' 


['  -  m 


(9) 


This  correction  is  due  to  S.  A.  Schelkunoff  as  noted  on  page  708  in  Reference  4. 
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Fig.  2  —  11-kmc  coupler  sketch. 
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Fig.  3  —  11-kmc  coupler  transfer  loss. 
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The  perturbed  phase  constants  are  made  etiual  through  a  suitable 
choice  of  R  and  a,  this  choice  being  somewhat  influenced  by  the  coupUng- 
hole  radius  r. 

Three  coupling  a{)ertures  of  successively  reduced  size  are  used  at  the 
ends  of  the  array  of  identical  holes  to  produce  four  reflections  having  the 
relative  amplitudes  of  1,  2.7,  2.7,  1.  The  modified  binomial  distribution 
was  chosen  because  impedance  matching  can  be  secured  over  a  broader 
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Fig.  4  —  11-kmc  coupler  insertion  loss. 

band  (with  minor  degradation  of  the  center-frequency  match)  when 
compared  to  a  standard  binomial  distribution.  Amplitude  reflections* 
from  the  start  of  the  coupling  array  are 


Ar    = 


47rrf 


(10) 


where  Q  is  the  reflection  from  a  single  coupling  hole. 

Fig.  2  is  a  sketch  of  the  coupler  with,  the  final  design  dimensions. 
Fig.  3  shows  the  measured  and  theoretical  transfer  loss  of  an  11  kmc 
coupler.  Fig.  4  indicates  the  measured  insertion  loss  for  the  same  coupler. 


DESIGN    OF   6-KMC    COUPLER 


The  6-kmc  coupler  as  shown  in  Fig.  5  utilizes  a  partially  dielectric- 
filled  rectangular  guide  coupled  to  the  circular  guide.  The  use  of  dielectric 
loading  makes  it  possible  for  the  phase  velocities  to  be  equal  in  the  two 
guides  in  the  center  of  the  500-mc  wide  6-kmc  band,  and  unequal  in 


*  Information  given  to  S.  E.  Miller  by  S.  A.  Schelkunoff  in  an  informal  com- 
munication. 
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Fig.  5  —  6-kmc  coupler  sketch. 
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Fig.  6  —  Transfer  loss  of  6-kmc  coupler. 


AN   EXPERIMENTAL   DUAL   POLARIZATION   ANTENNA    FEED 


399 


the  11-kmc  band;  thereby  low  transfer  loss  is  obtained  in  the  6-kmc  band 
and  a  high  transfer  loss  in  the  11-kmc  band.  Measurements  have  shown 
that  when  the  cut-off  frequencies  of  higher  modes  occur  in  the  band  of 
interest  an  uncontrolled  increase  of  coupling  may  result.  Special  precau- 
tions are  recjuired  in  selecting  the  round  guide  size  to  avoid  this  condi- 
tion. The  design  process  is  shown  in  Appendix  I.  Figs.  6  and  7  show  the 
transfer  and  insertion  losses  in  the  G-kmc;  band. 
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Fig.  9  —  Transfer  loss  of  4-kmc  coupler  in  4-,  6-  and  11-kmc  bands. 


in 

_i 


-    b 
U 

LU 
Q 

?     ^ 

in 
<n 

3    3 
a: 

-2 

< 

sr 

I- 


a^  TiT 

II        iii  1 

OUT 

1 

\ 

I 

V 





— ' 

3500  3700  3900  4100  4300 

FREQUENCY   IN  MEGACYCLES   PER  SECOND 


4500 


Fig.  10  —  Transfer  loss  of  4-kmc  coupler  in  4-kmc  band. 


4-KMC   DESIGN 


The  use  of  periodic  loading  in  the  rectangular  guide  is  not  suitable  for 
use  in  a  4-kmc  coupler  design.  When  the  phase  constants  are  made  equal 
in  the  4-kmc  band,  the  resulting  difference  of  phase  constants  in  the 
G-kmc  band  is  too  small  to  create  a  sufficiently  high  transfer  loss  in  that 
band.  Periodic  loading  can  produce  the  desired  result. 
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Capacitive  rods  form  a  periodic  structure  in  the  rectangular  guide,  as 
shown  in  Fig.  8,  that  creates  a  rejection  band  in  the  6-kme  region.  Fig.  9 
illustrates  how  effectively  the  rejection  band  increases  the  transfer  loss 
in  the  6-knic  region.  Phase  velocities  are  made  e(iual  in  the  rectangular 
and  round  guides  at  the  center  of  the  500-mc  wide  4-kmc  band  to  secure 
a  low  transfer  loss.  Due  to  the  rejection  bands  and  the  difference  of  phase 
constants,  high  transfer  losses  result  in  the  6-  and  11-kmc  bands.  To 
prevent  unconti'olled  coupling  the  round  guide  size  is  chosen  so  that  no 
modes  cut  off  in  the  three  bands.  Details  of  the  design  are  covered  in 
Appendix  II.  Figs.  10  and  11  show  the  measured  transfer  and  insertion 
losses  in  the  4-kmc  band. 

MEASURED  CHARACTERISTICS  OF  ARRAY 

The  three  pairs  of  couplers  were  assembled  in  a  tandem  array  with 
linear  taper  sections  between  them.  In  the  discussions  that  follow  the  port 
designations  of  Fig.  1  will  be  used.  Transfer  loss  measurements  indicate 
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Fig.  11  —  Insertion  loss  of  4-kmc  coupler  in  4-kmc  baud. 
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how  much  power  in  a  forward  traveling  TEu^  wave  is  transferred  to  a 
forward  travehngTEio'"'  wave.  Figure  12  shows  that  the  coupling  polari- 
zation transfer  loss  remains  under  1.1  db  in  the  three  bands  except  for  a 
small  region  in  the  11-kmc  band,  while  the  transfer  loss  for  the  non- 
coupling  polarization  exceeds  20  db  in  the  three  regions  as  shown  in 
Fig.  13.  The  return  loss  at  Port  P  exceeded  23  db  o\'er  the  4-kmc  band. 
This  result  included  the  total  reflection  of  4-kmc  signals  from  Taper 
J-K  after  attenuation  by  twice  the  coupler  insertion  loss,  and  also  in- 
cluded the  reflections  from  the  rectangular  guide  port  A^  or  L  which 
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Fig.  12  —  Transfer  losses  in  the  array  for  coupling  polarization. 

are  separated  from  P  by  only  the  small  transfer  loss.  Return  loss  for  the 
6-  and  11-kmc  bands  exceeded  23  db  at  Port  P.  Cross  polarization  is  the 
ratio  of  the  energy  in  the  coupling  polarization  waves  to  the  orthogonal 
non-coupling  polarization  waves  emerging  at  Port  P.  Cross  polarization 
figures  are  no  lower  than  20,  32  and  22  db  in  the  4,-6-  and  11-kmc  bands. 


CONSTRUCTION    OF   COUPLERS 


The  coupler  design  requires  that  the  coupling  aperture  exist  in  a 
narrow  wall  of  the  rectangular  guide  that  is  common  to  the  round 
guide.  The  4-kmc  coupler  consists  of  machined  rectangular  and  round 
sections.  A  two-piece  rectangular  guide  was  milled  from  brass  and 
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Fig.  13  —  Transfer  losses  in  the  array  for  non-coupling  polarization. 

soldered  to  the  round  guide.  The  coupling  slots  were  then  cut  through 
the  common  wall.  An  electroforming  technique  was  used  to  fabricate 
the  6-  and  11-kmc  couplers.  A  rectangular  guide  with  precut  coupling 
holes  was  clamped  to  a  round  mandrel  and  the  entire  structure  was 
electroformed.  The  mandrel  was  later  removed  by  dissolving  it  in  a  hot 
concentrated  solution  of  sodium  hydroxide.  A  typical  mandrel  and 
rectangular  guide  is  shown  in  Fig.  14.  An  illustration  of  the  entire 
ensemble  appears  as  Fig.  15. 

DESIGN   REFINEMENTS 

Return  loss  at  the  round  Port  P  might  be  improved  in  a  revised 
design  by  broad-banding  the  TEio°-TE]i°  transfer  loss,  with  an  asso- 
ciated increase  in  the  TEii°  insertion  loss.  This  might  be  done  without 
introducing  mode  troubles,  by  using  ridged  wa\eguide.  In  Fig.  12  the 
abrupt  peak  of  transfer  loss  for  coupling  polarization  waves  in  the  11 


^HH 

■ 

■i 

■ 

1 

1 

■ 

1 

..^„it:.>i.,-,j_^. 

1 

■ 

HP' 

IP 

"  -v. 

1 

1 

1 

i 

^^^^^_ 

'-^^^£3^^ 

"""""" 

B 

ii 

1 

^  ?;  -  ^  ... 

N 

■ 

wm 

■ 

^^M^H 

\ 

r^ 

"" 

-SH^ 

■ 

1 

1 

1 

■ 

1 

In 

1 

■ 

"^T^^^ 

■ 

Fig.  14  —  Mandrel  and  rectangular  guide. 


404  THE    BELL   SYSTEM   TECHNICAL   JOURNAL,    MARCH    1957 


:3 


AN   EXPERIMENTAL   DUAL   POLARIZATION   ANTENNA   FEED  405 

kmc  band  is  due  to  an  appreciable  coupling  of  TEii°  waves  to  TEso^ 
waves  in  the  4  kmc  couplers  in  the  vicinity  of  the  TEso^  cutoff.  The  TEso^ 
cutoff  might  be  moved  above  the  11 -kmc  band  by  using  ridged  rectangu- 
lar guide. 

SUMMARY 

A  combination  of  three  pairs  of  coupled-wa\'e  transducers  has  suc- 
cessfully permitted  six  distinct  bands  to  be  fed  from  individual  TEio'"' 
rectangular  waveguides  into  the  two  orthogonal  polarizations  of  TEn^ 
waves  in  a  multi-mode  round  waveguide.  The  resulting  structure  en- 
abled low  transfer  loss  values  to  be  obtained  simultaneously  over  two 
500-mc  wide  bands  and  one  band  1000-mc  wide  distributed  over  a  3-to-l 
frequency  interval. 
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Appendix  I 

DESIGN    OF   6-KMC    COUPLER 

A  rectangular  guide  size  is  chosen  and  a  reasonable  value  selected  for 
the  phase  constant  such  as  /3°  =  I.Stt/Xo  .  The  resulting  round  guide 
size  must  prevent  modes  from  cutting-off  within  the  6-kmc  band  and 
preferably  the  cut-off  frequencj^  should  be  above  the  6-kmc  band.  The 
thickness  of  the  dielectric  (polystyrene)  strip  is  determined^  from  (11), 
(12),  and  (13)  where  Ki  and  K2  are  transverse  wave  numbers  of  the  air- 
filled  and  of  the  dielectric  sections  of  the  guide. 


Cot  K^  =  -~  cot  IU{a  -  d)  (13) 

In  the  above  equations  Er  is  the  relative  dielectric  constant  and  d  is  the 
slab  thickness.  After  soh-ing  for  d  the  equations  are  resolved  for  Ki  and 
Ki  values  at  the  6-kmc  band  edges  and  also  at  the  lower  end  of  the  11-kmc 
band.  Resulting  rectangular-guide  phase  constants  should  cause  a  very 
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low  and  a  high  vahie  of  tran.sfcr  loss  as  indicated  b\'  (14)  which  repre- 
sents the  forward  traveling  coupled  wave  amplitude  where  ex  is  the  total 
coupling  strength/ 


^-,^/(..^.o.,/-'"[/^^^i^^^1" 


(14) 


At  midband  ex  =  tt  2  and  experience  has  shown  .r  =  10  Xn  ;  therefore 
c  =  7r/20Xo  at  midband.  The  coupling  hole  radius  is  found  from  (3). 
Because  longitudinal  slots  are  used  instead  of  round  holes  the  equivalent 
hole  radius  r  is  found  from  fr^  =  P(^,  where  P  is  the  magnetic  polariza- 
bility'  and  (  is  the  length  of  the  chosen  slot.  To  avoid  slot  resonance  in 
either  band,  the  length  was  chosen  to  be  approximately  Xci/4  in  the 
6-kmc  band  and  fX,)  in  the  11-kmc  band.  The  power  expression  of  (3) 
must  be  corrected  by  the  wall  thickness  effect  (4)  and  also  multiplied 
by  the  factor  F  due  to  the  presence  of  the  dielectric  .slab'  (15). 


7ri3n\a[Ki{di  -  \  sui  20i)  +  A^K.id.  -  \  sin  2^2)] 

B.  =  KM  -  d)         e.  =  M         A  =  (^pYs^^ 

XKo/  cos  60 

Theoretical  coupling  lo.ss  per  hole  is  defined  by 

20  logio  a  =  10  log  ^-  -  (A  +  10  logio  F)  ,  (16) 

i  1 

An  additional  correction  which  reduces  the  coupling  loss  is  due  to  the 
long  length  of  the  slot.  Although  the  slot  resonates  near  9  kmc,  an  in- 
crease of  3  db  in  a  single  slot  coupling  results  at  6  kmc.  This  effect  was 
found  experimentall}'  from  a  sample  test  line  with  several  slots.  To  avoid 
excessive  length  two  rows  of  coupling  slots  were  employed.  The}'  were 
staggered  to  impro^'e  the  continuity  of  coupling  from  discrete  points. 
An  approximate  design  is  on  hand  at  this  point.  The  final  dimensions 
for  the  guides  and  coupling  holes  are  found  after  the  perturbations  of  the 
phase  constants  are  considered  by  the  same  process  as  noted  in  the  dis- 
cussion of  the  11-kmc  design.  Impedance  matching  for  the  dielectric 
strip  and  the  coupling  slot  array  was  patterned  after  the  technique 
shown  for  the  coupling  hole  array  in  the  11  kmc  design. 
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Appendix  II 

DESIGN   OF   4-KMC    COUPLER 

A  round  guide  size  is  selected  so  that  no  modes  are  cut-off  in  the  three 
bands.  CoupUng  power  varies  with  wavelength  as  shown  in  (17)  for 
TEio  to  TEii°  coupling. 


Y  = 


(17) 


3.413/? 


)■] 


To  maintain  the  minimum  variation  across  the  band,  the  following  re- 
quirements must  be  met  which  were  deduced  from  the  coupled  wave 
theory  and  (17). 

sin  (cx)i  =  sin  (cx)2  (18) 

(cx)i  _  ^0 

(^  ~   i  /i        /     Xo     \'  (19) 

V       \saisr) 

(cx)i  +  (c.r)2  =  T  (20) 

The  equations  are  solved  for  sin  ex  (the  minimum  band  edge  transfer 
loss)  which  for  a  diameter  of  2.10"  is  0.5  db.  A  value  of  30  db  is  chosen 
for  a,  (2),  as  the  first  approximation.  Because  the  band  edge  transfer 
loss  is  0.5  db  due  to  frequency  variation  of  coupling,  an  additional  loss 
of  only  0.2  db  is  allowed  for  the  phase  constant  difference  (/3l°  —  /8°). 
It  is  now  necessary  to  make  jS*^  =  ^l°  ,  where  /3l°  is  the  phase  constant 
of  the  loaded  rectangular  guide.  Equation  (21)  gives  a  theoretical  periodic 
loading  formula  where  L  is  the  spacing  between  loading  elements.^ 

cos  0L°L  =  A  cos  (i8°L  +  *) 


lAHU 


Assume  initially  that  L  =  -k/^^ .  The  required  susceptance  6o  of  the  ca- 
pacitive  rods  can  be  found  experimentally  from  a  loaded  test  line  by 
varying  6o  until  the  first  rejection  band  covers  the  6  kmc  band.  An 
iterated  process  is  used  to  find  L  because  it  is  dependent  on  j8°  which  is 
the  parameter  being  sought.  Measurements  indicated  that  (21)  does  not 
predict  |8°  very  accurately  and  for  that  reason  an  experimental  adjust- 
ment of  (/3l°  -  /3°)  is  desirable. 

The  guide  dimensions  are  now  known;  however,  they  must  be  cor- 
rected for  the  perturbations  of  the  phase  velocities  as  outlined  in  the  11- 
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knic  coupler  design.  A  single  row  of  longitudinal  coupling  slots  which 
are  not  resonant  in  the  6-  or  11-kmc  bands  is  used.  The  radius  of  a  round 
hole  ecjuivalent  to  the  slot  is  obtained  as  in  Appendix  I,  In'  setting 
ir'  =  Pf. 

Impedance  matching  of  the  coupling  array  and  of  the  loading  elements 
is  accomplished  by  tapering  the  amplitude  of  the  end  elements  as  indi- 
cated b}'  a  discrimination  function  of  the  coupled  wave  theory.  For  a 
5  element  series  1  —th  —n^  —ui  —  1 

^  'lin,  +  1)  +  n. 


■<" 


47rZ    ,  SttZX    ,  (22) 

1  cos  — h  cos  ^,^      1  +  n-i 


where  Z  is  the  spacing  between  elements. 

The  discrimination  D  is  set  equal  to  infinit}^  which  permits  the  de- 
nominator to  be  set  equal  to  zero  and  solved  simultaneously  for  ?h  and 
Ho  by  using  both  band  edge  wave-lengths.  Round  hole  sizes  are  readily 
obtained  .since  the  coupling  coefficient  is  directly  proportional  to  the 
cube  of  the  hole  radius  from  which  the  necessary  equivalent  longitudinal 
slot  can  be  calculated.  Susceptance  values  of  the  capacitive  posts  are 
found  from  the  absolute  value  of  the  reflection  coefficient  which  equals 

ho 
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The  Character  of  Waveguide  Modes  in 
Gyromagnetic  Media 

By  H.  SEIDEL 

(Manuscript  received  August  31,  1956) 

A  magnetized  gyromagnetic  medium  is  birefringent.  The  effect  of  bire- 
fringence is  studied  in  rectangidar  and  circular  waveguides  with  special 
attention  paid  to  propagation  characteristics  in  guides  of  arbitrarily  small 
cross-section.  Propagating ,  small-size  structures  are  found  in  certain  ranges 
of  magnetization  for  both  types  of  guide. 

I.    INTRODUCTION 

A  gyromagnetic  medium,  isotropic  in  the  absence  of  a  magnetizing 
field,  becomes  axially  symmetric  with  respect  to  that  field  when  mag- 
netized. A  tensor  susceptibility^  is  thus  produced  which  reflects  the 
resulting  anisotropy.  Two  essentially  different  types  of  rays  appear  in 
the  medium  in  much  the  same  manner  in  which  the  ordinary  and  extra- 
ordinary optical  rays  form  in  a  calcite  crystal.  These  rays  may  combine 
to  produce  results  in  a  ferrite  loaded  waveguide  quite  alien  in  character 
to  those  of  a  conventional  isotropic  guide.  Since  the  ferrite  is,  to  first 
order,  characteristic  of  general  gyromagnetic  media  we  shall  discuss  all 
gyromagnetic  phenomena  in  terms  of  ferrites  alone. 

One  very  startling  phenomenon  observed  in  ferrite  loaded  waveguides 
is  the  occurrence  of  propagation  in  a  waveguide  of  arbitrarily  small 
transverse  dimensions.-  We  shall  show  that  this  type  of  wave  guide 
behavior  is  a  consequence  of  the  particular  form  of  the  birefringent 
character  of  the  medium. 

In  order  to  understand  the  nature  of  the  ferrite  loaded  case  let  us  first 
consider  the  conventional  isotropic  small  wave  guide.  Fig.  1  shows, 
schematically,  the  field  distribution  encountered  in  a  small  rectangular 
waveguide  operating  in  a  (1,1)  mode.  The  .r  axis  is  shown  along  the 
wide  transverse  dimension  and  z  is  along  the  narrow  height  dimension. 
The  y  axis  is  chosen  to  coincide  with  the  guide  axis. 

The  field  solutions  of  such  a  wa^•eguide  may  be  obtained  as  a  super- 
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Z  VARIATION 


*>X 


X  VARIATION 

Fig.  1  —  Rectangular  waveguide  mode  in  isotropic  medium  for  cutotT  guide. 


position  of  plane  waves  of  dependence  c"'*'^.  If  we  represent  k 
cartesian  frame,  the  wave  equation  is  satisfied  for  the  condition 


ni  a 


h'  =  ki  +  hi  +  k;  = 


cc'ns 


where  n  and  f  are  the  permeabiUt}'  and  permittivity  respectively  of 
the  medium.  Satisfaction  of  wall  boundary  condition  requires  that  k^ 
and  /;,  be  real  and  that  each  be  of  the  order  of  the  reciprocal  of  the 
transverse  guide  dimensions.  Small  transverse  dimensions  thus  cause  ky~ 
to  be  negative,  driving  the  waveguide  into  a  cutoff  condition. 

We  shall  now  find  that  birefringence  permits  another  class  of  modes 
in  the  small  size  ferrite  loaded  waveguide.  Letting  the  magnetic  axis  be  in 
the  z  direction,  it  will  be  shown  in  the  text  that  corresponding  to  any 
mode  of  the  guide  ky  and  k,  are  unique.  Birefringence  generally  requires 
that  two  different  magnitudes  of  k  occur  simultaneously,  causing  two 
different  values  of  A-^  to  appear.  In  particular,  let  us  postulate  that  both 
these  values  of  A-;^  are  imaginary.  Given  two  exponentials,  it  is  possible 
now  to  satisfy  the  requirements  of  electric  field  nulls  at  either  side  wall, 
as  shown  in  Fig.  2.  At  the  other  side  wall  we  shall  show  that  the  ex- 
ponentials decay  so  fast  as  to  effectively  cause  the  field  to  vanish  there. 
Since  A-^i,  o  are  now  negative  ciuantities,  there  is  no  contradiction  in  pre- 
suming that  ky  maj''  now  be  positive,  thus  permitting  propagation  in  an 
arbitrarily  small  size  waveguide. 

The  effect  of  birefringence  may  then  be  that  of  transforming  a  class 
of  longitudinal!}'  cutoff  modes  into  another  class  that  propagates  longitu- 
dinally but  cuts  off  transversely.  The  condition  of  this  occurrence  will 
be  shown  to  be  that  for  which  the  diagonal  term  of  the  Polder  tensor,  ^t, 
is  positive  and  is  less  in  magnitude  than  the  magnitude  of  the  off"  diagonal 
term  k.  In  the  case  of  a  small  rectangular  guide,  propagation  occurs 
anomalously  for  negative  values  of  n,  as  well  but  in  a  manner  not  as 
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substantially  dependent  on  the  birefringent  character  of  the  medium  for 
large  width  to  height  aspect  ratios  of  the  waveguide.  We  shall  find, 
further,  that  propagation  occurs  with  entirely  real  values  of  kx  and  k^  . 
It  will  be  shown  that  the  proper  wave  equation  for  one  of  the  two 
birefringent  rays  is  satisfied  in  the  small  waveguide  limit  by  the  rela- 
tionship 

A-/  +  kV  +  A-Z/m  =  0. 

In  the  region  of  ^  >  0,  and  /.-,  real,  we  confirm  somewhat  more  rigorously 
the  recjuirement  stated  earlier  that  either  kx  or  ky  be  imaginaiy.  However, 
kx  and  ky  may  both  be  real  over  a  range  of  negative  values  of  /x,  permitting 
boundary  conditions  to  be  satisfied,  approximately,  in  waveguides 
having  aspect  ratios  of  the  type  discussed  earlier,  by  just  one  class  of 
rays  in  the  small  size  wa^'eguide. 

Propagation  in  small  size  circular  guide  employing  the  essential  charac- 
ter of  birefringence,  occurs  o^'er  the  entire  range  of  |  ^  |  <  |  k  |.  This 
range  is  di^'ided  into  that  of  m  >  0  and  that  of  /x  <  0.  Transmission 
occurs  in  one  sense  of  circular  polarization  in  each  of  these  regions  and 
for  both  senses  for  n  <  0.  Thompson  has  suggested  that  propagation  in 
a  small  circular  wa\'eguide  might  be  attributed  to  the  negative  permea- 
bility of  one  preferred  polarization;  it  appears,  however,  that  propaga- 
tion is  possible  over  a  considerably  wider  range  of  conditions  and 
for  somewhat  different  reasons. 

In  the  case  shown  in  Fig.  2,  higher  propagating  modes  occur  in  a 
rectangular  waveguide  when  one  half  or  more  sinusoids  of  field  varia- 
tion occurs  in  the  z  direction.  These  simply  produce  the  result  of  stronger 


RESULTANT^ 
X    VARIATION 


Fig.  2  —  Mode  in  ferrite  filled  rectangular  guide. 
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transverse  cutoff.  Therefore,  by  demonstrating  the  existence  of  the 
lowest  order  mode  we  show  that  an  infinite  number  of  these  anomalous 
modes  may  propagate  simultaneously.  These  modes  are,  however, 
bound  A'ery  tightly  as  svu'face  waves  to  the  side  walls  of  the  guide  because 
of  their  strong  transverse  cutoff.  The  medium  is  therefore  used  in  a 
verj''  inefficient  manner  and  high  loss  results,  the  loss  increasing  with 
mode  number. 

The  higher  propagating  rectangular  wa^'eguide  modes  have  an  ana- 
logue in  the  higher  propagating  modes  in  a  ferrite  filled  circular  wave- 
guide. This  analogue  occurs  in  terms  of  the  integral  number  of  peripheral 
\'ariations.  "We  find,  similarly,  an  infinite  number  of  such  propagating 
modes  each  one  corresponding  to  a  given  polarization  sense  and  having 
a  given  number  of  peripheral  variations.  The  reservations  on  practical 
transmission  still  hold  in  the  same  manner  as  in  the  rectangular  case. 

In  the  course  of  preparing  this  publication  it  was  brought  to  the 
author's  attention  that  ^Mikaelj'an  employed  an  anah^sis  similar,  in  part, 
to  that  developed  here.  It  is  felt,  in  the  present  analj^sis,  that  the  physical 
results  are  made  more  readily  evident  by  a  consideration  of  the  limiting 
case  of  small  guides,  with  large  ratios  of  width  to  height  in  the  case  of 
rectangular  wa^•eguides.  The  choice  of  such  large  ratios  is  made  to 
simplify  analyses  invohdng  imaginary  values  of  Avi  and  /.■;r2 ,  wherein 
the  wave  is  considered  to  be  bound  to  one  wall  of  the  guide  and  reflec- 
tions from  the  opposite  wall  are  of  negligible  amplitudes. 

II.   ANALYSIS  OF  TRANSVERSELY  MAGNETIZED   FERRITE   IN  RECTANGULAR 
GUIDE 

The  character  of  the  ferrite  medium  is  introduced  through  the  Polder 
permeability  tensor : 

r  =  I  -k   M   0  I  (1) 

0     0     1, 

The  quantities  m  and  k  relate  to  the  self  and  inducti^'e  permeabilities 
transverse  to  the  z  axis.  The  relative  permeability'  along  the  z  axis  is 
given  as  unit3\  These  permeabilities  may  be  expressed  as  follows  in 
gaussian  units.^ 

,  =  1  +  «^  (2a) 

COO"    —    CO" 

,  =  i![^  (2b) 

coo"    —   CO" 
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T  =  2.80  Mc/sec/oersted 

coo  =  7-^0 

Hq  =  Internal  dc  magnetic  field 

4-7ril/s  =  Saturation  magnetization 

Maxwell's  equations  are  given  as: 

Curl  H  =  io^eE  (3a) 

CurlE  =  -ic^(jioT-H  (3b) 

Assuming  a  plane  wave  of  dependence   £»(»'-*'■'*>,   and  appropriately 
combining  (3a)  and  (3b),  we  have, 

[kk  -  k'l  +  o:'£iJLoT]-H  =  0  (4) 

The  operator  in  square  brackets  is  a  dyadic  which  may  be  repre- 
sented in  matrix  form.  The  quantity  /  is  the  idemf actor,  having  a  unit 
diagonal  representation.  If  we  are  to  require  that  a  non-trivial  field  H 
exist,  the  determinant  of  the  operator  in  (4)  must  vanish.  Since  all  rays 
traveling  perpendicularly  to  the  magnetizing  axis  are  equivalent  the 
medium  is  degenerate  in  the  transverse  plane,  and  some  simplification 
is  achieved  in  causing  k  to  lie  in  the  yz  plane  and  letting  k^  =  0.  Some 
further  simplification  is  achieved  in  normalizing  the  Polder  tensor  such 
that 

fig     0\ 

^    ^ -ig   f   0 


T 


W£)UO 


(5) 


0    0    h 

The  following  secular  equation  is  then  formed. 
-/v-+/  ig  0 


-ig 
0 


h/yKz 


ICyK 


yi^z 


-A-/  -f  h 


=  0 


(6) 


Introducing  the  substitution  p  =  k^~/k  ,  and  recognizing  that 


Ky        Kz 


m 


we  have  upon  expanding  (C), 

pW  -  g')h  +  /'/(f  -  Jh  -  g')] 


+  V[{h  -  f)h'  -  k'if  ^  fh  -  g')]  +  kjf  =  0. 


(7) 
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We  note,  in  general,  two  solutions  in  j)  corresponding  to  each  value  of 
A'j ,  indicating  birefringence  of  the  medium.  In  particular  A-^  must  be 
non-vanishing  for  birefringence  to  occur  or,  stated  alternatively,  rf 
field  gradients  must  exist  parallel  to  the  applied  magnetic  field  to  obtain 
birefringence. 

The  characteristic  vector  solutions  of  (4)  may  be  expressed  for  each 
solution  of  (7) ;  they  are  the  magnetic  fields, 

1 


H  =  H. 


9        \     P      ^ 


V 


) 


(h  -  h'  ( 


1  -P 

P      . 


—  Hkyy+kzz) 


(8) 


and  the  corresponding  E  fields. 


0)£ 


h 


J- 


P 


h  -  kj" 


1  - 


P 


P 


-1 


—iikyy+h^z) 


(9) 


The  sign  indeterminacy  above  is  defined  Avith  respect  to  the  ratio 
ky/ks ,  the  upper  sign  being  given  by  the  positive  value  of  this  ratio. 

We  shall  analyze  the  rectangular  waveguide  by  first  seeking  parallel 
plane  solutions  and  then  utilizing  these  solutions  to  form  those  of  the 
rectangular  guide.  We  choose  as  parallel  planes  those  perpendicular  to 
the  applied  magnetic  field,  or  z  direction  and  having  a  separation  b. 
Because  of  the  absolute  uniformit}^  of  this  type  of  structure,  the  field 
configurations  as  a  function  of  the  coordinates  transverse  to  the  magnetic 
field,  X  and  y,  may  change  only  by  a  uniform  phase  factor.  Again,  the 
choice  of  transverse  axes  is  made  such  that  these  phase  variations  occur 
only  along  y. 

From  (7)  we  would  find  that  a  specification  of  ky  leads  to  a  quadratic 
equation  in  p,  ^\■ith  an  appropriate  consequent  multiplicity  in  k,~.  Let 
us  define  as  a  partial  wave  any  standing  wave  in  the  z  direction  corre- 
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sponding  to  some  linear  combination  of  the  positive  and  negative  values 
of  kz  for  one  of  the  values  of  kz-.  Examination  of  (9)  reveals  that  the 
ratio  of  Ey  to  E^  ,  the  field  components  tangent  to  the  bounding  walls, 
to  be  independent  of  the  sign  of  kz .  Hence,  each  partial  wave  has  an 
individual  value  of  this  ratio  irrespective  of  its  standing  wave  distri- 
bution in  the  z  direction.  It  is  thus  impossible,  in  general,  to  provide 
a  mutual  cancellation  of  two  or  more  partial  waves  at  the  electric 
walls  by  combinations  of  such  partial  waves,  with  the  consequence  that 
each  partial  wave  must  individually  satisfy  the  boundary  reciuirement. 
We  find,  then,  that  each  partial  wave  takes  on  the  familiar  condition 
kz  =  mir/h. 

The  parallel  plane  wa\'es  now  will  be  appropriately  oriented  and 
superposed  to  satisfy  the  side  wall  boundary  conditions  in  the  rectangular 
guide.  Since,  as  shown  in  Fig.  2,  mutual  cancellation  is  required  on  the 
side  walls  of  the  rectangular  guide,  the  rate  of  vertical  variation  must 
be  identical  for  all  the  component  parallel  plane  waves;  thus  7n  is  a 
constant  of  the  waveguide  mode  and  k,  is  uniquely  specified. 

Two  essential  characteristics  thus  define  a  rectangular  waveguide  mode 
in  a  transversely  magnetized,  ferrite  filled,  medium. 

1.  The  modes  are  ordered  by  integral  values  of  m  in  the  relationship 
/.%  =  7mr/b. 

2.  The  propagation  constant  ky  is  uniquely  specified. 

Standing  waves  ma}'  now  be  formed  in  the  z  direction  satisfying  electric 
boundaiy  conditions  at  the  parallel  planes.  Each  partial  wave  of  the 
electric  field  may  then  be  expressed  as  follows  corresponding  to  its 
appropriate  value  of  p: 


E  = 


viir 

biCE 


H. 


I  .       1  (mir\  \    .    niTT 


I  sm 


VlTZ 


— i(mx/6)  (1— p/p)  iy 


(10) 


Let  us  now  specialize  our  analysis  to  the  small  guide  case.  The  require- 
ment of  birefringence  to  produce  small  guide  propagation  demands 
that  A-2  be  non-\-anishing  and  that  7n  take  on  an  integral  value  of  unity 
or  greater.  "We  have,  from  (7),  the  two  limiting  values  of  p  corresponding 
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to  a  small  value  of  b, 


Vi  = 


f 


M 


P'2  =  k 


f  -h       M  -  1 
f  -  h 


Kz 


-  1 


P  —  fh  —  g-        co-fiuE  yi 


2    -  /X    -   k2 


(11a) 


(lib) 


Discarding  the  z  dependence  in  equation  (10)  and  dropping  a  constant 
multiplier,  the  two  characteristic  electric  field  solutions  become: 


.(1) 


fl- 

K 

i 

Um-' 

J 

(,mTlb)n    iy 


(12) 


E'''  ^ 


'0' 


(mrlb)y 


(13) 


Equations  (12)  and  (13)  are  parallel  plane  solutions  obtained  for 
some  arbitrary  direction,  y,  transverse  to  the  magnetic  field.  This  direc- 
tion need  not  be  intrinsically  real;  mathematically,  it  simply  satisfies 
Maxwell's  equations.  We  may  transform  to  a  desired  waveguide  frame 
of  reference  by  rotations  ^i  and  ^2 ,  corresponding  to  pi  and  p-2 ,  about 
the  z  axis,  where  these  rotations  may  possibly  be  made  through  complex 
angles.  We  then  have  for  the  electric  fields  in  the  new  space: 


^(1) 


1  - 


M 


COS  (fl  +  i  sin  ^1 


1  - 


M 


sin  <pi  +  i  cos  cpi 


lyL 


{mTrlb)ii    }(j/cos(f  i+rsinvJi) 


(14)    ., 

I 


.(2) 


I  sm  (f-i 
i  cos  (p2 
i 


^(.mirlb)  (t/cosii!>2+-''sirn?2) 


(15) 


The  new  7  axis  of  the  transformeil  coordinates  is  now  considered  the 
longitudinal  axis  of  the  waveguide. 

The  partial  wave  fields  of  (14)  and  (15)  may  be  joined  to  form  a  single 
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mode  by  equating  the  propagation  constant.  Therefore, 

cos  ^2  =  M  '  COS^l  (16) 

where  cos  v?2  is  imaginary  for  propagation.  Propagation  may  therefore 
occur  for  n  >  0  and  cos  <pi  imaginarj^  and/or,  ju  <  0  and  cos  <pi  real. 

Boundarj'  conditions  require  Ey  and  E,  to  vanish  at  both  guide  side 
walls.  Four  equations  result  which  may  be  satisfied,  in  turn,  by  a  super- 
position of  four  transverse  waves  involving  kj^  ,  —  AVi  ,  Ax2  ,  and  —K^ 
corresponding  to  ^'alues  d=^i,2  .  For  n  >  0  both  of  the  birefringent  rays 
have  transverse  decay.  Since  the  magnitudes  of  fcj, ,  are  large  in  small 
size  guide  (see  Introduction)  boundary  conditions  need  be  satisfied  for 
practical  purposes  at  only  a  single  wall.  We  are  then  left  with  the  sim- 
plification of  only  two  equations  in  two  unknowns. 

Setting  X  =  0  in  (14)  and  (15)  and  taking  equation  (16)  into  account, 
we  ha^•e  the  boundary  conditions 

—  sin  v^i  +  i  cos  (pi  I  +  BlijT'  cos  ^i]  =  0        (17) 


^[m~^]  +  5  =  0        (18) 


With  the  result  that 

cot^Pi  =  -1^  =  (pL]  (19) 


Choosing  ky  positi\e  real,  A^i  is  positive  imaginaiy  for  k  positive  and 
negative  imaginary  for  k  negative.  The  rf  field  therefore  hugs  the  right 
wall  for  K  >  0  and  the  left  for  k  <  0,  or,  alternatively,  switches  sides  in 
the  change  from  a  forward  to  backward  direction  of  propagation. 
Equation  (19)  may  be  written  equivalently  as 

2 

cos'  <p,  =  ^A—.  (20) 

II-    —    K- 

Propagation,  occurring  for  imaginary  values  of  cos  tp  and  /x  >  0,  is  ob- 
tained for  1  ju  !  <  I  K  |. 

Let  us  now  analj^ze,  the  possibility  of  small  guide  propagation  for 
M  <  0.  We  find,  from  (16),  that  cos  9?i  is  real  for  this  case.  Two  cases 
arise;  the  first  for  which  |  cos  ^i  |  <  1  and  the  second  for  the  reverse 
situation. 

Let  us  first  consider  the  case  of  |  cos  ^i  |  <  1.  From  (14),  ^^i  is  real 
whereas  from  (15)  l\^  is  imaginary.  Let  us  associate  wave  amplitudes 


418  THE    BELL   SYSTEM   TECHNICAL   JOURNAL,    MARCH    1957 

with  X  dependences  as  follows: 

Be'"'" 

r\„»*x2(x— a) 

where  a  is  the  guide  width.  Let  us  assume  that  kx^  is  a  sufficiently  large 
imaginary  quantity  of  such  sign  that 

This  assumption  will  be  seen  to  be  consistent  with  the  solution.  [(26b) 
for  small  size  guide.] 

Setting  up  the  boundary  conditions  for  Ey  and  Ez  at  x  =  0,  we  have 
from  (14),  (15),  and  (16), 


(A  -  B)  (^ -)  sin  <pi  +  iU  +  B)  cos  <pi  +  iCfi^  cos  ^i  =  0      (21a) 


-1 

K 

m 
(A  +  B)^-'  +  C  =  0     (21b) 

let  r  =  B/A.  Combining  these  last  two  equations  we  have 

^-^  =  "  cot  <p,  (22) 

1  +  r     M 

Satisfying  the  boundary  conditions  at  x   =   a  produces  an  equation 
similar  to  (22)  with  the  substitution 

-iikxia  — i2X 

r  ^  r£  =  re 

Thus 

-t2X  1 


LjLZ  =  ^  -  '''  (23) 

1  +  r        1  +  re""' 


i2X 


Equation  (23)  is  satisfied  by  the  condition  X   =   wtt.  Since  kxi   = 
i(rmr/b)ix~'''  sin  <pi  ,  we  have 

sm  <pi  =  lu (.24; 

in  a 

The  assumption  that  cos  ^i  is  real  and  less,  in  magnitude,  than  unity  is 
realized  by  the  condition 

(_^)^!L^<1  (25) 

771  a 
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Only  ill  the  limiting  condition  of  a  infinitely  greater  than  h  do  all  modes 
(m,  n)  propagate  in  the  negative  region  of  /x.  In  this  particular  case, 
sin  ^1  =  0  and  we  find  from  (21a)  and  (21b)  that  C  =  D  =  0.  Thus  we 
find  a  situation  in  which  the  guide  boundary  conditions  are  satisfied  by 
but  a  single  class  rays  of  the  two  classes  available. 

This  result  is  entirely  comprehensible  if  we  observe  the  wave  number 
relationship  obe3^ed  by  ki  and  ko  .  Employing  the  definition  of  p  which 
states  that  k'  =  kf/p,  and  using  (11a)  and  (lib),  we  have 

k,'  +  ky,'  +  ki/n  =  0  (26a) 

kr'  +  kyi  +  k:  =  0  (26b) 

As  stated  in  the  Introduction,  it  is  an  entirel}^  consistent  procedure  to 
satisfy  boundary  requirements  with  real  wa^-e  numbers  over  the  negative 
range  of  ^  using  the  class  of  rays  indicated  for  (26a)  above. 

More  generally,  (25)  shows  a  complex  relationship  of  the  ordering 
of  propagation  modes  by  n  and  w,  for  finite  a,  for  a  given  negati^'e  value 
of  fi.  In  contrast  to  the  /z  >  0  case,  propagation  may  possibly  not  occur 
for  a  range  of  lower  order  integral  values  of  m.  As  n  becomes  increasingly 
large  in  magnitude,  m  must  likewise  take  on  increasingly  higher  values 
for  transmission  to  occur. 

The  case  of  cos  <pi  real  and  greater,  in  magnitude,  than  unity,  leads 
to  triA'ial  result.  Both  partial  waves  have  imaginaiy  values  of  A'x  ,  for 
this  case,  and  the  far  wall  receives  essentially  no  coupling.  Anal3^sis 
simply  repeats  the  result  of  (20)  and  we  find  that  |  /x  |  >  \  k\  and  /x  <  0. 
If  the  Polder  tensor  components  given  in  (2a)  and  (2b)  are  plotted  (see 
Fig.  5).  We  find  that  this  last  set  of  inecjualities  form  an  impossible 
combination. 

Summarizing  we  find  that  a  rectangular  waveguide  of  any  dimension 
(and,  in  particular  a  guide  of  arbitrarily  small  dimensions),  filled  with  a 
lossless  transversely  magnetized  ferrite  medium,  will  support  an  infinite 
number  of  freely  propagating  modes  at  any  frecjuency  for  which  |  m  |  < 
\  k\.  The  character  of  these  modes  differs  considerably  in  the  two  regions 
of  M  <  0  and  /x  >  0  and  somewhat  different  viewpoints  of  propagation 
must  be  taken.  We  shall  find  similar  results  relating  to  the  longitudinally 
magnetized  ferrite  filled  circular  waveguide  in  the  following  section. 

III.    ANALYSIS    OF    LONGITUDINALLY    MAGNETIZED    FERRITE    IN    CIRCULAR 
GUIDE 

We  now  proceed  to  a  second  structural  geometry  in  which  an  anoma- 
lous behavior  occurs  attributable  to  the  birefringence  of  the  medium. 
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This  is  the  circular  guide  which  has  been  the  subject  of  considerable 
analysis  by  Suhl  and  Walker.  It  is  instructive,  however,  to  repeat  the 
analysis  of  this  case,  in  the  small  guide  limit,  showing  more  pointedly  its 
behavior  from  the  viewpoint  of  combinations  of  the  two  types  of  waves 
in  the  medium. 

The  character  of  transmission  in  undersized  circular  waveguide  is 
very  similar  to  that  of  the  undersized  rectangular  case.  We  may  demon- 
strate the  physical  significance  of  this  statement  by  the  following  argu- 
ment. The  excitation  in  a  rectangular  waveguide,  for  |  /x  |  <  \  k\  and 
M  >  0,  is  essentially  that  of  a  surface  wave  bound  very  tightly  to  a 
single  wall.  Considering  this  wall  alone,  which  may  now  be  extended  to 
arbitrary  dimensions  but  Avith  k^  kept  large,  it  may  be  wrapped  upon 
itself  either  about  the  magnetic  field  as  an  axis  or  containing  the  mag- 
netic field  peripherally.  In  either  event,  the  wrapped  guide  must  start 
and  terminate  at  the  same  phase,  requiring  a  multiplicity  of  2ir  around 
the  circumference,  and  the  wave  must  thus  continue  to  have  a  large 
kg  value.  Considering  the  large  value  of  k^  and  the  state  of  excitation  of 
the  ferrite,  the  small  circular  guide  may  propagate. 

Analysis  will  demonstrate  that  propagation  also  takes  place  in  the 
region  ^Lt  <  0.  The  quantity  k^^  is  real  and  k^^  imaginary,  see  (26),  leading 
to  a  case  essentially  similar  to  that  of  the  rectangular  waveguide.  The 
analogy  is  appropriate  to  the  case  of  h/a  of  finite  value  for  which  the 
rectangular  guide  requires  the  appearance  of  both  refractions.  We  now 
proceed  to  obtain  the  field  solutions  for  the  circular  guide. 

Referring  to  (9)  for  the  plane  wave  solution  of  the  electric  field,  let 
us  define  to  within  a  constant  multiplier. 


Ey' 


£ 


—i{kyy+kzz) 


(27) 


Eg 
where,  for  the  case  of  large  kg  (9,  12,  13) 


^(x)  ^  l^2±  E'''  =  0 


'X 


(1)    _    p(2) 
U        —    -C'2 

(1)    _     •   -i  7?(2) 


E^'^  =  E'^'  =  -1 


Er  =  iiT'  EY'  =  i  I 


fcj^     _        .     _J  ky^      _     ^ 

Kz  Kg 

We  shall  consider  here,  of  the  two  possible  wrapped-wall  structures, 
that  case  in  w^hich  the  magnetic  field  is  applied  axially  as  shown  in  Fig.  3. 
Referring  to  Fig.  4,  the  cylindrical  drical  electric  wave  satisfying  Max- 
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Fig.  3  —  Axially  magnetized  filled  circular  guide  formed  by  wrapping  wall. 


DIRECTION    OF 

SINGLE   RAY 


Fig.  4  —  Transformation  to  polar  coordinate  frame. 
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well's  equations  and  the  boundary  conditions  for  this  structure  is  ob- 
tained by  integrating  plane  waves  of  the  form  of  (27)  traveling  at  all 
possible  angles  \l/,  the  integration  being  subject  to  a  weighting  factor 
G(\l/)  to  obtain  the  most  general  field.  The  coordinates  (r,  cp)  refer  to  the 
physical  system  and  the  coordinate  \{/  identifies  a  plane  wave  traveling 
along  a  particular  //  axis.  We  have  thus  in  an  (/-,  (p,  z)  coordinate  frame: 


2t  Jo 


GirP) 


Recognizing  that 


cos  i" 

sin  f 

0 

—  sin  ^ 

cos  I 

0 

0 

0 

1 

diA  = 

^r 

y  = 

r  sin  f 

G{^)  = 

G{^  - 

<f) 

Ey 

E. 


-i(kyy+kzz) 


(28) 


dxl/ 


and 

an  integration  results  over  the  variable  f .  Because  of  the  uniqueness  of 
the  field  as  a  function  of  (p,  the  only  term  containing  (p,  G(^  —  (p),  must 
be  a  periodic  function  in  its  argument.  A  typical  mode  is  formed  by 
choosing  one  of  the  terms  of  the  Fourier  series  of  G(^  —  <p),  namely 

in(.!;—(p) 

We  find  from  (28)  that 


Er^ 


n 


E/-Jn{p)    +    EyJn'ip) 
P 


n 


EjJip)      +     Ey-J,Xp) 

p 

EJ,Xp) 


-i(kzZ+n<(>) 


(29) 


i 


where  En  is  that  partial  expansion  of  the  total  field  E,  corresponding  to 
the  number  of  angular  variation  «,  and  p  =  kyr.  There  are  two  values  of 
p  corresponding  to  the  two  A-alues  of  A^  ,  and  each  leads  to  a  partial  wave. 
Let  .4  and  B  be  the  respective  partial  wave  amplitude;  satisfying  the 
boundary  conditions  on  E^  and  E^  ,  we  have  from  (29) : 


1 


./,/(pi) 


nA 
Pi 


Jnipi)     -    Jnip-d     =    0 


Afx  V„(pj)  +  BJ^ip.^  =  0 


(30a) 
(30b) 


where  pi  and  p-y  are  defined  for  r  =  A',  the  radius  of  the  cylinder 
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nizing  that  pi  =  m~'P2  ,  we  have  from  (30) 

^  J/(pi)  +  n  -^-^  =  0  *  (31) 

K  Pi 

where  pi  =  ikzyT^R. 
Equation  (21)  may  be  modified  by  a  recurrence  relationship  to  become 

tj^^^P^JpM  (32) 

For  /x  >  0  the  quantity  pi  is  a  pure  imaginary  for  large  real  values  of 
A-j  .  Since  the  n  order  Bessel  function  is  monotonic  in  imaginary  argu- 
ments and  possesses  the  multiplier  (i)",  the  right-hand  side  is  negative 
for  n  positive.  For  n  >  0,  propagation  occurs  for 

\k\  >  \n\ 
sgn  K  =  —  sgn  fji 

Inspection  of  (31)  reveals  that  a  reversal  of  the  sign  of  n  is  equivalent 
to  reversing  the  sign  of  k.  This  conforms  to  the  physical  situation  in 
which  reversal  of  the  sense  of  circular  polarization  is  equivalent  to  the 
reversal  of  magnetic  field.  Thus  for  n  <  0  and  n  >  0, 

\  k\   >   \ n\ 

Sgn  K  =  sgn  /Lt 

We  find,  from  the  above  arguments,  that  just  one  sense  of  circular 
polarization  propagates  in  an  undersized  circular  guide  for  n  >  0  and  for 
a  given  direction  of  the  magnetic  field.  It  will  be  demonstrated  shortly 
that  propagation  occurs  f or  ju  <  0,  but  with  an  entirely  different  struc- 
ture of  modes.  The  right-hand  side  of  (32)  is  monotonic  as  a  function  of 
p  for  ^t  >  0,  leading  to  only  one  solution  for  each  value  of  n.  This  will 
not  be  the  case  for  n  <  0. 

It  is  of  interest  first,  however,  to  observe  the  limiting  approach  to 
M  =  0  in  the  region  of  ^  >  0.  The  right-hand  side  of  (32)  is  finite  for 
finite  imaginary  values  of  pi  ,  so  that  the  only  solution  as  /x  approaches 
zero  is  that  for  which  the  magnitude  of  pi  becomes  infinitely  great.  The 
Bessel  function  is  asymptotically  expansible  as  a  cosine  divided  by  a 
square  root  of  its  argument.  Thus 

Jn(pi)     =    -    a/-    (f'('"  +  f^"+^>^'^^''»    +    ^-i(Pl+12n+l](./4)))  (33) 

2   V    Pi 


*  Equation  (31)  maj'  likewise  be  obtained  from  the  small  radius  limit  in  (34) 
of  Reference  2. 
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Considering  pi  to  be  positive  imaginaiy,  as  pi  -^  rx ,  (32)  becomes 


K 

M 


tpi 


n 


(34) 


Substituting  for  pi  ,  we  have 


riK 


(35) 


Thus,  as  fj.  approaches  zero  from  \'akies  greater  than  zero,  the  propaga- 
tion constant  tends  to  become  singular.  Physically,  however,  n  does  not 
vanish  but  approaches  a  small  imaginary  value  caused  by  ferrite  losses. 
The  propagation  constant  k^  becomes  complex  and  takes  on  a  large 
imaginary  component,  signifying  large  guide  attenuation.  Since  these 
losses  occur  in  the  limited  neighborhood  of  m  =  0,  we  may  construe  this 
waveguide  behavior  as  corresponding  to  a  system  resonance. 

In  the  region  m  <  0,  pi  becomes  real  while  p2  remains  imaginary.  The 
right-hand  side  of  (32)  is  now  composed  of  onh^  real  arguments.  Since  the 
zeros  of  diiferent  order  Bessel  functions  alternate,  the  right  side  of  (32) 
contains  a  succession  of  poles  and  zeros,  leading  to  an  infinite  number  of 
branches  with  each  containing  a  solution  pi  to  the  equation.  Thus  there 
are  an  infinite  number  of  propagating  modes  corresponding  to  each  value 


Fig.  5  —  Frequenc}'  characteristics  of  Polder  tensor  components 


WAVEGUIDE   MODES   IN   GYROMAGNETIC   MEDIA  425 

of  n,  in  marked  contrast  to  the  case  of  ^  >  0.  The  solutions  remain  identi- 
cal, as  before,  if  both  k  and  /;  are  simultaneously  reversed  in  sign,  but 
differ  if  only  one  of  the  two  quantities  is  nnersed. 

Since  n  =  0  is  a  branch  point,  the  limiting  condition  as  m  approaches 
zero  for  \'alues  ju  <  0  differs  from  that  for  the  re^■erse  case.  Efjuation  (32) 
is  now  satisfied  in  the  limit  of  small  m  by  the  real  zeros  of  ./„(pi).  Since 
these  roots  are  finite,  A%  ,  ecjual  to  —{  —  nYpi/R,  tends  towards  zero  for 
all  modes.  Since  the  formulae  developed  in  this  paper  always  presume 
large  wa\'e  numbers,  we  may  infer  a  ^•anishing  \'alue  of  A'j  to  simply 
represent  a  value  which  is  small  relative  to  the  reciprocal  of  the  wave- 
guide radius.  In  any  event.  A,,  is  no  longer  singular  at  m  =  0,  and  there 
is  no  resonance  in  the  approach  from  negati^'e  values  of  m- 

In  sum,  the  features  of  the  circular  guide  strongly  resemble  those  of 
the  rectangular  guide  in  the  region  of  pi  >  0.  This  was  to  be  anticipated 
by  the  "wrapped  wall"  construction  where  the  wa^'e  is  tightly  bound 
to  the  wall.  The  wrapped  equivalences  do  not  hold  in  the  region  ^  <  0 
since,  with  harmonic  transverse  dependence,  the  waA-e  is  no  longer 
bound  to  the  wall.  This  lack  of  equivalence  is  manifested  in  the  matter 
of  ordering  modes.  For  a  rectangular  waveguide  of  finite  aspect  ratio,  we 
find  from  (25)  that  there  are  but  a  finite  number  of  modes  corresponding 
to  each  \-alue  of  m  for  ju  <  0.  The  circular  guide  differs  in  pro\'iding  an 
infinite  number  of  modes  corresponding  to  each  A'alue  of  n.  Further, 
whereas  the  circular  guide  covers  the  entire  range  of  |  m  |  <  |  «  |,  (25)  in- 
dicates that  the  various  modes  of  the  rectangular  guide  covers  a  more 
restricted  range  determined  by  the  guide  aspect  ratio. 

IV.    CONCLUSIONS 

The  waveguide  beha\ior  analyzed  in  this  paper  has  been  experi- 
mentally observed^  and  good  correlation  has  been  obtained.  From  the 
viewpoint  expressed  of  forming  a  guide  cross-section  by  wrapping  a  wall 
to  which  a  surface  wave  is  bound,  we  may  anticipate  that  the  unusual 
behavior  observed  in  the  two  types  of  guides  examined  is  probably 
characteristic  of  manj^  other  structures. 

It  is  not  clear,  at  this  time,  if  the  complete  set  of  modes  of  either  the 
rectangular  or  circular  guides  have  been  exhausted.  We  already  observe 
that  an  infinite  number  of  modes  propagate  simultaneously  so  that 
scattering  problems  become  considerably  more  complex  than  in  the  usual 
cases.  It  is  felt  by  the  author  that  the  field  of  waveguide  analysis  calls 
for  new  methods  and  techniques  of  modal  synthesis  when  ferrite  loaded 
structures  are  considered. 
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Measurement  of  Dielectric  and  Magnetic 

Properties  of  Ferromagnetic  Materials 

at  Microwave  Frequencies 

By  WILHELM  VON  AULOCK  and  JOHN  H.  ROWEN 

(Manuscript  received  August  15,  1956) 

Some  experimental  techniques  are  discussed  which  permit  measurement 
of  the  magnetic  and  dielectric  properties  of  ferrite  materials  in  the  micro- 
wave region  by  observing  the  perturbation  in  a  cylindrical  cavity  due  to 
insertion  of  a  stnall  ferrite  sample.  A  comparison  of  the  properties  of  thin 
disc  samples  with  those  of  small  spheres  shows  that  discs  yield  more  accurate 
results  in  the  region  below  ferromagnetic  resonance  whereas  spheres  are  pre- 
ferable for  the  study  of  ferrite  properties  near  resonance.  A  short  description 
of  instrumentation  for  cavity  measurements  at  9,200  mc  is  given  and  experi- 
mental results  of  disc  measurements  are  reported  for  a  low-loss  BTL  ferrite 
and  several  disc  diameters.  A  cornparison  of  experimental  results  with 
Polder's  theory  indicates  that  the  loss  of  poly  crystalline  ferrites  below  reson- 
ance is  considerably  lower  than  that  predicted  from  an  evaluation  of  the 
width  of  the  resonance  absorption  line. 

1.    INTRODUCTION 

The  dielectric  and  magnetic  properties  of  semi-conducting  ferromag- 
netic materials  such  as  ferrites  have  been  the  subject  of  intense  study 
in  recent  years.  Analytical  expressions  for  the  components  /z  and  k  of 
the  permeability  tensor  of  a  loss-free  single-crystal  ferrite  were  derived 
by  Polder. 1  These  expressions  were  later  modified  to  include  a  loss  factor 
a.~-  2  Yager  and  others'*  measured  the  resonance  absorption  of  single 
crystals  of  nickel  ferrite  and  found  very  good  agreement  with  theoiy 
provided  the  loss  factor  a  was  determined  from  the  width  of  the  meas- 
ured resonance  absorption  line.  However,  when  Artman  and  Tannen- 
wald^  measured  the  real  and  imaginary  parts  of  m  and  k  for  polycrj'stal- 
line  ferrites  they  found  that  agreement  with  theory  was  somewhat  less 
than  perfect  if  a  was  also  determined  from  the  measured  line  width. 
Discrepancies  were  observed  for  both  real  and  imaginary  parts  of  /i  + 
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K  in  the  region  below  resonance  because  the  effects  of  polycrystalUne 
structure  and  anisotropy  forces  were  neglected  in  Polder's  and  Hogan's^ 
analysis.  Furthermore,  it  was  assumed  in  the  derivation  of  the  perme- 
tihility  tensor  that  the  ferrite  is  saturated  with  a  biasing  dc  magnetic 
field  which  is  large  compared  to  Ihe  microwave  magnetic  field. 

There  exists  a  great  need  for  experimental  data  for  all  those  conditions 
where  some  of  the  above  assumptions  do  not  hold.  In  particular,  the 
region  of  biasing  magnetization  between  zero  and  ferromagnetic  reso- 
nance is  of  interest  because  it  is  the  operating  region  for  many  ferrite 
devices  such  as  phase  shifters,  modulators,  and  field  displacement  iso- 
lators. Techniques  for  the  measurement  of  ferrite  parameters  below 
resonance  were  investigated  and  it  was  found  that  the  measurement  of 
the  perturbation  of  a  degenerate  cylindrical  cavity  by  a  thin  ferrite  disc 
yielded  accurate  results,  whereas  observation  of  the  cavity  perturbation 
caused  by  a  small  sphere  produced  less  accurate  data. 

It  is  the  purpose  of  this  paper  to  describe  and  discuss  the  thin  disc 
method  and  to  compare  it  with  other  techniques  described  in  the  litera- 
ture.^' ^  After  defining  the  ferrite  parameters  as  constants  in  Maxwell's 
equations  it  is  shown  how  these  parameters  can  be  obtained  from 
various  measuring  techniques.  Instrumentation  for  the  thin  disc  tech- 
nique is  described  and  a  few  remarks  are  made  pertaining  to  experi- 
mental difficulties.  Finally,  some  measurements  of  low-loss  ferrites  are 
reported  and  compared  with  values  predicted  bj^  Polder's  relations. 

2.    DESCRIPTION   OF   FERRITE    PARAMETERS 

It  is  customary^  to  define  the  electric  and  magnetic  polarization  vec- 
tors P  and  M  in  terms  of  the  field  vectors  E  (electric  field  intensity), 
T)  (electric  displacement),  l}  (magnetic  field  intensity),  and  B  (mag- 
netic induction).  In  the  M.K.S.  system  we  have: 

P    =D  -  £oE 

M  =  B/fio  -  S 

€o  =  8.854  X  10"^^    farad/meter,  permittivity  of  free  space 

Mo  =  4x  X  10~^  henry/meter,  permeability  of  free  space 

Then,  the  intrinsic  parameters  of  a  ferrite  medium  are  defined  as  those 
quantities  which  relate  P  and  M  to  the  electric  and  magnetic  fields  in 
the  medium  respectively. 

P    =  fox  J 

ill    =  Tn^ 

Whereas  the  electric  susceptibility  Xe  is  a  scalar  quantity  in  ferrites  the 
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magnetic  susceptibility  Xm  is  known  to  have  tensor  properties.  Assum- 
ing that  the  static  magnetic  field  Hr  is  in  the  ^-direction  we  have 


Xm    — 


Xm 

-JK 

u 

JK 

Xm 

0 

0 

0 

0 

(1) 


If  we  restrict  ourselves  to  sinusoidal  time  variation  of  the  RF  fields  we 
may  describe  electric  and  magnetic  losses  in  the  ferrite  bj'  regarding 
Xe ,  Xm  ,  and  K  as  complex  quantities: 


Xe  Xe 

Xm    ^^    X" 


JXe 
■  jXr. 


^      =  k'  -  Jk" 

Thus,  it  is  seen  that  the  RF  properties  of  a  ferrite  medium  regardless  of 
geometry  are  completely  described  by  six  "intrinsic"  parameters, 
Xe',  Xe" ,  Xm  ,  Xm" ,  K  ,  SLiid  k" .  The  diclectric  constant  e  and  permeability 
TT  of  the  material  are  obtained  from 

£   =  Xe  +  1 

"m  =  x^  +  1 

where  1  is  the  unit  matriix. 

It  is  the  objective  of  the  measurement  to  obtain  each  of  the  above 
parameters  as  a  function  of  one  or  more  variables  of  interest  such  as 
frerjuency,  saturation  magnetization,  static  magnetic  field,  temperature, 
applied  power  and  others.  Aleasurements  may  be  made  on  single  ferrite 
crystals  — ■  mostly  for  research  purposes  —  or  on  polycrystalline  ma- 
terial for  many  purposes  in  connection  with  the  development  of  ferrite 
materials  and  devices.  These  measurements  are  generally  compared  to 
the  behavior  of  Xm  and  k  as  predicted  by  Polder's  equations.  One  ob- 
tains from  the  equation  of  motion  of  magnetization^ 


Xm  =  M  —  1  = 


CO' 


(0 


\y\M. 


ym,^  -  0,2 


Using  Suhl  and  Walker's  notation  this  may  be  WTitten  as 

_      po- 

Xm  ~ft  "7 

(T^    —    I 
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-    1 
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where  p  —  \y  \  M,/co  normalized  saturation  magnetization 

a-  =  I  7  I  H,/cc  normalized  static  magnetic  field  in  the  ferrite 

I  7  I  =  2.8  mc  per  oersted,  gyromagnetic  ratio 

CO  =  operating  frefjueney 

It  appears  that  some  cavity  techniques  measure  the  eigenvalues  of  (1), 
Xm  +  K  and  Xm  —  K,  directly,  which  are  seen  to  be 

Xm±K=    -^  (2) 

Suhl  and  Walker  show  that  a  loss  term  may  be  introduced  by  replacing 
0-  by  (7  +  7a:(sgn  p)  in  (2).*  Separating  real  and  imaginary  parts  we  get 

>    ,     r  _       p{a  ±  1)  .  . 

^"  ■    ~  (cr  ±  ly  +  a'  ^^ 

„  ,  apisgn  p)  , 

For  the  determination  of  a  from  measurements  it  is  convenient  to  define 
a  loss  tangent 

Xm"  ±  k"  ^  a(sgn  p) 

^     dz    K  (T    ±    1 


5±     = 7—. T    =    T-T—  <^^) 


Typical  curves  for  Xm  ±  k  and  8^  assuming  p  =  0.5  and  a  =  5  X  10^' 
are  shown  on  Figure  l.f  For  the  purpose  of  describing  and  comparing 
experimental  results,  it  may  be  convenient  to  distinguish  among  various 
regions  of  H^  as  indicated  on  the  graph  because  a  difTerent  measurement 
technique  may  be  required  for  accurate  measurements  in  each  region. 

3.    METHODS    FOR    MEASURING   MAGNETIC    PROPERTIES 

Three  measurement  methods  have  been  reported  in  the  literature  all 
of  which  employ  the  detuning  and  change  in  1/Q  of  a  resonant  cavity  by 
a  small  ferrite  sample.  Ya,n  Trier  used  very  thin  long  cylindrical  samples 
in  a  coaxial  cavity.  Artman  and  Tannenwald"  emploj^ed  small  spheres, 
and  we  used  thin  discs^  both  placed  close  to  the  endwall  of  a  cylindrical 
degenerate  cavity  excited  by  a  TEm  mode  (Figs.  2  and  3).  Recently, 
Berk  and  Lengvel   suggested  the  use  of  a  cylindrical  post  at  the  center 

*  By  definition  sgn  p  =  +1  for  p  >  0  and  sgn  p  =  —  1  for  p  <  0. 

t  Since  it  is  customary  to  use  Xm  +  k  for  the  designation  of  the  resonance  line 
this  notation  has  been  used  here.  Consequentl}',  p  and  a  shovild  be  assumed  nega- 
tive. 
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Fig.  1  —  Theoretical  values  of  Xm  ±  k  and  loss  tangent  5±  versus  normalized 
static  field  a. 


of  a  degenerate  rectangular  cavity.*  In  principle,  all  these  methods  per- 
mit the  determination  of  the  six  parameters  Xe',  x/j  x™',  Xm  ,  «',  and  k" . 
However,  in  practical  applications  there  are  significant  differences,  e.g., 

*  As  this  paper  was  being  written  another  variation  of  the  thin  cylinder  tech- 
nique using  the  TMuo  mode  in  a  circular  cavity  was  reported  by  Spencer  and 
LeCraw  at  the  I.R.E.  Convention,  New  York,  Mar.  21,  1956. 
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between  the  use  of  a  spherical  sample  and  a  thin  disc,  such  as  the  per- 
turbing effect  on  the  cavity  field,  the  accuracy  of  small  loss  measure- 
ment, the  occurrence  of  resonance  at  a  static  field  where  the  intrinsic 
parameters  are  not  at  resonance,  and  the  possibility  of  making  accurate 
measurements  of  the  electric  susceptibility.  Therefore,  the  sphere  method 
and  the  disc  method  will  be  reviewed  briefly  and  an  attempt  will  be 
made  to  compare  their  capabilities.  It  is  hoped  that  this  comparison  will 
also  be  helpful  for  the  evaluation  of  other  measuring  techniques  not 
covered  in  this  paper. 


3.1  The  Small  Sphere  Method 

In  order  to  appreciate  the  significance  of  the  quantities  measured  with 
the  small  sphere  method  it  is  expedient  to  define  an  effective  suscep- 
tibility tensor  Xms  by  relating  the  magnetization  vector*  to  the  applied 


^-L=Xg/2— I 


H. 


Fig.  2  —  Degenerate  TEui  cylindrical  cavity  with  ferrite  sphere. 


[-- L=Xg/2--| 


H, 


Fig.  3  —  Degenerate  TEm  cj'lindrical  cavity  with  ferrite  disc. 


*  R.  A.  Waldron   (Institute  of  Electrical  Engineers,  Convention  Oct.  29  to 

— ♦ 

Nov.  2,  on  Ferrites,  London,  1956)  related  the  magnetic  induction  vector  B  in  a 
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field  //° 

and  observing  that  the  RF  components  of  M  and  IT  (denoted  by  lower 
case  letters)  are  related  in  a  cylindrical  coordinate  system  by 

7     0  •        7     0 

nir    =    Xms'lr      "   JkJ10 

me  =  jKjir    +  -Kmshe 

Placing  the  small  ferrite  sphere  close  to  the  endwall  of  the  cavity  (Fig.  2) 
and  observing  the  splitting  of  the  resonance  into  two  frequencies  co± 
(related  to  the  positive  and  negative  circularly  polarized  modes)  and  the 
two  changes  in  1/Q  of  the  cavity  after  application  of  a  static  magnetic 
field  in  the  axial  direction  leads  to  two  measurable  quantities 

Acoj.  =  ojd  —  coj.  frequency  shift 

A(l/Q)^  =  l/Q±  —  l/Qo     change  in  internal  Q  of  the  cavity 

where  coo  and  Qo  are  resonance  freciuency  and  Q  of  the  empty  cavity. 
It  can  be  shown  that  real  and  imaginary  part  of  Xms  and  Ks  can  be  ob- 
tained fromf 

^^'^^  =  0.6982  )i  ■  ii  (x./  ±  ./)  (7) 


COo 


7)2     L 

Xo      do 


3 


3 


A(l/Q)±  =  0.6982  ^  •  ^  (xms"  ±  Ks")  (8) 

The  quantities  do ,  D,  and  L  are  the  sphere  diameter,  cavity  diameter 
and  length  respectively,  Xo  is  the  wavelength  in  free  space  associated  with 
COo  .  In  order  to  obtain  the  intrinsic  parameters  Xm  and  k  from  (7)  and 
(8)  one  may  use  the  relationships'" 

Il°  =^  H  +  M/S  (9) 

3(xm   ±    k)  .        . 

Xms    db    /Cs    = -—  (10) 

Xm   ±    K    +    3 

\        *  *-♦         -  4-» 

sphere  to  the  applied  field  by  writing  —  B  =  MsH^  where  jus  may  be  designated  the 

Mo 
external  relative  permeabilitj^  tensor.  It  can  be  readily  shown  that  Waldron'sre- 

suits  are  in  agreement  with  ours  if  one  notes  that  (2/3)xms  =  ms  —  1-  We  found 
that  the  use  of  the  effective  susceptibility  tensor  Xms  is  much  to  be  preferred  over 
Us  because  it  simplifies  notation  and  interpretation  of  experimental  results  in  terms 
of  the  intrinsic  quantities  X">  and  k. 

t  Equations  (7)  and  (8)  are  identical  to  Artman  and  Tannenwald's^  expressions, 
if  47r2Z)V(13.56  +  irWyi^)  is  substituted  for  Xo^. 
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Equation  (10)  luijs  a  pole  at  %,„  ±  k  =  —3  which  simply  indicates  the 
resonance  condition  for  a  sphere  as  derived  by  Kittel.^°  This  can  be 
verified  from  (2) : 

Xn.±K    =    -^  (11) 

cr  rb  1 

Xote  that  p  and  o-  are  either  both  positive  or  both  negative,  hence,  only 
one  of  the  two  ciuantities  (xm  +  a)  or  (xm  —  k)  goes  through  resonance 
at  I  0-  I  =  1.  A  similar  situation  exists  for  Xms  ±  Ks  expressed  in  terms 
of  (11) 

^""^  "^  "'  ^  V+W±T)  ^^^^ 

One  of  the  two  quantities  (xms  ±  Ks)  goes  through  resonance  at 

U  l«  =  1  -  I  P  1/3  (13) 

Observing  that  the  field  in  the  sphere  is  given  bj^  (9)  this  may  be  written 
as 

=  H.  +  MJZ  =  H,'  (14) 


ItI 

(Kittel's  resonance  frequencj^  of  a  ferrite  sphere) 

It  is  easily  seen  that  this  resonance  of  the  spherical  sample  makes  the 
evaluation  of  Xm  and  k  from  (10)  rather  unattractive  because  one  would 
expect  inaccurate  results  for  Xm  and  k  in  the  vicinity  of  the  sphere  reso- 
nance as  .  Furthermore,  for  all  numerical  computations  (10)  must  be 
separated  into  real  and  imaginary  parts 

/      ,  '    _    Q    (Xm'    ±    k'    +    3)(xm'    ±    li')    +    iXm"    +    k")  /,  -^ 

""""  ^''  -'^       (x.'  ±k'  +  3y  +  ixr."  ±  K'y  ^^^^ 

■V    "    -I-     '" 

/ '    _.  / '    Q  Xm      ^t    li  (I  r\ 

Xma       ±   Ks       —if     ,        ,  /      ,      qN"      r       /        'ii~^      vy)  ^^^! 

yXm     ±   K     +   3j-   +     \Xm      ±   K    )- 

In  general  higher  order  terms  of  Xm"  and  k"  ma}'  be  neglected,  but  in  the 
vicinity  of  sphere  resonance  these  terms  predominate  as  the  term 
Xm  ±  k'  +  3  vanishes.  It  can  be  seen  from  the  preceding  discussion 
that  the  determination  of  Xm',  Xm",  «',  and  k"  from  Xms  and  k^  has  its 
difficulties.  Fortunately,  there  is  an  easier  way  to  the  interpretation  of 
Xms  and  Ks  in  terms  of  the  intrinsic  parameters  Xm  and  k.  "We  use  (9)  to 
define  a  new  quantity  <j'  in  terms  of  the  applied  magnetic  field. 

cr'  =  cr  +  p/3  =   I  7  \ii^l^  (17) 
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Now  (12)  may  be  written  in  terms  of  the  normalized  applied  static  field 
as 

Xma   ±   Ks    =       ,      ,      ^  (18) 

0"      ±    1 

Comparison  with  (11)  shows  that  the  functional  dependency  of  the 
effective  parameters  Xms  and  ««  on  the  applied  field  H  ^  is  identical  to 
Polder's  relations  for  Xm  ±  k.  This  permits  plotting  Xms  ±  Ks  versus  H  z 
and  relabeling  the  coordinates  x,„  ±  k  and  H^ ,  provided  that  Polder's 
equations  hold  exactly.  It  would  appear  however  that  one  of  the  reasons 
for  measuring  ferrite  parameters  is  the  fact  that  Polder's  equations  are 
known  to  be  approximations  which  do  not  always  hold  and  which  are 
subject  to  many  restrictions  as  pointed  out  earlier  in  this  paper.  Sum- 
ming up,  one  may  say  that  measurements  of  the  parameters  of  a  small 
ferrite  sphere  lead  to  excellent  results  in  terms  of  effective  quantities 
Xms  and  Ks  as  a  function  of  the  applied  static  field,  but  may  only  be 
approximations  when  interpreted  in  terms  of  the  intrinsic  parameters 
Xm  and  K. 

3.2  The  Thin  Disc  Method 

The  use  of  a  thin  disc  rather  than  a  small  sphere  as  a  cavity  perturba- 
tion eliminates  most  of  the  difficulties  enumerated  in  the  previous  sec- 
tion because  the  intrinsic  parameters  Xm  ±  k  are  measured  directly. 
Placing  a  thin  disc  against  the  endwall  of  a  cylindrical  TEm  mode 
cavity  (Fig.  3)  and  observing  the  splitting  of  the  resonance  frequency 
and  change  in  1/Q  as  before  one  obtains  the  following  relationships 
(see  Appendix  for  derivation) 

'  ixm'Ri  ±  k'R,)  (19) 


Aco+        1  Xo  i 


ooo 


4  L^ 

^  I  ^  ixJ'R.  ±  x"R^  (20) 

The  ciuantity  /  denotes  the  thickness  of  the  disc,  and  Ri  and  R2  are  func- 
tions of  the  geometry  which  take  into  account  that  the  RF  magnetic 
field  is  not  constant  over  the  face  of  the  disc.  A  plot  of  Rx  and  Ri  versus 
the  ratio  of  disc  diameter  to  cavity  diameter  (Fig.  4)  shows  that  the 
functions  are  closely  equal  for  disc  diameters  less  than  \D.  This  implies 
circular  polarization  of  the  magnetic  field  in  this  region  whereas  the 
field  becomes  elliptically  polarized  as  one  approaches  the  outer  diameter 
of  the  cavity.  It  might  be  argued  that  the  disc  should  be  small  enough 


436  THE   BELL   SYSTEM   TECHNICAL   JOURNAL,    MARCH    1957 


08 


0.6 


cr 

o 
z 
< 


0.4 


0.2 


Fig.  4  —  The  functions  Ri  and  R2  versus  the  ratio  of  disc  diameter  do  to  cavity   ■ 
diameter  D.  " 

to  be  entirely  within  the  circularly  polarized  region.  However,  this  re-  ^ 
quirement  appears  to  assume  that  there  is  some  interaction,  such  as 
spinwave  coupling,  between  adjacent  regions  in  the  disc.  It  is  possible 
that  such  interaction  exists  in  single  crystals  and  leads  to  multiple 
resonance  effects.  However  in  polycrystalline  material  it  is  safe  to  assume 
that  each  crystallite  reacts  independently  with  the  RF  magnetic  field, 
enabling  us  to  sum  these  effects  by  simple  integration. 

This  integration  has  been  performed  in  the  derivation  of  (19)  and  (20) 
under  the  assumption  that  the  disc  is  thin  enough  to  introduce  only  a 
first  order  perturbation  into  the  cavity  field.  It  will  be  shown  presently 
that  these  assumptions  are  consistent  with  experimental  results. 

The  measured  effects  Acu±  and  A(l/Q)±  depend  on  the  volume  of  the 
perturbing  body,  hence  one  would  expect  that  these  effects  are  at  least 
an  order  of  magnitude  larger  for  thin  discs  than  for  small  spheres.  This 
permits  very  accurate  measurement  of  ferrite  parameters  in  the  region 
below  saturation  and  below  and  above  resonance.  In  particular,  the  loss 
parameters  Xm"  ±  k"  of  modern  low-loss  ferrites  can  be  determined  ac- 
curately in  these  regions.  However,  in  the  resonance  region,  the  meas- 
ured effects  become  so  large  that  measurement  becomes  difficult.  Hence, 
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we  do  not  recommend  this  method  for  measurement  of  resonance  Une- 
width.  The  greatest  advantage  of  the  thin  disc  method  Hes  in  its  abihty 
to  explore  the  region  below  resonance  where  many  ferrite  devices  operate. 
It  will  be  noted  that  this  region  is  wider  for  the  disc  than  for  a  small 
sphere  or  for  a  thin  cyhnder  magnetized  normal  to  its  axis.  Using  Kittel's 
relations  we  find  the  field  in  the  ferrite  at  which  resonance  occurs  for  a 
given  saturation  magnetization  and  operating  frequency 

„      _    CO  jj      _    oi    _  M^  fj      -    ^    —^^'       roi^ 

•"res    —    j        r  -nres    —    i        T  o  -"res    —    i        T  —pT  \^'~) 

ITI  ItI         3  \y\         2 

Thin  Disc  Small  Sphere  Thin  Cylinder 

It  is  seen  that  for  some  materials  a  small  sphere  or  a  thin  cylinder  may 
be  at  resonance  even  before  it  is  saturated. 


4.    METHODS    FOR   MEASURING   THE    DIELECTRIC    PROPERTIES 

In  principle  the  electric  susceptibility  x*  may  be  measured  with  any 
of  the  three  sample  shapes  discussed  above  provided  the  sample  is 
placed  into  a  region  of  maximum  electric  and  vanishing  magnetic  field, 
e.g.,  the  center  of  a  TEm  mode  cylindrical  cavity.  A  simple  computation 
shows  that  a  small  sphere  located  at  the  center  of  the  cavity  produces  a 
frequency  shift  and  change  in  1/Q  as  follows: 

^  =  4.189 -i^-4i  (22) 


OJo 


x/  +  3   D^L 


A(l/Q)  =  25.136^-^,.^  (23) 

In  actual  measurements  it  is  found  that  the  dielectric  constant  is  not 
entirely  independent  of  the  diameter  of  the  sphere,  and  that  the  measure- 
ment of  the  loss  factor  Xe"  is  difficult  because  the  change  in  \/Q  is  very 
small.  An  additional  inherent  difficulty  of  this  method  is  the  fact  that 
(22)  is  rather  insensitive  to  large  values  of  Xe  as  are  frequently  encoun- 
tered with  ferrites.  Again  the  thin  disc  method  permits  greater  ease  of 
measurement,  larger  effects,  and  a  simpler  relationship  between  the  ob- 
served quantities  and  x«  •  We  find  (see  Appendix  A) 

^  =  X.-  ^  R,  (24) 

COo  Li 

A(l/Q)  =  2x;'  I  R,  (25) 
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5.    INSTRUMENTATION 

Our  measurement  technique  has  been  influenced  by  a  number  of  prac- 
tical considerations  including  the  need  for  determining  accurately  and 
quickly  a  figure  of  merit  for  a  large  number  of  different  ferrite  materials. 
In  particular,  a  variety  of  low  loss  materials  has  become  available  in 
experimental  quantities  requiring  a  precise  technique  for  measuring 
small  loss  factors  below  resonance  as  a  guide  for  further  ferrite  develop- 
ment. Therefore  we  were  faced  with  the  problem  to  develop  an  instru- 
mentation capable  of  measuring  these  small  loss  factors  but  simple 
enough  to  be  operated  without  detailed  knowledge  of  microwave  tech- 
niques. Fortunately  the  use  of  thin  discs  permits  us  to  introduce  a  fairly 
large  volume  of  ferrite  into  the  cavity  without  violating  the  basic  as- 
sumption of  a  small  perturbation.  As  a  consequence  frequency  shifts  of 
the  order  of  10  mc  are  obtained  at  static  magnetic  fields  just  sufficient 
to  saturate  the  material.  Thus  the  quantities  Xm'  and  k'  may  be  measured 
without  difficulty  in  the  regions  below  and  above  resonance. 

The  thickness  of  the  disc  should  be  chosen  to  attain  an  aspect  ratio 
(diameter/thickness)  of  50  or  larger.  Discs  of  0.005  to  0.007-inch  thick- 
ness were  employed  in  actual  measurements  at  9200  mc.  For  a  typical 
measurement  of  a  0.005-inch  disc  at  9200  mc,  a  change  of  1/Q  of  about 
2  per  cent  corresponds  to  a  loss  term  Xm"  -f-  /'  =  2  X  10"*.  Measure- 
ment of  Q  with  a  reproducibility  of  1  per  cent  has  been  accomplished 
initially  by  careful  work,  and  it  has  been  our  objective  to  maintain  this 
accuracy  in  routine  measurements  by  semiskilled  operators.  This  re- 
quired the  use  of  rather  elaborate  circuitry  for  the  precise  measurement 
of  the  changes  in  l/Q  of  the  cavity.  Although  most  of  these  techniques 
have  been  used  before  in  the  field  of  microwave  spectroscopy  we  hope 
that  the  description  of  this  instrumentation  will  be  of  interest. 

Fig.  5  shows  a  block  diagram  of  the  circuit.  A  klystron  Type  V58 
(Varian  Associates)  is  swept  through  a  frequency  band  of  about  80  mc 
at  X-band.  The  resulting  signal  with  a  center  frequency  of  9,200  mc  is 
used  to  excite  a  TEm  mode  cylindrical  cavity.  Incident  and  reflected 
signals  are  separated  by  means  of  directional  couplers  and  displayed  on 
an  oscilloscope.  Both  signals  can  be  aligned  with  the  aid  of  a  shorting 
gate  and  a  precision  attenuator  in  front  of  the  cavity.  The  reflected  signal 
shows  clearly  the  cavity  resonance  which  splits  into  two  if  a  ferrite  disc 
is  placed  against  the  endwall  of  the  cavity  and  magnetized  along  the 
cavity  axis. 

One  of  the  major  problems  of  the  measurement  is  the  accurate  deter- 
mination of  these  new  cavity  resonance  frequencies  and  of  the  line  width 
of  the  displayed  resonance  curves  between  half-power  points.  In  the 
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solution  of  this  problem,  more  than  ordinary  emphasis  was  placed  on 
ease  of  operation  and  elimination  of  ambiguities  in  the  frequency  de- 
termination. The  resulting  instrumentation  uses  as  a  stable  reference 
frequency  a  crystal-controlled  oscillator  and  a  frequency  multiplier  which 
yields  three  reference  frequencies;  55.8,  223.3  and  4,020  me.  These  are 
mixed  in  a  crj^stal  harmonic  generator  and  mixer  leading  to  a  line  spec- 
trum of  numerous  reference  frequencies  with  a  constant  spacing  of  55.8 
mc.  The  same  crystal  mixer  produces  a  beat  frequency  signal  between 
the  incident  signal  from  the  kl3\stron  and  each  of  these  reference  fre- 
quencies. A  communication  receiver  with  modified  IF  stage  permits 
selection  of  a  frequency  marker  out  of  these  beat  frecjuency  signals.  This 
marker  appears  as  a  blank  spot  on  the  traces  of  incident  and  reflected 
signal,  and  can  be  moved  to  any  desired  point  bj^  simply  changing  the 
frequency  setting  of  the  receiver.  Since  the  receiver  dial  cannot  be  read 
with  great  accuracy  on  the  high  frequency  ranges,  a  frequency  counter 
connected  with  the  local  oscillator  of  the  receiver  permits  a  reading  of 
the  oscillator  frequency  to  an  accuracy  of  1  kcps.  Noting  that  the  local 
oscillator  is  0.455  mc  removed  from  the  difference  signal,  one  obtains 
the  frequency  of  the  difference  signal  with  more  than  sufficient  accuracy. 

6.  Results  of  Measurements 

Transmission-  and  reflection-type  cylindrical  cavities  have  been  em- 
ployed for  measurements  with  linearly  and  circularly  polarized  excitation 
in  the  6,000-  and  9,000-mc  frequency  bands.  Circular  polarization  is  pre- 
ferable in  the  region  below  saturation  where  frequency  shifts  are  small. 

It  is  not  necessary  to  choose  ferrite  discs  of  relatively  small  diameter 
for  the  purpose  of  staying  within  the  region  of  circular  polarization  close 
to  the  cavity  axis.  The  derivation  of  Xm  ±  k  is  not  restricted  to  circularly 
polarized  fields,  and  the  result  takes  into  account  that  the  field  becomes 
more  and  more  elliptically  polarized  as  one  approaches  the  edge  of  the 
cavity.  This  can  be  seen  l)y  rewriting  (19)  and  (20)  as  follows: 

X"/  ±  k'  =  ^^^^^^^  [Acoi  (/?!  +  R,)  -  Aco^  (i?i  -  7?2)] 

xn,"  ±  k"  =  ^^^  [A(l/Q)±(/?i  +  R-^  -  Ml/QURr  -  i?2)]       (26) 

where  F  =  t\o-/{2U). 

The  factor  (/?i  —  7? 2),  which  is  zero  for  circular  polarization,  corrects 
the  values  for  x».  ±  k  if  the  disc  extends  into  the  region  of  elliptical 
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polarization.  For  relatively  small  discs  {Ri  =  R2),  one  obtains 


Xm'  ±  k'  =        „„   Aa)± 


2^ 

oioFRi 


(27) 
xJ'  ±  k"  =  ^A(l/Q)± 

A  large  number  of  measurements  was  made  with  a  half-wave,  reflec- 
tion-type cavity  and  linearly  polarized  excitation.  Some  typical  results 
Avill  be  discussed  below  to  demonstrate  the  applicability  of  the  disc 
technique.  The  frequency  shift  measurements  and  x»/  ±  1^'  for  a  ferrite 
material  of  1,300  oersted  saturation  magnetization  are  shown  on  Fig.  6. 
The  ferrite  disc  has  a  thickness  of  0.0063  inch  and  completely  covers  the 
endwall  of  the  ca^'ity.  If  the  field  in  the  cavity  were  circularly  polarized 
throughout,  then  the  freciuency  shift  would  vary  as  x»/  ±  «'•  However, 
elliptical  polarization  causes  a  deviation  of  the  measured  curves  for 
Aco_t  from  Xm  ±  k'.  Agreement  between  theoretical  and  experimental 
values  of  Xm'  ±  k'  is  good  in  the  regions  below  and  above  resonance. 
Measurements  in  the  resonance  region  are  not  possible  with  a  disc  of 
this  size  because  frequency  shift  and  change  in  Q  are  so  large  that  the 
assumption  of  a  small  perturbation  is  violated.  In  order  to  establish 
further  that  measurements  of  Xm'  ±  n'  are  independent  of  disc  diameter 
three  discs  of  the  same  material  (saturation  magnetization  1300  oersted) 
with  diameters  of  0.249,  0.400,  and  1.050  inches  were  measured  in  the 
aboA'e-mentioned  cavity.  Plots  of  x»/  and  k'  (Fig.  7)  indicate  good  agree- 
ment for  k'  and  some  scattering  of  values  for  Xm'-  This  can  be  explained 
by  noting  that  the  resonance  frequency  of  the  empty  cavity  enters  into 
the  computation  of  Xm',  but  cancels  out  for  k  (equation  19).  Conse- 
quently, a  very  small  change  in  the  length  of  the  cavity,  as  might  be  ex- 
pected from  opening  and  reassembling  the  device,  will  produce  a  notice- 
able error  in  the  low-field  region.  A  change  in  cavity  length  of  10~^  inch 
will  produce  a  freciuency  shift  of  1  mc  at  an  operating  frequencj^  of 
10,000  mc  and  introduce  an  error  of  the  order  of  0.02  into  the  measure- 
ment of  Xm'-  This  error  may  be  minimized  by  using  a  relatively  large  disc. 

Discs  Avith  a  diameter  of  0.4  inch  yielded  good  measurements  of  the 
imaginary  quantities  Xm"  ±  k"  in  the  low-field  region.  A  typical  result 
for  a  low-loss  ferrite  (Fig.  8)  show\s  the  measured  quantities  A{l/Q)^ 
and  the  corresponding  Xm"  ±  k"  as  a  function  of  the  applied  magnetic 
field.  (The  internal  field  in  the  ferrite  is  obtained  by  subtracting  the 
magnetization  from  the  applied  field).  It  is  noted  that  only  A{l/Q)_ 
can  be  obserA-ed  in  the  resonance  region,  whereas  A(l /Q)+  becomes  too 
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Fig.  6  —  Evaluation  of  x'm  ±  k'  from  measurements  of  frequency  shift  Aa>±  and 
comparison  with  Polder's  theory.  Low-loss  BTL  ferrite,  saturation  magnetization 
1300  oersted. 
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Fig.  7  —  Measurement  of  x-™'  ^nd  k'  versus  applied  static  field  for  three  differ- 
ent discs,  cut  from  the  same  ferrite  block. 

large  to  be  measured.  Knowledge  of  A(l/Q)_  is  not  sufficient  to  determine 
Xm"  —  k"  in  the  resonance  region  because  here  the  correction  term 
A(l/Q)+(/?i  —  i?2)  (cf.  ecjuation  26)  becomes  comparable  to  the  term 
A(l/Q)-(/?i  +  R'l)  and  is  needed  to  compensate  for  the  anomalous  peak 
of  the  A(l/Q)_  curve.  The  loss  parameters  Xm"  ±  k"  assume  values  of 
the  order  of  10~-  below  and  above  resonance.  The  estimated  error  of  the 
measurement  is  3  X  10~'. 


444 


THE    BELL   SYSTEM   TECHNICAL   JOURNAL,    MARCH    1957 


O 

z 
< 

X 

o 


0.03 


0.02 


5C 

+1 


0.01 


,,,,,  .J,,,....... ,.,... 

.x1:.:.:.:.:.:.:.>:.:M.:. 

\ 

1 

\ 

i 

1 

,:-;  ^ 

<,-a:" 

1 

1 

1 
1 

-     1 

\ 

■    \ 

\^'r^^fc" 

'        y' 

X 

^ 

^^^_ 

<^^ 

^y 

-J— 

.... 

-4 ^ — 

- 

•••••.. ^ 

1000 


2000 


3000 


4000 


5000 


h",applied  field  in  oersteds 


6000 


7000 


Fig.  8  —  Evaluation  of  xm"  ±  k"  from  measurements  of  A(l/Q)±  for  low-loss 
BTL  ferrite,  saturation  magnetization  1300  oersted. 

Whereas  it  is  possible  to  obtain  good  agreement  between  measured 
and  theoretical  curves  of  Xm'  ±  k  from  Polder's  relations  (3),  such  an 
agreement  cannot  be  obtained  for  Xm"  ±  k"  from  a  comparison  with 
(4).  This  discrepancy  is  assumed  to  be  caused  by  the  fact  that  Polder's 
theory  was  developed  for  single  ferrite  crystals  and  did  not  take  into 
account  the  random  orientation  of  crystal  axes  in  polycrystalline  ma- 
terials, such  as  the  ferrites  used  in  these  measurements.  It  is  reasonable 
to  expect  a  broadening  of  the  resonance  line  and  a  departure  from  the 
Lorentzian  shape  in  polycrystalline  ferrites;  hence,  the  expression  for 
the  absorption  line  (4)  no  longer  holds. 

Measurement  of  the  electric  susceptibility  of  ferrites  did  not  present 
any  major  difficulties,  provided  some  care  was  used  in  the  suspension  of 
the  discs  at  the  cavit}'  center. 

Summing  up  these  results  it  may  be  said  that  the  disc  method  has 
3'ielded  satisfactory  measurements  of  the  intrinsic  parameters  of  poly- 
crystalline ferrites  below  and  above  resonance  as  well  as  in  the  un- 
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saturated  region.  ^Measurements  of  single  crystals  and  of  resonance 
curves  with  this  method  have  not  yet  been  made. 

It  is  anticipated  that  in  both  cases  smaller  and  thinner  discs  would  be 
needed  than  have  been  available  so  far.  However,  it  can  be  hoped  that 
these  difficulties  will  be  overcome  in  the  near  future  and  that  the  disc 
method  will  be  useful  also  for  the  study  of  ferromagnetic  resonance 
phenomena. 

Appendix 
perturbation  of  a  degenerate  cylindrical  cavity  due  to  a  thin 

DISC 

The  general  perturbation  equation  for  a  lossless  cavity  can  be  derived 
from  energy  considerations  or  directly  from  Maxwell's  equations.  We 
obtain  for  the  shift  of  resonance  frequency  due  to  a  small  perturbation: 

^  /    w-^*  dv  +  -        P-E'^^  dv  u)    ,    TT^  w 


c^o  ,,,  r  -^  -. .  .  W'^' 


Jvi 


coo  resonance  frequency  of  the  empty  cavit}^ 

coi  resonance  frequency  of  the  cavity  after  insertion  of  the  perturbing 

sample 

h^  magnetic  field  intensity  vector  in  the  empty  cavity 

E  electric  field  intensity  vector  in  the  empty  cavity 

vi  volume  of  sample 

V2  volume  of  cavity 

*  indicates  the  conjugate  value 

The  denominator  in  (Al)  indicates  the  total  energy  TF^'^  stored  in  the 
empty  cavity  at  resonance,  whereas  the  numerator  is  equal  to  the  addi- 
tional magnetic  energy  TF^^^^  and  electric  energy  We^^  stored  in  the 
perturbing  sample. 

Equation  (Al)  is  valid  if  the  frequency  shift  is  small. 


Aoj  _     oji  —  0)0 

coo  1  COo 


«  1  (A2) 


and  if  the  field  in  the  cavity  remains  essential!}'  unchanged  after  insertion 
of  the  sample.  In  order  to  apply  (Al)  to  the  determination  of  the  tensor 
components  Xm  and  k  we  should  attempt  to  satisfy  three  conditions:  the 
electric  field  should  vanish  at  the  sample,  the  magnetic  field  should  be 
normal  to  the  static  magnetic  field,  and  the  relationship  between  RF 
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magnetization  m  and  RF  magnetic  field  hP  in  the  cavity  should  be  sim- 
ple. All  three  conditions  can  be  satisfied  if  a  thin  ferrite  disc  is  placed 
against  the  endwall  of  the  cavity  (Fig.  3).  Noting  that  the  tangential 
component  of  the  magnetic  field  intensity  is  continuous  at  the  plane 
face  of  the  disc  we  have: 

7      0  •     7      0 

nir  =   Xmhr     —  JMe 

me  =  jKhr   +  Xmhe 

Inserting  (A3)  into  (Al)  we  find  the  additional  magnetic  energy  stored 
in  the  disc 

Wj'^    =^    [     [x.Xhr%'*   +    /l«%°*)    +JK{hr%'*   -  /l,0/l,0*)]  dv        (A4) 
Z    Jvi 

In  order  to  evaluate  (A4)  we  use  the  fact  that  the  TEm-mode  can  be 
expressed  as  the  sum  of  two  circularly  polarized  modes  rotating  in 
opposite  directions 


Thus,  we  have 


hri.2   =  B  —  Ji{kcr)e^^'  cos  ^z 

rCr. 


(A5) 


he  J  =  ±jB  y^  J,{Kr)e'^^'  cos  ^z  (A6) 

hzi,2    =  BJiikcrje"^^^  sin  ^z 


B 

./i 

^  = 

=  (i3o'  -  h 

r) 

kc 

=  Pi'/a 

/3o 

=  27r/Xo 

L 

Xo 

a 

Xa 

=  2L 

Pi' 

=  1.841 

Eri.2  =  zhB^  MKr)e'^''  sin  ^z 

Eei.2  =  jB  ^"  J,'(kcr)e^''  sin  ^z 
kc 

amplitude  factor 

Bessel  function  of  the  first  kind 

propagation  constant  in  the  ^-direction 

propagation  constant  in  the  r-direction 

propagation  constant  in  free  space 

length  of  cavity 

wavelength  in  free  space 

radius  of  cavity 

wavelength  in  the  cavity 

first  zero  of  the  derivative  of  Ji 


(A7) 
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Integration  of  the  electric  or  magnetic  field  over  the  volume  of  the 
cavity  yields  the  stored  energy  in  the  empty  cavity  at  resonance  for  one 
of  the  two  circularly  polarized  modes 

W'''  =  0.2387  ^°  •  f^'  B'a'L  (A8) 

4     kc^ 

The  magnetic  energy  Wj'^  in  the  disc  is  found  by  integrating  (A4) 
over  the  volume  of  the  disc  and  assuming  that  the  field  is  constant  over 
the  thickness  t  of  the  disc.  We  obtain: 

Wj"  =  0.2387  "^  f-  BVtixmR,  ±  kU.}  (A9) 

The  two  functions  Ri  and  Rt  depend  on  the  ratio  of  disc  radius  to  cavity 
radius 

R,  =  4.1893  ^  ^{J,{Kn)Y  +  [l-  -^}j  (J,(/c,ro))']    (AlO) 

Rt  =  2.4720  (Ji(/Ccro))'  (All) 

It  is  interesting  to  note  that  these  two  functions  are  approximately 
equal  (Fig.  4)  if  the  disc  radius  is  less  than  half  the  cavity  radius.  In 
this  region  the  field  in  the  cavity  is  essentially  circularly  polarized, 
whereas  elliptical  polarization  exists  near  the  wall  of  the  cavity.  Inserting 
(A8)  and  (A9)  into  (Al)  we  find  the  desired  relationship  between  the 
two  frequency  shifts  associated  with  positive  and  negative  circular 
polarization  and  the  tensor  components  Xm  and  k. 


2, 


ojo         2  L^ 

Equations  (Al)  and  (A12)  hold  for  complex  Xm  and  k  if  a  complex 
frequency  shift  is  introduced  as  follows: 

c?(y  =  CO  —  ojo  +  j{cx  —  ao)  (A13) 

The  attenuation  constant  a  may  be  defined  in  terms  of  the  internal  Q 
of  the  cavity,  a  =  §co/Q  and  the  internal  Q  is  defined  as 

^  _  w  (energy  stored  in  circuit) 
average  power  loss 

Thus,  the  imaginary  part  of  the  frequency  shift  may  be  expressed  as 
the  difference  between  (l/Q)  of  the  perturbed  cavity  at  the  new  reso- 
nance frequency  w  and  (1/Qo)  referring  to  the  empty  cavity  at  wo  . 

A(l/Q)  =  ^  -  ^  =  2  ^^LZL^  (A14) 

We  note  that  the  imaginary  part  of  the  right  hand  side  of  (Al)  does 
indeed  represent  the  power  dissipation  in  the  perturbing  sample  over 
the  stored  energy  times  co.  Hence,  taking  the  imaginary  part  of  (A12) 
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we  have  a  relationship  between  the  change  in  (l/Q)  and  the  loss  terms 
Xm"  and  k" 

A(l/Q)±  =  ^  ^  (xJ'i^i  ±  k"R2)  (A151 

Clearly,  (A  15)  holds  only  if  the  initial  Q  of  the  empty  cavity  is  very 
high  and  the  change  in  Q  is  quite  small. 

The  electric  susceptibility  of  the  ferrite  disc  can  be  obtained  in  a 
similar  way,  provided  we  place  the  disc  at  the  cavity  center  where  the 
electric  field  has  a  maximum.  Then,  the  additional  electric  energy 
stored  in  the  disc  is  found  to  be 

We'-'  =  0.2387  ^  Moxe  p  B'ahR^  (A16) 

It  should  be  noted  that  there  is  an  important  difference  between  loca- 
tion of  a  thin  disc  at  the  endwalls  and  at  the  center  of  a  C3'lindrical 
cavity.  Whereas  the  electric  field  at  the  endwall  may  be  neglected  en- 
tirely, the  magnetic  field  at  the  cavity  center  has  a  component  parallel 
to  the  cavity  axis.  The  effect  of  this  component  bn  the  stored  energ}'  in 
the  disc  may  be  minimized  by  magnetizing  the  disc  beyond  saturation  in 
the  ^-direction. 

With  the  assumption  that  the  effects  of  the  magnetic  RF  field  may  be 
neglected  we  obtain  relationships  for  the  electric  susceptibility  and 
electric  loss  factor: 

2(AC./C0o)     -  jMl/Q)     =    iXe'    -  jXe")    ~{  /?!  (Al7) 

Since  Xe  is  a  scalar  quantity  there  is  no  splitting  of  the  cavity  resonance^ 

j 
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Sensitivity  Considerations  in  Microwave 
Paramagnetic  Resonance  Absorption 

Techniques 

By  G.  FEHER 

(Manuscript  received  February  9,  1956) 

This  paper  discusses  some  factors  which  limit  the  sensitivity  of  microwave 
paramagnetic  resonance  equipments.  Several  specific  systeins  are  analyzed 
and  the  results  verified  by  measuring  the  signal-to-noise  ratio  with  known 
amounts  of  a  free  radical.  The  two  most  promising  systetns,  especially  at  low 
powers,  employ  either  superheterodyne  detection  or  barretter  homodyne  de- 
tection. A  detailed  description  of  a  swperhetrodyne  spectrometer  is  given. 
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I.  INTRODUCTION 

Within  the  past  few  years  the  field  of  paramagnetic  resonance  ab- 
sorption has  become  an  important  tool  in  physical  and  chemical  re- 
search. In  manj^  ways  its  usefulness  is  limited  by  the  sensitivity  of  the 
experimental  set  up.  A  typical  example  is  the  study  of  semiconductors 
in  which  case  one  would  like  to  investigate  as  small  a  number  of  impuri- 
ties as  possible.  It  is  the  purpose  of  this  paper  to  analyze  the  sensitivity 
limits  of  several  experimental  set  ups  under  different  operating  condi- 
tions. This  was  done  in  the  hope  that  an  understanding  of  these  limita- 
tions would  put  one  in  a  better  position  to  design  a  high  sensitivity 
electron  spin  resonance  equipment.  In  the  last  section  the  performance 
of  the  different  experimental  arrangements  is  tested.  The  agreement 
obtained  with  the  predicted  performance  proves  the  essential  validitj' 
of  the  analysis.  This  paper  is  primarily  for  experimental  phj'sicists  con- 
fronted with  the  problem  of  setting  up  a  high  sensitivity  spectrometer. 

II.  GENERAL   BACKGROUND 

We  will  not  consider  here  the  detailed  theory  of  the  resonance  phe- 
nomenon but  consider  this  part  of  the  problem  only  from  a  phenomeno- 
logical  point  of  view.  When  a  paramagnetic  sample  is  placed  into  an  RF 
field  of  amplitude  Hi  of  a  frecjuency  w  at  right  angles  to  which  there  is  a 
dc  magnetic  field  Ho  ,  magnetic  dipole  transitions  will  be  induced  in  the 
neighborhood  of  the  resonance  condition 

/ico  =  gmo  (1) 

where  g  is  the  spectroscopic  splitting  factor,  h  is  Planck's  constant  and 
/3  is  the  Bohr  magneton.  As  a  result  of  these  transitions  power  will  be 
absorbed  from  the  microwave  field  Hi  .  This  power  absorption  is  asso- 
ciated with  the  imaginary  part  of  the  RF  susceptibility  x" ■  The  trans- 
mitted (or  reflected)  Hi  will  also  experience  a  phase  shift  which  is 
associated  with  the  real  part  of  the  RF  susceptibility  x'-  The  sensitivity 
of  the  setup  is  then  determined  by  how  small  a  power  absorption  (or 
phase  shift)  one  is  able  to  detect  when  going  through  a  resonance 

III.  Q    CHANGES   ASSOCIATED    WITH   THE   ABSORPTION 

The  average  power  absorbed  per  unit  \olume  of  a  paramagnetic 
sample  is 

P  =  ^o^HiY  (2) 
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For  low  enough  powers  x"  is  not  a  function  of  Hi  (and  even  for  very  high 
powers  never  drops  off  faster  than  \/Hi),  so  that  for  a  large  power  ab- 
sorption one  would  like  a  large  RF  magnetic  field.  This  suggests  a  re- 
sonant cavity  which  indeed  is  used  in  all  experimental  setups.  The  Q  of 
a  cavity  into  which  a  paramagnetic  sample  is  placed  is  given  by 


'dV. 


1  f    H' 

Q  ^  Energy  Stored  ^  Sr  Jy^     ^ ,^. 

Average  Power  Dissipated  IT        2  // 

Pi  -f  -  CO  /     Hix    dV, 
z      Jv, 

where  Pi  =  power  dissipated  in  the  cavity  in  the  absence  of  any  para- 
magnetic losses,  Vs  is  the  sample  volume  and  Yc  the  cavity  volume. 

Assuming  that  the  paramagnetic  losses  are  small  in  comparison  with 
Pi  we  get 

f  H;YdVs    \ 

Hi'  dVc        /  (4) 


/. 


AQ   =  QoAiirx   V 


where  Qo  is  the  cavity  Q  in  the  absence  of  paramagnetic  losses  and  17 
is  the  filling  factor  and  depends  on  the  field  distribution  in  the  cavity 
and  the  sample.  For  example,  in  a  rectangular  cavity  excited  in  the  TEioi 
mode 

T7  A 

(5) 


where  d  is  the  length  of  the  cavity  and  a  the  width  along  which  the  E 
field  varies.  In  the  above  example  it  was  assumed  that  the  sample  is 
small  in  comparison  to  a  wavelength  and  is  placed  in  the  max.  Hi  field. 

IV.    COUPLING   TO    RESONANT   CAVITIES    FOR   MAXIMUM   OUTPUT 

Having  established  the  Q  changes  associated  with  the  resonance 
absorption,  we  will  next  determine  the  proper  coupling  to  the  resonant 
cavity  in  order  that  the  Q  changes  result  in  a  maximum  change  in  trans- 
mitted or  reflected  power  (or  \-oltage).  The  derivation  will  be  based  on 
the  assumption  that  we  have  a  fixed  amount  of  power  available  from 
our  source  and  that  the  Q  change  is  not  a  function  of  the  RF  power  (no 
saturation  effects). 
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A.  Reflection  Cavity 

Fig.  1  shows  a  magic  (liybrid)  T  which  serves  to  observe  the  reflected 
power  from  the  cavity.  Arm  3  has  a  shde  screw  tuner  which  serves  to 
balance  out  some  of  the  power  coming  from  arm  2.  This  does  not  affect 
the  present  analj^sis  and  will  be  considered  later  in  connection  with 
detector  noise.  It  should  be  mentioned,  however,  that  a  certain  ampU- 
tude  or  phase  unbalance  has  to  be  left.  This  insures  that  the  signal  in 
arm  4  will  be  a  function  of  either  x'  oi'  x"-^  In  the  case  that  the  magic  T 
is  completely  balanced  out  the  signal  in  arm  4  will  be  a  function  of  both 
x'  and  x"  and  the  experimental  results  become  difficult  to  analyze. 

Fig.  2  shows  the  equivalent  circuit  for  a  reflection  cavity.^  The  \/2 
in  the  source  voltage  arises  from  the  fact  that  half  the  power  is  lost  in 
arm  3.  From  this  equivalent  circuit  we  can  define  the  following  relations: 


Unloaded  Q  =  Qo  =  —  (Losses  due  to  cavity  alone) 

r 


External  Q  =  Qx  = 
Loaded  Q  =  Ql  = 


coL  (Losses  arising  from  power 
Ron^  leaking  out  of  the  cavity) 

coL       (Losses  due  to  both  cavity 
Rou^  +  r  and  leakage  out) 


(6) 
(7) 
(8) 


MAGIC 


_       SLIDE 

T^r-   SCREW 

TUNER 


SIGNAL 
SOURCE 


AP, 


^>^    DETECTOR 


—  CAVITY    C 


Fig.  1  — A  simple  arrangement  to  observe  the  reflected  power  from  cavity  C. 

Ron^      r        C 


■^TT 


nm^ — 

2   i:n  L  L 

Fig.  2  —  Equivalent  circuit  for  a  reflection  cavity. 
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We  define  the  coupling  coefficient  /3  =  Qx/Qa  such  that: 

Critically  coupled  cavity  j8  =  — ^  =  -^—  =  1  (9) 

Overcoupled  cavity  ^  >  1  VSWR  =  /3  =  ^  (10) 

Undercoupled  cavity  ^  <  1  VSWR  =  1  =  -^,  (11) 

We  will  see  that  the  coupling  coefficient  for  maximum  output  depends 
on  the  characteristics  of  the  detecting  element.  Two  cases  will  be  treated: 
the  power  (square  law)  detector  and  the  voltage  (linear)  detector. 

1.  Detector  Output  Proportional  to  Incident  Power 
Power  into  the  cavity  at  resonance 

r 


Vn  V 


^'       \\/2)   (Ron^  +  ry 
Max.  power  available  from  source  (in  arm  1) 

(VnY        „         „       2Ronr 


Pc    =    P 


0 


"       4/?on2  "  {R,n^  +  rf 

The  change  in  reflected  power  APr  equals  the  change  in  the  power  inside 
the  cavity  APc  (since  the  incident  power  stays  the  same). 

AP.  =  ^  Ar  =  2Pon^Po  ,g"^'  ~  '   Ar  (12) 

dr  {Ran   +  ry 

We  want  to  optimize  APc  with  respect  to  the  coupling  parameter  n^ 

(or  Rm^),  i.e., 

.-.  ^  =  2  ±  V3 

r 

the  positive  sign  being  associated  with  the  overcoupled,  the  negative 
with  the  undercoupled  case.  The  experimentally  measured  quantity 
is  the  voltage  stanchng  wave  ratio  VSWR  =  2  +  \/3  =  3.74  correspond- 
ing to  a  reflection  coefficient  of  0.58.  Putting  this  value  into  (12)  we  get 
for  the  maximum  signal 

^  =  ±  0.193  -  =  =F  0.193  ^  =  T  (0.193)(47r)x"7?Qo     (14) 
Po  r  Qo 
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the  last  step  being  obtained  with  tlie  aid  of  (4).  Equation  (12)  is  plotted 
in  Fig.  4.  From  the  symmetry  of  the  graph  it  is  obvious  that  for  a  given 
^'8AVR,  the  signal  will  be  the  same  for  the  overcoupled  and  undercoupled 
case.  However,  as  we  will  see  later  from  the  standpoint  of  noise  the  2 
cases  are  not  necessarily  identical. 

2.  Detector  Output  Proportional  to  Input  Voltage 

Let  r  be  the  reflection  coefficient,  then  T'refl  from  the  cavity  is 

2^'s^v 


Khefl  -  ^2  ^  "  V2  VvswrTT/  "      V2 


1  - 


+  ij 


\SWR 

With  the  aid  of  (10)  and  (11)  this  gives  for  the  undercoupled  case: 

_        JL(  "^r       \ 

and  the  overcoupled  case 

^  ^^^  "        V2  V         Tim'  +  r) 
We  are  interested  only  in  the  change  of  output  voltage  which  is: 

A7rk..  =  ^^  Ar  =  ±  V2  FAr  ^-^4^  (15) 

dr  [Ron-  +  r)2 

The  two  signs  corresponding  to  the  undercoupled  or  overcoupled  case, 
respectively.  In  order  to  find  the  optimum  coupling 

d(AV) 


d{Ron') 


=  Ron    -  r  =  0 


rW_  ^  ^ 

r 
Putting  this  value  into  (15)  we  get  the  max.  value 

^Z552  =  ±  ^'  ^_:  =  T  ^  ^»  =  T  5^  4.x",<3.        (16) 
V  4      ;•  4i      Qo  4 

(15)  is  again  plotted  in  Fig.  4.  From  this  graph  we  see  that  for  maximum 
sensitivity  we  want  to  work  near  match.  However,  one  should  not  work 
so  close  to  match  that  the  absorption  signal  will  carry  the  cavity  through 
the  matching  condition  while  .sweeping  through  a  resonance  fine.  This 
would  result  (due  to  the  sign  reversal  of  the  signal  at  match)  in  a  dis- 
torted line.  Incidentally,  the  sign  of  the  signal  may  be  conveniently  used 


MICROWAVE   PARAMAGNETIC    RESONANCE   ABSORPTION 


455 


(a) 


Rl.=  Ro 
DETECTOR 


(b) 


Fig.  3  —  Equivalent  circuit  for  a  transmission  cavity. 

to  determine  whether  the  cavity  is  overcoupled  or  undercoupled.  This 
information  may  be  necessary  in  Qo  determinations.^- 

B.  Transtnission  Cavity 

Fig.  3  shows  the  equivalent  circuit  for  a  transmission  cavity,    the 
generator  and  the  detector  being  matched  to  the  waveguide,  i.e., 

Rg  =  Rl  =  Ro 

Analogous  to  the  reflection  cavity  we  define  again  two  coupling  coeffi- 
cients 


^1  = 


RoUi 


/32   = 


R(>ni 


r  r 

the  relation  between  the  unloaded  and  loaded  Q  being 

Qo  =  Ql(1  +  iSi  +  /32) 
1.  Detector  Output  Proportional  to  Input  Power 


(18) 


(19) 


Power  into  load  Pl  = 


Tr2       "*       ''t-> 

V  Hi  iii'Ro 


(i?or?i2  +  r  +  Roni^y 
(Vn,y 


Max.  power  generator  can  deliver  Po  = 


dr 


2V\i  niRo 


{Ro7h'  +  r  +  RoUi') 


4(ni2/?o) 
A/- 


(19) 
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In  the  case  of  the  transmission  cavity  we  have  two  coupling  coefficients 
whose  optimum  value  we  have  to  determine. 

d(ni'Ro)       d(:n,^Ro)  (20) 

.*.  ?ii  7?o  =  712  Ro  =  r 

which  means  that  the  input  and  output  coupling  should  be  identical. 
Relation  20  looks  superficially  like  a  matching  condition.  However,  it 
should  be  noted  that  the  input  impedance  to  the  cavity  contains  besides 
the  cavit}^  impedance  the  load  impedance.  Hence,  the  "\"SWR  is 

Rou^  +  r 
Ron^ 

which  represents  an  undercoupled  case.  One  never  can  overcouple  a 
transmission  cavit}^  with  equal  input  and  output  couplings.  Putting 
condition  (20)  into  (19)  we  get: 

APl  8  Ar  8  AQo  /  8 " 


Po  27   /•  27  Qo  V27, 

2.  Detector  Output  ProportioJial  to  In-put  Voltage 
The  voltage  across  the  load 


47rx"r?Qo  (21) 


^» 


^j.    _  Vnin-iRo 

V  L  — 


Roni"  +  r  +  i^o^h' 
Again  for  max.  sensitivity  both  couplings  should  be  the  same 

AVr 


AV, 
V 


dr      '                [('•  +  2Ro7hy'y] 

Ar 

^^^          A            .7?  .,2  _  r 
din^Ro)       ^           "^'''        2 

1  Ar           1  AQo           1  _, 

8   r             8  Qo             8    ''^ 

"iQ 

(22) 
(23) 
(24) 


Fig.  4  is  a  plot  of  (12),  (15),  (19),  and  (22).  It  should  be  noted  that 
the  sensitivities  of  the  reflection  cavity  are  normalized  to  the  input  of 
the  magic  T  (in  Fig.  1)  and  not  to  the  input  of  the  cavity  as  in  the  trans- 
mission cases.  This  results  in  a  3-db  decrease  in  output  and  causes  the 
power  sensitivity  of  the  transmission  cavity  to  look  relatively  higher. 
However  this  is  somewhat  arbitrary  since  a  balanced  transmission  type 
scheme  would  also  require  a  magic  T  with  an  accompanying  reduction 
in  usable  power. 
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All  the  previous  sensitivity  expressions  are  proportional  to  x"-  For 
an  unsaturated  condition  it  may  be  replaced  by  x  whenever  the  output 
is  sensitive  to  phase  changes  in  the  cavity. 

It  should  be  noted  that  we  maximized  the  output  from  the  detector. 
This  will  result  in  a  maximum  signal  to  noise  ratio  if  the  noise  is  a 
constant  independent  of  the  microwave  power.  This,  however,  is  in 
general  not  the  case  and  in  the  next  section  we  will  in\'estigate  the  signal 
to  noise  ratio  taking  into  account  its  dependence  on  the  RF  power. 

v.    MINIMUM   DETECTABLE    SIGNAL   UNDER   IDEAL   CONDITIONS 

The  minimum  signal  is  ultimately  determined  by  the  random  thermal 
agitation.  Due  to  this  cause  the  power  fluctuates  by  an  amount  kT^v, 
where  k  is  Boltzmann's  constant,  T  the  absolute  temperature  and  Aj/ 
the  bandwidth.  The  minimum  detectable  microwave  power  will  be  then 
of  the  order  of  kTAv.  This  is  the  problem  one  faces  when  designing  sensi- 
tive  microwave  receivers.  However,  our  problem  is  of  a  different  nature. 
We  want  to  detect  a  small  change  in  the  power  level  of  a  relatively  large 
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Fig.  4  —  Output  versus  V.S.W.R.  for  reflection  and  transmission  cavity. 
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microwave  signal.  This  change  in  power  level  will  ha^•e  to  be  consider- 
ably larger  than  kTAv  before  it  can  be  detected.'  The  physical  reason  for 
this  is  that  the  fluctuating  fields  a.s.sociated  with  the  noise  power  com- 
bine with  the  microwave  fields  to  produce  power  fluctuations  much 
larger  than  kTAv.  It  is  more  straightforward  to  compare  noise  voltages 
rather  than  powers,  especiallj''  since  the  power  changes  are  not  neces- 
sarily a  constant  of  the  system.  In  Fig.  1  for  instance,  the  power  change 
in  arm  4  is 

no 
whereas  the  power  change  in  arm  2  (for  the  same  voltage  change)  is 


APo  = 


Rn 


It  also  shows  that  one  wants  to  maximize  the  change  in  output  voltage 
as  was  done  in  Section  TV. 

The  open  terminal  R^IS  noise  voltage  of  a  system  with  an  internal 
impedance  Ro  is  given  b\' 

Frms  =  V-iR^kTAv 

If  we  terminate  this  system  with  a  noiseless  resistor  Ro ,  the  voltage 
across  it  will  be  \/RokTAv.  However,  the  terminating  resistor  is  also 
at  temperature  T,  so  that  the  total  RMS  voltage  across  it  will  be 
V2  VRokTAv. 

Comparing  this  RMS  noise  voltage  with  the  signal  ^•oltage  obtained 
in  (16),  we  get  for  the  reflection  cavitj-* 

AT"  =  V  V^wx'-nQo  =  V2  VRokTAv  (25) 

As  an  example  let  us  consider  the  following  typical  value  for  a  3-cm 
setup.  Qo  =  5  X  10^  Ap  =  0.1  cps,  Po  =   10~'  Watts 

=  If         4         ^    4F, 
'^       Fe  /dV-  ~  10  cm'  • 


For  this  case 


(Xmin")(T^.)     =    ~2    X    10"" 


*  In  most  cases  the  behaviour  of  the  transmission  and  reflection  cavity  is 
similar,  so  that  they  will  not  be  treated  separately. 
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This  corresponds  for  an  unsaturated  Lorentz  line^  to  a  static  suscepti- 
bility xn  =  \/Zx"{^^/^),  where  ^w  is  the  hne  width  between  inflection 
points.  For  the  free  radical  diphenyl  picryl  hydrazyl  having  a  2  oersted 
line  width  this  expression  at  i-oom  temperature  gives  for  the  min.  number 
of  spins  10'".  A  plot  of  the  minimum  RF  susceptibility  and  minimum 
number  of  electrons  versus  microwave  power  is  shown  in  Fig.  5. 

VI.    SIGNAL-TO-NOISE   IN   PRACTICAL   SYSTEMS 

.4 .  General  Considerations 

1 .  Why  Field  Modulation? 

From  a  design  point  of  view  it  is  instructive  to  consider  the  mini- 
mum fractional  voltage  change  corresponding  to  the  above  Xmin"T's  of 
2  X  10"'*.  This  turns  out  to  be,  see  (16), 


V 


2  X  10 


-10 


From  this  figure  one  may  safely  conclude  that  it  is  not  feasible  to  use 
an}^  system  in  which  the  microwave  carrier  level  reflected  from  the 
cavitj^  has  to  be  kept  constant  to  this  accuracy.  Such  systems  would 
include  straight  detection,  the  dc  being  bucked  out  and  amplified  or 
systems  employing  amplitude   modulation   of  the   carrier.    (Although 


ICROWAVE   POWER   FROM    KLYSTRON,   Pq  [w] 


Fig.  5  —  Minimum  RF  susceptibility  aiid  number  of  electrons  which  should 
be  observable  under  thermal  noise  limitations.  The  conditions  for  the  minimum 
number  of  spins  correspond  closeh"  to  those  under  which  the  experimental  set-ups 
were  tested. 
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the  latter  sj'stem  maj'  be  improved  b}'  microwave  bucking,  it  still  re- 
mains very  much  inferior  to  the  field  modulation  system  to  be  described 
presently.)  A  system  commonly  used  in  which  the  requirements  on  the 
constancy'  of  the  microwave  level  is  less  stringent,  makes  use  of  a  small 
external  magnetic  field  modulation  of  angular  frequency  w.u  super- 
imposed on  the  sloAvly  ^-arying  dc  magnetic  field.  Thus  in  the  absence  of 
a  resonance  line  the  output  is  zero  except  for  some  small  Fourier  com- 
ponents of  the  random  fluctuations  at  the  frequency  aj.v  .  If  the  ampli- 
tude of  the  field  modulation  A//_m  is  small  in  comparison  to  the  line 
width  \H  this  method  will  sweep  out  the  derivative  of  the  line,  i.e.,  the 
signal  will  not  be  proportional  to  x"  as  previously  assumed  but  to 
dx" /dH  (AH  m).  In  order  to  preserve  the  line  shape  one  should  sweep 
onlj'  over  a  fraction  of  the  line  ^^idth.  The  sensitivity  will  thereby  be 
reduced  by  roughly  the  same  fraction.  It  should  be  noted,  however,  that 
even  if  one  overmodulates  the  line  (in  order  to  increase  the  sensitivity) 
the  resonance  condition  (i.e.,  place  of  zero  signal,  corresponding  to  new 
slope  in  the  absorption)  will  not  shift  for  a  S3nnmetrical  line  and  the 
correct  gr- value  may  be  obtained.  Also  from  the  knowledge  of  the  ampli- 
tude of  the  modulating  field  the  increase  in  line  width  may  be  corrected 
for.  For  those  reasons  we  will  not  be  concerned  with  the  reduction  in  sen- 
sitivity due  to  this  field  modulation  scheme. 

2.  Choice  of  Frequency 
Referring  to  (26) 


mm- 


and  the  minimum  total  number  of  electrons  N', 

iV.,„  =  x.r,  cc  (Z-A  (^)  -^  (27) 


Assuming  that  we  are  dealing  with  the  same  type  of  cavity  mode  at 
different  frequencies,  the  same  power,  and  that  the  line  width  Aw  is 

constant,  we  have  ^c  °^  -^  ,  Qo  °^  -^ 

CO"*  0}' 

.-.   iN^znin    «    -1  (28) 

w"- 

Equation  28  shows  that  in  order  to  see  the  smallest  number  of  spins 
we  want  to  go  to  as  high  as  frequency  as  possible.  The  upper  limit  is 
given  by  the  availabilit}"  of  components  in  the  millimeter  region,  by  the 
difficulty  of  handling  them  and  by  the  maximum  available  power.  The 
most  commonly  used  setups  operate  at  a  wavelength  of  1  cm  and  3  cm. 
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The  latter  was  used  in  the  experimental  part  of  this  paper.  From  (28) 
we  see  that  with  a  1  cm  setup  the  number  of  observable  electrons  should 
be  approximately  40  times  less  than  with  a  8-cm  setup.  However,  in 
most  practical  cases  one  is  not  limited  by  the  amount  of  a\-ailable 
sample,  since  one  usually  can  increase  the  sample  size  at  longer 
wavelengths.  Therefore  a  better  criterion  is  the  minimum  number  of 
electrons  per  unit  volume 

Keeping  now  the  filling  factor  Vc/Vs  constant  we  see  that  the  sensi- 
tivity of  a  3  cm  setup  as  defined  in  (29)  is  only  -y/s  worse  than  of  a  1  cm 
setup.  In  addition  the  power  outputs  of  .3-cm  klystrons  are  usually 
sufficiently  higher  than  those  of  1-cm  klystron  to  overcome  even  the 
-\/3  advantage.  If  RF  saturation  comes  in,  the  power  argument  is  not 
valid,  but  one  has  to  consider  the  RF  magnetic  field  Hi  inside  the  cavity 
which  for  a  given  power  and  Qo  is  prop,  to  co.  Thus  at  the  higher  fre- 
quencies (1  cm)  saturation  effects  become  more  pronounced  reducing 
again  the  advantage  of  a  1-cm  over  a  3-cm  setup.  In  deciding  the  choice 
of  the  frequency  in  special  cases  (e.g.,  when  Aco  is  a  function  of  the  mag- 
netic field,  or  the  sample  is  larger  than  a  skin  depth)  (29)  should  be  used. 
There  are,  of  course,  considerations,  other  than  those  of  max.  sensi- 
tivity, which  have  to  be  taken  into  account.  For  example  one  would 
always  like  to  satisfy  the  condition  Aco/co  <<C  1  which  favors  higher  fre- 
quencies. On  the  other  hand,  for  very  narrow  lines  (say  less  than  0.1 
oersteds)  fractional  field  instabilities  and  inhomogeneities  will  favor 
low  magnetic  fields,  i.e.,  lower  frequencies.  One  also  might  encounter 
samples  which  exhibit  an  excessive  loss  in  a  given  frequency  band  which 
therefore  has  to  be  avoided. 

3.  Optimum  Amount  of  Sample  to  be  Used 

The  output  voltage  AF  is  proportional  to  the  sample  volume  and 
the  unloaded  Qq  of  the  cavity,  see  (26).  If  the  sample  is  lossy  an  increase 
in  its  size  will  reduce  the  Q  and  therefore  reduce  the  signal.  We  may 
roughly  distinguish  two  limiting  cases.  In  one  case  the  losses  are  pro- 
portional to  E-  (e.g.,  high  resistivity  samples  having  dielectric  losses), 
in  the  other  case  they  are  proportional  to  Hi  (e.g.,  low  resistivity  sam- 
ples in  which  the  losses  are  due  to  surface  currents). 

a.  Losses  Proportional  to  E 

The  paramagnetic  sample  is  placed  in  the  region  of  max.  RF  magnetic 
field  for  instance  at  the  end  plate  of  a  rectangular  cavity  resonating  in 


462  THE    BELL   SYSTEM   TECHNICAL  JOURNAL,    MARCH    1957 

the  TEio  mode.  The  sample  extends  a  distance  x  into  the  cavity,  x  being 
assumed  to  be  small  in  comparison  to  the  wavelength  so  that  Hi  does 
not  vary  appreciably  over  the  sample.  The  additional  losses  due  to  the 
sample  will  then  be  proportional  to 


A  £  Ei  sin'  C^^\  dx  ^  Cx' 


whereas  the  volume  of  the  sample  is  proportional  to  x.  The  observed 
voltage  change  AF  is  then  given  by 

AF  ex  Qo'F.  oc  /- — ^ \  {x) 

where  Qo  is  the  Q  of  the  cavity  without  sample,  and  Qq  the  total  Q  of 
both  cavity  and  sample.  Maximizing  the  voltage  change  AF  we  get 

^  =  0        .-.  C  =   1 

dx  2Qo  (30) 

.'•  Qo  =  3Q0 

Equation  (30)  tells  us  that  we  should  load  the  cavity  with  the  sample 
until  the  Qo  is  reduced  to  §  of  its  original  value.  It  should  be  pointed  out 
that  we  optimized  the  signal  and  not  the  more  important  quantity,  the 
signal-to-noise  ratio.  Therefore  the  analysis  is  only  valid  as  long  as  the 
noise  is  not  a  function  of  Qo ,  (see  Section  YIB)  and  that  we  do  not 
saturate  the  sample  (see  Section  VIII).  If  either  condition  does  not 
hold  the  amount  of  sample  to  be  put  in  should  exceed  the  above  calcu- 
lated value. 

b.  Losses  Proportional  to  Hi 

The  losses  do  not  vary  along  the  sample  so  that  we  may  write 

/       1 

AFccQoFs°^ 


which  clearly  has  no  maximum  for  x.  One  should  therefore  put  as  big  a 
sample  into  the  cavity  as  possible  (compatible  with  the  assumption  that 
if  it  be  small  in  comparison  to  a  wavelength),  the  same  result  as  if  one 
had  no  losses  at  all. 

B.  Noise  Due  to  Frequency  Instabilities 

Before  considering  the  signal-to-noise  ratio  for  specific  sj^stems  we 
will  investigate  a  noise  source  which  is  common  to  all  of  them.  It  arises 
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from  the  random  frequency  variations  of  the  microwave  source  or  from 
the  random  \-ariations  of  the  resonant  frequency  of  the  cavity  (e.g., 
rising  helium  bubbles  at  4°K  or  just  any  microphonics). 

From  the  equivalent  circuit  of  a  reflection  cavity  (see  Fig.  2)  we  can 
write  for  the  voltage  standing  wave  ratio 

VSWR  =  |i:L  =  ^  +  /^,  (cL  -  4;) 
Rou^       Ron-       Ron-  \  coC/ 


Ron' 


\  CO  /J       Ron- 


where  5  ==  Qo(2Aa)/co)  and  Ao?  is  the  frequency  deviation  from  the 
resonant  frequency  of  the  cavity.  The  reflection  coefficient  T  is  then 
given  by: 

Ron^  j2  Ron  . 

0  0 


r  =  '-^ =  To  +  2  —-^5 -i-  2.7 


Ron^ 

(1+J5)  -1 

r 
Ron' 

(1  +i5)  +1 

ft«=  ^  , 


r-7 


where  To  is  the  reflection  coefficient  at  the  resonant  frec^uenc}^  of  the 
cavity.  The  other  two  terms  giving  the  changes  in  T  for  a  given  fre- 
quency deviation  Aw.  The  changes  of  Aw  (or  AT)  having  ac  components 
near  the  modulation  frequency  will  thus  represent  noise  terms  which 
will  pass  together  with  the  signal  through  the  detection  system.  The 
shde  screw  tuner  (see  Fig.  1)  which  is  used  to  buck  out  part  of  the  micro- 
wave power  will  introduce  an  additional  reflection  coefficient  r«  +  jTn'. 
Thus  the  total  reflection  coefficient  will  be  given  by 

i^o^^  .2                                    Ron   , 
0  0 

r  =  To  -  Ts  +  2  y^^4 X-,  -  JT/  +  j2  y^ ^     (31) 


(?f  +  ij      '   "    ■'    ^R^^  ,J 


We  are  interested  only  in  the  magnitude  of  V  (i.e.,  |  F  |)  reaching  the 
detector.  Tuning  to  the  dispersion  mode  (x')  the  slide  screw  tuner  is 
adjusted  such  that  T^'  »  To  —  Fr  .  Under  these  conditions  the  output 
noise  voltage  will  be  given  by 


Ron  . 


Tuning  to  the  absorption  (x"),  the  condition  Fo  —   F^  »  Fr  will  be 
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satisfied  and  (31)  becomes 


\  V  A" 


(¥) 


5^ 


/Ron-'    ,    tY  f^ 


+  2  -71T-T^^^ (33) 


y   (^^+iy 


+  1  -i^  +  1    (Fo  _  r«) 


An  inspection  of  (31),  (32),  and  (33)  shows  that  the  noise  voltage,  enters 
as  a  first  order  effect  in  5  when  tuned  to  %'•  This  is  not  too  surprising 
since  a  frequency  effect  is  expected  to  affect  predominantly  the  disper- 
sion mode.  When  tuned  to  x"  the  effect  becomes  second  order  as  long 
as  I  To  —  F/j  I  is  large.  Under  those  conditions  the  2  terms  in  (33)  are  of 
comparable  magnitude.  We  can  easily  see  the  origin  of  the  second  term. 
It  arises  from  the  first  order  out-of-phase  component  of  the  noise  volt- 
age. Being,  however,  sensitive  only  to  in-phase  components  it  will  be 
reduced  to  a  second  order  effect — as  long  as  |  To  —  Fs  |  is  large,  i.e.,  as 
long  as  we  have  a  carrier  which  makes  us  insensitive  to  out-of-phase  com- 
ponents.* When  To  —  Ffl  goes  to  zero  (33)  ceases  to  hold  and  the  noise 
voltage  will  be  given  by  (32). 

There  are  two  important  conclusions  to  be  drawn  from  (33). 

We  want  to  keep  To  —  T^  as  large  as  possible.  Therefore  in  schemes 
(hke  the  superheterodyne  see  section  VI  E)  where  this  is  not  feasible, 
special  care  has  to  be  taken  to  eliminate  this  noise  source. 

From  (15)  we  find  that  the  desired  signal  is  proportional  to 

Comparing  this  expression  with  (33)  we  see  that  the  signal-to-noise 
ratio  may  be  improved  by  increasing  Ron^/r,  i.e.,  overcoupling  the 
cavity  until  this  noise  source  does  not  contribute  any  more.  A  compari- 
son of  (15)  with  (32)  shows  that  overcoupling  will  not  improve  the 
signal-to-noise  ratio  when  tuned  to  x'-  Ii^  this  connection  it  should  be 
pointed  out  that  only  those  frequency  stabilization  schemes  can  alleviate 
the  problem  of  frequency  instabilities  whose  response  time  is  at  least  of 
the  order  to  the  inverse  modulation  frequency  since  the  troublesome  noise 
components  are  at  this  frequency.  Some  stabilization  schemes  make  use 
of  the  cavity  into  which  the  sample  is  placed  as  the  stabilizing  element. 
Although  this  system  maj^  be  excellent  for  the  observation  of  x"  (it  is 
the  only  one  which  can  compensate  for  cavity  microphonic),  it  fails  in 
the  case  of  x'-  The  reason  is  that  x'  makes  itself  obser^'able  essentially  by 
a  frequency  shift  which  in  this  scheme  would  be  compensated  for. 

*  For  a  similar  reason  one  cannot  avoid  an  admixture  of  dispersion  to  an  ab- 
sorption signal,  when  investigating  a  saturated  sample  in  which  x'mai  ^x"mai. 
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C.  Noise  Due  to  Cavity  Vibrations 

A  noise  source  which  can  be  very  troublesome  at  high  modulation 
fields  arises  from  the  currents  induced  in  the  walls  of  the  cavity  from  the 
modulating  field.  The  interaction  of  these  currents  with  the  dc  magnetic 
field  causes  mechanical  vibrations  of  the  cavity  walls.  This  produces  a 
signal  when  tuned  to  the  dispersion,  but  to  first  order  should  give  no 
signal  when  one  is  tuned  to  the  cavity  and  sensitive  to  the  absorption. 
However,  any  detuning  will  result  in  a  signal,  which,  having  the  right 
frequency  will  pass  through  the  narrow  band  amplifier  and  lock-in 
detector.  Since  this  signal  is  proportional  to  the  magnetic  field,  it  will 
result  in  a  background  signal  whose  amplitude  will  ^^ary  as  the  magnetic 
field  is  being  swept  and  thus  causing  a  continuous  shift  in  the  base  line. 
In  a  rectangular  cavity  this  effect  can  be  greatly  reduced  by  a  proper 
orientation  of  the  cavity  with  respect  tothedc  magnetic  field.  This  is  due 
to  the  fact  that  by  squeezing  the  broad  face  of  a  rectangular  cavity 
(TEio  mode)  the  frequency  decreases,  whereas  by  squeezing  the  narrow 
walls  of  the  cavity  the  frequency  increases.  Thus  in  a  proper  orientation 
the  two  effects  cancel  each  other  out.  We  found  another  way  of  greatly 
reducing  the  effect  by  using  a  glass  cavity  having  a  silver  coating*  thick 
in  comparison  to  a  microwave  skin  depth  but  small  in  comparison  to  the 
modulation  frequency  skin  depth,  thereby  decreasing  the  eddy  currents 
without  impairing  the  mechanical  strength  of  the  cavity, 

D.  Klystron  Noise 

There  is  very  little  data  available  on  presently  used  klystrons.  The 
data  quoted  by  Hamilton,  et  al*  are  on  a  723A  klystron.  With  an  IF  of 
30  mc,  bandwidth  of  2.5-mc  microwave  output  of  50  mw  they  obtained 
a  noise  power  of  5  X  10~  watts.  Expressing  their  results  in  terms  of  a 
noise  figure  Nk  such  that  the  noise  power  output  in  the  two  side  bands 
Pk  is  given  by 

ft  =  2N.(kTA.)         .:  m  =  I  (^)  ^^  =  .P,  (34) 

Substituting  their  numerical  values  one  obtains  for  s  =  5000  Watt~\ 
The  values  for  s  that  we  obtained  with  a  60  mc  IF  are: 

Higher  mode  of  V-153  klystron  s  ^  1,000  Watt"^ 

Lower  mode  of  V-153  klystron  s  ~  3,000  Watt"^ 

Higher  mode  of  X-13  klystron  s  ~     200  Watt"^ 

Lower  mode  of  X-13  klvstron  s  ~     400  Watt"^ 


*  We  are  indebted  to  A.  V.  Hollenberg  and  V.  J.  DeLucca  for  the  making  of 
the  glass  cavities  and  to  A.  W.  Treptow  for  the  excellent  silver  coatings. 
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The  method  used  to  determine  the  above  noise  figures  is  similar  to  the 
one  described  in  Reference  4.  The  figures  are  expected  to  be  several  times 
larger  when  a  30  me  IF  is  used.  (A  factor  of  2  is  quoted  by  Hamilton, 
et  al.*)  It  is  also  worth  noting  that  the  relative  noise  power  decreases  on 
going  to  higher  modes. 

E.  Sig7ial-to-Xoise  Ratio  for  Specific  Systems 

In  this  section  we  Anil  analyze  specific  systems  under  varying  condi- 
tions. The  reason  why  we  do  not  present  the  analj^sis  of  one  "The  Best" 
system  is  that  sometimes  a  compromise  between  complexity  and  sensi- 
tivity has  to  be  reached  and  also  because  some  systems  may  be  superior 
at  high  power  whereas  others  at  low  powers. 

The  expression  for  the  noise  power  Pk  at  the  output  of  the  microwave 
detector  (X-tal  or  bolometer)  is" 

P^  =  {GXk  +  nMPL  +  t  -  iXkTAp)  (35) 

where : 

G  =  conversion  gain  of  the  detector  (generally  smaller  than  one.  A 
quantity  often  used  instead  of  G  is  the  conversion  loss  L  =  1/G). 

Xk  =  noise  figure  at  the  input  of  the  detector.  Usually  due  to  random 
ampUtude  or  frequencj^  fluctuations  of  the  microwave  source  or  the  mi- 
crowave components  (see  Section  A^ID). 

Fampi,  =  noise  figure  of  the  amplifier 

t  =  noise  temperature  of  the  detector 

Comparing  the  equivalent  voltage  fluctuations  of  this  noise  power  with 
the  signal  voltage  as  derived  in  (26),  we  get  for  the  minimum  detectable 
x" 

'(GNk  +  nMP  +  t  -  DkTAuJ  ^^^^ 


»  _     1 

Xniin 


QoJJTT 


2GPo 


The  above  relation  should  apply  to  all  systems.  The  problem  then 
reduces  to  the  determination  of  G,  X^  ,  Famp  ,  and  t  for  the  particular 
detection  scheme.  A  difficulty  arises  from  the  fact  that  not  only  are  those 
quantities  a  function  of  the  RF  power  and  modulation  frequency  but 
in  the  case  of  detectors  vary  from  unit  to  unit.  It  is  probabty  for  this 
reason  that  the  values  quoted  in  the  literature  are  sparse  and  are  not 
in  agreement  with  each  other.  The  values  used  in  this  analysis  for  the 
A'-band  barretters  (821)  and  crj'stals  (1X23C)  Avere  obtained  by  us. 
^'alues  for  i^-band  crj'stals  can  be  found  in  References  6  and  7.  It 
should  also  be  borne  in  mind  that  the  values  are  time  dependent  and 
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will  have  to  be  modified  as  the  "art",  of  detector  manufacturing  im- 
proves. Also  new  systems  might  come  into  prominence  in  the  near 
future.  An  example  would  be  the  use  of  low  noise  travelling  wave  tubes 
preceding  the  detector  or  even  low  noise  solid  state  masers. 

1.  Barretter  {bolometer)  detection. 

The  resistance  of  a  barretter  is  given  by  the  relation 

R  =  Ro  +  kP""  (37) 

For  practical  purposes  n  may  be  taken  as  vmity.  The  instantaneous  power 
input  to  the  barretter  for  a  modulated  microwave  is  given  by 


1^ 
R 


Vo  sin  fin  1  +  ^  sin  coi )  +  T^dc  |  (38) 


where  Vo  is  the  amplitude  of  the  microwaves,  AV  the  change  of  the  am- 
plitude due  to  the  absorption  given  by  (16),  fl  the  microwave  fre- 
quency, CO  the  field  modulation  frequency,  and  Vdc  the  bias  on  the 
barretter.  Expanding  (38)  and  assuming  that  AV/Vo  <$C  1  we  get,  after 
throwing  out  the  high  frequency  terms, 

R  =  Ro-h  k  (Pi,,  +  Pdc  +  ^^—^  sin  con  (39) 

where  Prf  is  the  power  in  the  unmodulated  carrier  reaching  the  bar- 
retter. It  is  of  course  smaller  than  Pq  the  microwave  power  from  the 
klystron  because  of  the  power  splitting  in  the  magic  T  and  the  reflection 
from  the  cavity.  Taking  a  reflection  coefficient  F  ^^  0.5  (see  Section  IVA), 
Prf/Po  ^^0.1.  The  desired  voltage  fluctuation  associated  with  the  re- 
sistance change  is:  8V  =  IqAR,  where 


AR=^AP  =  ^  (AP«.  -f-  h'AR),  =  ^ 


,„        ^  ,       VoAV       .      , 

8V  ~  hk  7- zr—r  sin  cot 

(1  —  lo^k) 


1 


j2dR 
^'dP 


APi^r 

(40) 


7o  is  the  current  bias  on  the  barretter  which  we  want  to  keep  constant 
for  a  maximum  voltage  change  8V. 

The  power  gain  of  this  device  G  is  given  by 


G  = 


Signal  Power  from  Barretter       SV'  /  AV       ,      lokP 


RF 


Power  in  the  Sidebands  2R  /     4R  R(l  -  Io%) 

-7.2  PiXcPrF 

'  R\i  -  m) 
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The  noise  figure  of  the  audio  amplifier  following  the  detector  is  given  in 
general  by: 

^AMP  =  n i42 

Kg 

where  Eg  is  the  generator  input  resistance  in  this  case  the  barretter 
resistance  and  /?equ  is  an  eciuivalent  noise  resistor  in  series  with  the 
genei'ators.  The  best  input  tube  that  we  found  was  the  General  Electric 
GL  6072  triode*  for  which  we  measured  an /^  equ  at  100  c.p.s.  of  '^10"  il. 
(This  is  due  to  flicker  noise  of  the  tube  and  has  a  \'J  dependence.)  If 
we  were  to  connect  the  barretter,  having  a  resistance  of  ^200  12  straight 
to  the  grid  of  the  input  tube  we  would  get  a  noise  figure  of  '^oOO.  How- 
ever, b\'  using  a  step-up  transformer  with  a  turns  ratio  n  >   -^^  the 

Kb 

noise  figure  of  the  amphfier  can  be  reduced  to  nearly  unity.  We^\-ill  as- 
sume in  the  following  analysis  that  this  has  been  done. 

The  noise  temperature  of  the  barretter  Ib  was  thought  to  be  approxi- 
mately 2  since  it  is  merely  a  platinum  wire  operating  at  an  ele\'ated 
temperature.  To  our  surprise  the  measured  value  turned  out  to  vary 
for  different  units  between  -i  and  40. f  The  noise  figure  was  measured 
on  about  20  different  units  obtained  from  4  different  manufacturers 
(P.R.D.;  F.X.R.  Xarda,  Sperry).  The  reason  for  this  noise  is  not  en- 
tirely clear  at  present.  A  possible  explanation  is  the  non -uniform  heat- 
ing of  the  wire  which  could  set  up  air  currents.  They  in  turn  can  cool 
the  wire  in  a  random  fashion  giving  rise  to  an  additional  noise  com- 
ponent. An  improvement  of  the  noise  figure  was  noted  upon  evacuating 
the  barretter.  The  noise  figure  of  a  unit  which  was  initially  10,  dropped 
to  the  expected  value  of  2  after  evacuation.  However,  it  should  be 
pointed  out  that  this  cannot  be  taken  as  a  definite  proof  for  the  "air 
current  theorj^"  since  the  characteristics  of  the  barretter  changed 
markedly  after  evacuation.  The  sensitivit\'  of  the  evacuated  barretter 
went  up  from  oV.'mW  to  200n  'mW  which  necessitated  a  reduction  of  the 
dc  current  from  8  to  1.5  niA.  Also  the  response  time  went  up  by  a  factor 
of  20,  so  that  the  effectiveness  of  any  noise  mechanism  with  a  1//  spec- 
trum would  be  greatly  reduced.  This  approach  however  looks  definiteh- 
promising  in  trying  to  design  more  sensitive  and  less  noisy  barretters. 
In  the  present  work  commercial  unevacuated  barretters  were  used,  their 
noise  temperature  being  taken  as  4  in  the  following  anah^sis.  Under 


*  We  are  indebted  to  R.  G.  Shidman  for  bringing  this  tube  to  our  attention. 
t  One  unit  which  exhibited  an  extreme!}'  large  noise  figure  of  1,000  was  elim- 
inated entirely.  The  solder  point  of  the  platinum  wire  was  apparentl}'  defective. 
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those  assumptions  (36)  becomes: 

1 


//      

Xmin  — 


/kTA 
QorjT  \   Po 


4  +  NkG' 
G       , 


(43) 


a.  Straight  detection 

A  block  diagram  of  the  microwave  part  of  a  simple  barretter  system 
is  shown  in  Fig.  6.  The  attenuator  serves  the  purpose  of  preventing  power 
saturation  of  the  sample  or  burn  out  of  the  bolometer  at  high  powers. 
By  means  of  the  slide  screw  tuner  and  magic  T  arrangement  one  makes 
the  system  sensitive  to  either  the  real  or  imaginary  part  of  the  suscepti- 
bility. 

The  characteristics  of  a  typical  barretter  (like  the  Sperry  No.  821) 
are:  R  =  250  Q;  k  =  4.5  U/niW;  Pmax  =  32  mW.  We  take  the  worst 
generator  noise  figure  reported,  i.e.,  Nk  =  5,000  Prf  (see  Section  VID). 

The  ratio  of  the  minimum  susceptibility  xmin-obs  that  can  be  de- 
tected with  this  system  to  the  minimum  theoretical  value  if  one  were 
limited  by  thermal  noise  only  becomes  with  the  aid  of  (41)  and  (43) 


n 
Xmin-obs 

// 
Xmin-th 


^4  +  NkG^ 
.       G       , 


1  -f  5  X  WPuFk'- 


r  rfl 


RF^  dc 


R'{1  -  h'k) 


fc^ 


LRPL. 


(44) 
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Fig.  6  —  Essential  microwave  parts  of  a  simple  barretter  or  crystal  set-up. 
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Fig.  7  —  The  ratio  of  the  minimum  detectable  susceptibility  to  the  minimum 
theoretical  value  versus  microwave  power  for  2  different  barretter  schemes. 
Full  lines  correspond  to  the  predicted  sensitivity  and  dots  indicate  experimental 
values. 


Equation  (44)  is  plotted  in  Fig.  7.  From  this  plot  we  see  that  the  system 
is  extremely  poor  at  low  powers  (which  is  due  to  the  low  conversion 
gain  of  barretters)  and  also  starts  getting  worse  at  high  powers  (due  to 
the  signal  generator  noise).  The  latter  point  is  not  of  great  importance 
since  one  can  alwaj^s  buck  down  the  microwave  power  by  means  of  the 
slide  screw  tuner  to  the  desired  level.  By  using  the  evacuated  barretter 
as  mentioned  earlier,  the  curve  in  Fig.  7  would  be  shifted  to  the  left 
corresponding  to  the  increased  conversion  gain. 

b.  Balanced  mixer  detection 

An  improved  barretter  scheme  is  shown  in  Fig.  8.  It  eliminates  the 
poor  conversion  gain  at  low  powers  by  employing  a  balanced  mixer 
into  which  a  large  amount  of  microwave  power  P2  can  be  fed  from  the 
same  signal  generator.  Since  the  barretter  noise  should  not  be  power 
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dependent  (unlike  in  crystals)  this  procedure  improves  the  conversion 
gain  without  increasing  the  noise.  Since  a  balanced  mixer  is  used  the 
noise  from  the  signal  generator  is  also  cancelled.  A  necessary  precaution 
in  this  set-up  is  to  include  extra  isolation  between  the  second  magic  T 
and  the  mixer  in  order  to  prevent  any  microwave  power  from  leaking 
through  the  balanced  mixer  into  the  cavity. 
For  this  arrangement  (44)  becomes: 


Xmin-obs 
Xmin-th 


V2|/| 


(45) 


The  factor  of  \/2  arises  from  the  fact  that  we  had  to  split  the  power 

Po  in  the  first  magic  T .  vSince  in  this  scheme  we  are  at  liberty  to  vary 

the  input  power  to  the  barretter  we  want  to  maximize  G  with  respect 

to  Fi .  For  a  fixed  total  power  to  the  barretter  given  by  its  burn-out 

ratings  (i.e.,  Fi  +  Pdc  =  constant)  (41)  is  a  maximum  for  Ft  ^^  Pdc  ^^ 
p 
^]^-  Taking  again  the  data  for  the  No.  821  barretter  we  get  for  Gmax 


0.5  and  for 


Xmin-obs 

// 
Xmin-th 


1-^^  4 


(46) 


Since  the  value  of  Fi  can  be  held  constant  irrespective  of  the  power 
in  the  cavity,  this  ratio  will  be  a  constant  (see  Fig.  7). 

It  should  be  pointed  out  that  in  this  S3'stem  a  wrong  phasing  of  arm 
Fi  will  result  not  only  in  a  reduction  of  the  signal,  but  also  in  an  ad- 
niLxtui-e  of  x'  and  x"-  Therefore  after  changing  the  power  by  means  of  a 
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Fig.  8  —  Barretter  system  with  balanced  mixer. 
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variable  flap*  attenuator  (which  also  introduces  a  phase  shift)  or  after 
changing  the  slide  screw  tuner  the  system  has  to  be  rephased  again.  This 
makes  saturation  measurements  less  convenient  than  in  the  superhetero- 
dyne sj'stem  to  be  discussed  in  the  next  section.  The  obvious  advantage 
of  the  homodyne  detection  scheme  is  that  it  requires  only  one  micro- 
wave oscillator. 

2.  Crystal  detection 

A  simple  set-up  is  shown  in  Fig.  6.  Although  its  microwave  components 
are  identical  to  the  ones  used  in  the  barretter  scheme,  the  analysis  of 
this  set-up  is  more  comphcated.  The  reason  is  that  not  only  do  cr3'stal 
characteristics  vary  greatly  from  unit  to  unit  but  they  cannot  be  de- 
scribed by  one  simple  relation  over  the  entire  range  of  incident  micro- 
wave power.  One  can  roughlj^  divide  their  characteristics  into  a  square 
law  region  where  the  rectified  current  /  is  proportional  to  Pa  (holds  for 
Po  <  10"  Watts)  and  the  Hnear  region  where  /  is  proportional  to 
y/Wo  .  (holds  for  Po  >  10~  Watts).  The  output  noise  of  a  crj^stal  can  be 
represented  in  general  by  the  relation.'''    ' 


P.v  =  n^  +  1     kTA,  t  (47) 


where/ is  the  frequency'  around  which  the  bandwith  Av  is  centered.  This 
relation  reduces  for  the  square  law  region  to : 


p^  =  (^lll   +  1  j  hTAb  (48) 


and  for  the  linear  region  to 


jPrf 


Pn  =  ( -^  +  1  )  kTAv  (49) 

The  average  values  of  /3  we  determined  experimentally  are: 

/3  ~  5  X  10"  Watt"-  sec"^  and 

7  c^  lO"  Watt~^  sec"^ 
The  conversion  gain  G  of  the  crj^stal  can  be  represented  by 

G  =  5Prf  (50) 

in  the  square  law^  region  and  by 

G  =  constant  =  C  (51) 

*  The  phase  shift  associated  with  the  Hewlett-Packard  X-382-A  attenuator  is 
quite  small. 

t  Values  of  a  for  if -band  crystals  are  quoted  in  References  6  and  7.  Thej'  differ 
however  from  each  other  bj^  appro.ximatelj^  3  orders  of  magnitude. 
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in  the  linear  region.  Values  of  S  and  C  for  the  1N23C  were  found  to  be 
S  c^  500  Watt"'  and  C  ~  0.3. 

a.  Simple  straight  detection 

If  one  does  not  make  use  of  the  bucking  possibilities  of  the  magic  T 
(i.e.,  eliminate  the  slide  screw  turner  in  Fig.  6)  one  has  the  simplest 
possible  set-up  sensitive  to  x" •  Under  those  conditions  the  microwave 
power  reaching  the  crystal  will  be  identical  to  the  reflected  power  from 
the  cavity.  Equation  (36)  becomes: 

Xmin-obs  _  (GNk  +  Fx^ip  4~  ^  ~  1 
Xmin-th 

With  the  aid  of  (48),  (49),  (50),  and  (51),  this  relation  reduces  for  the 
1N23C  in  the  square  law  region  to: 


;;•■-  (^■^^v.^r.HP+.-ij       (52) 


"  /i       1       r    V,    ir»9] 


Xmin-obs        /I  +  5  X  lOPo  X"  /^on 

-  -I  (o3) 


Xmin-th 


50Po 


and  for  the  linear  region  to: 


'^^^^i^  =  (3  X  lO^Po)'  (54) 

Xmin-th 

A  plot  of  (53)  and  (54)  is  shown  in  Fig.  9.  As  before  the  assumption  was 
made  that  Prf/A  ^^0.1  (see  barretter  case).  The  noise  figure  of  the 
amplifier  Famp  was  taken  as  unity  which  again  can  be  closely  ap- 
proached by  means  of  a  step-up  transformer.  The  field  modulation 
frequency  was  assumed  to  be  1,000  c.p.sec,  although  (47)  shows  that 
from  a  point  of  view  of  noise  one  would  like  to  go  to  as  high  a  frequency 
as  possible.  However  practical  consideration  such  as  power  require- 
ments for  getting  a  given  modulation  field,  pick-up  problems,  skin 
depth  losses  in  the  cavity  wall  usually  set  an  upper  limit.  The  modula- 
tion frequency  may  be  also  dictated  at  times  by  the  relaxation  times 
of  the  investigated  sample. 

h.  Straight  detection  with  optimum  microwave  bucking 

From  Fig.  9,  we  see  that  the  straight  crystal  detection  scheme  suffers 
at  low  powers  because  of  the  poor  conversion  gain  of  the  crystal  and  at 
high  powers  because  of  excess  crj^stal  noise.  This  situation  can  be 
greatly  improved  by  adding  some  microwave  power  to  the  crystal  when 
the  reflected  power  from  the  cavity  is  low  (to  be  referred  to  as  positive 
bucking)  or  subtracting  some  of  the  power  in  the  other  case  (negative 
bucking) .  In  this  section  we  will  find  the  improvement  over  the  unbucked 
system  and  the  amount  of  bucking  required  to  effect  it. 
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Fig.  9  —  The  ratio  of  the  minimum  observable  susceptibility  to  the  minimum 
theoretical  value  versus  microwave  power  for  different  crystal  detection  schemes. 
Full  lines  correspond  to  the  predicted  sensitivitj' and  dots  indicate  experimental 
values. 


We  define  the  bucking  parameter  B  by  the  relation 


Px  =  BP 


RF 


(55) 


Where  Prf  is  the  microwave  power  at  the  crystal  before  and  Px  after 
the  bucking  is  applied.  We  further  assume  that  after  the  bucking  is  ap- 
plied the  crystals  will  operate  in  the  square  low  region.  Combining  (49), 
(50),  and  (52)  and  neglecting  the  term  GXk  which  is  small  in  compari- 
son to  the  other  term  we  get  for  the  bucking  scheme: 


1 1 
Xmin-obs 

Xmin-th 


AMP 


+ 


f 


(56) 


SBPrp 
In  order  to  find  the  optimum  bucking  parameter,  we  set 


dB\ 


Xmin-obs 

77 
Xmin-th  ^ 


=  0  which  results  in 


B  = 


MP  J 


(57) 
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Putting  in  the  numerical  values  for  the  1N23C  as  quoted  previously 
we  get  that  B  =  lA  X  10~^ /Prf  .  Equation  (56)  becomes  with  the  opti- 
mum bucking  parameter 


Xmin-obs 

77 
Xmin-th 


2F 


AMP 


(58) 


For  the  case  under  discussion  this  ratio  turns  out  to  be  c^50  independent 
of  Po  .  Fig.  9  shows  a  plot  of  (58) .  The  values  in  parenthesis  indicate  the 
degree  of  bucking  necessary  to  accomplish  this  ratio  as  determined  from 
(57).  It  should  be  noted  that  the  negative  bucking  can  be  easily  accom- 
plished by  means  of  the  slide  screw  tuner  in  the  magic  T  arm  (see  Fig.  6) 
whereas  for  large  positive  buckings  a  scheme  like  in  Fig.  8  has  to  be 
used.  (Some  positive  bucking  can  of  course  be  also  accomplished  by 
means  of  the  slide  screw  tuner) . 

c.  The  siiperheterodyne  scheme 

The  RF  bucking  system  just  described  bears  a  certain  resemblance 
to  the  balanced  mixer  barretter  scheme.  In  both  cases  additional  micro- 
wave power  was  added  to  the  detector  in  order  to  increase  the  con- 
version gain.  However  in  the  crystal  scheme  this  resulted  in  an  increase 
in  noise  power  whereas  this  should  not  be  the  case  with  barretters.  The 
question  arises  whether  a  decent  conversion  gain  in  crystals  has  to  be 
always  accompanied  by  a  large  noise  power.  An  inspection  of  (49) 
shows  that  around  frequencies  of  tens  of  megacycles*  or  higher  the 
noise  output  of  the  crystal  becomes  negligible.  As  pointed  out  earlier 
such  high  magnetic  field  modulation  frequencies  are  not  feasible.  How- 
ever in  a  superheterodyne  system  the  crystal  outputs  will  be  at  an 
intermediate  frequency  of  30  or  60  mc.  This  will  make  the  flicker  noise 
components  negligible  even  at  high  powers  where  the  conversion  gain 
is  good.  The  conventional  way  to  obtain  the  intermediate  frequency  is 
to  beat  the  reflected  signal  from  the  cavity  with  a  local  oscillator  (see 
Fig.  10)  which  is  removed  from  the  signal  generator  by  the  I.F.  fre- 
quency. In  order  to  eliminate  the  noise  from  the  local  oscillator  a  bal- 
anced mixer  should  be  employed.  The  ratio 

/xMiN^sN  ^^^^^^^^^  ^hen  from  equ.  52  f^i^-ti-IliY        (59) 
Vxmin-th  /  \  ^  / 

The  expression  in  the  brackets  is  called  in  radar  work'^  the  overall 

*  It  was  shown  by  G.  R.  NicolP  that  this  equation  holds  up  to  this  frequency 
range. 
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noise  figure  of  the  receiver  F.  We  found  that  a  noise  figure  of  about 

11-14  db  is  easily  attainable  with  commercial  I.F.    amplifiers    and 

balanced  mixer.  This  would  give  us  a  ratio  of 

// 
Xmix-obs  ^    - 

-77 —  ^ 

Xmin-th 

which  is  plotted  together  with  the  other  crystal  schemes  in  Fig.  9.  Al- 
though this  system  does  necessitate  2  stable  microwave  sources,  it  is  not 
difficult  to  operate  once  the}"  are  set-up.  This  was  not  considered  as  a 
major  disadvantage  at  least  not  at  X-band.  The  phasing  problem  dis- 
cussed in  connection  with  the  mixer  barretter  scheme  of  comparable 
sensitivity  is  eliminated.  An  additional  small  advantage  is  the  rugged- 
ness  of  crj^stals  in  comparison  to  barretters  and  the  availabihty  of  good 
commercial  balanced  cr\'stal  mixers.  There  are  other  double  frequency 
schemes  which  do  not  need  2  separate  microwave  signal  generators. 
The  other  frec[uenc3'  may  be  obtained  b}'  amplitude  or  phase  modulating 
one  signal  generator  b}"  an  IF  frecjuency.  The  side  bands  which  are  pro- 
duced m  this  way  are  displaced  by  just  the  IF  frequency  and  may  be 
utilized  instead  of  the  second  signal  generator.  Schemes  of  this  sort 
look  particularly  promising  for  frequencies  well  above  X-band  in  which 
case  it  might  prove  difficult  to  maintain  the  difference  frequency  of  two 
separate  microwave  generators  within  the  band  width  of  the  IF. 

F.  Experimental  Determination  of  Sensitivity  Limits 

1 .  Preparation  of  samples 

In  order  to  get  an  experimental  check  on  the  previous  analysis, 
samples  with  a  known  number  of  spins  had  to  be  prepared.  Two  sets  of 
samples  were  made.  One  consisted  of  .single  CuSOi -51120  crystals  of 
varying  sizes  hermetically  sealed  between  2  sheets  of  pol3'eth3dene.  The 
other  set  con.sisted  of  different  amounts  of  diphenyl  picryl  hydrazj-l* 
which  were  similarly  sealed  up.  D.P.H.  samples  having  less  than  lO'' 
spins  were  prepared  by  dissolving  known  amounts  of  the  free  radical 
in  benzene  and  putting  a  drop  of  this  solution  on  the  poh-eth\dene. 
After  the  benzene  had  evaporated,  it  was  sealed  up  with  another  sheet 
of  poh^ethylene.  The  ^-values  of  CUSO4 -51120  and  D.P.H.  differ  enough 
so  that  both  samples  can  be  eonvenientl}'  run  simultaneousl3\  This 
was  done  in  order  to  check  the  self  consistency  of  the  two  sets  of  samples. 
The   measured   integrated   susceptibility   of   all   the   D.P.H.    samples 


We  are  indebted  to  A.  X.  Holden  for  supplying  us  with  this  material. 
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with  more  than  10^  spins  agreed  within  a  few  percent  with  the  calcu- 
lated value.  The  calculated  value  being  based  on  the  known  amount 
of  D.P.H.  and  the  measured  value  being  referred  to  the  known  amount 
of  CUSO4 -51120.  D.P.H.  samples  with  less  than  lO'^  spins  had  all  a 
smaller  number  of  effective  spins  than  calculated.  The  discrepancy  was 
more  pronounced  the  smaller  the  sample.  There  Avas  also  evidence  that 
the  smaller  D.P.H.  samples  deteriorated  with  time.  As  a  typical  example 
we  quote  a  sample  which  started  out  as  10 "  effective  spins  and  was 
reduced  after  4  wrecks  to  4  X  10  effective  spins  and  another  one  which 
initially  had  10^^  spins,  deteriorated  in  the  same  time  interval  to  10^^ 
spins.  Since  only  the  smaller  samples  were  noticeably  affected,  this 
deterioration  seems  to  be  associated  with  a  surface  reaction.  It  was  also 
observed  that  the  line  width  between  inflection  points  of  the  D.P.H. 
samples  with  less  than  10  spins  increased  from  1.8  oersteds  to  2.7 
oersteds.  This  broadening  probably  arises  from  a  reduction  in  the  ex- 
change narrowing  mechanism  due  to  the  spreading  out  of  the  sample. 

S.  Comparison  of  experimental  results  with  theory 

In  checking  the  sensitivity  of  the  equipment  D.P.H.  samples  were 
used  and  the  signal  to  noise  was  estimated  from  the  recorded  output. 
The  experimental  points  thus  obtained  are  shown  in  Fig.  7  and  Fig.  9. 
We  believe  that  the  results  are  significant  to  within  a  factor  of  2,  the 
main  error  arising  from  the  estimate  of  the  RMS  noise.  The  band  width 
of  the  lock-in  detector  was  Av  =  0.03  sec~\  Qo  =  4,000,  and  the  field 
modulation  used  was  3  oersteds  p.t.p.,  100  c.p.sec.  for  the  barretter 
schemes  and  1,000  c.p.sec.  for  the  crystal  schemes.  This  large  modula- 
tion field  somewhat  distorts  the  line,  but,  as  mentioned  earlier  was  done 
in  order  to  get  the  full  signal.  The  D.P.H.  samples  were  calibrated 
against  CuS04-5H20  before  each  run.  Even  so  it  was  not  felt  safe  to 
use  samples  which  had  less  than  10^^  spins. 

Referring  to  Fig.  8  we  see  that  for  the  straight  barretter  detector  the 
experimental  points  agree  fairly  well  with  the  predicted  value,  l)ut  in  the 
balanced  mixer  scheme  fall  short  by  about  a  factor  of  4.  A  possible  ex- 
planation of  this  discrepancy  is  that  the  barretters  were  not  completely 
matched  in  which  case  the  noise  from  the  local  oscillator  would  not  be 
compensated  for. 

Fig.  9  shows  the  experimental  points  for  the  crystal  schemes.  For 
powers  between  10~  W  and  10"^  W  the  system  used  fell  between  the 
simple  straight  detection  scheme  and  the  one  utilizing  optimum  RF 
bucking.  The  reason  is  that  it  was  very  easj^  to  obtain  a  certain  amount 
of  positive  bucking  (+9  db)  by  merely  adjusting  one  arm  of  the  magic  T. 
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It  would  however  have  been  a  great  deal  more  difficult  to  obtain  the 
entire  bucking  of  +22  db  at  10"^  W  since  a  set-up  like  in  Fig.  8  would 
have  to  be  used.  Thus  for  the  sake  of  simplicity  the  extra  factor  in  signal 
to  noise  of  2  or  3  was  abandoned.  The  amount  of  negative  bucking  at 
the  higher  powers  will  be  limited  by  the  stability  of  the  bridge.  A  prac- 
tical limit  of  (40-50)  db  was  characteristic  of  our  set-up.  We  see  from 
Fig.  9  that  the  agreement  between  the  experimentally  determined  sensi- 
tivity and  the  theoretically  predicted  sensitivity  is  satisfactory. 

The  experimental  results  on  the  superheterodj'ne  scheme  agrees 
again  verj^  well  with  the  predicted  values  up  to  a  power  level  of  10"^  W. 
(This  corresponds  to  less  than  10'^  spins  in  D.P.H.)  Above  this  level  Ti 
(see  fig.  10)  has  to  be  balanced  to  better  than  40  db  to  keep  the  IF  carrier 
amplitude  within  the  required  value.  Instabilities  in  the  bridge  due  to 
mechanical  vibrations  and  thermal  drifts  start  to  contribute  to  the 
noise.  Thus  at  high  power  levels  the  superhet  scheme  starts  to  loose 
some  of  its  advantages  unless  special  precautions  are  being  taken  to 
eliminate  the  above  mentioned  noise  factors.  A  great  deal  in  this  direc- 
tion could  probably  be  accomplished  by  shock-mounting  the  micro- 
wave components  and  better  temperature  stabilit}^  for  slow  drifts. 
Since  we  were  mainly  interested  in  powers  below  1  mW,  our  efforts  were 
limited  to  controlling  the  temperature  of  the  room  to  ±1°C. 

Since  the  superhet  scheme  was  found  to  be  the  most  sensitive  one, 
it  might  be  w'orthwhile  to  discuss  it  in  more  detail.  A  block  diagram  of  the 
set  up  is  shown  in  Fig.  10. 

The  signal  generator  feeds  into  the  magic  T,  where  its  power  is  split 
between  arm  2  and  3.  Arm  2  has  the  reflection  cavity  with  the  sample, 
the  reflected  voltage  being  bucked  out  with  the  aid  of  arm  3.  For  this 
purpose  arm  3  has  a  phase  shifter  and  attenuator,  an  arrangement 
which  was  found  to  be  more  satisfactory  than  a  shde  screw  tuner  as  far 
as  stability  and  ease  of  operation  goes.  The  desired  signal  appears  then 
in  arm  4.  It  is  fed  into  a  balanced  mixer  which  receives  the  local  oscil- 
lator power  from  the  stabilized  klystron  II.  The  output  of  the  balanced 
mixer  is  then  fed  through  the  IF  amplifier,  detector,  audio  ampHfier  and 
lock-in  detector.  The  circuits  of  each  of  those  components  is  fairlj^ 
standard  and  will  not  be  dwelled  upon  further.  The  microwave  power  is 
measured  in  arm  2  of  the  magic  T.  The  power  reflected  from  the  cavity 
is  also  monitored  in  arm  2.  This  is  of  great  help  in  finding  the  cavity 
when  klystron  I  is  sw^ept  in  frequency  by  means  of  a  sawtooth  voltage  on 
its  reflector.  Since  the  klj'stron  mode  itself  might  have  some  dips  in  it, 
(which  might  be  mistaken  for  the  cavity),  it  proved  helpful  to  display  on 
the  scope  the  klj'^stron  mode  simultaneously  with  the  reflected  power 
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from  the  cavity.  This  also  provides  a  convenient  way  to  measure  the  Qo 
of  the  cavity. "  The  frequency  is  measured  roughly  b}^  means  of  a  cavity 
frequency  meter  and  more  precisely  by  means  of  a  transfer  oscillator  and 
high  speed  counter.  The  magnetic  field  is  measured  by  means  of  a  nuclear 
magnetic  resonance  set-up,  its  frequency  being  measured  on  the  same 
counter  as  the  microwave  frequency.  The  nuclear  resonance  signal  is 
recorded  on  the  same  trace  as  the  electron  resonance  signal.  Thus  if  the 
magnetic  field  is  homogeneous  enough,  the  nuclear  sample  will  see  the 
same  field  as  the  electronic  sample  and  g-values  can  be  conveniently 
determined  to  the  accuracy  of  the  nuclear  moment  (this  also  assumes 
that  the  signal  is  large  enough,  so  that  no  additional  error  is  introduced 
in  determining  the  exact  location  of  the  resonance.)  The  field  modula- 
tion coils  are  mounted  on  the  pole  faces  and  are  energized  by  a  oO-watt 
power  amplifier.  A  field  of  50  oersteds  p.t.p.  is  available  at  1,000  cps  and 
a  slightly  higher  field  at  100  cps. 

The  magnet  is  a  Verian  12"  modified  so  that  it  can  rotate  around  an 
axis  perpendicular  to  Ho  .  This  was  done  mainly  in  order  to  make 
anistropy  measurements  more  convenient.  This  enables  one  to  make 
quick  saturation  measurements  in  isotropic  materials  without  having  to 
change  the  incident  RF  power.  This  is  accomplished  by  rotating  the 
magnetic  field  and  measuring  the  signal  strength  versus  angle.  Since  onlj'- 
the  RF  field  perpendicular  to  the  do  field  causes  transitions,  the  signal 
in  an  unsaturated  isotropic  sample  should  go  as  cos^  d;  where  9  is  the 
angle  between  Hi  and  Ho  .  From  the  deviation  from  tliis  dependence,  the 
saturation  parameter  can  be  found.  This  could  also  be  done  by  rotating 
the  cavity,  but  at  microwaves  is  not  as  easy  as  rotating  the  field. 

VII.   A   NOTE   ON   THE    EFFECTIVE   BANDWIDTH 

There  seems  to  be  some  confusion  as  to  how  narrow  one  should  make 
an  audio  amplifier  preceding  a  phase  sensitive  detector  (lock-in)  or  why 
the  band  width  of  the  IF  amplifier  doesn't  enter  in  a  superhet  scheme. 
Those  and  similar  questions  have  to  do  with  the  effective  band  width 
of  the  system  Ap  which  appears  in  (26).  Since  similar  questions  have 
been  rigorouslj^  analyzed  by  other  authors,^^'  ^^  the  present  discussion 
will  try  to  stress  some  of  the  phj^sical  ideas  underlying  the  different 
detection  schemes. 

We  consider  first  the  simple  scheme  illustrated  in  Fig.  11.  It  consists 
of  an  amplifier  with  band  width  Aj^i  centered  around  vi  followed  by  a 
phase  sensitive  detector  with  a  reference  voltage  at  Vi  .  The  output  of 
the  phase  sensitive  detector  has  an  RC  filter  of  band  width  Ai'2  .  One 
can  see  that  in  such  a  system  the  only  noise  components  centered  around 
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vi  (this  being  also  the  reference  frequenc}')  in  a  band  width  Avo  will  con- 
tribute to  the  output  noise.  This  is  because  the  beat  between  2  noise 
components  like  Vn  and  Vm  (see  Fig.  11)  is  too  far  removed  from  vi  to 
produce  an  output  voltage.  (This  statement  implies  the  condition  that 
Ai'i  <  vi  otherwise  the  beat  between  2j'i  and  vi  could  come  through.) 
Thus  in  this  system  the  band  width  of  the  amplifier  is  immaterial  as  long 
as  the  noise  voltages  are  not  so  large  as  to  saturate  it. 

A  more  serious  situation  may  arise  in  the  absence  of  a  reference  volt- 
age. In  this  case  the  noise  components  within  the  band  width  Aj^i  can 
beat  with  each  other  and  produce  a  noise  output  which  would  increase 
with  the  band  width.  This  could  become  especially  detrimental  in  a 
superheterodyne  scheme  in  which  the  IF  band  width  can  be  a  million 
times  larger  than  the  output  band  width.  It  can  be  shown,  however,  that 
if  the  carrier  voltage  Vc  at  the  output  of  the  IF  is  large  enough  the  IF 
bandwidth  AFip  does  not  enter  into  the  noise  consideration^^  the  cri- 
terion essentially  is  that 


TV  >  G'2kTZAF 


IF 


(60) 


where  G  is  the  IF  amplifier  gain,  and  Z  the  input  impedance.  Condition 
(60)  means  that  we  want  the  noise  which  beats  with  the  carrier  to  be 
greater  than  the  beat  between  2  noise  terms.  Since  the  former  is  propor- 
tional to  the  carrier,  its  predominance  can  be  easily  ascertained  experi- 
mentally by  increasing  the  IF  carrier  and  noting  whether  the  noise 
output  increases  proportionally.  If  it  does,  (60)  is  fulfilled. 
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Fig.  11 — Effective  band  width  of  a  phase  sensitive  detector  Sveit   =    Aj-.. 
Note  that  the  band  width  of  tlie  amplifier  does  not  enter  as  long  as  ^vi  <  vi  . 
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In  order  to  see  what  maximum  gain  G  (60)  imposes  on  a  typical  sys- 
tem we  assume  AFjf  =  5  X  10^  c.p.sec.  Z  =  10'l2;  Vc  ^  IV.  Under 
those  conditions  we  get  from  (60)  that  G  has  to  be  smaller  than  approxi- 
mately 10^  If  on  the  other  hand  G  is  very  small  the  signal  level  at  the 
audio  amplifier  input  is  so  low  that  the  flicker  noise  of  the  detector  can 
still  come  in.  A  good  practical  figure  for  the  IF  amplifier  gain  is  around 
60  db. 

VIII.    SATURATION   EFFECTS 

In  all  the  previous  considerations  RF  power  saturation  effects  were 
neglected,  i.e.,  we  have  assumed  that  the  power  absorbed  is  proportional 
to  Hi,  where  Hi  is  the  RF  magnetic  field.  When  this  assumption  is  no 
longer  satisfied,  the  question  of  sensitivity  has  to  be  re-examined  for 
different  degrees  of  saturation.  However  it  is  difficult  from  an  experi- 
mental point  of  view  to  change  the  conditions  of  the  experiment  for  each 
degree  of  saturation  and  therefore  an  elaborate  analysis  of  this  case 
does  not  seem  to  be  warranted.  However  it  might  be  of  interest  to  see 
the  effect  on  the  in  phase  component  of  the  signal  at  complete  or  nearly 
complete  saturation 

The  change  in  output  voltage  for  a  reflection  cavity  is  (15) 

and  from  (4) 

The  RF  magnetic  field  in  the  cavity  is  given  by 

H^  =  CQod  -  r')P,„  (71) 

where  C  is  a  constant  dependent  on  the  geometr}^  of  the  cavity  the  re- 
flection coefficient.  Assuming  a  simple  homogeneous  saturation  be- 
haviour we  substitute  for  x"  the  saturated  value  of  Xs 


//(I) 


xJ'  =  ^ = ^^^^- - -         (72) 

^'         1  +  -Yi'Hi^TiT,       1  +  yi'TiT,CQ,{l  -  r^)P,-„         ^     ' 

where  X""  is  the  unsaturated  value  of  the  susceptibility  and  Pin  the 
power  from  the  microwave  source. 

At*  V 

r  1  -j-  yi-liloQoii-  —  T')Fin 

and  the  output  voltage  AV. 
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For  a  high  degree  of  saturation 

7'TiT2CQo(l  -  r-)P,„ »  1 


and  substituting  for 


Ron 
r 

r  = 


2 


-    1 


Ron 


+  1 


we  get : 


Pinyi'TiT2C  ^    ^ 


The  above  relation  shows  that  under  saturated  conditions  the  Q  of  the 
cavity  does  not  enter  and  one  might  as  well  not  use  one  or  use  a  very 
much  overcoupled  cavity.  This  is  one  of  the  reasons  why  in  microwave 
gas  spectroscopy,*  where  lines  are  easier  saturated  a  cavity  is  not  used. 
(The  more  important  reason  is  that  in  most  cases  one  sweeps  the  fre- 
quency of  the  source,  so  that  a  cavity  is  difficult  to  use.) 

Equation  (75)  also  shows  that  the  signal  and  also  signal  to  noise  goes 
down  with  increasing  RF  power.  The  above  argument  does  not  hold  for 
the  out-of-phase  (dispersion)  signal,  in  particular  it  breaks  down  com- 
pletely for  signals  observed  under  fast  adiabatic  passage  conditions.^ 
For  the  latter  case  one  wants  as  high  an  RF  field  as  possible. 

IX.   ACKNOWLEDGEMENT 

I  profited  greatly  from  discussions  with  various  members  of  the 
resonance  group  at  the  University  of  California  in  particular  with 
Profs.  A.  F.  Kip,  and  A.  M.  Portis  and  at  Bell  Telephone  Laboratories 
with  Drs.  R.  C.  Fletcher  and  S.  Geschwind.  I  would  like  especially  to 
thank  E.  Gere  for  his  expert  help  in  the  construction  of  the  equipment 
and  to  Prof.  C.  P.  Slichter  and  Dr.  R.  H.  Silsbee  for  helpful  criticism  of 
the  manuscript. 

REFERENCES 

1.  See  for  example  F.  Bloch,  Phys.  Rev.,  70,  p.  460,  1946.  N.  Bloembergen,  E.  M. 
Purcell,  R.  V.  Pound,  Phys.  Rev.,  73,  p.  679,  1948. 


*  In  microwave  gas  spectroscopy  the  fractional  power  loss  per  unit  length  a  is 
used.  Its  relation  to  the  susceptibility  is  a  =  8,  2x"/^a  where  Xc?  is  the  guide 
wavelength. 


484  THE   BELL   SYSTEM   TECHNICAL   JOURNAL,    MARCH    1957 

2.  Montgomery,   Technique   of  jMicrowave   Measurements,   Had.   Lab.   Series. 

Xo.  11. 

3.  C.  H.  Townes  and  S.  Geschwind,  J.A.P.,  19,  p.  795,  Aug..  1948. 

4.  Hamilton,  Knipp  and  Kupper.  Klystrons  and  Microwave  Triodes.  McGraw 

Hill.  1948,  Rad.  Lab.  Series  Xo.'G,  p.  475. 

5.  Torrev.  H.  C.  and  Whitmer,  C.  A.,  Crystal  Rectifiers,  Rad.  Lab.  Series,  Vol. 

15,  McGraw  Hill,  1947. 

6.  M.  W.  P.  Strandberg.  H.  R.  Johnson,  J.  R.  Eshbach,  R.S.I.,  25,  pp.  776-792, 

Aug.,  1954.  _ 

7.  Townes  and  Schawlow,  Microwave  Spectroscopy,  McGraw  Hill,  1955. 

8.  Miller,  P.  H.,  Xoise  Spectrum  of  Crystal  Rectifiers,  Proc.  LR.E.,  35,  p.  252. 

1947. 

9.  G.  R.  Xicoll,  X'oise  in  Silicon  Microwave  Diodes,  Proc.  I.E.E.,  101,  pp.  317-29, 

Sept.,  1954. 

10.  See  for  example  K.  Holbach,  Helv.  Phvsica  Acta,  27,  p.  259,  1954;  A.  ^L 

Portis,  Phys.  Rev.,  100,  p.  1219,  1955. 

11.  Pound,  R.  v..  Microwave  Mixers,  M.I.T.  Radiation  Lab.  Series  16,  McGraw 

Hill. 

12.  E.  D.  Reed,  Proceedings  of  the  X'ational  Electronics  Conference,  7,  p    162, 

1951. 

13.  S.  O.  Rice,  B.S.T.J.,  23,  pp.  282-332;  B.S.T.J.,  24,  pp.  46-156,  1945. 

14.  A.  van  der  Ziel,  Xoise,  Prentice  Hall,  Inc.,  1954. 


The  Determination  of  Pressure  Coefficients 
of  Capacitance  for  Certain  Geometries 

By  D.  W.  McCALL 

(Manuscript  received  Februarj^  15,  1955) 

Expressions  are  derived  for  the  pressure  coefficients  of  capacitance  of 

parallel  plate  capacitors  subjected  to  one-dimensional  and  hydrostatic 

pressures  and  of  cylindrical  capacitors  subjected  to  radial  compression.  The 

derivations  apply  to  systems  in  which  the  dielectrics  are  isotropic,  elastic 

solids. 

I.    INTRODUCTION 

The  electrical  capacitance  between  two  conductors  separated  by  a 
dielectric  is  a  quantity  which  can  be  calculated  with  ease  only  in  certain 
geometrical  arrangements  of  high  symmetry.  Even  the  classic  example 
of  parallel  plates  presents  major  difficulties  as  one  may  only  perform  the 
calculation  exactly  for  the  case  of  plates  of  infinite  area  or  vanishing 
separation.  The  approximation  becomes  poor  when  (area) '/(separation) 
becomes  small  and  the  theoretical  treatment  of  edge  effects  is  sufficiently 
difficult  that  it  has  not  been  solved  though  the  solution  would  greatly 
facilitate  dielectric  constant  measurement. 

When  pressure  enters  into  the  situation  as  a  variable  the  difficulties 
are  enhanced  as  one  must  be  able  to  describe  the  geometry  effects  as 
well  as  the  change  in  dielectric  constant. 

The  engineers  responsible  for  designing  submarine  cables  are  con- 
fronted with  the  necessity  of  knowing  the  manner  in  which  capacitance 
depends  upon  pressure  as  may  be  illustrated  in  the  following  way,  A 
submarine  telephone  cable  is  composed  of  a  central  copper  conductor 
surrounded  by  a  sheath  of  dielectric  material.  Due  to  the  extreme 
length  repeaters  must  be  placed  at  intervals,  the  separation  being  deter- 
mined by  the  attenuation  of  the  cable.  The  attenuation,  a,  of  a  coaxial 
telephone  cable  may  be  written 

a  =  {G/2)(L/Cf  +  (R/2)(C/Lf 

where  G  is  the  conductance  of  the  dielectric  per  unit  length,  C  the 
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capacitance,  L  the  inductance,  and  R  the  conductor  resistance  per  unit 
length.  The  second  term  contributes  about  99%  of  the  attenuation. 
Considering  only  this  term  we  deduce 

{\/ot){da/dP)  ^  (l/R)(dR/dP)  +   (l/2C){dC/dP)   -   (l/2L)(dL/dP) 

Accurate  knowledge  of  the  coefficient  (l/C)(dC/dP)  is  thus  essential 
in  designing  very  long  cables  which  are  to  be  exposed  to  high  pressures. 

In  evaluating  dielectric  materials  for  use  in  cables  it  is  often  desirable 
to  make  measurements  on  sheet  specimens  rather  than  cable.  It  thus  be- 
comes necessary  to  be  able  to  translate  sheet  data  into  cable  data.  It 
is  the  purpose  of  this  paper  to  analyze  the  problem  of  calculating  pres- 
sure coefficients  of  capacitance  for  certain  simple  geometries  and  to 
consider  the  methods  of  measurement  which  have  been  used.  It  will  be 
shown  that  results  of  theory  and  experiment  are  in  as  good  agreement 
as  can  be  expected  but  more  accurate  measurements  of  electric  and 
elastic  properties  are  needed. 

The  equations  which  will  be  derived  are  also  necessary  if  one  wishes 
to  determine  the  dependence  of  dielectric  constant  on  pressure  using 
any  of  the  geometries  described  herein. 

The  problems  treated  in  this  paper  are  particularly  simple  and  amen- 
able to  mathematical  treatment  but  many  problems  encountered  in  sub- 
marine cable  design  are  at  present  subject  to  solution  only  by  empirical 
means.  Fundamental  investigations  of  the  effects  of  pressure  on  dielectric 
materials  are  needed. 

II.    THEORETICAL   TREATMENT 

In  the  following  treatment  we  consider  that  the  dielectric  substance 
is  an  elastic  solid  which  obeys  Hooke's  law.  We  denote  the  relative  per- 
mittivity or  dielectric  constant  by  e,  the  permittivity  of  free  space  by 
£o  ,*  the  principal  stresses  and  strains  by  th  and  en  ,  the  density  by  p, 
the  compressibility  by  k,  and  Poisson's  ratio  by  a. 

1  d£ 

A.     Calculation  of ^ 

•^  £  dP 

One  of  the  quantities  which  will  be  needed  in  the  evaluation  of 

i^ac    .     1  a£^ 

CdP        ^^       E  dP 

As  £  is  not  dependent  on  the  geometric  configuration  it  can  be  calculated 


€0  =  8.86  X  10-12  farads/meter. 
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in  general  and  the  result  applied  to  each  of  the  special  cases  to  follow. 
A  relation  between  dielectric  constant  and  density  is  required  and 
usually,  when  dealing  with  non-polar  dielectrics,  one  assumes  that  the 
Clausius-Mosotti  relation  gives  the  proper  dependence.  That  is 

=  (constant)  p  (1) 


£-^  2 
This  formula  may  be  differentiated  to  give 

i  ^  =  (g  -  l)(g  +  2)  1  ap_  .  . 

£  dP  3e  p  dP  ^  ^ 

In  the  theory  presented  herein,  (1)  will  be  used  though  it  is  at  best  an 
approximation.  Corrections  to  the  Clausius-Mosotti  formula  which 
have  been  given  do  not  seem  applicable  to  polymer  dielectrics  and  in- 
troduce parameters  which  must  be  fitted. 

B.  The  effect  of  a  One- Dimensional  Pressure  Acting  on  a  Disc 

Consider  a  one-dimensional  pressure,  —P,  acting  along  the  axis  of  a 
circular  disc  of  dielectric  material  with  electrodes  affixed  to  opposite 
faces.  Assume  the  disc  is  constrained  such  that  no  lateral  displacement 
can  occur.  Let  t  be  the  thickness  and  A  the  area  of  the  disc. 

The  capacitance  of  such  a  capacitor  is  given  by  the  equation 

C   —    £€q  — 

so  the  desired  pressure  coefficient  is 

CdP  ~  E  dP       T  dP  ^  ^ 

where  use  has  been  made  of  the  condition  that  the  area  is  constant  (i.e., 
no  lateral  displacement).  Hooke's  law  states 

k 

^^i    =    ;T71 ?rT   [txx    —    (^{Tyy   +  Tz^]  (4) 


^yy 


3(1 

k 

2a) 

3(1 

k 

2<r) 

Wvy  —  air  XX  +  r«)]  (5) 


ezz  =  o(i  _  2  )  ^^"  ~~  *^^'^"  "^  "^"^^-^  ^^^ 


*  C.  J.  F.  Bottcher,  Theorj^  of  Electric  Polarisation,  Elsevier  Publishing  Co., 
Amsterdam,  1952,  p.  199  et.  seq. 
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We  assume  the  ^-axis  lies  along  the  disc  axis  so  t^z  =  —P  and  by  sym- 
metry Txi  =  Tyy.  The  condition  of  no  lateral  strain  states  e^  =  Cyy  =  Q 
which  when  combined  with  (4)  gives 


_  cr 

'yy  — 


Txx   "      Tui/   —  ::  I 


1  -  a 
Using  the  last  result  with  (6)  we  obtain 

kP  (I  +  (j\ 

and 

P  ~  1  dP~       ~pdP~      3  Vl  -  o-y 

Combination  of  (2),  (3),  and  (7)  results  in 


\_dC_  ^  \{e-  !)(£:  + 2)  1  fc /l  +  a' 

CdP       L  3£  Js  VI  -  (T, 


(7) 


(8) 


C.  The  Effect  of  a  Hydrostatic  Pressure  Acting  on  a  Disc 

Assume  that  conditions  are  similar  to  those  considered  in  section  B 
except  that  e^x  =  eyy  —  0  is  now  replaced  by 


I 


Txx  Tyy  T, 


The  area  is  no  longer  independent  of  pressure  so 


CdP~  EdP       tdP^  AdP  ^  ^ 


Hooke's  law,  (4),  (5),  (6),  now  becomes 


Thus 


en 

—    — 

3 

(^■  = 

X, 

y,z) 

1  dp 

— 

(exx 

~r    ^yy 

+ 

ezz) 

pdP 

P 

1  dA 
AdP 

(Cxx  + 

P 

Syy) 

=  - 

2k 
3 

1  dt 
tdp 

ezz 
P 

=  . 

k 
3 

=  k  (10) 

(11) 
(12) 
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Combination  of  (2),  (9),  (10),  (11),  and  (12)  results  in 

-  l\  k  (13) 


1  dC 

~{c  - 

-  l)(£  +  2) 

1 

cap 

3£ 

3_ 

T).  The  Effect  of  a  Radial  Pirssurc  Acting  on  a  Ci/Iindrical  Ajmidus 

Consider  a  radial  pressure  acting  normally  to  the  axis  of  a  cylindrical 
annulus  to  which  electrodes  are  affixed  to  the  inner  and  outer  surfaces. 
Let  the  inner  and  outer  radii  be  a  and  b  respectively  and  assume  the 
cylinder  is  filled  with  an  incompressible  substance  so  that  the  inner 
radius  is  not  pressure  dependent.  The  capacitance  per  imit  length  is 
given  b}^ 

2ir££o 


Cc  = 


a 


so 

I  dC       I  dE  I     1  db 


/? 

A; 

Crr 

3(1 

— 

2(r) 

l?nn 

fc 

cev 

3(1 

— 

2(r) 

D 

/v 

CbP       £dP       ,    bbdP  (14) 

In  - 
a 

We  employ  cylindrical  coordinates  (r,  6,  z)  where  the  ^-axis  is  taken  along 
the  cylinder  axis.  Hooke's  law  becomes 

[Trr    —    0-(Tee   +   Tzz)]  (15) 

[t80    -    airrr   +   Tzz)]  (16) 

SCI  —  2  ")  ^^"  ~  ^^^'^  ~^  "^^^^^  ^^'^^ 

Equilibrium  of  an  arbitrarj-  volume  element  demands" 

r..  =  ^  +  ^  (18) 

r- 

and 

Tee  =  A--^  (19) 

where  A  and  B  are  constants  with  respect  to  spatial  coordinates.  (^4 
-  J.  Prescott,  Applied  Elasticity,  Dover  Publications,  New  York,  1946,  p.  330. 
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should  not  be  confused  with  the  electrode  area  used  in  previous  sec- 
tions.) We  assume 


and 


e^z  =  0  for  all  (r,  9,  z) 
eee  =  0  for  r  —  a 
Trr  —P  for  r  =  h 


(20) 
(21) 
(22) 


Manipulation  of  (15)  through  (22)  allows  the  evaluation  of  the  con- 
stants A  and  B  as 


and 


Thus 


Also 


A  =   - 


«^,+  (l-2.) 


B  = 


b'^d  -  2a)  P 
5,+  (1-2.) 


1  dp        err  +  eee  +  Cz 


pdP  P 

1  ap  ^  2(1  +  (r)k  b' 
pdP  3 


yields 
1 


"^-,+  (1-2.) 


1    36     _    err|r=6    _    k{l    +    o) 

bdP  P  3 


1-^-. 


2-1 


a^ 


r,  +  (1  -  2cr) 


a~ 


Combining  (2),  (14),  (23),  and  (24)  we  obtain 


1  dC 

_  2 
~  3 

u- 

2 

-l)(£  +  2)     ,     ^   "P 
3£                         ol      ^ 

21n  - 
a 

CdP 

|  +  (l-2.)_ 

I 


(23) 


(24) 


k     (25) 


^.  r/ie  Case  a  =  ^ 

The  equations  derived  above  reduce  to  the  expressions  one  would 
obtain  if  the  dielectric  were  considered  to  be  a  compressible  fluid  when 
a  is  set  equal  to  ^. 
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Equation  (8)  for  the  parallel  plate  arrangement  becomes 


IdC 
C  dP 


'(£   -    l)(£  +   2) 

3s 


+  1 


]' 


(26) 


while  (13)  is  unaltered.  The  difference  between  the  two  cases  arises 
from  the  fact  that  in  (13)  the  area  was  allowed  to  vary  while  in  the  former 
case  it  was  not.  The  deviation  of 

CdP 
from  (26)  when  a  9^  0.5  is  given  by  the  factor 

The  capacitance-pressure  coefficient   for    the   cylindrical    configura- 
tion, (25),  becomes 


C  dP 


2-| 
1    -- 

{£  -  l)(£:+^_^  b2 


Sf 


2  In 


a 


(27) 


The  deviation  of 


C  dP 

from  the  value  given  in  (27)  when  o-  9^  0.5  is  thus  given  by  the  factor 

7,2    n 


(1  +  t)  -. 

a^ 

^,  +  (1  -  2<r) 


III.    APPARATUS 

The  experimental  arrangement  employed  to  investigate  the  validity 
of  (8)  is  shown  in  Fig.  1.*  Pressure  was  applied  by  means  of  a  Baldwin 
tensile  testing  machine.  The  cell  makes  use  of  a  "sandwich"  arrangement 
wherein  two  disc  samples  (2"  in  diameter,  0.050"  thick)  of  dielectric  are 
pressed  between  three  brass  electrodes,  the  outer  electrodes  being 
grounded.  The  capacitance  thus  formed  is  well  shielded  and  stray  capaci- 


This  cell  was  designed  by  C.  A.  Bieling. 
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tanees  are  ininiiuized.  Lateral  displacemeiit.s  are  kept  small  by  an  annular 
ring  of  steatite  ceramic  which  is  in  turn  surrounded  b}-  a  ring  of  Ketos 
steel.  Pressures  of  23,000  lb  on  the  two-inch  sample  discs  have  been 
applied  without  damaging  the  cell. 

Although  measurements  could  be  made  with  ease  in  this  cell  it  is  not 
without  disadvantages.  The  steatite  ring  has  a  rather  high  dielectric 
constant  which  tends  to  increase  fringing  effects.  These  effects  are  fur- 
thermore pressure  dependent  since  the  electrode  separation  varies  as 
pressure  is  applied.  Also  loss  measurements  could  not  be  obtained  as 
leakage  along  the  steatite  surface  was  larger  than  the  leakage  through 
the  samples  of  the  polyethylene-butyl  rubber  compound  investigated. 

An  attempt  was  made  to  eliminate  fringing  effects  by  making  meas- 
urements on  samples  of  varjdng  thickness  and  extrapolating  to  zero 
thickness  but  results  were  too  uncertain  to  be  of  cjuantitative  value. 
The  uncertainty  resulted  from  the  inability  to  cast  the  sample  discs 
with  uniform  thickness  an  effect  which  becomes  pronounced  with  verj^ 
thin  samples.  It  was  possible,  however,  to  estimate  the  total  straj' 
capacitance  in  this  manner  and  it  was  found  to  be  about  10  per  cent  of 
the  sample  capacitance  and  only  slightly  dependent  upon  pressure. 


BRASS 
^--ELECTRODES 


Fig.  1  —  Cell  employed  to  measure  {l/C)(dC/dP)  with  sheet  specimens  under 
one  dimensional  pressure. 
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Also,  due  to  non-uniformity  of  the  thickness  of  the  specimens,  it  was 
found  that  the  capacitance-pressure  coefficient  was  larger  at  low  pressures 
than  at  high  pressures.  This  was  apparent!}'  due  to  the  initial  squeezing 
out  of  voids  between  the  electrodes  and  samples  and  the  difficult}'  was 
removed  by  applying  silver  paint  electrodes  to  the  sample  discs. 

A  Western  Electric  capacitance  bridge  was  used  to  make  capacitance 
measurements  with  this  cell.  The  temperature  was  kept  at  25°C  and 
the  humidity  of  the  room  was  maintained  at  50  per  cent.  The  frequency 
used  was  10  kc. 

It  is  believed  that  the  fact  that  the  steatite  is  much  more  rigid  than 
the  specimens  makes  this  experimental  arrangement  closely  approximate 
the  assumptions  made  in  deriving  (8)  (i.e.  lateral  strains  are  neghgible). 
It  is  important,  however,  that  the  specimens  be  cut  to  fit  the  steatite 
ring  ^'er^^  closely. 

Experiments  which  correspond  to  the  cylindrical  capacitor  under 
biaxial  stress  have  been  performed  as  follows.*  The  specimens  in  this 
case  were  lengths  of  cable  which  consisted  of  a  copper  wire  central 
conductor  surrounded  by  the  polyethylene-5  per  cent  butyl  rubber 
compound,  h/a  was  3.87  in  most  of  the  measurements  but  some  data 
were  obtained  for  h/a  =  4.68  (actual  dimensions  0.620"/'0.1G0"  and 
0.750"/ 0.160")-  Twenty  foot  lengths  of  cable  were  placed  in  a  long  tank 
provided  with  a  seal  at  one  end.  The  end  of  the  cable  inside  the  tank 
was  closed  such  that  the  center  conductor  was  isolated.  The  tank  was 
then  filled  with  water  which  served  as  the  outer  conductor,  tap  water 
having  sufficiently  high  conductivity.  Pressure  was  applied  by  the 
water. 

A  Leeds  and  Northrup  capacitance  bridge  Avas  used  and  the  measure- 
ments reported  were  made  at  10  kc. 

IV.    RESULTS 

It  is  experimentally  observed  in  all  the  cases  considered  that  plots  of 
C  versus  P  are  nearly  linear  for  polyethylene-5  %  butyl  rubber.  This 
may  be  shown  to  be  in  agreement  with  the  foregoing  theories  as  follows. 
Equation  (8)  may  be  written 


Jc(0)  Jo     L  o€  J3L1  —  o'J 


*  The  investigation  of  radial  compression  on  cylindrical  (cable)  specimens  was 
carried  out  bj-  A.  W.  Lebert  and  O.  D.  Grismore  of  Bell  Telephone  Laboratories. 
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The  integrand  is  approximately  constant  so 


In 


C{P)  ^[{e-  Die +  2) 


C(0) 


-[ 


3£ 


+  1 


1  +  cr 
1  -  a 


and 


C{P)  =  C(0)  exp 
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(g  -  l)(c  +  2) 
Se 


+  lh^ 


l/cfl  +  g" 


kp 


10  "  for  the  highest  pressures  used  in  the  present  experiments  and 

^(£  -  Die  +  2) 
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+  1^ 


]i[^: 


is  of  the  order  of  unity  so  the  exponential  may  be  expanded  as 


CiP)  ^C(O)  h  + 
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+  1 


1  +  <r 

1    -    (T 


P 


This  treatment  applies  only  to  dielectrics  for  which  c,  k,  and  a  are  in- 
sensitive to  pressure.  Equations  (13)  and  (25)  may  be  treated  similarly, 
^^alues  obtained  experimentally  and  theoretically  for  polyethylene- 
5%  butyl  rubber  are  compared  in  Table  I.  The  experimental  values 
represent  averages  of  many  measurements.  Agreement  is  considered 
adequate  but  more  careful  experiments  are  needed.  The  necessary  param- 
eters assumed  in  making  these  comparisons  are : 

£  =  2.28 

A;  =  2.14  X  10"Vpsi 
a-  =  0.50 


Table    I  —  Experimental    and    Theoretical    Values    for    Poly- 

ETHYLENE-5   PeR   CeNT   BuTYL    RuBBER 


Sample 


Sheet 

Cable  /^/"  =  ^■^'^■ 
^^°^^  ^b/a  =  4.68. 


Pressure 


one-dimensional 

radial 

radial 


C  dP 


(  /106  psi) 


Experimental         Theoretical 


3.3* 

2.4 

2.2 


3.74 
2.27 
2.22 


*  This  value  has  not  been  corrected  for  stray  capacitance.  Such  a  correction 
would  tend  to  make  the  agreement  between  experimental  and  theoretical  results 
better. 
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V.   SUMMARY 


Equations  relating  electrical  capacitance  and  pressure  have  been 
derived  for  plane  capacitors  under  one  dimensional  and  hydrostatic 
pressures  and  cylindrical  capacitors  under  radial  pressure.  The  dielectric 
material  has  been  assumed  to  be  an  elastic  solid  but  the  relationships 
also  apply  to  fluid  dielectrics  when  Poisson's  ratio  is  set  equal  to  ^. 
Experiments  corresponding  to  the  assumptions  have  been  described 
briefly  and  experimental  results  are  found  to  be  in  agreement  with  the 
theoretical  predictions. 

The  results  are  of  practical  value  in  making  estimates  of  the  de- 
pendence of  attenuation  of  submarine  cables  on  pressure.  The  equations 
may  also  be  put  in  forms  useful  for  determining  the  dependence  of  the 
dielectric  constant  on  pressure  from  capacitance  measurements. 
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The  Effects  of  Surface  Treatments  on  Point  Contact  Transistor 
Characteristics  b}-  J.  H.  Forster  and  L.  E.  sillier,  B.S.T.J.,  35,  pp. 
767-811,  July,  1956.  Figs.  3,  page  776,  and  10,  page  787,  were  inad- 
vertentl}'  interchanged. 

Cable  Design  and  Manufacture  for  the  Transatlantic  Submarine 
Cable  System  by  A.  W.  Lebert,  H.  B.  Fisher  and  M.  C.  Biskeborn, 
B.S.T.J.,  36,  pp.  189-216.  Table  I,  page  3,  the  material  for  type  B 
armor  wire  should  be  medium  steel  instead  of  mild  steel.  Page  207, 
the  equation  for  Zo  should  read 

b  D 

Zo  =  — 7^  log  —  ohms 
Ve  b 
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Reading  Rates  and  the  Information  Rate  of 

a  Human  Channel 

By  J.  R.  PIERCE  and  J.  E.  KARLIN 

(Manuscript  received  August  31,  1956) 

The  limitatioyi  on  the  rate  at  which  information  can  he  transmitted  over  an 
ordinary  telephone  channel  is  a  human  one.  In  this  study  people  read  words 
as  fast  as  they  were  able  to;  from  these  results  some  deductions  are  made  about 
the  capacity  of  a  human  being  as  an  information  channel.  The  discrepancy 
between  human  channel  capacity  measured  thus  {40-50  bits/ sec)  and  tele- 
phone and  television  channel  capacity  (about  50,000  bits/ sec  and  50,000,000 
bits/ sec  respectively)  is  provocative. 

Introduction 

In  communication  over  an  ordinary  telephone  channel,  the  Hmitation 
on  the  rate  at  which  information  can  be  transmitted  appears  to  be  a 
human  one.  For  instance,  by  use  of  a  vocoder,  the  required  channel 
capacity  can  be  reduced  greatly  with  only  a  moderate  reduction  in  the 
quality  of  the  reproduced  speech.^ 

It  would  be  of  great  interest  to  measure  the  information  rate  necessary 
to  provide  a  satisfactory  sensory  input  to  a  human  being.  It  is  not  clear 
how  this  could  be  done.  Something  which  may  be  related  and  for  which 
a  lower  bound  can  be  measured  is  the  capacity  of  a  human  being  as  an 
information  channel. 

An  evaluation  of  and  understanding  of  the  limitations  on  the  informa- 
tion rate  of  the  human  channel  might  ultimately  be  of  practical  im- 
portance for  two  reasons.  First,  it  might  help  to  tell  us  what  sort  of  task 
to  set  a  human  being  when  he  is  necessarily  a  part  of  a  system  involving 
information  transmission.  Thus,  a  man  can  transmit  information  faster 
by  reading  than  by  tracking.  Secondly,  the  understanding  might  some- 
what illuminate  the  problem  of  the  channel  capacity  necessary  to  provide 
a  satisfactory  sensory  input,  and  so  might  help  to  reduce  the  channel 
capacity  required  in  electrical  communication  between  human  beings. 

Previous  investigations  indicate^-  ^  that  reading  aloud  attains  the 
fastest  rate  at  which  a  human  being  can  be  demonstrated  to  transmit 
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information,  as  contrasted  A\-ith,  for  example,  typing,  playing  the  piano, 
or  tracking.* 

The  work  presented  here,  while  undertaken  independently,  is  in 
general  similar  to  and  in  agreement  with  that  reported  for  reading  rate 
experiments  by  Licklider,  Stevens  and  Hayes,-  and  by  Quastler  and 
Wulff.^  However,  we  have  considered  some  factors  in  more  detail  than 
these  workers,  and  also,  contrary  to  the  former  group,  we  find  that, 
under  optimal  conditions,  reading  with  tracking  has  a  lower  information 
rate  than  reading  alone. 

The  chief  problem  investigated  was: 

(1)  Taking  people  as  they  are,  ^\'ith  no  additional  training,  how  fast, 
in  bits  per  second,  can  they  transmit  information  by  reading? 

(2)  What  principal  factors  control  this  limiting  rate? 

The  experimental  procedure  consisted  simply  of  people  reading  aloud 
as  rapidly  as  they  could  typed  lists  of  words.  Each  list  was  composed  of 
a  single  vertical  row  of  12  groups  of  5  words,  giving  a  total  of  GO  words 
per  page.  In  each  instance,  the  words  were  chosen  at  random  from  a 
given  vocabulary  of  words.  If  n  is  the  number  of  words  in  the  vocabularj' 
and  if  the  words  are  chosen  ^^dth  equal  probabilities,  and  if  all  words  are 
read  correctly,!  the  amount  of  information  which  is  conveyed  or  trans- 
mitted through  the  human  being  measured  in  bits  is^ 

log2  n  bits/word 

When  the  vocabularj^  for  a  particular  experiment  has  much  fewer 
than  60  words,  certain  words  must  necessarilj^  be  repeated  several  times 
within  a  list.  When  the  vocabulary  is  much  greater  than  60  words,  repe- 
titions are  necessarily  few  and  differences  in  reading  rate  among  different 
vocabularies  would  be  expected  onlj^  if  the  vocabularies  differed  in 
nature,  as  in  sjdlable  length  or  familiarity  of  words. 

Unless  otherwise  specified,  each  result  quoted  below  is  the  average 
reading  speed  for  two  lists  for  each  of  three  readers,  chosen  as  repre- 
senting fast,  medium  and  slow  readers  for  people  mth  at  least  a  high 
school  education.  The  results  on  these  three  readers  are  substantially 
similar  to  those  on  ten  similar  readers  used  in  preliminary  experiments. 
The  chief  experiments  performed,  and  some  interpretations  of  them, 
follow  under  numbered  headings.  Some  supplementar}'  experiments  are 
then  described  briefly  and  the  over-all  results  are  commented  on. 


*  Here  tracking  means  successively  pointing  to  a  series  of  marks. 
t  In  preliminary  experiments  the  reader's  voice  was  recorded,  and  it  was  found 
that  errors  in  reading  aloud  occur  very  seldom  if  ever. 
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PRINCIPAL    EXPERIMENTS 

Experiment  1 :  Effect  of  Vocabulary  Size 

The  larger  the  vocabulary  size  the  higher  the  information  rate  con- 
veyed by  a  given  word  reading  rate.  However,  one  might  think  that  it 
would  be  possible  to  read  randomized  lists  of,  say,  4  words  substantially 
faster  than  lists  of  8,  or  16  or  more  words.*  How  is  the  word  rate  affected 
as  the  vocabulary  size  increases? 

To  in\^estigate  vocabulary  size  as  such,  it  is  necessary  as  far  as  possible 
to  avoid  the  influence  of  differences  in  word  length  or  familiarity.  To 
this  end,  words  in  each  vocabulary  were  chosen  at  random  from  the  500 
most  common  words  in  the  language  ;^  a  few  words  were  then  changed  so 
as  to  keep  an  average  of  1.5  syllables/ word  for  each  vocabulary.  Figs. 
1(a)  and  1(b)  show  parts  of  typical  lists  for  vocabulary  sizes  of  2  and 
256  words  respectively.  The  order  of  reading  the  different  size  vocabu- 
laries was  randomized. 

Fig.  2  shows  that  reading  rate  is  essentially  independent  of  vocabulary 
sizes  from  4-  to  256  words  when  familiarity  and  word  length  are  kept  fairly 
constant.  The  reading  rates  for  the  three  readers  for  the  256-word  vo- 
cabulary are  3.8,  3.7  and  3.0  words/sec,  giving  information  rates  of  30, 
30  and  24  bits/sec  respectively. 

The  word  rate  for  a  2-word  vocabulary  is  systematically  a  little  greater 
than  for  larger  vocabularies.  This  effect,  which  is  statistically  significant, 
is  best  seen  in  Fig.  2  in  the  average  curve  (dashed).  The  writers  feel  on 
the  basis  of  subjective  impressions  that  this  may  result  from  a  tendencj'' 
to  group  words  in  pairs  in  recognizing  and  speaking  them.  Among  2 
words  there  are  only  4  ordered  pairs.  It  is  apparent  from  the  data  that 
no  such  effect  is  noted  among  the  16  ordered  pairs  occurring  with  the 
4-word  vocabulary. 

The  last  point  on  the  curves  in  Fig.  2  illustrates  the  importance  of 
familiarity  and  word  length.  When  words  are  taken  at  random  from  a 
5,000-word  dictionary  (12.3  bits/ word),  the  reading  rates  drop  to  2.8, 
2.7  and  2.1  words/sec,  yielding  information  rates  of  34,  33  and  26  bits/sec 
respectively,  which  are  very  close  to  the  rates  30,  30,  24  for  the  256-word 
vocabulary. 

However,  these  dictionary  lists  involve  some  unfamiliar  words  and 
average  2.2  syllables/ word. 

*  When  the  light  is  very  dim,  the  reading  rate  is  slowed,  and  is  faster  for  small 
vocabularies  than  for  large  vocabularies.  Reading  tests  were  done  at  normal  light 
levels,  which  are  very  much  brighter  than  those  at  which  a  slowing  due  to  inade- 
quate illumination  is  observed. 
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Experiment  2:  Effect  of  Word  Length  and  Familiarity 

It  was  not  clear  from  Experiment  1  how  much  of  the  drop  in  word 
rate  for  the  dictionarj^  hst  was  affected  bj'  decreased  familiarity  and  how 
much  by  increased  word  length. 

These  two  variables  were  then  untangled  in  a  separate  experiment. 
Word  lists  were  prepared  which  kept  both  length  and  familiarity  rela- 
tively constant  for  a  given  list.  The  words  were  chosen  from  a  list  of  the 
20,000  most  frequently  encountered  words  in  the  language.^  Reading 
rates  were  measured  for  the  thousand  most  familiar  words,  for  the  ninth 
to  tenth  thousand  most  familiar,  and  for  the  nineteenth  to  twentieth 
thousand  most  familiar  words. 

The  results  are  shown  in  Figs.  3(a),  (b),  and  (c).  There  is  considerable 
consistency  among  readers  as  to  the  relative  effect  of  length  and  famili- 
arity. The  most  familiar  trisyllable  words,  for  example,  are  read  about 
as  rapidly  as  the  least  familiar  monosjdlables, 

A  confirmatory  demonstration  of  the  effect  of  familiarity  upon  reading 
rate  is  shown  in  Fig.  4.  This  shows  reading  rates  for  randomized  lists  of 
eight  nonsense  words  averaging  1.5  syllables/word  (e.g.,  jevhin,  tosp) 
which  are  necessarily  totally  unfamiliar  when  the  reader  first  encounters 
them.  As  the  reader  becomes  more  familiar  with  the  words  on  successi^'e 
readings,  his  word  rate  increases  until  he  approaches  the  rates  of  familiar 
words  in  Fig.  2. 

Experiment  3:  Preferred  Vocahidary  for  Increasing  Transmission  Rate 

The  transmission  rate  is  the  product  of  the  reading  rate  and  the 
logarithm  to  the  base  2  of  the  vocabulary  size.  To  maximize  the  rate  we 

Fig.  1  —  Parts  of  tj'pical  lists  for  vocabulary  sizes. 

grew  foot 

action  tomorrow 

grew  count 

grew  issue 

action  rain 

action  month 

grew  earth 

grew  cook 

action  build 

action  corner 

grew  j-ard 

action  historj- 

grew  forest 

action  pleasant 

grew  wrong 
(a)  (b) 
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Fig.  2  —  Reading  rate  is  essentially  independent  of  vocabulary   sizes   under 
certain  conditions. 


must  make  each  of  these  factors  large.  As  Fig.  3  indicates,  reading  speed 
tends  to  decrease  as  vocabulary  size  increases.  From  the  data  in  Fig.  3, 
a  rationale  (shown  in  Appendix  I)  was  developed  for  use  in  searching 
for  an  improved  vocabulary  which  would  maximize  transmission  rate. 
This  indicated  that  the  2,500  most  familiar  monosyllables  chosen  with 
equal  probability  should  form  a  very  good  vocabulary  and  one  which  is 
simple  to  construct  and  use.  For  a  2,500-word  list  we  have  11.3  bits/ 
word. 

Reading  speeds  for  such  preferred  lists  were  3.7,  3.4  and  3.0  words/sec, 
giving  information  transmission  rates  of  42,  39  and  34  bits/sec.  Some 
data  on  the  distribution  of  this  rate  found  among  Bell  Telephone  Lab- 
oratories employees  is  given  in  Fig.  5. 

Experiment  4-  Prose  and  Scrambled  Prose 

The  experiments  above  were  all  with  discrete  Avords.  Reading  rates 
for  non-technical  prose*  are  appreciably  higher  —  4.8,  4.7  and  3.9 
words/sec  for  the  three  readers.  However,  such  prose  has  a  good  deal 
of  redundancy.  Shannon"  arrives  at  a  figure  of  around  1  bit/ letter  for  a 

*  Extracts  were  taken  from  Xew  York  Herald  Tribune,  the  novel  "East  River" 
by  Sholem  Asch,  "Vermont  Tradition"  by  Dorothj'  Canfield  Fisher  and  the 
Scientific  American.  Such  material  was  chosen  as  being  of  the  same  sort  of  prose 
as  was  used  by  Dewey*  in  his  word  counts  from  which  Shannon"  made  his  estimate 
of  information  content  of  printed  English. 
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27-word  alphabet  including  the  space,  or  5.5  bits/word  for  the  average 
of  4.5  letters/word  plus  one  space  following  a  word.  Newman  and 
Gerstman^  give  a  figure  of  2  bits/letter.  It  is  quite  uncertain,  however, 
what  the  true  value  may  be.  Table  I  compares  the  information  rate  for 
the  preferred  list  with  that  for  prose  assuming  5  and  10  bits/ word. 

When  words  were  taken  at  random  from  the  same  prose  sources,  the 
reading  rates  dropped  to  3.7,  .3.3  and  2.7  words/sec.  These  rates  are 
about  the  same  as  for  the  preferred  list. 

The  information  content  of  scrambled  prose  can  be  estmiated  much 
more  accurately  than  that  for  prose,  since  the  correlations  associated 
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Fig.  3  —  Effect  of  word  length  and  familiarity. 
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with  word  order  have  been  removed  and  the  bits/word  depend  only  on 
the  frequency  of  occurrence  of  words  in  prose,  which  is  known.  Thus, 
Shannon^  gives  a  figure  of  11.82  bits/ word  which  apphes  to  scrambled 
prose,  provided  the  prose  has  the  same  word  frecjuencies  as  that  from 
which  the  statistics  were  derived.  The  information  rates  for  words  from 
a  5,000-word  dictionary  (Experiment  1)  for  the  preferred  lists,  and  for 
scrambled  prose  are  given  in  Table  II. 

The  information  rate  for  scrambled  prose  is  less  reliable  than  the 
others,  because  we  are  not  sure  that  the  word  frequencies  used  by 
Shannon  apply  to  the  prose  used  by  us,  but  we  used  the  tjT^e  of  material 
cited  by  the  reference  he  quotes.  It  is  clear  that  the  information  rate 
for  scrambled  prose  is  high  as  compared  with  most  other  lists. 

Table  II  shows  the  gain  which  may  be  made  h\  fitting  the  task  to  the 
human  being  —  in  this  case,  by  choosing  a  suitable  word  list.  We  may 
note  that  the  gain  appears  greater  in  the  case  of  reader  A  than  in  the 
case  of  reader  B.  This  need  not  be  experimental  error.  One  would  sup- 
pose that  there  are  optimal  lists  for  individuals.  Indeed,  if  we  compare 
Figs.  3(a)  and  3(b)  we  see  that  for  reader  A  the  word  rate  for  mono- 
syllables drops  by  a  factor  0.72  in  going  from  the  first  thousand  to  the 
tenth  thousand,  while  for  reader  B  the  drop  is  onlj^  a  factor  0.88.  This 
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Fig.  5  —  Distribution  of  reading  rates  for  preferred  vocabulary. 

indicates  that  the  optmial  list  would  be  somewhat  different  for  reader  A 
than  for  reader  B.  ]\Iore  extensive  data  would,  however,  be  required  to 
confirm  this  hj^pothesis. 

Experiments  not  described  here  in  detail  showed  that  reading  rates 
for  digrams  (successive  pairs  of  words  related  as  in  English  text)  are 
intermediate  between  those  for  prose  and  discrete  words. 

Experiment  5:  Effect  of  Multiple  Channels 

Licklider^  has  found  that  when  the  reader  attempts  simultaneous} j'  to 
perform  a  tracking  operation  while  he  is  reading,  his  reading  rate  re- 
mains almost  unimpaired,  and  the  tracking  information  is  added  to 
that  of  reading  alone.  This  two-channel  transmission  gave  him  his 
highest  rate  of  transmission.  We  obtained  the  reverse  finding.  Reading 
the  preferred  list  gave  us  our  highest  transmission  rate.  Simultaneous 


Table  I 

Information  Rate  (bits/sec) 

A 

B 

C 

Preferred  list 

42 
24 
48 

39 
23 
47 

34 

Prose  (5  bits/word) 

Prose  (10  bits/word) 

19 
39 
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Table 

II 

Information  Rate  (bits/sec) 

A 

B 

C 

5,000-word  dictionary 

Preferred  list           

33 
42 
43 

33 
39 
39 

26 
34 

Scrambled  prose 

32 

reading  and  tracking  gave  a  lower  total  transmission  rate.  However, 
Licklider  and  we  agree  on  the  magnitude  of  this  maximum  —  between 
40  and  45  bits/sec  for  facile  test  subjects. 

Measurements  on  combined  reading  and  tracking  rates  were  made  in 
Experiment  5  using  words  from  the  preferred  lists.  Whereas  Licklider's 
readers  made  a  dot  within  a  box  next  to  the  word  read,  our  readers 
placed  a  dot  as  close  as  possible  to  a  vertical  line  next  to  the  word  read 
(e.g.  dog  |-)-  The  computation  of  transmission  rate  is  shown  in  Ap- 
pendix II.  The  reading-while-tracking  rates  were  2.4,  2.0  and  1.4  words/ 
sec.  The  computed  information  rates  are  given  in  Table  III. 

It  may  be  seen  that  the  reading  rate  during  tracking  dropped  so  much 
that  the  two  channels  together  give  a  total  information  rate  less  than 
those  for  reading  the  preferred  list  alone.  Licklider's  reading  lists  were 
words  chosen  randomly  from  a  dictionar}^  and  are  presumably  not  chosen 
optimally  for  maximum  information  rate  —  his  information  rates  for 
reading  alone  were  30-35  bits/sec,  as  compared  with  the  32-43  bits/sec 
found  here  for  the  scrambled  prose  and  preferred  lists.  However,  if  we 
assume  that  our  reading-while-tracking  rate,  which  is  much  slower  than 
the  reading  rate  for  scrambled  prose  or  for  the  preferred  lists,  is  limited 
largely  by  tracking,  we  might  have  obtained  a  slightly  higher  informa- 
tion rate  in  reading-while-tracking  by  using  a  larger  list  of  words.  This 
is  suggested  by  the  fact  that  Licklider's  and  our  experiments  obtain 
about  the  same  reading- while-tracking  speeds. 


Table  III 

Information  Rate  (bits/sec) 

A 

B 

c 

Reading  (while  tracking) 

Tracking  (while  reading) 

Reading  and  Tracking 

(Rates  for  same  word  list  from  Experi- 
ment 3  —  reading  only) 

26.6 
10.7 
37.3 

(42) 

22.1 
11.0 
33.1 

(39) 

15.4 
11.7 
27.1 

(34) 
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Experiment  6:  Effect  of  Phij. biological  Utterance  Limitations 

One  of  our  best  indications  that  the  maximum  reading  rate  of  a 
subject  is  determined  by  mental  rather  than  by  physical  limitations  is 
that  discrete  word  lists  were  read  no  faster  silently  than  aloud.  This 
may  appear  contrary  to  very  high  silent  reading  rates  widely  fjuoted. 
This  can  be  explained  by  the  fact  that  in  reading  much  prose  we  do  not 
and  need  not  recognize  every  word  in  order  to  get  the  sense.  Presumably, 
if  an  author  made  every  word  say  something,  his  prose  could  not  be 
read  with  understanding  at  such  high  rates. 

We  can  also  show  in  another  way  that  the  mere  uttering  of  the  N\'ords 
does  not  determine  the  reading  speeds  observed.  A  memorized  prose 
phrase  ("This  is  the  time  for  all  good  men  to  come  to  the  aid  of  their 
country")  was  repeated  several  times  at  rates  of  7.5,  9.1  and  8.4  words/ 
sec  for  the  three  readers. 

Fig.  6  compares  word  rates  for  repeating  a  phrase  with  the  word  rates 
previously  discussed.  The  radically  faster  rate  for  repeating  a  phrase  is 
not  the  only  feature  to  be  observed  in  this  figure;  the  three  readers  are 
not  in  the  same  order  of  speed  as  is  preserved  through  the  reading 
experiments.  This  would  suggest  that  it  is  word  recognition  rather  than 
speaking  speed  which  accounts  for  differences  among  the  reading  rates 
of  different  people. 
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Fig.  6  —  Effect  of  physiological  utterance  limitations. 
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DISCUSSION'   AND    SUPPLEMENTARY    EXPERIMENTS 

Conclusions  from  Principal  Experiments 

The  conclusions  which  can  be  reached  with  reasonable  assurance  from 
these  experiments  are  rather  narrow.  They  might  be  stated: 

1.  Information  is  best  transmitted  through  a  human  channel  by 
means  of  well-chosen  acts  (reading  well  chosen  words  in  this  case)  in- 
^•olving  many  bits  per  act,  that  is,  much  choice  per  act.  Cutting  down 
drastically  the  bits  per  act  does  not  substantially  increase  the  speed  at 
which  the  individual  act  is  accomplished. 

2.  The  lower  bound  of  information  transmission  through  the  human 
channel  of  rapid  readers  seems  to  be  about  43  bits/sec.  This  estimate  is 
a  little  higher  than  that  found  bj'-  Licklider,-  and  may  be  close  to  a 
limiting  rate. 

3.  This  limiting  rate  can  be  achieved  by  the  simple  act  of  reading 
either  randomized  lists  from  suitably  selected  words  or  scrambled  prose. 

-i.  Both  familiarity  and  length  of  words  are  important  in  determining 
reading  speed.  The  relative  effect  of  these  two  variables  on  reading  speed 
is  rather  complex. 

Be\'ond  these  narrow  conclusions,  there  is  much  understanding  yet  to 
be  achieved  in  the  general  field  of  the  speed  of  human  mental  and 
physical  responses  and  operations.  Thus,  it  seems  worth  while  to  men- 
tion other  experiments  which  were  done  in  the  course  of  the  present 
investigation  and  experiments  carried  out  by  other  workers,  and  to 
speculate  somewhat  concerning  the  whole  of  this  experimental  work. 

Multiple  Tasks 

The  reading- while-tracking  experiments  touch  on  an  important  prob- 
lem. We  have  all  heard  of  wireless  operators  who  can  receive  and  sub- 
sequently type  out  a  message  while  carrying  on  a  conversation  or  playing 
chess.  There  is  nothing  in  this  feat  to  indicate  an  information  rate  greater 
than  that  we  have  found.  Actually,  the  rate  of  receiving  prose  by  Inter- 
national Morse  Code  by  ear  is  around  0.58  word/sec;^  this  is  slow  com- 
pared with  the  rates  we  have  considered. 

Our  experiments  with  tracking  followed  experiments  in  which  words 
in  the  lists  were  randomly  printed  in  red  or  black,  and  in  which  the 
subject  spoke  red  words  in  a  louder  tone  of  voice  than  black  words,  or 
pressed  one  key  for  red  words  and  another  for  black  words.  In  these 
cases,  the  added  information,  one  bit  per  word,  was  so  small  as  to  make 
no  clearly  discernible  difference  in  information  rate  for  the  large  vo- 
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cabularies.  The  speed  for  reading  loud  and  soft  was  less  than  for  reading- 
while-keying.  This  may  imply  something  about  the  relative  efficiency  of 
human  beings  performing  two  tasks  by  using  two  sets  of  muscles  as 
against  using  one  set  in  two  different  ways. 

It  is  common  experience  that  we  can  walk  about  and  carry  out  other 
simple  tasks  while  talking  or  thinking.  It  is  possible  though  not  obvious 
that  some  sort  of  automatic,  almost  purely  reflexive  response  — ■  as, 
moving  the  left  hand  when  the  right  hand  is  touched  —  could  with 
practice  be  carried  out  cjuite  independentlj^  of  a  task  such  as  reading. 
The  information  rate  for  such  responses  would  be  small,  the  experimental 
error  would  make  it  difficult  to  settle  the  question,  and  the  interpretation 
of  such  an  experiment  would  not  be  entirel}^  clear. 

The  Patterns  Which  Govern  Reading  Time 

Early  in  the  experiments  the  question  was  raised  whether  readers  may 
not  read  letter  b}^  letter  or  syllable  by  syllable.  Several  findings  bear  on 
this. 

Fig.  3  shows  clearly  that  the  reading  time  for  a  two-syllable  word  is 
much  less  than  twice  the  reading  time  for  a  one-syllable  word. 

One  of  us  knows  a  negligible  amount  of  German.  German  syllables  are, 
however,  reasonably  familiar.  It  was  found  that  in  reading  German 
aloud  he  had  the  same  reading  rate  in  syllables  per  second  as  a  man 
whose  native  language  was  German  had  in  words  per  second.  The  two 
readers  had  substantial!}''  the  same  reading  speed  in  English.  Presumably 
in  reading  German  one  man  recognized  syllables  and  the  other  recog- 
nized words.  This  also  reinforces  the  conclusion  that  reading  rate  is  not 
limited  by  the  time  taken  to  utter  words. 

Some  experiments  were  done  using  lists  of  common  Chinese  characters 
and  lists  of  the  corresponding  English  words.  Average  word  rates  over 
three  lists  for  two  readers  Avho  could  read  both  languages  are  given  in 
Table  IV.  The  slightly  lower  rate  for  English  is  plausibly  explained  by 
the  fact  that  Chinese  was  the  reader's  native  language.  All  words  were 
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Fig.  7  —  Patterns  governing  reading  time. 

necessarily  monosyllables  in  Chinese  and  happened  to  be  monosylla- 
bles in  English. 

In  one  case  a  word  is  made  up  of  a  sequence  of  letters,  each  standing 
for  a  sound,  and  in  the  other  it  is  made  up  of  a  number  of  strokes  which 
are  meaningless  individually,  yet  in  each  case  a  word  is  taken  as  a  unit 
or  pattern  reciuiring  nearly  the  same  time  for  reading. 

We  found  that  the  rate  for  reading  arable  numerals  is  substantially 
the  same  as  for  reading  familiar  words.  Each  numeral  is  an  individual 
pattern  to  be  recognized.     • 

In  a  fii'st  effort  to  find  the  effect  of  syllable  length  on  reading  rate, 
a  subject  read  se^'eral  lists  made  up  respectively'  from  vocabularies  of 
l(i  single-syllable,  16  two-syllable,  16  three-syllable,  and  16  four-syllable 
words.  None  of  the  words  was  very  unfamiliar  to  start  with,  and  all  were 
presumably  very  familiar  after  the  subject  had  read  several  randomized 
lists  composed  of  the  same  words. 

The  outcome  of  the  experiment  is  shown  in  Fig.  7.  For  comparison, 
the  points  associated  with  the  lower  straight  line  are  time  for  60  words 
for  repeating,  as  rapidly  as  possible,  a  one-,  a  two-,  a  three-  and  a  four- 
syllable  word.  The  points  on  the  upper  curve  are  reading  time  for  60 
words  for  the  randomized  lists  of  the  familiar  one-,  two-,  three-  and  four- 
syllable  words. 

In  dealing  with  such  groups  of  highly  and  uniformly  familiar  words, 
it  appears  that,  roughly,  a  certain  time  is  required  to  recognize  the  word 
regardless  of  length,  and  this  time  governs  the  reading  rate  up  to  the 
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Table  V 


Words/sec 

Scrambled  Prose 

Scrambled  Paragraph 

Prose 

A 
B 

C 

3.7 
3.3 
2.7 

4.0 
3.7 
2.9 

4.8 
4.7 

3.9 

point  at  which  the  reader  is  uttering  words  continuous! j^  as  fast  as  he 
can.  This  is  consistent  with  a  strong  subjective  feehng  that  what  hmits 
the  rate  is  the  difficult}'  of  "recognizing"  the  word  as  one  looks  at  it, 
and  that  once  the  word  is  recognized  one  can  utter  it  while  recognizing 
the  next  word. 

It  would  of  course  be  wrong  to  conclude  from  this  experiment  that 
multisyllable  words  are  in  general  recognized  as  quickly  as  single  syllable 
words,  for  it  would  be  possible  to  recognize  one  among  a  known  group 
of  16  multisyllable  words  without  looking  at  the  whole  word.  Indeed, 
Fig.  3  indicates  a  substantial  difference  of  reading  rate  between  one-  and 
two-syllable  words  of  like  freciuency  of  occurrence.  This  was  not  ob- 
served in  reading  the  specialh'  familiar  lists  of  one-  and  two-syllable 
words. 

Why  is  prose  read  faster  than  scrambled  prose?  It  might  be  that  some 
short  phrases  are  recognized  as  individual  patterns.  However,  there  is 
another  factor  at  work.  A  scrambled  paragraph  of  prose  is  read  slower 
than  the  same  paragraph  in  its  natural  word  order  but  faster  than 
scrambled  prose  from  a  book  or  a  long  strefch  of  prose,  as  can  be  seen 
from  Table  V. 

It  should  be  noted  that  reading  speed  differs  for  different  prose,  and 
that  when  comparisons  among  prose,  scrambled  paragraphs  and  scram- 
bled prose  are  made,  similar  material  should  be  used. 

The  fact  that  a  scrambled  paragraph  is  read  faster  than  scrambled 
prose  might  be  explained  by  saying  that  we  expect,  we  are  more  readj^ 
to  recognize,  words  which  are  repetitions  of  earlier  words  or  words  which 
are  closely  related  in  sense  to  earlier  words  than  we  are  unrelated  words. 
Thus,  the  greater  reading  speed  for  prose  than  for  scrambled  prose  seems 
to  be  due  only  in  part  if  at  all  to  the  recognition  of  phrases  rather  than 
words  as  individual  patterns. 


Rate  of  Mental  Processes 

The  rate  at  which  information  passes  through  a  human  channel  in 
reading  experiments  is  indisputable.  Quastler^  has  attempted  to  go 
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beyond  this  and  estimate  information  processing  rates  in  the  brain  from 
the  performance  of  hghtning  calculators,  by  dividing  the  performance 
of  the  calculation  into  a  sequence  of  tasks  ecjuivalent  to  consulting 
memorized  multiplication  tables  and  performing  additions.  It  is  hard  to 
interpret  such  a  study  clearly,  for  it  is  quite  possible  that  there  are  many 
sorts  of  mental  acts  which  take  different  times  to  perform,  just  as  multi- 
plication and  addition  take  different  times  in  an  electronic  computer. 
A  tentative  experiment  we  performed  indicated  something  of  the  sort. 

Randomized  lists  were  made  up  from  \'ocabularies  (a)  of  names  of 
common  animals  and  vegetables  in  equal  numbers,  and  (b)  of  common 
men's  and  women's  names  in  equal  numbers.  In  reading  these,  a  subject 
w^as  asked,  not  to  read  the  word  aloud,  but  merely  to  press  one  key  with 
his  right  and  another  key  with  his  left  hand;  in  (a)  left-animal,  right- 
vegetable;  in  (b)  left-man,  right-woman.  The  same  subject  later  read  the 
lists  aloud.  Pressing  keys  took  40  per  cent  longer  than  reading  aloud. 
(The  additional  time  is  not  related  to  the  keying  operation  itself;  for  a 
2  word  list,  for  example,  keying  speed  is  much  faster  than  reading  speed.) 
Presumably  an  additional  mental  operation  was  involved,  but  it  was  not 
one  for  which  the  time  was  equal  to  that  for  reading.  This  experiment 
was  not  pursued  further,  partly  because  no  clear  conclusion  could  be 
drawn  from  it.  Had  it  been  pursued  and  randomized  lists  of  the  same 
words  used  repeatedly,  the  rate  might  have  gone  up.  Conceivably,  cow 
and  horse  could  become  for  a  subject  merely  different  ways  of  spelling 
left,  and  lettuce  and  carrot  variant  spellings  of  right.  In  this  case  we 
would  end  with  a  two-word  reading  experiment. 

Reading  Rate  as  a  Psychometric  Datum 

It  is  interesting  to  speculate  on  the  possible  relationship  of  reading 
rate  to  general  intelligence  or  some  other  aptitude.  Certainly,  Fig.  5 
indicates  some  such  relationship.  We  might  also  ask  in  connection  with 
Fig.  3,  does  a  rate  which  falls  less  rapidly  with  frequency  of  occurrence 
indicate  a  larger  vocabulary,  and  can  we  measure  vocabulary  by  reading 
speed  tests?  Certainly,  measuring  the  speed  of  reading  aloud  is  very 
simple,  and  such  tests  might  have  some  psychometric  utility. 

The  Channel  Capacity  Required  for  Satisfactory  Communication 

In  conclusion,  we  cannot  help  but  wonder  that  the  highest  information 
rate  noted  —  43  bits/second  —  is  so  much  lower  than  the  channel 
capacity*  of  a  telephone  or  a  television  circuit  (around  50  thousand 

*  This  is  the  limiting  channel  capacity  given  by  (2.1)  of  Appendix  II.  The  prac- 
tical rate  at  which  binary  digits  can  be  sent  over  a  telephone  circuit  with  simple 
equipment  is  less  than  1(X)0  bits/second. 
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bits/second  for  telephone  and  50  million  bits/second  for  TV).  This 
would  not  be  surprising  if  the  limitation  we  observe  had  been  one  of  the 
speeds  at  which  words  can  be  uttered,  but  it  appears  rather  to  be  a 
mental  one,  one  of  recognizing  what  is  before  the  eyes.  To  the  authors, 
it  seems  reasonable  that  this  mental  limitation  may  apply  to  a  human 
being's  ability  to  absorb  information,  that  is,  to  the  information  rate 
needed  to  present  a  satisfactorj-  sensory  input  to  a  human  being.  If  it 
does,  then  why  do  we  need  so  much  channel  capacity  to  convey  to  him 
an  acceptable  sound  or  picture? 

This  can  be  explained  in  part  bj^  the  inefficienc}^  of  our  present  com- 
munication methods.  Despite  its  present  imperfections,  the  vocoder 
makes  it  clear  that  clearly  understandable  speech  can  be  transmitted 
using  far  less  channel  capacity  than  that  required  in  ordinary  telephony.^ 

However,  it  is  quite  likely  that  even  with  the  most  efficient  of  en- 
coding means  we  will  have  to  use  far  more  than  43  bits/second  for  a 
picture  transmission  channel.  While  only  a  portion  of  the  image  of  the 
transmitted  picture  falls  on  the  fovea  at  any  instant,  we  can  cast  our 
eyes  on  any  portion  of  the  received  picture.  If  the  pick-up  camera  de\dce 
and  the  received  picture  followed  eye  movements,  a  much  less  detailed 
picture  would  serve.  Even  with  our  eyes  fixed,  we  can  concentrate  our 
attention  on  a  particular  part  of  our  field  of  vision,  and  this  is  something 
that  the  pick-up  camera  cannot  track.  There  may  be  similar  effects  in 
our  apprehension  of  sounds. 

In  the  light  of  present  knowledge  it  is  impossible  to  estimate  the 
minimum  channel  capacity  required  to  transmit  sound  and  pictures  in  a 
satisfactory  manner.  It  will  take  work  far  beyond  the  measurement  of 
reading  rates  to  enable  us  to  make  such  an  estimate. 
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Appendix  I 

ON    OBTAINING   GOOD   VOCABULARIES 

The  experiments  in  the  body  of  the  paper  indicate  that  the  choice  of  a 
good  vocabulary  is  important  in  attaining  a  high  information  rate  in 
reading  lists  of  words. 
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In  these  experiments  the  randomized  hsts  may  be  regarded  as  an  in- 
formation source  consisting  of  a  sequence  of  code  elements  or  sjmibols 
(words)  in  which  there  is  no  correlation  between  successive  symbols.  If 
in  making  up  the  lists  the  sth  word  of  the  vocabulary  is  used  with  a 
normalized  probability  ps ,  the  entropy  in  H  in  bits  per  word,  and  hence 
the  amount  of  information  per  word,  is 

H  =  -J2ps  log2  Ps  bits  (1.1) 

s 

If  all  words  appear  with  an  equal  probabilitj^  1/?/?  where  m  is  the  number 
of  words  in  the  vocabulary,  as  in  the  case  of  experiments  1-3,  ps  is  1/m 
for  each  of  the  ni  words  and  in  this  special  case 

H  =  log2  m  (1.2) 

In  the  case  of  scrambled  prose,  for  instance,  the  probabilities  are 
different  for  different  words.  This  will  be  true  also  if  in  making  up  word 
lists  we  choose  words  randomly  from  a  box  containing  different  numbers 
of  different  words. 

Let  ts  be  the  time  taken  to  read  the  sth  w^ord  of  the  ^'ocabulary.  Let 
us  assume  that  ts  is  the  same  for  the  sth  word  no  matter  what  context  that 
word  appears  in  in  the  randomized  list.  If  this  is  so,  the  average  reading 
time  per  word,  t,  will  be 

t  =  Z  Psts  (1.3) 

s 

the  word  rate  will  be  1/t,  and  the  information  rate  R  will  be 

IT  Z   P»  l0g2  Ps 

i  2^  Psts 


s 


Suppose  we  have  available  a  vocabulary  of  words  and  know  the 
reading  time  ts  for  each  word.  The  problem  is  to  choose  ps  in  terms  of  ts 
as  to  maximize  R.  This  is  easily  done;  however  the  result  can  also  be 
obtained  as  a  special  case  of  the  problem  treated  in  Appendix  4  of  "The 
Alathematical  Theory  of  Communication."^  In  Shannon's  ^ii'\  the  sub- 
scripts i,  j  refer  to  passing  from  state  i  to  state  j.  In  our  case  there  is 
only  one  state,  and  ^{/'^  should  be  identified  with  ts  for  all  i  and  j. 
Similarly,  we  identify  pi/"^  with  ps  .  C  is  the  maximum  rate,  so  log2 
W  =  C.  Shannon's  equation 

PiJ        =^.^^    ' 
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becomes 

Vs  =  2-^''  (1.5) 

since  there  is  only  one  B. 

Shannon's  determinantal  equation 

1  E  IF^'--^''  -  S,,  I  =  0 

s 

becomes 

S2~'''^  =  1  (1.6) 

In  (1.5)  and  (1.6)  we  have  a  means  of  evaluating  -ps  in  order  to  attain 
the  maximum  inlormation  rate  R. 

The  data  we  actually  have  concerning  words  is  that  for  some  class  s 
of  words,  say,  the  monosyllables  in  the  8,000-9,000  words  in  order  of 
familiarity,  the  reading  time  has  some  value  ts ,  presumed  to  be  the 
same  for  all  words  in  the  class,  and  that  there  are  Ns  words  in  this  class. 
In  this  case  we  must  assign  to  each  word  in  the  sth  class  the  same  prob- 
ability Ps  given  b}^ 

Ps  =  2-^'^  (1.7) 

and  we  must  have 

J^NsPs  =  i:-V^2-^''  =   1  (1.8) 

s  s 

Using  the  same  amount  of  data  given  in  Fig.  3,  for  the  20,000  most 
common  words,  but  for  a  different  reader,  estimates  were  made  of  Ns 
and  ts  for  all  the  classes  consisting  of  words  of  each  number  of  syllables 
in  each  range  of  occurrence  of  1 ,000  words.  Then  the  optimum  values  of 
Ps  for  word.s  in  each  class  and  the  maximum  rate  R  were  computed. 

Using  (1.4),  rates  were  also  computed  for  choosing  words  with  equal 
probability  from  among  the  first  w  thousand  words  and  from  among 
the  first  ?n  thousand  monosyllables,  as  functions  of  m.  These  rates  had 

Table  VI 


Nature 


Maximum  Rate 

Maximum  for  equi-probability  monosyllables  (from  first  8,000 

words) 

Maximum   for  equi-probabilitj-   among  words   of   all   lengths 

(first  5,000  words) 


Computed  Rate, 
bits/sec 


33.5 

32.4 
30.2 
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maxima  for  vocabularies  of  optimal  sizes.  Table  Yl  compares  the  various 
rates  computed. 

As  it  is  much  easier  to  make  up  lists  from  the  2,500  monosyllables 
among  the  first  8,000  words  with  equal  probabilities  than  it  is  to  make 
up  lists  from  among  all  words  with  a  different  probability  for  each  class, 
and  as  the  information  rates  computed  were  close  together,  the  former 
alternative  was  chosen. 

The  use  of  scrambled  prose  provided  an  easy  way  to  make  up  good 
lists. 

Appendix  II 

TRACKING    EXPERIMENT 

A  well-known  formula  for  channel  capacity  R  in  bits/sec  is* 

R  =  B  logo.  (^1  +  0  (2.1) 

This  gives  the  limiting  rate  at  which  information  can  be  transmitted 
over  a  channel  with  a  bandwidth  5  by  a  signal  of  power  P^  ,  in  the  pres- 
ence of  a  gaussian  noise  of  power  P„  ,  with  an  error  rate  smaller  than  any 
assignable  number. 

In  most  cases,  the  actual  rate  is  much  smaller  than  this  limiting  rate. 
In  general,  the  rate  is  the  entrop}-  of  the  received  signal  minus  the 
entrop}"  of  the  noise.  In  the  particular  case  of  a  gaussian  signal  source  as 
well  as  a  gaussian  noise,  each  represented  by  2B  samples  a  second,  the 
calculation  based  on  entropies  gives  exactly  (2.1).  Let  us  then  apply 
(2.1)  to  the  tracking  experiment. 

Suppose  that  a  large  number  A"  of  samples  do  have  a  gaussian  dis- 
tribution of  mean  square  amplitude  x^.  Suppose  that  we  make  an  error 
dn  in  reproducing  the  nth  sample,  that  these  errors  are  gaussian,  and 
that  the  mean  square  error  is  d'^ 

^  =  ^r  S  ^ 

We  see  from  (2.1)  that  ideall}"  we  can  use  these  reproduced  samples 
to  transmit  M  bits  of  information  where 


M  =tl  log,  (^1  +  ^  j  (2.2) 

In  the  reading  and  tracking  experiments,  randomized  words  from  the 
2,500   commonest   monosj'llables   were   arranged   with   equal   vertical 
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spacings  but  with  \'arious  horizoiilal  positions.  'I'o  the  right  of  each  word 
was  a  short  vertical  line.  The  distances  x„  of  these  lines  from  the  vertical 
centerline  of  the  paper  were  obtained  from  a  list  of  random  numbers 
with  a  gaussian  distribution  such  that  for  the  list  x-  =  1  inch.  Of  course, 
X-  for  each  list  would  depart  from  this  value.  As  the  words  were  read,  the 
reader  used  a  pencil  to  make  a  dot  as  near  as  possible  to  the  correspond- 
ing vertical  line.  For  each  sheet,  the  departures  (!„  from  the  vertical 
lines  in  inches  were  measured  and  (P  was  computed.  The  number  of  bits 
M  for  pointing  for  that  sheet  were  then  taken  as 

M  =  f  log,  (^1  +  V^  (2.3) 

REFERENCES 

1.  E.  E.  David,  Naturalness  and  Distortion  in  Speech  Processing  Devices,  Jour. 

Acoustical  Soc.  Am.,  July,  1956. 

2.  J.  C.  R.  Licklider,  K.  N.  Stevens,  J.  R.  M.  Haj'es,  Studies  in  Speech,  Hearing 

and  Communication,  Technical  Report,  Acoustics  Laboratory,  MIT,  Sept. 
30,  1954. 

3.  H.  Quastler  et  al,  Human  Performance  in  Information  Transmission,  Report 

No.  R-62,  Control  Systems  Laboratory,  University  of  Illinois,  March,  1955. 

4.  C.  E.  Shannon  and  W.  Weaver,  The  Mathematical  Theorj^  of  Communication, 

University  of  Illinois  Press,  1949. 

5.  G.  Dewey,  Relative  Frequency  of  English  Speech  Sounds,  Harvard  University 

Press,  '1923. 

6.  E.  L.  Thorndike,  A  Teacher's  Word  Book  of  the  Twenty  Thousand  Words 

Found  Most  Frequentlj^,  Teachers  College,  Columbia  University,  1932. 

7.  C.  E.  Shannon,  Prediction  and  Entropy  of  Printed  English,  B.S.T.J.,  30,  pp. 

50-64,  Jan.,  1951. 

8.  E.  B.  Newman  and  C.  J.  Gerstman,  A  New  Method  for  Analyzing  Printed 

English,  J.  Exp.  Psychol.,  44,  pp.  114-125,  1952. 

9.  Keith  Hennej-,  Radio  Engineers  Handbook,  3rd  Ed.,  p.  568,  McGraw-Hill,  1941. 


Binary  Block  Coding 

By  S.  P.  LLOYD 

(Manuscrii)t  received  March  16,  1956) 

From  the  work  of  Shannon  one  knows  that  it  is  possible  to  signal  over  an 
error-making  binary  channel  with  arbitrarily  small  'probability  of  error  in 
the  delivered  information.  The  effects  of  errors  produced  in  the  channel  are 
to  be  eliminated,  according  to  Shannon,  by  using  an  error  correcting  code. 
Shannon's  proof  that  such  codes  exist  does  not  provide  a  practical  scheme 
for  constructing  them,  however,  and  the  explicit  construction  and  study  of 
such  codes  is  of  considerable  interest. 

Particularly  simple  codes  in  concept  are  the  ones  called  here  close  packed 
strictly  e-error-correcting  {the  terminology  is  explained  later).  It  is  shown 
that  for  such  a  code  to  exist,  not  only  7nust  a  condition  due  to  Hamming  be 
satisfied,  but  also  another  condition.  The  main  result  may  be  put  as  follows: 
a  close-packed  strictly  e-error-correcting  code  on  n,  n  >  e,  places  cannot 
exist  unless  e  of  the  coefficient  vanish  in  (1  +  xy(l  —  x)"~^~^  when  this  is 
expanded  as  a  polynomial  in  x. 

I.    IXTRODUCTIOX 

In  this  paper  we  investigate  a  certain  problem  in  combinatorial 
analysis  which  arises  in  the  theory  of  error  correcting  coding.  A  develop- 
ment of  coding  theory  is  to  be  found  in  the  papers  of  Hamming^  and 
Shannon^;  this  section  is  intended  primarily  as  a  presentation  of  the 
terminology  used  in  subsequent  sections. 

We  take  (0,  1)  as  the  range  of  binary  variables.  B}^  an  n-word  we  mean 
a  sequence  of  n  symbols,  each  of  which  is  0  or  L  We  call  the  individual 
symbols  of  an  7?-word  the  letters  of  the  7?-word.  We  denote  by  -B„  the 
set  consisting  of  all  the  2"  possible  distinct  ??-words.  The  set  5„  may  be 
mapped  onto  the  vertices  of  an  n-dimensional  cube,  in  the  usual  way, 
by  regarding  an  n-word  as  an  ?i-dimensional  Cartesian  coordinate  ex- 
pression. The  distance  d(u,  v)  between  w-words  u  and  v  is  defined  to  be 
the  number  of  places  in  which  the  letters  of  u  and  r  differ;  on  the  ?z-cube, 
this  is  seen  to  be  the  smallest  number  of  edges  in  paths  along  edges  be- 
tween the  vertices  corresponding  to  u  and  v.  The  weight  of  an  7?-word  u 
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is  the  number  of  I's  in  the  sequence  u;  it  is  the  distance  between  u  and 
the  »-word  00-  •  -0,  all  of  whose  letters  are  0.* 

A  binary  block  code  of  size  K  on  n  places  is  a  class  of  K  nonempty  dis- 
joint subsets  of  Bn  where  in  each  of  the  K  sets  a  single  ?i-word  is  chosen 
as  the  code  word  of  the  set.f  Each  such  set  is  the  detection  region  of  the 
code  word  it  contains,  and  we  shall  say  that  any  ?i-word  which  falls  in  a 
detection  region  belongs  to  the  code  word  of  the  detection  region.  The 
set  consisting  of  those  /«-words  which  do  not  lie  in  any  detection  region 
we  call  limbo.t  A  close  packed  code  is  one  for  which  limbo  is  an  empt}' 
set;  i.e.,  a  code  in  which  the  detection  regions  constitute  a  partition 
(disjoint  covering)  of  £„  . 

A  sphere  of  radius  r  centered  at  7i-word  u  is  the  set  [v:d(u,  v)  ^  r]  of 
n-words  v  which  differ  from  u  in  r  or  fewer  places.  A  binary  block  code  is 
e-error-correcting  if  each  detection  region  includes  the  sphere  of  radius  e 
centered  at  the  code  word  of  the  detection  region.  We  say  that  a  binary 
block  code  is  strictly  e-error-correcting  if  each  detection  region  is  exactly 
the  sphere  of  radius  e  centered  at  the  code  word  of  the  detection  region. 

This  paper  is  devoted  to  the  consideration  of  close  packed  strictly 
e-error-correcting  binary  block  codes.  We  shall  refer  to  such  a  code  as 
an  e-code,  for  bre\dt3'.  Hamming  observes  that  a  necessary  condition 
for  the  existence  of  an  e-code  on  n  places  is  that 

1  +  n  +  I  n(n  -  l)  +  .  .  .  +  (^^  (1) 

be  a  divisor  of  2".  In  this  paper  we  derive  an  additional  necessary  condi- 
tion. Our  condition  includes  as  a  special  case  a  condition  of  Golay  for 
the  existence  of  e-codes  of  group  type,  and  applies  to  all  e-codes,  whether 
or  not  they  are  eciuivalent  to  group  codes.  § 

*  If  Bn  is  regarded  as  a  subset  of  the  real  linear  vector  space  consisting  of  all 
sequences  a  =  (ai  ,  02  ,  •  •  •  ,  an)  of  n  real  numbers,  then  the  "weight"  of  an  n-word 
is  simply  the  A  norm  (defined  as  ||  a  ||i  =  ^J"  I  ""  1^'  ^^'^  ^"-'^  "distance"  is  the 
metric  derived  from  this  norm. 

t  The  term  "block  code",  due  to  P.  Elias.  serves  to  distinguish  the  codes  of 
fixed  length  considered  here  from  the  codes  of  unbounded  delay  introduced  by 
Elias,  Reference  3. 

J  In  a  communications  S3-stem-  using  such  a  code,  the  transmitter  sends  onh- 
code  words.  If,  due  to  errors  in  handling  binary  symbols,  the  receiver  delivers 
itself  of  an  n-word  other  than  a  code  word  then:  (a)  if  the  «-word  lies  in  a  detec- 
tion region,  one  assumes  that  the  code  word  of  the  detection  region  was  intended; 
(b)  if  the  n-word  lies  in  limbo,  one  makes  a  note  to  the  effect  that  errors  have 
occurred  in  handling  the  word  but  that  one  is  not  attempting  to  guess  what  they 
were. 

§  The  terms  "group  alphal)et"  (Slepian^),  "systematic  code"  (Hammingi), 
"symbol  code"  (Golay^),  "check  symbol  code"  (Elias'),  "paritj-  check  code",  are 
roughly  synonymous.  More  precisely,  a  group  code  is  a  parity  check  code  in  which 
all  of  the  parit}'  check  forms  are  homogeneous  ("even"),  so  that  00  ■  •  •  0  is  one 
of  the  code  words;  see  Reference  5. 
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II.    DISTRIBUTION    OF    CODE    WORDS 

Suppose  an  c-code  on  n  places  is  given.  Let  us  inquire  as  to  the  dis- 
tribution of  weights  of  code  words.  We  denote  by  v^  the  number  of  code 
words  of  weight  s,  0  ^  s  ^  r?,  and  by 

G{x)  =  Z  Psx'  (2) 

the  generating  function  for  these  numbers,  with  x  a  complex  but  other- 
wise free  variable.  We  show  in  this  section  that  G(x)  satisfies  a  certain 
inhomogeneous  linear  differential  equation  of  order  e. 

If  there  exists  an  e-code  on  n  places  then  this  differential  equation  will 
have  G(x)  as  a  polynomial  solution;  the  necessary  condition  for  the 
existence  of  an  e-code  on  n  places  given  in  Section  4  is  essentially  a 
restatement  of  this  fact.*  First,  however,  we  must  derive  the  differential 
ecjuation  and  obtain  its  solutions. 

If  Wa  is  a  code  word  of  the  given  e-code  (1  ^  a  ^  K),  define  the  set 
oi  j -neighbors  of  Wa  as  the  set  of  n-words  which  lie  at  distance  exactly  7 
from  iVa  ;  designate  this  set  by  Sj(Wa).  (So(Wa)  is  the  set  whose  only 
element  is  Wa  itself.)  Our  derivation  is  based  on  the  observation  that,  in 
an  e-code  on  ?i  places, 

U    U  Sjiw„)  =  Bn  t  (3) 

a=l  i=0 

is  a  partition  of  5„  .  For,  the  detection  regions: 

e 

U   SiiWa),  I   Sa^  K 

3=0 

are  disjoint,  and  in  each  such  sum  representing  a  detection  region  the 
summands  are  disjoint  (the  distance  function  being  single  valued). 
Furthermore,  each  n-word  of  S„  lies  in  some  detection  region  (close 
packed  property)  and  hence  appears  in  one  of  the  sets  Sj{Wa)  for  some 
a  and  for  some  j  satisfying  0  ^  j  ^  e. 
The  set 


U   Sj(iv„) 


a  =  l 


*  The  author  is  not  yet  able  to  demonstrate  the  converse.  That  is,  suppose  one 
obtains  a  polj-nomial  sohitionGfi)  of  (11),  below,  satisfying; appropriate  boundary 
conditions,  and  from  it  some  coefficients  p^  ,  0  ^  s  ^  n.  It  does  not  follou-  from 
the  methods  of  this  article  that  there  is  actually  some  e-code  on  n  places  for 
which  these  vs  represent  the  number  of  code  words  of  weight  s. 

t  U  =  set  union. 
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consists  of  the  7i- words  which  are  ^-neighbors  of  some  (not  specified) 
code  word ;  let  us  refer  to  these  7i-words  simply  as  j-neighbors.  Denote  by 
ifj,,  the  number  of  ^'-neighbors  which  are  of  weight  s  (with  vo.s  =  j^s  ,  as 
above).  Applying  (3)  to  the  n-words  of  weight  s,  we  see  that 

Ps  +  P1.S  +  •  •  •  +  Pe,s  =  r\  0  ^  s  ^  n  (4) 

is  the  total  number  of  n-words  of  weight  s.  If  we  multiply  (4)  by  x'  and 
sum  on  s,  we  ha^'e 

G(x)  +  G,(x)  +  •  •  •  +  Ge(x)  =  (1  +  xy  (5) 

where 

n 

GA^)  =  2  yj.^^'  (6) 

s=0 

is  the  generating  function  (with  respect  to  s)  for  the  numbers  Vj,s  . 

We  now  express  Gj(x),  0  ^  j  ^  e,  in  terms  of  G{x).  Suppose  code 
word  w  is  of  weight  s;  that  is,  w  consists  of  s  ones  and  n  —  s  zeros  in 
some  order.  A  j-neighbor  of  iv  is  obtained  by  choosing  J  places  out  of  n 
and  changing  the  letters  of  w  in  these  places,  O's  to  I's  and  I's  to  O's.  If, 
in  this  procedure,  q  of  the  I's  of  iv  are  changed  to  O's,  so  that  j  —  q  of 
the  O's  are  changed  to  I's,  then  the  resulting  ^-neighbor  of  iv  is  of  weight 

s  —  q  -{-  (j  —  q).  Xow,  there  are  (     1  ways  of  choosing  q  places  among 

(11  —  s  \ 
.  _      1 

ways  of  choosing  j  —  q  places  among  the  n  —  s  where  the  letters  of  ic 

are  0.  Thus,  of  the  (  .  j  different  j-neighbors  of  w,  the  number  (     j 

•  _  )  ^^^  ^^  weight  s  +  J  —  2q.  We  may  regard  each  of  these  as  con- 
tributing l-.r^'^"'"^'  to  the  generating  function  Gj(x)  of  (6)  (provided 
0  ^  j  ^  e,  so  that  there  is  no  overlap) ;  hence,  summing  over  all  j-neigh- 
bors  of  a  code  word  and  then  over  all  code  words, 

Gj(x)   =±v.t  (')h  "  ')  x^^--'^  Q^j^e*        (7) 

s=0  9=0    V?/ V     "~     f// 


From  the  easily  verified  polynomial  identitj' 


j=o      Q=o  \Q/\J  ~  Q 


f]    -    S)^«+/-27 


*  The  limits  (0,   x)  on  the  q  summation  are  merely  for  convenience;  the  bi- 
nomial coefficients  vanish  outside  the  proper  range,  under  the  usual  convention. 


BIXAKY   BLOCK   CODIXG  521 

(w,  s  integers,  0  ^  s  ^  n)  it  follows  that 

f.  fs\{n  -  s\  ^.+i_2,  _    1     f  {x  +  yYil  +  xyy-'  . 
k  \q)\j  -q)  ~  2^-  h  W'  ^ 

where  contour  C  is,  say,  a  small  circle  around  the  origin,  taken  posi- 
tively. Thus 

_    1     f  a+xyr     (x  +  y\  (8) 

=  LjGix) 

where  the  operator  Lj  is  thus  defined.  Change  of  integration  variable 
gives 

T  .rM  -  (1  -  •^')""''  f  G{z)  dz 

(9) 


2Tri         JcA^  -  xzy-''+^{z  -  xy+^ 
(1  -  xY'''  d'  G(z) 


^0  \j  -  vl 


dz'  (1  —  xzy-'+^ 

(1  -  xYd^Gix) 


pi  dxP 

(with  Cx  a  small  circle  enclosing  x  but  not  x~^,  x"  7^  1).  Thus  Lj  may  be 
regarded  as  a  Hnear  differential  operator  of  order  y,  (Lo  =  1). 
Using  this  result,  (5)  may  be  given  the  form 

(1  +  xT  =  [Lo  +  Li  +  •  •  •  +  UG{x) 

=    1     [  ql^l  (1  +  xyTGi^^A  dy        (10) 
2x1  Jc     1  —  y  \1  +  xy/ 

=  MG{x) 

this  last  expression  as  a  definition  of  operator  M.  Written  as  a  differential 
equation,  (10)  is 

^  (1  -  .V  -g  /n  -  A  ^,  d^^ 

^        p!         ^o\     r     /         dxP 

It  is  straightforward  that  the  only  singularities  of  this  equation  are 
regular  singularities^  at  .r  =  ±1,  =c. 

III.   THE   DIFFERENTIAL    EQUATION 

In  this  section  we  discuss  (11)  without  reference  to  the  fact  that  G{x) 
is  supposed  to  be  a  generating  function.  That  is  to  say,  with  n  and  e 
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fixed  but  arbitrary  non-negative  integers,  we  denote  by 

G(x)  =  f:  UsX  (12) 

s=0 

any  solution  of  (11)  regular  in  the  unit  circle. 

It  proves  convenient  to  introduce  certain  functions /„, {(a;)  defined  by 

/„.,(.r)  =  (1  +  x^d  -  xy-' 

A  (13) 

s=0 

where  the  coefficients  <Ps(n,  ^)  are  given  by 

...(«,«=  t  (-!)'("  7  %i,)  (14) 

Here,  ^  is  to  be  regarded  as  a  free  complex  variable.  By  (1  +  .r)^(l  —  x)"~^ 
we  mean  exp  (^  log  (1  +  x)  +  (n  —  ^)  log  (1  —  x)),  each  logarithm 
vanishing  at  x  =  0.  As  a  function  of  x  this  function  is  single  valued  in, 
say,  the  rc-plane  cut  on  (—  «=,  —1]  and  [1,  '-^-),  and  the  series  (13)  con- 
verges to  it  in:  I  X-  I  <  1.  ^ 
Binomial  coefficients  are  defined  by                                                             1 

/r\  _      r(f  +  1) 


,sj      s!r(r  +  1  -  s) 

f  (r  -  1)  •  •  •  (f  -  s  +  1) 


s  >  0 


s! 

when  f  is  not  an  integer,  and  <Ps(n,  ^)  is  seen  to  be  a  polynomial  in  ^  of 
degree  s: 

<Ps{n,^)  =?jf'-f  ...  +  (-l)^(^')  (15) 

The  recurrence  relation 

^o(n,  0  +  fiin,  ^)  +  •  •  •  +  fsin,  ^  =  <Ps{n  -  1,  ^)  (16) 

obtained  by  expanding  the  various  factors  [     ]  in  the  identity 

[(1  +  .r)^(i  -  xy-'m  -  xy']  =  [(1  +  x)'(i  -  xy-'-^] 

is  an  important  one.  We  note  also  for  reference  that 

<Po{n,  0  =  1 
<Ps{n,  n  -  ^)  =  (-l)V«(w,  ^) 

^.(«, »)  =  (;;)  (17) 


^.{n-  1,»)  =  l+(i)+  •••  +''" 


s 
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j  valid  for  all  n,  ^  and  non-negative  integers  s.  We  see,  by  the  way,  that 
I  (pe(n  —  1,  n)  is  simply  the  Hamming  expression  (1). 
The  function /„,{(a;)  has  the  property  that 

at  least  if,  say,  given  x,  \  y  \  is  small  enough.  From  this  and  (8)  for  the 
operator  Lj  it  is  apparent  that 

L:fn,i{x)  =  <Pj{n,  ^)fn,i(x)  (19) 

Similarl}^,  using  (19)  and  (16),  or  directly  from  (10)  for  the  operator  i)/, 

Mf„,^(x)  =  [Lo  +  Lx  +  •  •  •  +  Le]fn,i(x) 

(20) 

=   (pe(n    -    1,  ^)fnAx) 

If  ^/3  is  one  of  the  roots  of  the  polynomial  <pe{n  —  1,  ^)  then  (20)  be- 
comes 

M(l  +  x)^^l  -  xy~^^  =  0 

If  we  assume  for  the  moment  for  simplicity  that  <pe{n  —  1,  ^)  has  e 
distinct  roots  ^/s ,  1  ^  /3  ^  e,  then  (11)  has  as  complementary  function 

i;  ^(1  +  .r)f''(l  -  xy-^' 

where  the  A^  are  e  arbitrary  constants. 

Fortunately,  the  function  (1  -f-  x)"  =  fn.n(x)  is  also  a  member  of  the 
family  (13);  hence 

Mil  +  xy  =  <pe(n  -  1,  n)(l  +  xy 

and  the  function 

(1  +  xy 

<Pe(n  —  l,n) 

is  a  particular  integral  of  (11).  [We  see  from  (17)  that  (pe{n  —  1,  7?)  does 
not  vanish  in  cases  of  interest.]  Finally,  when  the  roots  of  (pe{n  —  1,  0 
are  distinct,  the  general  solution  of  (11)  must  be  of  the  form 

G(x)  =    [^  +  f .  -f  i:  ^,(1  +  xy^d  -  xy-^^      (21) 

(Pe{n  —  1,  n)       ^=1 

If  (pe{7i  —  1,  ^)  has  multiple  roots  then  the  general  solution  will  con- 
tain additional  terms 


(const.)  (1  +  xy^a  -  xy-^'  Tiog  ^^^T 


(22) 
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i.e.,  the  m     derivative  of /„,{(.r)  with  respect  to  ^,  with  m  any  positive 
integer  less  than  the  multiphcity  of  root  ^^  . 

Before  applying  these  results  to  c-codes  in  detail,  let  us  derive  a  cer- 
tain modification  of  (21).  First,  we  see  from  (17)  that  if  n  is  a  positive 
integer,  then  n  is  not  one  of  the  roots  of  <pe{n  —  1,  ^).  If  the  roots  ^3 
of  <pe{n  —  1,  ^)  are  distinct  and  ii  A^  ,  1  ^  i3  ^  e,  are  any  e  numbers 
then  a  polj'nomial  d{^)  of  formal  degree  e  is  uniqueh'  determined  by  the 
e  +  1  conditions: 

e(h)  =  (b  -  n)<p/{n  -  1,  ^s)A^  ,  1  ^  ^  ^  e,* 

(23) 
d(n)  =  1 


G(.r)  =  ±  /  ^\+  ■■■^;'^  -  ^"^f  d,  (24) 


using,  e.g.,  the  Lagrange  interpolation  formula.  It  is  obvious  that  G(x), 
(21),  may  be  expressed  in  terms  of  this  polynomial  as 

(^  -  n)Mn  -  1,0 

where  T  is  any  simple  closed  contour  surrounding  the  roots:  u,  ^1  ,  ^2 , 
•  •  •  ,  ^e  of  the  denominator  of  the  integrand;  (the  numerator  is  an  entire 
function  of  ^  provided  x'  9^  1). 

Analysis  a  Httle  more  detailed  shows  that  even  if  v^e(n  —  1,  ^)  has 
multiple  roots  the  general  solution  of  (11)  can  be  represented  in  the 
form  (24),  again  with  0(^)  any  polynomial  of  formal  degree  e  such  that 
0(n)  =  1.  The  e  constants  of  integration  appear  as  the  e  +  1  parameters 
of  Qii)  restricted  by  Q{ii)  =  l.f 

Expansion  of  the  integrand  in  (24)  according  to  (13)  yields  the  form 


Vs 


1     {  <Ps{n,  ^diO  J.  ,       n   1    9  ro^^ 

7r~-  /  r^ s — r n^  "^        «  =  0, 1,  2,  •  •  •       (2o) 


for  the  coefficients  of  G(x),  (12). 
If  we  denote  bv 


LjGix)  ^  Gj(x)  =  X  vj,sx  (26) 


s=0 


the  result  of  apphdng  the  operator  Lj  to  any  solution  (24)  of  (11),  then 
it  is  straightforward  that 

r  r..^        1    f  (1  +  x)Hl  -  2-)"-V,(n,  m^)  .,  /..-^ 

27^^  Jr  (|  -  7i)<Pe{n  -  1,^) 


*  The  prime  denotes  differentiation  with  respect  to  $. 

t  If  G{x)  of  (24)  is  to  satisfj-  (11)  it  is  sufficient  that  d(^)  he  any  function  regular 
within  (and  on)  F  and  that  0{n)  =  1,  as  may  be  easily  verified.  Since  G{x)  depends 
on  ei^)  only  by  way  of  the  values  of  d(^)  at  the  zeros  of  the  denominator  in  (24), 
the  condition  that  0(?)  be  a  polynomial  of  formal  degree  e  serves  mereh^  to  deter- 
mine 6(^)  uniquely  for  a  given  solution  G(x). 
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and  that 

fj.s  =  5—.  /   77 TX—fZ rT\  ^^'        s  =  0,  1,  •  •  •         (28) 

(An  interesting  reciprocity  Vj,s  =  Vs,j  is  apparent  from  (28).  In  an  e-code 
one  has  (number  of  j-neighbors  of  weight  s)  =  (number  of  s-neighbors 
of  weight  j)  only  for  0  ^  s,  j  ^  e,  since  LjG(x)  is  the  generating  func- 
tion for  j-neighbors  onl}^  if  0  ^  ^  ^  e.) 

IV.    BOUNDARY    CONDITIONS 

The  coefficients  Vs  ,  (25),  of  any  solution  of  (11)  satisfy  the  relation: 


vo 


+  ,,+  ...+,,=     ![  ^^d^  =  1  (29) 

Ziri  Jt  t  —  n 


by  virtue  of  (16)  and  the  normalizing  condition  6(n)  =  1. 
With  7  an  integer  such  that  0  ^  7  ^  e,  denote  by 

G''\x)  =  J:  Ps'^'x'  (30) 

s=0 

a  solution  of  (11)  which  satisfies  the  e  boundary  conditions 
(t)  (7)  (7)         n 


(7)  (7)  (7)  n 


(31) 

1'  "     =     f  Y+2'  "=•••=     »'e'  "  =0 

We  must  have  Vj''^  =  1  in  such  a  solution,  from  (29).  Thus  the  condi- 
tions (31)  are  equivalent  to  specifying  the  values  of  G^^  (x)  and  its  first 
e  —  1  derivatives  at  the  ordinaiy  point  x  =  0  of  (11),  so  that  such  a 
solution  G''''^{x)  exists  and  is  uniquely  determined.^ 

Given  an  e-code  on  n  places,  each  n-word  of  B„  lies  at  distance  e  or 
less  from  exactly  one  code  word;  namely,  the  code  word  to  which  it 
belongs.  In  particular,  the  ?i-word  00-  •  -0  must  lie  at  distance  e  or  less 
from  a  single  code  word.  That  is  to  say,  there  is  exactl}'^  one  code  word 
in  the  sphere  of  radius  e  centered  at  00-  •  -0.  If  this  code  word  is  of 
weight  7,  then  the  generating  function  for  the  given  e-code  can  be  none 
other  than  the  solution  G'''^\x)  of  (11)  defined  in  the  preceding  para- 
graph. 

If  there  exists  an  e-code  on  n  places  in  which  the  code  word  of  least 
weight  is  of  weight  7,  then  there  can  l)e  derived  from  it  an  e-code  on  n 
places  in  which  the  code  word  of  least  weight  is  of  weight  7',  where  7' 
is  any  integer  satisfying  0  ^  7'  ^  e.  The  transformation  is  that  of  choos- 
ing certain  places  among  n  and  then  changing  the  letters  of  each  //-word 
of  B„  in  these  places,  O's  to  I's  and  I's  to  O's.  (Such  a  transformation 
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corresponds  to  one  of  the  operations  of  the  orthogonal  group  which 
leaves  invariant  the  7i-cube  representing  5„  .)  Metric  properties  in  B„ 
are  invariant  under  such  a  transformation,  clearly,  and  an  e-code  is 
transformed  into  an  e-code.  Thus  if  there  exists  any  e-code  on  n  places 
then  (11)  must  have  e  +  1  distinct  polynomial  solutions  G^'^^(.r),  satis- 
fying boundary  conditions  (31)  for  each  case  7  =  0,  1,  •  •  •  ,  e. 

In  (25)  for  the  coefficients  v^ ,  move  contour  T  out  to  a  circle  sufficiently 
large  that  the  expansion 

1  _     ^'       1    (const.) 


(I  -  n)^e{n  -  l,a       2«|^+i  ^^+2 

converges  on  T.  Suppose  that  the  poljaiomial  d(^),  of  formal  degree  e,  is 
of  actual  degree  /:  d{^)  =  c^^  +  0(|^~'),  c  9^  0,  where  0  ^  /  ^  e.  Then 
the  numerator  of  the  integrand  in  (25)  is  of  the  form:  {2^c^''^^/sl)  + 
0(^*^''^~'),  and  it  is  clear  that 

V,  =  0        0  ^  s  ^  e  -  f  -  1 

^-/  =  2f{e-  f) !  ^  ^ 

Hence,  if  ^^^^(^)  denotes  the  polj^nomial  which  gives  G''''\x)  in  the  repre- 
sentation (24),  then  d''''\^)  must  be  of  actual  degree  e  —  7. 

A  particularly  simple  case  is  the  one  7  =  e;  the  polynomial  0^*^(^) 
must  be  of  degree  zero,  and  is  determined  by  the  normalization  as 
d^'\^)  =  1.  Thus 

g.-»M=-L./a  +  f;-f-;,,        (32) 

2Tri  Jr  (^  —  n)<pe{n  —  1,  ^) 

From  this  we  have  immediately  the  following 

Theorem:  If  there  exists  an  e-code  on  n  places  then  the  equation 
<Pe{n  —  1,  ^)  =  0  in  ^  has  e  distinct  integer  roots. 

Proof'.  If  there  exists  an  e-code  on  n  places,  then  there  exists  an  e-code 
on  n  places  in  which  the  code  word  of  least  weight  is  of  weight  e.  The 
solution  (32)  of  (11)  must  be  the  generating  function  for  this  e-code; 
hence  (32)  must  reduce  to  a  pol3aiomial  of  formal  degree  n.  li(pc{n  —  1,  ^) 
had  multiple  roots  then  noncancelling  logarithmic  terms  (22)  would 
appear  in  the  G'''\x)  of  (32).  Thus  <fe(n  —  1,  ^)  must  have  e  distinct 
roots  ^0  ,  1  ^  (3  ^  e.  Each  solution  (1  +  .r)^^(l  -  .r)""*"  of  the  homo- 
geneous equation  appears  in  G''^\x)  with  non vanishing  coefficient: 

1 

As  = 


i^e  -  n)ipe'{n  -  1,  ^^) 
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Since  G'^^\x)  must  be  a  polynomial  in  x,  it  must  be  expressible  as  a 
polynomial  in  1  -i-  x;  hence  each  root  ^^3  must  be  an  integer.*  (It  is  not 
necessary  to  require  further  that  0  ^  ^^  ^  n,  since  it  follows  easily  from 
(14)  that  any  real  root  of  <pe(n  —  1,  ^)  satisfies  0  ^  ^i3  ^  n  —  1  provided 
n  and  e  are  integers  such  that  0  ^  e  S  n.) 

As  a  corollary  we  have  that  if  c  is  odd  then  n  must  be  odd.  This  follows 
from  the  theorem  and  the  fact  that  f  (n  —  1)  is  a  root  of  (pe(7i  —  1,  ^) 
when  e  is  odd,  from  (17). 

We  consider  next  the  case  7  =  0.  If  00-  •  -0  is  a  code  word,  then  its 
^-neighbors  are  the  n-words  of  weight  e.  Furthermore,  the  n-words  of 
weight  less  than  e  belong  to  the  code  word  00-  •  -0,  and  can  be  e-neigh- 
bors  neither  of  00-  •  -0  nor  of  any  other  code  word.  Hence  it  must  be 
true  that 


G^ix)  =  \^^ j  x"  +  Oix'-"')  (33) 

V 

With  Ge^°\x)  represented  in  the  form  (27),  divide  the  factor  ^o(n,  ^)d^°\^) 
in  the  numerator  by  the  denominator;  the  result  will  be 

<Pe(n,  ^)d''\^)  =  [(t  -  nWn  -  1,  ^MO  +  r(0  (34) 

with  quotient  q(^)  a  polynomial  of  degree  e  —  1  and  remainder  r(^)  a 
polynomial  of  formal  degree  e.  The  term  involving  q(^)  obviously  con- 
tributes nothing  to  Ge^'^^x)  in  (27),  so  that  from  (33)  and  arguments 
similar  to  those  giving  G^^\x),  above,  r(^)  must  be  the  constant 


<P. 


in,  n) 


From  (34)  we  then  obtain  the  values  of  d^^\^)  at  the  poles  of  the  inte- 
grand in  (24),  and  thus 

g(°)(^)   -     (1  +  ^y       |,  V^eCn,  n)(l  +  xYM  -  xy-'^ 
<Pe{n  -  \,n)       0=1  ipe{n,^p){^0  -  n)^e'{n  -  1,^^) 

Before  obtaining  G'^''\x)  explicitly  for  intermediate  values  of  7,  we 
must  first  discuss  a  certain  set  of  recursion  relations  holding  between  the 
coefficients  Vs  of  any  solution  of  (11).  These  relations  are 

E      (-lyX.Vs  =0,     p  =  1,2,  ...,     (36) 

s=e— p+l 


*  The  condition  of  Golay  for  the  existence  of  group  codes,  obtained  bv  different 
means,  is  essentially  that  <p«(/i  —  1,  0  have  at  least  one  root  an  integer.  C'f.:  (4) 
of  Reference  4,  in  view  of  (16),  above. 
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where  we  define  Vs  =  0  for  s  <  0  and  where  the  coefficients  kp,s  are 

(The  derivation  of  (36)  is  given  in  Appendix  A.)  Equations  (36),  written 
out,  are  of  the  form 

'i"2,  e-lJ'e-l  'i'2.  «   »'e   +   ^"2,  e+ll'e+l    —    ""2,  e+2»'e+2    —    0 


from  which  we  see  that  (36)  may  be  used  to  determine 

Ve+l  ,   Ve+2  ,    '  "  • 

recursively  in  terms  of 
We  see  also  that  if 

Ve    =     Ve-l    =     •  •  •     =     Py^i    =    0 

(with  7  such  that  O^T^e  —  1)  then 

Ve+l    =    Ve+2    =     ■  •  •     =    V-ie-y    =    0. 

This  has  the  following  interpretation  in  terms  of  e-codes.  It  is  well  known 
(and  obvious)  that  two  different  code  words  in  an  e-code  must  be  sepa- 
rated by  distance  at  least  2e  +  1.  Hence  if  the  code  word  of  least  weight 
in  an  e-code  is  of  weight  7  then  all  other  code  words  are  of  weight  not 
less  than  2e  -f  1  —  7.  In  the  generating  function  for  such  a  code  it  must 
be  the  case  that  not  only 

but  in  fact 

G'-'^x)  =  x-"  +  0(.T-^+'-^)  (38) 

Equations  (36)  insure  that  this  condition  is  satisfied  automatically.* 
As  a  particular  case  of  (38),  we  have 

&'\x)  =  1  4-  Oix''-"'). 

We  see  that  if  we  apply  the  operator  Ly  to  G^'^\x)  there  will  result 

LyG''\x)  =  ^yin,  7i)x'  +  Oix''^'-')  (39) 

*  It  is  also  necessary  for  the  existence  of  an  e-code  that  (36)  determine  ve+i  , 
ve+2  ,  •  •  •  as  non-negative  integers  when  i>e  ,  Ve~i  ,  •  •  •  ,  yo  are  those  of  (31).  This 
condition  is  discussed  a  little  further  in  Appendix  A. 
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using  the  differential  operator  form  for  Ly,  (9).  On  the  other  hand,  the 
function 

iPy{n,  n)        2x1  Jt  (^  -  n)ipe(n  -  1,  ^)  L      <Py{n,n)      J 

is  a  solution  of  differential  equation  (11),  in  view  of  the  discussion  fol- 
lowing (24).  From  (39)  we  see  that  this  function  can  be  none  other 
than  G'''^\x).  Finall}^,  applying  Ly  to  G^'^\x)  in  the  form  (35),  we  have 
explicitly 


r(7)/.A   __      (1  +  a:)"      ,   <pe{n,  n) 


G'->\x)  =     V    '    7    ,  + 


(Pe(w  -  l,n)       <py(n,n)  /?=i 

(41) 
<Py(n,  ^,)(1  +  x)^^a  -  xy-^^     0<7<6 


^c{n,^^)i^?  -  n)iPe'in  -  1,|^) 


V.    EXAMPLES 


The  known  cases  where  the  condition  of  Hamming  is  satisfied  are  the 
f  ollo\ving : 

Case  I:  e  =  0,  n  ^  1 

The  Hamming  expression  (1)  reduces  to  unity.  In  fact, 

Mn  -  1,  ^)  =  1, 

and  the  condition  that  all  roots  be  integers  is  vacuous.  The  generating 
function  for  code  words  is  (uniquely) : 

G    {X)   =  — — -  =  (1  +  X) 

(Po{n  —  1, 71) 

Each  ?i-word  of  5„  is  a  detection  region  and  thus  a  code  word.  There  is 
no  error  correction. 

Case  II:  e  ^  1,  n  =  e 

The  Hamming  expression  becomes  the  sum  of  all  the  terms  in  the  bi- 
nomial expansion  of  (1  +  1)".  The  "codes"  in  this  class  consist  of  a  single 
code  word  surrounded  bj^  its  detection  region  consisting  of  the  sphere 
Bn  of  radius  n.  No  signalling  is  possible,  of  course,  but  our  methods  still 
apply. 

From  the  representation 

,   ,.      1  /-  (1  +  xYa  -  xy-^ , 

Mn,  ^)  =  ;5— .  /   ^— ZT dx 

2iri  Jc  X^+^ 

(42) 


2tI  Jc  V 


(1  +  2vy 


*+Hi  +  vy-'+^ 


dv 
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(valid  for  all  n,  ^)  we  have  immediately 

<p,Xn  -  1,  t)  =  2"  (^)  =  ?!  ^(^  -  1)  .  .  .  (^  -  n  +  1) 

and  the  roots  are  0,  1,  •••,«  —  1.  The  generating  function  6'^^\x)  of 
(32)  becomes* 

2"    ItI  Jt  (?)n4-l 

=  ^  1(1  +  -i-)  -  (1  -  ■■'■)r  =  x' 

as  one  might  expect.  The  explicit  form  for  (pn{n,  ^)  is  somewhat  com- 
plicated, but  for  ^  an  integer  it  follows  immediately  from  definition  (13) 
that 

<Pn{n,k)  =  (-1)""'        ^  =  0,  1,  •••  ,n 
From  (35),  then, 

=  :^  [(1  +  x)  +  (1  -  .r)]"  =  1 

which,  again,  is  not  surprising.  The  details  for  other  values  of  y  seem  to 
be  more  tedious,  although  one  expects  (41)  to  yield  G^'^\x)  =  a;\ 

Case  III:  e  ^  1,  n  =  2e  +  1 

The  Hamming  expression  in  this  case: 

l+(2«  +  l)+...+(2«+l).2^. 

consists  of  the  first  half  of  the  terms  in  the  binomial  expansion  of 
(1  +  1)  *  \  The  code  words  in  a  code  of  this  class  are  any  two  ?i-words 
separated  by  distance  n  (i.e.,  two  vertices  at  opposite  corners  of  the 
n-cube).  The  group  codes  in  this  class  are  the  "majority  rule"  codes. f 
From  (42)  we  have  (using  the  substitution  y  =  4v  -f  4v  ) 


(f).-.!(0 


(lonotes  the  descending  factorial. 


t  The  two  code  words  in  such  a  code  are  00  •  •  •  0  and  11  •  •  •  1.  An  n-word  he- 
longs  to  00  •  •  •  0  if  it  contains  more  O's  than  I's,  and  to  11  •  •  •  1  if  it  contains  more 
I's  than  O's. 
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^^^""'^^^LL 


(1  +  y)'''-''  dy 


(43) 


c  [(1  +  yy  -  IY+'[{1  +  y)i  +  1]"-+^' 
and,  without  difficulty, 

<p,{2e,  ^)  =  2''  (^^^^  ~  ^^)  =J^^-  1^^^  _  3)  •  .  •  a  -  2e  +  1) 

The  roots  are  1,  3,  •  •  •  ,  2e  —  1,  and  from  (32): 

,(e),  ^    __e:      X      /  (1  +  .i-)'(l  -  xT^'-^^ 


G' 


^^        2«  27rz  Jr  (f  -  2e  - 


2«  27rz  Jr  (^  -  2e  -  1)(^  -  1)(^  -  3)  •  •  •  (^  -  2e  +  1) 
=  2-''(l  +  .t)(1  +  xf  -  (1  -  xfY  =  X    +  x'^' 
In  the  case  7  =  0  we  need  the  result 

^e(2e    +    1,    I)     =    2''"-' 


.e  +  l, 


\{k  -  1) 


from  (43).  It  is  then  tedious  but  straightforward  to  obtain  from  (35) 


v2e— 2r 


=  1  +  a; 
One  expects  to  get 


=  2-^^-M[(l  -  x)  +  (1  +  x)r^'  -  [(1  -  aO  -  (1  +  x)r^'\ 

2e+l 


y(7) 


G^^'Ct)  =  x^  +  .r 


2e+l-7 


from  (-11),  but  verification  appears  to  be  complicated. 

Case  IV:  e  =  1,  n  =  2'  -  1  (^  =  3,  4,  •  •  •) 

The  single  error  correcting  codes  of  Hamming^  are  included  here. 
(The  examples  for  t  =  I,  resp.  t  =  2,  appear  under  Case  II,  resp.  Case 
III,  above.)  Since  n  is  always  odd  the  condition  that  (pi{n  —  1,  ^)  = 
2^  —  ?i  +  1  have  an  integer  root  is  automatically  satisfied.  For  7=1 
the  generating  function  is 

* 

(1  _  ,-)f(i  _  ^y-^ 


G''\x) 


-■[ 


d^ 


2TiJr  (^  -  n)(2^  -  7i  +  1) 

(1  +  xy  -  (1  +  .r)^^""^^(l  -  .t)^^"+^^ 
1  +  11 


from  which  we  ha\'e 


'■"=rii.{(:)-(-)'-(ir^O} 


5  even 
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^."'=ri7^{(:)-(-«'-(fl::iD}  ^odd 

For  7  =  0,  Eq.  (35)  works  out  as 

Gf(0)(,.)  ^  (1  +  xr  +  n(l  +  xy^'"-'\l  -  xY^'"-"'' 


so  that 

(0) 


1    +   71 


^  -\-  n{  —  iy   [{  )>     s  even 


1  +  w  \\s  /  \\s 


'.-=r^{(:)+"(-^)'"-(r(::;i)}  ^-^ 

Case  V:  e  =  2,  ?i  =  90 

The  double  error  correcting  codes  for  n  =  2,  5  are  covered  by  Cases 
II,  III,  respectively.  The  discovery  that 

1  +  90  +  K90)(89)  =  2'- 

is  due  to  Golay.   We  have 

2^2(n  -  1,  ^)  =  (2^  -  n  +  1)^'  -  (n  -  1) 

with  roots 

i[w  -  I  ±{n  -  1)-] 

Since  these  roots  are  not  integers  when  n  =  90,  there  can  be  no  2-code 
for  n  =  90.*  H.  S.  Shapiro  has  shown  (in  unpublished  work)  that  the 
Hamming  condition  for  e  =  2  is  satisfied  only  in  the  cases  n  =  2,  5,  90, 
so  that  the  only  nontrivial  2-codes  are  those  equivalent  to  the  majoritj^ 
rule  code  on  5  places. 

Case  VI:  e  =  3,  n  =  23 

Golay  finds: 

1  +  23  +  K23)(22)  +  (23)(22)(21)/6  =  2" 
and  gi\'es  explicitly  a  3-code  on  23  places  of  group  type.  We  have 

^■M  -  1,  .^)  =  (2^  -  n  +  l)[(2s^  -  n  +  1)"'  -  (3/^  -  5)] 

and  when  n  =  23  we  verify  that  the  roots  are  the  integers  7,  11,  15. 
Computations  by  the  author  show  that  for  n  <  10  the  Hamming  con- 
dition for  e  =  3  holds  only  when  n  =  3,  7,  23. 


*  This  settles  a  question  raised  by  Golay,  who  shows  that  there  is  no  code  of 
group  type  in  this  case,  but  not  that  there  is  no  code  at  all. 
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For  e  =  4  we  have 


2M(n  -  1,  ^)  =  [(2^  -  n  -\-  1)"  -  (3n  -  7)]'  -  ((3/?"  -  80w  +  40) 

For  n  =  4,  9  this  reduces  to  the  forms  given  under  Cases  II,  III.  Pre- 
liminary calculations  by  the  author  shows  that  any  other  solutions  of 
the  Hamming  condition  for  e  =  4  must  be  such  that  n  >  10^°,  so  that 
the  question  of  the  existence  of  4-codes  (other  than  the  majority  rule 
code)  is  somewhat  academic. 

Computations  of  Mrs.  G.  Rowe  of  the  Mathematical  Research  De- 
partment show  that  Cases  I-VI  cover  all  cases  of  the  Hamming  condition 
being  satisfied  in  the  range 

0  ^  e  ^  n,         1  ^  /^  ^  150 
Appendix  A 


From  (13)  we  have 

\l-{-xJ  (1+.t)''^o 


E  <Psin,  ^)x'  (A1) 


Applying  the  operator  D   =    —  (I   -f  xfd/dx  to  both  sides  of  (Al)  p 
times,  there  results 

2''(n  -  Dp  (\^^'  ^  '  =  E  ^s{n,  ^)D''W{1  +  x)-"\       (A2) 

\J-      I      X/  s=0 

The  substitution  r  =  (1  +  x)~^  reduces  D  to  d/dv,  so  that 

D'xW  +  .r)~"  =  -^  (1  -  tOV'-^ 
dv" 


<r=0    VO"/ 


=  p!  E  (-1)^  [l)(^l  _  I)  -r'-^a  +  xY- 

using  Leibnitz's  rule.  We  substitute  this  into  Eq.  (A2),  multiply  both 
sides  of  the  result  by 

(1  +  x)-''(l  -  xY"/p\ 

(with  T  arbitrary),  and  then  equate  coefficients  of  x^  on  both  sides; 
there  obtains 


2"  {''       ^\  ^,(n  -  r,  D   =  E  (-l)'%p..(n,  r;  /,)^.(n,  ^      (A3) 
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valid  for  all  n,  ^,  r  and  all  non-negative  integers  p,  t,  where 

->'-«=5(:)(:::)C^:;J     (^^) 

The  coefficients  Kp,s(7i,  t;  i)  vanish  unless  s  ^  ^  +  p;  if  n  and  p  —  t 
are  non-negative  integers  then  the  coefficients  Kp,s(n,  r;  t)  are  positive 
integers  provided  t  —  p  -\-  t  :^  s  and  vanish  otherwise.  In  particular, 
(setting  r  =   1,  t  =  e), 

2''(''  ~  ^)^M  -  1,^)  =     Z     {-iy'-%.s<ps{n,  0,P  =  1,2,'",  (A5) 

\       P       /  s=e-p+l 

where  we  define  <ps{n,  ^)  =  0  for  s  <  0;  the  kp,,  =  Kp,s(n,  1;  e)  are 
those  of  (37)  of  the  text.  If  we  multiply  v^  of  (25)  by  (-ly^'kp., 
and  sum  on  s  there  results  (36),  since  the  left  hand  member  of  (A5)  is 
a  polynomial  multiple  of  the  denominator  of  the  integrand  in  (25). 

If  the  code  word  of  least  weight  in  an  e-code  is  of  weight  y,  then  the 
first  nontrivial  one  of  the  (37)  is  the  one  for  p  =  e  -\-  1  —  y,  and  it 
gives  (since  Vy'^'^^  =  1) 

(-J-)  _  Ke+l—y,y 


fi^e+l— 7,2e+l— 7 


_    (n  —  7)  (n  —  7  —  1)  •  •  •  (n  —  e) 

~  (2e+  1  -7)(2e  -  y)  -  ■  ■  {e  +  I) 

A  necessary  condition  for  the  existence  of  an  e-code  on  n  places  is  that 
this  expression  be  a  non-negative  integer  in  each  case  7  =  0,  1,  •  •  •  ,  e. 
It  is  not  clear,  however,  that  this  condition  is  independent  of  the  one 
set  forth  in  the  theorem  of  Section  IV. 

Appendix  B 

We  give  here  a  relation  due  to  K.  M.  Case*  which  shows  that  the 
statement  of  our  main  result  as  it  appears  in  the  Abstract  heading  this 
article  agrees  with  the  theorem  proved  in  Section  IV. 

In  the  defining  relation 

(1  +  ,0^(1  _  -,)—  =  f^  ^.V.(^,  r)  (Bl) 

s=0 

for  the  coefficients  <Ps{n,  r)  assume  that  7i  and  r  are  integers,  multiply 
both  sides  by  (  — l)*"  (     )  7/,  and  sum  on  r,  0  ^  r  S  fi.  The  result  is 

[(1  -  x)  -  yd  -f  x)T  =  ti:  (-1)^  ('')  yx<pXn,  r)       (B2) 

r=0   s=0  \'  / 
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Rearrange  the  left  hand  member  and  re-expand  it,  to  get 

[(1  -  x)  -  yd  +  x)r  =  [(1  -  y)  -  x{l  +  y)r 


=  i:(-lr(',')•^•^a  +  z/r(l  - 


^)- 


(B3) 


n        n 


71 


s=0  r=0  \S  / 


Comparmg  coefficients  of  x^y"^  in  (B2)  and  (B3),  we  have,  finally, 

(-!)'■  (^^)  ^.(n,  r)  =  ( -  D'  (^^  ^Xn,  s)      (n,  r,  s  integers),    (B4) 
or,  changing  notation  slighth', 

Vi(n  -  1,  e)  =  (-1)'-  y.   ^  ,(  v.(n  -  1,  {)  (Bo) 


("  ;  ') 


(with  n,  e,  ^  integers  and  0  ^  e,  ^  ^  n  —  1).  Thus  ii<pe{n  —  1,  ^)  vanishes 
for  e  different  integers  ^  then  so  must  (p^n  —  1,  c),  at  least  when  e  <  n. 
But  v'j(w  —  1,  e)  is  the  coefficient  of  x  in  (1  +  .t)*(1  —  .t)"^^~*  when  this 
is  written  out  as  a  polynomial  in  x,  by  definition. 
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Selecting  the  Best  One  of  Several 
Binomial  Populations 

By  MILTON  SOBEL  and  MARILYN  J.  HUYETT 
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Tables  have  been  prepared  for  use  in  any  experiment  designed  to  selec 
that  particular  one  of  k  binomial  processes  or  popidations  with  the  highest 
{long  time)  yield  or  the  highest  probability  of  success.  Before  experimenta- 
tion the  experimenter  chooses  two  constants  d*  and  P*  (0  <  d*  ^  1;  0  ^ 
P*  <  1)  and  specifies  that  he  would  like  to  guarantee  a  probability  of  at 
least  P*  of  a  correct  selection  whenever  the  true  difference  between  the  long- 
time yields  associated  with  the  best  and  the  second  best  processes  is  at  least 
d*.  The  tables  shoiv  the  smallest  number  of  units  required  per  process  to  be 
put  on  test  to  satisfy  this  specification.  Separate  tables  are  given  for  k  =  2, 
3,  4  CLnd  10.  Each  table  gives  the  result  for  d*  =  0.05  (0.05)  0.50  and  for 
P*  =  0.50,  0.60,  0.70,  0.75,  0.80,  0.85,  0.90,  0.95,  and  0.99.  For  values  of 
d*  and  P*  not  considered  in  the  tables,  graphs  are  given  on  which  inter- 
polation can  be  carried  out.  Graphs  have  also  been  constructed  to  make 
possible  an  interpolation  or  extrapolation  for  other  values  of  k.  An  alterna- 
tive specification  is  given  for  use  when  the  experimenter  has  some  a  priori 
knowledge  of  the  processes  and  their  probabilities  of  success.  This  specifica- 
tion is  then  compared  with  the  original  specification.  Applications  of  these 
tables  to  different  types  of  problems  are  considered. 

INTRODUCTION   AND   SUMMARY 

A  frequently  encountered  problem  is  that  of  selecting  the  "best" 
one  of  fc  (fc  ^  2)  processes  or  populations  on  the  basis  of  the  same  num- 
ber n  of  observations  from  each  process.  We  shall  assume  that  the  given 
processes  are  all  binomial  or  "go  —  no  go"  processes  and  that  the  best 
process  is  the  one  with  the  highest  probability  of  obtaining  a  "success" 
on  a  single  observation.  We  shall  consider  a  single  sample  or  nonse- 
(luential  procedure  which  means  that  the  common  number  n  of  observa- 
tions from  each  process  is  to  be  determined  before  experimentation 
starts.  The  corresponding  sequential  problem  is  being  investigated.' 
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Brieflj' ,  the  technique  employed  here  is  to  let  the  experimenter  decide 
how  "close"  the  best  and  second  best  processes  can  be  before  he  is  willing 
to  relax  his  control  on  the  probability  of  a  correct  selection.  The  selection 
of  a  best  process  will,  of  course,  be  made  on  the  basis  of  the  largest  \ 
observed  frequency  of  "success";  the  only  remaining  problem  is  to  | 
determine  the  \alue  of  n.  Tables  and  graphs  which  cover  almost  all 
practical  problems  in  this  framework  are  gi^•en  for  determining  the  re- 
quired \-alue  of  n.  In  particular,  tables  and  graphs  are  gi\-en  for  /;  =  2, 
3,  4  and  10.  Graphs  are  also  gi\'en  to  approximate  the  result  for  any  value 
of  k  up  to  100. 

This  problem  arises  in  man\'  widel\'  different  fields  of  endeavor;  we 
shall  briefly  consider  two  industrial  applications.  One  application  of  the 
binomial  problem  is  to  comparative  yield  studies.  Here  success  corre- 
sponds to  the  making  of  a  good  unit,  and  the  goal  is  to  select  the  process 
with  the  highest  (long-time)  yield.  Another  application  of  the  binomial 
problem  is  to  comparative  life  testing  studies.  In  this  case  the  experi- 
menter selects  a  fixed  time  T  and  defines  the  best  process  as  the  one  for 
which  the  probability  of  any  one  unit  surviving  this  time  T  is  highest. 
Then,  of  course,  a  successful  unit  is  one  which  survives  the  time  T.  In 
treating  this  as  a  binomial  we  are  discarding  the  information  contained 
in  the  exact  times  of  failure.  In  many  cases  the  times  of  failure  are  either 
unknoAvn  or  very  inexact;  in  other  cases  it  is  not  known  how  to  utilize 
the  knowledge  of  the  exact  times  of  failure.  Hence,  it  would  be  valuable 
to  know  the  results  for  the  more  basic  binomial  problem.  The  time  T  is 
considered  fixed  throughout;  its  value  is  determined  by  non-statistical 
considerations.  The  specification  and  the  final  decision  of  the  experi- 
menter all  refer  to  this  predetermined  time  T.  It  should  be  noted  that 
the  experimenter  cannot  use  information  obtained  from  the  continuation 
of  the  test  beyond  time  T  since  the  best  process  for  T  is  not  necessarily 
the  best  process  for  a  longer  time,  say  107".  This  binomial  type  of  analysis 
has  the  advantage  that  it  does  not  assume  any  particular  form  of  the 
life  distribution.  In  particular,  the  assumption  of  exponential  life  is 
avoided. 

The  presence  of  a  priori  information  changes  the  number  of  observa- 
tions required.  An  alternative  specification  is  given  which  is  justified  by 
certain  a  priori  information  based  on  past  experimentation.  The  amount 
of  saving  is  briefly  examined.  This  area  of  utilizing  a  priori  information 
to  reduce  the  number  of  observations  required  should  be  investigated 
further. 

The  treatment  of  the  problem  in  this  paper  is  based  on  the  assump- 
tion that,  after  experimentation  is  carried  out,  the  experimenter  must 
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choose  one  of  the  k  processes  and  assert  that  it  is  best.  If  he  allows  him- 
self the  possibility  of  hedging  and  asserting  that  he  needs  further  ex- 
perimentation, then  the  problem  changes  and  the  tables  of  this  paper  are 
not  appropriate. 

The  foUowmg  additional  assumptions  will  be  made: 

1.  Observations  from  the  same  or  different  processes  are  independent. 

2.  Observations  from  the  same  process  have  a  common  fixed  proba- 
bility of  "success". 

3.  There  is  no  chance  of  error  in  determining  whether  a  success  or  a 
failure  has  occurred. 

The  assumption  of  a  common  probability  fixed  once  and  for  all  for 
each  process  is  one  that  should  be  checked  carefully  in  any  practical 
application  of  the  results  in  this  paper.  Roughly  speaking,  this  assump- 
tion states  that  each  of  the  processes  is  in  a  state  of  statistical  control 
as  far  as  the  probability  of  success  is  concerned. 

We  shall  consider  only  the  case  in  which  the  same  number  n  of  obser- 
vations are  taken  from  each  process.  This  is  certainly  reasonable  for  a 
single  sample  procedure  if  no  a  priori  information  is  assumed. 

STATISTICAL   FORMULATION    OF   THE    PROBLEM 

Each  of  k  given  binomial  populations  Hi  is  associated  Avith  a  fixed 
probability  of  success  pi  where  0  ^  pi  ^  1  (i  =  1,  2,  •  •  •  ,  /,).  For  ex- 
ample, in  the  yield  problem  pi  is  the  long-time  yield  for  process  n,  or 
the  probability  that  any  one  unit  from  11,  is  a  good  one.  Let  the  ordered 
values  of  the  p,  be  denoted  by 

P[l]    ^    Pl2]    ^     •  •  •     ^    P[k]  (1) 

No  a  priori  information  is  assumed  about  the  values  of  the  pi  or  about 
the  correspondence  between  the  ordered  p[,]  and  the  k  identifiable  popu- 
lations n,- .  In  particular,  we  have  no  idea  before  experimentation 
starts  whether  pm  is  associated  with  ITi  ,  112 ,  •  ■  •  ,  or  IIa-  . 

The  problem  is  to  select  the  population  associated  with  p[i]  on  the 
basis  of  n  observations  from  each  population.  If  there  are  t  ties  for  first 
place,  say 

P[i]  =  P[2]  =  ■■■  =  p[,]  >  p[t+i]  (t  <  k)     (2) 

then  we  shall  certainl}^  be  content  with  the  selection  of  any  one  of  the 
associated  t  populations  as  the  best  one. 

As  an  index  of  the  true  difference  (or  distance)  between  the  best  and 
second  best  populations  we  introduce  the  symbol 

d  -  P[i]  -  Pm  (3) 
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It  is  assumed  that  if  the  difference  d  between  the  best  and  second  best 
populations  is  small  enough,  then  the  error  involved  in  wrongly  select- 
ing the  second  best  process  as  the  best  one  is  an  error  of  little  or  no  con- 
sequence. The  experimenter  is  therefore  asked  to  specify  two  quantities 
which  will  determine  the  number  n  of  observations  he  is  required  to 
take  from  each  process. 

Specification:  He  specifies  the  smallest  value  d* 
(0  <  cZ*  ^  1)  of  rf  for  which  it  would  be  economically 
desirable  to  make  the  correct  selection.  He  also  specifies  (4) 

a  probability  P*  (0  ^  P*  <  1)  of  making  a  correct 
selection  that  he  would  like  to  guarantee  whenever  the 
true  difference  d  ^  d*. 

Letting  Pes  =  Pes  (?>[!]  ,  •  •  •  ,  Vw)  denote  the  probability  of  a  correct 
selection  we  can  now  rewrite  the  specification  that  the  experimenter 
wants  to  satisfy  in  the  simple  form 

Pes  ^  P*     for     d  ^  d*  (5) 

[The  word  "specification"  will  be  used  below  to  denote  the  specified 
pair  of  constants  (d*,  P*)  as  well  as  the  condition  (5);  it  will  be  clear 
from  the  text  which  is  meant.]  Since  the  final  selection  is  to  be  made  on 
the  basis  of  the  observed  frequency  of  success,  the  essential  problem  is 
to  find  the  number  n  of  observations  required  per  process  to  satisfy  the 
specification  (5). 

The  possibility  that  d  may  be  less  than  d*  is  not  being  overlooked. 
The  region  d  <  d*  is  being  regarded  as  a  zone  of  indifference  in  the 
sense  that  ii  d  <  d*,  then  we  do  not  care  which  process  is  selected  as  best 
so  long  as  its  p- value  is  within  d*  of  the  highest  p- value  pn]  .  For  values 
of  P*  S  i/k  no  tables  are  needed  since  a  probability  of  1/k  can  be  at- 
tained by  chance  alone. 

Some  comments  on  the  above  approach  and  on  a  possible  modifica- 
tion have  been  placed  in  Appendix  I  in  order  to  preserve  the  conti- 
nuity of  the  paper. 

CONFIDENCE   STATEMENT 

After  the  experiment  is  completed  and  the  selection  of  a  best  process 
is  made,  the  experimenter  can  make  a  confidence  statement  with  confi- 
dence level  P*.  Let  ps  denote  the  true  p-"\'alue  of  the  selected  population 
and  let  pa  denote  the  maximum  true  /}-\'alue  over  all  unselected  popula- 
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tions.  Then  the  confidence  statement,  consisting  of  two  sets  of  inequah- 
ties 


P[i]  -  d*  ^  ps  ^  p 


\ 


11] 


^PV2]  S  Pu  ^  Pvi\  +  d*^ 


or 


0  ^  p[i]  —  ps  ^  d* 
0  S  Pu  -  7^12,  ^  ci*^ 


has  confidence  level  P*.  It  should  be  noted  that  the  above  confidence 
statement  is  not  a  statement  about  the  value  of  any  p  but  is  a  statement 
about  the  correctness  of  the  selection  made. 


LEAST  FAVORABLE  CONFIGURATION 

The  main  idea  used  in  the  construction  of  the  tables  was  that  of  a 
least  favorable  configuration.  Before  defining  this  concept  we  shall 
define  the  set  of  configurations 

Pm  -  d  =  p[2\  =  Pm  =  •  •  •  =  pik]  (6) 

obtained  by  letting  d  in  (6)  varj^  o\'er  the  closed  interval  {d*,  1)  as  the 
Less- Favorable  set  of  configurations.  It  is  intuitively  clear  and  will  be 
rigorously  shown  in  Appendix  II  that  if  our  procedure  satisfies  the 
specification  for  any  true  configuration  (6)  with  d  =  d  and  p[i]  =  p^, 
then  it  will  also  satisfy  the  specification  when 

pli]  -  /  ^  Pm  ^  Pi?]  ^  •  •  •  ^  P[k]  (7) 

Of  course,  we  shall  be  interested  particularly  in  the  case  in  which  d 
equals  the  specified  value  d*.  If  d  =  d*  is  fixed  in  (6),  then  (6)  specifies 
the  differences  between  the  p- values,  but  the  '"location"  of  the  set  is  still 
not  specified.  We  shall  use  p[i]  to  locate  the  set  of  p-values.  The  proba- 
bility Pes  of  a  correct  selection  for  configurations  like  (6)  with  d  —  d* 
depends  not  only  on  d*,  n  and  k  but  also  on  the  location  pm  of  the 
largest  p- value  (except  for  the  special  case  h  =  2  and  n  =  1).  [In  the 
corresponding  problem  for  selecting  the  largest  population  mean  of  k 
independent  Normal  distributions  with  unit  variance,"  this  probability 
Pes  depends  only  on  the  differences  and,  hence,  only  on  (/  in  the  configura- 
tion correspondhig  to  (6)]. 

When  (6)  holds  with  any  fixed  value  of  c?,  the  probability  Pes  (for  any 
fixed  n)  may  be  regarded  as  a  function  of  p[ii  where  d  ^  p[\]  ^  1).  This 
function  is  continuous  and  bounded  over  a  closed  interval  and  therefore 
assumes  its  minimum  value  at  some  point  p[i]  {d)  =  p[i\  {d;n)  in  the 
closed  interval  {d,\).  Fig.  1(b)  gives  the  value  of  p\i]  (d)  as  a  function 
of  d  for  A-  =  3  and  for  7i  =  1,  2,  4,  10  and  x  .  For  any  particular  value 
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of  n  and  for  d  =  d*  we  .shall  be  particular!}^  interested  in  the  value  p(^]  = 
P[i]  (d*;n)  since  this  (as  shown  in  Appendix  II)  gives  the  smallest 
probability  Pes  of  a  correct  selection  for  all  the  configurations  included 
in  the  statement  of  the  experimenter's  specification.  This  particular  con- 
figuration (6)  with  d  =  d*  and  p^]  =  pl^  (which  depends  on  n)  is 
called  the  Least-Favorable  Configuration. 

Although  the  least  fa\-orable  configuration  depends  on  n,  it  has  been 
empirically  found  that  for  n  ^  10  (and  in  some  cases  for  n  ^  4)  the  least 
favorable  configuration  is  approximately  given  by  p[i]  =  I  (1  +  d*) 
in  which  the  two  values,  p[i]  and  p^2]  =  Pm  —  d*  are  symmetric  about  §, 
This  symmetric  configuration  clearly  does  not  depend  on  n.  Fig.  1(b) 
shows  that  as  n  —^  y^  the  least  favorable  configuration  approaches  this 
symmetric  configuration  (i.e.,  the  straight  line  marked  n  =  x)  q^(ite 
rapidly  for  any  value  of  d.  In  Appendix  III  it  is  proved  that  the  sym- 
metric configuration  is  least  favorable  as  n  -^  x.  Fig.  1(a)  shows  for 
k  =  3,n  =  10,  and  any  vsdue  of  d  the  error  in  Pes  which  arises  as  a  result 
of  using  the  symmetric  configuration  instead  of  the  true  least  favorable 
configuration. 
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Fig.  1  —  (a)  Error  in  P cs  as  a  result  of  using  the  sj-mmetric  configuration  in- 
stead of  the  least  favorable  configuration  for  k  =  3,  n  =  10,  and  any  common  true 
difference  d.  (b)  Least  favorable  value  pd]  (d)  of  pd)  as  a  function  of  the  common 
true  difference  d  =  p[i]  —  pn]  ,  i  ^  2,  for  A-  =  3  and  selected  values  of  n.  (for 

d  =  d*,  Pdi  (d)  =  pui) 
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CONSTRUCTION  OF  THE  TABLES 

Consider  any  fixed  value  of  d*.  For  each  of  a  set  of  increasing  values 
of  n  the  minimum  probability  Pes  of  a  correct  selection  for  d  ^  d* 
(i.e.,  the  probabiUty  for  the  least  favorable  configuration)  was  computed. 
These  calculations  were  then  inverted  to  find  the  smallest  n  for  which 
the  Pes  is  greater  than  or  equal  to  the  specified  value  P*.  Tables  I 
through  IV  give  the  smallest  value  of  n  for  k  —  2,  3,  4,  and  10,  for  d*  = 
0.05  (0.05)  0.50,  and  for  selected  values  of  P*.  Graphs  corresponding  to 
these  tables  are  given  in  Figs.  2  through  5. 

For  small  values  of  n  (say,  ?t  <  10)  it  was  necessary  to  approximate 
P[i]  by  calculating  the  Pes  exactly  for  several  values  of  p[i]  and  proceed- 
ing in  the  direction  of  the  minimum  probability  Pes-  For  the  special 
case  n  =  2  and  A;  =  3  an  explicit  formula  for  p[i]  is  given  on  Fig.  1. 

For  large  values  of  n  (say,  n  >  10)  the  Pes  was  calculated  by  assum- 
ing the  symmetric  configuration.  Here  it  was  necessary  to  make  use  of 
the  normal  approximation  to  the  binomial.  Fortunately  the  appropriate 
table  needed  in  this  normal  approximation  is  already  published."  The 
proof  that  this  table  is  appropriate  is  given  in  Appendix  III.  The  result- 
ing value  of  71  is  given  by 


n^^,(l-d*')^^,  (8) 

where  the  constant  B,  depending  on  P*  and  k,  is  equal  to  jC  and  C  is  the 
entry  in  the  appropriate  column  of  Table  I  of  R.  E.  Bechhofer's  paper. 
A  short  table  of  B  values.  Table  V  (see  page  550),  is  included  in  this 
paper  to  make  it  self-contained. 

The  middle  expression  in  (8)  will  be  referred  to  as  the  normal  ap- 
proximation and  the  right  hand  expression  in  (8)  will  be  referred  to  as 
the  "straight  line"  approximation.  In  many  cases  it  has  been  empiri- 
cally found  that  these  two  expressions  give  close  lower  and  upper  bounds 
to  the  true  value.  Thus  by  noting  the  curves  drawn  in  Figs.  4  and  6  for 
k  =  4,  P*  ^  0.75  it  appears  that  for  all  values  of  d*  the  true  Pes  is 
between  the  normal  approximation  and  the  straight  line  approximation. 
Assuming  this  to  be  so,  it  follows  that  for  k  =  4,  P*  '^  0.75  the  required 
value  of  n  satisfies  the  inequalities 


[A  (1  -  .-)]  S  n  S  [,4J 


(9) 


where  [x]  denotes  the  smallest  integer  greater  than  or  equal  to  the  en- 
closed quantity  x.  This  result  (9)  is  empirical  and  not  based  on  any 
mathematically  proven  inequalities.  It  is  used  here  only  to  estimate  the 
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Table  I  —  Number  of  Units  Required  per  Process  to  Guarantee 
A  Probability  of  P*  of  Selecting  the  Best  of  A:  Binomial  Proc- 
esses WHEN  THE  True  Difference  p[i]   —  p[o^  is  .\t  Least  d*. 

(k  =  2) 

The  three  values  in  each  group  are:  (1)  Normal  approximation,  (2) 
Straight  line  approximation,  and  (3)  Smallest  integer  required. 


d* 

P* 

0.50 

0.60 

0.75 

0.80 

0.85 

0.90 

0.95 

0.99 

0.05 

0 
0 
0 

12.81 
12.84 
14 

90.77 
90.99 
92 

141.30 
141.66 
142 

214.29 
214.83 
215 

327.66 

328.48 
329 

539.77 
541 . 12 

541 

1079.70 
1082.41 
1082 

0.10 

0 
0 
0 

3.18 
3.21 
4 

22.52 

22.75- 

23 

35.06 
35.41 
36 

53.17 
53.71 
54 

81.30 
82.12 
83 

133.93 
135.28 
135 

267.90 
270.60 
270 

0.15 

0 
0 
0 

1.39 
1.43 
2 

9.88 
10.11 
11 

15.39 

15.74 
16 

23.33 
23.87 
24 

35.68 

36.50- 

37 

58.78 
60.12 
60 

117.57 
120.27 
120 

0.20 

0 
0 
0 

0.77 
0.80 
1 

5.46 
5.69 
6 

8.50- 

8.85+ 
9 

12.89 
13.43 
14 

19.71 
20.53 
21 

32.47 
33.82 
34 

64.94 

67.65+ 

67 

0.25 

0 
0 
0 

0.48 
0.51 

1 

3.41 
3.64 
4 

5.31 
5.67 
6 

8.06 
8.59 
9 

12.32 
13.14 
14 

20.29 
21.64 
22 

40.59 
43.30 

42 

0.30 

0 
0 
0 

0.32 
0.36 

1 

2.30 
2.53 
3 

3.58 
3.93 

4 

5.43 
5.97 
6 

8.30 
9.12 
9 

13.68 
15.03 
15 

27.36 
30.07 
29 

0.35 

0 
0 
0 

0.23 
0.26 

1 

1.63 
1.86 
2 

2.54 

2.89 
3 

3.85- 

4.38 

5 

5.88 
6.70 

7 

9.69 
11.04 
11 

19.38 
22.09 
21 

0.40 

0 
0 
0 

0.17 
0.20 

1 

1.19 
1.42 
2 

1.86 
2.21 
3 

2.82 
3.36 

4 

4.31 
5.13 
5 

7.10 

8.46 
9 

14.21 
16.91 
16 

0.45 

0 
0 
0 

0.13 
0.16 
1 

0.90 
1.12 
2 

1.39 

1.75- 

2 

2.11 

2.65+ 

3 

3.23 
4.06 

4 

5.33 

6.68 

7 

10.65+ 

13.36 

13 

0.50 

0 
0 
0 

0.10 
0.13 
1 

0.68 
0.91 
1 

1.06 
1.42 
2 

1.61 

2.15- 

3 

2.46 
3.28 
4 

4.06 
5.41 
5 

8.12 
10.82 
10 
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Table  II  —  Number  of  Units  Required  per  Process  to  Guaran- 
tee A  Probability  of  P*  of  Selecting  the  Best  of  k  Binomial 
Processes  when  the  True  Difference  p[i]  —  p[2]  is  at  Least 
(/*.  (/c  =  3) 

The  three  values  in  each  group  are:  (1)  Normal  approximation,  (2) 
Straight  line  approximation,  and  (3)  Smallest  integer  required. 


d* 

P* 

0.50 

0.60 

0.75 

0.80 

0.85 

0.90 

0.95 

0.99 

0.05 

30.89 
30.97 
31 

78.16 
78.36 
79 

205.06 
205.58 
206 

272.36 
273.04 
273 

363.06 
363.97 
364 

496.14 
497.38 
498 

732.63 
734.46 
735 

1305.21 
1308.49 
1308 

0.10 

7.66 

7.74 
8 

19.39 
19.59 
20 

50.88 
51.39 
52 

67.58 
68.26 
69 

90.08 
90.99 
91 

123.10 
124.34 
125 

181.78 
183.62 
184 

323.85+ 

327.12 

327 

0.15 

3.36 
3.44 
4 

8.51 
8.71 
9 

22.33 

22.84 
23 

29.66 
30.34 
31 

39.53 
40.44 
41 

54.02 
55.26 
55 

79.77 
81.61 
82 

142.12 
145.39 
145 

0.20 

1.86 
1.94 
3 

4.70 
4.90 
5 

12.33 

12.85- 

13 

16.38 
17.07 

17 

21.84 

22.75- 

23 

29.84 
31.09 
31 

44.07 
45.90 
46 

78.51 
81.78 
81 

0.25 

1.16 
1.24 
2 

2.94 
3.13 

4 

7.71 

8.22 
9 

10.24 
10.92 
11 

13.65- 

14.56 

15 

18.65+ 

19.90 

20 

27.54 
29.38 
29 

49.07 
52.34 
52 

0.30 

0.78 
0.86 
2 

1.98 
2.18 
3 

5.20 
5.71 
6 

6.90 
7.58 
8 

9.20 
10.11 
10 

12.57 
13.82 
14 

18.57 
20.40 
20 

33.08 

36.35- 

35 

0.35 

0.55+ 

0.63 

2 

1.40 
1.60 

2 

3.68 
4.20 
5 

4.89 
5.57 
6 

6.52 
7.43 

8 

8.91 
10.15 
10 

13.15+ 

14.99 

15 

23.43 
26.70 
26 

0.40 

0.41 
0.48 
1 

1.03 
1.22 

2 

2.70 
3.21 
4 

3.58 
4.27 
5 

4.78 
5.69 
6 

6.53 

7.77 
8 

9.64 
11.48 
11 

17.17 

20.45- 

20 

0.45 

0.30 
0.38 
1 

0.77 
0.97 
2 

2.02 
2.54 
3 

2.69 
3.37 

4 

3.58 
4.49 
5 

4.90 
6.14 
6 

7.23 
9.07 
9 

12.88 

16.15+ 

15 

0.50 

0.23 
0.31 
1 

0.59 
0.78 
2 

1.54 
2.06 
3 

2.05- 

2.73 

3 

2.73 
3.64 
4 

3.73 
4.97 
5 

5.51 
7.34 

7 

9.81 
13.08 
12 
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Table  III  —  Number  of  Units  Required  per  Process  to  Guar- 
antee A  Probability  of  P*  of  selecting  the  Best  of  /,■  Binomial 
Processes  when  the  True  Difference  7>[i]  —  p[2]  is  at  Least 
d*.  (fc  =  4) 

The  three  values  in  each  group  are  :  (1)  Normal  approximation,  (2) 
Straight  line  approximation,  and  (3)  Smallest  integer  required. 


d* 

P* 

0.50 

0.60 

0.75 

0.80 

0.85 

0.90 

0.95 

0.99 

0.05 

69.85- 

70.02 

71 

132.65+ 

132.99 

134 

282.27 
282.98 
283 

357.52 
358.42 
359 

456.82 
457.96 
458 

599.53 
601.03 
601 

848.30 
850.42 
850 

1438.12 
1441.72 
1442 

0.10 

17.33 
17.51 

18 

32.91 

33.25- 

34 

70.04 

70.74 
71 

88.71 
89.61 
90 

113.35- 

114.49 
114 

148.76 
150.26 
150 

210.48 
212.61 
212 

356.83 
360.43 
360 

0.15 

7.61 

7.78 
8 

14.44 
14.78 
15 

30.74 
31.44 
32 

38.93 
39.82 
40 

49.74 
50.88 
51 

65.29 
66.78 
67 

92.37 
94.49 
94 

156.61 
160.19 
160 

0.20 

4.20 
4.38 
5 

7.98 
8.31 
9 

16.98 
17.69 
18 

21.51 
22.40 
23 

27.48 
28.62 
29 

36.06 
37.56 
38 

51.03 

53.15+ 

53 

86.50+ 

90.12 

89 

0.25 

2.63 

2.80 
3 

4.99 
5.32 
6 

10.61 
11.32 
12 

13.44 
14.34 
14 

17.17 
18.32 
18 

22.54 
24.04 
24 

31.89 
34.02 
34 

54.06 
57.67 
57 

0.30 

1.77 

1.95- 

3 

3.36 
3.69 
4 

7.15+ 

7.86 

8 

9.06 
9.96 
10 

11.58 
12.72 
13 

15.19 
16.70 
17 

21.50- 

23.62 

23 

36.44 

40.05- 

39 

0.35 

1.25+ 

1.43 

2 

2.38 
2.71 
3 

5.07 
5.77 
6 

6.42 
7.31 

7 

8.20 
9.35- 

9 

10.76 
12.27 
12 

15.23 
17.36 
17 

25.82 
29.42 
28 

0.40 

0.92 
1.09 

2 

1.75- 

2.08 

3 

3.71 
4.42 
5 

4.70 
5.60 
6 

6.01 

7.16 

7 

7.89 
9.. 39 
9 

11.16 
13.29 
13 

18.92 
22.53 
21 

0.45 

0.69 
0.86 
2 

1.31 
1.64 
2 

2.79 
3.49 
4 

3.53 
4.42 
5 

4.51 

5.65+ 

6 

5.92 
7.42 
7 

8.37 
10.51 
10 

14.19 
17.80 
17 

0.50 

0.53 
0.70 
2 

1.00 
1.33 
2 

2.12 
2.83 
3 

2.69 
3.58 

4 

3.43 

4.58 
5 

4.51 
6.01 
6 

6.38 

8.50+ 

8 

10.81 
14.42 
13 
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Table  IV  —  Number  of  Units  Required  per  Process  to  Guaran- 
tee A  Probability  of  P*  of  Selecting  the  Best  of  k  Binomial 
Processes  when  the  True  Difference  p[i]  —  pi2]  is  at  Le.\st 
d*.  (k  =  10) 

The  three  values  in  each  group  are:  (1)  Normal  approximation,  (2) 
Straight  line  approximation,  and  (3)  Smallest  integer  required. 


d' 

P* 

0.50 

0.60 

0.75 

0.80 

0.85 

0.90 

0.95 

0.99 

0.05 

216.96 

217.50+ 

218 

312.51 
313.29 
314 

511.15+ 

512.43 

513 

604.04 

605.55+ 

606 

722.50- 

724.31 
725 

887.54 
889.77 
890 

1165.49 
1168.41 
1169 

1798.01 
1802.51 
1803 

0.10 

53.83 
54.38 
55 

77.54 
78.32 
79 

126.83 
128.11 
128 

149.87 
151.39 
151 

179.27 
181.08 
181 

220.22 
222.44 
222 

289.18 
292.10 
291 

446.12 
450.63 
449 

0.15 

23.62 
24.17 
25 

34.03 
34.81 
35 

55.66 
56.94 
57 

65.77 
67.28 
67 

78.67 
80.48 
80 

96.64 

98.86 
98 

126.90 
129.82 
129 

195.77 
200.28 
198 

0.20 

13.05+ 

13.59 

14 

18.80 
19.58 
20 

30.75- 

32.03 

32 

36.33 

37.85- 

38 

43.46 
45.27 

45 

53.39 
55.61 
55 

70.10 
73.03 
72 

108.15 
112.66 
111 

0.25 

8.16 
8.70 
9 

11.75- 

12.53 

13 

19.22 

20.50- 

20 

22.71 
24.22 
24 

27.16 

28.97 
29 

33.37 
35.59 
35 

43.82 
46.74 
46 

67.59 
72.10 
70 

0.30 

5.50- 
6.04 

7 

7.92 
8.70 
9 

12.95+ 

14.23 

14 

15.31 
16.82 
17 

18.31 
20.12 
20 

22.49 
24.72 
24 

29.53 
32.46 
32 

45.56 
50.07 

48 

0.35 

3.90 
4.44 
5 

5.61 
6.39 

7 

9.18 
10.46 
11 

10.84 
12.36 
13 

12.97 
14.78 
15 

15.93 
18.16 
18 

20.92 

23.85- 

23 

32.28 
36.79 
35 

0.40 

2.85+ 

3.40 

4 

4.11 
4.90 
5 

6.73 
8.01 
8 

7.95- 
9.46 
10 

9.51 
11.32 
11 

11.68 
13.90 
13 

15.34 
18.26 
17 

23.66 
28.16 
26 

0.45 

2.14 
2.69 
3 

3.08 
3.87 
4 

5.05- 

6.33 

6 

5.96 

7.48 
8 

7.13 
8.94 
9 

8.76 
10.98 
11 

11.50+ 

14.42 

14 

17.75  — 
22.25+ 
20 

0.50 

1.63 
2.18 
3 

2.35- 

3.13 

4 

3.84 
5.12 
5 

4.54 
6.06 
6 

5.43 
7.24 

7 

6.67 

8.90 
9 

8.76 
11.68 
11 

13.52 

18.03 
16 

1.00 
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0.20 
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Fig.  2.  —  Number  of  units  /;  required  per  process  to  guarantee  a  probability 
of  P*  of  selecting  the  better  of  two  binomial  processes  when  the  true  difference 
d  is  at  least  d*. 
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Fig.  3.  —  Number  of  units  n  required  per  process  to  guarantee  a  probability  of 
P*  of  selecting  the  best  of  three  binomial  processes  when  the  true  difference  d  is 
at  least  d*. 
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Fig.  4  —  Number  of  units  n  required  per  process  to  guarantee  a  probability  of 
P*  of  selecting  the  best  of  four  bionimal  processes  when  the  true  difference  d  is 
at  least  d*. 
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Fig.  5  —  Number  of  units  n  required  per  process  to  guarantee  a  probabilitj""  of 
P*  of  selecting  the  best  of  ten  binomial  processes  when  the  true  difference  d  is 
at  least  d*. 
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Fig.  6  — •  Bounds  for  the  number  of  units  7i  required  per  process  to  guarantee  a 
probability  of  P*  of  selecting  the  best  of  four  binomial  processes  when  the  true 
difference  d  is  at  least  d*. 


Table  V  —  Values  of  B  =  |C^  to  be  Used  with  the  Normal 

Approximation  (8)  where  C  is  Obtained  from  Table  I 

OF  R.  E.  Bechhofer's  Papers 


Prob.  of  Correct 
Selection 

*  =  2 

*  =  3 

*  =  4 

k  =  10 

0.99 

2.7060 

3.2712 

3.6043 

4.5063 

0.95 

1.3528 

1.8362 

2.1261 

2.9210 

0.90 

0.8212 

1.2434 

1.5026 

2.2244 

0.85 

0.5371 

0.9099 

1.1449 

1.7965+ 

0.80 

0.3541 

0.6826 

0.8961 

1.5139 

0.75 

0.2275- 

0.5139 

0.7074 

1.2811 

0.70 

0.1375- 

0.3832 

0.5575- 

1.0892 

0.65 

0.0742 

0.2792 

0.4347 

0.9256 

0.60 

0.0321 

0.1959 

0.3325- 

0.7832 

0.55 

0.0079 

0.1294 

0.2468 

0.6569 

0.50 

0.0000 

0.0774 

0.1751 

0.5438 
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order  of  magnitude  of  the  error  in  our  large  sample  calculations.  For  ex- 
ample, if  k  =  4,  f/*  =  0.05  and  P*  =  0.90,  then  from  Table  Y  we  find 
that  B  =  1.5026  and  the  two  expressions  in  (8)  yield  599.54  and  601.04. 
Hence,  it  would  follow  from  (9)  that  n  is  600  or  601  or  602.  Based  on  an 
investigation  of  the  behavior  of  these  two  approximations  in  the  case  of 
smaller  P*  or  larger  d*  values,  it  is  estimated  that  the  true  value  of  n  is 
601.  Even  if  the  correct  value  is  600  or  602  the  error  would  be  less  than  | 
of  1  per  cent.  Fig.  6  illustrates  these  bounds  on  the  Pes  for  ^  =  4, 
P*  =  0.50,  0.75  and  0.99.  For  P*  ^  0.60  the  straight  line  approxima- 
tion is  a  closer  lower  bound  than  the  normal  approximation. 

It  is  estimated  that  all  integer  entries  in  Tables  I  through  IV  have  an 
error  of  at  most  1  per  cent  and,  in  particular,  that  all  entries  under  100 
are  exact. 

OTHER   VALUES    OF    k 

In  addition  to  the  tables  and  graphs  for  k  =  2,  3,  4  and  10  there  are 
also  graphs  (Figs.  7  through  14)  on  which  interpolation  can  be  carried 
out  for  k  =  5  through  9  and  on  which  extrapolation  can  be  carried  out 
for  /.•  =  11  through  100.  By  plotting  n  versus  log  k  (or  7i  versus  A"  on 
semi-log  paper)  and  drawing  a  straight  (dashed)  line  through  the  values 
of  n  for  A'  =  4  and  k  =  10  we  obtain  results  which  are  remarkably  good 
approximations  for  k  >  10.  The  solid  curve  in  these  figures  connects  the 
true  values  obtained  for  k  =  2,  3,  4  and  10. 

For  large  values  of  k  the  theoretical  justification  for  a  straight  line 
approximation  is  gi^•en  in  Appendix  V.  In  order  to  check  the  accuracy  of 
our  procedure  of  drawing  the  straight  line  through  the  values  of  7i 
computed  for  A-  =  4  and  A-  =  10,  we  have  chosen  two  points  at  A;  =  101 
for  an  independent  computation  of  the  probability  of  a  correct  selection. 
For  P*  =  0.90,  d*  =  0.10  and  A-  =  101  the  dashed  line  in  Fig.  12  gives  n 
as  approximateh"  400.  To  check  this  we  computed  the  normal  approxi- 
mation to  the  probability  Pes  of  a  correct  selection  for  the  least  favor- 
able configuration  in  the  form 

Pes  ^  r  F''\x  +  h)f{x)  dx  =  -]r  r  F''\xV2  +  /i)e~"'  dx       (10) 


where 

2d*  V^ 


Vl  -  d*~ 


(=  4.02015  in  this  example)  (11) 


fix)  is  the  normal  density  and  Fix)  is  its  c.d.f.  This  was  computed  by  a 
method  suggested  by  Salzer,  Zucker  and  Capuano^  and  the  result  was 
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Fig.  7  —  Number  of  units  n  required  per  process  to  guarantee  a  probabilit}-  of 
P*  =  0.50  of  selecting  the  best  of  k  binomial  processes  when  the  true  difference 
P[il  ~  Pl2i  is  at  least  d*. 
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Fig.  8  —  Number  of  units  n  required  per  process  to  guarantee  a  probabilitj-  of 
P*  =  0.60  of  selecting  the  best  of  k  binomial  processes  when  the  true  difference 
Pdl  "~  Pl2i  is  at  least  d*. 
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Fig.  9  —  Number  of  units  n  required  per  process  to  guarantee  a  probability  of 
P*  =  0.75  of  selecting  the  best  of  k  binomial  processes  when  the  true  difference 
P  111  ~  V  [2)  is  at  least  d*. 
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Fig.  10  —  Number  of  units  n  required  per  process  to  guarantee  a  probabilit}^  of 
P*  =  0.80  of  selecting  the  best  of  k  binomial  processes  when  the  true  difference 
Pin  ~  P[2i  is  at  least  d*. 
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Fig.  11.  —  Number  of  units  n  required  per  process  to  guarantee  a  probability 
of  P*  =  0.85  of  selecting  the  best  of  k  binomial  processes  when  the  true  differ- 
ence p[i]  —  p[2i  is  at  least  d*. 
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Fig.  12  —  Number  of  units  n  required  per  process  to  guarantee  a  probability  of 
P*  =  0.90  of  selecting  the  best  of  A;  binomial  processes  when  the  true  difference 
Pfi)  ~  V\i\  is  at  least  d*. 
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Fig.  13  —  Number  of  units  n  required  per  process  to  guarantee  a  probability  of 
P*  =  0.95  of  selecting  the  best  of  k  binomial  processes  when  the  true  difference 
V\\\  ~  P[2i  is  at  least  d* . 
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Fig.  14  —  Number  of  units  n  required  per  process  to  guarantee  a  probability  of 
P*  =  0.99  of  selecting  the  best  of  k  binomial  processes  when  the  true  difference 
Pdl  ~  ?)[2i  is  at  least  d*. 


556  THE   BELL   SYSTEM   TECHNICAL   JOURNAL,    MARCH    1957 


>J^ 


Pes  =  0.9168  as  compared  to  the  value  0.90  in  Fig.  12.  The  expression 
(10)  is  derived  in  Appendix  III.  Another  check  was  made  at  P*  =  0.99, 
d*  =  0.20  and  k  =  101.  The  value  of  71  from  Fig.  14  is  162.  The  value  of 
the  Pes  computed  from  (10)  using  Salzer,  Zucker  and  Capuano^  is 
0.9925+. 

Further  calculation  using  (10)  yielded  the  more  accurate  results  378 
and  154  instead  of  400  and  162,  respectively,  in  the  above  illustrations. 
The  error  in  both  cases  is  less  than  6  per  cent;  for  smaller  values  of  k  the 
percentage  error  Avill,  of  course,  be  much  less. 

For  interpolation  the  results  are  estimated  to  be  within  1  per  cent 
of  the  correct  value.  For  example  we  estimate  from  Fig.  11  that  the  re- 
quired value  of  n  for  k  =  5,  P*  =  0.85  and  d*  =  0.05  is  523.  This  value 
was  computed  by  the  normal  approximation  and  found  to  be  522. 

TIED    POPULATIONS 

In  computing  the  tables  and  graphs  it  was  assumed  that  if  two  or  more 
populations  are  tied  for  first  place  then  one  of  these  is  selected  by  a  chance 
device  which  assigns  equal  probability  to  each  of  them.  The  experi- 
menter may  want  to  select  one  of  these  contenders  for  first  place  by 
economic  or  other  considerations.  In  most  practical  problems  we  may 
assume  that  such  a  selection  is  at  random  as  far  as  the  probability  of  a 
correct  selection  is  concerned.  Hence,  it  appears  reasonable  to  use  the 
tables  in  this  paper  without  any  corrections  even  when  the  rule  for  tied 
populations  is  altered  in  the  manner  described  above. 

It  is  interesting  to  note  that  in  the  yield  problem  the  experimenter 
may  settle  the  question  of  ties  for  first  place  by  taking  more  observa- 
tions mitil  the  tie  is  broken.  However,  in  the  life-testing  problem  he  may 
not  settle  ties  by  letting  the  test  run  beyond  time  T  since  the  best  process 
for  time  T  is  not  necessarily  the  best  for  a  time  greater  than  T. 

In  some  applications  when  there  are  two  or  more  populations  tied  for 
first  place,  the  experimenter  may  prefer  to  recommend  all  these  con- 
tenders for  first  place  rather  than  select  one  of  them  by  a  chance  device. 
In  this  case  we  shall  agree  to  call  the  selection  a  correct  one  if  the  recom- 
mended set  contains  the  best  population  (or,  when  /;[i]  =  'p[2]  ,  if  the 
recommended  set  contains  at  least  one  of  the  best  populations).  Exact 
tables  for  the  procedure  so  altered  have  not  been  computed.  However, 
if  the  value  of  ?i  is  large  and  this  rule  for  tied  populations  is  used,  then 
the  experimenter  may  reduce  the  tabled  Aalues  by  an  amount  ecjual  to 
the  largest  integer  contained  in  l/d*.  For  example,  using  the  abo^•e  rule 
for  tied  populations  for  the  case  k  =  2,  P*  =  0.99,  d*  =  0.30,  the  tabled 
value  29  can  be  reduced  by  3  giving  the  result  26. 
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ALTERNATIVE   SPECIFICATION 


If  the  experimenter  has  some  a  priori  knowledge  about  the  processes, 
then  he  will  prefer  to  specify  the  following  three  quantities  in  order  to 
determine  the  number  n  of  observations  he  is  required  to  take  from 
each  process. 


Specification:  He  specifies  pm   and  p[2]   (0   ^   p[2]    ^ 
^   1)  in  the  neighborhood  of  his  estimate   of  the 


4: 

P[l] 


probabihties  associated  with  his  processes.  He  also  speci- 
fies a  probability  P*  (0  ^  P*  <  1)  that  he  would  hke 
to  guarantee  of  making  a  correct  selection  whenever  the 
true  p[i]  ^  p[i]  and  the  truep[2] 


< 


* 


(12) 


Table  VI  —  Number  of  Units  Required  per  Process  to  Guaran- 
tee A  Probability  of  P*  of  selecting  the  Better  of  Two  Bi- 
nomial Processes  when  the  True  p[i]  ^  p*  ]  and  the  True 
P[2]  ^  p*2]  .  (Alternative  Specification,  k  =  2) 


p* 

P*[i]  =  0.75 

p'li]  =  0.95 

pU  =  0.90 

P*li]   =  0.85 

p\i]   =  0.95 

p\^]  =  0.60 

p],^   =  0.80 

pU   =  0.80 

^*2)  =  0.80 

p\.^  =  0.90 

0.50 

1 

1 

1 

1 

1 

0.60 

2 

2 

3 

9 

6 

0.75 

10 

6 

13 

53 

27 

0.80 

14 

8 

19 

83 

40 

0.85 

21 

11 

28 

124 

60 

0.90 

32 

16 

42 

189 

91 

0.95 

53 

25 

68 

312 

149 

0.99 

106 

49 

135 

623 

298 

Table  VII  —  Number  of  Units  Required  per  Process  to  Guar- 
antee a  Probability  of  P*  of  Selecting  the  Best  of  Four  Bi- 
nomial Processes  when  the  True  p^  ^  pfu  and  the  True 
P[2]  ^  p*2]  .  (Alternative  Specification,  k  =  4) 


p* 

P[i]   =  0-75 

Pli]   =  0.95 

P*li]   =  0.90 

PU]   =  0.85 

p\i]  =  0.95 

/.[*jj  =  0.60 

PU]  =  0.80 

/>*,)  =  0.80 

/.*,,  =  0.80 

pU   =  0.90 

0.50 

7 

4 

10 

42 

21 

0.60 

14 

8 

18 

79 

39 

0.75 

28 

14 

37 

168 

80 

0.80 

35 

18 

46 

211 

101 

0.85 

45 

22 

59 

268 

128 

0.90 

59 

28 

77 

350 

171 

0.95 

83 

39 

107 

493 

239 

0.99 

139 

65 

182 

831 

399 
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Again  we  can  rewrite  the  specification  that  the  experimenter  wants 
to  satisfy  in  the  simple  form 

(13) 


Pea  ^  P*    for    pii]  ^  p*]     and     p^]  S  pfaj 


Tables  VI  and  VII  give  the  number  of  observations  required  per  proc- 
ess for  several  selected  triplets  of  specified  constants  (p*] ,  pfi]  ,  P*) 
wtien  k  =  2  and  ^-  =  4.  These  results  are  also  given  in  graphical  form 
in  Figs.  15  and  16. 
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Fig.  15  —  Number  of  units  required  per  process  to  guarantee  a  probability  of 
P*  of  selecting  the  better  of  two  binomial  processes  when  the  true  p  [ij  ^  p*i]  and 
the  true  pn]  ^  pi^]  • 
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For  example,  on  the  basis  of  past  experience  the  experimenter  may 
estimate  that  the  probabilities  associated  Avith  his  k  =  4  processes  are 
all  in  the  neighborhood  of  0.60.  This  constitutes  his  a  priori  knowledge. 
He  may  then  decide  that  he  would  like  to  make  a  correct  selection 
with  probability  P*  =  0.85  when  the  best  process  has  a  yield  of  at  least 
75  per  cent  and  all  the  others  have  a  yield  of  at  most  60  per  cent.  Enter- 
ing column  1  of  Table  VII  we  find  that  n  =  45  observations  per  process 
are  required. 

It  is  much  more  difficult  to  furnish  tables  for  the  alternative  specifica- 
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Fig.  16  —  Number  of  units  required  per  process  to  guarantee  a  probability  of 
P*  of  selecting  the  best  of  four  binomial  pi-ocesses  when  the  true  pm  ^  p*i|  and 
the  true  p(2i  ^  p[2)  . 
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tion  since  there  is  an  extra  parameter  to  vary  and  the  appropriate 
tables  for  the  normal  approximation  are  not  available. 

In  the  computation  of  these  probabilities  the  least  favorable  con- 
figuration 


P[i]  =  P*i]     and    p*2]  =  p[2]  =  piz]  = 


Pik] 


(14) 


was  used.  It  follows  from  Appendix  II  that  if  the  probability  of  a  correct 
selection  is  at  least  P*  when  (14)  holds,  then  it  will  also  be  at  least  P* 
when 


Pm  ^  pfi]    and    p*2]  ^  pi2]  ^  Pm  ^  •  •  •  ^  p 


[k] 


(15) 


For  small  values  of  n,  exact  calculations  were  carried  out.  A  typical 
exact  calculation  is  shown  in  Appendix  IV.  The  approximations  used 
for  large  ?i  are  given  in  Appendix  III. 
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Fig.  17  —  Illustration  of  the  varying  zones  of  indifference  and  the  least  favor- 
able configuration  for  ^•  =  4  and  P*  =  0.85.  (For  n  ^  5  the  longest  vertical  segment 
occurs  at  the  point  An  where  the  abcissa  and  the  ordinate  are  svmmetrical  about 
0.5) 
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COMPARISON   OF   THE   T\\^0    SPECIFICATIONS 

It  should  be  pointed  out  that  for  a  given  Z;  the  same  value  of  n  would 
satisfy  the  specification  for  different  specified  triplets 

For  example  with  k  =  4,  P*  =  0.85  and  n  fixed  we  could  vary  p*]  in 
the  alternative  specification  and  compute  for  each  p[i]  the  correspond- 
ing largest  value  of  p*2]  such  that  the  specification  (P*,  p*j  ,  p*o])  is 
satisfied.  This  is  shown  in  Fig.  17  for  n  =  5,  10,  20  and  60.  The  vertical 
distance  in  Fig.  17  between  the  appropriate  curve  and  the  45°  line 
(n  =  3c)  is  the  length  of  the  indifference  zone  (p[i]  ,  P[2]).  The  indif- 
ference zone  widens  in  the  center  and  narrows  at  both  ends.  In  fact  we 
find  just  as  in  the  original  specification  that  for  n  greater  than  (say)  4 
the  indifference  zone  is  widest  when  p*  ]  and  p*  ]  are  symmetrical  about 
0.5.  It  is  clear  that  the  two  specifications  would  coincide  if  we  took  d*  in 
the  original  specification  and  set  p*]  =  §  (1  +  d*),  p[2]   =   |  (1  —  d*) 
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Fig.  18  —  Probability  of  a  correct  selection  as  a  function  of  tlie  true  difference 
'^  —  V\\\  ~  P[3]  under  the  least  favorable  configuration  for  k  =  2  and  selected 
values  of  n. 
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in  the  alternative  specification.  We  shall  be  interested  in  comparing  the 
alternative  specification  (P*,  p*]  ,  p*])  "with  the  original  specification 
with  the  same  P*  and  with  d*  set  equal  to  p*]  —  pf2]  •  It  is  clear  that 
the  value  of  n  required  for  the  original  specification  will  always  be 
larger. 

The  original  specification  is  simpler  and  is  preferable  to  the  alternative 
specification  when  little  or  nothing  is  known  about  the  processes  on  test, 
but  the  price  that  has  to  be  paid  for  ignorance  is  an  increase  in  the 
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Fig.  19  —  Probability  of  a  correct  selection  as  a  function  of  the  true  difference 
^  —  Pdl  ~"  P(2i  under  the  least  favorable  configuration  for  ^•  =  3  and  selected 
values  of  n. 
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required  number  of  observations.  In  the  example  of  the  preceding  sec- 
tion the  value  of  n  required  for  the  alternative  specification  is  45  as 
compared  to  51  observations  per  process  required  to  satisfy  the  original 
specification  with  the  same  P*  and  with  d*  =  p*i)  —  'p*2].  Here  the 
saving  is  only  moderate.  The  saving  will  be  much  larger  if  pfij  and 
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Fig.  20  —  Probability  of  a  correct  selection  as  a  function  of  the  true  difference 
f^  =  P[i)  —  p[2]  under  the  least  favorable  configuration  for  A:  =  4  and  selected 
values  of  n. 
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p*2)  are  further  from  0.5  and  d*  is  small.  For  example,  for  fc  =  4,  P*  = 
0.95,  p[i]  =  0.95  and  p[2]  =  0.90  the  value  of  n  required  for  the  alter- 
native specification  is  239  as  compared  to  850  observations  per  process 
required  to  satisfy  the  original  specification  with  the  same  P*  and  with 
d*  =  0.05.  The  alternative  specification  is  justified  on  the  basis  of  a  priori 
or  previous  information  about  the  approximate  values  of  the  p's. 

REVERSING   THE   TABLES 

The  experimenter  may  wish  to  use  the  tables  of  this  paper  in  reverse. 
For  example,  if  n  is  fixed  and  d*  is  specified  by  the  experimenter,  then 
by  using  the  appropriate  table  he  can  find  the  probability  of  a  correct 
selection  that  is  guaranteed  for  d  ^  d*;  i.e.,  a  greatest  lower  bound  to 
the  probability  of  a  correct  selection  for  d  ^  d*.  This  process  of  re- 
versing the  given  ^^alues  and  the  values  to  be  computed  can  most  easih' 
be  carried  out  on  graphs.  For  example,  the  above  problem  of  finding  the 
guaranteed  probability  of  a  correct  selection  given  d*  and  n  is  most  easily 
carried  out  on  Figs.  18,  19,  and  20. 

Appendix  I 

MODIFICATION   OF   THE    ORIGINAL   SPECIFICATION 

The  same  value  of  n  will,  of  course,  satisfy  the  specification  for  dif- 
ferent pairs  of  specified  values  (d*,  P*).  From  a  purely  mathematical 
point  of  view  it  is  not  necessary  that  d*  should  be  the  smallest  difference 
for  which  the  experimenter  desires  to  make  a  correct  selection.  For  ex- 
ample, if  k  =  3  the  experimenter  could  specify  any  one  of  the  four  pairs 
(0.10,  0.60),  (0.25,  0.90),  (0.30,  0.95)  or  (0.40,  0.99)  and  obtain  the  same 
result,  namel}^  n  =  20.  The  experimenter  may  prefer  to  specify  the  curve 
or  set  of  points  corresponding  to  a  fixed  n.  Several  such  curves  are  given 
in  Figs.  18,  19,  and  20  for  k  =  2,  3,  and  4,  respectively.  The  experi- 
menter would  decide  in  advance  on  some  property  of  the  curve  that  he 
considers  desirable  and  from  the  appropriate  figure  he  could  find  the 
curve  with  the  smallest  n-value  that  satisfies  the  desired  property. 

The  main  point  of  the  above  paragraph  is  to  point  out  that  the  original 
specification  in  the  body  of  the  paper  is  one  particular  way,  but  not  the 
only  way,  of  stating  a  specification  that  will  determine  a  value  of  n. 
The  only  criterion  for  a  good  way  to  state  the  specification  is  that  the 
experimenter  should  be  able  to  bring  his  best  judgment  (or  best  guesses) 
to  bear  on  the  quantities  that  have  to  be  specified  in  advance. 
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Appendix  II 

MONOTONICITY   PROPERTIES 

We  shall  prove  that  for  any  fixed  d  (0  ^  d  ^  1)  the  probability  Pes 
of  a  correct  selection  is  smaller  for  the  configuration: 

P[l]    -  d   =   P[2]    =   P[3]    =    ■■■    =   pik]  (Al) 

than  for  any  configuration  given  by 

P[i]  -  d  ^  p[2]  ^  p[s]  ^   •  •  •  ^  Pik]  (A2) 

where  pn]  is  considered  fixed  and  the  p^]  (i  ^  2)  are  variables.  In  other 
words,  for  fixed  p[i]  the  probability  Pes  is  a  strictly  increasing  function 
of  each  of  the  differences 

Pm  -  P[i]  ii  ^  2) 

We  shall  need  the  following  lemma. 

Lemma  1:  For  any   pair   of  integers  x,  n  (0   ^   x   ^   n)   and  any 
6  {0  S  d  ^  1),  not  depending  on  p,  the  function 

Hix;  p,  d)  =  i;  crpxi  -  pY-'  +  ec:p'{i  -  py-^     (as) 

is  a  decreasing  function  of  p  over  the  unit  interval  (0  ^  p  ^  1).  More- 
over, it  is  strictly  decreasing  unless  (x  =  0  and  6  =  0)  or  (x  =  ?i  a7id 

e  =  i). 

Proof:  Differentiating  (A3)  with  respect  to  p  gives  after  telescoping 
terms 

{6  -  l)xCxV(l  -  p)"""  -  d(n  -  .r)C.V(l  -  p)"~"~'         (A4) 

which  is  negative  for  0  <  p  <  1  unless  (x  =  0  and  6  =  0)  or  (x  =  n  and 
6  =  1).  Since  ^  is  continuous  in  p  at  p  =  0  and  p  =  1  the  lemma  follows. 
Let  X(i)  denote  the  chance  number  of  successes  that  arises  from  the 
binomial  process  associated  with 

Pii]  (*■  =  1,  2,  •  •  •  ,  n) 

the  value  of  the  integer  n  is  assumed  to  be  fixed  throughout  this  discus- 
sion and  it  will  usually  not  be  listed  as  an  argument.  The  probability 
Pes  of  a  correct  selection  for  any  configuration  with  p^j  >  p[2]  is 
given  by  the  expression  on  the  top  of  the  next  page. 
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k 

Pes  =  P{X(o  <  Xa)     for    t  ^  2}  +  i  J^  P{Z(„)  =  Zo)     and 

X(o  <  Xd)     for  i  ^  2,  i  ^  a}  +  "  •  (A5) 

+   T-P{X(1)     =    X(2)     =      •••      =    X{k)} 

It  will  be  necessary  to  write  the  Pes  for  any  configuration  with  p[i]  >  p[2] 
in  another  form  which  is  more  useful  for  the  purpose  at  hand.  Corre- 
sponding to  an}'  binomial  chance  variable  A'  (which  takes  on  integer 
values  from  0  to  n)  we  define  a  "Continuous  Binomial"  chance  variable 
Y  by  letting  Y  be  uniformly  distributed  in  the  interval  (j  —  2)  i  +  2) 
with  the  same  total  probabiHty  in  this  interval  as  the  ordinary  binomial 
assigns  to  the  integer  j,  namelj'' 

C/V(i  -py~'         (i  =  o,  1,  ..-,71) 

We  will  now  show  that  the  probability  Pc^  of  a  correct  selection  is  unal- 
tered if  we  replace  each  of  the  k  discrete  binomials  b}'  its  corresponding 
continuous  binomial.  Let  F(o  denote  the  continuous  binomial  (CB) 
chance  variable  associated  with  p[i]  and  let  ya)  denote  any  value  it  can 
take  on.  Let  X(,)  denote  the  nearest  integer  to  F(o  and  let  i\i)  denote 
the  nearest  integer  to  y^i)  {i  =  1,  2,  •  •  •  ,  A;).  Then  X(,-)  is  a  discrete  bi- 
nomial (DB)  with  the  same  parameters  (/)[,]  ,  n).  Let 

g{x,  p)  =  CxV(l  -  pr-'         (X-  =  0,  1,  .  • .,  n) 

Then  the  density  g(y,  p)  of  the  continuous  binomial  (disregarding  the 
half-integers)  is  given  by  g{y,  p)  =  g(x,  p)  where  x  is  the  nearest  integer 
to  y. 

For  two  continuous  binomials  (i.e.,  k  =  2)  the  probability  Pes  of  a 
correct  selection  for  any  configuration  with  p[i]  >  p[2]  is  given  bj' 

/n+l/2 
P{Yi2)  <  2/(1)1^(^(1)  ;P[i])dya)  (A6) 

1/2 

"  /-5;(l)  +  l/2 

=    J2     /  P{y{2)  <  y(i)]g(ya) -yPii])  dya)     (A7) 

a;(l)=0  Jx(i)-l/2 


(A8) 


Within  any  interval  (x^)  —  h,  •'C(i)  +  h)  ^'6  have 
P{Y,2)  <  yo)}  =  P{X(2)  <  Xa)} 

-f  P{Z(2)  =  a-a)}P{F(2)  <  ya)  1  X(2)  =  .T(i)} 
=  P{X(2)  <  Xa)}  +  h  P{X<2)  =  Xa)}  (A9) 

which  depends  only  on  Xa)  .  Hence  from  (A7) 
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PcsiCB) 

(AlO) 

2(1)=0 

=  P{X(2)  <  Xd)}  +  iP{X(2)  =  Za)}  (All) 

=  PcsiDB)  (A12) 

The  above  is  easily  generalized  to  hold  for  any  k  >  2.  The  details  of  this 
generalization  are  omitted.  For  general  k  this  equality  holds  not  only 
for  the  important  special  case  pn]  >  p[2]  but  also  for  the  more  general 
case  (2)  for  any  t  <  k.  Since  the  latter  result  is  not  needed  here,  the 
proof  is  omitted. 

If  we  let  G(y;p)  denote  the  c.d.f.  of  the  continuous  binomial  then 
lemma  1  can  be  restated  in  the  following  form. 

Lemma  2:  For  any  integer  n  and  any  y,  the  function  G{y;p)  is  a  non- 
increasing  function  of  p.  In  particular,  for  —  |  <  y  <  n  -\-  ^  it  is  a 
strictly  decreasing  fuyiction  of  p. 

Proof:  For  any  y,  set  x  =  x(y)  and  d  =  d(y)  equal  to  the  integer  part 
and  the  fractional  part  of  (y  -\-  h),  respectively.  Then  for  any  y  we  have 
the  identity  in  p 

G(y;p)  =  H(x;p,  d)         (0  ^  p  ^  1)     (A13) 

For  any  ^o  such  that  —  |  <  //o  <  w  +  |  we  have  0  ^  x{yo)  ^  n  and 
0  ^  diijo)  S  1-  The  inverse  function  y{x,d)  =  x  -\-  6  —  |  is  a  single- 
valued  function  of  the  pair  {x,d);  the  two  particular  pairs  (0,0)  and 
(w,l)  correspond  to  the  unique  values  y  =  —^  and  y  =  n  -\-  ^,  re- 
spectively. Hence  the  pair  [x{yo),  ^(^o)]  must  be  different  from  these  two 
particular  pairs  above  since  it  corresponds  only  to  yo  which  is  in  the 
interior  of  the  interval  (  — Ij  ^  +  h)-  Lemma  2  then  follows  from  lemma  1 
and  the  fact  that  G(y;p)  is  identically  zero  in  /;  fei-  y  ^  —h  and  identi- 
callj^  one  in  /)  for  ?/  ^  n  +  |. 

The  probabilitj^  Pes  of  a  correct  selection  for  k  discrete  or  k  continuous 
binomials  for  any  configuration  with  p[i]  >  pi2]  can  now  be  A\Titten  as 

/«+l/2  r   k  -j 

n  P{Yu^  <  2/(1)}     g(ya)  ;  Pm)  dy^)       (A14) 
1/2         Lt=2  J 

/7!+l/2  r   k 
n  G{y;p[;])    g(:y;p[i])  dy.  (A15) 

1/2         L»=2 

Clearly  if  any  one  or  more  of  the  p[,]  (i  ^  2)  decreases,  holding  p^] 
fixed,  then  it  follows  from  lemma  2  that  the  right  member  of  (A  15)  is 
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strictly  increasing,  i.e.,  for  fixed  p^j  the  Pes  is  a  strictly  increasing  func- 
tion of  each  of  the  differences  pm  —  p[i]  (i  ^  2)  as  was  to  be  shown. 

It  follows  from  the  above  result  that  in  searching  for  a  least  favorable 
configuration  among  all  those  in  which  the  experimenter  wants  his 
specification  satisfied  w^e  may  restrict  our  attention  to  those  of  the  form 
(Al).  Moreover,  we  may  set  d  in  (Al)  equal  to  d*  since,  for  d  >  d*  and 
fixed  p[i]  ,  the  difference  d  —  d*  may  be  added  to  each  p[i]  {i  ^  2)  and 
the  probability  of  a  correct  selection  is  increased.  Then  (A  15)  reduces  to 

/n+l/2 
G'-\y;Pw  -  d*)g(r,Pii,)  dy  (A16) 

-1/2 

It  was  shown  in  the  section  on  the  least  favorable  configuration  that 
there  is  a  value  p[i\  of  p{\]  which  when  substituted  in  (A16)  gives  the 
minimum  value  Pes  oi  Pes  • 

We  can  now  prove  the  following  result  in  which  p[i]  is  not  fixed.  For 
any  specified  pair  p*2]  ^  p*i]  the  probability  Pes  of  a  correct  selection 
is  smaller  for  the  configuration 

P[i]  =  P*i]  ;        P*2]  =  Pm  =  Pm  =  •■'  =  p[k]  (A17) 

than  for  any  configuration  given  by 

P[i]  ^  pti]  ;        pfo]  ^  Pm  ^  P[3]  ^  •••  ^  Pik]  (A18) 

This  is  shown  by  considering  two  separate  steps. 

The  first  step  is  to  increase  p[i]  holding  all  the  other  p's  fixed  at  p[2]  . 
For  any  arbitrary  set  of  values  of  pn]  with  pn]  >  pi2]  the  probability 
of  a  correct  selection  can  be  written  as 

Pes  =J:  f"^''\    n      G{y,p,,,)']  [1  -  G(y,pn,)]g(y,pu^)  dy      (A19) 

;=2    J-ll2  L»=2.  if^i  J 

by  adding  the  probabihties  that 

Y(i)  >  yu)  >  niin  { F(2)  ,  •  •  •  ,  Yu-d  ,  Yu+d  ,    "  ,  Y^k) } 


for 


For 


j  =  2,3,---,k 


Pm  >  Pm  =  Pm  =  •  ■  •  =  Pm  =  ph 
this  reduces  to 

Pes  =  (k  _  1)    r^   "  [1  -  G(y;p,^,)]G'-'(y;pt2d9(y,ph)  dy     (A20) 

J-1I2 
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This  resuK  can  also  be  obtained  by  starting  with  (A16)  with 

P[2]    =     •  •  •     =    Pl^.]    =    p[ij    -    Cl*    =    p*  ] 

and  integrating  by  parts.  It  is  clear  from  (A20)  that  for  fixed  p[i]  (i  ^  2) 
the  Pes  is  an  increasing  function  of  p[i]  and  is  indeed  strictly  increasing 
for  p[i]  in  the  unit  interval. 

The  second  step  is  to  hold  pn]  fixed  and  to  decrease  the  values  of 
P[i]  {i  ^  2).  This  increases  the  probability  of  a  correct  selection  by  our 
previous  result  above.  This  proves  the  monotonicity  property  for  the 
alternative  specification. 

Appendix  III 

LARGE   SAMPLE   THEORY  ■ —  ORIGINAL   SPECIFICATION 

For  p[i]  >  p[2]  the  probability  of  a  correct  selection  satisfies  the  in- 
equalities 

P{Xa,  >  X,i){i  =  2,  3,  •••  ,1-)}  <  Pes 

<  P{Xa)  ^  X,i,{i  =  2,3,  •••  ,/c)}        (A21) 

unless  p[i]  —  1  and  p[2]  =  0  in  which  case  equality  signs  hold  since  the 
three  quantities  above  are  all  unity.  Letting  ^[i]  =  1  —  p[\]  ,  we  can 
write  the  left  member  of  (A21)  as 


P  {Zi  >       .  ^*^  =  (t  =  1,  2,  ...,/.  -  1)\ 

vpmgm  +  (pm  -  rf*)(?[i]  +  d*)  J 


(A22) 
where 
7    =  X(i)  -  Z(.-+i)  -  nd*  (■  ^  -i   r,  I   —  ^\ 

(A23) 

For  the  configuration  (Al)  with  d  —  d*  the  chance  variables  Z,-  tend  to 
normal  chance  variables  iV(0,l)  with  zero  mean  and  unit  variance  as 
n  — >  X .  We  have  purposely  omitted  any  continuity  correction  in  (A22) 
in  order  to  get  a  better  approximation  for  the  smaller  values  of  Ji. 

To  derive  the  least  favorable  configuration  for  large  n  we  can  restrict 
our  attention  to  those  configurations  given  by  (Al)  with  d  =  d*.  The 
quantity  pfi]  ,  which  minimizes  (A22),  is  obtained  by  maximizing  the 
expression  in  (A22) 

Q(p)  =  p(l  -p)^(p-  f/*)(l  -p  +  d*)  (A24) 

=  -2p'  +  2(1  +  d*)p  -  d*(l  -\-  d*)  (A25) 
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The  derivative  of  Q{p)  vanishes  at 

IHn  =  HI  +  ^/*);        q[l^  =-  HI  -  d*)  (A26) 

Avhich  gives  the  symmetric  configuration.  Clearly  this  value  of  p  gives 
to  Qiv)  its  maximum  value,  ^1  —  d*^).  This  proves  that  the  symmetri- 
cal configuration  is  least  favorable  in  the  limit  as  n  -^  oc . 

Under  the  configuration  (Al)  with  d  =  (/*  and  n  -^  co  the  distribution 
of  the  chance  variables  Zi  {%  =  \,  2,  ■  ■  ■  ,  k  —  \)  approaches  a  joint 
multivariate  normal  distribution  with  zero  means,  unit  variances  and 
correlations  given  by 

piZ.Z,)   =  ,    ,    ^''''^'''     — y^      a  ^  j)     (A27) 

?>[i]9[i]  +  {Vm  -  d*){qii]  +  d*) 

which  do  not  depend  on  n.  For  the  symmetric  configuration  this  reduces 
to  the  simple  form 

p{ZiZj)  =  i  a  y^j).     (A28) 

This  is  precisely  the  case  which  arises  in  [1]  and  consequently  the  tables 
in  [1]  can  be  used  for  our  problem  when  (the  answer)  w  is  large.  The  con- 
stants C  =  C(P*,  k)  tabulated  in  [1]  solve  the  equation 

P  Izi  >-:^{i  =  l,2,---,k-l)\  =  P*  (A29) 

for  standard  normal  chance  variables  Zi  satisfying  (A28).  If  we  equate 
C/s/2  and  the  corresponding  member  of  (A22),  then  we  obtain  for  the 
symmetric  configuration 

X.^         d*Vn 

V2  —      /i      "  (A30) 

or  solving  for  n  and  letting  B  =  jC  this  yields  the  large  sample  normal 
approximation 


n^-^Jl-d*')  (A31) 


Since  d*  is  usually  small  when  n  is  large  and  since  the  solution  in  (A31)  is 
usually  somewhat  smaller  than  the  true  value,  then  it  is  of  interest  to 
examine  the  simpler  approximation 

n  ^  ^^  (A32) 

which  is  greater  than  the  result  in  (A31).  This  is  called  the  straight  line 
approximation  since  it  plots  as  a  straight  line  on  log-log  paper  as  shown 
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in  Figs.  2  through  5.  As  d*  —*  0  both  the  normal  approximation  and  the 
true  value  are  asymptotically  equivalent  to  the  straight  line  approxima- 
tion. 

The  normal  approximation  to  the  probability  of  a  correct  selection 
can  also  be  written  in  another  form  similar  to  (A16)  which  is  actually 
more  useful  for  numerical  calculations.  The  left  member  of  (A21)  can 
be  written  as 

<  ^^^1  Vp[i]g[ii  +  (P[i]  -  P[i])  VnX]  p  ,j^^  ^  ^^^ 

Vp[i]q[i]  iJ 

where 

TTr  -X"(t)    —    np[i]  /  KnA\ 

Wi  =       /  it  =  1, 2,  •  •  •  ,  k)     (A34) 

and  Wi  is  the  same  function  of  X(i)  as  Wi  is  of  X(i)  .  The  outside  summa- 
tion in  (A33)  is  over  the  values  taken  on  by  wi  as  x^d  runs  from  0  to  n. 
As  n  ^  <x  the  expression  in  (A33)  approaches 


Pcs=  '     '  '  I  '^  ''"^  Vp[i]q[i]  +  (?>[ii  -  P[i])  Vn 


i:[pc- 


Vpami] 


f{w)dw     (A35) 


where  J{t)  is  the  standard  normal  density  and  F{t)  is  the  standard  normal 
c.d.f.  For  the  symmetric  configuration,  which  is  least  favorable  for  large 
n,  (A3o)  reduces  to 

Pes  ^   r   F'-'  (w  +     -f  ^^  \  fiw)  dw  (A36) 

^-^        \       Vi  -  d*y 

A  straightforward  integration  by  parts  gives  the  alternative  form 

2d*  V~n  ^ 


''—00    L 


1  -  F[iv  - 


Vi  -  rf*v- 


F'  -{w)f(w)dw    (A37) 


which  corresponds  to  (A20). 

A  simple  method  for  computing  such  integrals  based  on  Hermite  poly- 
nomials is  described  by  Salzer,  Zucker,  and  Capuano. 

LARGE   SAMPLE   THEORY  —  ALTERNATIVE   SPECIFICATION 

The  expression  corresponding  to  (A22)  for  the  alternative  specification 


IS 


pL,  >  -/Pm-Pr2])vg  (^•  =  1,  2,  . . .  ,  k  -  1))     (A38) 

^  vpfi]?*!]  +  Pr.]q[2]  i 
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which  is  ah-eady  -written  for  the  least  favorable  configuration.  The  tables^ 
are  not  immediately  applicable  since  the  correlations 

piZ^Zi)   =     ,     J'*'^'^     ,  a  ^  j)     (A39) 

are  not,  in  general,  equal  to  ^.  In  the  cases  treated  in  Tables  VI  and  VII, 
p*2]  ^  0.5  and  hence  p^gii]  <  P[2]?[2]  so  that  the  correlations  (A39) 
are  all  less  than  |.  It  was  found  that  linear  interpolation  on  the  required 
value  of  n  between  the  results  for  p  =  0  and  p  =  ^  gives  moderately 
good  results  when  n  is  large.  The  result  for  p  =  J  is  given  by 

n  -  X  ^P^fl^^  +  ^:-y'^  (A40) 

with  \  =  2B  where  B  is  given  in  Table  V.  The  result  for  p  =  0  is  given 
by  (A40)  \vith  X  =  Xo^  where  Xo  is  the  solution  of  the  equation 

P{Z  >  -Xo}  =  P*"^'-'^  (A41) 

which  can  easily  be  found  from  univariate  normal  probability  tables. 
An  explicit  expression  for  the  result  of  this  linear  interpolation  is 


\  ^  Pu]g[ii(4i?-Xo-)  +Pt2ig[2]Xo     (^^^  ^*  ^  ^  Q  _)         (^^^2) 


P 

^    CS  /      *  *     s 

iP[l]    -    P[2]) 


The  expressions  for  the  probability  of  a  correct  selection  for  the  al- 
ternative specification  corresponding  to  (A36)  and  (A37)  are 


cs 


T)^       n^ 


r  F''~'  {aw  +  h)fiw)  dw  (A43) 

=  a(A;  -  1)  1°°  Tl  -  ^('^^^)     F'-\w)f(w)  dw     (A44) 

„  =  /^  >  0    a,.d     „  ^  ^"'-'-/"f^"  a  0     (A45) 

^    PmQvi]  Vp[2]9[2] 

These  expressions  can  also  be  e\'aluated  by  the  method  described  by 
Salzer,  Zucker  and  Capuano. 


where 
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Appendix  IV 

TYPICAL   EXACT   CALCULATION 

A.  Original  Specification 

The  exact  expression  (A5)  for  the  probabiUty  of  a  correct  selection 
for  any  configuration  simphfies  if  the  configuration  is  least  favorable. 
For  any  pair  of  integers  (j,n)  we  define 

b,,   =  P{Xa)  =  j\  =  CyVpfiO'Cgm)""'  (0  ^  J  ^  n)     (A46) 

b^j   =  P{X,,y  =  j]  =  CrivU  -  d*yigii}  +  d*r^'    {O^j^  n)     (A47) 

B,j  =  P{X(2)  ^  j}  (A48) 

Then  the  exact  probability  Pes  of  a  correct  selection  for  the  least 
favorable  configuration  can  be  written  as 

Pes  =  j:  hj  Z  -%^.  bh  B^  (A49) 

3=0  1=0   L    -\-    I 

where  B2,-i  is  defined  to  be  zero.  Here,  for  each  value  of  X(i)  ,  the  letter 
i  denotes  the  number  of  processes  that  tie  with  X(i)  for  first  place  and 
for  any  given  value  of  i  the  conditional  probability  of  a  correct  selection 
is  1/(1  +  i).  Taking  k  =  4  as  a  typical  case,  we  can  write  (A49)  more 
explicitly  as 

n  Q      n  n 

Pes  =  Z^  bijB^j-i  +  ^  Z^  bijbijBij-i  +  2^  bijb2jB2j-i 

(A^O) 
1     " 

+ 1  S  K^lj 

4  j=o 

If  n  ^  10  then  we  may  use  the  symmetric  configuration,  i.e.,  we  may  set 
Pui  =  2  (1  +  d*),  in  computing  from  (A49)  or  (A50). 

B.  Alternative  Specification 

The  probability  P^s  of  a  correct  selection  for  the  alternative  specifi- 
cation is  the  same  as  in  (A49)  and  (A50)  except  that  we  now  define 

bii  =  P{X(,)  =  j}  =  C/'(pti,y(qti,r~\i  =  1,  2)  (A51) 

B2J  =  P{Zc2)  ^  j]  (A52) 

A  typical  exact  calculation  for  A;  =  4,  using  (A50),  (A51)  and  (A52)  with 

Pm  =  P[i]  =  0.75 
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and 


Pl2] 


Vm  =  Vw  =  V{2\ 


is  given  in  Table  AI.  Exact  values  for  the  individual  and  cumulative 
binomial  probabilities  were  obtained  from  References  4,  5  and  6. 


Table  AI  —  Calculation  of  the  Pes 

Vm  =  P*i]  =  0  7^ 

>;          P[2]    =  Piz] 

=  P[4i  =  Pm  =  0.60; 

fc  =  4 

j 

*..,• 

b2J 

B!.,-l 

b\.i 

H. 

5L,_, 

bLm 

0 

0.00000 

0.00010 



0.00000 

0.00000 





1 

0.00003 

0.00157 

0.00010 

0.00000 

0.00000 

0.00000 

0.00000 

2 

0.00039 

0.01062 

0.00168 

0.00011 

0.00000 

0.00000 

0.00000 

3 

0.00309 

0.04247 

0.01229 

0.00180 

0.00008 

0.00015 

0.00000 

4 

0.01622 

0.11148 

0.05476 

0.01243 

0.00139 

0.00300 

0.00016 

5 

0.05840 

0.20066 

0.16624 

0.04026 

0.00808 

0.02764 

0.00459 

6 

0.14600 

0.25082 

0.36690 

0.06291 

0.01578 

0.13462 

0.04939 

7 

0.25028 

0.21499 

0.61772 

0.04622 

0.00994 

0.38158 

0.23571 

8 

0.28157 

0.12093 

0.83271 

0.01462 

0.00177 

0.69341 

0.57741 

9 

0.18771 

0.04031 

0.95364 

0.00162 

0.00007 

0.90943 

0.86727 

10 

0.05631 

0.00605 

0.99395 

0.00004 

0.00000 

0.98794 

0.98196 

Check 

totals. .  .  . 

1.00000 

1.00000 

10 

3  =  1 

0  10 

1  3  =  1 

10 

2   ^IJ"  ^2,;   Bl 
3=1 

;_i  =  0.44715 
y_i  =  0.08493 
,_i  =  0.01464 

1      1" 

4  ,=0 

h\,,  =  0.00145 

Pes 

To 

tal  =  0.54817  = 

Appendix  V 

In  this  appendix  it  will  be  shown  that  for  large  values  of  k  the  value  of 
n  required  to  meet  any  fixed  specification  (d*,  P*)  is  approximately 
equal  to  some  constant  multiple  of  (In  A). 

Let  n  =  n(k)  denote  the  unique  positive  decimal  solution  of  the  equa- 
tion 


["  F'~\iv  +  h  \/n)f{w)  dw  =  P' 


(A53) 
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where  f(iv)  and  F(w)  are  defined  above,  P*  and  b  are  known  constants 
with  1/k  <  P*  <  1  and  b  >  0  and  the  argument  k  is  a  positive  integer. 
Let  £  be  a  (small)  fixed  number  such  that  0  <  e  <  Min  (P*,  1  —  P*). 
Then  c  <  P*  —  l/k  for  sufficiently  large  A;.  Let  A  =  A{e)  be  defined  by 

f    /(ly)  Jit;  =  1  -  £  (A54) 

so  that 

0  <  f        F''~\iD  +  ?>  aA)/(mO  rfw  ^  £  (A55) 

•'|to|>.l 

for  any  integer  k  ^  1,  any  n  >  Q  and  any  6  >  0.  Let  n'  and  n"  be  the 
unique  positive  decimal  solutions,  respectively,  of  the  equations 

1  F'"'(w  +  b  \/n')I{w)  dw  =  P*  -  £  (A56) 

f    F'"\w  +  ^  \//^)/(«^)  dw  =  P*  (A57) 

where  P*,  b  and  ^-  are  the  same  as  in  (A53).  It  follows  from  (A55),  (A56) 
and  (A57)  that  for  any  integer  k  ^  1 

n'  ^11  S  n"  (Ao8) 

From  (A54)  and  (A57)  we  have 

f     F^'-'iw  +  by/^')fAw)  dw  =  -^  (Ao9) 

where  f.iiw)  is  the  density  of  the  normal  distribution,  truncated  at  A 
and  —A.  The  right  hand  member  of  (A59)  is  positive  and  less  than 
unity  since  £  <  1  —  P*.  Hence  there  exists  a  Wa  with  \wa  \  ^  A  such  that 

(    F'-'iw  +  b^^')fAw)  dw  =  F'~\wa  +  bV^')       (A60) 

J— A 

Since  Wa  is  bounded  and  7i"  is  large  for  large  k  we  can  use  the  well-known 
approximation 

L  V^iriwA  +  b\/n")      J 

_       ,     (A61) 
^  ^^     f_  0^1)  exp  [-(wa-{-  bVn"f/2\ 


'2^iwA  +  bVn")  i 

where  only  the  leading  term  is  considered.  Hence  from  (A59),  (AGO) 


576  THE   BELL   SYSTEM   TECHNICAL   JOURNAL,    MARCH    1957 

and  (A61) 

-  Inln     i— -M         +  In  (/.•  -   1) 

V   ^*    /  (A(J2) 

=  h(wA  +  bV^'f  +  In  (uu  +  hVn^) 
Since  Wa  is  bounded  and  In  \/n"  =  o{n")  it  follows  that  for  large  k 

n"  ^  (2/6')  In  (/,•  -  1)  ^  r'  in  /.•  (A63) 

where  (7  is  a  proportionality  factor.  Starting  with  (A54)  and  (A56)  the 
same  argument  gives  the  same  result  as  (A63)  for  n' .  Hence,  bj^  (A58), 
the  same  result  must  hold  for  yi. 
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Radio  Propagation  Fundamentals* 

By  KENNETH  BULLINGTON 

(Manuscript  received  June  21,  1956) 

The  engineering  of  radio  systems  requires  an  estimate  of  the  power  loss 
between  the  transmitter  and  the  receiver.  Such  estimates  are  affected  by  many 
factors,  including  reflections,  fading,  refraction  in  the  at7nosphere,  and 
diffraction  over  the  earth's  surface. 

In  this  paper,  radio  transmission  theory  and  experiment  in  all  frequency 
bands  of  current  interest  are  summarized.  Ground  wave  and  sky  wave  trans- 
mission are  included,  and  both  line  of  sight  and  beyond  horizon  transmission 
are  considered.  The  principal  emphasis  is  placed  on  quantitative  charts 
that  are  useful  for  engineering  purposes. 

1.   INTRODUCTION 

The  power  radiated  from  a  transmitting  antenna  is  ordinarily  spread 
over  a  relatively  large  area.  As  a  result  the  power  available  at  most  re- 
ceiving antennas  is  only  a  small  fraction  of  the  radiated  power.  This 
ratio  of  radiated  power  to  received  power  is  called  the  radio  transmission 
loss  and  its  magnitude  in  some  cases  may  be  as  large  as  10^^  to  10""  (150 
to  200  decibels). 

The  transmission  loss  between  the  transmitting  and  receiving  anten- 
nas determines  whether  the  received  signal  will  be  useful.  Each  radio 

*  This  paper  has  lieen  prepared  for  use  in  a  proposed  "Antenna  Handl^ook" 
to  be  published  by  McGraw-Hill. 
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system  has  a  maximum  allowable  transmission  loss  which,  if  exceeded, 
results  in  either  poor  quality  or  poor  reliability.  Reasonably  accurat( 
predictions  of  transmission  loss  can  be  made  on  paths  that  approximate 
the  ideals  of  either  free  space  or  plane  earth.  On  many  paths  of  intere.-;t . 
however,  the  path  geometry  or  atmospheric  conditions  differ  so  much 
from  the  basic  assumptions  that  absolute  accuracy  cannot  be  expected; 
ne^'ertheless,  worthwhile  results  can  be  obtained  by  using  two  or  more 
different  methods  of  analysis  to  "box  in"  the  answer. 

The  basic  concept  in  estimating  radio  transmission  loss  is  the  loss 
expected  in  free  space;  that  is,  in  a  region  free  of  all  objects  that  might 
absorb  or  reflect  radio  energ3^  This  concept  is  essentially  the  inverse 
square  law  in  optics  applied  to  radio  transmission.  For  a  one  wave- 
length separation  between  nondirective  (isotropic)  antennas,  the  free 
space  loss  is  22  db  and  it  increases  by  6  db  each  time  the  distance  is 
doubled.  The  free  space  transmission  ratio  at  a  distance  d  is  given  by: 

T.  =  (srf)  »*  <"" 

where : 

Pr  =  received  powder! 

}■  measured  in  same  units 
Pt  =  radiated  power j 

X  =  wavelength  in  same  units  as  d 

gi  (or  gr)  =  power  gain  of  transmitting  (or  receiving)  antenna 

The  power  gain  of  an  ideal  isotropic  antenna  that  radiates  power  uni- 
formly in  all  directions  is  unity  by  definition.  A  small  doublet  whose 
over-all  physical  length  is  short  compared  with  one-half  wavelength  has 
a  gain  oi  g  =  1.5  (1.76  decibels)  and  a  one-half  wave  dipole  has  a  gain 
of  2.15  decibels  in  the  direction  of  maximum  radiation.  A  nomogram  for 
the  free  space  transmission  loss  between  isotropic  antennas  is  given  in 
Fig.  1. 

When  antenna  dimensions  are  large  compared  with  the  wavelength, 
a  more  convenient  form  of  the  free  space  ratio  is^ 

— ^  =  ^^  (lb) 

Pt     (\dy- 

where  Ai,r  =  effective  area  of  transmitting  or  receiving  antennas. 

Another  form  of  expressing  free  space  transmission  is  the  concept  of 
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the  free  space  field  intensity  Eo  which  is  given  by: 

d 


(2) 


where  d  is  in  meters  and  Pt  in  watts. 

The  use  of  the  field  intensity  concept  is  frequently  more  convenient 
than  the  transmission  loss  concept  at  freciuencies  below  about  30  mc, 
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Fig.  1  —  Free  space  transmission. 


596  THE    BELL   SYSTEM   TECHNICAL   JOURNAL,    MAY    1957 

where  external  noise  is  generally  controlling  and  where  antenna  dimen- 
sions and  heights  are  comparable  to  or  less  than  a  wavelength.  The  free 
space  field  intensity  is  independent  of  frecjuency  and  its  magnitude  for 
one  kilowatt  radiated  from  a  half -wave  dipole  is  shown  on  the  left  hand 
scale  on  Fig.  1. 

The  concept  of  free  space  transmission  assumes  that  the  atmosphere  is 
perfectly  uniform  and  nonabsorbing  and  that  the  earth  is  either  infinitely 
far  away  or  its  reflection  cbeflacient  is  negligible.  In  practice,  the  modify- 
ing effects  of  the  earth,  the  atmosphere  and  the  ionosphere  need  to  be 
considered.  Both  theoretical  and  experimental  values  for  these  effects 
are  described  in  the  following  sections. 

II.    TRANSMISSION   WITHIN    LINE   OF   SIGHT 

The  presence  of  the  ground  modifies  the  generation  and  the  propaga- 
tion of  radio  waves  so  that  the  received  power  or  field  intensity  is  or- 
dinarily less  than  would  be  expected  in  free  space.^  The  effect  of  plane 
earth  on  the  propagation  of  radio  waves  is  given  by 

Induction  Field 
and  Secondary 
Direct  Reflected       "Surface      Effects  of  the 
Wave      Wave  Wave"  Ground 


E_ 


.^'^     \     /^  D^  ^-1  J^ 


1    +     Re'^  +  (1  -  R)Ae'^  +     •  •  •  (3) 


where 

R  =  reflection  coefficient  of  the  ground 
A  =  "surface  wave"  attenuation  factor 
4Thih-2 


A 


\d 


hi,2  =  antenna  heights  measured  in  same  units  as  the  wavelength 
and  distance 

The  parameters  R  and  A  vary  with  both  polarization  and  the  electrical 
constants  of  the  ground.  In  addition,  the  term  "surface  wave"  has  led 
to  considerable  confusion  since  it  has  been  used  in  the  literature  to 
stand  for  entirely  different  concepts.  These  factors  are  discussed  more 
completely  in  Section  IV.  However,  the  important  point  to  note  in  this 
section  is  that  considerable  simplification  is  possible  in  most  practical 
cases,  and  that  the  variations  with  polarization  and  ground  constants 
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and  the  confusion  about  the  surface  wave  can  often  be  neglected.  For 
near  grazing  paths,  R  is  approximately  equal  to  —1  and  the  factor  A 
can  be  neglected  as  long  as  both  antennas  are  elevated  more  than  a 
wavelength  above  the  ground  (or  more  than  5-10  wavelengths  above 
sea  water) .  Under  these  conditions  the  effect  of  the  earth  is  independent 
of  polarization  and  ground  constants  and  (3)  reduces  to 


^Pf  =2sin^  =  2sin^^  (4) 


2  \d 


where  Po  is  the  received  power  expected  in  free  space. 

The  above  expression  is  the  sum  of  the  direct  and  ground  reflected 
rays  and  shows  the  lobe  structure  of  the  signal  as  it  oscillates  around  the 
free  space  value.  In  most  radio  applications  (except  air  to  ground)  the 
principal  interest  is  in  the  lower  part  of  the  first  lobe;  that  is,  where 
A/2  <  7r/4.  In  this  case,  sin  A/2  ==  A/2  and  the  transmission  loss  over 
plane  earth  is  given  by: 

(5) 


It  Avill  be  noted  that  this  relation  is  independent  of  frequency  and  it  is 
shown  in  decibels  in  Fig.  2  for  isotropic  antennas.  Fig.  2  is  not  vaUd 
when  the  indicated  transmission  loss  is  less  than  the  free  space  loss  shown 
in  Fig.  1,  because  this  means  that  A  is  too  large  for  this  approximation. 

Although  the  transmission  loss  shown  in  (5)  and  in  Fig.  2  has  been 
derived  from  optical  concepts  that  are  not  strictly  valid  for  antenna 
heights  less  than  a  few  wavelengths,  approximate  results  can  be  obtained 
for  lower  heights  by  using  hi  (or  h-i)  as  the  larger  of  either  the  actual 
antenna  height  or  the  minimum  effective  antenna  height  shown  in  Fig. 
3.  The  concept  of  minimum  effective  antenna  height  is  discussed  further 
in  Section  IV.  The  error  that  can  result  from  the  use  of  this  artifice  does 
not  exceed  ±3  db  and  occurs  where  the  actual  antenna  height  is  ap- 
proximately equal  to  the  minimum  effective  antenna  height. 

The  sine  function  in  (4)  shows  that  the  received  field  intensity  oscil- 
lates around  the  free  space  value  as  the  antenna  heights  are  increased. 
The  first  maximum  occurs  when  the  difference  between  the  direct  and 
ground  reflected  waves  is  a  half  wavelength.  The  signal  maxima  have  a 
magnitude  1  +  |  i?  |  and  the  signal  minima  have  a  magnitude  of  1  —  \R\. 

Frequently  the  amount  of  clearance  (or  obstruction)  is  described  in 
terms  of  Fresnel  zones.  All  points  from  which  a  wave  could  be  reflected 
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with  a  path  difference  of  one-half  \va\'elength  form  the  Isoundary  of  the 
first  Fresnel  zone;  similarly,  the  boundary  of  the  n*^  Fresnel  zone  con- 
sists of  all  points  from  which  the  path  difference  is  n/2  wavelengths. 
The  n*'"'  Fresnel  zone  clearance  //„  at  any  distance  di  is  given  by: 


H^ 


n\di{d  —  di) 


d 


(6) 


Although  the  reflection  coefficient  is  very  nearly  equal  to   —1  for 
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Fig.  2  —  Transmission  loss  over  plane  earth. 
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Fig.  3  —  Minimum  effective  antenna  height. 


grazing  angles  over  smooth  surfaces,  its  magnitude  ma,y  be  less  than 
unity  when  the  terrain  is  rough.  The  classical  Rayleigh  criterion  of 
roughness  indicates  that  specular  reflection  occurs  when  the  phase  devia- 
tions are  less  than  about  ±(7r/2)  and  that  the  reflection  coefficient  will 
be  substantially  less  than  unity  when  the  phase  deviations  are  greater 
t  han  ±  (7r/2) .  In  most  cases  this  theoretical  boundary  between  specular 
and  diffuse  reflection  occurs  when  the  variations  in  terrain  exceed  |  to  j 
of  the  first  Fresnel  zone  clearance.  Experimental  results  with  microwave 
transmission  have  shown  that  most  practical  paths  are  "rough"  and 
ordinarily  have  a  reflection  coefficient  in  the  range  of  0.2-0.4.  In  addi- 
tion, experience  has  shown  that  the  reflection  coefficient  is  a  statistical 
problem  and  cannot  be  predicted  accurately  from  the  path  profile.^ 
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Fading  Phenomena 

Variations  in  signal  level  with  time  are  caused  by  changing  atmos- 
pheric conditions.  The  severity  of  the  fading  usually  increases  as  either 
the  frecj^uency  or  path  length  increases.  Fading  cannot  be  predicted  ac- 
curately but  it  is  important  to  distinguish  between  two  general  types: 
(1)  inverse  bending  and  (2)  multipath  effects.  The  latter  includes  the 
fading  caused  by  interference  between  direct  and  ground  reflected  waves 
as  well  as  interference  betw^een  two  or  more  separate  paths  in  the  atmos- 
phere. Ordinarily,  fading  is  a  temporary  diversion  of  energy  to  some 
other  than  the  desired  location;  fading  caused  by  absorption  of  energy 
is  discussed  in  a  later  paragraph. 

The  path  of  a  radio  wave  is  not  a  straight  line  except  for  the  ideal 
case  of  a  uniform  atmosphere.  The  transmission  path  may  be  bent  up  or 
down  depending  on  atmospheric  conditions.  This  bending  may  either 
increase  or  decrease  the  effective  path  clearance  and  inverse  bending 
may  have  the  effect  of  transforming  a  line  of  sight  path  into  an  obstructed 
one.  This  type  of  fading  may  last  for  several  hours.  The  frequency  of  its 
occurrence  and  its  depth  can  be  reduced  by  increasing  the  path  clear- 
ance, particularly  in  the  middle  of  the  path. 
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Fig.  4  —  Typical  fadii  g  characteristics  in  the  worst  month  on  30  to  40  mile 
line-of -sight  paths  with  50  to  100  foot  clearance. 
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Severe  fading  may  occur  over  water  or  on  other  smooth  paths  because 
the  phase  difference  between  the  direct  and  reflected  rays  varies  with 
atmospheric  conditions.  The  result  is  that  the  two  rays  sometimes  add 
and  sometimes  tend  to  cancel.  This  type  of  fading  can  be  minimized,  if 
the  terrain  permits,  by  locating  one  end  of  the  circuit  high  while  the 
other  end  is  very  low.  In  this  way  the  point  of  reflection  is  placed  near 
the  low  antenna  and  the  phase  difference  between  direct  and  reflected 
rays  is  kept  relatively  steady. 

Most  of  the  fading  that  occurs  on  "rough"  paths  with  adequate  clear- 
ance is  the  result  of  interference  between  two  or  more  rays  traveling 
slightly  different  routes  in  the  atmosphere.  This  multipath  type  of  fad- 
ing is  relatively  independent  of  path  clearance  and  its  extreme  condition 
approaches  the  Rayleigh  distribution.  In  the  Rayleigh  distribution,  the 
probability  that  the  instantaneous  value  of  the  field  is  greater  than  the 
value  R  is  exp  [  —  {R/Ro}],  where  Ro  is  the  rms  value. 

Representative  values  of  fading  on  a  path  with  adequate  clearance  are 
shown  on  Fig.  4.  After  the  multipath  fading  has  reached  the  Rayleigh 
distribution,  a  further  increase  in  either  distance  or  frec^uency  increases 
the  number  of  fades  of  a  given  depth  but  decreases  the  duration  so  that 
the  product  is  the  constant  indicated  by  the  Rayleigh  distribution. 

Miscellaneous  Effects 

The  remainder  of  this  Section  describes  some  miscellaneous  effects  of 
line  of  sight  transmission  that  may  be  important  at  frequencies  above 
about  1,000  mc.  These  effects  include  variation  in  angles  of  arrival, 
maximum  useful  antenna  gain,  useful  bandwidth,  the  use  of  frequency 
or  space  diversity,  and  atmospheric  absorption. 

On  line  of  sight  paths  with  adec^uate  clearance  some  components  of 
the  signal  may  arrive  with  variations  in  angle  of  arrival  of  as  much  as 
^°  to  1°  in  the  vertical  plane,  but  the  variations  in  the  horizontal  plane 
are  less  than  0.1°.*'  ^  Consequently,  if  antennas  with  beamwidths  less 
than  about  0.5°  are  used,  there  may  occasionalh^  be  some  loss  in  received 
signal  because  most  of  the  incoming  energy  arrives  outside  the  antenna 
beamwidth.  Signal  variations  due  to  this  effect  are  usually  small  com- 
pared with  the  multipath  fading. 

Multipath  fading  is  selective  fading  and  it  limits  both  the  maximum 
useful  bandwidth  and  the  frequency  separation  needed  for  adequate 
frequency  diversity.  For  40-db  antennas  on  a  30-mile  path  the  fading 
on  frequencies  separated  b}''  100-200  mc  is  essentially  uncorrelated  re- 
gardless of  the  absolute  freciuency.  With  less  directive  antennas,  uncor- 
related fading  can  occur  at  frequencies  separated  by  less  than  100  mc.^'  ^ 
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Larger  antennas  (more  narrow  beamwidths)  will  decrease  the  fast  multi- 
path  fading  and  widen  the  frecjuency  separation  between  uncorrelated 
fading  but  at  the  risk  of  increasing  the  long  term  fading  associated  with 
the  ^'ariations  in  the  angle  of  arrival. 

Optimum  space  diversity,  when  ground  reflections  are  controlling, 
requires  that  the  separation  between  antennas  be  sufficient  to  place  one 
antenna  on  a  field  intensity  maximum  while  the  other  is  in  a  field  in- 
tensity minimum.  In  practice,  the  best  spacing  is  usually  not  known  be- 
cause the  principal  fading  is  caused  by  multipath  variations  in  the 
atmosphere.  However,  adequate  diversity  can  usually  be  achie^'ed  with 
a  vertical  separation  of  100-200  wa\'elengths. 

At  frec^uencies  above  5,000-10,000  mc,  the  presence  of  rain,  snow,  or 
fog  introduces  an  absorption  in  the  atmosphere  which  depends  on  the 
amount  of  moisture  and  on  the  frequency.  During  a  rain  of  cloud  burst 
proportions  the  attenuation  at  10,000  mc  may  reach  5  db  per  mile  and 
at  25,000  mc  it  may  be  in  excess  of  25  db  per  mile.^  In  addition  to  the 
effect  of  rainfall  some  selective  absorption  may  result  from  the  oxygen 
and  water  vapor  in  the  atmosphere.  The  first  absorption  peak  due  to 
water  vapor  occurs  at  about  24,000  mc  and  the  first  absorption  peak  for 
oxygen  occurs  at  about  60,000  mc. 

III.    TROPOSPHERIC   TRANSMISSION    BEYOND    LINE   OF   SIGHT 

A  basic  characteristic  of  electromagnetic  waves  is  that  the  energy  is 
propagated  in  a  direction  perpendicular  to  the  surface  of  uniform  phase. 
Radio  waves  travel  in  a  straight  line  only  as  long  as  the  phase  front  is 
plane  and  is  infinite  in  extent. 

Energy  can  be  transmitted  beyond  the  horizon  by  three  principal 
methods:  reflection,  refraction  and  diff"raction.  Reflection  and  refrac- 
tion are  associated  with  either  sudden  or  gradual  changes  in  the  direc- 
tion of  the  phase  front,  while  diffraction  is  an  edge  effect  that  occurs 
because  the  phase  surface  is  not  infinite.  When  the  resulting  phase  front 
at  the  receiving  antenna  is  irregular  in  either  amplitude  or  position,  the 
distinctions  between  reflection,  refraction,  and  diffraction  tend  to  break 
down.  In  this  case  the  energy  is  said  to  l)e  scattered.  Scattering  is  fre- 
quently pictured  as  a  result  of  irregular  reflections  although  irregular 
refraction  plus  diffraction  may  be  equally  important. 

The  following  paragraphs  describe  first  the  theories  of  refraction  and 
of  diffraction  over  a  smooth  sphere  and  a  knife  edge.  This  is  followed  by 
empirical  data  derived  from  experimental  results  on  the  transmission  to 
points  far  beyond  the  horizon,  on  the  eftects  of  hills  and  trees,  and  on 
fading  phenomena. 
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Refraction 


The  dielectric  constant  of  the  atmosphere  normally  decreases  grad- 
ually with  increasing  altitude.  The  result  is  that  the  velocity  of  trans- 
mission increases  with  the  height  above  the  ground  and,  on  the  average, 
the  radio  energy  is  bent  or  refracted  toward  the  earth.  As  long  as  the 
change  in  dielectric  constant  is  linear  with  height,  the  net  effect  of  re- 
fraction is  the  same  as  if  the  radio  waves  continued  to  travel  in  a  straight 
line  but  over  an  earth  whose  modified  radius  is: 

a 

ka  =  — 


1    ,   « ^  (7) 

"^  2  dh 

where 

a  =  true  radius  of  earth 

—  =  rate  of  change  of  dielectric  constant  with  height 

CLil 

Under  certain  atmospheric  conditions  the  dielectric  constant  may  in- 
crease (0  <  /v  <  1)  over  a  reasonable  height,  thereby  causing  the  radio 
waves  in  this  region  to  bend  away  from  the  earth.  This  is  the  cause  of 
the  inverse  bending  type  of  fading  mentioned  in  the  preceding  section. 
It  is  sometimes  called  substandard  refraction.  Since  the  earth's  radius 
is  about  2.1  X  10^  feet,  a  decrease  in  dielectric  constant  of  only  2.4  X 
10"^  per  foot  of  height  results  in  a  value  of  A-  =  ^,  which  is  commonly 
assumed  to  be  a  good  average  value. ^  When  the  dielectric  constant  de- 
creases about  four  times  as  rapidly  (or  by  about  10~^  per  foot  of  height), 
the  value  of  A-  =  oo  .  Under  such  a  condition,  as  far  as  radio  propagation 
is  concerned,  the  earth  can  then  be  considered  flat,  since  any  ray  that 
«ta,rts  parallel  to  the  earth  will  remain  parallel. 

When  the  dielectric  constant  decreases  more  rapidly  than  10~'^  per 
foot  of  height,  radio  waves  that  are  radiated  parallel  to,  or  at  an  angle 
above  the  earth's  surface,  may  be  bent  downward  sufficiently  to  be  re- 
flected from  the  earth.  After  reflection  the  ray  is  again  bent  toward  the 
earth,  and  the  path  of  a  typical  ray  is  similar  to  the  path  of  a  bouncing 
tennis  ball.  The  radio  energy  appears  to  be  trapped  in  a  duct  or  wave- 
guide between  the  earth  and  the  maximum  height  of  the  radio  path.  This 
phenomenon  is  variously  known  as  trapping,  duct  transmission,  anoma- 
lous propagation,  or  guided  propagation.'"-  "  It  will  be  noted  that  in 
this  case  the  path  of  a  typical  guided  wave  is  similar  in  form  to  the  path 
of  sky  waves,  which  are  lower-frequency  waves  trapped  between  the 
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earth  and  the  ionosphere.  However,  there  is  httle  or  no  similarity  be- 
tween the  virtual  heights,  the  critical  frequencies,  or  the  causes  of  re- 
fraction in  the  two  cases. 

Duct  transmission  is  important  because  it  can  cause  long  distance 
interference  with  another  station  operating  on  the  same  frequency; 
however,  it  does  not  occur  often  enough  nor  can  its  occurrence  be  pre- 
dicted with  enough  accuracy  to  make  it  useful  for  radio  services  requir- 
ing high  reliability. 

Diffraction  Over  a  Smooth  Spherical  Earth  and  Ridges 

Radio  waves  are  also  transmitted  around  the  earth  by  the  phenomenon 
of  diffraction.  Diffraction  is  a  fundamental  property  of  wave  motion, 
and  in  optics  it  is  the  correction  to  apply  to  geometrical  optics  (ray 
theory)  to  obtain  the  more  accurate  wave  optics.  In  other  words,  all 
shadows  are  somewhat  "fuzzy"  on  the  edges  and  the  transition  from 
"light"  to  "dark"  areas  is  gradual,  rather  than  infinitely  sharp.  Our 
common  experience  is  that  light  travels  in  straight  lines  and  that  shad- 
ows are  sharp,  but  this  is  only  because  the  diffraction  effects  for  these 
very  short  wavelengths  are  too  small  to  be  noticed  without  the  aid  of 
special  laboratory  equipment.  The  order  of  magnitude  of  the  diffraction 
at  radio  frequencies  may  be  obtained  by  recalling  that  a  1 ,000-mc  radio 
wave  has  about  the  same  wavelength  as  a  1,000-cycle  sound  wave  in 
air,  so  that  these  two  types  of  waves  may  be  expected  to  bend  around 
absorbing  obstacles  with  approximately  equal  facility. 

The  effect  of  diffraction  around  the  earth's  curvature  is  to  make  possi- 
ble transmission  beyond  the  line-of -sight.  The  magnitude  of  the  loss 
caused  by  the  obstruction  increases  as  either  the  distance  or  the  fre- 
quency is  increased  and  it  depends  to  some  extent  on  the  antenna 
height. ^^  The  loss  resulting  from  the  curvature  of  the  earth  is  indicated 
by  Fig.  5  as  long  as  neither  antenna  is  higher  than  the  limiting  value 
shown  at  the  top  of  the  chart.  This  loss  is  in  addition  to  the  transmission 
loss  over  plane  earth  obtained  from  Fig.  2. 

When  either  antenna  is  as  much  as  twice  as  high  as  the  limiting  value 
shown  on  Fig.  5,  this  method  of  correcting  for  the  curvature  of  the  earth 
indicates  a  loss  that  is  too  great  by  about  2  db,  with  the  error  increasing 
as  the  antenna  height  increases.  An  alternate  method  of  determining  the 
effect  of  the  earth's  curvature  is  given  by  Fig.  6.  The  latter  method  is 
approximately  correct  for  any  antenna  height,  but  it  is  theoretically 
limited  in  distance  to  points  at  or  beyond  the  line-of-sight,  assuming 
that  the  curved  earth  is  the  only  obstruction.  Fig.  6  gives  the  loss  rela- 
tive to  free-space  transmission  (and  hence  is  used  with  Fig.  1)  as  a  func- 
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tion  of  three  distances:  di  is  the  distance  to  the  horizon  from  the  lower 
antenna,  c?2  is  the  distance  to  the  horizon  from  the  higher  antenna,  and 
ds  is  the  distance  beyond  the  hne-of-sight.  In  other  woi'ds,  the  total  dis- 
tance between  antennas,  d  =  di  -\-  d-i  -\-  d-i .  The  distance  to  the  horizon 
over  smooth  earth  is  given  by: 


c?i,2  =  ■\/2kahi,  2 


(8) 


where  /ii.s  is  the  appropriate  antenna  height  and  ka  is  the  effective  earth's 
radius. 

The  preceding  discussion  assumes  that  the  earth  is  a  perfectly  smooth 
sphere  and  the  results  are  critically  dependent  on  a  smooth  surface  and  a 
uniform  atmosphere.  The  modification  in  these  results  caused  by  the 
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presence  of  hilLs,  trees,  and  bnildings  is  difficult  or  impossible  to  compute, 
but  the  order  of  magnitude  of  these  effects  may  be  obtained  from  a  con- 
sideration of  the  other  extreme  case,  which  is  propagation  over  a  per- 
fectly absorbing  knife  edge. 

The  diffraction  of  plane  waves  over  a  knife  edge  or  screen  causes  a 
shadow  loss  whose  magnitude  is  shown  on  Fig.  7.  The  height  of  the  ob- 
struction H  is  measured  from  the  line  joining  the  two  antennas  to  the 
top  of  the  ridge.  It  will  be  noted  that  the  shadow  loss  approaches  (>  db 


X/ 


500' 


d,<d2 


LOSS  RELATIVE  TO    FREE    SPACE 
L,  -I-L2  +L3=18.5  +  2,5  +  6  =27  DB 


Z 

o„ 
t-< 

<  lil 

<o 

-JQ 
OZ 

Q.< 

_J^ 

<q: 
Oui 

Z< 

ON 

./)3 

cro 

LUQ- 
If)  < 

mi- 

_JZ 

uo 

<^ 

e)0 
zO 

Q 
UJ-' 

Oiu 

LU> 

ceo 


,2 I02 


10-=- 


10- 


10' 


-10- 


Qtr 

ZLU 
CLQC 


UZ 

-° 

s< 

Z_l 

-o 

Oh 

Lua 

CCUJ 
LL> 


-0.5   (o 
-0-7   5_^ 

^4/3  <^  to 
I  2 


5< 

(/) 

^a 
ii_i- 

Oo 
—20   gi- 

< 

CE 

II 

■50    ^ 


-2 
■3 

-5 
-7 
-10 


-10"' 

-2 
-3 


1  — 


2  — 


3  — 


10 

r__ LU~10- 


sx)    20- 

cc . 


\ 


N 


o 

^    30V 


50  — 


100  — 


200- 


300- 


—  2 


-5 


LU 
U 

Z 

< 

1- 

Q 


—  26 

30- 

—  24 

28  — 

—  22 

—  20 

26  — 

-18 

24  — 

-16 

—  14 

22  — 

-12 

—  10 


-10 


-20 


■30 


—  50 


—  100 


Q 

LU 


20 


19- 


-  8 


o 

CO 
10 
< 

tn 
f) 
o 


_i 

LU 
'CD 


8.3  - 


19- 


■200 


■300 


20  - 


—  2 


-1 


—  1 

-2 

-3 

C\J 

"O 

—  4 

UJ 

u 

z 
< 

—  5 

1- 

c/l 

Q 

I 

1- 

—  7 

5 

Q 

— 

UJ 

1- 

< 

U 

—  10 

0 

10 

if) 

—  12 

< 



to 

CO 

0 

—  15 

-I 

-I 

UJ 

m 

—  20 

u 

UJ 

0 

II 

f\j 

_l 

-30 

N 

N 



-40 

—  50 

Fig.  6 —  Dif't'iactiou  loss  relative  to  free  space  transmission  at  all  locations 
beyond  line-of-sight  over  a  smooth  sphere. 


RADIO    PROPAGATION    FUNDAMENTALS 


007 


as  H  approaches  0  (grazing  incidence),  and  that  it  increases  with  in- 
creasing positive  vahies  of  H.  When  the  direct  ray  clears  the  obstruction, 
//  is  negative,  and  the  shadow  loss  approaches  0  db  in  an  oscillatory 
manner  as  the  clearance  is  increased.  In  other  words,  a  substantial  clear- 
ance is  required  over  line-of-sight  paths  in  order  to  obtain  "free-space" 
transmission.  The  knife  edge  diffraction  calculation  is  substantially 
independent  of  polarization  as  long  as  the  distance  from  the  edge  is  more 
than  a  few  wavelengths. 
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Fig.  8  —  Transmission  loss  versus  clearance. 

At  grazing  incidence,  the  expected  loss  over  a  ridge  is  6  db  (Fig.  7) 
while  over  a  smooth  spherical  earth  Fig.  6  indicates  a  loss  of  about  20 
db.  More  accurate  results  in  the  vicinity  of  the  horizon  can  be  obtained 
by  expressing  radio  transmission  in  terms  of  path  clearance  measured 
in  Fresnel  zones  as  shown  in  Fig.  8.  In  this  representation  the  plane 
earth  theory  and  the  ridge  diffraction  can  be  represented  by  single  lines; 
but  the  smooth  sphere  theory  requires  a  family  of  curves  with  a  param- 
eter M  that  depends  primarily  on  antenna  heights  and  frequency.  The 
big  difference  in  the  losses  predicted  by  diffraction  around  a  perfect 
sphere  and  by  diffraction  over  a  knife  edge  indicates  that  diffraction 
losses  depend  critically  on  the  assumed  type  of  profile.  A  suitable  solu- 
tion for  the  intermediate  problem  of  diffraction  over  a  rough  earth  has 
not  yet  been  obtained. 

Experimental  Data  Far  Beyond  the  Horizon 

Most  of  the  experimental  data  at  points  far  beyond  the  horizon  fall 
in  between  the  theoretical  curves  for  diffraction  over  a  smooth  sphere 
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and  for  diffraction  over  a  knife  edge  obstruction.  Various  theories  have 
been  advanced  to  explain  these  effects  but  none  has  been  reduced  to  a 
simple  form  for  every  day  use.^^  The  explanation  most  commonly  ac- 
cepted is  that  energy  is  reflected  or  scattered  from  turbulent  air  masses 
in  the  volume  of  air  that  is  enclosed  by  the  intersection  of  the  beamwidths 
of  the  transmitting  and  receiving  antennas.'^ 

The  variation  in  the  long  term  median  signals  with  distance  has 
been  derived  from  experimental  results  and  is  shown  in  Fig.  9  for  two 
frequencies.^^  The  ordinate  is  in  db  below  the  signal  that  would  have 
been  expected  at  the  same  distance  in  free  space  with  the  same  power 
and  the  same  antennas.  The  strongest  signals  are  obtained  by  pointing 
the  antennas  at  the  horizon  along  the  great  circle  route.  The  values 
shown  on  Fig.  9  are  essentially  annual  averages  taken  from  a  large  num- 
ber of  paths,  and  substantial  variations  are  to  be  expected  with  terrain, 
climate,  and  season  as  well  as  from  day  to  day  fading. 

Antenna  sites  with  sufficient  clearance  so  that  the  horizon  is  several 
miles  away  will,  on  the  average,  provide  a  higher  median  signal  (less 
loss)  than  shown  on  Fig.  9.  Conversely,  sites  for  which  the  antenna  must 
be  pointed  upward  to  clear  the  horizon  will  ordinarily  result  in  ap- 
preciably more  loss  than  shown  on  Fig.  9.  In  many  cases  the  effects  of 
path  length  and  angles  to  the  horizon  can  be  combined  by  plotting  the 
experimental  results  as  a  function  of  the  angle  between  the  lines  drawn 
tangent  to  the  horizon  from  the  transmitting  and  receiving  sites. ^^ 
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()10  THE    BELL   SYSTEM   TECHNICAL   JOURNAL,    MAY    1957 

When  the  path  profile  consists  of  a  single  sharp  obstruction  that  can 
be  seen  iVoni  both  terminals,  the  signal  level  may  approach  the  value 
predicted  by  the  knife  edge  diffraction  theoiy.'^  While  several  interest- 
ing and  unusual  cases  have  been  recorded,  the  knife  edge  or  "obstacle 
gain"  theory  is  not  applicable  to  the  typical  but  only  to  the  exceptional 
paths. 

As  in  the  case  of  line-of-sight  transmission  the  fading  of  radio  signals 
beyond  the  horizon  can  be  divided  into  fast  fading  and  slow  fading.  The 
fast  fading  is  caused  by  multipath  transmission  in  the  atmosphere,  and 
for  a  given  size  antenna,  the  rate  of  fading  increases  as  either  the  fre- 
quency or  the  distance  is  increased.  This  type  of  fading  is  much  faster 
than  the  maximum  fast  fading  observed  on  line  of  sight  paths,  but  the 
two  are  similar  in  principle.  The  magnitude  of  the  fades  is  described  by 
the  Rayleigh  distribution. 

Slow  fading  means  variations  in  average  signal  level  over  a  period  of 
hours  or  days  and  it  is  greater  on  beyond  horizon  paths  than  on  line-of- 
sight  paths.  This  type  of  fading  is  almost  independent  of  frequency  and 
seems  to  be  associated  with  changes  in  the  average  refraction  of  the 
atmosphere.  At  distances  of  150  to  200  miles  the  variations  in  hourly 
median  value  around  the  annual  median  seem  to  follow  a  normal  proba- 
bility law  in  db  with  a  standard  deviation  of  about  8  db.  Typical  fading 
distributions  are  shown  on  Fig.  10. 

The  median  signal  levels  are  higher  in  warm  humid  climates  than  in 
cold  dry  climates  and  seasonal  variations  of  as  much  as  ±10  db  or  more 
from  the  annual  median  have  been  observed.'* 

Since  the  scattered  signals  arrive  with  considerable  phase  irregularities 
in  the  plane  of  the  recei\'ing  antenna,  narrow-beamed  (high  gain)  anten- 
nas do  not  yield  power  outputs  proportional  to  their  theoretical  area 
gains.  This  effect  has  sometimes  been  called  loss  in  antenna  gain,  but  it 
is  a  propagation  effect  and  not  an  antenna  effect.  On  150  to  200  miles 
this  loss  in  received  power  may  amount  to  one  or  two  db  for  a  40  db 
gain  antenna,  and  perhaps  six  to  eight  db  for  a  50  db  antenna.  These 
extra  losses  vary  with  time  but  the  variations  seem  to  be  uncorrelated 
with  the  actual  signal  le\'el. 

The  bandwidth  that  can  be  used  on  a  single  radio  carrier  is  frequently 
limited  by  the  selective  fading  caused  by  multipath  or  echo  effects. 
Echoes  are  not  troublesome  as  long  as  the  echo  time  delays  are  very 
short  compared  with  one  cycle  of  the  highest  baseband  frequency.  The 
probability  of  long  delayed  echoes  can  be  reduced  (and  the  rate  of  fast 
fading  can  be  decreased)  by  the  use  of  narrow  beam  antennas  both 
within  and  beyond  the  horizon.'^'  -<'  Useful  bandwidths  of  several  mega- 
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cycles  appear  to  be  feasible  with  the  antennas  that  are  needed  to  pro- 
vide adeciuate  signal-to-noise  margins.  Successful  tests  of  television  and 
of  multichannel  telephone  transmission  have  been  reported  on  a  188- 
mile  path  at  0,000  mc.'' 

The  effects  of  fast  fading  can  be  reduced  substantially  by  the  use  of 
either  frequency  or  space  diversity.  The  freciuency  or  space  separation 
reciuired  for  diversity  varies  with  time  and  with  the  degree  of  correlation 
that  can  be  tolerated.  A  horizontal  (or  vertical)  separation  of  about  100 
wavelengths  is  ordinarily  adequate  for  space  diversity  on  100-  to  200- 
mile  paths.  The  corresponding  figure  for  the  required  frequency  separa- 
tion for  adequate  diversity  seems  likely  to  be  more  than  20  mc. 
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Fig.  10  —  Typical  fading  characteristics  at  points  far  beyond  tlie  horizon. 
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Effects  of  Nearby  Hills  —  Particularly  on  Short  Paths 

The  experimental  results  on  the  effects  of  hills  indicate  that  the  shadow 
losses  increase  with  the  frecjuency  and  with  the  roughness  of  the  terrain.^^ 

An  empirical  summary  of  the  available  data  is  shown  on  Fig.  11.  The 
roughness  of  the  terrain  is  represented  bj^  the  height  H  shown  on  the 
profile  at  the  top  of  the  chart.  This  height  is  the  difference  in  elevation 
between  the  bottom  of  the  valley  and  the  elevation  necessary  to  obtain 
line  of  sight  from  the  transmitting  antenna.  The  right  hand  scale  in  Fig. 
11  indicates  the  additional  loss  above  that  expected  over  plane  earth. 
Both  the  median  loss  and  the  difference  between  the  median  and  the  10 
per  cent  values  are  shown.  For  example,  with  variations  in  terrain  of  500 
feet,  the  estimated  median  shadow  loss  at  450  mc  is  about  20  db  and  the 
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Fig.  11  —  Estimated  distribution  of  shadow  losses. 
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shadow  loss  exceeded  in  only  10  per  cent  of  the  possible  locations  between 
points  A  and  B  is  about  20  +  15  =  35  db.  It  will  be  recognized  that  this 
analysis  is  based  on  large-scale  variations  in  field  intensity,  and  does  not 
include  the  standing  wave  effects  which  sometimes  cause  the  field  inten- 
sity to  vary  considerably  within  a  few  feet. 

Effects  of  Buildings  and  Trees 

The  shadow  losses  resulting  from  buildings  and  trees  follow  somewhat 
different  laws  from  those  caused  by  hills.  Buildings  may  be  more  trans- 
parent to  radio  waves  than  the  solid  earth,  and  there  is  ordinarily  much 
more  back  scatter  in  the  city  than  in  the  open  country.  Both  of  these 
factors  tend  to  reduce  the  shadow  losses  caused  by  the  buildings  but, 
on  the  other  hand,  the  angles  of  diffraction  over  or  around  the  buildings 
are  usually  greater  than  for  natural  terrain.  In  other  words,  the  artificial 
canyons  caused  by  buildings  are  considerably  narrower  than  natural 
valleys,  and  this  factor  tends  to  increase  the  loss  resulting  from  the  pres- 
ence of  buildings.  The  available  quantitative  data  on  the  effects  of  build- 
ings are  confined  primarily  to  New  York  City.  These  data  indicate  that 
in  the  range  of  40  to  450  mc  there  is  no  significant  change  with  fre- 
quency, or  at  least  the  variation  with  frequency  is  somewhat  less  than 
that  noted  in  the  case  of  hills.^'^  The  median  field  intensity  at  street  level 
for  random  locations  in  Manhattan  (New  York  City)  is  about  25  db 
below  the  corresponding  plane  earth  value.  The  corresponding  values 
for  the  10  per  cent  and  90  per  cent  points  are  about  15  and  35  db,  re- 
spectively. 

Typical  values  of  attenuation  through  a  brick  wall,  are  from  2  to  5 
db  at  30  mc  and  10  to  40  db  at  3,000  mc,  depending  on  whether  the  wall 
is  dry  or  wet.  Consequently  most  buildings  are  rather  opaque  at  fre- 
quencies of  the  order  of  thousands  of  megacycles. 

When  an  antenna  is  surrounded  by  moderately  thick  trees  and  below 
tree-top  level,  the  average  loss  at  30  mc  resulting  from  the  trees  is  usually 
2  or  3  db  for  vertical  polarization  and  is  negligible  with  horizontal  polar- 
ization. However,  large  and  rapid  variations  in  the  received  field  inten- 
sity may  exist  within  a  small  area,  resulting  from  the  standing-wave 
pattern  set  up  by  reflections  from  trees  located  at  a  distance  of  several 
wavelengths  from  the  antenna.  Consequently,  several  near-by  locations 
should  be  investigated  for  best  results.  At  100  mc  the  average  loss  from 
surrounding  trees  may  be  5  to  10  db  for  vertical  polarization  and  2  or  3 
db  for  horizontal  polarization.  The  tree  losses  continue  to  increase  as  the 
frequency  in(?reases,  and  above  300  to  500  mc  they  tend  to  be  inde- 
pendent of  the  type  of  polarization.  Above  1,000  mc,  trees  that  are  thick 
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enough  to  block  vision  are  roughly  equivalent  to  a  solid  obstruction  of 
the  same  over-all  size. 

IV.    MEDIUM   and    LOAV    FREQUENCY   GROUND    WAVE   TRANSMISSION 

Wherever  the  antenna  heights  are  small  compared  with  the  wave- 
length, the  received  field  intensity  is  ordinarily  stronger  with  vertical 
polarization  than  with  horizontal  and  is  stronger  over  sea  water  than 
over  poor  soil.  In  these  cases  the  "surface  wave"  term  in  (3)  cannot  be 
neglected.  This  use  of  the  term  "surface  wave"  follows  Norton's  usage 
and  is  not  equivalent  to  the  Sommerfeld  or  Zenneck  "surface  waves." 

The  parameter  A  is  the  plane  earth  attenuation  factor  for  antennas 
at  ground  level.  It  depends  upon  the  frequency,  ground  constants,  and 
type  of  polarization.  It  is  never  greater  than  unity  and  decreases  with 
increasing  distance  and  frec^uency,  as  indicated  by  the  following  approxi- 
mate equation :  24 ,  25 

-1 

A  ^^  — 


1  +  .7 (sm  d  -\-  z) 


where 


z  =        " '■ for  vertical  polarization 

Co 

z   =  \/eo  —  cos^  Q  for  horizontal  polarization 
f  0  =  e  —  J6O0-X 
6  =  angle  between  reflected  ray  and  the  ground 

=  0  for  antennas  at  ground  level 
e  =  dielectric  constant  of  the  ground  relative  to  unity  in  free  space 
(X  =  conductivity  of  the  ground  in  mhos  per  meter 
X  =  wavelength  in  meters 

In  terms  of  these  same  parameters  the  reflection  coefficient  of  the 
ground  is  given  by^^ 

R  =    ^j^l^Ll  (10) 

sin  6  -\-  z 

When  6  <K  \  z  \  the  reflection  coefficient  approaches  —  1 ;  when  0  »  |  2:  | 
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(which  can  happen  only  with  vertical  polarization)  the  reflection  coeffi- 
cient approaches  +1.  The  angle  for  which  the  reflection  coefficient  is  a 
minimum  is  called  the  pseiido-Brewster  angle  and  it  occurs  for  sin  6 

For  antennas  approaching  ground  level  the  first  two  terms  in  (3) 
cancel  each  other  Qii  and  ho  approach  zero  and  R  approaches  —1)  and 
the  magnitude  of  the  third  term  becomes 

'^^        ^^^^'^2x^"l^  (11) 

where  ha  =  minimum  effective  antenna  height  shown  in  Fig.  3 
X 

The  surface  wave  term  arises  because  the  earth  is  not  a  perfect  re- 
flector. Some  energy  is  transmitted  into  the  ground  and  sets  up  ground 
currents,  which  are  distorted  relative  to  what  would  have  been  the  case 
in  an  ideal  perfectly  reflecting  surface.  The  surface  wave  is  defined  as 
the  vertical  electric  field  for  vertical  polarization,  or  the  horizontal 
electric  field  for  horizontal  polarization,  that  is  associated  with  the  extra 
components  of  the  ground  currents  caused  by  lack  of  perfect  reflection. 
Another  component  of  the  electric  field  associated  with  the  ground 
currents  is  in  the  direction  of  propagation.  It  accounts  for  the  success  of 
the  wave  antenna  at  lower  frequencies,  but  it  is  always  smaller  in  magni- 
tude than  the  surface  wave  as  defined  above.  The  components  of  the 
electric  vector  in  three  mutually  perpendicular  co-ordinates  are  given 
by  Norton." 

In  addition  to  the  effect  of  the  earth  on  the  propagation  of  radio  waves, 
the  presence  of  the  ground  may  also  affect  the  impedance  of  low  antennas 
and  thereby  may  have  an  effect  on  the  generation  and  reception  of  radio 
waves.2^  As  the  antenna  height  \'aries,  the  impedance  oscillates  around 
the  free  space  value,  but  the  variations  in  impedance  are  usually  unim- 
portant as  long  as  the  center  of  the  antenna  is  more  than  a  quarter- 
wavelength  above  the  ground.  For  vertical  grounded  antennas  (such  as 
are  used  in  standard  AM  broadcasting)  the  impedance  is  doubled  and  the 
net  effect  is  that  the  maximum  field  intensity  is  3  db  above  the  free  space 
value  instead  of  6  db  as  indicated  in  (4)  for  ele\'ated  antennas. 

Typical  \'alues  of  the  field  intensity  to  be  expected  from  a  grounded 
quarter-wave  vertical  antenna  are  shown  in  Fig.  12  for  transmission  over 
poor  soil  and  in  Fig.  13  for  transmission  over  sea  water.  These  charts  in- 
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Fig.  12  —  Field  intensity  for  vertical  polarization  over  poor  soil  for  1-kw 
radiated  power  from  a  grounded  whip  antenna. 
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Fig.  13  —  Field  intensity  for  vertical  polarization  over  sea  water  for  1-kw 
radiated  power  from  a  grounded  whip  antenna. 
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elude  the  effect  of  diffraction  and  average  refraction  around  a  smooth 
spherical  earth  as  discussed  in  Section  III,  but  do  not  include  the  iono- 
spheric effects  described  in  the  next  Section.  The  increase  in  signal  ob- 
tained by  raising  either  antenna  height  is  shown  in  Fig.  14  for  poor  soil 
and  Fig.  15  for  sea  water. 
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Fig.  14  —  Antenna  height  gain  factor  for  vertical  polarization  over  poor  soil. 
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Fig.  15  —  Antenna  height  gain  factor  for  vertical  polarization  over  sea  water. 
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V.    IONOSPHERIC   TRANSMISSION 

111  addition  to  the  troposphoric  or  ground  wave  transmission  discussed 
in  the  preceding  sections,  useful  radio  energy  at  frequencies  below  about 
25  to  100  mc  may  be  returned  to  the  earth  by  reflection  from  the  iono- 
sphere, which  consists  of  several  ionized  layers  located  50  to  200  miles 
above  the  earth.  The  relatively  high  density  of  ions  and  free  electrons  in 
this  region  provides  an  effective  index  of  refraction  of  less  than  one,  and 
the  resulting  transmission  path  is  similar  to  that  in  the  well  known  optical 
phenomenon  of  total  internal  reflection.  The  mechanism  is  generally 
spoken  of  as  reflection  from  certain  virtual  heights.^^  Polarization  is  not 
maintained  in  ionospheric  transmission  and  the  choice  depends  on  the 
antenna  design  that  is  most  efficient  at  the  desired  elevation  angles. 

Regular  lonosphei'ic  Transmission 

The  ionosphere  consists  of  three  or  more  distinct  layers.  This  does  not 
mean  that  the  space  between  layers  is  free  of  ionization  but  rather  that 
the  curve  of  ion  density  versus  height  has  several  distinct  peaks.  The 
E,  F\,  and  F2  layers  are  present  during  the  daj'^time  but  the  Fi  and  Fo 
combine  to  form  a  single  layer  at  night.  A  lower  laj^er  called  the  D  layer 
is  also  present  during  the  day,  but  its  principal  effect  is  to  absorb  rather 
than  reflect. 

Information  about  the  nature  of  the  inosphere  has  been  obtained 
by  transmitting  pulsed  radio  signals  directly  overhead  and  bj-  record- 
ing the  signal  intensity  and  the  time  delay  of  the  echoes  returned  from 
these  layers.  At  night  all  frequencies  below  the  critical  frequency  jc  are 
returned  to  earth  with  an  average  signal  intensity  that  is  about  3  to  6 
db  below  the  free  space  signal  that  would  be  expected  for  the  round 
trip  distance.  At  frequencies  higher  than  the  critical  frequency  the  signal 
intensity  is  very  weak  or  undetectable.  Tj^pical  values  of  the  critical 
freciuency  for  Washington,  D.  C,  are  shown  in  Fig.  16. 

During  the  da\'time,  the  critical  frequency  is  increased  2  to  3  times 
over  the  corresponding  nighttime  value.  This  apparent  increase  in  the 
useful  frequency  range  for  ionospheric  transmission  is  largely  offset  by 
the  heavy  daytime  absorption  which  reaches  a  maximum  in  the  1  to  2- 
mc  range.  This  absorption  is  caused  by  interaction  between  the  free  elec- 
trons and  the  earth's  magnetic  field.  The  absence  of  appi-eciable  absorp- 
tion at  night  indicates  that  most  of  the  free  electrons  disappear  when 
the  sun  goes  down.  Charged  particles  traveling  in  a  magnetic  field  have 
a  resonant  or  gyromagnctic  frequency,  and  for  electrons  in  the  earth's 
magnetic  field,  of  about  0.5  gauss,  this  resonance  occurs  at  about   1.4 
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Fig.  16  —  Typical  diurnal  variation  of  critical  frequency  for  January  at  lati- 
tude 40  degrees. 


me.  The  magnitude  of  the  absorption  varies  with  the  angle  of  the  sun 
above  the  horizon  and  is  a  maximum  about  noon.  The  approximate 
midday  absorption  is  shown  on  Fig.  17  in  terms  of  db  per  100  miles  of 
path  length.  (On  short  paths  this  length  is  the  actual  path  traveled,  not 
the  distance  along  the  earth's  surface.) 

Long  distance  transmission  requires  that  the  signal  be  reflected  from 
the  ionosphere  at  a  small  angle  instead  of  the  perpendicular  incidence 
used  in  obtaining  the  critical  frequency.  For  angles  other  than  directly 
overhead  an  assumption  which  seems  to  be  borne  out  in  practice  is  that 
the  highest  frequency  for  which  essentially  free  space  transmission  is 
obtained  is  /^/sin  a,  where  a.  is  the  angle  between  the  radio  ray  and  iono- 
spheric layer.  This  limiting  frequency  is  greater  than  the  critical  fre- 
quency and  is  called  the  maximum  usable  frequency  which  is  usually 
abbre^'iated  muf.  The  curved  geometry  limits  the  distance  that  can  be 
obtained  with  one-hop  transmission  to  al^out  2,500  miles  and  the  muf  at 
the  longer  distances  does  not  exceed  3  to  3.5  times  the  critical  frequency. 

The  difference  between  day  and  night  effects  means  that  most  sky- 
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Fig.  17  —  Typical  values  of  midday  ionospheric  absorption. 

wave  paths  require  at  least  two  frequencies.  A  relatively  low  frequency- 
is  needed  to  get  under  the  nighttime  muf  and  a  higher  frequency  is 
needed  that  is  below  the  daytime  muf  but  above  the  region  of  high 
absorption.  This  lower  limit  depends  on  the  available  signal-to-noise 
margin  and  is  commonly  called  the  lowest  useful  high  frequenc3^ 

Frequencies  most  suitable  for  transmission  of  1000  miles  or  more  will 
ordinarily  not  be  reflected  at  the  high  angles  needed  for  much  shorter 
distances.  As  a  result  the  range  of  sky  wave  transmission  ordinarily  does 
not  overlap  the  range  of  ground  wave  transmission,  and  the  intermediate 
region  is  called  the  skip  zone  because  the  signal  is  too  weak  to  be  useful. 
At  frequencies  of  a  few  megacycles  the  groundwave  and  skywave  ranges 
may  overlap  with  the  result  that  severe  fading  occurs  when  the  two 
signals  are  comparable  in  amplitude. 

In  addition  to  the  diurnal  variations  in  frequency  and  in  absorption 
there  are  systematic  changes  with  season,  latitude,  and  with  the  nom- 
inally eleven-year  sunspot  cycle.  Random  changes  in  the  critical  fre- 
quency of  about  ±15  per  cent  from  the  monthly  median  value  are  also 
to  be  expected  from  day  to  day. 

The  F  layer  is  the  principal  contributor  to  transmission  bej^ond  1 ,000  to 
1 ,500  miles  and  tj'-pical  values  of  the  maximum  usable  frequency  can  be 
summarized  as  follows:  The  median  nighttime  critical  frequency  for  F 
layer  transmission  at  the  latitude  at  Washington,  D.  C,  is  about  2  mc 
in  the  month  of  June  during  a  period  of  low  sunspot  activity.  All  fre- 
quencies below  about  2  mc  are  strongly  reflected  to  earth  while  the  higher 


RADIO    PROPAGATION    FUNDAMENTALS 


621 


frequencies  are  either  greatly  attenuated  or  are  lost  in  outer  space.  The 
approximate  maximum  usable  frequency  for  other  conditions  is  greater 
than  2  mc  by  the  ratios  shown  in  Table  I. 

Table  I 


Variation  With 

Multiplying  factor 

(1)  Time  of  Day 

Midnight 

1  (Reference) 

Earl}'  Afternoon — June 

2 

December 

3 

(2)  Path  Length 

Less  than  200  Miles 

1  (Reference) 

Approx.  1000  Miles 

2 

More  than  2500  Miles 

3.5 

(3)  Sunspot  Cycle 

Minimum 

1  (Reference) 

For  one  year  in  five — June 

1.5 

December 

2 

For  one  year  in  fifty — June 

2 

December 

3 

When  all  of  the  above  variations  add  "in  phase,"  transmission  for 
distances  of  2,500  miles  or  more  is  possible  at  frequencies  up  to  40  to  60 
mc.  For  example,  using  the  table,  2,500-mile  transmission  on  an  early 
December  afternoon  in  one  year  out  of  five  can  be  expected  on  a  fre- 
quency of  about  42  mc,  which  is  3  X  3.5  X  2  =  21  times  the  reference 
critical  frequency  of  2  mc.  Peaks  of  the  sunspot  cycle  occurred  in  1937 
and  in  1947-1948  so  another  peak  is  expected  in  1958-1959. 

The  maximum  usable  frequency  also  varies  with  the  geomagnetic 
latitude  but,  as  a  first  approximation,  the  above  values  are  typical  of 
continental  U.  S.  Forecasts  of  the  muf  to  be  expected  throughout  the 
world  are  issued  monthly  by  the  National  Bureau  of  Standards.^'' •  *^ 
These  estimates  include  the  diurnal,  seasonal,  and  sunspot  effects. 

Another  type  of  absorption,  over  and  above  the  usual  daytime  absorp- 
tion, occurs  both  day  and  night  on  transmission  paths  that  travel  through 
the  auroral  zone.  The  auroral  zones  are  centered  on  the  north  and  south 
magnetic  poles  at  about  the  same  distance  as  the  Arctic  Circle  is  from 
the  geographical  north  pole.  During  periods  of  magnetic  storms  these 
auroral  zones  expand  over  an  area  much  larger  than  normal  and  thereby 
disrupt  communication  by  introducing  unexpected  absorption.  These 
conditions  of  poor  transmission  can  last  for  hours  and  sometimes  even 
for  days.  These  periods  of  increased  absorption  are  more  common  in 
the  polar  regions  than  in  the  temperate  zones  or  the  tropics  because  of 
the  proximity  of  the  auroral  zone  and  are  frequently  called  HF  "black- 
outs." During  a  "blackout,"  the  signal  level  is  decreased  considerably 
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but  the  signal  does  not  drop  out  completel\\  It  appears  possible  that  the 
outage  time  normally  associated  with  HF  transmission  could  be  greatly 
reduced  bj^  the  use  of  transmitter  power  and  antenna  size  comparable 
to  that  needed  in  the  ionospheric  scatter  method  described  below. 

In  addition  to  the  auroral  zone  absorption,  there  are  shorter  periods 
of  severe  absorption  over  the  entire  hemisphere  facing  the  sun.  These 
erratic  and  unpredictable  effects  which  seem  to  be  associated  with  erup- 
tions on  the  sun  are  called  sudden  ionospheric  disturbances  (SID's)  or 
the  Bellinger  effect. 

The  preceding  information  is  based  primarily  on  F  la3'er  transmission. 
The  E  laj'er  is  located  closer  to  the  earth  than  the  F  layer  and  the  maxi- 
mum transmission  distance  for  a  single  reflection  is  about  1,200  miles. 

Reflections  from  the  E  layer  sometimes  occur  at  frequencies  above 
about  20  mc  but  are  erratic  in  both  time  and  space.  This  phenomenon 
has  been  explained  by  assuming  that  the  E  layer  contains  clouds  of 
ionization  that  are  variable  in  size,  densitj^,  and  location.  The  maximum 
frequency  returned  to  earth  may  at  times  be  as  high  as  70  or  80  mc.^- 
The  high  values  are  more  likely  to  occur  during  the  sunmier,  and  during 
the  minimum  of  the  sunspot  cyc\e. 

Rapid  multipath  fading  exists  on  ionospheric  circuits  and  is  super- 
imposed on  the  longer  term  variations  discussed  above.  The  amplitude 
of  the  fast  fading  follows  the  Rax-'leigh  distribution  and  echo  delaj^s  up 
to  several  milliseconds  are  observed.  These  delays  are  10*  to  10°  times  as 
long  as  for  tropospheric  transmission.  As  a  result  of  these  relativelj^ 
long  delays  uncorrelated  selective  fading  can  occur  within  a  few  hundred 
cycles.  This  produces  the  distortion  on  voice  circuits  that  is  characteris- 
tic of  "short  wave"  transmission. 

Ionospheric  Scatter 

The  maximum  usable  frequency  used  in  conventional  skywave  trans- 
mission is  defined  as  the  highest  freciuency  returned  to  earth  for  which 
the  average  transmission  is  within  a  few  db  of  free  space.  As  the  fre- 
quency increases  above  the  muf  the  signal  level  decreases  rapidly  but 
does  not  drop  out  completely.  Although  the  signal  level  is  low,  reliable 
transmission  can  be  obtained  at  frec[uencies  up  to  50  mc  or  higher  and 
to  distances  up  to  at  least  1,200  to  1,500  miles. ^-^  In  this  case  the  signal 
is  80  to  100  db  below  the  free  space  value  and  its  satisfactory^  use  re- 
quires much  higher  power  and  larger  antennas  than  are  ordinarily  used 
in  ionospheric  transmission.  The  approximate  variation  in  median  signal 
level  with  frequency  is  shown  in  Fig.  18. 

Ionospheric  scatter  is  apparentlj^  the  result  of  reflections  from  man}^ 
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Fig.  18  —  Median  signal  levels  for  ionospheric  scatter  transmission. 

patches  of  ionization  in  the  E  layer.  It  is  suspected  that  meteors  are 
important  in  estabUshing  and  in  maintaining  this  ionization  but  this 
has  not  been  clearly  determined. 

In  common  with  other  types  of  transmission,  the  fast  fading  follows 
a  Rayleigh  distribution.  The  distribution  of  hourly  median  values  rela- 
tive to  the  long  term  median  (after  the  high  signals  resulting  from 
sporadic  E  transmission  have  been  removed)  is  approximately  a  normal 
probability  law  with  a  standard  deviation  of  about  6  to  8  db. 

Ionospheric  scatter  transmission  is  suitable  for  several  telegraph 
channels  but  the  useful  bandwidth  is  limited  by  the  severe  selective 
fading  that  is  characteristic  of  all  ionospheric  transmission. 


VI.    NOISE   LEVELS 

The  usefulness  of  a  radio  signal  is  limited  by  the  "noise"  in  the  re- 
ceiver. This  noise  may  be  either  unwanted  external  interference  or  the 
first  circuit  noise  in  the  receiver  itself. 

Atmospheric  static  is  ordinarily  controlling  at  frecjuencies  below  a 
few  megacycles  while  set  noise  is  the  primary  limitation  at  frequencies 
above  200  to  500  me.  In  the  10-  to  200-mc  band  the  controlling  factor 
depends  on  the  location,  time  of  day,  etc.  and  may  he  either  atmospheric 
static,  man  made  noise,  cosmic  noise,  or  set  noise. 

The  theoretical  minimum  circuit  noise  caused  by  the  thermal  agitation 
of  the  electrons  at  usual  atmospheric  temperatures  is  204  db  l)elow  one 
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watt  per  cycle  of  bandwidth;  that  is,  the  thermal  noise  power,  in  dbw 
is  —20-4  +  10  log  (bandwidth).  The  first  circuit  or  set  noise  is  usually 
higher  than  the  theoretical  minimum  by  a  factor  known  as  the  noise 
figure.  For  example,  the  set  noise  in  a  receiver  with  a  6-kc  noise  band- 
width and  an  8-db  noise  figure  is  158  db  below  1  watt,  which  is  equiva- 
lent to  0.12  microvolts  across  100  ohms.  Variations  in  thermal  noise  and 
set  noise  follow  the  Rayleigh  distribution,  but  the  quantitative  reference 
is  usually  the  rms  value  (63.2  per  cent  point),  which  is  1.6  db  higher 
than  the  median  value  shown  on  Figs.  4  and  10.  Momentary  thermal 
noise  peaks  more  than  10  to  12  db  above  the  median  xahie  occur  for  a 
small  percentage  of  the  time. 

Atmospheric  static  is  caused  by  lightning  and  other  natural  electrical 
disturbances,  and  is  propagated  over  the  earth  by  ionospheric  trans- 
mission. Static  levels  are  generally  stronger  at  night  than  in  the  day- 
time. Atmospheric  static  is  more  noticeable  in  the  warm  tropical  areas 
where  the  storms  are  most  frequent  than  it  is  in  the  colder  northern 
regions  which  are  far  removed  from  the  lightning  storms. 

Typical  average  values  of  noise  in  a  6-kc  band  are  shown  on  Fig.  19. 
The  atmospheric  static  data  are  rough  yearly  averages  for  a  latitude 
of  40°.  Typical  summer  averages  are  a  few  db  higher  than  the  value  on 
Fig.  19  and  the  corresponding  winter  values  are  a  few  db  lower.  The 
average  noise  levels  in  the  tropics  may  be  as  much  as  15  db  higher  than 
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Fig.  19  —  Typical  average  noise  level  in  u  6-kc  band. 
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for  latitudes  of  40°  while  in  the  Arctic  region  the  noise  may  be  15  to 
25  db  lower.  The  corresponding  values  for  other  bandwidths  can  be 
obtained  by  adding  10  db  for  each  10-fold  increase  in  bandwidth.  More 
complete  estimates  of  atmospheric  noise  on  a  world  wide  basis  are  given 
in  the  National  Bureau  of  Standards  Bulletin  462.^9  These  noise  data 
are  based  on  measurements  with  a  time  constant  of  100  to  200  millisec- 
onds. Noise  peaks,  as  measured  on  a  cathode  ray  tube,  may  be  consid- 
erably higher. 

The  man  made  noise  shown  on  Fig.  19  is  caused  primarily  by  opera- 
tion of  electric  switches,  ignition  noise,  etc.,  and  may  be  a  controlling 
factor  at  frequencies  below  200  to  400  mc.  Since  radio  transmission  in  this 
frequency  range  is  primarily  tropospheric  (ground  wave),  man  made 
noise  can  be  relatively  unimportant  beyond  10  to  20  miles  from  the 
source.  In  rural  areas,  the  controlling  factor  can  be  either  set  noise  or 
cosmic  noise. 

Cosmic  and  solar  noise  is  a  thermal  type  interference  of  extra-terres- 
tial  origin. ^^  Its  practical  importance  as  a  limitation  on  communication 
circuits  seems  to  be  in  the  20-  to  80-mc  range.  Cosmic  noise  has  been 
found  at  much  higher  frequencies  but  its  magnitude  is  not  significantly 
above  set  noise.  On  the  other  hand,  noise  from  the  sun  increases  as  the 
frequency  increases  and  may  become  the  controlling  noise  source  when 
high  gain  antennas  are  used.  The  rapidly  expanding  science  of  radio 
astronomy  is  investigating  the  variations  in  both  time  and  frequency 
of  these  extra-terrestial  sources  of  radio  energy. 
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A  Reflection  Theory  for  Propagation 
Beyond  the  Horizon* 
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(Manuscript  received  January  9,  1957) 

Propagation  of  short  radio  waves  beyond  the  horizon  is  discussed  in  terms 
of  reflection  from  layers  in  the  atmosphere  formed  by  relatively  sharp  gra- 
dients of  refractive  index.  The  atmosphere  is  assumed  to  contain  many  such 
layers  of  limited  dimensions  with  random  position  and  orientation.  On  this 
basis,  the  dependence  of  the  propagation  on  path  length,  antenna  size  and 
ivavclength  is  obtained. 

INTRODUCTION 

It  was  pointed  out  several  years  ago^  that  power  propagated  beyond 
the  radio  horizon  at  very  short  wavelengths  greatly  exceeds  the  power 
calculated  for  diffraction  around  the  earth.  This  beyond-the-horizon 
propagation  has  stimulated  numerous  experimental  and  theoretical  in- 
vestigations.- Booker  and  Gordon,^  'S'illars  and  Weisskopf^  and  others 
have  developed  theories  based  on  scattering  of  the  radio  waves  by  tur- 
bulent regions  in  the  troposphere.  This  paper  proposes  a  theory  in  which 
uncorrelated  reflections  from  layers  in  the  troposphere  are  assumed  re- 
sponsible for  the  power  propagated  beyond  the  horizon. 

In  developing  this  theory,  some  arbitrary  assumptions  of  necessity 
have  been  made  concerning  the  reflecting  laj^ers  since,  at  the  present 
time,  our  detailed  knowledge  of  the  atmosphere  is  insufficient.  However, 
calculations  based  on  the  theory  are  found  to  be  in  good  agreement  with 
reported  measurements  of  beyond-the-horizon  propagation. 

Measurement  of  the  dielectric  constant  of  the  atmosphere^  has  shown 
that  relatively  sharp  variations  in  the  gradients  of  refractive  index  exist 
in  both  the  horizontal  and  vertical  planes.  Although  the  geometrical 
structure  of  the  boundaries  formed  by  the  gradients  is  not  well  knoATO, 
one  may  postulate  an  atmosphere  of  many  layers  of  limited  extent  and 

*  This  material  was  presented  at  tlie  I.R.E.  Canadian  Convention,  Toronto, 
Canada,  October  3,  1956. 
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arbitrary  aspect.*  The  number  and  size  of  the  reflecting  layers,  as  well 
as  the  magnitude  of  the  discontinuities  in  the  gradient  of  dielectric  con- 
stant which  form  them,  influence  the  received  power. 

The  reflecting  properties  of  the  layers  are  discussed  first.  Next,  an  ex- 
pression for  the  received  power  is  obtained  by  summing  the  contributions 
of  many  layers  in  the  volume  common  to  the  ideaUzed  patterns  chosen 
to  represent  the  transmitting  and  receiving  antenna  beams. f  This  ex- 
pression is  then  used  to  calculate  the  effect  on  received  power  of  changes 
in  such  parameters  as  the  orientation  of  the  antennas,  wavelength,  dis- 
tance, and  antenna  size. 

The  MKS  system  of  units  is  used  throughout. 


REFLECTING 
' SURFACE 


Fig.  1  —  Reflection  bj'  a  layer. 


EFFECT   OF   LAYER  SIZE 

Propagation  from  a  transmitting  antenna  of  effective  area  At  to  a 
recei\-ing  antenna  of  effective  area  Ar  by  means  of  a  reflecting  layer  is 
illustrated  in  Fig.  1.  The  ray  from  transmitter  to  receiver  grazes  the 
layer  at  angle  A.  The  reflection  from  the  layer  depends  on  the  ampli- 
tude reflection  coefficient,  q,  which  is  a  function  of  the  grazing  angle,  and 
on  the  dimensions  of  the  layer  relative  to  the  dimension  of  a  Fresnel 
zone. I  Three  cases,  depending  on  the  layer  dimensions,  will  be  considered. 

*  After  this  paper  was  submitted  for  publication,  a  report  was  received  giving 
some  measurements  of  sharp  variations  in  dielectric  constant  gradient  and  esti- 
mates of  the  horizontal  dimensions  of  layers  in  the  troposphere.  J.  R.  Bauer, 
The  Suggested  Role  of  Stratified  Elevated  Layers  in  Transhorizon  Short -Wave 
Radio  Propagation,  Technical  Report  No.  124,  Lincoln  Laboratory,  ^LI.T.,  Sept., 
1956. 

t  Under  some  conditions,  layers  outside  the  volume  common  to  the  antenna 
beams  maj'  contribute  appreciablj^  to  the  received  power.  Phenomena  such  as 
multiple  reflections  and  trapping  mechanisms  are  not  considered  in  this  study. 

J  The  power  received  bj-  reflection  from  the  layer  in  Fig.  1  can  be  calculated 
approximateh"  bj-  assuming  it  to  be  the  same  as  the  power  that  would  be  received 
by  diffraction  through  an  aperture  in  an  absorbing  screen,  the  dimensions  of  the 
aperture  being  the  same  as  the  dimensions  of  the  layer  projected  normally  to  the 
directions  of  propagation.  The  field  at  the  receiver  is  calculated  from  the  distri- 
bution of  Huj'gens  sources  in  the  aperture.  The  received  power,  e.xpressed  in 
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Case  1.  Large  Layers 

If  the  layer  were  a  plane,  perfectly  reflecting  surface  of  unlimited  ex- 
tent, the  power  at  the  terminals  of  antenna  ^4^  would  be  the  same  as 
the  power  received  under  line-of-sight  conditions, 

p      _    p     AtAr 

If  the  layer  has  an  amplitude  reflection  coefficient,  q,  the  received  power 
is. 


^> 


p       _    p      AtAr      2 

This  relation  applies  when  the  layer  dimensions  are  large  in  terms  of  the 
wavelength  and  are  large  compared  with  the  Fresnel  zone  dimensions; 
that  is,  b  >  \/2aX/A  and  c  >  \/2aX. 

Case  2.  Small  Layers 

When  the  dimensions  of  the  layer  are  small  compared  with  the  Fres- 
nel zone,  but  large  compared  with  the  wavelength,  the  received  power  is 
given  by  the  "radar"  formula, 


2    2 


D  T>       AtAr      2/j    •  \2    : 


This  relation  applies  when  h  <  -y/'IaX/A  and  c  <  \/2aX. 
terms  of  Fresnel  integrals,  is 

Pr  =  -Pr^VV  [C"^")  +  SHu)][CHv)  +  SHv)] 
where  u  =  — ;=  and  v  = 


\a  V  Xa 

When  u  and  v  are  very  hirge,  we  have,  approximatelj^ 

C(m)  =  S{xi)  =  C{v)  =  S{v)  =  \ 

and  the  expression  for  Pr  reduces  to  that  given  for  Case  1  above,  except  for  the 
factor  q^. 

When  both  u  and  v  are  very  small,  we  have  approximately, 

C(ii)  =  u  C{v)  =  V 

S{u)  =  o  Sin)  =  0 

and  the  expression  for  Pr  reduces  to  that  given  for  Case  2. 

When  u  is  large  and  v  is  small  the  expression  for  Pr  given  in  Case  3  results. 
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Case  3.  Layers  of  Intermediate  Size 

If  the  layer  dimensions,  are  such  that  c  is  large  but  6A  is  small,  com- 
pared with  the  Fresnel  zone  dimension,  the  recei^•ed  power  is  given  by 

^^  =  ^^  2XW  *^'  " 

In  the  atmosphere,  c  and  b  are  likely  to  be  about  equal,  on  the  average, 
and  we  have  for  this  case,  \/2aX  <  h  <  ■\/2aX/A. 

All  three  of  these  cases  may  be  present  at  various  times,  since  the 
structure  of  the  atmosphere  changes  from  day  to  day.  However,  for  the 
purpose  of  the  present  study.  Case  3  is  considered  most  prevalent  and  is 
assumed  in  all  the  calculations  to  follow\ 

Many  of  the  numerous  layers  that  are  assumed  to  contribute  to  the 
received  power  are  not  necessarily  horizontally  disposed,  they  may  be 
oriented  in  any  direction.  Therefore,  reflection  in  the  direction  of  the 
receiver  can  take  place  from  layers  located  both  on  and  off  the  great 
circle  path.  If  there  are  N  contributing  layers  per  unit  ^'olume  in  the 
region  V  common  to  the  radiation  patterns  of  the  transmitting  and  re- 
ceiving antennas,  then  for  Case  3, 


« 


_        ArAnNb 


2\'a' 


f  A'q'dV  (1) 

Jv 


In  this  relation  it  has  been  assumed  that  the  layer  size  and  the  number 
of  layers  per  unit  volume  remain  sensibly  constant  throughout  the  com- 
mon volume. 

The  integration  process  reciuires  expressions  for  the  reflection  coefii- 
cient  q  and  the  grazing  angle  A  of  the  layers  in  the  common  volume.  These 
quantities  are  derived  in  the  following  sections. 

REFLECTION    COEFFICIENT    OF   A    LAY'ER 

The  reflection  coefficient  of  a  plane  boundary  (Fig.  2)  separating  two 
media  whose  dielectric  constants,  relative  to  free  space,  differ  by  an 
increment  de  is  given  by  Fresnel's  laws  of  reflection.  For  both  polariza- 
tions, the  plane  wave  reflection  coefficient  of  the  boundary  is 


q  =  de/^A- 


1 


Fig.  2  —  Reflection  at  a  l)()undary  between  two  homogeneous  media. 


REFLECTION  THEORY  —  PROPAGATION  BEYOND  THE  HORIZON 


631 


provided  1  »  A"  »  (If.  This  reflection  coefficient  for  an  incremental 
change  in  dielectric  constant  can  be  used  to  calculate  the  reflection  from 
discontinuities  in  the  gradient  of  the  dielectric  constant  of  the  atmos- 
phere such  as  those  shown  for  a  sti-atified  medium  at  .//  =  0  and  /y  =  h 
in  Fig.  o(b). 

Such  variations  of  dielectric  constant  are  assumed  to  be  representatix'e 
of  discontinuities  in  gradient  as  they  exist  in  the  physical  atmosphere. 
The  variations  form  the  reflecting  layers. 

The  method  of  calculating  the  reflection  coefficient  of  such  a  stratified 
medium  is  due  to  S.  A.  Schelkunofl"  and  is  illustrated  schematically  in 
Fig.  3  in  which  the  medium  has  been  subdi\'ided  into  incremental  steps. 
Consider  the  reflected  wave  from  a  typical  incremental  layer,  dy,  situated 
a  distance  ij  above  the  lower  boundary  of  the  la^^er,  0.  From  Fig.  3(a) 
it  is  clear  that  the  phase  of  this  wave  is  -iiTij/X  sin  A  relative  to  that  of  a 
wave  reflected  from  the  lower  boundary.  The  incremental  reflection  co- 
efficient is  c?f/4A^  =  —K  dy/4:A',  where  K  is  the  change  in  gradient  of 
the  dielectric  constant  at  the  boundaries  of  the  layer.  The  field  reflected 
by  layer  dy  is  therefore, 


dEn  =  -Ei 


K    _, 


j{iiryl\)  sin  A 


4A2 


dy 


One  now  obtains  the  complete  reflected  field  by  summing  the  reflec- 
tions from  all  increments  within  the  layer  of  thickness  h. 


E.. 


f 


dEr    =   jE, 


K\ 


[1 


e 


-j(iirhl\)  sin  Ai 


JO  16xA-  sin  A 

This  relation  shows  that  the  layer  is  equi\'alent  to  two  boundaries  at 


*-e 


Fig.  .3  —  Plane-wave  reflection  at  an  incremental  layer  di/  within  a  stratified 
medium  extending  from  y  =  0  to  y  =  h. 
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7/  =  0  and  //  =  h,  each  with  refloftion  cooffiriont 

If  the  abrupt  change  in  slope,  the  soUd  Une  in  Fig.  3(b),  is  replaced 
by  a  gradual  change  as  indicated  by  the  dotted  lines,  (2)  still  holds  pro- 
vided d  <  X/4A.  For  more  gradual  changes,  d  =  7iX/4A  where  n  >  1 , 
the  reflection  coeflScient  is 

.     irn 
_    KX         ^"^T 
IGttA^  Trn 

~2 

and  q  varies  with  n  between  5  =  0  and 

^  ~  IGttA'^    '    Trn 

Smoothing  of  the  boundaries  reduces  the  value  of  q. 

It  will  be  assumed  in  all  the  calculations  to  follow  that  reflection  from 
layers  in  the  troposphere  is  described  by  (2). 

VARIATION   OF   STRENGTH    OF   LAYERS   WITH   HEIGHT 

The  formula  for  the  reflection  coefficient  includes  the  factor  K,  which 
represents  the  change  in  the  gradient  of  the  dielectric  constant  at  the 
boundaries  of  the  layer.  A  dielectric  constant  profile  constructed  of 
many  randomly  positioned  gradients  is  shown  schematically  in  Fig.  4. 
The  variations  are  showTi  as  departures  from  the  standard  linear  gradient. 
Measurements  indicate  that  the  fluctuations  of  the  dielectric  constant 
normalh^  decrease  with  height  above  ground.  The  changes  in  the  dielec- 
tric constant  gradients  associated  with  these  fluctuations  probablj^  vary 
in  a  similar  manner  so  that  K  is  some  inverse  function  of  the  height  above 
the  earth.  However,  to  simplify  the  computation  of  received  power,  to 
be  described  later,  we  have  adopted  the  cylindrical  coordinate  system 
shown  in  Fig.  5,  and  it  is  convenient,  then,  to  let  K  be  a  function  of  p, 
the  distance  from  the  chord  joining  the  transmitter  and  receiver  to  the 
point  in  question. 

We  assume,  therefore,  that 

P 

where  Ki  is  the  change  in  gradient  at  point  .4  in  Fig.  5  which,  for  a  typi- 
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>^  AVERAGE   e  FOR 

\       ^'"TROPOSPHERE 


Fig.  4  —  Schematic  illustration  of  variation  of  the  dielectric  constant  in  the 
troposphere. 


*-z 


Fig.  5  —  Coordinate  system  for  a  beyond-the-horizon  circuit. 

cal  path  length  of  200  miles,  is  about  1,600  meters  (1  mile)  above  the 
earth  or,  since  p  =  2H,  3,200  meters  from  the  z  axis. 
Equation  3  is  used  in  all  the  calculations  to  follow. 

THE   GRAZING   ANGLE    A 


The  grazing  angle  A  at  the  slightly  tilted  layer  sho^^^l  in  Fig.  6  is 
given  by 


tan  2A 


2ap 


a^  —  z^  —  p2 


()34 
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Throughuut   the  volume  coiiiiuoii  to  the  aiiteniui  patterns,  A  «  1,  p 
«  a  and  z  <  a/2.  Then 


a 


(4) 


It  is  evident  that  A  is  constant  and  equal  to  p/a  when  the  point  (p,  z) 
is  located  on  a  cylinder  with  axis  TR  and  radius  p.  It  is  this  feature  that 


*-z 


Fig.  6  —  Grazing  angle  A  at  a  layer. 


I 


Fig.  7  —  Idealized  antenna  patterns  used  in  this  study. 
6pz 


dV,  =  2(y-a)/3/9,dA 


dV,  =  2  a 


Pz 


'^--\-    e+J^^^^^^ 


Fig.  8  —  Integration  over  the  common  volume. 
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suggested  the  unusual  idealized  antenna  patterns  shown  in  Fig.  7,  which 
are  described  in  the  next  section. 

CALCULATION    OF   THE    RECEIVED    POWER 

Substituting  (2),  (3)  and  (4)  in  (1),  one  obtains  for  the  received  power, 
P«  =  PrMaAuAA''  f  p''  dV  (5) 

where 

M  ^  2000b'Ki^N  (6) 

To  integrate  over  the  volume  common  to  actual  antenna  patterns 
would  be  difficult.  We  have,  as  mentioned  before,  replaced  the  actual 
patterns  with  the  idealized  patterns  shown  in  perspective  in  Fig.  7  and 
in  plane  projection  in  Fig.  8.  The  patterns  (Fig.  7)  are  bounded  by  side 
planes  of  the  large  wedge  and  by  surfaces  of  cones  with  axis  TR.  The  com- 
mon volume  is  indicated  by  broken  lines  and  is  well  defined.  Since  the 
grazing  angle  A  is  constant  for  the  incremental  cylindrical  volumes  dVi 
and  dVo  shown  in  Fig.  8,  it  is  easy  to  integrate  over  the  common  volume 
V  and  we  obtain 

(7) 


1+^-^^.  -^1^^ ^1  (8) 


(■  *  ? 


The  function  f(a/d)  is  plotted  in  Fig.  9. 

The  gain  of  the  idealized  antennas  is  G^  =  87r/Q;jS(o!  +  26)  and  the  ef- 
fective area  is 

2X^ 

^  ^  a^{a  +  2d)  ^^^ 

The  area  of  a  cross  section  of  the  antenna  pattern  is  bounded  by  two 
straight  sides,  ra,  and  two  curved  sides  rd^  and  r{d  +  a)|3.  The  aspect 
ratio  is  defined  as  the  ratio  of  the  sum  of  the  lengths  of  the  curved  sides 
to  the  sum  of  the  lengths  of  the  straight  sides.  It  is  equal  to  one  when 

Substituting  (10)  in  (9)  gives  the  effective  area  of  the  idealized  antenna 
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Fig.  9  —  The  function  /  (a/O). 


with  aspect  ratio  one, 


A  = 


a'- 


(11) 


Substituting  (7),  (10)  and  (11)  in  (5)  gives  for  identical  transmitting 
and  receiving  antennas  with  aspect  ratio  one, 


Pu  =  P: 


M>^_1_      1 


^+e 


-Al 


(12) 


For  actual  antennas,  a  may  be  taken  to  be  the  half-power  beam-width. 
In  the  following  sections,  (12)  will  be  used  to  derive  some  of  the  gen- 
eral properties  of  propagation  beyond  the  horizon. 

*  K.  Bullington  has  suggested  that  a  useful  form  for  equation  (12)  is 


Pr  = 


e     \d 


a 


where  the  first  term  in  brackets  represents  the  power  that  would  be  received  in 
free  space,  the  second  term  involves  the  characteristics  of  the  troposphere,  an<l 
the  third  term  is  a  correction  factor  for  narrow  beam  antennas. 
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RECEIVED  POWER  VERSUS  ANGLE  d 

The  angle  6  is  the  angle  between  the  lower  edge  of  the  idealized  an- 
tenna pattern  and  the  straight  line  joining  the  terminals  (see  Fig.  7). 
The  minimum  value  of  6  is  determined  by  the  profile  of  the  transmission 
path.  If  X,  a  and  a  are  constants,  (12)  can  be  used  to  calculate  the  ratio 
of  the  powers,  P ri  and  Pr2  ,  received  at  two  different  angles,  di  and  do , 


Equation  (13)  shows  the  importance  of  having  the  angle  6  as  small  as 
possible.  For  example,  for  di  =  a  and  62/ di  =  1.25,  the  power  ratio  is 
3.4  (5  db).  Thus  in  an  actual  circuit  the  antenna  pattern  should  be  close 
to  the  horizon  plane. 

RECEIVED    POWER   VERSUS    WAVELENGTH 

Consider  a  given  path  in  which  a  and  9  are  specified.  Equation  (12) 
can  be  used  to  calculate  the  ratio  of  received  powers,  Pm  and  Pro  ,  cor- 
responding to  two  different  wavelengths,  Xi  and  X2 . 


^  =  [?)[-) -^^  (14) 

-I    R2 


where  ai  and  a2  are  the  beamwidths  of  the  antenna  patterns  at  wave- 
lengths Xi  and  X2  respectively. 

Case  I.  Equal  antenna  gains  at  the  two  wavelengths. 
For  this  case,  ai  =  0:2  and  equation  (14)  reduces  to 


Pr\       /Xi 


3 


P  R2  \X2/ 

In  free  space  the  power  ratio  would  be 

Pr, 

Pr2 

or 

Pr\/Pr2  (Beyond-Horizon)  _  Xi 
Pri/Pr2  (Free  Space)  X2 


=©■ 


(15) 


(16) 


(17) 
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Thus  if  400  nics  and  4,000  mcs  wen;  propagat(>(l  <)\er  the  same  path,  the 
antenna  gains  being  identical  for  the  two  systems,  then,  on  the  average, 
one  would  expect  the  received  power  relative  to  the  free  space  value  at 
400  mcs  to  be  10  db  higher  than  that  at  4,000  mcs  because  of  the  charac- 
teristics of  the  troposphere. 

Case  11.  Equal  antenna  apertures  for  the  two  wavelengths. 
For  this  case,  ai/ao  =  X1/X2  and  (14)  reduces  to 


Rl 


P 


(18) 


Experimental  data  for  this  case  was  obtained  on  the  150  nautical  mile 
test  circuit  between  St.  Anthony  and  Gander  in  Newfoundland.^  The 
antennas  for  both  wavelengths  were  paraboloids  8.5  meters  in  diameter. 
Simultaneous  transmission  tests  at  Xi  =  0.074  m  and  X2  =  0.6  m  were 
conducted  for  a  full  year.  For  this  circuit, 

0  =  0.94°  (4/3  earth  radius) 

a,  =  66  ^^  =  0.575° 

8.0 


0.6 

aa  =  t)D  — — 

8.5 


66  ^  =  4.65° 


Using  these  values  in  (18),  we  get  for  the  ratio  of  received  powers, 

Pri/Pr2  =  1.01 
For  antennas  of  equal  aperture  in  free  space, 

Pri/Pr2  =  (X2/X1)'  =  65.5 


Therefore, 


Pr\/Pr2  (Beyond  Horizon)  ^  J_  ^   -  18  1  db 

Pri^Pr2  (Free  Space)  65 


The  Summarj'^  of  Results,  Sections  1  and  2  on  page  1316  of  Reference  8, 
gives  — 17  db  for  this  ratio.  The  agreement  between  calculated  and  meas- 
ured values  is  very  good. 
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RECEIVED    POWER   VERSUS    DISTANCE 

If  antenna  size  and  wavelength  are  specified,  (12)  gives  for  two  dis- 
tances, ai  and  aa , 


Pri  I  Cl-iX  60  \0l 


(19) 


For  a-i  =  2ai  ,  (19)  gives  for  different  values  of  a/di 

oc/di  =  0.5  1  2  4 

Pri/ Pin  =  270  (24  db)     197  (23  db)     138  (21.5  db)     104  (20  db) 

Fig.  1  in  Biillington's  paper,^  which  gives  the  median  signal  level  in 
decibels  below  the  free  space  value  as  a  function  of  distance,  shows  an 
18  db  increase  in  attenuation  when  the  distance  is  doubled.  This  cor- 
responds to  a  ratio  of  received  powers  of  18  +  6  =  24  db.  The  examples 
in  the  table  abo\'e  give  an  average  increase  in  attenuation  of  22  db. 

RECEIVED    POWER   VERSUS   ANTENNA    SIZE 

Equation  14  can  be  used  to  calculate  the  effect  on  received  power  of 
changing  simultaneously  the  size  (and,  hence,  the  beamwidths)  of  the 
antennas  used  for  transmitting  and  receiving,  the  wavelength  and  dis- 
tance remaining  fixed. 

n,      /«A"-_^     '\e)  (20) 

Pr2  \OLl/      9       I      ^  r  /«2\ 

"    ^     d  ''    \d   ) 

where  P^i  and  P^o  are  the  received  powers  corresponding  to  the  antenna 
l)eamwidths  ai  and  a^  respectively. 

As  an  example,  let  a2  be  constant  and  eciual  to  4°  and  let  d  be  1°, 
corresponding  to  a  200-mile  circuit.  The  table  below  gives  the  ratio 
Pri/Pr2  as  ai  is  varied. 

ai  4°  2°  1°  0.5°  0.25° 

Pri/Pr2  (db)  0  10  18.5  25.7  31.4 

Change  in  db        10  8.5  7.2  5.7 

Since  a  is  inversely  proportional  to  the  antenna  dimensions,  the  table 
shows  that  continued  doubling  of  the  antenna  dimensions  results  in  less 
and  less  increase  in  output  power.  The  increase  varies  from  10  to  5.7  db 
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in  the  table.  This  is  a  characteristic  feature  of  beyond-the-horizon  prop- 
agation. In  free  space,  doubling  the  antenna  dimensions  would  result 
in  a  r2-db  increase  in  output  power. 

Large  antennas  and  high  power  transmitters  are  costly,  and  a  proper 
balance  between  their  costs  requires  careful  studies  which  are  outside 
the  scope  of  this  paper.  In  general,  it  is  not  believed  worth  while  from 
power  considerations  to  increase  the  antenna  size  much  beyond  the  di- 
mensions that  correspond  to  a  pattern  angle,  a,  equal  to  angle  d. 

Another  factor  to  be  considered,  however,  is  the  effect  of  antenna  size 
on  delay  distortion  in  bej'ond-the-horizon  circuits.  From  simple  path 
length  considerations,  one  concludes  that  the  delay  distortion  decreases 
when  the  beamwidths  of  the  antennas  are  made  smaller.  Therefore,  delay 
distortion  requirements  may  dictate  antenna  sizes  that  are  not  justified 
by  power  considerations  alone. 

SEASONAL   DEPENDENCE 

Both  the  effective  earth  radius.  Re ,  and  the  magnitude  of  the  discon- 
tinuities in  gradient,  Ki  ,  are  related  to  the  season  of  the  year.  During 
the  summer  when  the  water  vapor  content  of  the  air  is  high,  the  effective 
radius  and  the  discontinuities  in  gradient  are  larger  than  in  winter.  Sub- 
stituting a/Re  for  6  and  assigning  summer  and  winter  values  for  Re  and 
Ki ,  (12)  may  be  used  to  calculate  the  ratio  of  the  power  received  in 
summer  and  in  winter. 


Pr  (Summer) 
P«  (Winter) 


(21) 


For  example,  if  we  assume  Kis  =  2Kiw  and  Res  =1.2  Rew  ,  then  Prs/ 
Prw  =   11-9  (10.75  db).  A  seasonal  variation  has  been  observed.^  ^ 

DEPENDENCE    OF    RECEIVED    POWER    ON   ANTENNA    ORIENTATION 

The  variation  of  received  power  with  orientation  of  the  antennas  at 
the  terminals  of  a  be\'ond-the-horizon  circuit  differs  considerably  from 
that  observed  under  line-of-sight  conditions.  Consider,  for  example.  Fig. 
10  which  shows  the  beams  of  the  transmitting  and  receiving  antennas 
elevated  simultaneously.  The  variation  of  received  power  can  be  calcu- 
lated from  (13).  As  an  example,  consider  the  188-mile  circuit  between 
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Crawford  Hill,  N.  J.,  and  Round  Hill,  Mass.,  for  which  experimental 
data  is  published.'  For  this  circuit  a  =  0.05°  (3  db  points)  and  di  =  1° 
(4/3  earth  radius).  The  tal)le  below  gives  the  calculated  variation  of  re- 
ceived power  as  angle  d-i  is  varied. 

6;  =  1°   1.1°     1.2°     1.4°       1.0°       1.8°       2°        2.2° 
10  logio  {Prx/Pri)  =  0     2.3      4.5      8.5      12  15  17.9     20.5 

The  received  power  versus  elevation  angle,  7  =  02  —  ^i  ,  is  plotted  in 
Fig.  10.  The  calculated  and  experimental  curves  are  in  good  agreement. 

If  the  beams  of  the  antennas  are  steered  simultaneously  in  the  hori- 
zontal plane.  Fig.  11,  the  calculation  of  the  variation  of  received  power  is 
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Fig.  10  —  Relation  between  received  power  and  vertical  angle  y. 
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comparatively  simple.  In  horizontal  steering,  the  intersection  of  the  axes 
of  the  antemia  beams  moves  along  line  AB  in  the  figure  labelled  "Cross 
section  at  0."  If  the  intersection  of  the  beams  mo\ed  along  the  circle 
A-C,  the  recei\'ed  power  would  not  change.  The  decrease  in  power  caused 
by  moving  the  beams  from  position  ^4  to  B  is  given  by  (13).  The  calcu- 


HORIZONTAL  PLANE 
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Fig.  11  —  Relation  between  received  power  and  azimuth  angle  5. 
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lations  are  identical  with  the  calculations  for  elevation  steering;  the  ele- 
vation angle  62  is  related  to  the  azimuth  angle  5  and  the  beamwidth  angle 
a  by 

A  calculated  curve  of  received  power  versus  azimuth  angle  is  shown  in 
Fig.  1 1  for  the  Crawford  Hill-Round  Hill  circuit  together  with  the  re- 
ported experimental  data.    The  agreement  is  considered  good. 

THE   VALUE    OF    FACTOR   M    IN    EQUATION    (12) 

An  average  value  for  the  factor  M  can  be  obtained  from  propagation 
data.  Using  equation  (12),  the  ratio  of  received  powers  corresponding  to 
free  space  and  beyond-horizon  transmission  is 

D    n-  ^  0.750' f 2  +  f) 

Pr  (tree  space)        _  \         6  J  ,     . 


Pr  (beyond-horizon) 

MKaj 


© 


This  ratio  was  found  experimentally  to  be  5  X  lO*'  (67  db)  for  the  circuit 
between  St.  Anthony  and  Gander  in  Newfoundland.  For  this  circuit, 
a  =  0.081,  6  =  0.0164,  X  =  0.6.  Substituting  these  values  in  (22)  we 
obtain, 

ilf  =  3  X  10"'*  (23) 

Substituting  this  value  for  M  in  (12)  leads  to  the  following  equation  for 
a  beyond-horizon  tropospheric  circuit. 


p^  =  P^X  10-'"  -' 


a" 


1 

1 

fey 

e'n~ 

-il 
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\ft 

2 

+ 

d 

(24) 


Equations  (6)  and  (23)  give 


b'K'N  =  1.5  X  10"''  (25) 

Although  values  of  the  layer  dimension,  b,  the  change  in  gradient,  Ki  , 
and  the  number  of  layers  per  unit  volume,  N,  are  not  known,  it  is  interest- 
ing to  calculate  A^  from  (25)  assuming  reasonable  values  for  b  and  A'l  . 
Assuming  A'l  =  4  X  10"*",  which  is  half  the  value  of  K',  the  average 
gradient  of  the  dielectric  constant  in  the  troposphere,  and  b  =  1,000 
(1  km)  we  find  A^  =  10"^  or  10  layers  per  cubic  kilometer. 
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CONCLUDING    REMARKS 

The  interpretation  of  propagation  beyond  the  horizon  in  terms  of  re- 
flection from  layers  of  limited  size  formed  by  variations  in  the  gradient 
of  the  dielectric  constant  of  the  atmosphere  leads  to  relatively  simple 
results  which  are  in  good  agreement  with  reported  experimental  data. 
The  received  power  depends  on  the  wavelength,  the  distance,  and  the 
size  of  the  antennas  used  for  the  circuit  and  on  the  strength  and  size  of 
the  reflecting  layers. 

As  mentioned  earlier,  the  structure  of  the  atmosphere  may  change 
markedly  from  time  to  time  so  that  large,  small  and  intermediate  size 
layers  play  their  parts  at  different  times.  Furthermore,  the  effective  size 
of  a  given  layer  may  be  different  for  widely  separated  wavelengths,  de- 
pending on  the  roughness  of  the  layer  in  terms  of  the  wa^■elength.  All 
that  can  be  expected  of  a  study  such  as  the  present  one  is  that  it  serve 
as  a  guide  for  estimating  the  roles  of  the  various  parameters  involved  in 
beyond-the-horizon  propagation. 
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Interchannel  Interference  Due  to 
Klystron  Pulling 
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A  source  of  interchannel  interference  in  certain  multichannel  FM  systems 
is  the  so-called  ^'frequency  pulling  effect.^'  This  effect,  which  occurs  in 
systems  using  a  klystron  oscillator,  is  produced  hy  an  impedance  mis- 
match between  the  antenna  and  the  transmission  line  feeding  it.  In  this 
paper  expressions  are  developed  for  the  magyiilude  of  the  interference  when 
the  speech  load  is  simidated  hy  random  noise. 

INTRODUCTION 

In  a  recent  paper^  the  problem  of  interchannel  interference  produced 
by  echoes  in  an  FM  system  was  treated.  The  mathematical  development 
in  that  paper  can  be  used  to  calculate  the  distortion  that  arises  when  a 
Klystron  oscillator  is  connected  to  an  antenna  through  a  transmission 
line  of  appreciable  length. 

In  the  system  we  study,  the  composite  signal  wave  (the  "baseband 
signal")  from  a  group  of  carrier  telephone  channels  in  frequency  division 
multiplex  is  applied  to  the  repeller  of  a  Klystron  and  thereby  modulates 
the  frequency  of  the  Klystron  output  wave.  If  the  antenna  does  not 
match  the  transmission  line  perfectly,  the  output  frequency  is  altered 
slightly  by  an  amount  proportional  to  the  mismatch. 

This  effect,  known  as  "pulling,"  results  in  intermodulation  between 
the  individual  telephone  channels.  In  this  study,  the  composite  signal 
will  be  simulated  by  a  random  noise  signal  of  appropriate  bandwidth 
and  power.  It  is  assumed  that  some  particular  message  channel  is  idle; 
i.e.,  there  is  no  noise  energy  in  the  corresponding  frequency  band  (which 
is  relatively  narrow  in  comparison  with  the  bandwidth  of  the  composite 
signal).  If  the  system  were  perfect,  no  power  would  be  received  in  this 
idle  channel  at  the  output  of  the  FM  detector.  In  the  following  work, 
the  intermodulation  noise  falling  into  this  channel  because  of  the  "pull- 
ing effect"  will  be  computed.  This  leads  to  "Lewin's  integral,"  so  called, 
which  is  tabulated  herein. 

645 
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PULLING   EFFECT 

In  a  perfect  FM  system  the  carrier  wave  can  be  written 

E,{t)  =  A  sin  [pt  +  <^(0]  (1) 

where  .4  is  a  constant  and  the  signal  is  ^S(0  =  dxp/dt  =  (p'(t),  measured 
in  radians/second.  As  mentioned  in  the  Introduction,  we  assume  that 
when  the  FM  oscillator  is  connected  directly  to  a  transmission  line  with  a 
slightly  mismatched  antenna  at  the  far  end,  its  frequency  is  changed. 
The  reactive  component  of  the  input  impedance  of  the  line  "pulls"  the 
frequency  of  the  oscillator  to  its  new  value.  When  the  antenna  is  perfectly 
matched,  there  is  no  change  in  oscillator  frequency. 

If  the  characteristic  impedance  of  the  line  is  Zr  and  the  impedance  of 
the  antenna  is  Zr  ,  the  impedance  Z  looking  into  the  line  is 

y    ^    J     ^R  +  ^K  ^-^"h  P 

Zk  +  Zr  tanh  P 
_  7    I  +  pe 

—    Zjr 


1  -  pc--^ 
where  p  is  the  reflection  coefficient 


Zr  +    Zk 


and  P  is  the  propagation  constant  of  the  line.  If  the  loss  of  the  line  is 
negligible  and  the  reflection  coefficient  is  small,  the  input  impedance  is 
approximately 

Z  =  Zk[\  +  2p(cos  o:T  -  i  sin  aT)]  ohms 

where  w  is  the  oscillator  frequency  in  radians  per  second  and  T  is  twice 
the  delay  of  the  line. 

It  will  be  observed  that  the  magnitude  of  the  reactive  component  of  Z 
oscillates  as  the  phase  angle  coT  increases. 

The  dependence  of  the  frequency  of  an  oscillator  upon  the  load  reac- 
tance has  been  expressed  by  earlier  workers  as  a  "pulling  figure."  This 
figure  is  customarily  defined  as  the  difference  between  the  maximum  and 
minimum  frequencies  observed  when  the  load  reactance  is  varied  over 
one  cycle  of  its  oscillation  (the  variation  being  accomplished,  say,  by 
increasing  T).  The  load  is  taken  to  be  such  that  it  causes  a  voltage  stand- 
ing wave  ratio  of  1.5.  This  corresponds  to  a  reflection  coefficient  of  0.20 
and  14  db  return  loss. 

In  our  work,  we  assume  that  the  change  in  frequency  is  flirectly  pro- 
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portional  to  the  reactive  component  of  the  input  impedance.  More  pre- 
cisely, we  assume  that  the  ideal  transmitter  freciuency  of  p  +  ^'(0  I'adi- 
ans/sec  is  changed  by  the  pulUng  effect  to 

p  +  ip'ii)  +  2wr  sin  [T{p  +  ip'{t))]  radians/sec  (2) 

where  r  is  given  by 

r  =  2.5  I  p  I  X  (Pulling  Figure  in  cycles/sec) 

POWER   SPECTRUM    OF   INTERCHANNEL   INTERFERENCE 

The  distortion  produced  by  the  pulling  effect  is  given  by  the  third 
term  in  (2).  This  distortion  will  be  denoted  b}^  ^'(0- 

d'{t)  =  27rr  sin  [pT  +  T^'(t)]  (3) 

Our  problem  is  to  compute  the  power  spectrum  of  d'(().  In  particular, 
we  are  interested  in  the  case  where  the  signal  (p'{f)  represents  the  compos- 
ite signal  wave  from  a  group  of  carrier  telephone  channels  in  frequency 
division  multiplex.  All  of  the  channels  except  one  are  assumed  to  be  busy. 
Although  the  power  spectrum  of  (p'{t)  is  zero  for  frequencies  in  the  idle 
channel,  the  same  is  not  true  for  the  power  spectrum  of  d'(t).  In  fact, 
the  interchannel  interference  (as  observed  in  the  idle  channel)  is  given 
by  that  portion  of  the  power  spectrum  of  d'{t)  which  lies  within  the  idle 
channel.  We  shall  denote  the  corresponding  interchannel  interference 
power  in  the  idle  channel  by  wdf)  df  where  the  idle  channel  is  assumed  to 
be  of  infinitesimal  width  and  to  extend  from  frequency  /  —  df/2  to  /  -f 
df/2.  The  function  wdf)  will  now  be  computed  by  using  the  procedure 
developed  in  Reference  1. 

The  first  step  is  to  assume  the  signal  ip'(f)  to  be  a  random  noise  current. 
In  order  to  avoid  writing  tp'  a  great  many  times  we  shall  set  (p'(t)  =  S(t), 
where  now  S{t)  stands  for  the  signal.  Then  the  autocorrelation  function 
for  the  distortion  d'{t)  is 

Re'(r)   =  avg  [d'(t)9'{t  +  r)] 

=  (27rr)-  avg  [sin  (Tp  +  T<p'(t))  sin  (Tp  +  T<p'(t  +  r))] 

=  (27rr)'  avg  [sin  (Tp  -\-  TS{t))  sin  (Tp  +  rS(t  +  r))] 

=  ^-^  avg  [  cos  (rSit)  -  rSit  +  r))  (4) 

-  cos  (2pT  +  TS(i)  +  TS(t  +  t))] 
=  U2irrf  {exp  [-T'RsiO)  +  T'R.ir)] 

-  cos  {2pT)  exp  [-r-Rs(0)  -  T'Rs(t)]\ 
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where 

Rs(t)    =      f       Wsif)   cos  2TfTdf  (5) 

and  Wsif)  is  the  power  spectrum  of  the  applied  signal  S(t).  The  last  ex- 
pression in  (4)  follows  from  the  next  to  the  last  by  analogy  ^^'ith  equation 
(1.14)  of  Reference  1. 

The  dc  component  of  the  distortion  d'(t)  is  its  average  value  d'  which 
may  be  computed  from 

e''  =  Re>(o.)  =    ^'  r^V^l  -  cos2pr)]  (6) 

This  follows  from  (4)  since  Rs  (^)  =  0. 

The  auto-correlation  function   of  the  distortion,  excluding  the  dc 
component,  is  then 

R,,_r.  =  ^  [e~''Rs'''][(e'''Rs'''-  I)  -  {e'''^^'^'  -  1)  cos  2pr]       (7) 

The  mterchannel  interference  spectrum  is 

Wc{j)   =  4  /"     Rcir)  cos  27rfr  dr  (8) 

where,  by  analogy  with  equation  (1.22)  of  Reference  1, 

E^{r)  =  ^'  [e-''Rs'''][(e''-'^''>  -  T'Rs{t)  -  1) 

^  (9) 

_   ^^-r'^sir)  ^   j.2^^(^)    -1  )  cos  2pT] 

As  mentioned  before,  the  function  wdf)  is  of  interest  because 

P,  =  Waif)  df  (10) 

is  the  average  interference  power  appearing  at  the  receiver  in  an  idle 
channel  of  width  df  centered  on  frequency'  /. 

RATIO    OF   IXTERCHAXXEL   IXTERFEREX'CE   TO   SIGXAL   POWER 

The  average  signal  power  appearing  in  a  bus\'  channel  of  width  df 
centered  on  the  frequency  /  is 

Ps  =  Wsif)  df  (11) 

and  hence  the  ratio  of  the  interchannel  interference  power  to  the  signal 
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power  IS 


P/    _    Weif) 

Ps 


(12) 


We  now  obtain  an  expression  for  this  ratio  on  the  assumption  that  the 
random  noise  signal  S{t)  (which  is  used  to  simulate  the  multichannel 
signal)  has  the  power  spectrum 

>0  ,  0    <   /    <   /6 

ws(f)  =  (13) 

[o,         /  >  /. 

where  Po  is  a  constant.  S(t)  is  measured  in  radians/sec  and  Poft  is  meas- 
ured in  (radians/sec)  .  Pofb  is  given  by 


PoU  =  Sm   =  avg  [<p'(t)Y  =   (27rcr)^ 

where  a-  is  the  rms  frequency  deviation  of  the  signal  measured  in  cycles/ 
second.  According  to  (5)  this  signal  has  the  auto-correlation  function 


Rs{t)   =    f     Po  cos  27r/r  df  =  Po 
Jo 


sin  27r/r 
2irT 


fb 


=   i'Zira) 


2  sm  u 


u 


(14) 


where 


U  =  ZirfhT 


The  interference  power  spectrum  wdj)  corresponding  to  the  lOsiJ)  of 
(13)  may  be  obtained  by  substituting  (14)  in  (9)  to  get  Rc{t)  and  then 
using  (8).  The  result  is 


.  .   /i-N  1    \^T^^)        —b     I        r/    6m~1    sin    u  7      — 1 

Wcif)  =  4      ^      e     J     [{e  -  hu 


sm  u 


1) 


(15) 


-  (e 


-bu     1   sin    u 


+  hu     sin  u  —  1)  cos  2j)T] 


cos  au 
~%^b 


du 


where  m  is  the  same  as  in  (14)  and  we  have  set 

a  =  f/fb         b  =  {27raTf 

This  integral  may  be  expressed  in  terms  of  Lewin's  integral  which  is 
studied  in  Appendix  III  of  Reference  1.  Thus 


Wcif) 


(27rr)  e 
~2^b 


2   -6 


[I{b,  a)  —  I{  —  h,  a)  cos  2pT] (radian/sec) '/cps     (16) 


where  I(b,  a)  and  I{  —  b,  a)  are  tabulated  for  various  values  of  a  and  b. 
Since  we  began  the  problem  by  dealing  directly  with  6'{l)  which  is  a 
radian  frequency,  rather  than  d(t)  which  is  a  radian  phase,  wdf)  has  the 
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Table  I — Values  of  e-H{h,  a)  for  h  >  0 


e-''J(b,a) 

b 

e* 

0=0 

0.25 

0.50 

0.75 

1.00 

1.25 

0.0 

1.000 

0.000 

0.000 

0.000 

0.000 

0.000 

0.000 

0.25 

1.284 

0.082 

0.072 

0.062 

0.052 

0.042 

0.031 

0.5 

1.649 

0.272 

0.241 

0.209 

0.176 

0.142 

0.107 

1.0 

2.718 

0.761 

0.685 

0.602 

0.511 

0.414 

0.314 

2.0 

7.389 

1.560 

1.440 

1.291 

1.117 

0.919 

0.713 

3.0 

20.08 

1.913 

1.801 

1.645 

1.448 

1.215 

0.968 

4.0 

54.60 

1.974 

1.888 

1.751 

1.566 

1.341 

1.098 

5.0 

148.4 

1.905 

1.844 

1.731 

1.571 

1.372 

1.153 

6.0 

403.4 

1.794 

1.751 

1.660 

1.525 

1.356 

1.166 

7.0 

1097. 

1.680 

1.649 

1.575 

1.463 

1.320 

1.157 

8.0 

2981. 

1.576 

1.552 

1.492 

1.398 

1.277 

1.138 

Table  II — Values  of  I{b,  a)  for  h  <  0 


lib 

.a) 

b 

a  =  0 

0.25 

0.50 

0.75 

1.0 

1.25 

0.0 

0.000 

0.000 

0.000 

0.000 

0.000 

0.000 

-0.25 

0.092 

0.080 

0.068 

0.057 

0.045 

0.034 

-0.5 

0.349 

0.300 

0.254 

0.210 

0.167 

0.125 

-1.0 

1.25 

1.06 

0.885 

0.723 

0.576 

0.432 

-2.0 

4.16 

3.41 

2.76 

2.20 

1.76 

1.34 

-3.0 

8.03 

6.37 

4.97 

3.88 

3.14 

2.46 

-4.0 

12.6 

9.66 

7.23 

5.49 

4.55 

3.74 

-5.0 

17.8 

13.2 

9.40 

6.89 

5.93 

5.19 

-6.0 

23.6 

16.8 

11.4 

8.00 

7.25 

6.85 

-7.0 

30.0 

20.7 

13.1 

8.71 

8.48 

8.78 

-8.0 

37.2 

24.8 

14.5 

8.93 

9.59 

11.0 

dimensions  of  (radians/sec)Vcps.  The  signal  in  the  same  dimensions  is 
Po  or  {'IwaY/fb.  Therefore  the  ratio  of  the  interchannel  interference  power 
to  the  signal  power  is: 


P/ 
Ps 


e~'\l{h,  a)  -  I{  -  h,  a)  cos  2pT] 


(17) 


The  quantity  e~  I{b,  a)  for  6  >  0  is  tabulated  in  Table  I.  The  quantity 
I{h,  a)  for  6  <  0  is  given  in  Table  II.  These  tables,  which  are  also  given 
in  Reference  1 ,  are  repeated  here  for  the  convenience  of  the  reader. 

When  the  rms  frequency  deviation  a  is  so  small  that  h  =  (2x0-7')" 
is  small  compared  to  unity,  the  approximation 


leads  to 


P.S 


lib,  a)  ^  ?>V(2  -  a)/4 
(27rV(7  T')- (2  -  a)(l  -  ros2pT)/2 


(18) 
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When  0-  and  T  are  such  that  6  »  1 ,  the  approximation 

I{h,  a)  ^  {<OTr/hy'-  exp 


,        3a" 
''-2b 


leads  to 


Ps 


O     \  1/2         2 

.)    \       r 


M' 


(t'T 


exp 


2\27r<xTj  _ 


Equation  (17),  when  converted  to  decibels,  breaks  down  conveniently 
I     into  two  terms  which  may  be  designated  Di  and  Dz  : 


10  log  Pi/Ps  =  D,-\-  D2 

A  =  10  log  (r/af 

D2  =  10  log  ^  e'\l{h,  a)  -  Ii-h,a)  cos  2pT] 


(19) 
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Fig.  1  —  Plot  of  I>2  as  a  function  of  aT 
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Fig.  2  —  Plot  of  D2  as  a  function  of  echo  phase  when  f  =  fb 

The  term  A  depends  only  on  the  rms  deviation  a,  the  round-trip 
echo  delay  T  of  the  hne,  the  ratio  a  =  f/fb ,  and  the  echo  phase  pT.  The 
term  D2  is  plotted  in  Fig.  1  as  a  function  of  aT  for  two  channels,  one  at 
the  top  and  the  other  at  the  bottom  of  the  signal  band.  Since  the  carrier 
frequency  may  be  expected  to  be  very  high,  the  carrier  phase  2pT  will 
be  a  very  large  number  of  radians  even  with  ver}^  short  wave  guide  runs. 
Hence  the  curves  on  Fig.  1  are  plotted  for  the  average  value  of  cos  2pT 
which  is  zero. 

The  curves  on  Fig.  2  show  how  D2  depends  on  pT  and  the  parameter 
(tT.  In  this  case  the  channel  is  taken  at  the  top  of  the  signal  band.  When 
pT  is  an  odd  multiple  of  90  degrees,  it  turns  out  that  we  have  even  order 
modulation  products  onlj'-;  and  when  pT  is  a  multiple  of  180  degrees, 
odd  order  products  only.  The  curves  show  that  the  distortion  becomes 
less  dependent  on  the  echo  phase  as  the  quantity  aT  increases. 
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Instantaneous  companding  may  be  used  to  improve  the  quantized  approx- 
imation of  a  signal  by  producing  effectively  nonuniform  quantization.  A 
revision,  extension,  and  reinterpretation  of  the  analysis  of  Panter  and  Dite 
permits  the  calculation  of  the  quantizing  error  power  as  a  function  of  the 
degree  of  companding,  the  number  of  quantizing  steps,  the  signal  volume, 
the  size  of  the  ^'equivalent  dc  component"  in  the  signal  input  to  the  com- 
pressor, and  the  statistical  distribution  of  amplitudes  in  the  signal.  It  ap- 
pears, from  Bennett's  spectral  analysis,  that  the  total  quantizing  error  power 
so  calculated  may  properly  be  studied  without  attention  to  the  detailed  com- 
position of  the  error  spectrum,  provided  the  signal  is  complex  (such  as  speech 
or  noise)  and  is  sampled  at  the  minimum  information-theoretic  rate. 

These  calculations  lead  to  the  formulation  of  an  effective  process  for  choos- 
ing the  proper  combination  of  the  number  of  digits  per  code  group  and  com- 
panding characteristic  for  quantized  speech  communication  systems.  An 
illustrative  application  is  made  to  the  planning  of  a  hypothetical  PCM  sys- 
tem, employing  a  common  channel  compandor  on  a  time  division  multiplex 
basis.  This  reveals  that  the  calculated  companding  improvement,  for  the 
weakest  signals  to  be  encountered  in  such  a  system,  is  equivalent  to  the  addi- 
tion of  about  4  to  6  digits  per  code  group,  i.e.,  to  an  increase  in  the  number 
of  uniform  quantizing  steps  by  a  factor  between  2^  =  16  and  2^  =  64- 

Comparison  with  the  results  of  related  theoretical  and  experimental  studies 
is  also  provided. 
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I.    INTRODUCTION 

Quantized  pulse  modulation  has  been  the  subject  of  considerable 
attention  in  the  last  decade.'"  Proposals  for  practical  application  of 
such  modulation  usually  pro\'ide  for  the  transmission,  by  time  division 
multiplex,  of  a  class  of  signals  covering  an  extensive  power  range.''  ^ 
Such  proposals  almost  in\'ariably  assign  a  vital  role  to  instantaneous 
compandors.  The  present  discussion  is  devoted  to  the  formulation  of 
general  quantitative  criteria  for  the  choice  of  a  suitable  companding 
characteristic. 

A.  Fundamental  Properties  of  Pulse  Modulation* 

1 .  Unquanfized  Signals 

Unquantized  pulse  signals  are  produced  when  a  band-limited  signal 
(such  as  low-pass  filtered  speech)  is  sampled  instantaneously  at  a  rate 
greater  than  or  equal  to  the  minimum  acceptable  value  of  slightly  more 
than  twice  the  top  signal  frequency.  The  transmission  of  the  continuous 
range  of  pulse  amplitudes  so  produced  is  known  as  pulse  amplitude 
modulation  (PAM).  Alternatively  one  may  translate  the  sampled  ampli- 
tudes into  variations  either  in  the  width  of  periodic  pulses  of  constant 
amplitude  (pulse  duration  modulation  or  PDM),  or  in  the  spacing  of 
pulses  of  uniform  amplitude  and  width  (pulse  position  modulation  or 
PPM).  Regardless  of  the  mode  of  transmission,  the  unquantized  signal 
pulses  are  sensiti^'e  to  noise  in  the  transmission  medium. 

3.  Quantized  Signals  {PCM) 

Although  sampling  constitutes  temporal  quantization,  it  is  convenient 
to  adhere  to  conventional  usage  (as  codified  b}^  Bennett-  and  Black')  in 
restricting  the  designation  "quantized  signals"  to  those  which  have  been 
quantized  in  amplitude,  as  well  as  sampled  in  time,  in  order  to  permit 
encoded  (i.e.,  essentially  telegraphic)  transmission.  Thus  a  finite  range 
of  possible  signal  amplitudes,  large  enough  to  accommodate  the  strongest 
signal  to  be  encountered  in  a  given  appUcation,  may  be  divided  into  N 
equal  parts  or  quantizing  steps.  Each  instantaneous  pulse  amplitude  of 
a  PAM  signal  is  then  compared  with  this  ladder-like  array;  amplitude 
Cfuantization  is  accomplished  by  replacing  all  amplitudes  falling  in  any 
portion  of  a  quantizing  step  })y  a  single  value  uni(iuely  characterizing 
that  interval. 


*  This  brief  account  is  intended  merely  to  specify  the  minimum  amount  of 
background  information  required  to  avoid  confusion  in  the  present  discussion. 
Details  may  be  found  in  the  manj-  excellent  and  readily  accessible  references  al- 
ready cited. 


G5()  THE    BELL   SYSTEM    TECHNICAL   JOiniXAL,    MAY    1957 

Use  of  a  binary  number  representation  permits  the  encoded  trans- 
mission of  the  A^  possible  quantized  amphtudes  in  terms  of  groups  of 
on-off  pulses  containing  n  binary  digits  per  code  group  (where  A^  = 
2").*  These  pulses  may  be  considered  impervious  to  noise  in  the  trans- 
mission medium  in  the  sense  that  complete  information  is  conveyed  by 
the  mere  recognition  of  the  presence  or  absence  of  a  pulse  rather  than  a 
determination  of  a  precise  magnitude.  Consequently  such  pulses  may, 
in  principle,  repeatedly  be  regenerated  in  the  transmission  medium, 
pro\-ided  that  regeneration  occurs  before  the  on-off  pulses  have  been 
rendered  indistinguishable  from  each  other  by  noise. 

The  designation  pulse  code  modulation  (PCM)  may  therefore  be  used 
synonymously  with  quantized  pulse  modulation  to  distinguish  the  lat- 
ter from  the  previously  defined  varieties  of  unquantized  pulse  modula- 
tion. In  view  of  the  restriction  of  present  interest  to  the  role  of  quantiza- 
tion per  se,  there  is  no  need  to  proceed  beyond  the  choice  of  quantized 
PAM  as  the  prototype  PCM  signal  in  this  discussion,  in  spite  of  the  fact 
that  PDM  and  PPM  may  also  be  quantized  to  yield  PCM.i 

B.  Quantizing  Impairment  in  PCM  Systems 

From  the  foregoing  it  is  clear  that  quantization  (i.e.,  the  representa- 
tion of  a  bounded  continuum  of  values  by  a  finite  number  of  discrete 
magnitudes),  permits  the  encoded,  and  therefore  essentially  noise-free 
transmission  of  approximate,  rather  than  exact  values  of  sampled  ampli- 
tudes. In  fact,  the  deliberate  error  imparted  to  the  signal  by  quantization  is 
the  significant  source  of  PCM  signal  impairment}'^  Adequate  limitation 
of  this  quantization  error  is  therefore  of  prime  importance  in  the  appli- 
cation of  PCM  to  communication  systems. 

A  number  of  methods  of  reducing  quantizing  error  suggest  themselves 
on  a  purely  qualitative  and  intuitive  basis.  For  example,  one  may  obtain 
a  finer-grained  approximation  by  providing  more,  and  therefore  smaller, 
quantizing  steps  for  a  given  range  of  amplitudes.  Alternative!}',  one 
may  provide  a  more  complete  description  of  the  signal  by  increasing  the 
sampling  rate  beyond  the  minimum  information-theoretic  value  already 

assumed,  t 

It  is  also  possible  to  vary  the  size  of  the  quantizing  steps  (without 
adding  to  their  number)  so  as  to  provide  smaller  steps  for  weaker  signals. 


*  Of  course,  number  representations  using  a  base,  h,  other  than  two,  so  that 
N  =  6",  are  also  avaihible.  These  are  presently  of  academic  interest  in  view  of  the 
increased  complexity  of  instrumentation  they  imply. ^ 

t  See  Fig.  5  of  Reference  2  for  a  quantitative  evaluation  of  the  efficacy  of  this 
measure. 


INSTANTANEOUS   COMPANDING    OF   QUANTIZED    SIGNALS  657 

Whereas  the  first  two  techniques  result  in  an  increase  of  bandwidth  and 
system  complexity,  the  third  requires  only  a  modest  increase  in  instru- 
mentation without  any  increase  in  bandwidth.*  This  investigation  is 
therefore  dcA'oted  to  the  study  of  nonuniform  step  size  as  a  means  of 
reducing  quantizing  impairment. 

C.  Physical  Implications  of  Nonuniform  Quantization 
I .  Quantizing  Error  as  a  Function  of  Step  Size 

Quantizing  impairment  may  profitably  be  expressed  in  terms  of  the 
total  mean  square  error  voltage  since  the  ratio  of  the  mean  square  signal 
voltage  to  this  quantity  is  equal  to  the  signal-to-quantizing  error  power 
ratio. 

In  evaluating  the  mean  square  error  voltage,  we  begin  by  considering 
a  complex  signal,  such  as  speech  at  constant  volume,  whose  pulse  sam- 
ples yield  an  amplitude  distribution  corresponding  to  the  appropriate, 
probability  density.  These  pulse  samples  may  be  expected  to  fall  within, 
or  "excite",  all  the  steps  assigned  to  the  signal's  peak-to-peak  ^•oltage 
range.  It  will  be  assumed  that,  for  quality  telephon}^,  the  steps  will  be 
sufficient^  small,  and  therefore  numerous,  to  justify  the  assumption 
that  the  probability  density  is  effectively  constant  within  each  step, 
although  it  maj^  be  expected  to  vary  from  step  to  step.  Thus  the  con- 
tinuous cur^'e  representing  the  probability  density  as  a  function  of  in- 
stantaneous amplitude  is  to  be  replaced  by  a  suitable  histogram. 

If  the  midst ep  voltage  is  assigned  to  all  amplitudes  falling  in  a  par- 
ticular quantizing  interval,  the  absolute  value  of  the  error  in  any  pulse 
sample  will  be  limited  to  values  between  zero  and  half  the  size  of  the 
step  in  question;  when  combined  with  the  assumed  approximation  of 
a  uniform  probability  density  within  each  step,  this  choice  minimizes 
the  mean  square  error  introduced  at  each  level. ^  Summation  of  the  latter 
quantity  over  all  levels  then  yields  the  result  that  the  total  mean  square 
(luantizing  error  voltage  is  equal  to  one-twelfth  the  weighted  a^■erage  of 
the  square  of  the  size  of  the  voltage  steps  traversed  (i.e.,  excited)  by  the 
input  signal.  The  direct  consideration  of  the  physical  meaning  of  this 
result  (which,  as  (6)  below,  will  constitute  the  basis  of  all  subsequent 
calculations)  will  now  be  shown  to  provide  a  simple  ciualitative  descrip- 
tion of  the  implications  of  nonuniform  quantization. 


*  We  refer  to  bandwidth  in  the  transmission  medium  as  determined  by  the  pulse 
repetition  rate,  which,  in  the  time  division  multiplex  applications  envisioned 
herein,  is  given  bj'  the  product:  (samjjling  rate)  X  (number  of  digits  or  pulses  per 
sample)  X  (number  of  channels). 
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2.  Properties  of  the  Mean  Square  Excited  Step  Sr2e 

Fig.  1(a)  shows  the  range  of  input  voltages,  between  the  values  +1 
and  —V  divided  into  N  equal  quantizing  steps  (i.e.,  uniformly  quan- 
tized); Fig.  1(b)  depicts  the  same  range  divided  into  A^  tapered  steps, 
corresponding  to  nonuniform  quantization. 

Consider  a  complex  signal,  such  as  speech,  whose  distribution  of  in- 
stantaneous amplitudes  at  constant  vokmie  results  in  the  excitation 
(symmetrically  about  the  zero  level)  of  the  steps  in  the  moderately  large 
interval  A^  — .Y'.  The  quantizing  error  power  will  be  shown  to  be  pro- 
portional to  the  (weighted)  average  of  the  square  of  the  excited  step  size. 
For  uniform  quantization,  it  is  clear,  from  Fig.  1(a),  that  this  average 
is  a  constant,  independent  of  the  statistical  properties  of  the  signal.  For 
a  nonuniformly  quantized  signal,  [Fig.  1  (b)],  the  mean  square  excited  step 
size  is  reduced  by  the  chvision  of  the  identical  interval  X  —  X'  into  more 
steps,  most  of  which  are  smaller  than  those  shown  in  Fig.  1(a).  Apprecia- 
tion of  the  full  extent  to  which  the  quantizing  error  power  ma}^  so  be 
reduced  rec^uires  the  added  recognition  that  the  few  larger  c^uantizing 
steps  in  the  range  X  —  X',  corresponding  to  excitation  by  comparati'V'ely 
rare  speech  peaks,  are  far  less  significant  in  their  contribution  to  the 
weighted  average  than  the  small  steps  in  the  ^dcinity  of  the  origin,  due 
to  the  nature  of  the  probability  density  of  speech  at  constant  volume.'^ 

It  is  also  clear  that  weaker  signals,  corresponding  to  a  contraction  of 
the  interval  X  —  X',  enjoy  the  greatest  potential  tapering  advantage 
since  their  excitation  may  be  confined  to  steps  which  are  all  appreciably 
smaller  than  those  in  Fig.  1(a).  However,  if  the  interval  X  —  X'  were  to 


(a) 


Fig.  1  —  (a)  Distribution  of  step.s  of  equal  size  corrosijonding  to  direct,  uniform 
quantization;  (b)  nonuniform  quantization  of  this  range  into  the  same  nmiiber  of 
steps.  The  function  of  the  instantaneous  compandor  is  to  jirovide  such  nonuniform 
quantization  in  the  manner  ilhistrated  in  Fig.  2. 
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increase  in  size  and  approach  the  full  range,  +F  to  —V,  (to  accommo- 
date stronger  signals),  the  excitation  of  extremely  large  steps  might  re- 
sult in  an  rms  step  size  exceeding  the  uniform  size  shown  in  Fig.  1(a). 

Fig.  1  also  indicates  that  signals  (including  unwanted  noise)  too  weak 
to  excite  even  the  first  quantizing  step  (and  therefore  absolutely  incapa- 
ble of  transmission)  when  uniformly  quantized,  may  successfully  be 
transmitted  as  a  result  of  the  excitation  of  a  few  steps  following  non- 
uniform quantization. 

Although  the  assumption  that  the  average  value  of  the  signal  is  zero 
is  quite  proper  for  speech,  subsequent  discussion  will  disclose  the  possi- 
bility that  the  quiescent  value  of  the  signal,  as  it  appears  at  the  input 
to  the  quantizing  equipment,  may  not  always  coincide  with  the  exact 
center  of  the  voltage  range  depicted  in  Fig.  1.  This  effect  may  formally 
be  described  in  terms  of  the  addition  of  an  equivalent  dc  bias  to  the 
speech  input  at  the  quantizer.  As  shown  in  Fig.  1,  the  addition  of  such 
a  dc  component,  eo ,  to  the  signal  which  previously  excited  the  band  of 
steps  labeled  X  —  X',  transforms  X  —  X'  into  an  array  of  equal  extent 
Y—  Y',  centered  about  e  =  Co  instead  of  e  =  0.  This  causes  the  excitation 
of  some  larger  steps,  in  Fig.  1(b),  as  well  as  the  assignment  of  greatest 
weight'*  to  the  steps  in  the  vicinity  of  e  =  Co ,  which  are  larger  than  those 
near  e  =  0;  the  net  result  is  an  increase  in  the  rms  excited  step  size,  and 
the  quantizing  error  power.  This  effect  will  depend  on  the  comparative 
size  of  Co  and  the  signal  as  well  as  on  the  degree  of  step  size  variation. 
In  particular,  Fig.  1(a)  indicates  that  the  presence  of  eo  does  not  afl'ect 
the  rms  excited  step  size  under  conditions  of  uniform  quantization. 

It  is  clear  from  the  foregoing  that  the  effect  of  nonuniform  quantiza- 
tion of  PCM  signals  will  vary  greatly  with  the  strength  of  the  signal; 
greatest  improvement  is  to  be  expected  for  weak  signals,  whereas  an 
actual  impairment  may  be  experienced  by  strong  signals.  The  range  of 
signal  volumes  is  therefore  of  prime  importance  in  the  choice  of  the 
proper  distribution  of  step  sizes. 

D.  Nonuniform  Quantization  Through  Uniform  Quantization  of  a  Com- 
pressed Signal 

Nonuniform  quantization  is  logically  equivalent  to  uniform  quantiza- 
tion of  a  'V'ompressed  version"  of  the  original  input  signal.  When  applied 
directly,  tapered  quantization  provides  an  acceptably  high  ratio  of  sam- 
ple amplitude  to  sample  error  for  weak  pulses,  by  decreasing  the  errors 
(i.e.,  the  step  sizes)  assigned  to  small  amplitudes.  Signal  compression 
achieves  the  same  goal  bj^  increasing  weak  pulse  amplitudes  without 
altering  the  step  size. 
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The  instantaneous  compressor  envisioned  herein  is,  in  essence,  a  non- 
hnear  pulse  amphfier  which  modifies  the  distribution  of  pulse  amplitudes 
in  the  input  PAM  signal  by  preferential  amplification  of  weak  samples. 
A  satisfactory  compression  characteristic  will  have  the  general  shape 
shown  in  Fig.  2.  Thus  the  amphfication  factor,  {vje) ,  varies  from  a  large 
value  for  small  inputs  to  unity  for  the  largest  amplitude  (F)  to  be  ac- 
commodated, so  that  the  distribution  of  pulse  sizes  may  be  modified 
without  changing  the  total  voltage  range.  Fig.  2  also  illustrates  how  uni- 
form quantization  of  the  compressor  output  produces  a  tapered  array 
of  input  steps  similar  to  those  already  considered  in  connection  with 
Fig.  1(b). 

A  complementary  device,  the  expandor,  employs  a  characteristic  in- 
verse to  that  of  the  compressor  to  restore  the  proper  (quantized)  distri- 
bution of  pulse  amplitudes  after  transmission  and  decoding.  Taken  to- 
gether, the  compressor  and  expandor  constitute  a  compandor. 

The  resolution  of  tapered  quantization  into  the  sequential  application 
of  compression,  uniform  quantization,  and  expansion  is  operationally 
convenient,^  as  well  as  logically  sound.  Since  there  is  a  one-to-one  corre- 
spondence between  step  size  allocations  and  compression  characteristic 


INPUT    VOLTAGE, e 


Fig.  2  — •  Curve  illustrating  the  general  .shape  of  a  suitable  instantaneous  com- 
pression characteristic.  All  continuous,  single-valued  curves  connecting  the  origin 
to  the  point  (F,  V)  and  rising  from  the  origin  with  a  slope  greater  than  one,  i.e., 
{dv/de)e=o>  1,  are  potential  compression  characteristics.  The  symmetrical  nega- 
tive portion  [v{e)  =  —v{—e)]  is  not  shown.  The  production  of  a  tapered  array  of 
input  steps  (Ae)i  by  uniform  quantization  of  the  output  into  steps  of  (equal)  size 
Az^,  is  also  represented. 
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curves,  the  central  problem  of  choosing  the  proper  distribution  of  step 
sizes  will  be  discussed  in  terms  of  the  choice  of  the  appropriate  com- 
pression characteristic;  the  reduction  of  quantizing  error,  corresponding 
to  nonuniform  quantization  without  change  in  the  total  number  of  steps, 
will  be  termed  companding  improvement. 

E.  The  Mechanism  of  Companding  Improvement  in  Various  Communica- 
tion Systems 

1.  Syllabic  Companding  of  Continuous  Signals^^-  -"^ 

Originally,  the  compandor  consisted  of  a  compressor  and  comple- 
mentary expander  operating  at  a  syllabic  rather  than  instantaneous  rate 
in  frequency  division  systems,  since  instantaneous  companding  was 
found  to  imply  an  undesirable  increase  in  bandwidth  in  such  systems. ^^ 

In  spite  of  the  existence  of  syllabic  power  variations,  a  useful  under- 
standing of  such  compandor  action  ma}^  be  inferred  from  the  considera- 
tion of  the  long-time  average  power.  Thus,  in  its  simplest  form,  the  com- 
pressor might  provide  amplification  varjdng  from  a  constant  value  within 
the  range  of  volumes  corresponding  to  weak  speech  to  little  or  no  ampli- 
fication for  comparatively  strong  signals  prior  to  transmission.  Although 
it  is  an  amplifying  device,  the  compressor  takes  its  name  from  the  con- 
traction of  the  transmitted  volume  range  which  results  from'  selective 
amplification  of  the  weakest  signals.  Since  the  distortion  of  the  signal 
by  the  compressor  may  virtually  be  confined  to  a  change  in  loudness, 
the  compressor  output  may  be  expected  to  be  intelligible. 

In  interpreting  a  compression  characteristic,  syllabic  application  per- 
mits the  identification  of  the  ordinate  and  abscissa  with  -y/^  and  -y/^, 
rather  than  v  and  e  as  shown  in  Fig.  2.  This  substitution  of  rms  for  in- 
stantaneous signals  not  only  confines  the  significance  of  the  compression 
characteristic  to  the  first  quadrant  but  also  removes  the  need  for  com- 
pandor response  to  input  signals  below  some  small,  nonzero,  threshold 
value. 

If  we  designate  the  mean  square  noise  voltage  in  the  transmission 
medium  bj^  i»„-,  the  amplification  of  weak  signals  prior  to  exposure  to 
this  noise  provides  an  increase  in  the  transmitted  signal  to  noise  ratio 
from  (e2/y„2)  to  (y^/y^^),  i.e.,  by  a  factor  of  (v^/e^).  This  increase  in  signal- 
to-noise  ratio  may  be  read  directly  from  the  graph  of  the  compression 
characteristic,  and  is  unaffected  by  the  identical  treatment  accorded 
signal  and  noise  at  the  expandor.  Furthermore,  noise  received  during 
the  silent  intervals,  between  speech  bursts,  is  attenuated  by  the  ex- 
pandor. 
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Under  these  circumstances  it  is  appropriate  to  resolve  companding 
improvement  into  the  separate  contributions  of  an  increased  signal  to 
noise  ratio  for  weak  speech  by  the  compressor,  and  a  quieting  of  the 
circuit  in  the  absence  of  speech  by  the  expandor.  The  introduction  of  an 
independent  source  of  noise  in  the  channel  between  the  compressor  and 
expandor  is  the  key  to  such  behavior. 

2.  Instantaneous  Companding  of  Unquantized  Pulse  Signals 

Time  division  systems,  emplojdng  unquantized  pulse  modulation 
(e.g.,  PAM)  are  admirably  suited  to  the  application  of  instantaneous 
companding  to  the  individual  pulse  samples.  Since  each  pulse  is  ampli- 
fied to  a  degree  which  varies  with  its  input  amplitude,  the  compressor 
output  is  a  sampled  version  of  a  distorted  signal. 

As  in  the  S3dlabic  case,  the  location  of  the  noise  source  in  the  channel 
between  the  compressor  and  expandor  permits  an  improvement  of  the 
received  signal-to-noise  ratio  for  weak  signals.  Furthermore,  the  ex- 
pandor again  assumes  the  separate  and  distinct  task  of  suppressing 
channel  noise  in  the  absence  of  speech. 

Unfortunately,  quantitative  expression  of  the  companding  improve- 
ment is  not  as  simple  as  in  the  syllabic  case.  The  response  to  instan- 
taneous amplitudes  much  lower  than  the  rms  threshold  signal  (including 
zero)  becomes  important  and  the  improvement  factor  may  not  (except 
in  the  special  case  of  a  linear  compression  characteristic)  simply  be  read 
from  a  graph  relating  instantaneous  values  of  v  and  e.  Instead,  one  must 
employ  the  probability  density  of  the  signal  in  order  properl}^  to  account 
for  the  distinctive  treatment  accorded  individual  pvilse  amplitudes  in  a 
complex  signal. 

3.  Instantaneous  Companding  of  Quantized  Signals 

Although  the  same  physical  devices  which  serve  as  an  instantaneous 
compressor  and  expandor  in  a  PAM  system  may  also  be  used  in  a  PC^NI 
system,  the  functional  description  of  companding  improvement  is  differ- 
ent in  the  two  applications.  Whereas  the  compandor  is  used  to  combat 
channel  noise  in  a  PAM  sj^stem,  encoded  transmission  permits  a  PCM 
sj^stem  to  assign  this  task  to  the  devices  which  transmit  and  regenerate 
code  pulses.  Thus,  assuming  that  error-free  encoded  transmission  is 
realized,  the  quantized  signal  may  be  regarded  as  completely  impervious 
to  noise  in  the  transmission  medium.  Quantization  is  required  to  permit 
such  transmission.  The  sole  purpose  of  the  PCM  compandor  is  to  reduce 
the  (juantizing  impairment  of  the  signal  by  comerting  uniform  to  effec- 
tivel}'  nonuniform  cjuantization. 
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AlthousH  the  oxpandor  continues  to  collaborate;  witii  the  coinpi'essor 
in  inipio\iiig  the  (|uality  of  weak  signals,  it  is  now  neithei'  necessary  nor 
possible  for  it  to  perform  the  separate  function  of  (luieting  the  circuit 
in  the  absence  of  speech.  Indeed,  apart  from  instrumentational  diffi- 
culties which  might  arise,  it  is  conceptually  sound  to  transfer  the  PCM 
expander  to  the  transmitting  terminal,  with  expansion  taking  place 
subsequent  to  quantization  but  prior  to  encoding  and  transmission. 
Another  interesting  peculiarity  of  the  PCM  expandor  is  the  restriction 
of  its  operation,  b}^  quantization,  to  a  finite  number  of  discrete  operating 
points  on  the  continuous  characteristic. 

The  use  of  companding  to  reduce  the  quantizing  error  which  owes  its 
very  existence  to,  and  is  therefore  a  function  of,  the  signal,  is  thus  sig- 
nificantly different  from  the  use  of  companding  to  reduce  the  effects  of 
an  independent  source  of  noise  in  the  transmission  medium. 

F.  AppUcability  of  the  Present  Analysis 

Before  we  proceed  to  a  detailed  analj^sis,  it  is  important  to  emphasize 
certain  restrictive  conditions  required  for  the  meaningful  application  of 
the  results  to  be  derived. 

1 .  Signal  Spectrum 

A  signal  with  a  sufficiently  complex  spectrum,  such  as  speech,  is  re- 
quired to  justify  consideration  of  the  total  quantizing  error  power  with- 
out regard  to  the  detailed  composition  of  the  error  spectrum.  Although 
it  is  known  that  quantization  of  simple  signals  (e.g.,  sinusoids)  results  in 
discrete  harmonics  and  modulation  products  deserving  of  indi\'idual 
attention,*'  ^  Bennett  has  shown  that  the  error  spectrum  for  complex 
signals  is  sufficiently  noise-like  to  justify  analysis  on  a  total  power  ba- 
sis.2'  12 

2.  Sampling  Rate 

The  consistent  comparison  of  signal  power  with  the  total  quantizing 
error  power,  rather  than  with  the  fraction  of  the  latter  quantity  appro- 
priate to  the  signal  band,  might  at  first  appear  to  impose  serious  limita- 
tions on  the  present  analysis.  Furthermore,  the  role  of  sampling  has  not 
been  discussed  explicitly.  It  is  therefore  important  to  note  that  the  justi- 
fication for  this  treatment,  in  the  situation  of  actual  interest,  has  also 
been  given  by  Bennett.'  We  need  o\\\y  add  the  standard  hypothesis'"^ 
that  the  sampling  rate  chosen  for  a  practical  sj-stem  would  equal  the 
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miiiiimim  acceptable  rate  (slightly  in  excess  of  twice  the  top  signal  fre- 
quency^) in  order  to  inv^oke  Bennett's  results,  which  tell  us  that,  for  this 
sampling  rate,  the  cjuantizing  error  power' in  the  signal  band  and  the 
total  quantizing  error  power  are  identical.-  Thus,  sampling  at  the  mini- 
mum rate  is  assumed  throughout. 

3.  Number  of  Quantizing  Steps 

As  already  remarked,  the  present  results  are  based  on  the  assumption 
that  A''  is  not  small,  inasmuch  as  we  assume  a  probability  density  which, 
although  varying  from  step  to  step,  remains  effectively  constant  within 
each  quantizing  step;  indeed  the  step  sizes  will  be  treated  as  differential 
quantities. 

Experimental  evidence^'  "^ ■  ^°  (as  well  as  the  analysis  to  follow)  argues 
against  the  consideration  of  fewer  than  five  digits  (i.e.,  2^  =  32  quantizing 
steps)  for  high  quality  transmission  of  speech.  Numerical  estimates  indi- 
cate that  the  present  approximation  should  be  reasonable  for  five  or 
more  digits  per  code  group.  These  estimates  are  confirmed  by  the  con- 
sistency of  actual  measurements  of  cjuantizing  error  power  with  calcula- 
tions based  on  the  same  approximation  (see  Fig.  8  of  reference  2  for  5,  6, 
and  7  digit  data  obtained  with  an  input  signal  consisting  of  thermal 
noise  instead  of  speech) . 

Further  indication  of  the  adequacy  of  this  approximation  is  provided 
by  the  knowledge  that  Sheppard's  corrections  (see  Section  II-B)  appear 
adeciuate  even  when  (Ae)  is  not  very  small,  for  a  probability  density 
which  (as  is  the  case  for  speech'^)  approaches  zero  together  with  its  de- 
rivatives at  both  ends  of  the  (voltage)  range  under  consideration  .^^ 

Therefore,  we  are  not  presently  concerned  with  the  limitations  imposed 
by  this  approximation. 

4.  Subjective  Effects  Beyond  the  Scope  of  the  Present  Analysis 

We  shall  have  occasion  to  study  graphs  depicting  the  signal  to  quan- 
tizing error  power  ratio  as  a  function  of  signal  power.  Although  these 
curves,  and  the  ecjuations  they  represent,  wall  always  be  of  interest  for  the 
case  where  even  the  weakest  signal  greatly  exceeds  the  corresponding 
error  power,  there  exists  the  possibility  of  rash  extrapolation  to  the 
region  where  this  inequality  is  reversed.  Unfortunately,  such  extra- 
polation may  have  little  or  no  meaning.  *  This  is  particularly  clear  when 
one  considers  that  signals  incapable  of  exciting  at  least  the  first  quan- 
tizing step,  in  the  absence  of  companding,  will  be  absolutely  incapable 

*  This  is  implicit  in  the  deduction  of  Equation  (6). 
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of  transmission.  Under  these  circumstances,  companding  may  actually 
res wscz7ate  a  signal;  the  mathematical  description  of  resuscitation  (as 
anything  short  of  infinite  improvement)  is  clearl}^  beyond  the  scope 
of  the  present  analysis. 

At  the  other  extreme,  it  is  probable  that  there  exists  a  limit  of  error 
power  suppression  beyond  which  listeners  will  fail  to  recognize  an}^  fur- 
ther improvement.  Our  anal3^sis  will  not  be  useful  in  describing  this 
region  of  subjective  saturation.  Furthermore,  it  is  possible  that  the  sub- 
jective improvement  afforded  a  listener  by  adding  to  the  number  of 
quantizing  steps,  or  companding,  may  depend  on  the  initial  and  final 
states,  even  before  subjective  saturation  is  reached.  For  example,  it  is 
entirely  possible  that  the  change  from  5  to  6  digits  per  code  group  may 
provide  a  degree  of  improvement  which  appears  different  to  the  listener 
from  that  corresponding  to  the  increase  from  6  to  7  digits,  although  the 
present  mathematical  treatment  does  not  recognize  such  a  distinction. 

II.  EVALUATION  OF  MEAN  SQUARE  QUANTIZATION  ERROR  (a) 

A.*  Generalization  of  the  Analysis  of  Panter  and  Dite 

The  mean  square  error  voltage,  a-> ,  associated  with  the  quantization 
of  voltages  assigned  to  the  /  voltage  interval,  ey ,  is  adopted  as  the  sig- 
nificant measure  of  the  error  introduced  by  cjuantization.  If  e>  is  to  repre- 
sent any  voltage,  e,  in  the  range 


0,  -  [.  -  i^'] . . .  [. + <^; 


=  Rj  (1) 


then 


aj  =   I  \e  -  ejfPie)  de  (2) 

where  (e  —  Cj)  is  the  voltage  error  imparted  to  the  sample  amplitude  by 
quantization  and  P{e)  is  the  probability  density  of  the  signal.  The  loca- 
tion of  ej  at  the  center  of  the  voltage  range  assigned  to  this  level  mini- 
mizes Gj  since  we  shall  assume  an  effectively  constant  value  of  P{e) 
within  the  confines  of  a  single  step. 

If  the  value  of  P(e)  is  approximated  by  the  constant  value  P{ej) 
appropriate  to  Cj  in  (2),  it  follows  that 

aj  =  (Ae)/P(e,)/12  (3) 


* 


This  passage  contains  mathematical  details  which  may  be  omitted,  in  a  first 
reading,  without  loss  of  continuity. 


()()()  THE    BELL   SYSTEM    TECHNICAL   JOURNAL,    MAY    1957 

The  total  mean  square  voltage  error,  cr,  is  equal  to  the  sum  of  the  mean  | 
square  quantizing  errors  introduced  at  each  level,  so  that, 

c^  =  Z^.  =  i¥E^(ei)(Ae)/  (4a) 

i  } 

=  AE  (Ae)/[P(e,)(A<.),l  (4b) 

4 

which  may  be  rewritten  as 

<r  ^  -hL  (Ae)/py  (4c) 

3 

since  the  discrete  probability  appropriate  to  the  /   step  is  given  by 

p,  =    f  '  P{e)  de  ^  [P{ej)(Ae),]  (5) 

Hence, 


a  ^  ^[{AeYUy  =  (Ae)Vl2  (6) 

Thus,  the  total  mean  square  error  voltage  is  equal  to  one-twelfth  the 
average  of  the  square  of  the  input  \-oltage  step  size  when  the  steps  are 
sufficient!}^  small  (and  therefore  numerous)  to  justify  the  approximations 
employed  in  the  deduction  of  (6).  In  applying  (6),  it  is  important  to  note 
that  (4)  implies  that  this  is  a  weighted  average  over  the  steps  traversed 
(or  "excited")  by  the  signal. 

In  the  special  case  of  uniform  step  size,  substitution  of  (Ae)j  =  (Ae)  = 
const,  reduces  (6)  to  the  simple  form 

(To    =     [o-]Ae=const    =     (Ae)Vl2  (7) 

Equations  (6)  and  (7)  provide  the  basis  for  the  qualitative  interpreta- 
tion of  quantizing  error  power  which  has  already  been  discussed  in  con- 
nection with  Fig.  1. 

The  deduction  of  (6)  from  (4a)  is  implicit  in  the  work  of  Panter  and 
Dite.  The  absence  of  an  explicit  formulation  of  (6)  therein*  results  from 
the  direct  application  of  the  equivalent  of  (4b)  to  a  specific  problem  in- 
volving a  particular  algebraic  expression  for  {Ae)j  . 

A  prior,  equivalent  derivation  of  (7),  based  on  a  graphical  represen- 
tation of  (e  —  Cj)  as  a  sawtooth  error  function  for  uniform  quantization 
has  been  given  by  Bennett.'  Although  this  derivation  bypassed  (6), 
Bennett  has  also  analj^zed  compressed  signals  by  means  of  an  expression 

*  The  present  notation  has  been  chosen  to  resemble  that  of  Reference  5  in  order 
to  facilitate  direct  comparison  by  the  reader. 
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[(1.6)  of  Reference  2]  which  is  equivalent  to  (6),  when  the  average  is  ex- 
pressed as  an  integral  over  a  continuous  probability  distribution  and 
(Ae)  is  replaced  by  (de/dv)(Av),  with  (Ay)  =  const.  This  form  of  (6)  is 
the  point  of  departure  for  the  calculation  in  the  Appendix. 

B.  Operational  Significance  of  a 

Manipulation  of  (2)  may  be  shown  to  result  in  the  expression 


J^(Tj  =  J2  ^fVi  -   \  cP{e)  de, 

j  3  •' 


which  is  the  difference  between  the  mean  square  signal  voltages  following 
and  preceding  quantization.  Hence  a  is  proportional  to  the  difference 
between  the  quantized  and  unciuantized  signal  powers.  Since  o-  is  intrin- 
sically positive,  the  quantizing  error  power  is  added  to  the  signal  by  quan- 
tization and  is,  in  principle,  measurable  as  the  difference  between  two 
wattmeter  readings. 

In  addition  to  providing  an  operational  interpretation  of  the  quantiz- 
ing error  power,  the  rewritten  expression  for  a  reveals  the  equivalence  of 
0"  to  the  "Sheppard  correction"  to  the  grouped  second-moment  in  sta- 
tistics,"^' where  calculations  are  facilitated  by  grouping  (i.e.,  uniform 
quantization)  of  numerical  data.  The  reader  who  is  interested  in  a  more 
elaborate  deduction  of  (7)  from  the  Euler-Maclaurin  summation  formula, 
as  well  as  discussions  of  the  validity  of  (7),  may  therefore  consult  the 
statistical  literature. 

III.    CHOICE  OF  COMPRESSION  CHARACTERISTIC 

A.  Restriction  to  Logarithmic  Compression 

We  shall  consider  the  properties  of  the  logarithmic  type  of  compression 
characteristic,*  defined  by  the  equations f 

^  ^  F  log  11  +  WDI  j^^        o^.SF     •        (8a) 

log  (1    +  /i) 

and 

^  ^  -VJog[l-Si^  f^^         -F^e^O         (8b) 

log  (1  +  m) 


*  The  author  first  encountered  this  characteristic  in  the  work  of  Panter  and 
Dite*  and  the  references  thereto  cited  by  C.  P.  Villars  in  an  unpublished  memo- 
randum. He  has  since  learned  that  such  characteristics  had  been  considered  by 
VV.  R.  Bennett  as  early  as  1944  (unpublished),  as  well  as  b}-  Holzwarth"'  in  1949. 

t  Unless  otherwise  specified,  natural  logarithms  will  be  used  throughout. 
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111  (8),  V  represents  the  output  voltage  corresponding  to  an  input  signal 
voltage  e,  and  /x  is  a  dimensionless  parameter  which  determines  the  degree 
of  compression. 

Typical  compression  characteristics,  corresponding  to  various  choices 
of  the  compression  parameter,  m,  'n\  (8a),  are  shown  in  Fig.  3.  The  log- 
arithmic replot  of  Fig.  4  provides  an  expanded  picture  of  small  amplitude 
behavior,  as  well  as  evidence  of  the  probable  realizabilit}^  of  such  char- 
acteristics. 

Although  restriction  of  attention  to  (8)  may  at  first  appear  to  impose 
serious  limitations  on  the  generality  of  the  analysis,  this  impression  is  not 
confirmed  b}^  more  careful  scrutin}^  of  the  problem. 

Perusal  of  Fig.  3  indicates  that  (8)  generates  a  considerable  variety  of 
curves  which  meet  the  general  requirements  already  enunciated  in  con-  1 
nection  with  Fig.  2.  Thus,  the  constant  factor,  F/log  (1  +  m),  has  been 
chosen  to  satisfy  the  condition 

[vUv  =  V  (9) 

Evidence  of  the  significance  of  the  M-characteristics  may  be  derived 
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Fig.  3  —  Typical  logarithmic  compression  characteristics  determined  by 
equation  (8a).  The  symmetrical  negative  portions,  corresponding  to  equation 
(8b),  are  not  shown. 
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Fig.  4  —  Logarithmic  replot  of  compression  curves  shown  in  Fig.  3,  to  indicate 
detailed  behavior  for  weak  samples.  The  characteristic  employed  in  the  experi- 
ments of  Meacham  and  Peterson"  (M  &  P)  is  also  shown.  Similarity  between  this 
characteristic  and  the  ^  =  100  curve  testifies  to  the  probable  realizability  of  these 
logarithmic  characteristics. 

from  consideration  of  the  ratio  of  step  size  to  corresponding  pulse  ampli- 
tude, (A^/f'),  since  this  quantity  is  a  measin-e  of  the  maximum  fractional 
quantizing  error  imposed  on  individual  samples.  Hence  the  relation, 

(e/Ae)  =  [iV/2  log  (1  +  m)](1  +  F/zxe)"' 

[which  follows  from  (12a)]  has  been  plotted,  for  /n  =  10,  100,  and  1000, 
in  Fig.  5.  These  curves  reflect  the  fact  that  the  sample  to  step  size  ratio 
reduces  to  the  asymptotic  forms: 


{e/^e)  ->  Ar/2  log  (1  +  /x)  =  const  for         (e/F)  »  m~^ 


and 


(e/Ae)  ->  [iV/2  log  (1  +  \j)\{ixe/Y)         for         (e/7)  «  m"' 
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Fig.  5  —  Pulse  sample  to  step  size  ratios,  as  a  function  of  relative  sample 
amplitude,  for  various  degrees  of  logarithmic  companding  (i.e..  values  of  p).  The 
factor  (2AY)  in  the  ordinate  permits  the  curves  to  be  drawn  without  reference  to 
the  total  number  of  quantizing  steps  (.V) ;  the  factor  (100)  is  included  to  permit  the 
ordinates  directly  to  convey  the  proper  order  of  magnitude  for  (e/Ae),  since  pres- 
ent interest  will  be  found  to  center  about  values  of  .V  for  which  100(2/iV)  ~  1. 
As  noted  in  the  text,  the  ordinates,  which  constitute  an  index  of  the  precision  of 
quantization,  approach  constancv  for  (e/F)  »  yT'^,  and  vary  linearly  with  abscissa 
for  (e/]')  «  p-'. 

The  essentially  logarithmic  behavior  (e/Ae  =  const)  for  large  pulse 
amplitudes  is  intuitively  desirable  since  it  implies  an  approach  to  the 
equitable  reproduction  of  the  entire  distribution  of  amplitudes  in  a  spec- 
ified signal.  Although  existing  experimental  evidence  indicates  that  the 
small  amplitudes  are  not  only  most  numerous,^*  but  also  most  .significant 
for  the  intelligihilitif^''^  of  speech  at  constant  volume,  the  absence  of 
comparable  e\-idence  on  the  properties  of  naturalness  makes  it  plausible 
to  consider  only  tho.se  compression  characteristics  \vhi('h  give  promi.se  of 
providing  the  .same,  acceptabh'  small,  upper  limit  on  the  fractional  quan- 
tizing error  for  pulse  samples  of  all  sizes. 
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For  sufficiently  small  input  pulses,  (f/Ae)  becomes  i)roportional  to  e, 
as  a  result  of  the  linearity  of  the  logaritlnnic  function  in  (8)  for  small 
arguments.  In  view  of  our  professed  preference  for  logarithmic  behavior, 
with  (e/Ae)  =  const.,  it  is  important  to  emphasize  that  the  transition  to 
linearity  is  not  peculiar  to  (8),  but  is  rather  an  example  of  the  linearity 
to  be  expected  of  any  suitably  behaved  (i.e.,  continuous,  single-valued, 
with  {dv/de)e=o  >  1)  odd  compression  function,  v(e),  capable  of  power 
series  expansion,  in  the  vicinity  of  the  origin.  In  (8)  this  transition  to 
linearity  takes  place  where  (e/V)  is  comparable  to  /x~  •  The  extension  of 
the  region  where  (e/Ae)  ~  const,  to  lower  and  lower  pulse  amplitudes 
requires  an  increase  in  n,  and  a  concomitant  reduction  of  the  (e/Ae)  ratio 
for  strong  pulses. 

Further  evidence  of  the  significance  of  the  parameter  ju  may  be  deduced 
by  evaluating  the  ratio  of  the  largest  to  the  smallest  step  size  from  the 
asj^mptotic  expressions  for  (e/Ae).  Thus  we  find 


(Ae)e=v 


n        for        jiz  »  1 


(Ae)e=o 
which  is  a  special  form  of  the  more  general  relation 

(Ae)e=v       (dv/de)e=o  ,    -, 

(Ae)e=o        (dv/de)e=v 

which  follows  from  our  standard  approximation  of 

(de/dv)  ^  (Av/Ae) 
with  Av  =  const. 

B.  Comparison  with  Other  Compandors 

An  upper  bound  for  companding  improvement,  which  permits  the 
ciuantitative  evaluation  of  the  penalty  incurred  (if  any)  through  the 
restriction  to  logarithmic  companding,  is  established  in  the  Appendix. 
Comparison  of  the  results  to  be  derived  from  (8)  with  this  upper  bound 
will  reveal  that  nonlogarithmic  characteristics,  which  provide  somewhat 
more  companding  improvement  at  certain  ^'oluraes,  are  apt  to  prove  too 
specialized  for  the  common  application  to  a  broad  volume  range  envi- 
sioned herein.  The  ^t-characteristics  do  not  suffer  from  this  deficiency 
since  the  equitable  treatment  of  large  samples,  which  we  have  hitherto 
associated  with  an  ''intuitive  naturalness  conjecture,"  will  be  seen  to 
tend  to  equalize  the  treatment  of  all  signal  volumes. 

Finally,  it  will  develop  that  (8),  when  applied  to  (0),  has  the  added 
merit  of  calculational  simplicity. 
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IV.*   THE    CALCULATION   OF    QUANTIZING    ERROR 

A.  Lo(iarithmic  Commanding  in  the  Absence  of  ^'DC  Bias" 

As  previously  noted,  we  consider  the  effect  of  uniformly  quantizing  a 
compressed  signal.  If  we  designate  the  uniform  output  voltage  step  size 
by  (Av),  then 

(A.)  =  ?^  (10) 

since  the  full  voltage  range  between  —  V  and  +F,  of  extent  2V,  is  to  be 
divided  into  A^  equal  steps.  For  a  number  of  levels,  N,  which  is  suffi- 
ciently large  to  justify  the  substitution  of  the  differentials  df  andc?e  for  the 
step  sizes  Av  and  Ae,  differentiation  of  (8a)  yields 


(Av) 
V 

where  k  =  1/log  (1  +  n). 


^[rrwrj^-^ 


Combining  (10)  with  (11)  and  the  counterpart  of  the  latter  in  the 
domain  of  (8b),  we  find 


and 


Ae  =  a{V  +  Me)         for         0  ^  e  ^  V 

(12a) 

e  =  a(V  -  ne)         for         -  F  ^  e  ^  0 

(12b) 

a  =  2  log  (1  +  n)/txN 

(13) 

where 


Substitution  of  (12)  into  (6)  yields 

a  =  (a7l2)[F'  +  mV  +  2mF  I"^  ]  (14) 

where  the  c^uantity  |  e  |  is  introduced  by  the  difference  in  sign  in  (12a) 
and  (12b).  For  ordinary  compandor  applications,  we  may  write 


=  2  f    eP{e)  de  (15) 

•'0 


since  the  symmetry  of  the  input  signal  provides  that  P{  —  e)  =  P{e)  and 

6   =   0. 


*  This  passage  contains  mathematical  details  which  may  be  omitted,  in  a  first 
reading,  without  loss  of  continuity. 


INSTANTANEOUS   COMPANDING   OF   QUANTIZED    SIGNALS  673 

It  is  convenient  to  define  the  quantization  error  voltage  ratio, 

^  _        RMS  Error  Voltage         _  .    ,-5.1  .     . 

RMS  Input  Signal  Voltage  "  ^''^^'^  ' 

which  takes  the  form 

D  =  log  (1  +  m)[1  +  {C/nf  +  2AC/4/y/^N  (17) 

when  we  define  the  quantities 

_  T—  ,    ,-  _  Average  Absolute  Input  Signal  Voltage  ,     . 

^-|e|/Ve2                  RMS  Input  Signal  Voltage  ^     ^ 


and 


Compressor  Overload  Voltage 
RMS  Input  Signal  Voltage 


„        ,^ ,    /=        compressor  uverioaa  voiiage  /.„>, 

C  =    V/Ve'  =      T^^/ra  T..„„.  q;„,..i  Ar^u.^^  ^1^^ 


The  simple  linear  proportionality  of  Ae  to  (F  ±  ixe)  results  from  the 
properties  of  the  logarithmic  function  in  differentiation.  Other,  seemingly 
more  simple  compression  equations,  when  differentiated,  yield  much 
more  complicated  and  unwieldy  expressions  for  Ae.  The  value  of  this 
simplicity  is  evident  in  the  absence,  from  (14),  of  moments  of  e  higher 
than  the  second. 

If  we  set  A  =  0,  (17)  reduces  to  one  deduced  by  Panter  and  Dite"; 
their  analysis  erroneously  associated  A  with  e  =  0  rather  than  with 
Ye~\,  as  a  result  of  their  tacit  assumption  that  (12a)  and  (12b)  are  identi- 
cal. They  also  imposed  the  restriction  of  considering  only  that  class  of 
input  signals  having  peak  values  coincident  with  the  compandor  over- 
load voltage,  by  defining  V  as  the  peak  value  of  the  signal  in  specifying  C. 
The  definition  of  C  in  terms  of  the  independent  properties  of  both  signal 
(e')  and  compandor  (V)  is  then  converted  into  one  based  solely  on  the 
properties  of  the  signal.  This  interpretation  leads  to  conclusions  quite 
different  from  those  to  be  presented  here. 

B.  Logarithmic  Companding  in  the  Presence  of  "DC  Bias" 

It  has  heretofore  been  assumed  that  the  input  signal  is  symmetrically 
disposed  about  the  zero  voltage  level  since  it  may  be  expected  that  e  =  0 
for  speech.  Although  this  is  a  standard  assumption,  subsequent  discus- 
sion will  disclose  that  it  is  probable,  in  actual  practice,  for  the  average 
value  of  the  input  signal  to  be  introduced  at  a  point  other  than  the  ori- 
gin of  the  compression  characteristic.  In  terms  of  Fig.  1,  the  signal  is 
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present  eel  to  the  arrtiy  <»f  ([iiaiitizinji;  steps  with  its  (iui(;scent  \tilue  dis- 
placed by  an  amount  c^  horn  the  center  of  the  voltage  interval  (—V  to 

+n. 

Such  an  effect,  regardless  of  its  oi'igin,  may  formally  be  described  by 
considering  the  composite  input  voltage 

E  =  e  +  e„  (20) 

where  e  is  the  previously  considered  symmetrical  speech  signal  and  Co 
is  the  superimposed  constant  voltage. 

Substitution  of  E  for  e  in  (8)  and  (12)  yields 


aE  -  (a/12)[V'  +  ^l'E'  +  2^iV  \E\]  (21) 

where  the  subscript  E  is  introduced  to  distinguish  this  result  from  (14). 
Note  that  the  value  [e]E=o  =  —eo  now  separates  the  domain  of  applica- 
bility of  (8a)  and  (12a)  from  that  of  (8b)  and  (12b),  so  that  (15)  is  re- 
placed by 

yWl  =    [    \-E)P{e)  de  +  (     EP{e)  de  (22) 

J—V  •'— eo 

which  reduces  to 

n^  =  |7[  +  2eo  f  "  P{c)  de  -  2  r  eP{e)  de  (23) 


Since  e  =  0,  and  eo  =  const.,  we  also  find 

^2  =  ^  -f  eo  (24) 

C.  Application  to  Speech  as  Represented  by  a  Negative  Exponential  Dis- 
tribution of  Atnplitudes 

It  is  necessary  to  assume  an  explicit  function  for  P(e)  in  (15)  and  (23) 
before  applying  the  general  results  which  have  thus  far  been  deduced. 
We  shall  assume,  as  a  simple  but  adec^uate  first  approximation,  that  the 
distribution  of  amplitudes  in  speech  at  constant  volume^  may  be  repre- 
sented by 

Pie)  =  Gexp  i-Xe)        for        e  ^  0  (25) 

where  P(-e)  =  P(e),  G  =  X/2,  and  X"  =  2/7\  The  values  of  G  and  X 
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follow  from 

the  standard 

relations 

r  Pie)  de  = 

J— 00 

1 

and 

r  e'P{e)  de  = 

? 

When  applied  to  (15)  and  (18),  with  the  upper  limit  in  (15)  replaced 
by  oc  with  negligible  error,  (25)  implies  that 

.4  =  in  /VP  =  1/a/2  =  0.707  (26) 

Hence,  (17)  will  be  replaced,  for  nvmierical  calculations,  by  the  relation 

VSND  =  log  (1  +  m)[1  +  (C/m)'  +  \/2C/nf  (27) 

The  corresponding  substitution  of  (25)  into  (23)  yields,  for  the  case  of 
eo  F^O, 

lE~\  =  eo-\-  (?/2)'  exp  {-V2C/B)  (28) 

where  we  have  introduced  the  "bias  parameter," 

B  =  V/eo  (29) 

When  (28)  is  combined  with  (13),  (21),  and  (24),  we  find,  after  some 
algebraic  manipulation,  that 

VsNDe  =  log  (1  +  m) 

•[1  +  (C/n)\l  +  m/5)'  +  (\/2C/m)  exp  (- V2C/5)]' 

where  De'  =  (o-g/e-).  It  is  to  be  noted  that  De  has  been  defined  in  terms 
of  the  ratio  of  as  to  e^  rather  than  E-,  so  that 

^  2  _   Mean  Square  Error  Voltage  .       ^ 

Mean  Square  Speech  Voltage 

_    Average  Error  Power  ('iM.\ 


Average  Speech  Power 


Examination  of  (30)  reveals  that  it  has  the  re(iuired  property  of  re- 
ducing to  (27)  for  ^0  =  0,  i.e.,  for  5  -^  oo.  Furthermore  (27)  and  (30) 
indicate  that  De  ^  D  so  that  the  addition  of  a  dc  component  increases 
the  quantizing  error  power  when  companding  is  used.  The  existence  of 
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such  an  impairment  maj^  easily  be  understood  in  terms  of  the  physical 
interpretation  of  (6),  as  discussed  in  connection  with  Fig.  1. 

Equations  (27)  and  (30)  also  reveal  that  the  penalty  inflicted  by  a 
finite  Co  is  largely  determined  by  the  ratio  {tx/B).  If  (m/-S)  «  1,  the  pres- 
ence of  eo  will  be  unimportant.  At  the  other  extreme,  if  {ii/B)  ^  1, 
(1  +  n/Bf  -^  {y,/Bf  and 

^/lNDE  ->  log  (1  +  m) 

(32) 
•[1  +  {C/Bf  +  (V2C/m)  exp  {-V2C/B)Y 

which  proves  to  be  relatively  insensitive  to  changes  in  ^u  for  the  values  of 
ju,  C  and  B  considered  herein.  In  this  case  B  largely  usurps  the  algebraic 
role  previously  assigned  to  ju  in  (27). 

D.   Uniform  Quantization:  pt  =  0 

The  mean  sciuare  cjuantization  voltage  error  in  the  absence  of  com- 
panding, corresponding  to  direct,  uniform  quantization  of  the  input  sig- 
nal, follows  immediately  from  (7)  and  (10)  since  Aw  =  Ae  under  these 
conditions.  Thus 

cro  =   (Ay)7l2  =   V^ZN' 

whence 

Do  =  {<Joh'f  =  C/V3iV  (33) 

This  inverse  proportionality  of  Dq  and  A''  is  well  known."   ' 

Equation  (33)  may  also  be  deduced  by  letting  ju  approach  zero  in  the 
expressions  for  D  and  De  ,  since  (8)  implies  that  v  approaches  e  as  /x 
approaches  zero.  The  fact  that  Do  =  (De)^^o  reveals  that,  in  the  absence 
of  companding,  the  addition  of  Sq  does  not  change  the  quantizing  error 
power.  This  conclusion  was  anticipated  in  the  discussion  of  Fig.  1. 

V.    DISCUSSION    OF   GENERAL   RESULTS 

Since  the  nature  of  a  companded  signal  depends  on  a  rather  large 
number  of  variables,  it  is  appropriate  to  consider  their  respective  roles 
in  general  terms  before  discussing  detailed  system  requirements.  This 
general  discussion  will,  however,  emphasize  those  particular  modes  of 
operation  which  are  suggested  by  existing  proposals  for  application  of 
PCM.^'^'^  Thus,  we  shall  consider  common  channel  companding  of 
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speech  in  time  division  multiplex  systems  which  employ  binary  number 
encoding. 

A.  Quantitative  Description  of  Conventional  Operation  (eo  =  0) 

1 .  Number  of  Quantizing  Steps  (N) 

The  number  of  steps,  N,  is  related  to  the  choice  of  code.  For  a  binary 
code,  the  relation  takes  the  form,  N  =  2",  where  n  is  the  number  of 
binarj^  digits  per  code  group. 

In  the  present  discussion  it  will  usually  be  convenient  to  regard  n  and 
A''  as  fixed  in  order  to  permit  comparison  of  various  companding  charac- 
teristics under  the  same  coding  conditions.  Since  both  D  and  Do  are  in- 
verseh^  proportional  to  N,  the  quotient  (D/Do)~,  which  is  equal  to  the 
ratio  of  the  quantizing  error  power  in  the  presence  of  companding  to 
that  in  the  absence  of  companding,  is  independent  of  N.  Consec^uently, 
as  will  be  evident  in  the  discussion  of  (37),  the  relative  diminution  of 
quantizing  error  (in  db)  afforded  by  companding  is  also  independent  of 
N* 

However,  the  value  of  N  mil  determine  the  signal  to  quantizing  error 
power  ratio  to  which  the  companding  improvement  is  to  be  added.  Thus 
the  number  of  digits  per  code  group  required  for  a  particular  application 
will  ultimately  be  determined  by  the  value  of  A^  which,  in  combination 
with  suitable  companding,  will  suffice  to  produce  an  acceptably  low  value 
of  quantizing  error  power  in  relation  to  signal  power. 

2.  Compandor  Overload  Voltage  (V) 

The  compandor  overload  voltage,  V,  will  be  determined  by  the  full 
load  power  objectives  for  the  proposed  system.  Specifically,  T^  will  be 
equal  to  the  amplitude  of  the  sinsuoidal  voltage  corresponding  to  "full 
modulation." 

3.  Relative  Signal  Power  (C) 

The  quantity  C  =  V/ie^Y  will,  for  a  given  value  of  T',  be  deter- 
mined by  the  rms  signal  voltage  (e^)'. 

The  range  of  C  values  appropriate  to  a  given  system  will  therefore 
reflect  the  distribution  of  volumes  to  be  encountered.  In  fact,  the  signal 


*  It  must  of  course  be  understood  that  this  independence  requires  a  value  of 
N  sufficientl}'  large  to  justify  the  approximations  involved  in  the  deduction  of 
(27)  and  (33). 
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power  ill  db  hclow  that  cuiTcspoiuliiig  to  u  full  load  sine  wave  is  simply 


10  logic 


^ 


10  logio  [C72]  =  20  logio  C  -  3  db        (34) 


It  must  be  emphasized  that  C  varies  inversely  with  the  rms  signal  voltage, 
so  that  weak  signals  are  characterized  bj^  large  values  of  C  and  strong 
signals  by  small  values  of  C. 


4.  Average  Ahsohde  Signal  Amplitude  (I  e  |) 

The  proljability  density  of  the  signal  manifests  itself  in  the  value  as- 
signed to  the  average  absolute  signal  parameter,  A   =  \  e  \  /\/^-  This 
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Fig.  6  —  Variation  of  the  rms  error  to  signal  voltage  ratio  (D)  with  relative 

signal  strength,  C  =   V/w  e^,  as  given  by  equation  (27)  for  various  degrees  of 
logarithmic  companding. 
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quantity  is  a  constant  determined  by  the  statistical  properties  of  the 
class  of  signals  being  studied. 

With  the  present  choice  of  an  exponential  distribution  of  amplitudes 
to  represent  speech,  [see  (25)],  we  have  seen  that  .4  takes  on  the  value 
l/'\/2  =  0.707.  It  develops  that  A  is  not  very  sensitive  to  the  choice  of 
P(e),  as  may  be  judged  by  the  values  \/2/ir  =  0.798,  and  \/3/2  =  0.866 
which  would  replace  0.707  if  (25)  were  replaced  by  Gaussian  and  rec- 
tangular distributions,  respectively.  The  value  .4  =  1/ V'2  will  be  used 
in  all  numerical  calculations;  changes  in  the  value  of  A  to  describe  other 
classes  of  signals  (e.g.,  the  aforementioned  Gaussian  or  rectangular  dis- 
tributions) will  change  the  plotted  results  by  no  more  than  a  fraction  of 
a  decibel. 

5.  Degree  of  Compression  (/x) 

From  the  foregoing  it  is  clear  that  the  essence  of  the  compandor's 
behavior  is  embodied  in  the  one  remaining  variable  which  appears  in  (8) 
and  (17):  the  compression  parameter  ix. 

The  significance  of  ^  has  already  received  preliminary  attention  in 
connection  with  Figs.  3  to  5.  Fig.  6,  where  comparison  of  behavior  at 
constant  A^  is  facilitated  by  the  choice  of  y/zND  as  ordinate,  exhibits 
the  behavior  of  the  ratio  Z)  as  a  function  of  C  at  constant  ju.  It  will  be 
observed  that  the  curves  in  Fig.  6  do  not  extend  below  their  common 
tangent  which  is  labeled  -v/sA^/^m-min-  The  significance  of  this  lower 
bound  may  be  discussed  in  terms  of  Fig.  7  and  the  hypothetical  ensemble 
of  compandors  to  which  we  now  direct  our  attention. 

B.  Optimum  Compandor  Ensemble 

Consider  the  artificial  situation  in  which  our  communication  system 
includes  an  ensemble  of  instantaneous  compandors,  the  members  of 
which  correspond  to  different  values  of  /x  in  (8).  Since  companding  im- 
provement varies  with  signal  strength,  we  permit  ourselves  the  luxury 
of  measuring  the  volume  (i.e.,  C)  of  the  input  signal  in  order  to  assign 
the  optimum  degree  of  companding  compatible  with  (8),  to  each  indi- 
vidual signal.  The  compandor  assigned  to  a  signal  is  characterized  by  that 
particular  value  of  the  compression  parameter,  ^  =  iXc  ,  which  is  required 
to  minimize  D  for  a  particular  \'alue  of  C.  This  critical  compression  param- 
eter may  be  calculated  from  the  reriuirement  that 

[dD/dlJL]A.C=const  =   0  (35) 
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which  yields 


SC^  +  ficAiS  -  l)C 


Mc- 


=  0 


(36)^ 


where  *S  =  [(1  +  /x,.)  log  (1  +  M':)/m<-]  —  1,  when  appHed  t(3  (17). 

The  graph  of  (36)  in  Fig.  7  may  be  used  to  determine  numerical  values 
of  Mc  without  repeated  recourse  to  the  equation. 

The  curve  labeled  \/3A^Z)^_min  iu  Fig.  6  was  determined  by  substi- 
tuting values  of  Hc ,  obtained  from  Fig.  7,  into  (27).  Each  curve  in  Fig.  6 
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Fig.  7  —  Critical  compression  parameters,  /xc  ,  required  to  minimize  the  quan- 
tizing error  power  as  a  function  of  relative  signal  strength,  as  determined  by 
equation  (36).  Each  point  on  the  curve  defines  a  compandor  in  the  optimum  com- 
pandor ensemble.  It  must  be  understood  that  such  an  ensemble  provides  the  best 
performance  consistent  with  equation  (8)  rather  than  the  absolute  minimum  quan- 
tizing error  discussed  in  the  Appendix. 


*  A  similar  equation,  with  A  =  0  corresponding  to  the  previously  noted  errone- 
ous identification  of  A  with  e  rather  than  |  e  \,  has  been  deduced  by  Panter  and 
Dite.^  Their  definition  of  C  as  a  "crest  factor"  changes  the  significance  of  what  we 
have  called  D^i-min  and  does  not  lead  to  the  ensemble  interpretation  of  nc  ■ 
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Fig.  8  —  Companding  improvement  (in  db),  as  calculated  from  equation  (37), 
for  various  values  of  ix.  The  saturated  improvement  for  weak  signals  (relativel}' 
constant  ordinate  for  large  C  values)  is  identical  with  the  asj'mptotic  behavior 
for  weak  signals  which  is  predicted  by  Fig.  9. 


is  tangent  to  this  lower  bound  at  the  single  value  of  C  which  corresponds 

to  /X    =    /ic  • 

In  conventional  systems,  a  single  common  channel  compandor,  char- 
acterized by  a  single  value  of  ju,  is  substituted  for  the  optimum  ensemble. 
Although  Z)^_MiN  is  then  attainable  at  only  one  value  of  C,  it  is  instruc- 
tive to  compare  each  value  of  D  with  the  corresponding  value  of  Z)^_min. 
Indeed,  consideration  of  the  optimum  ensemble  has,  in  one  sense,  reduced 
the  problem  of  choosing  an  appropriate  /x  for  a  given  application  to  the 
choice  of  that  particular  value  of  C  at  which  eciuality  of  D  and  /);i_min 
is  desired. 

In  Fig.  6,  the  line  representing  performance  in  the  absence  of  compand- 
ing corresponds  to  (33)  for  Do  .  Do  and  D^_min  are  seen  to  be  similar  for 
strong  signals  (low  values  of  C).  Furthermore,  it  is  important  to  note 
that  Do  does  not  constitute  an  upper  bound  for  D;  thus  the  companding 
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Fig.  9  —  Saturated  companding  improvement  for  weakest  signals  as  a  function 
of  the  degree  of  logarithmic  compression  {jx) .  Given  a  value  of  yu,  the  corresponding 
ordinate  represents  the  reduction  of  quantizing  error  power  (in  db)  for  signals  so 
weak  that  their  peaks  satisfy  the  relation  (e/F)  <JC  m~^-  Thus  weaker  and  weaker 
signals  are  required  to  exploit  the  added  improvement  which  follows  from  an  in- 
crease in  IX.  The  auxiliary  ordinate  scale  on  the  right  exhibits  the  increase  in  the 
number  of  digits  per  code  group  which  may  be  shown  to  be  equivalent  to  the  linear 
compression  which  gives  rise  to  the  saturated  improvement  of  weak  signals. 

improvement  of  weak  signals  (large  C)  is  obtained  at  the  price  of  im- 
pairment of  strong  signals  (small  C). 

C.  Companding  Improvement  for  Cq  =  0 

From  the  definition  of  D  in  (16)  it  follows  that 

Mean  Square  Error  Voltage  Without  Compandnig 


D 


Mean  Square  Error  ^"oltage  With  Companding 
Average  Quantitizing  Error  Power  Without  Companding 


Average  Quantizing  Error  Powder  With  Companding 

whence,  the  improvement  (in  dh)  due  to  companding  may  be  e\'aluated 
from  the  expression 

10  logio  {DJDf  =  20  logio  (A  '£))  db  (37) 

This  quantity  is  plotted  against  C  for  variovis  values  of  ^  in  Fig.  8. 
Substitution  of  D^_min  for  D  in  (37)  jaelds  the  optimum  ensemble  limit- 
ing curve.  Just  as  in  Fig.  6,  each  cui've  is  tangent  to  this  limiting  r\\v\Q 
for  a  \alue  of  C  corresponding  to  coincidence  of  /i  and  ii,.  . 
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The  abscissa  has  been  furnished  with  an  additional  scale,  based  on 
(3-i),  showing  the  signal  power  in  db  below  that  of  a  full  load  sine  wave. 
Thus  the  curves  in  Fig.  8  embody  the  information  recjuired  for  the  choice 
of  a  compandor  characteristic  in  a  form  which  is  suitable  for  practical 
applications.  It  is  clear  that  the  effect  of  companding  varies  considerably 
with  the  volume  of  the  signal  and  that  strong  signals  are  actually  im- 
paired. For  each  value  of  n,  there  is  a  value  of  C  (in  the  weak  signal,  or 
large  C  range)  beyond  which  the  db  improvement  is  essentially  independ- 
ent of  C.  The  threshold  value  of  C  corresponding  to  such  saturation  in- 
creases ^^^th  increasing  /x.  This  saturated  improvement  for  weak  signals 
reflects  the  linearity  of  compression  for  (e/V)  <K  m~^-  In  this  region,  uni- 
form (juantization  prevails  so  that  the  ratio  of  the  uniform  step  sizes 
before  and  after  companding  (given  by  the  linear  amplification  factor) 
may  be  used  to  deduce  a  constant  companding  improvement  for  the 


_] 

UJ 

m 
o 

UJ 

Q 


UJ 

> 

o 
tr 

Q. 

o 

z 

Q 

Z 

< 

Q. 

o 
o 


28 
26 
24 
22 
20 
18 
16 
14 
12 
10 


SIGNAL    POWER 
5  1CT  15 


IN     DECIBELS    BELOW    FULL    LOAD    SINUSOID 

20  25  30  35  40  45  50 


T 

'J" r 

1 

... 

1 

1 

1 

1      / 
/ 
/ 

1 

1 

/ 
/ 
/ 

B=M^ 

-^ 

ENSEMBLE 
UPPER    LIMIT 

B  =  00           > 

/ 

/        ^^ 

200 

^ 

"^^ 

100 

J 

^ 

J 

^ 

-^■^ 

50 

^__ 

/ 

'^ 

k"^ 

/ 

J 

r 

// 

• 

• 

Y 

,/ 

i 

/ 

/ 

1 

/ 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

6       8    10 


20  40       60         100 

C 


200 


400    600      100C 


Fig.  10  —  Modification  of  companding  improvement,  for /n  =  100,  resulting  from 
the  shift  of  the  (luiescent  value  of  the  signal  by  an  amount  fn  from  the  center  of  the 
quantized  voltage  range  (see  Fig.  1).  The  relative  size  of  the  "dc  component"  is 
given  i>y  the  jiarameter  B  =  V |e^^  as  defined  in  equation  (211).  The  algebraic  usurpa- 
tion of  the  role  of  /x  by  B,  for  B  « tx,  results  in  the  striking  similarity  of  the  weak 
signal  behavior  of  the  curves  for  5  =  50  and  100  in  Figs.  10  to  13. 
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weakest  signals,  regardless  of  the  shape  of  the  characteristic  in  the  non- 
linear region.  Equation  (8)  implies 


{vie) 


e^O 


(AVAe)e^o  =  M/log  (1  +  m) 


so  that  for  each  ^'alue  of  ju,  the  constant  companding  improvement  for 
the  weakest  signals  is 

20  logio  [M/log  (1  +  m)]  db 

which  is  plotted  in  Fig.  9.  Fig.  8  supplements  Fig.  9  in  revealing  the  ac- 
tual volumes  required  for  the  realization  of  this  weak  signal  saturation, 
as  well  as  the  detailed  behavior  for  stronger  signals. 

D.  Companding  Improvement  for  en  7^  0 

Since  we  will  usually  regard  a  nonzero  \'alue  of  Cq  as  an  undesirable 
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Fig.  11  — The  effect  of  a  "dc   component"  on  companding  improvement  for 
M  =  200.  For  further  detail.s,  see  the  caption  of  Fig.  10. 
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perturbation,  we  wish  to  study  the  modification  of  companding  improve- 
ment produced  by  the  introduction  of  a  finite  value  oi  B  =  V/eo ,  i.e., 
.substitution  of  (30)  for  (27),  when  A'',  V,  C,  A,  and  fx,  remain  unchanged. 
In  Figs.  10  to  13  we  have  replotted  the  companding  improvement 
curves  shown  in  Fig.  8  for  ^  =  100,  200,  500,  and  1,000,  respectively. 
These  curves  correspond  to  -B  =  oo .  The  difference  between  these  curves 
and  those  for  finite  values  of  B  in  Figs.  10  to  13  is  the  impairment  (in  db) 
inflicted  by  the  presence  of  eo .  This  impairment  may  be  appreciable  for 
weak  signals  (large  C).  As  already  noted  in  connection  with  (32)  the  im- 
pairment is  not  severe  for  (n/B)  <3C  1.  Furthermore,  the  appropriation 
of  the  algebraic  role  of  n  by  B,  when  B  «  ju,  which  was  previously  noted 
in  (32),  manifests  itself  in  the  striking  similarity  of  the  weak  signal  be- 
havior of  all  the  curves  for  B  =  50  and  100  in  Figs.  10  to  13. 
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Fig.  12  —  The  effect  of  a  "do  component"  on  companding  improvement  for 
M  =  500.  For  further  details,  see  the  caption  of  Fig.  10. 
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Fig.  13  —  The  effect  of  a  "dc  component"  on  companding  improvement  for 

/i  =  1,000.  For  further  details,  see  the  caption  of  Fig.  10. 
/ 

VI.    APPLICATION    OF    RESULTS    TO    A    HYPOTHETICAL    PCM    SYSTEM 

Consider  the  application  of  these  results  to  the  planning  of  a  typical, 
albeit  hypothetical,  communication  system. 


A.  Speech  Volumes 

Suppose  it  is  desired  to  transmit  signals  covering  a  40  db  power  range, 
with  the  strongest  and  weakest  speech  volumes  each  separated  by  20  db 
from  the  average  anticipated  signal  power  at  the  compressor  input.* 

The  strongest  signal  power  is  then  used  to  determine  the  value  of  the 
compandor  overload  voltage,  V.  In  this  case  a  value  of  V  corresponding 
to  a  full  load  sine  wave  10  db  above  the  loudest  signal,  [see  (34)], 
appears  adequate.*  Although  this  choice  may  at  first  appear  arbitrary. 


*  These  values  are  sufficiently  (iluse  to  those  cited  as  representative  by  Feld- 
man  and  Bennett,  in  connection  with  Fig.  2  of  Reference  11,  to  be  considered  quite 
realistic. 
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the  value  of  10  db  is  probably  no  more  than  a  few  db  removed  from  the 
value  which  would  be  chosen  in  any  efficient  application  of  PCM  to 
quality  telephon3^  It  results  from  the  need  to  balance  the  requirement 
of  a  value  of  T'  sufficiently  high  to  avoid  intolerable  clipping  of  the  peaks 
of  the  loudest  signals  against  the  obvious  ad\'antage  of  reducing  the 
quantizing  step  size  by  minimizing  the  voltage  range  to  be  ciuantized. 
We  have  neglected  clipping  in  our  calculations  since  it  was  assumed  that 
the  significant  peaks  of  the  loudest  signals  should  not  exceed  T^  for  qual- 
ity telephony.  Existing  information  on  clipped  speech"  "  and  one  digit 
PCM^"  indicates  that  the  clipping  impairment  we  seek  to  avoid  is  largely 
one  of  loss  of  naturalness  rather  than  reduction  in  intelligibility.  The 
choice  of  a  maximum  volume  10  db  below  a  sinusoid  of  amplitude  T" 
implies  that  speech  peaks  13  db,  [see  (34)],  above  the  maximum  rms 
signal  voltage  are  being  ignored,  which  appears  reasonable  in  the  light 
of  available  experimental  evidence.  ' 

It  follows  from  these  assumptions  that  the  average  and  weakest 
signals  are  respectively  30  db  and  50  db  below  full  sinusoidal  modula- 
tion. 

B.  Choice  of  Compression  Characteristic 

1 .  Ideal  Behavior  for  Speech 

If  we  adopt  the  aim  of  achieving  the  smallest  over-all  departure  from 
the  ensemble  limit  of  improvement,  it  seems  reasonable  to  choose  that 
compandor  in  the  optimum  ensemble  which  corresponds  to  average 
speech  (C  =  45).  This  requirement,  in  conjunction  with  Fig.  7,  estab- 
lishes a  lower  bound  of  about  150  for  /n.  The  significance  of  this  choice 
may  be  clarified  by  reference  to  Fig.  14,  which  depicts  departures  from 
the  optimum  ensemble  limit  of  improvement,  resulting  from  restriction 
to  a  single  value  of  m  for  all  volumes. 

The  corresponding  upper  bound  will  be  determined  by  the  alternative 
of  furnishing  optimum  improvement  to  the  weakest  signals  (C  =  450) 
in  spite  of  the  concomitant  impairment  of  loud  speech.  Reference  to 
Fig.  7  then  dictates  a  choice  of  ^  in  the  vicinity  of  2,500.  From  Fig.  6 
it  is  clear  that  this  value  implies  that  D  is  essentially  constant  and  in- 
dependent of  C  throughout  the  range  of  interest.  Appreciably  larger 
values  of  n  would  actually  lead  to  the  undesirable  extreme  oi  D  > 
^M-Mix  for  all  signals  under  consideration. 

We  therefore  conclude  that  attention  may  profitably  be  confined  to 
the  interval  150  ^  m  ,^  2,500,  the  magnitude  of  which  is  adequately 
conveyed  by  the  simple  expression 

100  ^  M  ;^  1,000  (38) 
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Fig.  14  —  Improvement  selectivity,  i.e.,  departures  from  the  ensemble  upper 
limit  of  improvement  due  to  the  use  of  a  single  value  of  ^  rather  than  the  ensemble 
of  Me  values.  The  minima  at  5^  =  0  locate  the  signals  (C)  for  which /i  andjuc  coincide. 
All  curves  correspond  to  the  case  where  the  "dc  component",  eo  ,  is  zero. 

Lest  it  appear  that  this  range  is  so  broad  as  to  offer  very  httle  practical 
guidance,  it  should  be  noted  that  (38)  defines  a  rather  narrow  range  of 
characteristics  in  Figs.  3  and  4.  The  assumption  that  this  range  may  be 
realized  in  practice  appears  reasonable  in  \'iew  of  the  similarity  to  the 
characteristic  actually  used  by  Meacham  and  Peterson,  which  is  shown 
in  Fig.  4. 

2.  Practical  Limitations  on  Companding  Improvement 

(a)  Mismatch  Between  Zero  Levels  of  Signal  and  Compandor.  Although 
the  present  discussion  has  hitherto  been  confined  to  ideal  compandor 
action,  it  lends  itself  quite  naturally  to  the  analysis  of  a  significant 
departure  from  ideal  behavior  which  may  be  expected  to  result  from 
the  use  of  an  instantaneous  compandor  on  a  common  channel  basis  in 
time  division  multiplex  systems. 

It  will  probably  l)e  impractical  to  balance  the  channel  gating  circuits 
(required  to  provide  sequential  connection  of  individual  channels  to  a 
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single  compressor)^'  ^  sufficiently  to  guarantee  exact  coincidence  of  the 
average  input  signal  (e  =  0)  in  each  channel  and  the  center  of  the  —  V 
to  -\-V  voltage  range  {e  =  0)  presented  by  the  compressor.  Thus  the 
input,  e,  would  appear  to  the  compressor  in  the  form  E  =  e  -{-  Cq  .  The 
consequences  of  the  appearance  of  the  undesirable  constant  term,  eo , 
may  be  inferred  from  study  of  Figs.  10  to  13  and  (80). 

We  shall  assume  that,  owing  to  the  present  state  of  gating  technology, 
B  =  V/co  may  reasonably  be  expected  to  assume  values  in  the  range 
100  <  5  ^  1,000. 

For  companding  corresponding  to  100  ;S  m^  1,000,  Figs.  10  to  13 
indicate  that,  if  B  can  be  confined  to  the  vicinity  of  1,000,  the  departure 
from  the  ideal  behavior  corresponding  to  B  =  qo  will  be  virtually  negli- 
gible. 

However,  should  it  prove  necessary  to  work  with  B  =  100,  it  is  clear 
from  Figs.  10  to  13  that  the  companding  improvement  for  weak  signals 
would  be  relatively  independent  of  ju  in  the  inter\'al  100  ;S  M  ^  1,000 
(with  a  saturation  value  of  about  20.5-22.5  db).*  In  this  event,  compres- 
sion to  a  degree  greater  than  that  represented  by  fj.  =  100  would  provide 
less  improvement  for  strong  and  average  speech  without  the  compensa- 
tion of  significantly  greater  improvement  for  weak  signals.  Reduction 
of  M  below  100  would  not  be  fruitful  since  the  sensitivity  of  companding 
improvement  to  changes  in  n  is  restored  for  values  satisfying  the  condi- 
tion of  (fi/B)  =  (m/100)  <  1. 

The  significance  of  the  values  eo  '^  F/1,000  and  TVlOO  n^ay  perhaps 
better  be  appreciated  in  terms  of  a  comparison  of  eo  with  the  weakest 
signals  under  consideration.  Since  (B/C)  =  \/^/eo  ,  a  signal  to  dc  bias 
power  ratio  may  be  calculated,  in  db,  from  the  expression  20  logio 
{B/C).  For  the  weakest  signals  under  consideration  (C  '~  400),  the 
values  B  =  1,000  and  100  correspond  respectively  to  (v^/<'o)  =  2.5 
and  0.25,  or  to  signal  to  dc  bias  power  ratios  of  +8  db  and  —12  db. 
Thus,  for  the  hypothetical  system  now  under  study,  the  value  of  Co 
becomes  significant  (roughly)  when  it  exceeds  the  weakest  rms  signal. 

Actually  eo  would  be  expected  to  vary  with  time  for  a  given  channel 
and  to  vary  from  channel  to  channel  at  any  instant.  On  the  assumption 
that  I  eo  I  =  F/lOO  (i.e.,  B  =  100)  will  constitute  the  upper  bound  of 
such  variations,  the  companding  impro^'ement  corresponding  to  a 
particular  value  of  n  must  now  be  specified  in  terms  of  the  region  between 
the  B  =  'x>  and  B  =  100  curves  in  Figs.  10  to  13,  i-ather  than  by  refer- 
ence to  a  single  value  of  B  and  its  corresponding  cuixc.  Since  the  lower 


*  This  corre.spoiid8  to  tlie  beliavior  of  D^  for  (fi/B)  »  1  which  was  noted  in  the 
discussion  of  (30).  In  this  connection,  see  the  discussion  of  Fig.  19. 
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bounds  oi'  all  these  regions  (see  Figs.  10  to  13)  are  approximately  (loinci- 
dent  (for  100  ^  m  /^  1,000),  the  advantage  of  increasing /x  substantially 
beyond  100  will  depend  largely  on  the  expectation  of  encountering  values 
of  Co  -^  (TV1,000)  with  .sufficient  frequency  in  the  various  channels 
served  by  the  common  compressor. 

These  arguments  may  of  course  be  applied,  with  suitable  modifications 
depending  on  the  range  of  C,  n,  and  B  values  requiring  attention,  to  any 
effect  capable  of  formal  description  in  terms  of  an  effective  dc  bias  super- 
imposed on  the  signal  input  to  the  compressor. 

(b)  Backgrotmd  Noise  Level.  It  does  not  seem  reasonable  to  strive  for 
an  increase  of  the  signal  to  quantizing  error  power  ratio  substantially 
beyond  that  value  which  is  subjectively  equivalent  to  the  anticipated 
ratio  of  signal  to  background  noise  from  other  sources. 

Since  the  quantizing  error  power  depends  on  the  number  of  digits 
per  code  group,  the  comparison  of  ciuantizing  error  power  and  noise 
power  is  reserved  for  subsequent  discussion  of  the  reciuired  number  of 
quantizing  steps.  It  will  be  noted  that  the  comparison  must  remain 
somewhat  speculative  in  the  absence  of  a  determination  of  the  subjective 
equivalence  of  quantizing  error  power  and  noise. 

C.  Choice  of  the  Number  of  Digits  Per  Code  Group 
1 .  Ideal  Behavior  for  Speech 

As  previously  remarked,  the  number  of  quantizing  steps  will  deter- 
mine the  ratio  of  signal  to  quantizing  error  power  to  which  the  com- 
panding improvement  is  to  be  added.  Since  the  quantizing  error  power 
is  inversely  proportional  to  N'  =  2  ",  this  power  will  be  reduced  by  6 
db  for  each  additional  digit.  Comparison  of  this  (5  db  per  digit  improve- 
ment with  the  roughly  24  to  35  db  improvement  corresponding  to  weak 
signals  in  Fig.  8  (for  100  ^  m  ^  1,000)  reveals  that,  for  such  sig7ials, 
companding  is  equivalent  to  the  addition  of  four  to  six  digits  per  cede  group, 
i.e.,  to  an  increase  in  the  mimber  of  quantizing  steps  by  a  factor  between 
2*  =  16  and  2^  =  61^.  This  equivalence  is  portrayed  in  Fig.  9.  Our  failure 
to  realize  a  companding  improvement  of  about  -43  db  as  predicted  for 
\x.  =  1,000  in  Fig.  9  may  be  traced  to  the  fact  that  the  weakest  signals 
now  under  consideration  are  not  sufficiently  weak  to  be  confined  to  the 
linear  region  (e/V)  «  ijT^)  of  the  /x  =  1,000  characteristic.  This  is  re- 
flected in  the  unsaturated  improvement  exhibited  in  Fig.  S  for  the 
weakest  signals  when  /x  =  1 ,000. 

Although  it  is  clearly  preferable  to  suppress  (luantizing  error  power 
by  companding  rather  than  by  inci'easing  the  number  of  ([uantizing 
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Fig.  15  —  Signal  to  quantizing  error  power  ratios  (calculated,  in  db,  from  equa- 
tion (39))  as  a  function  of  relative  signal  power  for  companding  corresponding  to 
n  =  100.  Curves  are  shown  for  n  =  5,6,  and  7  digits  per  code  group.  For  compari- 
son, the  results  for  seven  digits  in  the  absence  of  companding  {/j,  =  0)  as  well  as 
for  the  ensemble  upper  limit  (fj,  =  fie)  are  included.  B  =  x,  throughout. 

steps,  it  is  apparent  that  the  upper  Hmit  of  companding  improvement 
will  set  a  lower  limit  on  the  number  of  digits  required  for  satisfactory 
operation. 

Once  again  we  begin  with  the  consideration  of  pure  speech  signals. 
The  expression 


-10  login  (7)')  =  -20  logic  7) 


Signal  to  Quantizing  Error  PoAver  Ratio  in  db 


(39) 


has  been  plotted  against  ('  in  Figs.  15  to  18  for  n  =  100,  200,  500,  and 
1,000  respectively.  In  each  case  the  behavior  for  5,  (i,  and  7  digits  is 
compared  with  the  extremes  of  m  =  0  (no  companding)  and  m  =  Mc 
(ensemble  upper  limit)  for  7  digits. 

It  must  be  conceded  at  the  outset  that  experimental  work  is  required 
to  formulate  standards  for  quantizing  error  power  similar  to  those 


692 


THE   BELL   SYSTEM   TECHNICAL   JOURNAL,    MAY    1957 


in 


eg 
o 

LU 
Q 


36 
34 
32 
30 
28 
26 
24 
22 


SIGNAL  POWER    IN   DECIBELS  BELOW    FULL  LOAD   SINUSOID 
5  10  15  20  25  30  35  40  45  50 


20 


2 
N    18 


16 


Z 
< 

3 
O 

O    14 


< 

Z 


12 
10 

8 


! 

1 

1 

^-, 

"*. 

I 

1 

I 

1 — 

] 

1 

T'" 

n  =  7 

\ 
\ 

-    . 

->.^ 

^ 

\ 
\ 

— ~^ 

ENSEMBLE  UPPER  LIMIT 

\ 
\ 

\ 

<. 

^-L^ 

n  =  6 

\ 

^ 

\ 

■^^^ 

- 

\ 
\ 

^^ 

\ 

\ 
\ 
\ 

*v 

\ 

\ 

n=5 

\ 

\ 

N, 

\ 

V 

\ 

^ 

■^N. 

\ 

N 

\ 

\ 

\ 

\ 

•v 

N 

\ 

\ 

//=200 

B  =  oo 

\ 

'\ 

\, 

\ 

^ 

NO  companding\ 
(yu.  =  o);n  =  7      \ 

\ 

\ 

V 

^ 

i 
s 

\ 

\ 

\ 

N 

1 

1 

1 

I 

1 

1 

\ 

1 

^ 

1 

1 

s 

1 

I 


8    10 


20 


40       60 


100 


200 


400    600       1000 


C 


Fig.  16  —  Signal  to  quantizing  error  power  ratios  (in  db)  as  a  function  of  rela- 
tive signal  power  for  companding  corresponding  to  /i  =  200.  Sj-mbols  have  the 
same  significance  as  in  Fig.  15.  B  =  «  throughout. 


which  have  been  established  for  conventional  noise  and  distortion.  If 
these  were  available,  graphs  such  as  those  in  Figs.  15  to  18  could  be 
used  to  select  the  proper  number  of  digits  to  be  used  ^^ith  various  de- 
grees of  compression.  In  the  absence  of  such  information  Ave  shall  com- 
plete this  illustrative  study  b}^  adopting  a  signal  to  ciuantizing  error 
power  ratio  of  at  least  20  db  as  a  tentative  standard  of  adequate  per- 
formance at  all  volumes.* 

Figs.  15  and  16  show  that  seven  digits  (i.e.,  2'  =  128  tapered  quantiz- 
ing steps)  and  n  =  150  will  meet  this  objective.  Furthermore  Figs.  17 
and  18  indicate  that  six  digits  (2  =  64  tapered  steps)  would  suffice 
provided  (38)  is  replaced  by  the  more  stringent  limitation. 


500  <M<  1,000 


(40) 


*  This  value  does  not  appear  unreasonable,  as  a  first  approximation,  in  terms 
of  experience  with  noise  and  harmonic  distortion. 
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2.  Practical  Limitations 

(a)  Mistnatch  Between  Zero  Levels  of  Signal  and  Compandor.  From 
the  previous  discussion  of  the  effect  of  Co  on  the  choice  of  n,  it  is  clear 
that,  if  B  can  be  confined  to  the  vicinity  of  1,000,  the  analysis  of  the 
required  number  of  digits  in  the  absence  of  instability  (B  =  <x>)  may 
be  applied. 

On  the  other  hand,  behavior  for  B  =  100  may  be  judged  from  the 
plot  of  signal  to  quantizing  error  power  ratio  versus  signal  power  for 
ju  =  100  and  1,000  (with  seven  digits)  shown  in  Fig.  19.  Since  this  ratio 
now  fails  to  exceed  about  16  db  for  the  weakest  signals  of  interest,  we 
conclude  that  an  increase  to  eight  digits  (2  =  256  tapered  steps),  with 
a  concomitant  6  db  improvement  for  all  signals,  is  required  to  meet  our 
20  db  objective.  These  curves  also  illustrate  the  previously  noted  meager 
improvement  for  weak  speech  which  accompanies  the  increase  from  f^  = 
100  to  1,000  when  B  =  100.  Actually,  an  optimum  solution  is  attained 
for  an  intermediate  value  of  ^l,  but  the  advantage  is  too  small  to  be  of 
interest  (see  Figs.  10  to  13). 
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Fig.  17  —  Signal  to  quantizing  error  power  ratios  (in  db)  as  a  function  of  rela- 
tive signal  power  for  companding  corresponding  to  n  =  500.  Symbols  have  the 
same  significance  as  in  Fig.  15.  B  =  oo  throughout. 
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The  recognition  that  use  of  B  =  100  rather  than  a  value  approaching 
1,000  may  imply  a  change  from  six  to  eight  digits  per  code  group  (e.g., 
for  ju  =  1,000),  representing  an  increase  of  33  per  cent  in  the  required 
bandwidth  in  the  transmission  medium  as  well  as  a  significant  increase 
in  the  complexity  of  the  multiplex  terminal  eciuipment,  provides  the 
proper  perspective  for  competent  appraisal  of  the  cost  of  improving 
gate  circuitry  to  the  point  where  B  would  approach  1,000.  These  con- 
siderations might  be  of  crucial  importance  in  the  planning  of  actual 
PCM  systems. 

Finally  these  results  also  show  that  caution  is  required  in  attempting 
to  determine  an  adequate  nimiber  of  digits  and/or  degree  of  compression 
from  listening  tests  employing  preliminary  experimental  equipment.  If 
the  conditions  of  the  test  do  not  duplicate  exactly  the  expected  behavior 
of  the  channel  gates  to  be  used  in  the  final  system,  the  transition  from 
the  laboratory  to  practice  might  lead  to  an  embarrassing  disappearance 
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Fig.  18  —  Signal  to  quantizing  error  power  ratios  (in  db)  as  a  function  of  rela- 
tive signal  power  for  companding  corresponding  to  /x  =  1,000.  Symbols  have  the 
same  significance  as  in  Fig.  15.  B  =  co  throughout. 
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Fig.  19  —  Signal  to  quantizing  error  power  ratios  (in  db)  as  a  function  of  rela- 
tive signal  power  for  companding  corresponding  to  ju  =  100  and  1,000  when  n  =  7 
digits  per  code  group  and  a  dc  component  corresponding  to  B  =  100  is  present  in 
the  signal.  The  influence  of  the  dc  component  may  be  judged  by  comparing  these 
curves  with  those  shown  in  Figs.  15  and  18  for  n  =  7.  Corresponding  results  for  dif- 
ferent values  of  n  may  be  derived  bj-  the  addition  or  subtraction  of  appropriate 
multiples  of  6  db  from  each  ordinate. 

of  virtually  all  the  anticipated  companding  improvement  for  weak 
signals. 

(6)  Background  Noise  Level.  We  have  already  noted  the  probable 
futility  of  increasing  the  signal  to  cjuantizing  error  power  ratio  consider- 
ably beyond  that  value  which  is  subjectively  equivalent  to  the  antici- 
pated ratio  of  signal  to  background  noise  from  other  sources. 

If  the  subjective  relation  between  quantizing  error  power  and  noise 
power  were  known,  the  curves  in  Figs.  15  to  19  could  be  redra^Mi  for 
meaningful  comparison  with  ratios  of  signal  to  backgroimd  noise.  In 
the  absence  of  such  information,  we  shall  assume  as  a  first  approxima- 
tion, that  noise  and  quantizing  error  power  are  directl}^  comparable.* 

Suppose  that  we  set  an  upper  limit  on  the  background  noise  by  con- 

*  The  similarity  between  noise  and  ciuantizing  error  power  has  often  been 
noted.  For  example,  one  may  consult  references  2,  6  and  12  as  well  as  Appendix  I 
on  "Noise  in  PCM  Circuits"  in  Reference  11.  The  assumption  of  direct  com- 
parabilit}'  is  also  to  be  found  in  Reference  4. 
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Fig.  20  —  Curves  illustrating  the  comparison  of  signal  to  quantizing  error 
power  ratios  with  the  ratio  of  signal  to  background  noise.  The  line  representing 
the  signal  to  maximum  noise  ratios  corresponds  to  the  hypothetical  case  where 
the  maximum  background  noise  is  determined  bj-  the  requirement  that  the  signal 
to  noise  ratio  be  20  db  for  a  signal  50  db  below  full  sinusoidal  modulation. 


sidering  a  value  providing  a  signal  to  noise  ratio  of  20  db  for  the  weakest 
signals  in  our  hypothetical  system.  A  signal  to  maximum  noise  power 
curve  may  then  be  dra^Mi  as  a  function  of  signal  power  for  this  constant 
value  of  noise  power.  Such  a  graph  has  been  combined,  in  Fig.  20,  with 
curves  such  as  those  which  have  previously  appeared  in  Figs.  15  to  19. 
These  curves  have  been  terminated  at  their  intersections  with  the  line 
representing  the  signal  to  maximum  noise  power  ratio  since  we  are 
assuming  that  little  benefit  will  be  derived  from  a  signal  to  quantizing 
error  power  ratio  in  excess  of  the  signal  to  ma.ximum  noise  power  ratio. 
From  Fig.  20  it  is  apparent  that  the  previous  conclusions  that  six 
and  seven  digits  are  worthy  of  consideration  are  unaffected  by  the  stipu- 
lation that  the  signal  to  cjuantizing  error  power  ratio  should  not  greatly 
exceed  the  signal  to  maximum  noise  power  ratio.  Similarly,  the  con- 
clusions based  on  Fig.  19  (for  B  =  100)  remain  unchanged  since  the 
curves  therein  fall  below  the  maximum  noise  curve  of  Fig.  20  for  all 
values  of  the  abscissa. 
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D.  Possibility  of  Using  Automatic  Volume  Regulation 

The  realization  that  the  quantizing  impairment  experienced  by  weak 
signals  in  the  absence  of  compression  stems  from  their  inability  to  excite 
a  sufficient  number  of  the  quantizing  steps  which  must  be  pro^aded  to 
accommodate  loud  signals,  leads  directly  to  the  suggestion  that  auto- 
matic volume  regulation  be  used  to  permit  all  signals  to  be  "loud," 
i.e.,  to  excite  the  entire  aggregation  of  quantizing  steps.  In  its  simplest 
form,  this  would  be  accomplished  by  automatic  amplification  of  the 
long  time  average  speech  power  in  each  channel  to  provide  a  constant 
volume  input  to  the  common  channel  ecjuipment. 

Study  of  the  present  results  indicates  that  if  all  signals  were  of  con- 
stant volume,  about  10  to  15  db  below  full  sinusoidal  modulation  (to 
provide  an  adequate  peak-clipping  margin),  satisfactory  operation, 
corresponding  to  signal  to  c^uantizing  error  power  ratios  in  excess  of  20 
db,  might  be  achie\'ed  without  companding  by  using  as  few  as  five  or  six 
digits  per  code  group.  In  evaluating  this  alternative,  the  advantages  of 
reduction  of  bandwidth,  decreased  complexity  of  c^uantizing  and  coding 
equipment,  and  elimination  of  the  common  channel  compandor,  must 
be  balanced  against  the  disadvantage  of  providing  separate  volume 
regulators  in  each  channel. 


to"- 


E.  Comparison  with  Previous  Experimental  Results 

The  literature  contains  seemingly  contradictory  statements  about 
whether  fi\'e,  '  six,  or  seven  '  '  digits  per  code  group  are  required  for 
satisfactory  performance  in  speech  listening  tests.  Evaluation  of  these 
conclusions  is  frecjuently  hampered  by  the  lack  of  specification  of  either 
the  degree  of  companding  employed  or  the  range  of  speech  volumes 
requiring  transmission.  Different  conclusions  may  therefore  be  consist- 
ent, inasmuch  as  the  systems  may  differ  significantly  in  the  required 
\olume  range,  degree  of  companding,  size  of  the  "effective  dc  component" 
in  the  signal,  and  even  in  the  subjective  standards  used  to  judge  per- 
formance. 

Fortunately,  the  description  of  an  experimental  toll  quality  system 
by  Meacham  and  Peterson  is  sufficiently  detailed  to  permit  some  com- 
parison. The  range  of  volumes  they  considered  suggests  that  direct 
comparison  with  our  hypothetical  system  is  fairly  reasonable.  Their 
empirical  choice  of  seven  digits,  with  a  compression  characteristic  vir- 
tuall}"  indistinguishable  from  that  corresponding  to  fj.  =  100  (see  Fig.  4) 
is  in  excellent  agreement  with  the  present  conclusions. 

Furthermore,  the  conclusion  that  five  or  six  digits,  without  compand- 
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iiig,  might  he  employed  in  coiijunetioii  with  volume  regulation  is  com- 
pletely consistent  with  Goodall's  experimental  results.^" 

VII.    CONCLUSIONS 

An  effective  process  for  choosing  the  proper  combination  of  the  num- 
ber of  digits  per  code  group  and  companding  characteristic  for  quantized 
speech  communication  sj^stems  has  been  formulated.  Under  typical  con- 
ditions, the  calculated  companding  improvement  for  the  iveakest  signals 
proves  to  be  equivalent  to  the  addition  of  about  4  to  0  digits  per  code 
group,  i.e.,  to  an  increase  in  the  number  of  quantizing  steps  by  a  factor 
between  2    =16  and  2^  =  64. 

Although  a  precise  application  of  the  results  requires  a  more  detailed 
knowledge  of  the  subjective  nature  of  the  quantizing  impairment  of 
speech  than  is  presently  available,  the  assumption  of  reasonably  typical 
S3^stem  requirements  yields  conclusions  in  good  agreement  with  existing 
exnerimental  evidence. 
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Appendix 

THE    minimization    OF    QUANTIZING    ERROR   POWER 

In  spite  of  the  demonstrated  utilit\^  of  the  ^-characteristics,  one  can- 
not avoid  speculating  about  the  possibility  of  achieving  substantially 
more  companding  improvement  by  using  a  characteristic  which  differs 
from  (8).  We  shall  therefore  outline  a  study  of  the  actual  minimiza- 
tion of  quantizing  error  power  without  regard  to  the  relative  treatment 
of  various  amplitudes  in  the  signal.  The  results  will  confirm  that  a  signifi- 
cant reduction  of  the  quantizing  error  power  beyond  that  attainable  with 
logarithmic  companding  is  self-defeating  —  for  it  not  only  imposes  the 
risk  of  diminished  naturalness,  but  also  implies  a  compandor  too  "vol- 
ume-selective" for  the  applications  envisioned  herein. 

1.   The  Variational  Problem  and  Its  Formal  Solution 
Equation  (6)  may  l)e  (expressed  in  the  form 

^  -%^[  (dv/de)-'P(e)  de  (A-1) 
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where  P(e)  has  been  assumed  to  be  an  even  function.  The  function, 
v(e),  which  will  minimize  (^4-1),  subject  to  the  usual  l)oundary  condi- 
tions at  e  =  0  and  c  =  V,  may  be  obtained  by  solving  the  Euler  differ- 
ential e(iuation  of  the  vaiiational  problem.  For  (^4-1),  this  takes  the 
form 

(dv/de)  =  KP"^  (A-2) 

where  the  constant  K  is  given  by 

K  =  V  /  f    P'"  de  (A-3) 


Hence  the  minimum  quantizing  error  is  given  by 

f    P"'de      /sN'  (A-4)  = 


o'min   —  ^ 


2.  Representation  of  Speech  by  an  Exponential  Distribution  of  Amplitudes 

We  shall  assume,  as  in  (25),  that  the  distribution  of  amplitudes  in 
speech  at  constant  volume    may  be  represented  by 

P(e)  =  G  exp  (-Xe)  for  e  ^  0  (A-5) 

where  P{-e)  =  P(e),  G  =  X/2,  and  X'  =  2/?.  With  this  choice  of  P(e), 
the  solution  of  (A-2)  f  is 

(v/V)  =  l-exp[(-V2C/3)(./F)] 
1  -  exp(-V2C/3) 

Thus,  for  any  given  relative  volume  (i.e.,  for  each  value  of  C  =  V /{e^f'^), 
(A-6)  specifies  the  compression  characteristic  required  to  minimize  the 
quantizing  error  power. 

We  are  therefore  led  to  study  the  properties  of  the  family  of  charac- 
teristics of  the  form 

iv/V)  =  1  -  exp(-me/F)        ^^^,        0  ^  c  ^  V        (A -7) 
1  —  exp  (  — m) 


*  An  alternate  derivation  of  (A-2)  and  (A-4),  has  been  given  by  Panter  and 
Dite,'  who  also  acknowledge  a  prior  and  dif'fereni  deduction  by  P.  R.  Aigrain. 
Upon  reading  a  preliniinary  version  of  the  present  manuscript,  B.  McMillan  called 
my  attention  toS.  P.  Lloyd's  related,  l)ut  luipublished  work,  which  proved  to  con- 
tain still  another  derivation.  I  am  grateful  to  Dr.  Lloj'd  for  access  to  this  material. 

t  In  the  vocabulary  of  analytical  dj'namics,  the  direct  integrability  of  the 
Euler  equation  may  be  ascribed  to  the  existence  of  an  "ignorable"  or  "cyclic" 
coordinated^ 
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with  v{  —  e)    =    —v{e)  as  usual.  The  "m-characteristics"  specified   by 
(A-7)  are  to  be  compared  with  the  "^-characteristics"  specified  by  (8). 
From  the  derivation  of  (A-6)  it  is  known  that  optimum  companding 
will  be  produced  when  m  is  given  by  the  critical  value, 


rric  =  \/2C/3 
This  is  the  analogue  of  (36)  defining  jXc  for  the  ju-ensemble. 


(A-8) 


3.  Properties  of  the  ''m- Ensemble^' 

We  shall  now  interpret  the  properties  of  the  /n-ensemble  of  compan- 
dors, for  which  the  ensemble  improvement  limit  (m   =   nic)  actually 
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Fig.  21  —  Typical  m-ensemble  compression  characteristics  determined  by 
equation  (A-7).  Note  the  strong  emphasis  on  weak  signal  amplitudes.  These 
curves  may  be  compared  with  those  for  the  ^u-ensemble  in  Fig.  3. 


INSTANTANEOUS    COMPANDING    OF   QUANTIZED    SIGNALS 


703 


minimizes  the  total  (luantizing  error  power,  when  the  probability  density 
is  specified  by  (A-5).  Table  I  summarizes  the  important  properties 
which  may  be  derived  by  replacing  (8)  by  (A-7)  in  the  pre\'ious  detailed 
analysis  of  the  /x-ensemble. 

(a)  Compression  Characteristics 

Compression  characteristics,  corresponding  to  various  values  of  m  are 
displayed  in  Figs.  21  and  22  for  direct  comparison  with  the  curves  in 
Figs.  8  and  4.  The  ^/? -characteristics  assign  very  little  weight  to  the  larger 
signal  amplitudes  in  view  of  the  infrequent  occurrence  of  the  latter. 
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Fig.  22  —  Logarithmic  replot  of  compression  curves  of  the  type  shown  in  Fig. 
21  to  indicate  detailed  behavior  for  weak  samples.  These  may  be  compared  with 
the  M-ensemble  curves  in  Fig.  4. 
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(6)  Sample  to  Step  Size  Ratio 

Fig.  23,  where  the  sample  to  step  size  rutio  (e/Ae)  is  plotted  in  the 
same  manner  as  in  Fig.  5,  reveals  the  relative  fiuantizing  accuracy 
accorded  various  pulse  amplitudes. 
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Fig.  23  —  Pulse  sample  to  step  size  ratios  as  a  function  of  relative  sample     \ 
amplitude,  for  various  compandors  in  the  //i-ensemble.  The  maxima  exhibited  by 
these  curves  occur  at  ejV  =  m~^;  M  =  1  —  exp(— m).  Compare  with  Fig.  5. 
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(c)  Saturated  Improvement  of  Weak  Signals 

For  signal.s  whose  largest  samples  are  confined  to  the  region  (e/V)  « 
m^  ,  compression  is  linear,  with  a  saturation  improvement  noted  in 
Table  I  and  plotted  in  Fig.  24  for  comparison  with  Fig.  9. 
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Fig.  24  —  Saturated  companding  improvement  for  the  weakest  signals  as  a 
function  of  the  degree  of  "m-type"  compression.  Given  a  value  of  m,  the  corre- 
sponding ordinate  represents  the  reduction  of  quantizing  error  power  (in  db) 
which  results  from  companding  of  signals  so  weak  that  signal  peaks  satisfy  the 
relation  (e/F)  <K  7U~^  Thus,  weaker  and  weaker  signals  are  required  to  exploit 
the  added  improvement  which  follows  from  an  increase  in  m.  This  curve  may  be 
compared  with  that  for  the  ^-ensemble  in  Fig.  9. 
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((/)    Variation  of  Cumpandint/  Improvement  ivilh  Volume 

Companding  improvement  curves  are  shown  in  Mg.  25  for  representa- 
tive members  of  the  w-ensem})le.  Each  curve  is  tangent  to  the  ensemble 
upper  hmit  at  the  volume  for  which  m  =  m,-  .  In  view  of  its  deduction 
as  the  solution  of  the  variational  problem,  this  upper  limit  actually 
represents  the  absolute  maximum  value  of  companding  improvement 
for  the  present  choice  of  P(e). 
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Fig.  25  —  Companding  improvement  curves  for  representative  members  of  the 
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Fig  8.  Note  the  important  difference  between  the  two  ensembles  for  strong  sig- 
nals (small  values  of  C) . 
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(c)  Signal  to  Quantizing  Error  Power  Ratios 

The  curves  in  Fig.  26  are  drawn  for  the  representative  case  oi  N  = 
2^  =  128  quantizing  steps  (7  digit  PCM).  The  corresponding  ensemble 
limit  is  constant,  as  might  be  expected  from  (A-4),  except  for  strong 
signals  where  the  effects  of  peak  clipping  become  noticeable. 

In  the  region  where  this  ensemble  limit  is  constant,  departures  from 
the  improvement  limit  resulting  from  the  use  of  a  single  value  of  m  for 
all  volumes  may  be  read  directly  from  the  ordinates  shown  at  the  right 
in  Fig.  26.  In  comparing  these  departures  from  maximum  improvement 
with  the  analogous  ^-ensemble  curves  in  Fig.  14,  it  must  always  be 
recalled  that,  in  view  of  its  role  in  the  solution  of  the  variational  problem, 
the  m-ensemble  limit  represents  the  actual  minimum  quantizing  error 
power  consistent  with  the  probability  density  specified  by  (A-5). 
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Fig.  26  —  Signal  to  quantizing  error  power  ratios  as  a  function  of  relative  signal 
power  for  7  digits  and  various  ^/-compandors.  The  curves  may  he  compared  with 
those  for  7  digits  in  Figs.  15  to  18.  The  auxiliary  ordinates  at  the  right  of  the  pres- 
ent figure  ai)ply  for  C  >,  10,  where  the  ///-ensemble  limit  is  effectively  constant; 
departures  from  this  limit,  resulting  from  the  use  of  a  single  value  of  vi  for  all 
volumes,  may  be  read  directly  from  this  scale,  for  comijarison  with  Fig.  14.  The 
latter  comparison  illustrates  the  narrow  volume  limitation  of  the  members  of  the 
'/i-ensemble. 
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(/)  Illustrative  Application 

Consider  the  possibility  of  choosing  a  member  of  the  m-ensemble  for 
application  to  the  hypothetical  PCM  system  already  discussed  in  con- 
nection with  the  /i-ensemble.  It  will  be  recalled  (see  Figs.  15-18)  that 
we  were  able  to  choose  degrees  of  logarithmic  compression  which  would 
yield  signal  to  quantizing  error  power  ratios  in  excess  of  about  20  db  for 
all  volumes  (4.5  S  C  ^  450)  by  using  as  few  as  six  or  seven  (depending 
on  the  choice  of  /x)  digits  per  code  group.  In  contrast,  Fig.  26  reveals 
that  no  value  of  m  will  meet  this  requirement  since  the  curves  fall  so 
rapidly  on  either  side  of  the  sharp  maxima.  In  short,  the  members  of 
the  m-ensemble  are  each  too  specialized  for  successful  application  to 
such  a  broad  volume  range. 

Further  detailed  comparison  between  the  numerical  results  for  the 
two  ensembles  seems  inappropriate,  since  it  is  not  at  all  clear  that  the 
inequitable  treatment  of  the  various  samples  in  a  given  signal  by  mem- 
bers of  the  m-ensemble  (see  Fig.  23)  permits  an  adequate  description  of 
signal  quality  solely  in  terms  of  quantizing  error  power.  Under  these  cir- 
cumstances, subjective  effects  beyond  the  scope  of  the  present  analysis 
might  assume  a  dominant  role. 
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An  Electrically  Operated  Hydraulic 
Control  Valve 

By  J.  W.  SCHAEFER 

(Manuscript  received  August  3,  1956) 

The  electrohijdraulic  transducer  used  in  the  servos  that  drive  the  control 
surfaces  of  the  NIKE  missile  is  described  and  its  operating  characteristics 
are  discussed.  Special  attention  is  directed  to  the  secondary  dynamic  forces 
that  exist  in  a  high-gain  device  of  this  type  and  to  the  resulting  tendency  to 
oscillate.  The  application  of  the  valve  to  a  servo  system  is  discussed  briefly. 

IXTRODUCTIOX 

Early  in  the  study  of  the  NIKE  guided  missile  project,  it  became 
apparent  that  the  requirements  for  the  fin  actuators  could  not  be  ful- 
filled by  the  servo-mechanisms  available  at  that  time  (1945).  All  exist- 
ing types  failed  to  meet  the  combined  rec^uirements  of  small  size,  light 
weight,  high  torque,  and  rapid  response.  Further  investigation  showed 
that  the  development  of  a  hydraulic  servo  employing  an  electrohy- 
draulic  transducer  appeared  to  provide  a  promising  solution.  A  control 
system  of  this  type,  therefore,  has  been  developed  for  the  NIKE  missile. 

The  design  of  the  transducer,  or  control  valve,  was  one  of  the  principal 
problems  in  the  development  of  the  missile  control  systems  and  is  the 
subject  of  this  article.  The  specific  design  of  the  valve  that  will  be  dis- 
cussed here  is  knoAvn  as  "Model  J-7",  and  represents  the  state  of  the 
development  in  1950.  Valves  of  this  type,  with  varying  degrees  of  modifi- 
cation, are  used  in  missiles  of  several  other  projects. 

APPLICATION 

Fig.  1  is  a  simplified  schematic  of  the  roll  positioning  system  in  the 
NIKE  missile.  It  is  the  simplest  of  the  three  applications  of  the  valve  in 
the  missile,  but  will  serve  to  illustrate  the  situation  in  which  the  valve 
operates.  The  purpose  of  the  roll  servo  is  to  keep  the  missile  in  a  predict- 
able roll  orientation. 
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The  roll  system's  reference  is  an  "Amount  Gyro,"  which  is  a  free-free 
gyro  oriented  on  the  ground  prior  to  missile  launch.  The  brush  of  a  four- 
tap  potentiometer  (Item  2  in  Fig.  1)  is  corniected  to  the  outer  gimbal  and 
provides  a  dc  signal  whose  sign  and  magnitude  indicate  the  roll  position 
with  respect  to  the  stable  e(iuilii)rium  point.  This  signal  is  the  principal 
input  to  the  servo  amplifier  that  drives  the  valve. 

A  roll-position  error  exists  in  the  situation  illustrated  in  Fig.  1.  The 
valve  is  driven  in  the  direction  to  cause  the  oil  flow  to  rotate  the  ailerons, 
which  in  turn  will  roll  the  missile  toward  the  null  position.  As  the  missile 
rolls,  the  winding  of  the  roll-amount  potentiometer  rotates  with  it.  The 
brush  stays  fixed  in  space  with  the  gyro  gimbal. 

The  aerodynamic  coupling  between  the  aileron  position  and  the  mis- 
sile's roll  position  is  a  complex  and  variable  term  in  the  feedback  loop 
of  the  servo.  The  nature  of  the  aerodynamic  coupling  is  such  that  an 
other\\ase  simple  servo  problem  becomes  considerably  more  compli- 
cated. During  a  normal  flight  the  aerodynamic  stiffness,  and  hence  the 
gain  in  the  feedback  loop,  varies  over  a  50:1  range.  A  first  order  correc- 
tion for  this  change  is  accomplished  by  a  variable  gain  local  loop  around 
the  valve,  cylinder  and  amplifier.  A  potentiometer  (Item  3  in  Fig.  1)  is 
geared  to  the  fin  in  such  a  way  that  a  dc  signal  is  produced,  which  is 
proportional  to  fin  position.  The  gain  of  this  local  loop  is  varied  by 
supplying  the  potentiometer  with  voltages  that  are  directly  propor- 
tional to  the  measured  aerodynamic  stiffness.  In  this  way  the  amount 
of  the  deflection  of  the  aileron  is  made  inversely  proportional  to  the 
aerodynamic  stiffness.  This  effect  results  in  an  approximately  constant 
torcjue  about  the  roll  axis  of  the  missile  for  a  given  signal.  The  local  loop 
around  the  fin  position  also  reduces  the  effect  of  any  non-linear  charac- 
teristics of  the  valve. 

A  third  input  to  the  servo  amplifier  is  provided  by  a  potentiometer 
that  is  driven  by  a  spring-restrained  gyroscope  mounted  so  that  the 
sensitive  axis  is  aligned  with  the  missile's  roll  axis.  The  dc  signal  pro- 
duced is  proportional  to  the  roll  rate.  This  signal  provides  some  anticipa- 
tion to  the  roll  position  loop.  It  performs  the  function  of  a  tachometer  in 
a  conventional  servo.  It  also  insures  that  the  roll  rate  is  limited  to  a 
value  that  can  be  handled  by  the  position  loop.  If  very  high  roll  rates 
were  allowed  to  exist,  the  roll  amount  gyro  would  produce  a  signal 
changing  in  sign  at  such  a  rate  that  the  ailerons  would  be  unable  to 
keep  up  or  reduce  the  rate. 

The  roll  servo  insures  that  the  missile's  orientation  is  aligned  with  the 
free-free  gyro.  This  enables  the  yaw  and  pitch  servos  to  steer  about 
their  assigned  axes  in  a  consistent  manner.  The  two  steering  servos  are 
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identical  to  each  other  and  somewhat  similar  to  the  roll  system  described 
above.  Each  of  the  three  systems  employs  identical  valves. 

GENERAL    DESCRIPTION 

Basically,  the  J-7  valve  is  a  conventional  four-way  type.  Fig.  2  illus- 
trates the  porting  arrangement.  The  parts  in  sections  A,  B  and  C  are 
inserts  that  are  shrunk-fit  into  the  valve  body.  The  plunger  accurately 
fits  the  holes  in  the  inserts,  so  that  oil  cannot  flow  between  the  plunger 
and  inserts  except  where  the  diameter  of  the  plunger  is  reduced.  The 
annular  space  around  the  outside  of  the  center  insert  is  connected  to  the 
high  pressure  oil  supply.  The  radial  passages  in  this  insert  (part  A)  carry 
the  oil  to  its  internal  cusps.  With  the  plunger  centrally  located  its  center 
land  completely  covers  the  port  formed  by  the  cusps  and  no  oil  flows. 
With  the  plunger  moved  to  the  right  the  oil  is  carried  to  the  cylinder  and 
back  to  the  exhaust  in  the  manner  illustrated  by  the  small  sketch  in  the 
upper  right  corner.  If  the  motion  of  the  plunger  is  to  the  left,  a  similar 
performance  occurs  but  the  piston  and  fin  are  driven  in  the  opposite 
direction.  To  illustrate  the  construction  of  the  inserts,  detail  sketches 
are  also  shown  at  the  top  of  Fig.  2. 

The  inserts  and  the  plunger  are  made  of  hardened  steel.  Fig.  3  show- 
their  location  in  the  complete  valve.  The  thickness  of  the  inserts,  hence 
the  longitudinal  location  of  the  ports,  is  held  to  an  extremely  close 
tolerance  by  lapping  their  parallel  faces.  Their  outside  diameter  is  ac- 
curately ground  so  that  a  tight  seal  will  occur  between  the  various  pas- 
sages when  they  are  shrunk  fit  into  the  internal  bore  of  the  body.  After 
assembly,  the  internal  bore  formed  by  the  holes  in  the  various  inserts  is 
lapped  to  a  straight  and  accurate  cylindrical  shape.  This  process  is  con- 
trolled to  provide  a  diametral  clearance  of  0.0002  inch  on  an  inter- 
changeable basis.  The  plunger  must  slide  freely  in  the  bore  in  spite  of 
the  small  clearances  involved.  The  longitudinal  location  of  the  lands 
on  the  plunger  must  be  controlled  to  a  high  degree  for  reasons  that  will 
become  apparent. 

Those  parts  shown  in  Fig.  2  are  not  sectioned  in  Fig.  3.  The  valve 
proper  is  clamped  between  two  manifolds  (O  and  P) ;  these  are  moved 
apart  in  the  picture  to  better  illustrate  the  internal  construction.  The 
brazed  laminated  manifolds  provide  the  mounting  means  for  the  valve 
and  also  serve  to  connect  the  multiple  outlets  of  the  valve  body  to  stand- 
ard hydraulic  fittings  for  external  connections.  The  manifolds  are 
designed  to  adapt  the  valve  to  a  specific  application.  In  this  Avay, 
different  plumljing  arrangements  can  be  utilized  without  changes  in  the 
valve  proper.  The  manifold,  O,  has  fittings  to  connect  to  the  cylinder, 
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Fig.  4  —  J-7  solenoid  valve  with  manifolds. 

and  the  lower  manifold,  P,  serves  to  connect  the  pressure  and  exhaust 
lines  to  ports  in  the  structure  to  which  the  valve  is  mounted.  The  joints 
between  the  passages  in  the  manifolds  and  those  in  the  body  are  sealed 
by  rubber  "O"  rings  that  are  inserted  in  the  recesses  about  the  holes  on 
the  inner  faces  of  the  manifolds.  These  recesses  can  be  seen  in  Fig.  3, 
but  the  "O"  rings  are  not  illustrated.  Similarly,  "O"  rings  are  used  to 
seal  the  joints  between  the  manifold,  P,  and  the  flat  surface  to  which 
it  mounts. 

A  pole  piece,  F,  is  screwed  to  each  end  of  the  plunger  by  means  of  the 
threads  visible  in  Fig.  2.  These  parts  move  as  an  assembly  and  form 
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Fig.  5  —  Exploded  view  of  J-7  solenoid  valve. 


•18 


THE    BELL   SYSTEM    TECHNICAL   JOURNAL,    MAY    1957 


Fig.  6  —  J-7  solenoid  valve. 

the  armature  of  the  valve.  The  push  rod,  G,  attached  to  the  armature, 
is  connected  to  an  S  shaped  spring,  H,  which  tends  to  keep  the  movable 
assembly  centered,  or  the  valve  closed. 

When  a  current  passes  through  the  coil,  J,  magnetic  flux  passes 
through  the  fixed  pole  piece,  K,  through  the  coil  housing,  L,  then  across 
the  small  annular  air  gap,  M,  to  the  moving  pole  piece,  F,  and  across  the 
air  gap  between  the  pole  faces  near  the  center  of  the  coil.  Flux  in  the  latter 
gap  causes  a  force  on  the  armature  which  tends  to  pull  it  and  the  valve 
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Fig.  7  —  Hydraulic  parts  of  the  J-7  valve. 
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plunger  toward  that  coil.  If  an  equal  current  is  flowing  in  the  other  coil 
the  forces  are  balanced  and  the  valve  remains  centered  and  closed.  If 
the  currents  in  the  two  coils  are  not  equal,  the  valve  plunger  is  moved 
until  the  differential  magnetic  force  is  balanced  by  the  force  in  the 
spring.  In  this  manner  the  amount  of  oil  flow  can  be  regulated  by  vary- 
ing the  difference  of  the  currents  in  the  two  coils. 

The  coil  housing  is  attached  to  the  valve  body  by  means  of  a  non- 
magnetic stainless  steel  adapter,  N.  The  adapter  isolates  the  steel 
plunger  and  inserts  from  the  magnetic  flux.  Because  of  the  close  fit 
between  these  parts  the  presence  of  flux  would  cause  sticking.  A  push 
rod  attached  to  the  armature  drives  an  aluminum  piston,  R,  in  a  cylin- 
der, Q.  The  small  radial  clearance  between  these  parts  is  filled  with  a 
viscous  fluid  so  that  a  damping  force  is  produced  that  is  proportional  to 
armature  velocity. 

Fig.  4  shows  the  complete  assembly  with  manifolds  attached,  while 
Fig.  5  gives  an  exploded  view  of  the  valve  proper  with  all  details  in 
their  correct  relative  positions.  Other  views  of  the  valve  parts  are 
shown  in  Figs.  6  and  7.  Fig.  8  is  a  view  looking  into  the  bore  of  the  hy- 
draulic assembly.  This  is  the  hole  that  is  normally  occupied  by  the 
plunger.  The  ports  formed  by  the  internal  shapes  of  the  inserts  are 
clearly  visible. 

CHARACTERISTICS   OP   THE   ACTUATING   MECHANISM 

The  J-7  valve  is  designed  to  be  driven  by  a  push-pull  dc  amplifier. 
When  the  amplifier  has  no  input  signal,  the  output  current  in  each  side 
is  10  ma.  When  a  signal  is  applied,  the  current  in  one  side  is  increased 
and  that  in  the  other  is  decreased;  at  maximum  signal,  the  current  in  one 
coil  reaches  19  ma  and  zero  in  the  other.  The  dissipation  in  each  coil  for 
(luiescent  current  is  about  0.4  watt,  and  the  full  signal  power  is  1.5  watts. 

The  requirements  that  the  frequency  response  must  extend  to  dc  and 
that  the  control  power  consumption  be  held  to  a  minimum  suggest  the 
use  of  a  dc  push-pull  output  stage.  The  cjuiescent  dc  plate  current  is 
used  as  the  magnetizing  current  for  the  solenoids  instead  of  providing 
the  field  by  a  permanent  magnet  or  separate  coil.  In  spite  of  the  small 
output  current  available  from  the  amplifier,  relatively  large  forces  and 
a  high  resonant  frequency  are  realized.  This  is  accomplished  by  an  effi- 
(!ient  magnetic  circuit  and  low  armature  mass.  The  opposing  solenoid 
configuration  described  makes  these  features  ])ossible. 

The  magnetic  circuit  used  in  the  J-7  valve  has  very  low  reluctance 
for  a  sliding  armature  type  actuator.  This  low  reluctance  is  accom- 
plished by  providing  ample  thickness  in  the  iron  parts  and  employing 


720  THE   BELL   SYSTEM   TECHNICAL  JOURNAL,    MAY    1957 


Fig.  8  —  Internal  view  of  the  J-7  valve  body. 

very  short  gaps  of  considerable  cross-sectional  areas.  It  has  been  sho^\^l 
elsewhere^  ■  ^  that  if  the  distribution  of  reluctance  of  the  magnetic 
structure  is  symmetrical  along  its  longitudinal  axis,  minimum  leakage 
flux  and  hence  maximimi  force  would  be  developed  if  the  working  gap 
were  at  the  exact  center  of  the  coil.  To  a  close  approximation,  the  valve 
solenoids  are  symmetrical  in  this  manner.  The  references  show  that  the 
maximum  pull  is  not  sensitive  to  small  changes  from  the  optimum  loca- 
tion of  the  working  gap.  The  gap  in  the  J-7  valve  is  displaced  toward 
the  center  of  the  valve  from  the  location  of  maximum  pull.  The  slight 
reduction  in  magnetic  force  was  accepted  as  a  suitable  compromise  for 
the  resulting  reduction  in  the  mass  of  the  moving  pole  piece  and  the 
corresponding  increase  in   resonant  freciuency. 

The  gap  between  the  solenoid  pole  faces  is  0.01-i  inch  when  there  is 
no  signal  and  the  valve  is  centered.  The  two  fixed  faces  have  0.004  inch 
non-magnetic  shims  attached  so  that  the  maximum  motion  of  the  arma- 
ture is  limited  to  ±0.010  inch.  The  shims  prevent  the  armature  from 
sticking  against  the  fixed  faces  l)y  maintaining  appreciable  gaps.  To 
further  compensate  for  the  inverse  square  law  of  magnetic  attraction, 
the  moving  pole  pieces  have  a  reduced  section  that  saturates  under  high 
flux  or  large  forces.  This  neck  can  be  seen  plainly  in  Fig.  o.  The  saturating 
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sections  limit  the  flux  and  tend  to  reduce  the  pull  for  short  gaps  so  that 
the  centering  spring  can  be  a  simple  linear  member  and  still  not  lose 
control  when  the  armature  is  near  the  fixed  pole  face.  The  flat  surfaces 
on  the  neck  permit  the  use  of  wrenches  for  assembly.  Placing  the  necks 
on  the  moving  pole  pieces  further  reduces  the  mass  of  the  armature  as- 
sembly. 

To  illustrate  the  saturation  action,  Fig.  9  shows  the  pull  of  one  of  the 
magnets  plotted  against  gap  length  for  quiescent  and  maximum  current. 
The  shim  line  and  curves  from  a  solenoid  without  a  saturation  neck  also 
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Fig.  9  —  Magnetic  pull  curves  for  a  coil  of  the  J-7  valve. 
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Fig.  10  —  Spring  and  magnetic  forces  on  armature  of  J-7  valve. 


are  shown  to  illustrate  the  need  for  these  restrictive  measures.  The  need 
is  better  appreciated  when  Fi^'.  10  is  (examined.  This  graph  shows  the 
differential  pull  of  the  two  coils  ])lotted  against  armatiu'c  movement  for 
extreme  signals  and  foi'  the  balanced  condition.  There  is  also  a  line  repre- 
senting the  spring  force  and  one  representing  its  reflection.  The  latter 
permits  direct  comparison  of  the  magnitude  of  the  o]:)posing  magnetic 
and  spring  forces. 
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It  is  important  that  the  spring  be  able  to  center  the  valve  when  the 
coil  currents  are  balanced.  This  means  that  the  stiffness  of  the  spring 
must  be  greater  in  magnitude  than  the  negative  stiffness  created  by  the 
magnetic  fields  when  10  ma  is  flowing  in  each  coil.  On  the  other  hand,  the 
19-ma  current  should  be  able  to  pull  the  armature  against  the  pole  piece 
and  therefore  must  produce  more  force  than  the  spring.  If  the  shim  and 
saturation  limiting  were  not  used  it  would  be  impossible  to  find  a  straight 
spring  line  that  would  fulfill  both  these  rec[uirements;  i.e.,  its  reflection 
would  be  between  these  curves  without  crossing  either  of  them.  The 
family  of  curves  representing  the  net  magnetic  forces  for  the  various 
intermediate  values  of  current  unbalance  fall  between  the  extreme  cases 
shown.  The  intersection  of  one  of  these  curves  and  the  reflection  of  the 
spring  line  is  the  position  which  the  armature  will  assume  for  that  par- 
ticular coil  current.  The  reason  for  the  relatively  large  margin  of 
force  shown  for  the  19-ma  wide-open  condition  will  be  explained  later. 

Fig.  11  is  plotted  to  show  the  net  forces  on  the  armature.  The  curves 
are  the  difference  between  the  spring  line  and  the  two  magnetic  pull 
curves  of  Fig.  10.  It  can  be  seen  that  the  forces  are  such  as  to  cause  the 
armature  to  move  to  the  center  in  the  balanced  condition.  In  the  case  of 
maximum  signal,  it  will  move  all  the  way  to  the  shim  stop  in  the  direc- 
tion of  the  coil  which  is  carrying  the  current. 

When  there  is  no  magnetic  field  present  the  armature  resonance  is 
about  320  cps.  When  measured  statically,  or  at  very  low  frequencies, 
with  the  coils  energized,  the  negative  stiffness  of  the  field  greatly  reduces 
the  effective  stiffness  of  the  spring,  as  seen  in  Fig.  1 1 .  However,  when  the 
valve  is  driven  experimentally  to  find  resonance,  it  occurs  near  320  cps. 
This  apparent  increase  in  stift'ness  with  frequency  results  from  eddy 
currents  that  retard  the  change  in  flux  to  the  extent  that  the  negative 
stiffness  virtually  disappears.  Eddy  currents  reduce  the  effective  in- 
ductance of  the  coils  from  about  40  henries  at  very  low  frequency  to  less 
than  10  henries  at  000  cps. 

It  is  difficult  to  locate  the  resonance  experimentally  because  of  the 
large  amount  of  damping  provided  by  the  extremely  thin  oil  film  be- 
tween the  plunger  and  the  inserts.  High  resonance  frequency  of  the 
vaWe  is  desired  so  that  it  is  safely  above  any  frequency  encountered  in 
the  servo  operation,  thereby  eliminating  one  consideration  in  the  eciuali- 
zation.  Also,  a  high  resonance  means  that  missile  acceleration  along  the 
valve  axis  causes  little  displacement  of  the  unbalanced  mass  of  the 
armature. 

A  250  cps  differential  dither  voltage  is  superimposed  on  the  push-pull 
dc  signal  to  overcome  the  effects  of  static  friction.  The  resulting  1  ma 
differential  current  produces  a  magnetic  force  about  equal  to  that  re- 
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Fig.  11  —  Resultant  forces  on  armature  of  J-7  valve. 

quired  to  move  the  armature  in  breaking  the  friction  of  the  stationary 
armature  assembly.  Thus,  the  signal  threshold  is  reduced  by  the  amount 
of  the  dither  current  and  the  resulting  increase  in  sensitivity  to  small 
signals  greatly  reduces  the  phase  lags  at  low  amplitude. 

STEADY   STATE    HYDRAULIC    CHARACTERISTICS 

The  J-7  valve  is  designed  to  operate  from  an  oil  supply  having  a  pres- 
sure of  2,000  psi,  which  is  somewhat  higher  than  eaily  valves  of  this 
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type.  The  increase  in  working  pressure  is  a  great  advantage  for  a  guided 
missile  application  because  it  results  in  lower  weight,  higher  gain,  and 
faster  response.  For  example,  doubling  the  pressure  permits  actuating 
cylinders  of  one  half  the  size,  an  oil  reservoir  of  one  half  the  volume,  and 
an  increase  in  both  response  and  gain  by  a  factor  of  about  three.  Such 
features  are  sufficiently  attractive  to  be  worth  a  great  deal  of  develop- 
ment effort.  However,  reliable  and  stable  operation  can  be  achieved 
under  these  high-gain  conditions  only  if  parasitic  forces  are  kept  ex- 
tremely small. 

It  was  found  that  the  relation  between  pressure  drop  and  flow  is  not 
so  simple  as  one  might  expect  from  a  sharp-edged,  orifice-type  control. 
For  large  openings  of  the  control  orifice,  the  pressure  losses  in  the  fixed 
orifices  and  passages  of  the  valve  body  become  an  important  factor.  The 
following  law  is  an  adequate  representation  of  pressure-flow  characteris- 
tics : 

p  =  lOg  +  (^2  -f  ^)  q'  (1) 

where 

p  =  pressure  drop,  psi 

q  =  rate  of  flow,  cu  in/sec 

X  =  valve  opening,  linear  mils 

This  equation  was  derived  from  test  data  from  a  model  valve.  These 
data  confirmed  a  computational  analysis  of  the  hydraulic  circuit.  Fig.  12 
graphically  illustrates  the  equation.  It  is  a  plot  of  flow  against  valve 
position  for  various  pressure  drops.  It  will  be  noted  that  there  is  0.001 
inch  difference  between  valve  position  and  valve  opening  because  of  this 
amount  of  overlap  at  the  ports. 

Equation  (1)  provides  the  information  necessary  to  compute  the 
maximum  output  power  of  the  valve.  If  all  the  pressure  drop  were  across 
the  control  orifices,  all  the  pressure  would  be  utilized  to  accelerate  the 
oil  at  this  point  and  only  the  square  term  of  (1)  would  exist.  If  this  were 
the  case,  the  maximum  output  power  would  occur  when  the  pressure 
drop  across  the  valve  was  one-third  of  the  supply  pressure.  The  other 
two-thirds  of  the  pressure  would  be  used  to  produce  work  in  the  C34inder. 
If  laminar  flow  existed  throughout  the  valve  the  square  term  would  drop 
out,  leaving  a  linear  equation.  If  this  were  the  case,  maximum  power 
would  occur  with  the  total  pressure  equallv  divided  between  valve  and 
load.  \Vhen  both  the  linear  the  square  terms  are  present,  maximum 
power  will  occur  when  the  pressure  drop  across  the  valve  is  somewhere 
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Fig.  12  —  Flow  characteristics  of  J-7  valve. 

between  one-third  and  one-half  the  supply  pressure.  The  exact  point  is 
dependent  on  the  magnitude  of  the  supply  pressure  as  well  as  the  co- 
efficients in  the  equation. 

The  valve  will  be  wide  open,  an  opening  of  0.009  inch,  when  maximum 
power  is  produced.  In  this  situation,  (1)  becomes: 

p  =  IO9  +  7.6g2  (2) 

Useful  output  power  at  the  load  is  the  product  of  the  flow  rate  and  the 
pressure  exerted  on  the  piston. 


where 


W  =  {P  -  p)q 

W  =  Output  power 

P  =  Suppl}^  pressure,  psi 


(3) 
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Therefore 

W  =  Pq  -  lOr/  -  7.i)q^ 

This  expression  can  be  differentiated  and  equated  to  zero  to  find  the 
point  of  maximum  power. 

-^  =  P  -  20q  -  22.8r/  =0  .,. 

dq  (4) 

q  =  V'O.192  +  0.0439P  -  0.439 

Substituting  for  q  in  ecjuation  (2)  we  find  that  for  maximum  power 

p  =  0.333  P  +  V2.15  +  0.49P  -  1.46  (5) 

The  normal  supply  pressure  for  the  J-7  valve  is  2,000  psi.  Substituting 
this  value  for  P  in  (4)  and  (5) 

q  =  8.95  cu  in/sec 
and 

p  =  696  psi 

When  these  values  are  substituted  in  (3),  we  find 

TFmax  =  11,700  in  lb/sec 

=  1.77  horsepower 

Examination  of  the  above  equations  will  show  that  if  the  valve  is 
used  with  a  very  low  supply  pressure,  the  linear  term  in  (1)  is  dominant. 
In  this  case  the  maximum  power  output  occurs  when  the  pressure  drop 
is  nearly  one-half  the  supply  pressure.  In  the  case  of  a  veiy  high  supply 
pressure,  the  squared  term  is  dominant  and  maximum  power  occurs 
when  the  pressure  drop  across  the  valve  approaches  one-third  the 
supply  pressure. 

The  ratio  between  the  electrical  (juiescent  input  power  to  the  coils 
and  the  maximum  hydraulic  out  power  is  about  1,600,  or  a  power  gain  of 
32  db.  Based  on  maximum  signal  the  gain  is  29  db.  All  forces  must  be 
precisely  balanced  and  tolerances  on  parts  be  carefully  controlled  in 
order  to  realize  this  amount  of  gain  in  a  single  stage  mechanical  device. 

DYNAMIC   HYDRAULIC    EFFECTS 

Examination  of  the  illustrations  of  the  valve  will  show  that  it  is 
statically  balanced;  i.e.,  pressure  on  any  of  the  ports  does  not  tend  to 
translate  the  plunger.  However,  the  flow  of  oil  through  a  valve  of  this 
t,vpe  produces  a  force  on  the  plunger  which  tends  to  close  the  ports  or 
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center  the  annature.  Tlii.s  force  creates  a  stilTiie.ss  tluit  adds  to  the  elTecl 
of  the  mechanical  centering  spring.  The;  magnitude  of  the  force  is  (juite 
nonhnear,  it  varies  with  pressure  drop,  and  hence,  with  load  as  well  as 
with  armature  displacement.  Such  variations  tend  to  upset  the  stability 
of  the  servo  loop  in  which  the  valve  is  used. 

Fig.  13  is  a  simplified  drawing  of  a  valve  w^hich  can  be  used  to  explain 
the  dynamic  effect.  It  will  be  noted  that  when  the  valve  plunger  is 
displaced  in  either  direction,  the  fluid  flow  is  metered  by  two  control 
orifices  in  series.  The  oil  flows  from  oil  supply,  through  the  valve  body, 
into  a  groove  in  the  plunger  via  the  first  of  the  two  orifices.  The  second 


SUPPLY 


ENLARGEMENT   OF 
SUPPLY   ORIFICE 


Fig.  13  —  Simple  valve  with  rectangular  lands. 


orifice  meters  the  flow  from  the  other  groove  in  the  plunger  into  the 
exhaust  part  of  the  valve  body.  Most  of  the  pressure  drop  in  the  valve 
appears  across  the  two  orifices  and  is  equally  divided  between  them.  The 
maximum  fluid  velocity  occurs  immediately  downstream  from  the  ori- 
fices at  the  vena  contracta  of  the  jet.  This  point  is  labeled  "A"  in  the 
enlarged  insert  on  Fig.  13.  The  velocity  at  this  point  can  be  computed 
by  use  of  Bernoulli's  Theorem.  In  the  case  of  the  J-7  valve,  where  the 
valve  opening  is  small  compared  to  other  passage  dimensions,  many  of 
the  terms  of  the  equation  that  formulates  this  theorem  can  be  neglected. 
In  this  way  the  eciuation  becomes 


h  = 


V 


29 

V  =  V2gfi 


(0) 

(7) 
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where 

V  =  fluid  velocity  at  the  vena  contraeta,  ft/sec 

h  =  pressure  drop  across  orifice,  feet 

g  =  acceleration  of  gravity,  ft/sec^ 

Von  Mises'  has  shown  that  the  departure  angle  of  the  jet  from  a  small 
orifice,  such  as  in  the  configuration  shown  in  Fig.  18,  is  69°  from  the 
longitudinal  axis.  Tests  made  with  an  orifice,  shaped  like  those  in  a 
simple  valve,  showed  that  the  jet  continues  at  this  angle  for  a  short 
distance  only.  Further  downstream  the  jet  turns  to  hug  the  radial  sur- 
face on  the  plunger.  This  action  is  depicted  by  the  dotted  lines  in  the 
insert  on  Fig.  13.  Bernoulli's  equation  explahis  that  pressure  is  ex- 
changed for  velocity.  The  low  pressure  within  the  jet  stream  pulls  it 
toward  the  nearest  wall  of  the  cavity.  The  flow  of  oil  over  this  surface 
reduces  the  pressure  on  that  wall  and  unbalances  the  distribution  of 
forces  on  the  surface  of  the  annular  grooves  in  the  plunger.  The  area 
of  reduced  pressure  causes  a  net  longitudinal  force  in  the  direction  to 
center  the  plunger  or  close  the  valve. 

Examination  of  the  situation  around  the  exhaust  orifice  shows  that  a 
similar  action  will  occur,  but  will  not  result  in  a  comparable  force  on  the 
plunger.  The  area  of  high  velocity  lies  along  a  surface  in  the  valve  body 
rather  than  acting  on  the  plunger.  The  velocity  upstream  from  the 
orifice  is  not  localized  and  hence  produces  forces  that  are  small  with 
respect  to  those  downstream.  The  fact  that  the  exhaust  port  forces  on 
the  plunger  are  small  compared  to  those  of  the  intake  was  confirmed  by 
tests.* 

There  is  a  small  time  lag  between  the  opening  of  the  ports  and  the 
dynamic  centering  force  which  is  proportional  to  the  rate  of  change  of 
oil  flow.  This  lag  results  from  the  fact  that  finite  time  is  required  to 
change  the  velocity  of  the  oil  mass  in  the  system.  At  high  frequencies, 
the  delay  results  in  a  considerable  phase  lag  between  the  plunger  posi- 
tion and  the  dynamic  force.  This  delay  means  that  fluid  velocity,  and 
hence  the  force,  is  higher  during  the  quarter  cycle  in  which  the  valve  is 
closing  than  it  is  during  the  cjuarter  cycle  in  which  the  valve  is  opening. 


*  Considerable  work  has  been  conducted  on  valve  theory  and  design  elsewhere 
since  the  J-7  valve  was  developed.  Reference  4  is  an  excellent  example  of  a  thor- 
ough analysis  of  valve  d3'namics  with  an  approach  to  the  i)rol)lem  from  a  thtferent 
viewpoint.  This  reference  reports  on  tests  and  theories  which  show  the  secondary 
forces  from  the  exhaust  and  intake  orifices  to  be  equal.  This  is  in  direct  contradic- 
tion to  the  experience  with  the  J-7  valve  and  remains  as  an  unresolved  problem 
in  the  mind  of  the  writer. 
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Therefore,  more  energy  is  exerted  on  accelerating  the  mass  of  the 
plunger  during  the  closing  operation  than  is  absorbed  in  slowing  the 
mass  during  the  opening  phase.  If  the  net  gain  in  momentum  is  larger 
than  can  be  absorbed  by  the  viscous  damping  of  the  oil  film  in  the  lapped 
fit,  oscillation^  will  occur.  In  the  case  of  the  J-7  this  oscillation  tended  to 
occur  at  slightly  over  400  cps. 

The  Bernoulli  force  described  above  was  recognized  and  measured 
early  in  the  development  of  this  series  of  valves,  but  was  considered 
unimportant  due  to  the  high  stiffness  and  large  damping  inherent  in  the 
design.  The  experimental  models  and  the  early  production  models  showed 
no  indication  of  oscillation.  Later  in  the  production  program,  the  lapped 
clearances  were  increased  and  high  ambient  temperatures  at  the  missile 
test  locations  were  encountered.  These  tW'O  factors  combined  to  reduce 
the  damping,  due  to  the  working  fluid,  to  the  point  where  hydraulic 
oscillation  occurred.  An  external  damper  was  added  to  alleviate  this 
problem.  The  damper  consisted  of  an  aluminum  piston  closely  fitted  to 
an  aluminum  cylinder.  A  viscous  fluid  (polyisobutylene)  between  these 
two  parts  provided  sufficient  damping  to  stabilize  operation.  This  fluid 
also  has  the  advantage  of  a  relatively  small  decrease  in  viscosity  with 
temperature.  This  type  of  damper  is  illustrated  on  the  valve  in  Fig.  3. 
(Subsequent  improvement  in  the  internal  design  of  the  valve  reduced 
the  dynamic  effect  to  the  point  where  the  need  for  the  external  damper 
has  been  eliminated.) 

Fig.  14  shows  a  compensated  intake  orifice  configuration  correspond- 
ing to  the  insert  picture  on  Fig.  13.  It  represents  the  first  attempt  to 
balance  the  dynamic  or  Bernoulli  force.  The  depth  of  the  annular  groove 


P'ig.  14  —  A  compensated  vtilvc  orifice. 
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in  the  plunger  is  reduced  and  a  curved  surface  added  to  direct  the  flow 
parallel  to  the  valve  axis.  This  configuration  reduces  the  dynamic  force 
for  two  reasons.  First,  the  amount  of  radial  surface  exposed  to  the  low 
pressure  is  greatly  reduced.  Second,  the  cur\'ed  surface  acts  much  like  a 
turbine  blade  in  deflecting  the  oil  stream  and  developing  a  reaction  thrust 
that  opposes  the  Bernoulli  force.  The  reaction  thrust  increases  as  the 
longitudinal  component  of  the  high-velocity  jet  is  increased.  If  the  jet 
can  be  turned  to  become  parallel  with  the  longitudinal  axis  without 
appreciable  loss  in  velocity,  the  maximum  reaction  thrust  is  obtained.  In 
this  case,  the  force  is  equal  to  the  increase  in  the  longitudinal  component 
of  momentum  over  the  conditions  of  the  free  jet  as  shown  in  Fig.  1.']. 

F  =  ^  (1  -  cos  69°)  (8) 

where 

F  =  force,  lb 

p    =  fluid  density,  Ib/cu  in 

q    =  flow  rate,  cu  in/sec 

V  =  fluid  \'elocity,  ft/sec 

g    =  acceleration  of  gravity,  ft/sec* 

Calculations  of  the  dynamic  forces  in  accordance  with  the  above  reason- 
ing yield  only  approximate  results  because  the  local  velocities  and 
their  gradients  are  functions  of  passage  shape  as  well  as  pressure  drops. 
The  contour  of  the  plunger  grooves  were  computed  for  use  in  the  first 
experimental  model,  whose  design  was  intended  to  alleviate  this  problem. 
Refinements  to  the  initial  model  were  made  by  cut-and-try  methods. 
Since  the  forces  involved  are  relatively  small,  and  their  magnitude 
changes  so  rapidly  with  plunger  position,  specialized  measuring  instru- 
ments had  to  be  developed  whose  sensitivity  was  high  and  compliance 
very  low. 

A  certain  amount  of  contradiction  was  apparent  in  the  force  measure- 
ments made.  To  better  understand  the  action  of  the  oil  within  the  valve, 
a  transparent  replica  of  the  cross  section  of  a  yaXxe  port  was  used  under 
a  microscope.  Figs.  15,  16,  and  17  are  illustrations  of  typical  tests.  Fig.  15 
is  two  views  of  an  early  type  valve  with  rectangular  ports  at  different 
openings  and  pressure  drops.  The  arrows  indicate  a  portion  of  the 
cylindrical  sliding  surface  separating  the  plunger  and  body.  The  lower 
left  shadow  is  the  sharp  corner  at  the  edge  of  the  annulus  in  the  plunger. 


Fig.  15  —  Oil  flow  through  simple  port. 


Fig.  16  —  Flow  through  port  with  decreased  Bernoulli  effect. 


Fig.  17  —  Flow  through  port  with  decreased  Bernoulli  effect  and  increased  flow. 
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The  lower  light  area  is  oil  in  the  annular  groove  of  the  plunger.  The  oil 
is  flowing  from  top  to  bottom.  It  will  be  noted  that  the  flow  on  the 
downstream  side  of  the  orifice  hugs  the  radial  surface  of  the  plunger, 
as  discussed  above  and  depicted  in  Fig.  13.  The  crosshair  and  the  comb- 
like scale  are  a  part  of  the  microscope. 

Fig.  16  shows  two  views  of  a  subsecjuent  trial  model  quite  similar  to 
that  shown  in  Fig.  14.  Here,  the  bottom  shadow  is  the  insert  and  the  top 
is  the  plunger.  The  flow  is  from  bottom  left  to  top  right.  This  particular 
design  reduced  the  Bernoulli  force  but  resulted  in  a  serious  reduction  in 
flow.  This  reduction  was  caused  by  the  large  cavitation  bubble  visible 
in  the  right  view.  This  bubble  was  the  result  of  rapid  rotation  of  oil  in 
the  chamber.  It  prevented  the  orderly  release  of  the  oil  through  the  in- 
ternal passage  to  the  actuating  cylinder  (not  visible  in  pictures) , 

Fig.  17  shows  a  trial  model  similar  to  the  J-7.  The  left  illustration 
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Fig.  18  —  Force  on  plunger  of  J-7  valve  due  to  Bernoulli  effect. 
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«hu\vs  the  oil  flowing  from  left  to  right  and  simulates  the  intake  port  of 
the  valve.  The  extra  land  on  the  plunger  directs  the  oil  stream  toward 
the  escape  passage  to  reduce  turbulence  and  cavitation  and  increase  oil 
flow.  The  right  illustration  illustrates  the  reverse  flow  of  oil,  right  to 
left,  and  represents  the  exhaust  port  of  the  valve. 

Fig.  18  is  a  plot  of  the  measured  Bernoulli  force  on  the  J-7  valve.  It 
will  be  noted  that  there  is  little  relation  between  the  curves  for  various 
pressure  drops.  No  simple  ecjuation  has  been  formulated  to  account 
for  the  forces  observed.  Although  Fig.  18  shows  the  Bernoulli  force  to  be 
large,  Fig.  11  shows  that  full  signal  produces  enough  net  force  on  the 
armature  to  overcome  this  force  at  any  valve  position. 

A  large  part  of  the  development  effort  on  the  J-7  model  was  expended 
on  the  problem  of  reducing  the  forces  caused  by  oil  flow.  For  the  same 
flow  conditions,  the  J-7  has  about  one-fifth  the  Bernoulli  force  of  earlier 
designs  with  simple  rectangular  grooves  in  the  plunger. 

Subsequent  to  the  initial  manufacture  of  the  J-7  valve,  the  design 
of  the  annular  grooves  and  body  inserts  has  been  improved  continually. 
Consequently,  the  Bernoulli  force  has  been  further  reduced  to  permit 
higher  operating  pressure,  and  hence  more  gain,  without  creating  a  hy- 
draulic oscillation  problem. 

THE  J-7  VALVE  AS  A  SERVO  ELEMENT 

For  any  given  set  of  operating  conditions,  the  transfer  function  (ex- 
pressed as  cubic  inches  of  oil  flow  per  milliampere  of  control  current 
unbalance  per  lb  per  square  inch  of  pressure  drop)  can  be  extracted 
from  the  information  presented  above.  However,  the  resulting  family 
of  curves  for  various  load  torques  would  be  of  little  use  to  the  servo 
designer.  The  pressure  drop  available  for  use  by  the  valve  is  different 
for  each  curve,  and  they  are  all  ciuite  nonlinear,  as  is  apparent  from  the 
data. 

The  overlap  of  the  valve  ports  results  in  another  type  of  nonlinearity 
that  complicates  the  loop  equalization  problem.  Examination  of  Fig.  12 
will  show  that  the  effect  of  the  overlap  is  a  small  dead  area  in  the  region 
of  zero  output  of  the  valve.  Small  signal  levels  will  cause  the  valve  arma- 
ture to  operate  in  and  around  the  vicinity  of  the  dead  zone,  resulting  in 
very  little  oil  flow.  Thus,  the  gain  of  the  valve  for  very  small  signals  is 
lower  than  for  signals  of  greater  magnitude. 

As  mentioned  earlier,  the  effect  of  the  nonlinearities  of  the  valve  is 
greatly  reduced  by  use  of  the  relatively  fast-acting  local  loop  which 
encompasses  the  valve,  actuating  cylinder,  and  amplifier.  This  inner,  or 
secondary,  loop  contains  sufficient  gain  to  insure  that,  in  spite  of  the 
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iioiilinearities,  the  fin  position  is  controlled  in  strict  accordance  with  the 
summation  of  the  input  signals  applied  to  the  amplifier. 

The  first  design  of  the  servo  circuits  was  made  by  using  the  slopes  and 
magnitudes  of  typical  and  extreme  points  of  operation  as  obtained 
from  Figs.  11  and  12.  The  design  of  the  servo  equalization  networks 
was  obtained  by  successive  refinements  made  during  actual  tests  of  the 
complete  servo  systems.  These  tests  were  performed  with  the  aid  of 
rather  elaborate  simulators  that  subjected  the  systems  to  the  condi- 
tions of  actual  flight. 

The  characteristics  of  the  valve  and  the  amplifier  which  drives  it,  as 
applied  to  a  servomechanism,  can  best  be  illustrated  by  plotting  gain  and 
phase  shift  versus  fretjuency  in  an  open  loop.  Fig.  19  is  such  a  graph. 
This  information  was  gathered  by  applying  an  input  signal  to  the  servo 
amplifier  from  an  oscillator.  The  valve  was  driven  by  the  amplifier  in 
the  usual  manner.  The  valve  controlled  the  flow  of  oil  to  a  piston  which 
operated  a  load  that  was  equivalent  to  a  typical  aerodynamic  load  as 
seen  by  the  control  surface.  The  voltage  from  the  fin-position  potenti- 
ometer was  compared  to  the  amplifier  input.  Fig.  19  shows  the  phase  and 
amplitude  comparison  of  these  two  voltages.  A  small  amount  of  feedback 
was  used  to  prevent  the  piston  from  drifting  to  one  end  of  the  cylinder. 
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The  data  were  adjusted  to  correct  for  the  errcjr  introduced  in  this 
manner,  so  that  open  loop  conditions  are  represented.  The  etiualization 
networks  have  compensating  leading  characteristics  to  prevent  the  oscil- 
lation suggested  by  the  increasing  phase  shift  at  the  higher  frefiuencies. 

If  the  servo  acted  in  strict  accordance  \\  ith  minimum-phase  network 
theory,  the  slope  of  the  gain  curve  would  have  started  to  increase  at  the 
high  frequenc}^  end  of  Fig.  19.  The  effects  of  nonlinearities  caused  by 
such  things  as  overlap  and  dither  action  cause  this  departure  from 
classical  theory.  Actually,  the  slope  does  start  toward  12  db  per  octave 
just  above  the  frequency  range  shown. 

Part  of  the  phase  shift  shown  on  Fig.  19  is  due  to  the  inductance  of  the 
coils  and  the  relatively  low  source  impedance  of  the  amplifier  used.  Later 
amplifier  designs  have  much  higher  output  impedance,  which  has 
greatly  reduced  this  effect. 

CONCLUSION 

The  series  of  hydraulic  valves  developed  for  use  in  the  NIKE  missile 
provide  a  light-weight,  high-performance  control  element  for  positioning 
aerodynamic  control  surfaces.  Although  these  electrohydraulic  trans- 
ducers provide  a  high  power  amplification,  they  are  relatively  simple 
single-stage  devices.  Their  successful  application  in  the  XIKE  missile 
has  caused  hydraulic  servos  to  be  considered  for  many  other  military 
control  systems,  some  of  which  are  under  active  development  at  this 
time.  The  hydraulic  servo  has  many  advantages  to  offer  in  the  high 
power  field  that  cannot  be  provided  by  other  conventional  types.  It  is 
expected  that  these  advantages  will  foster  a  great  increase  in  the  use  of 
hydraulic  servos  in  high  performance  applications  in  the  next  few  years. 
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Strength  Requirements  for  Round  Conduit 

By  G.  F.  WEISSMANN 
(Manuscript  received  October  16,  1956) 

Underground  conduits  arc  subjected  to  external  loads  caused  by  the 
weight  of  the  backfill  material  and  by  loads  applied  at  the  surface  of  the 
fill.  These  external  loads  will  produce  circumferential  bending  moments  in 
the  conduit  wall.  The  magnitude  and  distribution  of  the  bending  moments 
have  been  determined  by  measurements  of  the  circumferential  fiber  strains 
in  thin-walled  metal  tubes  subjected  to  the  external  loads.  The  effects  of 
different  backfill  materials,  different  trench  width,  and  trench  depth  have 
been  investigated.  Bending  moments  caused  by  static  and  dynamic  loa^s 
have  been  compared.  The  bending  moments  are  finally  expressed  in  terms 
of  the  required  crushing  strength. 

INTRODUCTION 

For  many  years,  vitrified  clay  has  been  the  principal  material  for 
underground  conduit  used  as  cable  duct  by  the  Bell  System.  Vitrified 
clay  conduit  has,  in  general,  given  excellent  service.  It  has  more  than 
adeciuate  strength  and  durability  for  the  wide  variety  of  conditions 
under  which  it  must  be  used  and  for  the  long  service  life  expected  of  it. 
For  this  reason,  relatively  little  attention  has  been  given  to  the  formula- 
tion of  special  strength  reciuirements  for  this  type  of  conduit  during 
the  period  in  which  it  has  been  standard  for  Bell  System  use. 

For  some  time  other  types  of  conduit,  mainly  in  the  form  of  single 
duct,  h&ye  appeared  on  the  market.  Many  of  their  properties  make 
them  attractive  enough  to  be  considered  for  Bell  System  use.  However, 
to  prevent  possible  failure  or  excessive  deformation  of  the  conduit  under 
field  conditions  each  type  of  conduit  should  meet  minimum  strength 
requirements,  in  order  to  provide  the  same  reliable  service  that  clay 
conduit  has  given.  The  main  purpose  of  this  investigation  was  to  deter- 
mine the  minimum  strength  reriuirement  for  round  conduit  under  vari- 
ous field  conditions. 

An  extensive  investigation  of  the  effects  of  external  loads  on  closed 
conduits  has  been  conducted  at  the  Iowa  Engineering  Experiment  Sta- 
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tion.'-  Ilowexcr,  duo  to  the  liir^v  (lianu'ter.s  of  the  coiiduits  ii.scd  and 
the  particular  test  eonditions  employed,  tJie  test  results  obtained  were 
not  directly  applicable  for  the  determination  of  strength  reciuirements 
for  conduits  for  the  Bell  System. 

Underground    conduits   under   service    conditions   are    subjected    to 
external  loads.  These  external  loads  are  caused  by: 

a.  The  weight  of  the  backfill  material. 

b.  The  loads  applied  at  the  surface  of  the  fill. 

The  magnitude  and  distribution  of  the  external  loads  around  the  con- 
duit are  affected  by: 

1.  The  properties  of  the  backfill  material. 

2.  The  magnitude  of  the  applied  load  at  the  surface  of  the  fill. 

3.  The  height  of  the  backfill  over  the  conduit. 

4.  The  trench  width. 

5.  The  bedding  condition. 

6.  The  diameter  of  the  conduit. 

7.  The  flexibility  of  the  conduit. 

8.  Impact. 

9.  Arrangements  of  conduits  in  the  trench. 

10.  Consolidation  and  compaction  of  the  backfill  material. 

1 1 .  Auxiliary  protection  of  the  conduit. 


Fig.  1  —  Thin-walled  tube  with  SR-4  strain  gages. 
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Fig.  2  —  Test  set. 


External  loads  acting  upon  the  conduit  produce  circumferential  bend- 
nig  moments  in  the  conduit  wall.  The  magnitude  and  distribution  of 
these  bending  moments  have  been  determined  in  tests  conducted  recently 
at  the  Outside  Plant  Development  Laboratory,  Chester,  New  Jersey, 
and  at  Atlanta,  Georgia.  These  tests  were  made  with  gravel,  sand,  and 
clay  as  backfill,  in  trenches  of  ^'arious  width  and  depth  and  under  con- 
ditions simulating,  as  nearly  as  possible,  those  encountered  in  the  field. 


TEST  APPARATUS  AND  PROCEDURE 


A  test  method  was  developed  which  permitted  the  determination  of 
the  circumferential  bending  moments  in  thin-walled  conduits  under 
field  conditions. 

The  test  device  consisted  of  thin-walled  aluminum  or  steel  tubes  of 
one  foot  length.  The  steel  tubes  used  had  an  outside  diameter  of  4  inches 
and  a  wall  thickness  of  0.062  inches;  the  aluminum  tubes  had  an  out- 
side diameter  of  4.5  inches  and  a  wall  thickness  of  0.065  inches.  SR-4 
strain  gages  were  attached  to  the  inside  surface  of  the  tube.  Each  tube 
was  efjuipped  with  four  equispaced  SR-4  strain  gages  (type  A-o),  (Fig. 
1).  One  aluminum  tube  contained,  in  addition,  sixteen  SR-4  strain 
gages  (type  A-8),  which  were  ec^ually  distributed  around  the  internal 
circumference  of  the  tube.  By  means  of  an  SR-4  strain  indicator  and  an 
Edin  brush  recorder  it  is  possible  to  measure  the  strains  caused  by  static, 
as  well  as  by  dynamic  loads.  The  strains  could  })e  measured  with  an 
accuracy  of  drlO  X  10~^  inch  per  inch. 
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The  test  equipment  used  is  shown  in  Fig.  2.  Each  tube  was  laid  length- 
wise on  the  trench  bottom  between  two  pieces  of  plastic  conduit  of  the 
same  outside  diameter.  The  tubes  were  oriented  so  that  one  of  the  strain 
gages  was  at  the  top  of  each  tube.  The  trench  was  then  filled  with  the 
backfill  material.  The  loads  at  the  surface  of  the  fill  were  applied  by 
using  trucks  with  various  measured  wheel  loads.  The  trucks  were  either 
moved  slowly  to  a  stop  in  position  over  each  tube,  or  driven  at  moderate 
speed  across  the  trench.  Additional  impact  tests  were  made  with  a 
Hydrahammer,  which  consists  of  a  500-pound-weight  dropped  from 
different  heights  onto  the  surface  of  the  fill.  Each  tube  was  subjected, 
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Fig.  3  —  Strain  measurements  versus  applied  load. 
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ill  the  laboratory,  to  various  two-point  loads  (two  edge  bearing  loads). 
Strain  readings  were  taken  during  each  test. 

Table  I  lists  the  tests  conducted  and  the  test  conditions  investigated. 

TEST    RESULTS 

Field  and  laboratory  measurements  obtained  from  each  strain  gage 
were  plotted  as  a  function  of  the  applied  load.  A  typical  example  for  a 
field  measurement  is  shown  in  Fig.  3.  For  this  example,  as  well  as  for 
several  hundreds  of  similar  measurements,  a  linear  relationship  between 
the  measured  strains  and  the  applied  loads  could  be  observed.  For  each 
case  this  linear  relationship  was  derived  from  the  data  using  the  method 
of  least  squares.  The  straight  line  in  Fig.  3  was  plotted  by  this  method 
and  is  shown  with  the  data  obtained  in  the  test. 

MOMENT   DISTRIBUTION 

Soil  pressure  acting  upon  a  thin-walled  tube  will  cause  circumferential 
forces  and  bending  moments  in  the  wall  of  the  tube.  Furthermore,  it  is 
assumed  that  the  strains  caused  by  the  compressive  forces  are  small 
compared  with  those  caused  by  the  circumferential  bending  moments 
and  are  therefore  neglected.  For  pure  bending,  the  following  relation- 
ship for  circumferential  bending  moments  and  fibre  strains  is  established. 

M  =lh'E,  (1) 

where 

M  =  circumferential  bending  moment  per  unit  length  (in  lb/in) 

h     =  wall  thickness  of  tube  (in) 

E    =  modulus  of  elasticity  (psi) 

€     =  circumferential  fibre  strains  (in/in) 

The  circumferential  bending  moment  of  a  thin-walled  tube  of  unit 
length  subjected  to  a  two-point  load  is  determined  analytically: 


•) 


M  =  —    -  -  sin  d  (2) 


where 

M  =  circumferential  bending  moment  per  unit  length  (in  lb/in) 

F    =  applied  two-point  load  (lb/in) 

r     =  radius  of  the  tube  (in) 

6     =  angle  with  vertical  axis  of  tube 

The  calculated  circumferential  bending  moments  (2)  and  those  deter- 
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niiued  by  strain  measurements  and  Equation  (1)  are  compared  in  Fig.  4. 
The  agreement  is  very  close. 

Fig.  5  shows  the  theoretical  moment  distribution  in  a  thin-walled 
tube  subjected  to  a  uniformly  distributed  vertical  pressure;  Fig.  6  is 
the  theoretical  moment  distribution  in  the  same  tube  subjected  to  a 
uniformly  distributed  vertical  pressui'e  at  the  top  of  the  tube  and  a 
point  load  at  the  bottom  of  the  tube. 

Fig.  7  shows  the  typical  experimental  moment  distribution  in  a  thin- 
walled  tube  in  an  18-inch  wide  and  40-inch  deep  trench  with  a  backfill 
(36-inch  cover)  of  moist  Georgia  clay  subjected  to  an  applied  surface 
load  of  10,000  lb.  Fig.  8  shows  the  moment  distribution  under  the  same 
conditions  but  with  a  backfill  of  moist  fine  sand. 
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Fig.  4  —  Analytical  and  e.xperimental  momoiit   distrihiition  in  a  thin-walled 
tube  under  two-point  load. 


744 


THE    BELL    SYSTEM    TECHNICAL   JOURNAL,    MAY    1957 


BEDDING    EFFECT 

Based  on  the  theoretical  considerations  illustrated  in  Figs.  5  and  6, 
comparison  of  Figs.  7  and  8  indicates  a  high  load  concentration  at  the 
bottom  of  the  tube  buried  in  a  trench  with  clay  backfill.  For  a  verifica- 
tion of  this  assumption,  a  series  of  additional  tests  were  conducted.  The 
test  tube  was  placed  upon  (a)  a  flat  steel  plate  and  then  covered  with 
moist  clay,  (b)  a  flat  steel  plate  and  then  covered  with  dry  sand,  and 
(c)  carefully  distributed  moist  clay  and  then  covered  with  clay.  The 
external  load  was  then  applied.  The  moment  distributions  obtained  for 
cases  (a),  (b),  and  (c)  are  shown  in  Figs.  9,  10  and  11,  respectively. 

A  comparison  of  the  data  presented  in  Figs.  9  and  11  shows  the  effect 
of  the  bedding  condition  on  the  moment  distribution  (steel  plate  versus 
clay  bedding).  These  data,  as  well  as  theoretical  considerations  (Figs.  5 
and  6),  indicate  that  the  bedding  condition  affects  mainly  the  bending 
moment  at  the  bottom  of  the  tube  and  only  to  a  lesser  degree  the  bend- 
ing moment  at  right  angles  to  the  vertical  axis.  Due  to  a  change  in 
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Fig.  5  —  Theoretical  moment  distribution  in   a  thin-walled  tube  subjected  to 
uniformly  distributed  vertical  pressure. 
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bedding,  the  moment  at  the  l^ottom  may  vary  up  to  235  per  cent,  and 
the  moments  at  the  side  points  maj^  change  a  maximum  of  12  per  cent.^ 
The  field  data  indicate  that  l)edding  is  of  particular  importance  with 
moist  clay  backfill,  and  to  a  lesser  degree  for  moist  fine  sand.  However, 
bedding  did  not  appear  to  affect  the  moment  distribution  of  the  tube  for 
a  dry  sand  or  gravel  backfill. 

TRENCH    WIDTH 

The  effect  of  the  trench  width  on  the  magnitude  of  the  bending  mo- 
ments in  a  conduit  has  been  investigated.  The  presently  available  test 
results  indicate  the  following: 

a.  Xo  significant  difference  in  the  magnitude  of  the  bending  moments 
of  the  tube  (4.5-inch  diameter)  could  be  observed  for  a  trench  width 
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Fig.  6  —  Theoretical  moment  distribution  in  a  thin-walled  tube  subjected  to 
uniformly  distributed  vertical  pressure  at  the  top  and  point  load  at  the  bottom. 
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hotwooii  18  and  30  inches.  The  majiiiiludc  of  the  bending-  niomenls 
appeared  to  he  only  a  function  of  the  backfill  nuiterial,  the  appHed  load, 
and  the  height  of  backfill  over  the  conduit. 

b.  For  a  trench  width  of  5  inches,  the  bending  moments  seemed  to 
be  independent  of  the  type  of  backfill  material.  The  same  results  have 
been  obtained  with  a  backfill  of  clay,  sand,  or  gravel.  This  phenomenon 
indicates  that  the  applied  load  was  carried  mainly  by  the  undisturbetl 
soil  but  deformation  of  the  trench  walls  together  with  friction  between 
the  backfill  material  and  the  trench  walls  transmitted  the  load  to  the 
conduit.  The  magnitude  of  the  bending  moments  in  5-inch  wide  trenches 


e|  =  MEASURED      STRAINS        [iN/In] 
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Fig.  7  —  Moment  distribution  in  ;i  thin  wnllcd  tul)e,  usiiij^  clay  hnckfiil. 
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depends  on  the  characteristics  of  the  undisturl)ed  soil.  A  comparison  of 
the  values  obtained  from  a  5-inch  wide  trench  dug  in  sandy  clay  (typical 
Chester,  N.  J.  soil)  and  trenches  between  18  and  30  inches  wide  shows 
that  the  values  for  5-inch  width  are  greater  than  for  an  18-  to  30-inch 
width  when  using  sand  backfill,  and  less  when  using  clay  backfill. 

(Text  continued  on  page  750) 
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Fig.  8  —  Moment  distribution  in  a  thin-walled  tube,  using  sand  backfill. 
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LOADING    CONDITION 
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Fig.  9  —  Moment  distribution  in  thin-  walled  tube  resting  on  steel  plate  and 
covered  with  moist  clay. 
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Fig.  10  —  Moment  distribution  in  thin-walled  tube  resting  on  steel  plate  and 
covered  with  drv  sand. 
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Fig.  11  — Moment  distribution  in  a  thin-walled  tube  in  moist  clay. 


BACKFILL   MATERIAL   AND    HEIGHT   OF    BACKFILL 

Backfill  provides  the  main  protection  for  conduits  against  loads  ap- 
plied at  the  surface  of  the  fill.  The  type  of  backfill  used  and  the  height 
of  the  backfill  over  the  conduit  are  therefore  extremely  important.  Figs. 
12,  13,  and  14  show  the  relationship  between  the  bending  moments  in 
the  conduit  and  the  height  of  backfill  for  different  applied  loads.  Fig. 
12  shows  this  relationship  for  clay  as  backfill,  Fig.  13  for  fine  sand,  and 
Fig.  14  for  gravel.  The  maximum  bending  moment  is  here  expressed  in 
terms  of  the  "equivalent  two-point  load."  The  equi^'alent  two-point 
load  is  the  two-point  load  that  will  cause  the  same  maximum  bending 
moment  in  the  conduit  wall  as  the  maximum  bending  moments  measured 
in  the  field.  The  relationship  between  the  two-point  load  and  the  bend- 
ing moments  in  the  walls  of  the  conduit  was  given  by  (2).  The  equivalent 
two  point  load  is  obtained  for  0  =  0  and  becomes 


STRENGTH    REQUIREMENTS    FOR    ROUND    CONDUIT 


751 
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Fig.  12  —  Equivalent  two  point  load  ver.sus  height  of  cover  for  clay  backfill. 
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The  two-point  load  was  chosen  as  a  measure  of  the  bending  moment 
for  convenience  in  laboratory  testing  of  new  conduits.  The  two-point 
load  system  is  undoubtedly  the  simplest  method  for  testing  cylindrical 
or  near-cylindrical  shapes  in  conventional  compression  testing  machines 
(crushing  test).  Since  most  of  the  supplementary  conduit  materials  are 
cylindrical  in  shape,  the  most  obvious  rec^uirement  would  be  in  terms 
of  minimum  two-point  loading. 

The  data  in  Figs.  12,  13,  and  14  were  obtained  as  follows: 
The  bending  moments  at  points  perpendicular  to  the  vertical  axis 
were  represented,  as  a  function  of  the  applied  load,  by  a  straight  line, 
determined  by  the  method  of  least  scjuares.  This  was  done  for  all  the 
investigated  depths  and  backfill  materials.  The  side  points  were  used 
as  a  basis  of  comparison  because  they  were  less  affected  by  a  change  in 
the  bedding  conditions.  With  reference  to  the  considerations  of  the 
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Fig.  13  —  Equivalent  two-point  load  versus  height  of  cover  for  sand  backfill. 
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l)edding  eft'ect,  the  possible  maximum  bending  moment  at  the  bottom 
of  the  tube  was  obtained  by  doubling  the  values  of  the  side  points. 
Figs.  12  and  14  show  clearly  that  the  maximum  bending  moments  occur 
in  wet  claj^,  and  also  that  improvement  is  obtained  by  an  increase  in 
the  height  of  backfill  or  a  decrease  of  the  applied  load.  These  figures 
apply  to  4-inch  diameter  tubes.  In  conversion  of  results  obtained  using 
4.o-inch  diameter  tubes,  it  was  assumed  that  the  eciuivalent  two-point 
load  is  directh'  proportional  to  the  tube  diameter. 

DYNAMIC    LOAD 

A  study  was  made  to  determine  the  effect  of  moving  loads  on  the 
maximum  bending  moment  of  the  conduit.  For  this  purpose  trucks  were 
driven  over  the  backfill  at  a  speed  of  approximately  20  miles  per  hour, 
the  strains  measured  and  then  compared  with  those  obtained  by  static 
loads.  The  results  show  that  for  a  clay  backfill,  the  bending  moments 
due  to  dynamic  loads  were  equal  to  or  even  smaller  than  those  obtained 
by  static  loads.  For  sand  backfill,  however,  the  dynamic  loads  caused 
an  increase  of  the  maximum  bending  moments  of  approximatel}^  10  per 
cent.  These  results  are  in  close  agreement  with  dynamic  load  tests  con- 
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ducted  by  H.  Loreiiz/  Further  tests  conducted  witli  500-lb  weights 
(h-opped  from  different  heights  demonstrated  that  the  effect  of  dynamic 
loads  for  clay  backfill  is  of  minor  importance. 

FURTHER   INVESTIGATION  i| 

The  tests  previously  conducted  did  not  include  investigations  of  the  ' 
effects  of  conduit  flexibility,  various  conduit  diameters,  multiple  arrange- 
ments of  the  conduits  in  the  trench,  consolidation  and  compaction  of  the 
backfill,  and  auxiliary  protection  of  the  conduit.  Studies  of  these  factors 
are  noAV  in  progress. 

SUMMARY 

Strength  requirements  of  underground  conduits  depend  on  \'arious 
factors.  The  most  severe  conditions  were  obtained  with  wet  Georgia  clay 
as  backfill  for  a  trench  width  of  18  to  30  inches.  The  relationship  between 
the  height  of  backfill,  the  load  applied  at  the  surface  of  the  backfill,  and 
the  equivalent  two-point  load  for  these  conditions  is  shown  in  P'ig.  12. 
For  example,  a  round  conduit  of  4-inch  mean  diameter  under  24  inches 
of  clay  cover  subjected  to  an  applied  load  of  15,000  lb  should  be  able  to 
carry  a  two-point  load  of  1,250  lb  wdthout  fracture  of  excessive  deforma- 
tion. Figs.  12  to  14  can  be  used  to  determine  the  required  crushing 
strength  of  4-inch  round  conduits  subjected  to  different  applied  loads, 
buried  at  different  depths  with  clay,  sand,  or  gravel  cover,  but  only  for 
trench  widths  of  18  inches  or  more.  Although  this  investigation  is  not 
completed,  the  results  obtained  to  date  may  be  used,  within  the  indi- 
cated limits  of  application,  for  the  selection  of  acceptable  conduit. 
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Cold  Cathode  Gas  Tubes  for  Telephone 
Switching  Systems 

By  M.  A.  TOWNSEND 

(Manuscript  received  September  4,  1956) 

Cold  cathode  gas  tubes  perform  both  switching  and  memory  functions  in 
telephone  switching  systems.  One  measure  of  the  performance  of  a  switching 
diode  is  the  switching  voltage  gain,  defined  in  terms  of  the  characteristics  of 
the  demce.  Some  of  this  gain  must  be  sacrificed  in  order  to  increase  the  switch- 
ing speed,  in  a  way  which  is  analogous  to  the  gain-bandwidth  property  of  a 
conventional  amplifier.  In  this  paper,  methods  of  achieving  a  high  switching- 
voltage  gain  are  described  in  terms  of  the  gas  discharge  processes.  An  example 
is  given  of  an  application  of  these  principles  to  a  tube  for  use  as  a  switch  in 
series  with  the  talking  path  in  an  electronic  telephone  switching  system. 

INTRODUCTION 

Gas  discharge  tubes  have  found  extensive  use  in  telephone  switching 
and  other  digital  systems.  Most  of  these  applications  take  advantage  of 
the  fact  that  both  switching  and  memory  can  be  provided  by  a  single 
gas  discharge  device.  The  switching  characteristics  result  from  the  fact 
that  the  device  is  an  essentially  open  circuit  when  the  gas  is  not  ionized 
and  a  closed  circuit  when  the  gas  is  ionized.  The  memory  function  is 
possible  because  the  tube  can  be  held  in  a  high  current  condition,  once 
it  is  ionized,  by  a  voltage  which  is  too  low  to  initiate  this  conduction. 
Thus  a  triggering  signal  which  ionizes  the  tube  is  "remembered"  until 
the  holding  voltage  is  removed  and  the  tube  is  allowed  to  de-ionize. 

In  some  applications,  gas  tubes  are  used  as  switching  devices  in  series 
with  voice  frequency  circuits.  For  this  purpose,  the  tube  must  offer  a  low 
impedance  to  audio  frec^uency  signals  in  addition  to  meeting  require- 
ments of  switching  and  memory. 

This  paper  first  describes  some  switching  characteristics  of  gas  tubes 
considered  as  circuit  elements.  Desirable  performance  objectives  are  es- 
tablished in  terms  of  these  device  characteristics.  Following  this,  physi- 
cal processes  within  the  tube  are  described  as  they  relate  to  circuit  per- 
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formance.  Finally,  a  description  is  given  of  a  new  talking  path  tube  in 
which  improved  switching  and  transmission  performance  have  been 
achieved. 

EXTERNAL   SWITCHING    PROPERTIES 

From  the  point  of  view  of  the  external  circuit,  a  gas  diode  may  often 
be  treated  as  a  device  which  is  an  open  circuit  so  long  as  the  applied 
voltage  is  low,  and  which  becomes  a  conductor  if  the  applied  voltage  is 
raised  above  a  threshold  or  "breakdown"  value  for  a  sufficient  length 
of  time.  When  the  tube  is  conducting  currents  of  the  order  of  a  few 
tens  of  microamperes  or  higher,  the  voltage  is  relatively  independent 
of  current  and  has  a  value,  referred  to  as  the  "sustaining  voltage", 
which  is  less  than  the  breakdown  voltage. 

Although  the  details  of  actual  circuits  differ,  it  is  possible  to  illustrate 
some  important  switching  principles  by  the  simplified  circuit  of  Fig.  1(a). 
A  gas  diode  is  shown  with  the  cathode  connected  to  a  bias  voltage  E 
through  a  load  resistor.  A  signal  source,  assumed  to  have  zero  internal 
impedance  is  connected  to  the  anode.  The  output  voltage  waveform 
corresponding  to  a  pulse  input  is  shown  in  Fig.  1(b).  Note  that  after  a 
time  delay,  t,  the  output  rises  to  a  voltage  that  differs  from  the  total 
applied  voltage  by  an  amount  equal  to  the  sustaining  voltage  of  the 
tube.  The  memory  function  is  illustrated  by  the  fact  that  the  output 
signal  remains  after  the  input  signal  is  removed. 

It  is  often  desired  to  use  the  output  signal  resulting  from  the  triggering 
of  one  tube  to  switch  one  or  more  additional  tubes.  Since  the  input  signals 
can  be  a  few  microamperes  and  the  output  signal  can  be  tens  of  milliam- 
peres,  a  large  current  gain  is  available  from  a  gas  tube.  In  many  applica- 
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Fig.  1  —  Simplified  gas  diode  switching  circuit. 
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tions,  however,  it  is  desired  to  apply  the  output  voltage  directly  to  other 
tubes  without  impedance  transformation.  In  this  case,  voltage  gain  is  of 
more  interest  than  current  gain.  The  maximum  voltage  gain  per  stage, 
defined  as  the  maximum  output  voltage  divided  by  the  minimum  input 
signal,  is  limited  by  variation  in  tube  characteristics  as  will  now  be  shown. 
The  bias  voltage  E  of  Fig.  1  is  expected  never  to  cause  breakdo\\'n 
during  times  when  the  input  voltage  is  zero.  This  establishes  the  upper 
limit  of  E  as 

1^1^    V,  ,„in  (1) 

where  Vb  min  is  the  minimum  breakdown  voltage  at  any  point  in  the 
life  of  any  tube  to  be  used  in  the  circuit.  As  the  bias  voltage  E  approaches 
breakdown,  the  input  signal  voltage  required  for  triggering  approaches 
zero,  and  if  there  were  no  variation  in  breakdown  voltage  or  bias  voltage, 
and  no  noise  voltages,  the  gain  could  be  made  to  approach  infinity. 

The  input  signal,  added  to  the  bias,  must  be  made  large  enough  always 
to  cause  breakdown.  Thus  the  minimum  input  signal  is  determined  by 
Vb  max  ,  the  maximum  breakdown  voltage  at  any  point  in  the  life  of  any 
tube  to  be  used  in  the  circuit: 


Combining  (1)  and  (2) 


or 


ein    ^    Vb  max    "    E  (2) 

a    =     '  B  max  '  B  min 

ein  ^  AFb  (3) 


where  AVb  is  the  maximum  variation  in  breakdown  voltage  among  all 
tubes  to  be  used  in  the  circuit. 

The  output  signal  is  the  difference  between  the  bias  voltage  and  the 
sustaining  voltage  of  the  tube: 

gout    =    E    -     T^sVlS  (4) 

The  minimum  output  voltage  corresponds  to  the  maximum  sustaining 
voltage,  Fsus  max  .  It  is  this  value  that  must  be  used  in  calculating  the 
maximum  gain  per  stage  as  limited  bj^  the  tube  characteristics.  The  gain 
is  then  calculated  as 

f,      ,  E—V  Vr.       ■       —     V 

/~i  «'Out  -«-'         '   sus  max  '  B  mm  '  sus  max  ff\ 

ein  AT  B  AFb 

This  gain  cannot  be  realized  in  practice  because  additional  allowances 
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must  be  made  for  the  variation  in  power  supply  voltages  and  protection 
against  noise.  In  some  cases  the  need  for  higher  speed  reduces  the  gain 
still  further,  as  will  now  be  shown. 

In  Fig.  1  a  delay,  t,  is  indicated  between  the  application  of  the  trig- 
gering signal  and  the  appearance  of  the  output  signal.  Part  of  the  delay 
is  statistical  in  nature  and  part  is  occasioned  by  the  building  up  of  ioniza- 
tion within  the  tube.  As  will  be  discussed  later,  the  delay  can  be  reduced 
by  tube  design  technicjues.  Howe\'er,  for  any  gi\'en  tube,  the  delay  is  a 
function  of  the  excess  of  the  tiggering  voltage  over  the  breakdown  volt- 
age. The  larger  this  overvoltage,  Fov  ,  the  shorter  is  the  breakdown  delay. 
Since  this  overvoltage  must  be  added  directly  to  the  input  signal,  the 
gain  is  reduced. 

Although  not  shown  in  Fig.  1,  the  tube  is  turned  off  by  applying  a  sig- 
nal that  reduces  the  anode-to-cathode  voltage  below  the  sustaining  value. 
This  turn-off  signal  must  have  sufficient  duration  so  that  the  tube  does 
not  again  break  down  at  the  return  to  normal  bias  conditions.  If  the  turn- 
off  pulse  duration  is  less  than  that  needed  for  complete  recovery,  the  ef- 
fective breakdown  voltage  is  reduced.  Ecjuation  (5)  can  be  modified  to 
show  the  effect  of  this  reduction  in  turn-off  time  by  defining  a  quantity 
Vr ,  the  reduction  in  breakdown  voltage  resulting  from  incomplete 
recovery  of  the  tube.  The  combined  effects  of  Vr  and  Fov  are  then 

/->  \'  B  min  •   r)  '  sus  max  /^.x 

AT  B  +  Fov 

Equation  (6)  shows  that  faster  turn-on  obtained  by  increasing  the 
over  voltage  Fov  and  faster  turn-off  obtained  by  allowing  for  decrease  in 
breakdown  voltage  by  an  amount  Vr ,  both  result  in  a  reduction  in  volt- 
age gain.  Thus  the  familiar  trade  of  speed  for  gain  extends  to  gas  tube 
switching  circuits.  Summarizing,  it  can  be  seen  by  (5)  that  constant 
breakdown  voltage  and  large  difference  between  breakdown  and  sustain 
are  desirable  switching  properties.  Also,  as  shown  in  (6),  the  tube  should 
be  designed  so  that  the  overvoltage  needed  to  cause  fast  breakdo\m  is 
small  and  the  recovery  of  breakdown  voltage  after  the  tube  is  turned  off 
is  fast.  It  is  useful  to  consider  now  the  internal  physical  processes  of  a 
cold-cathode  glow-discharge  tube  in  order  to  see  how  the  desired  external 
properties  can  be  obtained. 

PHYSICAL   PROCESSES    OF    A    COLD    CATHODE    GLOW    DISCHARGE 

Since  the  gas  particles  are  neutral  and  the  cathode  does  not  spon- 
taneously emit  electrons,  current  flow  requires  an  auxiliary  supply  of 
charged  particles.  A  small  amount  of  radioactive  material  to  ionize  some 
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Fig.  2  —  Voltage  versus  current  curve  of  typical  gas  diodes. 

of  the  gas  or  very  small  photoelectric  emission  of  electrons  from  the 
cathode  are  commonly  used  for  this  auxiliary  supply.  A  typical  voltage- 
current  curve  is  shown  in  Fig.  2.  At  low  voltage,  the  current  is  very 
small,  often  being  in  the  range  of  lO^^"*  ampere  or  less.  The  current  in- 
creases with  the  voltage  because  collisions  of  electrons  with  neutral  gas 
atoms  produce  additional  excitation  and  ionization  in  the  gas.  Some  of 
the  new  ions  and  excited  gas  atoms  release  new  electrons  by  secondary 
emission  when  they  strike  the  cathode. 

The  rate  of  increase  of  current  with  voltage  depends  on  the  kind  and 
the  pressure  of  the  gas  filling,  the  cathode  material,  and  the  tube  geome- 
try. An  important  characteristic  of  the  gas  is  defined  by  an  ionization 
coethcient  rj,  which  represents  the  number  of  new  electrons  (and  ions) 
produced  by  a  single  electron  moving  through  the  gas  a  distance  corre- 
sponding to  one  volt  of  potential  difference.^  This  coefficient  is  a  function 
of  the  kind  of  gas  and  of  the  ciuantity  E/po  where  E  is  the  voltage  gradi- 
ent and  po  is  the  normalized  gas  pressure.  The  fact  that  there  is  an  opti- 
mum E/po  at  which  tj  is  a  maximum  will  be  important  to  later  discussion. 
The  electron  current  at  the  anode,  4  ,  produced  by  gas  amplification  of  a 
photoelectric  current  I'n  at  the  cathode  is^ 


?u 


U>c 


Jvo  '"'^■ 


(7) 
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wlicre  r  is  the  aiicxie  vollajijc  and  W  Is  the  initial  voltage  through  which 
the  electrons  must  travel  l)efore  they  can  ionize. 

The  ions  produced  in  the  space  by  this  process  flow  back  toward  the 
cathode.  The  ion  current  ip  resulting  from  this  process  is 


=  io(e^  '»        -  1 


ioie-' "»        -  1)  (8) 

As  mentioned  above,  new  electrons  are  released  at  the  cathode  by  posi- 
tive ions,  neutral  atoms  excited  to  a  metastable  state,  and  photons  gen- 
erated in  the  gas.  These  secondary  processes  can  be  grouped  together  by 
defining  a  coefficient  y  as  the  number  of  new  electrons  released  at  the 
cathode  by  all  of  these  processes  for  each  positive  ion  generated  in  the 
cathode-anode  space.  Thus  each  electron  passing  from  cathode  to  anode, 
on  the  average,  results  in  the  release  of  M  new  electrons  where 

M  =  7(e-''^*'        -  1)  (9) 

Each  new  electron  from  the  cathode  is  also  amplified  in  the  gas  so  that 
after  n  multiplication  cycles,  the  electron  current  at  the  anode  is^ 


in  =  ioe^''"  ''\l  +  ill  +  ^/2  +  •  •  •  +  M-) 


(10) 


When  M  is  less  than  unity  and  n  -^  x  (the  eciuilibrium  state),  (10)  re- 
duces to  a  steady  state  value  of 

.  _  ioe     °  (11) 

*         1  -  M 

Since  the  current  is  dependent  on  the  initial  current  iu  ,  the  discharge 
is  said  to  be  non-self-sustaining.  This  corresponds  to  the  portion  AB 
of  the  curve  of  Fig.  2. 

If  the  applied  voltage  is  made  high  enough,  the  multiplication  factor 
approaches  unity,  the  current  of  (11)  becomes  independent  of  the  initial 
current,  and  the  tube  is  said  to  have  broken  down.  This  condition  cor- 
responds to  the  horizontal  portion  BC  of  Fig.  2.  To  control  this  break- 
down voltage,  the  cathode  secondary  emission  coefficient  7  and  the  gas 
ionization  coefficient  rj  must  be  controlled. 

The  secondary  emission  coefficient  is  highly  sensitive  to  the  surface 
conditions  of  the  cathode.  Pure  metals  such  as  molybdenum  are  often 
preferred  to  coated  surfaces  because  they  permit  highly  stable  and  repro- 
ducible emission.  With  the  cathode  surface  determined,  the  breakdown 
voltage  can  be  adjusted  by  changing  the  gas  filling  and  tube  geometry. 
Fig.  3  show^s  the  breakdown  voltage  for  a  tube  having  parallel-plane 


COLD    CATHODE    GAS    TUBES    FOK   TELEPHONE    SWITCHING    SYSTEMS         7(31 
220 

210 

200 

In  190 

o 
> 

J  180 

O 
Q 

5    170 
a. 


160 


150 


MO 


/ 

/ 

f 

/ 

/ 

/ 

/ 

J 

/ 

/ 

MOLYBDENUM   CATHODE 
NEON    FILLING    GAS 
AT   50  MM   Hg 

\ 

/ 

Vl 

1  23456789 

SPACING,  d,  IN    CM   X    PRESSURE,  po,  IN   MM    OF    Hg 


10 


Fig.  3  —  Breakdown  voltage  as  a  function  of  spacing  and  pressure  for  parallel 
plane  anode  and  cathode. 

anode  and  cathode  geometry,  a  molybdenum  cathode,  and  neon  filling 
gas.  The  curve  is  plotted  as  a  function  of  the  product  of  pressure  po 
in  mm  Hg  and  electrode  separation  d  in  cm.  Approximately  the  same 
plot  would  obtain  for  other  pressures  because  both  77  and  7  are  functions 
of  (E/po)  and,  for  uniform  fields,  E  is  simply  the  voltage  divided  by  the 
separation 

(E)  ^1^1. 

(at  breakdown  Cl      Po 


(Po). 


(12) 


Since  the  variation  of  7  with  E/po  is  small  and  may  be  ignored  in  this 
elementary  discussion,  the  minimum  breakdown  ^'Oltage  corresponds 
ver}^  nearly  to  the  optimum  value  of  the  ionization  coefficient  rj.  At 
spacings  or  pressures  less  than  optimum,  t/  is  reduced  because  some  elec- 
trons strike  the  anode  without  colliding  with  gas  atoms.  At  spacings  or 
pressures  greater  than  optimum,  rj  is  reduced  because  electrons  do  not 
gain  enough  energy  between  collisions  to  ionize  efficiently. 

It  can  be  seen  that  a  way  of  meeting  the  switching  reciuirement  of 
constant  breakdown  \'oltage  would  be  to  design  the  tube  to  operate  at 
the  minimum  of  Fig.  8.  Minor  changes  in  spacing  or  filling  pressure  from 
one  tube  to  another  and  changes  in  pressure  with  tube  operation  would 
result  in  small  changes  in  breakdown  voltage.  The  advantages  of  op- 
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Fig.  4  —  Breakdown  voltage  as  a  function  of  spacing  and  pressure  for  small 
wire  anodes  parallel  to  cathode  surface. 

eration  at  the  minimum  of  the  p^d  curve  can  be  retained  and  the 
breakdown  voltage  made  higher  by  resorting  to  non-uniform  geometry. 
Typical  curves  are  shown  in  Fig.  4.  The  cathode  was  a  small  rectangular 
plate  and  the  anode  was  a  wire  placed  parallel  to  the  cathode  surface. 
It  is  seen  that  as  the  anode  diameter  is  decreased,  the  minimum  of  the 
breakdown  curve  is  increased.  The  practical  limit  is  set  by  mechanical 
stability  of  the  anode  and  by  transmission  requirements,  as  will  be  dis- 
cussed later. 

The  rise  in  minimum  breakdown  voltage  as  the  anode  size  is  reduced 
can  be  explained  on  the  basis  of  the  distortion  of  the  electric  field.  Near 
the  cathode,  E  is  lowered,  and  near  the  anode,  E  is  increased,  as  com- 
pared to  the  parallel  plane  case.  If  the  spacing  is  adjusted  for  optimum 
E/pi)  with  parallel  planes,  then  rj  is  necessarily  less  than  optimum  for  the 
distorted  fields. 

Returning  now  to  Fig.  2,  we  note  that,  as  the  current  is  increased 
beyond  breakdown,  the  tube  voltage  falls  to  a  lower  sustaining  value  and 
again  is  relatively  constant  with  current.  This  lowei'  voltage  corresponds 
to  the  development  of  a  space-charge  layer  of  positive  ions  near  the 
cathode  and  an  increased  voltage  gradient  at  the  cathode.  This  highei" 
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field  results  in  an  increase  in  the  ionization  coefficient  rj,  and,  in  some 
cases,'^  a  larger  effective  value  of  the  secondary  emission  coefficient  7. 
This  is  because  electrons  released  by  the  secondary  emission  processes 
may  strike  neutral  gas  atoms  and  be  reflected  back  to  the  cathode.  A 
higher  gradient  increases  the  probability  of  escape  of  such  an  electron. 
Thus  the  multiplication  factor  M  of  (9)  can  ecjual  unity  at  a  lower  total 
applied  voltage. 

Practical  tubes  filled  with  neon  or  argon  gas  have  sustaining  voltages 
near  100  volts  when  pure  molybdenum  or  tungsten  cathodes  are  used. 
Cathodes  coated  with  barium  and  strontium  oxide  may  sustain  at  60 
volts.  However,  since  this  lower  sustain  is  accompanied  by  a  lower 
breakdown  voltage,  the  difference  between  them  is  not  increased.  Also, 
since  the  coated  cathode  surface  is  more  variable  between  tubes  and  with 
tube  operation,  the  switching  voltage  gain  may  be  reduced  with  such 
cathodes. 

The  gas  pressure  and  cathode  geometry  determine  the  length  of  the 
flat  portion  DE  of  Fig.  2.  Over  this  current  range,  the  area  covered  by 
the  glow  discharge  increases  with  current  until  at  E  the  cathode  is 
completely  covered.  Increasing  the  cathode  area  or  gas  pressure  increases 
the  total  current  required  for  coverage.  At  still  larger  currents,  the  sus- 
taining voltage  increases  rapidly  as  indicated  by  the  solid  curve  EF. 
Broken  curve  EF'  applies  to  a  special  cathode  geometry  called  a  hollow 
cathode.*  Such  a  cathode  may  be  formed  by  the  interior  of  a  cylinder  or 
by  placing  two  plane  cathodes  close  together  so  that  the  negative  glow 
regions  overlap.  Under  this  condition  electrons,  ions,  and  excited  atoms 
generated  near  one  cathode  can  aid  in  current  flow  from  the  other 
cathode.  Dotted  curve  EF"  applies  to  a  particular  form  of  hollow 
cathode^  in  which  cathode  shape  and  gas  pressure  have  been  selected 
to  give  a  negative  slope  in  the  high  current  region.  This  negative  slope 
represents  a  negative  resistance  and  permits  audio-frequency  signals 
to  be  transmitted  through  the  tube  without  loss. 

Anode  effects  have  not  been  discussed.  In  general,  the  anode  shape 
and  location  do  not  affect  the  sustaining  voltage  or  the  ability  of  the  dis- 
charge to  transmit  audio  frequency  unless  the  anode-cathode  spacing  is 
too  large.  The  basic  requirement  is  that  the  anode  should  be  large 
enough  to  intercept  enough  electrons  to  carry  whatever  current  is  re- 
(luired  by  the  external  circuit.  Even  a  small  anode  placed  near  the 
cathode  space-charge  region  can  meet  this  requirement.  Thus  the  sus- 
taining voltage  of  a  tube  designed  to  have  a  breakdown  voltage  near 
the  minimum  of  Fig.  '.]  or  Fig.  4  will  not  in  general  be  sensitive  to  the 
anode  size  or  shape. 
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The  transition  from  low  current  to  high  current  in  a  gas  diode  can  thus 
be  thought  of  as  the  process  of  introducing  a  space  charge  of  positive  ions 
in  the  region  near  the  cathode.  This  is  done  by  raising  the  voltage  tem- 
porarily above  the  breakdown  value.  To  switch  back  to  the  low  current, 
it  is  necessary  to  decrease  the  multiplication  factor  M  below  unity  by 
temporarily  lowering  the  voltage  and  allowing  the  ions  and  excited  atoms 
to  diffuse  out  of  the  cathode  and  anode  region.  Both  the  turn-on  and  the 
turn-off  processes  impose  time  restrictions  on  the  switching  character- 
istics. 

The  multiplication  factor  M  of  (9)  applies  to  an  average  process. 
Thus,  even  though  M  is  greater  than  unity,  it  is  possible  that  the  ioniza- 
tion and  excitation  produced  in  the  gas  by  any  individual  electron  msLj 
not  release  a  new  electron  at  the  cathode.  It  is  therefore  necessary  on 
the  average  to  wait  for  more  than  the  time  between  initiating  electrons 
before  the  discharge  starts  to  build  up. 

The  average  statistical  delay  is  then  equal  to  the  average  time  between 
successful  starting  events.  If  .Vo  photoelectrons  per  second  are  emitted 
from  the  cathode  and  W  is  the  fraction  of  these  which  successfully  initiate 
a  discharge,  the  average  statistical  delay  is^ 

The  fraction  W  -would  be  expected  to  increase  with  an  increase  in  the 
multiplication  factor  M  and  hence  with  the  overvoltage  above  break- 
down. It  has  been  shown  theoretically  and  experimentally^  that  this 
is  the  case.  For  voltages  only  slightly  in  excess  of  breakdown,  i.e.,  small 
overvoltages,  Fov  ,  the  expression  for  average  statistical  delay  can  be 
approximated  by 

^AV   ^   ^  (14) 

'  ov 

In  practical  tubes  with  overvoltages  of  10  volts,  the  average  statistical 
delay  may  be  of  the  order  of  milliseconds  with  radioactive  sources  of 
ionization.  Short  delays  of  the  order  of  microseconds  are  obtained  by 
providing  an  auxiliary  "keep-alive"  discharge  to  a  separate  electrode  or 
by  illumination  that  provides  a  photoelectric  current  in  the  range  of 
10~^^  amperes, 

A  formative  delay  in  breakdo^\Ti  also  occurs  because  time  is  required 
for  current  to  build  up  to  the  final  value.  This  time  is  equal  to  the 
product  of  the  number  of  multiplication  cycles  and  the  time  per  cj'cle. 
The  number  of  multiplication  cycles  recjuired  is  reduced  as  multiplica- 
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tion  factor  M  is  increased  with  increasing  overvoltage.  The  multipHca- 
tion  factor  M  inchides  electrons  released  at  the  cathode  by  slow  moving 
metastable  gas  atoms  as  well  as  those  released  by  the  faster  positive 
ions.  At  very  low  overvoltages,  these  slow  components  must  be  included 
before  the  current  can  build  up.^  At  higher  overvoltages  enough  positive 
ions  are  produced  so  that  M  is  greater  than  unity  without  waiting  for  the 
slow  components.  Thus  the  effective  time  per  multiplication  cycle  is 
reduced  with  increasing  overvoltage.  Since  the  number  of  cycles  and  the 
time  per  cycle  are  both  decreased  the  formative  delay  decreases  rapidly 
with  increasing  overvoltage.  A  typical  formative  delay  for  a  neon  filled, 
molybdenum  cathode  switching  tube  at  5  volts  overvoltage  might  be 
of  the  order  of  100  microseconds. 

APPLICATION    TO    A    TALKING-PATH    SWITCHING    DIODE 

The  principles  discussed  above  have  been  applied  in  the  development 
of  a  cold-cathode  gas  diode  for  use  as  a  switch  in  series  with  the  speech 
path  in  an  electronic  switching  system.  The  objectives  were  a  switching 
voltage  gain  as  high  as  possible,  a  breakdown  time  of  less  than  a  few 
hundred  microseconds,  and  a  low  transmission  impedance  for  audio- 
frequency signals. 

A  sketch  of  one  version  of  the  resulting  tube  is  sho^vn  in  Fig.  5.  The 
cathode  is  a  molybdenum  rod  which  has  a  small  hollow  cathode  portion 
in  the  upper  end.  The  anode  is  a  small  molybdenum  wire  placed  near  the 
minimum  breakdown  distance  and  slightly  to  one  side  of  the  opening 
in  the  end  of  the  cathode.  A  barium  getter  is  flashed  to  one  side  of  the 
bulb  wall  and  a  small  tungsten  wire  spring  is  arranged  to  make  electrical 
contact  with  the  getter  flash.  A  neon  filling  gas  at  a  pressure  near  100  mm 
Hg  is  used. 

The  cathode  geometry  has  several  interesting  properties.  It  was 
found  that  the  shape  of  a  cylindrical  hollow  cathode  is  unstable  at  very 
high  current  densities  and  that  it  will  rapidly  grow  into  a  spherical 
cavity  with  a  small  orifice.*  Typical  dimensions  are  a  sphere  diameter 
of  0.0:^0  inch  and  an  orifice  diameter  of  0.008  inch.  At  an  operating  cur- 
rent of  10  milliamperes,  the  current  density  in  the  orifice  is  of  the  order 
of  50  amp/cm^.  Once  the  sphere  has  stabilized  it  will  operate  many 
thousands  of  hours  with  relatively  small  changes  in  shape.  The  trans- 
mission properties  of  the  stabilized  spherical  cavity  cathode  are  similar 
to  the  earlier  negative  resistance  hollow  cathode  tubes.*  Typical  im- 


*  This  cathode  was  developed  by  A.  D.  White  of  Bell  Telephone  Laboratories 
and  will  be  described  more  completely  by  him  in  a  forthcoming  publication. 
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pedance  values  are  800  ohms  negative  resistance  and  50  ohms  inductive 
reactance  at  10  milliamperes  operating  current,  with  a  superimposed 
audio-frequency  signal  of  3,000  cycles  per  second. 

Even  though  the  cathode  geometry  is  stable,  some  cathode  material 
escapes  through  the  orifice  and  will  rapidly  collect  on  an  anode  placed 
directly  over  the  opening.  It  is  therefore  necessary  to  locate  the  anode 
to  one  side  of  the  orifice.  The  extremely  high  ionization  density  near  the 
cathode  orifice  allows  considerable  flexibility  in  anode  location  without 
affecting  the  sustaining  voltage  or  destroying  the  negative  resistance. 

High  switching-voltage  gain  is  obtained  by  using  a  small  anode  formed 
by  a  0.005-inch  diameter  molybdenum  wire  placed  perpendicular  to  the 
end  of  the  cathode  at  a  spacing  of  approximately  0.005  inch.  Breakdown 
voltage  is  nominally  190  volts  with  a  range  of  ±10  volts  over  all  tubes 
and  over  the  nominal  operating  life  of  4,000  hours.  The  sustaining  volt- 
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Fig.  5  —  A  talking-path  switching  diode. 
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age  at  the  operating  current  of  10  nia  is  U!)  ±  2  volts.  Thus  the  .switching 
gain  from  (5)  is  (180  101)/20  or  o.9.  In  practice,  switching  is  often  done 
without  allowing  the  full  100  milliamperes  operating  current  to  flow. 
Under  these  conditions,  the  sustaining  voltage  may  be  10  or  15  \-olts 
higher,  with  a  conseciuent  reduction  in  switching  ^'oltage  gain. 

Short  breakdown  times  were  desired  for  this  tube.  It  was  not  desirable 
to  use  enough  radium  to  obtain  the  needed  initial  ionization,  since  it  is 
expected  that  large  numbers  of  these  tubes  will  be  concentrated  in  a 
relatively  small  space.  Also,  the  molybdenum  cathode  does  not  emit 
photoelectrons  unless  short  wavelength  ultraviolet  illumination  is  used. 
The  solution  chosen  was  to  use  the  barium  getter  flash  as  an  auxiliary 
photocathode.  An  electrical  contact  is  made  to  the  getter  deposit  and 
this  is  connected  through  a  high  resistance  to  the  main  cathode.  Visible 
light  or  long  wave  ultraviolet  light  is  readily  transmitted  through  the 
bulb  and  produces  photoelectric  current  in  the  auxiliary  gap.  This  cur- 
rent is  amplified  b}^  the  gas,  but  remains  a  non-self-sustaining  discharge. 
Currents  of  10"^"  amperes  are  readily  available  with  a  few  foot-candles  of 
illumination.  This  current  is  too  small  to  afi'ect  the  breakdown  voltage 
of  the  main  gap,  but  produces  enough  residual  ionization  to  allow  break- 
down times  of  the  order  of  100  microseconds  to  be  obtained  with  a  few 
volts  overvoltage.  The  high  resistance  connection  to  the  main  cathode 
may  be  of  the  order  of  20  to  50  megohms.  It  protects  the  photocathode 
from  deterioration  which  might  result  from  high  currents  when  the  main 
gap  is  conducting. 

Recovery  of  breakdown  voltage  following  conduction  is  rapid.  Meas- 
urements indicate  that  the  breakdown  \'oltage  is  within  the  limits  of 
190  ±  10  volts  in  less  than  500  microseconds.  The  relatively  high  gas 
pressure  and  close  spacings  speed  up  the  deionization  process. 

The  tube  described  has  not  been  designed  for  large  scale  manufacture 
although  several  hundred  models  have  been  made  and  tested  to  establish 
the  feasibility  of  the  design. 

SUMMARY 

Some  useful  switching  properties  of  gas  diodes  can  be  described  by 
defining  the  switchiug-voltage  gain.  This  gain  is  shown  to  be  equal  to 
the  difference  between  the  breakdown  and  the  sustaining  voltage  divided 
by  the  variation  in  the  breakdown  voltage.  The  gain  is  reduced  if  faster 
switching  times  are  required. 

The  switching-voltage  gain  is  discussed  in  terms  of  the  physical 
processes  in  a  gas  discharge.  It  is  shown  that  a  high  gain  can  be  obtained 
by  using  an  inefficient  anode  operating  at  the  minimum  of  the  curve 
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of  ])reakdo\vu  voltage  versus  the  i)roclu('t  of  gas  pressure  and   anode 
distance. 

A  tube  is  described  which  uses  these  principles  to  achieve  a  high  gain 
over  a  useful  operating  life  of  4,000  hours,  and  which  has  a  negative  re- 
sistance to  audio  fretiuency  signals  superimposed  on  the  dc  operating 
current.  Fast  switching  is  obtained  by  an  auxiliary  photoelectric  cathode 
formed  by  making  an  electrical  connection  to  a  barium  getter  flash. 
Satisfactory  tube  operationg  has  been  obtained  for  continuous  operation 
for  times  which  are  ecjuivalent  to  20  to  40  years  of  intermittent  operation 
in  switching  systems. 
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Activation  of  Electrical  Contacts 
by  Organic  Vapors 

By  L.  H.  GERMER  and  J.  L.  SMITH 

Unrcproducibiliti)  of  earlier  work  on  the  erosion  of  relay  contacts  has  been 
traced  to  the  effects  of  organic  vapors  in  the  atmosphere.  Carbon  from  de- 
composition of  these  vapors  greatly  alters  the  conditions  under  which  an 
electric  arc  can  be  initiated  and  can  be  sustained.  The  importance  from  the 
standpoint  of  erosion  comes  from  the  fact  that  for  many  circuit  conditions 
contacts  activated  by  this  carbon  cannot  be  protected  against  severe  arcing 
by  any  conventional  capacitance-resistance  network.  This  paper  reports 
investigations  which  have  enabled  us  to  understand  the  activation  of  contacts 
by  organic  vapors. 
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INTRODUCTION 

Contamination  of  surfaces  by  organic  vapors  is  a  subtle  factor  that 
influences  the  electrical  erosion  of  relay  contacts.  Because  of  this  con- 
tamination, contacts  in  the  telephone  plant  sometimes  erode  very  much 
more  than  one  would  expect  from  simple  laboratory  life  tests.  This  caused 
considerable  confusion  until  about  1945  when  the  influence  of  organic 
vapors  was  recognized.  The  term  "activation"  is  used  here  to  describe 
changes  in  the  surfaces  of  electrical  contacts  which  give  rise  to  greater 
arcing  when  an  electrical  circuit  is  completed  or  broken  than  would 
occur  if  the  metal  surfaces  were  clean.*  Although  its  cause  is  generally 
carbon  from  organic  vapors,  there  are  occasionally  other  causes.  This 
paper  is  an  account  of  recent  research^  on  activation  produced  by  organic 
vapors,  t 

It  has  been  found  that  the  carbon  that  causes  activation  is  formed  on 
the  electrode  surfaces  by  decomposition  of  adsorbed  organic  molecules. 
Microscopic  examination  of  contacts  gives  a  very  sensitive  way  of  de- 
tecting incipient  activation,  since  the  carbon  can  easily  be  seen  before 
any  electrical  effects  are  observed.  The  minimum  amount  of  carbon 
necessary  for  activation  is  of  the  order  of  0.05  microgram. 

Activation  has  been  produced  on  noble  metals  only,  and  only  b}'  un- 
saturated ring  compounds.  When  experiments  are  carried  out  on  clean 
noble  metal  surfaces  under  controlled  conditions  which  do  not  permit 
burning  of  carbon,  it  is  found  that  the  amount  of  carbon  formed  by  an 
arc  corresponds  to  approximately  a  monolayer  of  organic  molecules  on 
the  area  heated  by  the  arc.  After  a  surface  has  become  active,  the  amount 
of  carbon  formed  by  each  arc  is  considerably  increased  and  corresponds 
to  the  decomposition  of  several  monolayers  of  molecules.  In  air,  the  situ- 


*  The  term  "activation"  has  sometimes  been  used  heretofore  to  signify  en- 
hanced erosion  resulting  from  organic  vapors.  This  is  a  different  definition  from 
that  used  in  this  paper,  due  to  the  fact  that  in  some  cases,  long  sustained  arcs 
produce  less  erosion  than  arcs  of  shorter  duration.  This  is  often  true  for  silver 
surfaces,  as  described  below.  In  a  case  of  this  sort,  a  surface  may  have  a  great 
deal  of  carbon  on  it  and  be  very  "active"  by  our  definition,  when  it  would  be 
considered  not  active  at  all  by  the  definition  that  relates  activation  to  rate  of 
erosion. 

t  Other  causes  of  activation  will  not  be  considered  here.  See  Reference  2,  page 
961. 
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ation  is  much  complicated  by  burning  of  carbon  and  by  the  impedance 
offered  by  air  to  diffusion  of  molecules  to  the  electrode  surfaces.  Because 
of  these  complicating  factors,  activation  will  not  occur  in  air  if  the  vapor 
pressure  is  too  low  or  if  the  time  between  arcs  is  too  short. 

Arcs  at  the  making  and  breaking  of  clean  contacts  —  clean  in  the  sense 
that  they  are  free  from  carbon  —  produce  transfer  of  metal  from  one  con- 
tact to  the  other  with  a  resulting  pit  and  mound  of  about  equal  volumes. 
The  situation  is  greatly  changed  by  carbon.  The  presence  of  carbon 
causes  increased  arcing,  alters  the  characteristics  of  the  arcs,  and  greatly 
changes  the  resulting  erosion  both  in  character  and  amount.  With  carbon 
present,  some  or  even  all  of  the  eroded  metal  does  not  stick  to  the  elec- 
trodes, and  there  is  often  loss  of  metal  from  both  of  them,  the  missing 
metal  turning  up  mixed  with  carbon  in  a  loose  black  powder.  With  car- 
bon on  the  surfaces,  successive  arcs  occur  at  different  places,  and  the 
resulting  erosion  tends  to  be  smooth  with  the  electrodes  worn  down  uni- 
formly all  over  their  surfaces.  This  is  because  each  arc  burns  off  carbon 
at  its  center,  while  it  produces  more  around  its  periphery  where  the 
metal  is  cooler,  and  each  new  arc  strikes  on  a  newly  carbonized  surface. 

Everj^  arc,  of  either  the  active  sort  or  of  the  "inactive"  sort  which 
occurs  at  clean  surfaces,  is  predominantly  an  arc  in  metal  vapor.  The 
active  arcs,  as  well  as  the  arcs  at  clean  surfaces,  are  of  one  or  the  other 
of  two  quite  distinct  types  which  have  been  called,  respectively,  "anode 
arcs"  and  "cathode  arcs"  (Reference  3  and  4  which  are  concerned  with 
palladium  electrodes  only).  In  an  anode  arc,  most  of  the  metal  of  the 
arc  is  vaporized  from  the  anode  by  electron  bombardment,  but  in  a 
cathode  arc  the  metal  is  supplied  from  the  cathode  by  the  explosion  of 
small  areas  due  to  Joule  heating  by  field  emission  currents  of  enormous 
densities  flowing  through  them.  In  an  anode  arc,  the  erosion  is  predom- 
inantly from  the  anode,  and  in  a  cathode  arc  from  the  cathode. 

Whether  a  particular  arc  is  of  the  anode  or  of  the  cathode  type  is  de- 
termined by  the  electrode  separation  and  the  contact  metal.  For  pal- 
ladium electrodes,  an  arc  is  an  anode  arc  if  the  separation  is  less  than 
about  0.5  X  10~^  cm,  but  a  cathode  arc  if  the  separation  is  greater  than 
this  \-alue.  The  corresponding  critical  distance  for  silver  is  3  or  4  X  10~* 
cm.  The  carbon  particles  producing  activation  permit  breakdown  at 
separations  for  which  it  would  not  occur  in  the  absence  of  carbon,  and 
thus  favor  cathode  arcs.  The  critical  distance  of  palladium  is  so  small 
that  all  active  palladium  arcs  are  cathode  arcs,  with  the  greater  loss  of 
metal  from  the  cathode.  For  silver,  on  the  other  hand,  the  critical  dis- 
tance is  so  large  that  active  arcs  at  silver  surfaces  are  in  many  cases  anode 
arcs,  with  the  greater  loss  of  metal  from  the  anode  as  in  the  case  of  inac- 
tive silver  arcs. 
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Part  I  —  Electrical  Effects 

1.  OBSERVATIONS    ON   ACTIVATION 

Just  how  different  the  behavior  of  contacts  can  be  in  the  clean  or  inacJ 
tive  condition,  and  in  the  active  condition,  is  shown  strikingly  by  the 
oscilloscope  traces  of  Fig.  1.  Each  trace  represents  a  plot  against  time 
of  the  voltage  across  a  pair  of  protected  relay  contacts  when  the  contacts 
are  pulled  apart  to  break  a  current  through  an  inductive  load.  The  cir- 
cuits used  with  the  two  pairs  of  palladimn  contacts  were  identical, 
the  only  difference  of  an}^  sort  being  in  the  conditions  of  the  surfaces  of 
the  contacts  produced  by  exposure  of  the  second  pair  of  contacts  to 
organic  vapor.  In  the  trace  of  Fig.  1  (a) ,  the  potential  across  the  contacts 
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Fig.  1  —  Oscilloscope  traces  of  the  voltage  across  relay  contacts  breaking  a 
current  of  half  an  ampere  through  an  inductive  relay  load.  In  each  case  a  stand- 
ard protective  network  of  a  0.5  fii  capacitor  in  series  with  100  ohms  is  in  parallel 
with  the  contacts,  (a)  Clean  or  "inactive"  contacts,  with  no  observable  arc.  (b) 
Active  contacts,  with  a  sustained  arc  lasting  400  microseconds. 


rises  abruptly  on  break  from  zero  to  50  volts,  and  then  continues  to 
increase  as  the  capacitor  of  the  protective  network  is  gradually  charged 
up;  there  is  no  arc  or  other  discharge  at  the  contacts.  In  the  trace  of 
Fig.  1(b),  the  potential  rises  on  break  to  about  14  volts  and  remains  at 
this  value  for  400  microseconds.  This  represents  an  electric  arc  that  oc- 
curred across  the  contacts,  the  14  volts  being  the  potential  characteristic 
of  arcs  over  short  distances  at  pallaium  electrodes  (Reference  2,  Table 
II).  The  energy  dissipated  at  the  contacts  by  this  arc  was  about  25,000 
ergs. 

A  number  of  worth  while  experiments  upon  activation  can  be  carried 
out  with  no  better  method  of  measuring,  or  detecting,  activation  than 
the  observation  of  oscilloscope  traces  like  those  of  Fig.  1,  or  correspond- 
ing traces  obtained  from  contacts  discharging  a  small  capacitor  on  closure 
(Reference  2,  Fig.  1).  One  can  find  what  organic  vapors  produce  activa- 
tion, and  what  metals  can  be  activated.  This  can  be  extended  to  discover 
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what  vapor  pressure  is  needed  and  how  the  minimiun  pressure  depends 
upon  the  conditions  of  the  test;  for  example,  upon  the  electrical  test 
circuit.  Some  results  of  simple  tests  of  this  sort  will  be  given  before  going 
on  to  present  anything  more  fundamental  about  what  is  happening  when 
contacts  become  active. 

Activation  is  produced,  in  general,  by  repeated  operation  of  a  pair  of 
contacts  closing  or  breaking  an  electric  circuit  in  air  containing  an  organic 
^'apor.  At  the  beginning  of  a  test  of  this  sort,  oscilloscope  traces  look  the 
same  as  they  would  look  in  the  absence  of  the  vapor,  but  with  continued 
operation,  arcs  may  begin  to  occur  when  there  were  initially  no  arcs, 
or  the  durations  of  arcs  may  become  greater.  Activation  is  not  produced 
b}'  simply  allowing  contacts  to  stand  idle  in  an  activating  vapor  even 
for  very  long  times,  and  even  when  the  partial  pressure  of  the  vapor  is 
extremely  high.  Nor  is  activation  produced  unless  currents  are  made  or 
broken.  Operating  contacts  "dry"  in  a  high  pressure  of  an  activating 
vapor  does  indeed  make  them  temporarily  active,*  but  this  condition 
is  unimportant  from  the  standpoint  of  erosion.  Under  conditions  that 
are  effective  in  producing  acti\'ation,  the  number  of  operations  required 
before  increased  arcing  can  be  detected  is  usually  greater  than  100,  and 
often  greater  than  10*. 

In  general,  noble  metals  can  be  activated  by  organic  vapors  and  base 
metals  cannot.  Vapors  of  unsaturated  ring  compounds  produce  activa- 
tion and  other  organic  vapors  do  not.  Tests  have  been  made  upon  the 
metals  Ag,  Au,  Cu,  Pd  and  Pt  which  can  be  activated  and  upon  Co,  Cr 
Fe,  Mn,  Mo,  Ni,  Sn,  Ta,  Ti  and  W  which  have  not  been  activated. f  The 
vapors  of  nearly  50  organic  compounds  have  been  tested,  about  half  of 
them  unsaturated  ring  compounds  which  produce  activation,  and  about 
half  other  compounds  which  do  not.  (These  are  listed,  in  part  only,  in 
Reference  2,  Table  1).  A  very  large  number  of  tests  have  been  carried 
out  upon  benzene,  limonene  and  styrene.  For  these  three  compounds 
the  minimum  partial  pressures  which  just  produce  activation  of  silver 
electrodes  in  air  under  certain  standard  conditions,  and  of  platinum 
electrodes  in  air,  for  which  the  results  are  the  same  as  for  sih'er,  were 
found  to  be  respectively  0.1,  0.03  and  0.003  mm  Hg. 

Some  insight  into  activation  is  obtained  by  direct  examination  of 
active  contacts.  Black  soot  can  always  be  seen  on  active  contacts,  and 
if  they  have  been  operating  for  some  time  in  activating  vapor,  the 
amount  of  soot  may  be  great  enough  to  produce  a  visible  deposit  under- 

*  See  the  Section  7.3  on  "Brown  Deposit." 

t  Ni  and  ]V  have  been  activated  in  the  presence  of  an  organic  vapor  in  a  con- 
tainer in  which  the  pressure  of  air  was  reduced  to  0.01  mm  Hg,  Reference  5,  page 
1090. 
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neath  the  electrodes.  It  is  clear  that  the  increased  arcing  of  activation 
is  caused  by  solid  carbonaceous  material  made  b}'  decomposition  of 
organic  vapor  and  not  by  the  vapor  itself.  Clean  metal  contacts  can,  in 
fact,  be  made  to  show  all  of  the  symptoms  of  activation  by  allowing  soot 
from  a  flame  to  settle  on  their  surfaces.*!  Activation  produced  in  this 
way  is,  of  course,  temporary,  lasting  only  until  the  deposited  soot  is 
burned  away. 

When  one  looks  for  characteristics  of  arcs  between  active  surfaces  to 
which  numerical  values  can  be  attached,  four  features  come  at  once  to 
mind  —  the  electric  field  at  which  an  arc  strikes,  the  voltage  across  the 
arc  after  it  is  established,  the  minimum  arc  current  (which  is  just  the 
current  at  which  the  arc  goes  out),  and  finally,  after  the  arc  is  over,  the 
amount  of  metal  that  was  gained  or  lost  by  each  of  the  electrodes  during 
the  arc.  All  of  these  ciuantities  have  been  measured  for  active  arcs  as 
well  as  for  arcs  at  clean  surfaces,  and  a  brief  summary  of  the  results  of 
the  measurements  is  given  here. 

1.1  Striking  Field 

To  measure  the  electrode  separation  at  which  an  arc  strikes  between 
closing  electrodes,  relay  contacts  were  operated  repeatedly,  discharging 
on  each  closure  a  capacitor  charged  to  a  measured  voltage.  An  arc  at 
each  closure  was  assured  by  using  short  leads  between  the  capacitor  and 
the  contacts  to  keep  the  circuit  inductance  very  low.  The  time  from  the 
initiation  of  the  arc  to  the  touching  of  the  contacts  was  measured  on  an 
oscilloscope.  J 

Fig.  2  illustrates  the  results  of  measurements  made  b}^  F.  E.  Ha- 
worth^  upon  palladium  electrodes  closing  at  30  cm  sec  to  discharge  a 
veiy  small  capacitor  charged  to  50  volts.  Before  the  start  of  the  experi- 
ment the  electrodes  had  been  cleaned  by  repeated  arcing  in  air,  and  the 
first  experimental  point  represents  the  closure  of  these  clean  electrodes. 
All  of  the  other  measurements  were  made  in  air  containing  a  fairly  high 
partial  pressure  of  limonene  vapor.  Each  point  plotted  on  the  curve  rep- 

*  Unpublished  work  of  P.  P.  Kisliuk. 

t  It  is  interesting  to  point  out  that  a  surface  is  not  made  active  by  rubbing 
petrolatum  upon  it,  although  activation  will  occur  very  quickly  if  an  electric 
current  is  made  or  broken  at  such  a  greasy  surface,  so  that  some  of  the  grease  is 
decomposed. 

t  For  inactive  arcs,  it  is  necessary  to  make  a  correction  for  the  height  of  the 
mound  of  metal  thrown  up  by  the  arc  (Reference  6,  page  1136).  After  the  contacts 
become  active,  there  is  no  appreciable  mound  thrown  up  (at  palladium  surfaces), 
and  the  electrode  separation  at  the  initiation  of  the  arc  is  calculated  at  once  from 
the  closure  time  and  the  previously  measured  electrode  velocity.  The  height  of 
the  mound  produced  before  the  contacts  are  active  was  minimized  b.y  using  a 
capacitance  of  only  40  X  10^'^  farad. 
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Fig.  2  —  Breakdown  distance,  and  apparent  striking  field,  for  arcing  at  relay 
contacts  on  closure  in  the  presence  of  limonene  vapor,  plotted  against  number 
of  operations.  Each  closure  discharges  a  very  small  capacitor  charged  to  50  volts. 
Contacts  are  clean  and  inactive  at  the  beginning  of  the  test. 

resents  the  average  of  100  separate  measurements.  During  tests  of  this 
sort,  it  was  discovered  that,  with  frequent  microscopic  examination  of 
the  electrodes,  black  sooty  material  could  easily  be  seen  after  the  first 
30  closures,  before  certain  evidence  of  activation  could  be  obtained  in 
any  other  known  way.  In  Section  4.1,  it  is  shown  that  this  material  is 
carbon. 

The  average  electrode  separation  at  which  an  arc  struck  between  clean 
electrodes  at  the  beginning  of  the  curve  of  Fig.  2  was  about  1  X  10~* 
cm  and  after  the  electrodes  became  covered  by  sooty  material,  about 
8  X  10~^  cm.  The  apparent  striking  field  was  decreased  by  activation 
from  5  X  10^  to  0.6  X  10*  volts/cm.  When  measurements  were  made  at 
250  volts,  rather  than  50  volts,  the  striking  field  in  the  active  condition 
was  only  slightly  higher,  0.8  X  lO"'  volts/cm.  Activation  produces  a 
lowering  of  the  apparent  striking  field,  regardless  of  the  value  of  the 
applied  voltage.* 


1.2  Arc  Voltage 

The  observed  voltage  across  an  arc  at  active  palladium  contacts  agrees 
in  general  with  that  of  palladium  cathode  arcs,  which  is  about  16  (Refer- 
ence 4,  Fig.  7  and  Reference  2,  Table  II),  whereas  the  arc  voltage  of 

*  This  apparent  contradiction  of  the  conclusion  of  F.  E.  Haworth^  is  clarified 
in  Section  2.1. 
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Fig.  3  —  Measurements  of  arc  voltage  at  cathode  arcs  between  a  carbon-plati- 
num pair  of  electrodes,  and  between  a  carbon  tungsten  pair  —  at  successive  rever- 
sals of  striking  potential. 


carbon  is  much  higher  and  quite  \'ariable  in  the  range  from  20  to  30.  One 
is  tempted  to  conckide  from  this  that  the  vapor  in  an  arc  between  active 
palladium  contacts  is  predominantly  the  metal  of  the  electrodes,  not 
carbon  vapor.  A  more  sound  conclusion,  however,  as  will  be  pointed  out 
later,  is  that  the  source  of  electrons  on  the  cathode  of  an  active  arc  is 
palladium  metal  rather  than  carbon.* 

When  contact  surfaces  are  very  heavily  carbonized,  an  arc  voltage 
substantially  higher  than  that  characteristic  of  the  metal  of  the  elec- 
trodes is  sometimes  observed  for  a  short  time  at  the  beginning  and  at 
the  end  of  an  active  arc  occurring  at  the  discharge  of  a  capacitor  into  an 
inductive  circuit.  An  example  of  this  is  shown  in  the  oscilloscope  trace 
of  Fig.  4.  The  higher  arc  voltage  at  the  beginning  of  this  arc,  when  the 
current  was  extremely  small,  is  interpreted  as  the  initiation  of  the  arc 
between  carbon  surfaces,  and  the  enhanced  voltage  at  the  end  is  evidence 


*  A  very  simple  experiment  has  been  carried  out  which  proves  conclusively 
that  the  character  of  an  arc  of  the  type  which  we  call  a  cathode  arc  (see  below, 
and  Ref .  3  and  4)  is  determined  by  the  properties  of  the  cathode,  and  not  by  those 
of  the  anode.  This  is  perhaps  self  evident,  l)ut  a  direct  test  is  reassuring.  Tlie  test 
is  simply  the  observation  that,  for  an  arc  of  the  cathode  type  Itetween  electrodes 
of  different  materials,  the  arc  voltage  is  sul)stantially  the  same  as  it  would  be  if 
both  electrodes  were  of  the  cathode  material.  The  test  is  made  by  reversing  the 
potential  between  the  electrodes  rejieatedly,  and  after  each  reversal  observing 
that  the  arc  voltage  changes  gradually  from  that  characteristic  of  the  anode  to 
that  characteristic  of  the  cathode.  After  each  reversal  the  arc  begins  to  clean  from 
the  cathode  the  anode  material  that  was  deposited  there  before  the  reversal,  when 
wluit  is  now  the  cathode  was  the  anode.  Accompanying  this  cleaning,  the  arc 
voltage  goes  uj)  or  down  until  it  reaches  the  value  characteristic  of  the  cathode 
itself.  Measurements  obtained  in  this  way  are  reproduced  in  Fig.  3  for  a  carbon- 
platinum  pnir  of  electrodes  and  for  a  carbon-tungsten  pair. 
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that  when  the  curreiit  was  again  small  the  arc  was  localized  at  a  new 
position  on  a  fresh  carbon  surface  so  that  it  was  again  a  carbon  arc; 
during  most  of  the  arc  time,  when  the  current  was  larger,  the  cathode 
surface  was  maintained  so  free  from  carbon  that  the  source  of  electrons 
at  the  cathode  was  palladium  metal  rather  than  carbon.  For  lightly 
carbonized  surfaces,  which  may  be  just  as  active  as  judged  by  arc  dura- 
tion or  any  other  test  that  we  know  of,  no  such  enhanced  arc  voltage  at 
the  beginning  or  at  the  end  of  an  arc  has  been  observed.  It  may  well  be 
that  for  lightly  carbonized  surfaces  the  arc  voltage  is  characteristic  of 
carbon  for  a  time  too  short  to  be  detected  by  this  crude  means. 

1.3  Minimum  Arc  Current 

The  current  at  which  an  arc  goes  out  is  readily  found  by  observing 
on  an  oscilloscope  the  potential  across  closing  contacts  discharging  a 
capacitor  through  a  non-inductive  resistor  R.  At  extinction,  the  potential 
rises  from  the  arc  voltage  v  to  that  across  the  capacitor  Vi  .  The  mini- 
mum arc  current  is  then  (Fi  —  v)/R.  An  oscilloscope  trace  showing  such 
a  determination  of  minimum  arc  current  at  the  arc  initiation  potential 
of  400  ^•olts  is  reproduced  as  Fig.  5.  (See  also  Reference  2,  Fig.  5  and 


Fig.  4  —  Oscilloscope  trace  rep- 
resenting the  voltage  across  an  arc 
at  the  closure  of  very  heavily  car- 
bonized electrodes.  Discharge 
through  an  inductance  of  10~%  of 
a  capacitor  of  10~^*f  charged  to  50 
volts.  Near  the  beginning  and 
near  the  end  of  the  arc  the  source 
of  electrons  at  the  cathode  was  a 
carbon  surface. 


50  r- 


_) 
O 
> 


TIME    IN    MICROSECONDS 


Fig.  5  —  Voltage  across  clean 
palladium  contacts  when  a  capac- 
itor charged  to  400  volts  is  dis- 
charged through  a  resistor  of  200 
ohms.  The  closure  arc  went  out  at 
the  minimum  arc  current  0.42 
amp. 
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Reference  8,  Fig.  1).  The  minimum  arc  current  is  much  lower  for  active 
contacts  than  for  inactive  or  clean  contacts,  and  one  can  perhaps  think 
of  the  decrease  of  the  minimum  aic  current  for  noble  metal  contacts 
from  a  vahic  of  the  order  of  1  ampere  for  clean  surfaces  to  0.1  ampere 
or  less  for  active  surfaces  as  the  chief  characteristic  of  activation. 

1.4  Erosion 

Active  contacts  of  palladium  and  of  silver  transfer  metal  in  cjuite 
different  ways.  The  transfer  at  active  silver  contacts  is  the  more  complex, 
and  for  this  reason  the  transfer  that  occurs  at  acti\'e  palladium  contacts 
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Fig.  6  —  Results  of  measurement  l)y  weighing  of  the  erosion  of  palladium  elec- 
trodes produced  by  active  arcs  in  limonene  vapor  (a)  and  in  napthalene  vapor 
(b). 


will  be  taken  up  first.  The  behavior  of  platinum  is  in  general  like  that 
of  palladium,  and  gold  is  like  silver. 

1.4  (a)  Palladium  andPlatimim.  It  is  found  that  arcing  on  closure  at  ac- 
tive contacts  of  palladium  or  platinum  causes  loss  of  metal  at  the  cathode 
of  the  order  of  4  X  10~^^  cc/erg.  The  anode  often  loses  metal  also,  but  the 
loss  at  the  anode  is  considerably  less  and  may  be  zero  in  some  cases.  The 
results  of  two  sets  of  measurements  upon  active  palladium  contacts  are 
plotted  in  Fig.  6.  These  data  represent  changes  in  volume  (calculated 
from  weighings)  per  unit  of  arc  energy  after  repeated  arcs  in  limonerie 
vapor  at  a  vapor  pressure  of  1  mm  Hg,  Fig.  6(a),  and  in  the  vapor  of 
napthalene  saturated  at  room  temperature.  Fig.  6(b).  Tests  were  made 
by  closing  electrodes  to  discharge  on  each  closure  a  properly  terminated 
fixed  length  of  cable  charged  always  to  200  \'olts,  to  gi\-e  in  each  case  a 
constant  arc  current  of  4  amperes,  with  the  arc  lasting  for  the  time  de- 
termined by  the  cable  length.  For  the  shortest  arc  time,  the  energy  of 


ACTIVATION  OF  ELECTRICAL  CONTACTS  BY  ORGANIC  VAPORS   779 

each  of  the  individual  arcs  was  40  ergs,  and  for  the  longest  arc  time  600 
ergs.  The  results  indicate  no  significant  variation  of  the  erosion  per  unit 
of  energy  over  this  range. 

There  is  some  evidence  that  arcs  at  the  break  of  active  palladium  sur- 
faces give  significantly  lower  cathode  erosion  per  unit  of  energy  (1  or  2  X 
10""'*  cc/erg)  than  do  arcs  at  closure.  The  reason  for  the  difference  is 
not  clearly  understood,  but  widely  different  currents  and  electrode  sepa- 
rations may  be  significant  factors. 

By  examining  contacts  of  palladium  or  platinum  after  many  active 
arcs  (on  either  break  or  closure),  it  is  found  that  the  erosion  tends  to  be 
uniform  over  the  surface,  wearing  each  electrode  down  smoothly,  with 
much  less  loss  from  the  anode  than  from  the  cathode.  This  type  of  wear 
is  quite  different  from  that  produced  by  arcs  at  clean  surfaces.  Erosion 
by  arcs  at  clean  surfaces  always  gives  a  mound  of  metal  on  one  electrode, 
with  a  corresponding  pit  in  the  other ;  the  loss  of  metal  from  one  electrode 
is  not  appreciably  greater  than  the  gain  by  the  other,  the  entire  erosion 
consisting  simply  of  transfer  of  metal  between  the  contacts. 

Now  the  inactive  arcs  at  clean  surfaces  are  known  to  be  of  two  types 
which  have  been  called  "anode  arcs"  and  "cathode  arcs."^-  "^  In  anode 
arcs,  the  transfer  of  metal  is  about  4  X  10~^*  cc/erg  and  is  from  anode 
to  cathode,  with  a  resulting  pit  in  the  anode  and  a  matching  mound  on 
the  cathode  (Reference  9,  page  1085-1086).  In  inactive  cathode  arcs, 
measurements  made  in  the  same  way  and  not  yet  published  have  shown 
that  the  transfer  is  smaller  —  about  1  X  lO"'*  cc/erg  —  and  is  in  the 
opposite  direction,  from  cathode  to  anode,  with  a  resulting  pit  in  the 
cathode  and  a  matching  mound  on  the  anode.'**  It  will  be  shown  later. 
Section  2.4(a),  that  arcs  at  active  palladium  surfaces  are  of  the  cathode 
type,  each  individual  arc  being  not  readily  chstinguishable  from  an  inac- 
tive cathode  arc  in  the  effect  it  produces  on  the  cathode  surface.  The 
reason  for  the  net  cathode  loss  being  greater  in  an  active  cathode  arc 
than  in  a  cathode  arc  at  clean  surfaces  is  due,  at  least  in  part,  to  some 
reverse  transfer  in  an  arc  at  clean  surfaces. 

1 .4  ih)  Silver  and  Gold.  The  erosion  of  silver  surfaces  is  quite  complex, 
and  an  adequate  description  of  all  of  the  phenomena  encountered  is  re- 
served for  later  publication.'"  A  simplified  description  of  the  main  fea- 
tures of  the  erosion  of  silver  contacts  is  given  here.  Tests  upon  acti\'e 
gold  contacts  have  been  less  extensive  than  upon  active  silver  contacts, 
but  as  far  as  the  observations  go,  gold  has  been  found  to  behave  just  Hke 
silver. 

At  active  silver  surfaces  the  erosion  is,  in  most  cases,  from  the  anode, 
as  it  is  at  inactive  surfaces.  The  arcs  are  active  anode  arcs,  see  Section 
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2.4(b),  which  have  never  been  observed  at  palladium  contacts.  The 
metal  lost  from  the  anode  after  a  great  many  active  anode  arcs  tends 
to  be  eroded  smoothly  over  the  entire  surface,  like  the  cathode  loss  in 
arcs  of  the  cathode  type  at  palladium  contacts.  At  a  moderate  pressure 
of  activating  vapor,  almost  all  of  the  metal  eroded  from  a  silver  anode 
is  transferred  to  the  cathode,  but  at  a  high  pressure  much  of  it  is  lost. 
Whether  the  metal  from  the  anode  is  transferred  or  lost  is  correlated 
with  the  amount  of  carbon  formed  by  the  active  arcs;  if  the  production 
of  carbon  is  small,  metal  is  transferred,  but  in  the  presence  of  much 
carbon,  the  metal  does  not  stick  to  the  cathode  and  is  lost.  The  amount 
of  carbon  formed  (in  air)  by  active  anode  type  arcs  at  silver  surfaces  is 
very  much  less  than  the  amount  formed  by  active  cathode  type  arcs  at  ' 
palladium  surfaces,  and  this  difference  accounts  for  the  fact  that  a  great 
deal  of  the  eroded  metal  is  transferred  at  active  sih'er  surfaces,  although 
there  is  always  very  little  transfer  at  active  palladium  surfaces.*  The 
erosion  of  a  silver  anode  by  active  anode  arcs  may  be  as  great  as  10~^^ 
cc/erg,  but  is  lower  than  this  whenever  the  carbon  formation  is  suffi- 
ciently slight  to  permit  much  transfer  of  metal. 

Long,  sustained  break  arcs  at  active  silver  surfaces  become  cathode 
arcs  when  the  electrode  separation  becomes  sufficiently  great.  Such  arcs 
give  cathode  erosion  resembling  that  at  active  palladium  surfaces.  For  a 
long  sustained  break  arc,  the  cathode  erosion  suffered  when  the  electrode 
separation  becomes  very  large  may  be  greater  than  the  anode  erosion 
occurring  when  the  electrodes  are  closer  together,  so  that  the  net  loss 
from  the  cathode  may  be  the  greater.  There  may  even  be  a  small  net 
anode  gain.  ^ 

Measurements  of  transfer  at  electrical  contacts  have  sometimes  been 
very  confusing  in  the  past,  both  because  of  their  complexity  and  because 
of  their  apparently  erratic  character.  Now,  with  well  developed  insight 
into  the  mechanism  of  short  arcs,  this  complexity  of  transfer  and  its 
varied  character  have  been  most  useful  in  improving  our  understanding 
of  short  arcs  and  of  the  transfer  of  metal  to  which  they  give  rise. 

The  over-all  picture  of  activation  will  be  given  in  the  following  pages. 

2.  INTERPRETATION    OF   ACTIVATION  ■ 

After  one  has  concluded  that  activation  is  due  to  solid  carbonaceous 
material,  it  is  natural  that  tests  should  be  made  upon  contacts  of  solid 


*  At  extremely  low  pressures  of  activating  vapor,  active  anode  arcs  at  silver 
surfaces  may  not  only  transfer  to  the  cathode  practically  all  of  the  metal  lost  from 
the  anode,  but  the  type  of  erosion  may  even  he  changed  to  the  mound  anfl  pit 
type  characteristic  of  inactive  arcs.' 
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carbon,  and  upon  metal  surfaces  on  which  carbon  particles  have  been 
dusted.  The  results  of  these  tests  have  supplemented  measurements  upon 
active  noble  metal  contacts  and  have  led  to  a  great  increase  in  our  knowl- 
edge of  activation.  In  fact  they  open  the  way  to  a  fairly  thorough  under- 
standing of  the  subject. 

2.1  Striking  Field 

Five  different  experiments  have  been  carried  out,  which  were  designed 
to  discover  the  reason  for  the  low  striking  field  at  active  contacts.  Al- 
though the  results  of  these  experiments  do  not  establish  the  reason  for 
the  low  striking  field  in  any  definitive  fashion,  they  do  lead  to  an  ex- 
planation which  seems  entirely  satisfying. 

The  simplest  of  these  experiments  has  already  been  reported  at  the 
end  of  Section  1.1.  It  is  the  observation  that  the  striking  field  at  active 
contacts  is  much  the  same  at  different  striking  voltages,  of  course  below 
air  breakdown  only. 

In  another  experiment,  not  heretofore  published,  W.  S.  Boyle  and 
P.  Kisliuk  produced  active  spots  at  various  points  along  a  palladium 
wire.  The  wire,  which  lay  on  the  axis  of  a  glass  cylinder,  was  made  active 
at  these  selected  points  by  repeated  short  arcs  in  an  atmosphere 
containing  limonene  vapor.  The  other  electrode  was  operated  by  an  elec- 
tromagnet outside  the  cylinder,  with  the  magnet  arranged  so  that  the 
electrode  could  be  placed  at  any  location  along  the  wire  or  withdrawn 
completely  at  anytime.  After  activating  a  number  of  points,  as  determined 
by  continuous  oscilloscopic  observation,  the  cylinder  was  exhausted  and 
field  emission  currents  were  drawn  from  the  wire  to  the  cylinder.  From 
observation  of  a  fluorescent  coating  on  the  inside  of  the  cylinder,  it  was 
found  that  the  positions  along  the  wire,  which  gave  the  largest  currents, 
were  quite  unrelated  to  the  active  spots.  From  this  experiment,  one  can 
conclude  that  the  work  function  of  active  spots  along  the  wire  was  not 
lower  than  the  work  function  of  other  parts  of  the  wire,  and  also  that 
there  was  no  significant  enhancement  of  field  emission  at  these  spots 
because  of  roughness.  Thus,  the  activation  of  contacts  by  organic  vapors 
is  not  due  to  enhanced  field  emission  currents  because  of  lowering  of  the 
work  function  or  because  of  greater  surface  roughness. 

In  a  third  experiment  by  F.  E.  Haworth,^  measurements  were  made 
of  the  electrode  separations  at  which  an  arc  strikes  between  a  palladium 
electrode  and  a  smooth  palladium  surface  upon  which  carbon  particles 
had  been  deposited.  For  this  experiment,  solid  carbon  particles  of  fairly 
uniform  size  were  obtained  by  blowing  air  at  a  low  controlled  rate 
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Table  I  —  Effect  of  Carbon  Particles  upon 
Striking  Distance 


Range  of  Particle  Size 
(by  microscopic  measurement) 

Average  Striking  Distance 
at  50  Volts 

Apparent  Striking  Field 

No  Particles 
0  to  1  X  10-^  cm 
0  to  2.5 
4  to  5 

0.10  X  10 -J  cm 

1.4 

2.5 

4.3 

5  X  10"  volts/cm 

0.36 

0.20 

0.12 

through  agitated  carbon  dust  and  collecting  the  particles  that  had  been 
carried  upward  for  a  considerable  distance  in  the  air  stream.  The  time 
of  deposition  of  these  particles  upon  the  smooth  surface  was  adj  usted  to 
give  an  average  distance  between  particles  of  about  10  times  their  di- 
ameters. The  smooth  palladium  surface  with  a  fairly  uniform,  but  sparse 
covering  of  carbon  particles  was  made  the  cathode  in  measurements  of 
striking  distance  by  the  oscilloscope  method,  Section  1.1.  For  a  particular 
size  of  particle,  100  measurements  were  made  of  striking  distance,  each 
measurement  at  a  different  point  on  the  surface,  so  as  not  to  include  any 
measurement  of  striking  distance  at  a  place  on  the  surface  where  the 
original  particles  had  already  been  burned  off.*  Table  I  gives  the  ranges 
of  particle  size  as  found  microscopically  and  the  corresponding  average 
measured  values  of  striking  distance.  The  increase  of  striking  distance 
was  just  equal  to  the  particle  size.  At  each  arc,  a  particle  was  destroyed 
so  that  the  time  to  closure  measured  on  the  oscilloscope  corresponded, 
not  to  the  true  striking  distance,  but  to  the  distance  from  the  anode  to 
the  cathode  surface  upon  which  the  particle  rested.  The  electric  field  at 
which  the  arc  struck  was  very  much  higher  than  the  calculated  \'alues 
of  the  third  column  of  Table  I,  and  was  not  significantly  different  from 
the  striking  field  for  inactive  surfaces. 

In  the  fourth  experiment,  the  striking  field  was  measured  between 
electrodes  of  solid  carbon.  One  of  these  was  mounted  upon  a  cantilever 
bar  in  such  a  way  that  it  could  be  moved  through  extremely  small  meas- 
ured distances  by  pushing  on  the  end  of  the  cantilever  bar  using  a  mi- 
crometer screw  (Reference  4,  page  33).  The  zero  point  was  found  by 
touching  the  contacts  through  a  high  resistance  galvanometer  circuit; 
then  the  contacts  were  separated  and  the  striking  distance  found  after 
applying  the  voltage.  Measurements  made  in  this  way  by  M.  M.  Atalla 
(Reference  11,  Table  I)  have  given,  for  the  striking  field  for  carbon  elec- 

*  A  correct  measure  of  striking  distance  is  obtained  only  when  the  arc  energy 
is  sufficient  to  burn  up  the  carbon  particles  completely.  Xo  appreciable  mound  of 
metal  is  thrown  up  to  falsify  the  distance  measurement,  because  the  arcs  are  of 
the  cathode  type,  see  Section  2.4(a). 
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trodes,  2.4  X  10*^  volts/cm,  and  our  unpublished  measurements  agree 
with  this.  The  striking  field  for  carbon  surfaces  is  thus  only  a  little  less 
than  that  found  for  cathode  arcs  at  clean  metal  surfaces  (Reference  4, 
Fig.  8),  and  very  different  from  the  field  at  which  arcs  strike  between 
active  surfaces.* 

In  another  experiment,  tests  were  carried  out  upon  carbon  particles 
in  the  4  to  5  X  lO"**  cm  range  of  diameters,  deposited  sparsely  upon  a 
palladium  surface  as  before.  A  careful  comparison  was  made  of  the  elec- 
trode separations  at  which  an  arc  struck  at  50  volts  and  at  250  volts.  At 
the  higher  ^'oltag■e,  the  distance  was  greater  than  at  the  lower  voltage 
by  the  factor  of  only  l.o,  offering  confirmation  that  the  isolated  carbon 
particles  act  chiefly  as  chunks  of  material,  partially  closing  the  electrode 
gap. 

The  one  Avay  in  which  the  carbon  that  produces  activation  differs  from 
other  carbon,  and  in  particular  from  small  ca^^bon  particles  dusted 
sparsely  upon  a  smooth  metal  surface,  is  in  the  very  large  number  of 
its  particles  and  in  its  state  of  subdivision.  This  gives  an  eminently 
plausible  clue  to  the  great  electrode  separation  at  which  breakdown 
occurs  between  active  surfaces.  According  to  this  model,  breakdown 
occurs  at  a  great  separation  between  active  surfaces  because,  at  the 
electric  field  corresponding  to  this  separation,  electrostatic  forces  become 
sufficient  to  cause  motion  of  small  particles  which  decreases  the  separa- 

*  In  measuring  the  striking  field  at  carbon  surfaces  for  low  voltages  by  the 
oscilloscopic  method,  a  value  of  the  order  of  0.6  X  10"  volts/cm  was  found  earlier 
(Reference  6,  Table  I).  This  result  was  certainly  in  error,  because  of  burning  of 
carbon  in  the  arc,  so  that  the  separation  of  the  electrodes  when  the  arc  ended  was 
greater  than  it  was  at  the  arc  initiation. 

To  check  this  explanation  of  the  earlier  incorrect  result,  an  experiment  was 
carried  out  in  which  the  time  to  closure  for  carbon  electrodes  was  measured  as  a 
function  of  the  energy  in  the  arc.  In  successive  tests,  a  number  of  different  capaci- 
tors, each  charged  to  50  volts,  were  discharged  on  the  closure  of  carbon  electrodes. 
The  time  to  closure  was  foiuid  to  increase  progressively  with  capacitance  for  the 
values  10^,  10',  10'  and  10^  /ifii.  Carrying  out  the  measurements  man\'  times  and 
taking  average  values,  it  was  found  that  the  time  to  closure  increased  linearly 
with  the  cube  root  of  the  capacitance.  This  suggests  strongly  that  a  hole  was 
being  burned  in  one  of  the  electrodes  and  the  increased  time  to  closure  was  just 
the  time  for  one  electrode  to  move  the  depth  of  the  hole.  A  quantitative  value 
for  the  volume  of  the  hole  can  be  obtained  from  the  data,  on  the  basis  of  an  as- 
sumed hole  shape.  In  earlier  work  (Reference  9,  page  1088),  a  pit  on  a  metal  elec- 
trode was  assumed  to  be  a  spherical  segment  with  the  depth  equal  to  one-half 
of  the  pit  radius.  Making  the  same  assumption  for  the  hypothetical  hole  in  the 
present  tests,  and  assinuing  an  electrode  velocity  on  closure  of  30  cm/sec,  it  turns 
out  that  the  relationship  between  volume  of  the  hole  and  energy  of  the  arc  is 
V  =  4.5  X  10^'2  emVefg-  The  agreement  of  this  resvdt  with  that  for  the  erosion 
of  the  metal  anode  in  an  anode  arc  (Reference  9,  page  1088),  is  remarkable  and 
must  be  largely  fortuitous.  The  agreement  does,  nevertheless,  make  almost  cer- 
tain that  burning  of  one  of  the  electrodes  (the  cathode,  as  we  know  from  other 
work)  is  the  reason  for  the  oscilloscopic  method  giving  incorrect  values  for  the 
electrode  separation  at  which  an  arc  strikes  l)et\veen  carbon  elect roiies  (Refer- 
ence 6,  Tatile  I). 
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tion.  The  experimentally  observed  field  of  O.G  X  10^  volts/cm  is  the 
field  at  which  this  motion  becomes  appreciable  lor  the  very  small  sooty 
particles.  With  the  start  of  motion  of  this  sort  the  field  is  increased,  and 
further  motion  is  assured  making  the  situation  imstable.  The  gap  is 
greath^  decreased  in  length  before  electrical  breakdown  takes  place,  and 
the  field  at  electrical  breakdown  is  probably  as  high  as  it  is  at  any  carbon 
surface. 

2.2  Arc  Voltage 

At  the  beginning  of  an  active  arc,  at  least  one  carbon  particle  is  always 
exploded  by  the  arc  current,  but  only  when  the  surface  is  very  heavily 
carbonized  is  an  enhanced  arc  voltage  observed.  Fig.  4.  It  must  not  be 
thought  that  the  higher  arc  voltage  occasionally  found  at  the  beginning 
of  an  arc  is  to  be  attributed  directly  to  the  presence  of  carbon  vapor  in 
the  arc  during  its  ear^  stages,  because  carbon  does  not  have  an  excep- 
tionally high  ionizatioii  potential.  P.  Kisliuk  has  showii'^  that,  in  a  field 
emission  short  arc,  the  arc  voltage  should  be  just  slightly  larger  than 
the  sum  of  the  ionization  potential  of  the  metal  of  the  electrodes  and  of 
its  thermionic  work  function.  Now  this  result  holds  c^uite  well  for  a  num- 
ber of  different  metal  arcs,  but  does  not  hold  at  all  for  carbon.  The  short 
carbon  arc  is  apparently  of  a  different  type,  and  has  no  well  defined  arc 
voltage.  On  the  other  hand,  although  carbon,  unlike  the  noble  metals, 
gives  out  thermionic  electrons  copiously  long  before  it  is  hot  enough  to 
vaporize,  a  true  thermionic  arc  cannot  have  the  enormous  current  densi- 
ties that  occur  in  short  arcs.  (It  does  not  seem  impossible  that  thermi- 
onic emission  may  help  to  maintain  an  arc  when  the  current  is  lower  near 
its  end.)  The  high  arc  voltage  at  the  beginning  and  end  of  an  active  arc 
between  heavily  carbonized  surfaces  may  be  due  to  a  dearth  of  positive 
ions,  requiring  a  higher  applied  field  to  maintain  the  field  emission.  In 
any  case,  it  is  like  the  higher  arc  voltage  of  carbon  which  w^e  do  not  under- 
stand. When  the  higher  arc  voltage  is  not  detected,  the  vaporization  of 
metal  must  be  profuse,  and  only  when  vaporization  is  reduced,  as  it  is 
when  the  current  is  very  small  near  the  beginning  and  end  of  an  arc  at 
the  discharge  of  a  capacitor  into  an  inductive  circuit,  is  the  higher  arc 
voltage  observed.  On  rare  occasions  heavily  carbonized  surfaces  show 
a  suddenly  enhanced  arc  voltage  for  a  short  interval  near  the  middle  of 
an  arc.  That  this  should  occur  very  much  less  often  than  at  the  beginning 
or  end  of  an  arc  is  understandable. 

The  observation  that  the  arc  \'oltage  sometimes  becomes  high  near 
the  end  of  an  arc  suggests  strongly  that  an  active  arc  is  moving  con- 
tinually during  its  life.  Only  when  the  current  is  insufficient  to  vaporize 
carbon  and  underlying  metal  freely,  and  thus  to  maintain  the  large  ion 
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density  necessary  for  the  low  voltage  field  emission  arc,  does  one  observe 
the  high  and  erratic  arc  voltage  characteristic  of  carbon. 

2.3  Minimum  Arc  Current 

Values  of  minimum  arc  current  for  carbon  electrodes  have  already 
been  published.  They  are  of  the  order  of  0.02  to  0.06  ampere  and  agree 
fairl}^  well  with  measurements  of  minimum  arc  current  for  very  active 
metal  contacts  (Reference  2,  Table  V) .  The  very  low  value  of  the  mini- 
mum arc  current  for  carbon,  either  in  solid  form  or  dispensed  upon  the 
surfaces  of  active  contacts,  is  related  to  the  low  electrical  and  thermal 
conductivities  of  carbon.  These  low  conductivities  permit  explosion  of 
carbon  particles  on  the  cathode  by  currents  too  small  to  vaporize  any 
metal.  It  has  already  been  pointed  out  that  it  is  this  very  low  value  of 
minimum  arc  current  which  accounts  for  the  greatly  enhanced  energy 
that  is  dissipated  at  active  relay  contacts. 

From  the  low  value  of  minimum  arc  current  for  active  surfaces,  one 
concludes  that  near  its  end  an  active  arc  is  always  located  at  a  fresh 
point  on  the  electrode  surfaces,  one  from  which  carbon  was  not  burned 
off  earlier  in  the  life  of  the  arc.  It  had  already  been  concluded  from  oc- 
casional high  values  of  arc  voltage  near  the  end  of  an  active  arc  that 
this  is  sometimes  true,  but  the  minimum  arc  current  values  extend  this 
earlier  conclusion  to  indicate  that  it  is  always  so.  An  active  arc  cannot 
remain  in  a  fixed  position  as  does  an  inactive  anode  arc  (For  example, 
Reference  4,  Fig.  1).  The  implication  is  thus  suggested  that  any  arc 
between  active  palladium  contacts  is  a  cathode  arc.  Further  presumptive 
evidence  for  this  is,  of  course,  furnished  by  the  very  much  greater  elec- 
trode separation  in  the  case  of  active  arcs;  it  is  well  known'^  that  large 
distances  favor  cathode  arcs,  because  at  great  distances  the  anode  cannot 
be  efficiently  heated  by  electron  bombardment. 

The  interpretation  of  minimum  arc  current  of  active  cathode  arcs  to 
which  we  have  been  led  can  be  written  down  in  words,  but  we  have  not 
succeeded  in  any  quantitative  formulation.  It  is  well  known  that  every 
cathode  arc  is  made  up  of  a  great  number  of  small  arcs  moving  continu- 
ally over  the  electrode  surfaces  and  exploding  one  point,  or  one  particle 
after  another  on  the  cathode.^'  *  In  the  case  of  an  active  arc,  the  end 
comes  when  the  current  gets  so  low  that  it  will  no  longer  explode  a  car- 
bon particle,  or  when  no  suitable  particles  are  available.*  The  much 

*  This  is  a  necessary  criterion  for  the  end  of  an  active  arc  only  in  the  case  of 
very  short  arcs.  For  electrodes  that  are  being  pulled  apart  to  break  a  current  larger 
than  the  minimum  arc  current,  an  arc  will,  of  course,  finally  fail  because  of  the 
great  electrode  separation,  even  though  the  current  is  al)ove  the  minimum  arc 
current,  as  in  the  final  failure  of  the  arc  in  the  oscilloscope  trace  of  Fig.  1(b).  For 
inactive  anode  arcs  the  minimum  arc  current  arises  in  a  quite  different  waj'  and 
has  been  interpreted  in  fairly  satisfactory  quantitative  fashion. '^ 
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higher  minimum  arc  currents  for  cathode  arcs  at  clean  surfaces  is  attrib- 
uted to  the  higher  thermal  and  electrical  conductivities  of  metals  and  to 
the  absence  of  loose  material  making  poor  contact  with  the  surface. 
This  picture  is  supported  by  the  observation  that  metal  contacts  are 
made  temporarily  active  by  almost  any  kind  of  loose  surface  particles 
of  very  small  size  (Reference  2,  Page  961). 

2.4  Erosion 

2.Jf{a)  Palladium  and  Platinum.  Further  evidence  that  an  active  arc  at 
palladium  or  platinum  surfaces  is  always  a  cathode  arc  is  furnished  by 
the  fact  that  the  cathode  loses  much  more  metal  in  an  active  palladium 
arc  than  does  the  anode.  (See  also  Reference  4,  Table  I). 

The  direct  way  of  proving  that  an  active  arc  at  palladium  or  platinum 
surfaces  is  a  cathode  arc  would,  of  course,  be  microscopic  examination 
of  the  contact  surfaces  after  a  single  arc.  This  is  not  practicable  because 
surfaces  become  active  only  after  repeated  arcs,  but  one  can  do  what  is 
apparently  quite  equivalent  by  looking  at  the  damage  done  by  a  single 
arc  to  surfaces  on  which  small  carbon  particles  have  been  dusted.  Ex- 
periments by  Haworth  do  indeed  prove  that  arcs  at  such  surfaces  are 
cathode  arcs,  even  at  the  Ioav  striking  potential  of  50  volts,  and  when 
the  maximum  diameter  of  the  carbon  particle  is  only  1  X  10~^  cm.  Fig. 
7(b)  is  typical  of  many  examinations  by  Haworth  of  palladium  cathodes 
after  a  single  arc  at  surfaces  upon  which  carbon  particles  had  been  de- 
posited. The  striking  potential  was  50  volts  and  the  capacitance  that 
was  discharged  was  C  =  10~^  /,  so  that  the  energy  C{Vo  —  v)v  was  50 
ergs.  For  comparison,  photographs  are  reproduced  in  Figs.  7(a)  and 
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Fig.  7  —  Photomicrographs  of  palladium  cathode  surfaces  after  single  cathode 
arcs.  The  photograph  of  (b)  was  obtained  after  a  50  erg  arc  with  50  volt  striking 
potential  at  a  surface  upon  which  carbon  particles  has  been  deposited.  This  sort 
of  cathode  damage  was  observed  for  all  of  the  different  sizes  of  carbon  particles 
which  were  tested,  even  for  the  smallest  having  diameters  of  onlj^  10"'*  cm.  The 
comparison  photographs  (a)  and  (c)  represent  the  damage  done  respectivelj'  by 
40  erg  and  80  erg  arcs  to  palladium  surfaces  without  carbon  particles,  each  arc 
at  the  striking  potential  of  400  volts. 
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7(c)  which  show  clean  palladium  cathodes  after  constant  current  cathode 
arcs  of  4  amperes  lasting,  respectively,  for  0.072  microsecond  and  for 
0.14  microsecond.  The  striking  potential  in  each  of  these  arcs  was  400 
volts,  the  total  arc  energy  being  40  ergs  and  80  ergs.  The  three  photo- 
graphs of  Figs.  7(a),  7(b)  and  7(c)  represent  then  the  markings  made  on 
the  cathode  by  arcs  of  40,  50  and  80  ergs  respectively.  The  voltage  of 
400  was  chosen  for  the  two  comparison  photographs  of  Figs.  7(a)  and 
7(c)  because  this  is  above  the  minimum  air  breakdown  potential,  and 
arcs  on  closure  at  striking  potentials  above  this  value  are  known  to  be 
always  cathode  arcs  (Reference  4,  Fig.  4). 

Cathode  markings  such  as  those  of  Fig.  7(b)  are  occasionally  pro- 
duced by  arcs  at  50  volts  on  relatively  clean  palladium  surfaces.  In  gen- 
eral, however,  an  arc  at  this  low  striking  potential  between  clean  surfaces 
is  an  anode  arc,  leaving  a  single  well  defined  pit  on  the  anode,  and  on  the 
cathode,  a  single  roughened  area  with  considerable  metal  spattered  over 
from  the  anode  (Reference  9,  Fig.  6).  While  a  cathode  arc,  making  on 
the  cathode  the  type  of  markings  shown  in  Fig.  7,  is  rather  rare  between 
clean  palladium  surfaces  at  a  striking  voltage  as  low  as  50  (Reference  4, 
Fig.  4)  it  is  the  usual  kind  of  arc  between  surfaces  upon  which  carbon 
particles  have  been  dusted,  and  by  implication,  it  is  the  sort  of  arc  that 
occurs  between  active  surfaces.  That  this  arc  should  cause  loss  of  metal 
from  the  cathode  is  clear  from  the  photographs  of  Fig.  7,  and  from  the 
fact  that  the  damage  done  to  the  anode  sometimes  cannot  be  detected 
and  is  always  rather  sUght.*^"  Between  clean  surfaces,  this  sort  of  arc 
occurs  more  frequently  at  higher  striking  voltages,  and  invariably  on 
closure  when  the  potential  is  above  the  minimum  breakdown  potential 
for  air.  It  is  the  greater  striking  distance  that  favors  the  cathode  type 
of  arc,  and  for  active  arcs  also  it  is  just  this  enhanced  electrode  separa- 
tion, resulting  from  carbon  particles,  which  can  be  thought  of  as  the 
reason  for  the  arc  being  of  this  type.  There  is  obviously  a  critical  distance 
above  which  arcs  are  of  the  cathode  type,  and  for  palladium  electrodes 
this  critical  distance  is  less  than  1  X  lO""*  cm.  Earlier  experiments  can 
be  used  to  define  this  critical  distance  better.  From  the  data  of  Fig.  8  of 
Reference  4  it  appears  that  this  distance  for  palladium  is  about  0.5  X 
10-'^  cm. 

Markings  made  on  the  cathode  by  a  single  arc  between  active  pal- 
ladium surfaces  are  doubtless  not  easily  distinguishable  from  those  re- 
sulting from  a  single  arc  that  has  been  constrained  to  be  of  the  cathode 
tj^pe  only  by  a  high  striking  potential  and  the  resulting  great  electrode 
separation.  Nevertheless,  when  many  times  repeated,  the  over-all  results 

*  See  the  footnote  relating  to  Fig.  3,  see  page  776. 
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of  cathode  arcs  between  active  surfaces,  and  of  cathode  arcs  between 
inactive  surfaces,  are  markedly  different,  as  has  been  pointed  out  eadier. 

The  fact  that  erosion  by  inactive,  or  clean-surface,  arcs  takes  the 
form  of  a  mound  on  one  electrode  and  a  crater  in  the  other  means  simply 
that  successive  arcs  tend  to  occur  at  the  same  place  on  the  electrode 
surfaces.  This  is  because  each  arc  must  occur  where  the  electric  field 
between  approaching  electrodes  is  highest,  and  the  roughening  from  one 
arc  will  be  the  site  of  the  highest  field  before  the  next  discharge  occurs. 

With  carbon  particles  on  the  surface,  the  situation  is  different.  In 
the  case  of  active  cathode  arcs,  the  electric  field  between  approaching 
electrodes  is  highest  at  a  point  where  a  group  of  carbon  particles,  perhaps 
pulled  up  by  electrostatic  forces,  closes  a  large  part  of  the  electrode  gap, 
and  an  arc  must  necessarily  strike  at  such  carbon  particles.  In  the  ac- 
tivating process,  carbon  is  always  being  formed  by  an  arc,  but  only  at 
its  periphery;  at  the  hottest  parts  of  the  arc,  carbon  which  was  formed 
earlier,  is  completely  removed.  Not  only  does  each  arc  move  during  its 
lifetime,  continually  searching  out  new  carbon  which  was  formed  earlier, 
but  a  later  arc  will  not  strike  at  a  point  from  which  carbon  was  just 
cleaned  by  an  earlier  arc.  This  restless  movement  from  point  to  point 
results  finally  in  erosion  that  spreads  over  the  surface  in  a  way  which  is 
likely  to  be  statistically  uniform. 

24ib)  Silver  and  Gold.  Although  the  character  of  the  erosion  at  silver 
(and  gold)  surfaces,  and  also  its  magnitude,  are  drastically  altered  by 
activation.  Section  1.4(b),  the  "direction"  of  the  erosion  is  still  in  most 
cases  that  characteristic  of  anode  arcs.  The  predominant  loss  of  metal 
on  closure  is  usually  from  the  anode  for  active  silver  electrodes  at  voltages 
too  low  for  air  breakdown,  just  as  it  is  for  inactive  silver  electrodes  at 
low  striking  voltages.  This  is  in  marked  contrast  to  the  behavior  of  pal- 
ladium surfaces  when  they  become  active ;  for  active  palladium  surfaces, 
loss  of  metal  is  always  chiefly  from  the  cathode.  The  behavior  of  silver 
leads  naturally  to  the  hypothesis  that  even  when  the  surfaces  are  active 
arcs  at  low  striking  voltages  are  anode  arcs,  as  they  are  when  the  surfaces 
are  inactive. 

This  hypothesis  has  been  subjected  to  test  by  F.  E.  Ha  worth  by  the 
same  method  used  in  the  case  of  palladium  surfaces.  Small  carbon  parti- 
cles were  dusted  on  a  polished  silver  surface,  and  the  surface  was  ex- 
amined microscopically  after  it  had  been  subjected  to  a  single  arc  under 
the  circuit  conditions  used  in  similar  tests  at  palladium  surfaces.  When 
the  maximum  particle  diameter  was  5  X  10~^  cm,  it  was  found  from 
the  microscopic  examination  that  all  arcs  were  of  the  cathode  tj^pe  (see, 
for  example,  Fig.  7),  but  when  the  maximum  diameter  was  2.5  X  10"'* 
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cm  all  arcs  were  of  the  anode  type  with  the  characteristic  pit  on  the 
anode  and  a  roughened  spatter  of  metal  on  the  cathode.  It  is  clear  from 
these  tests  that  active  arcs  at  silver  surfaces  are  of  the  anode  type  if  the 
layer  of  carbonaceous  material  responsible  for  activation  is  not  heavy 
enough  to  permit  an  arc  to  strike  at  a  separation  greater  than  2.5  X  10~^ 
cm,  but  that  they  are  of  the  cathode  type  when  the  layer  is  sufficiently 
thick  to  permit  arcs  at  5  X  lO""*  cm.  The  electrode  separation  at  which 
an  arc  takes  place  determines  the  character  of  the  arc*  The  critical 
distance  for  silver  surfaces  lies  between  2.5  and  5  X  10~^  cm.  Erosion 
at  active  silver  surfaces  on  closure  must  be  predominantly  from  the 
anode  unless  the  layer  of  activating  carbonaceous  material  is  so  heavy 
that  arcs  strike  when  the  electrode  separation  is  greater  than  2.5  X  10~^ 
cm. 

After  long  continued  operation  at  very  high  pressures  of  activating 
vapor  it  is  sometimes,  but  not  always,  found  that  arcs  on  closure  result 
in  erosion  that  is  chiefly  from  the  cathode.  The  conclusion  drawn  from 
these  measurements  is  that  the  striking  distance  at  active  surfaces  on 
closure  at  low  voltages  can  sometimes,  with  considerable  difficulty,  be 
made  greater  than  2.5  X  10~'*  cm.  Unless  great  pains  are  taken  to  keep 
surfaces  very  heavily  carbonized,  the  striking  distance  on  closure  at 
active  surfaces  at  low  voltages  is  of  the  order  of  2.5  X  10~^  cm  or  less. 
On  closure  at  voltages  that  give  air  breakdown,  the  erosion  of  silver  is 
predominantly  from  the  cathode  whether  the  surfaces  are  active  or 
inactive,  because  the  minimum  distance  for  air  breakdown  (15  X  10~* 
cm)  is  much  above  the  critical  distance  for  silver. 

On  breaking  active  silver  contacts  in  an  inductive  circuit,  erosion  is 
chiefly  from  the  anode  unless  the  arc  lasts  long  enough  for  the  electrode 
separation  to  exceed  the  critical  distance  of  3  or  4  X  lO""*  cm.  During 
the  time  an  arc  persists  at  distances  greater  than  this,  the  loss  is  pre- 
dominantly from  the  cathode.  For  velocities  typical  of  a  U-type  relay, 
the  critical  distance  may  be  reached  in  10  or  20  microseconds,  and  equal 
erosion  may  be  attained  in  a  time  of  the  order  of  40  microseconds.  If 
the  partial  pressure  of  activating  vapor  is  very  high  and  the  surfaces 
unusually  heavily  carbonized,  much  of  the  eroded  metal  will  be  lost. 
Under  more  usual  conditions  of  lower  vapor  pressures,  most  of  the  eroded 
metal  is  transferred  to  the  opposite  electrode.  Thus  there  may  be  a  criti- 
cal arc  duration  for  which  the  erosion  of  each  silver  electrode  is  nearly 

*  Similar  tests  were  carried  out  upon  polished  gold  surfaces  upon  which  sparse 
layers  of  carbon  particles  had  been  dusted.  For  particles  of  maximum  diameter 
2.5  X  10-^  cm  all  arcs  were  found  by  microscopic  examination  of  the  electrodes 
to  be  anode  arcs,  and  for  particles  in  the  range  of  diameters  from  4  to  5  X  10~* 
cm  all  arcs  were  found  to  be  of  the  cathode  type.  These  results  are  identical  with 
those  found  for  silver. 
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zero,  and  for  an  arc  lasting  longer  than  this  time,  there  may  be  cathode 
loss  and  actual  net  gain  by  the  anode.  No  such  balancing  effect  is  possible 
for  palladium. 

2.4{c)  Anode  Arcs  and  Cathode  Arcs.  The  model  of  an  active  cathode 
arc  to  which  we  have  been  led  seems  fairly  clear  and  rather  well  estab- 
lished, but  the  model  of  an  active  anode  arc  is  more  poorly  defined.  From 
electron  micrographs  of  the  damage  done  to  the  cathode  by  an  arc  of 
the  cathode  type  (Reference  4,  Fig.  3),  it  is  kno\Mi  that  an  arc  of  this 
type  is  intermittent,  striking  over  and  over  again.  In  an  active  arc  of  the 
cathode  type,  a  carbon  particle  on  the  cathode  is  blo^vn  up  each  time 
the  arc  strikes,  but  always  there  is  metal  vaporized  from  the  cathode  at 
the  site  of  the  particle  and  the  amount  of  vaporized  cathode  metal  is 
greater  than  the  amount  of  vaporized  carbon,  so  that  the  arc  is  an  arc 
in  metal  vapor. 

We  know  less  of  an  active  anode  arc,  and  it  may  well  be  that  some 
experiments  described  above  seem  to  imply  a  model  which  is  not  con- 
sistent with  other  observations.  The  facts  that  we  know  are,  that  at  a 
lightly  carbonized  silver  surface  an  arc  strikes  at  an  electrode  separation 
much  greater  than  the  separation  at  which  it  would  strike  if  there  were 
no  surface  carbon,  that  the  resulting  arc  produces  loss  of  metal  pre- 
dominantly from  the  anode,  and  finally  that  the  minimum  arc  current 
is  very  low.  The  arc  is  a  true  anode  arc  by  our  implied  definition  of  such 
an  arc,  yet  it  is  certainly  an  active  arc.  When  the  arc  current  is  high,  a 
crater  is  being  produced  on  the  anode  as  in  the  case  of  an  inactive  anode 
arc,  and  also  in  the  case  of  an  active  anode  arc  at  a  surface  on  which  a 
few  carbon  particles  of  diameters  not  greater  than  2.5  X  10~*  cm  have 
been  dusted.  When  the  current  becomes  too  low,  or  is  too  long  sustained, 
one  presumes  that  the  arc  is  extinguished  as  in  the  case  of  inactive  anode 
arcs."  It  may  then  restrike  at  another  carbon  particle.  One  speculates 
that  an  anode  arc  is  intermittent  when  the  arc  current  is  very  low,  being 
initiated  over  and  over  again  as  are  cathode  arcs  throughout  their  lives. 
A  carbon  particle  is  exploded  repeatedly  on  the  cathode.  Yet,  because 
the  separation  is  less  ^than  the  critical  distance,  at  each  re-ignition  of 
the  arc,  metal  vapor  is  derived  from  the  anode  rather  than  from  the 
cathode,  and  possibly  the  over-all  anode  erosion  results  in  a  single  anode 
pit  produced  when  the  current  was  sufficient  1}^  high,  plus  an  array  of 
very  small  anode  pits  formed  while  the  current  was  small  and  intermit- 
tent. This  model  must  be  regarded  as  a  plausible  speculation  without 
support  in  direct  observation.  The  existence  of  the  active  anode  arc  is 
well  established  although  the  course  of  such  an  arc  is  speculative. 

Some  insight  into  the  reason  for  the  existence  of  a  critical  electrode 
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separation,  determining  whether  an  arc  is  of  the  anode  type  or  of  the 
cathode  type,  can  be  obtained  from  a  simpHfied  picture  of  the  evapora- 
tion of  metal  in  an  arc.  One  assumes  a  field  emission  arc  just  being  estab- 
lished between  a  cathode  point  and  the  anode  surface,  the  initial  ions 
being  supplied  by  oxygen  and  nitrogen  of  the  air  with  as  yet  no  metal 
vaporization.  The  electrons  from  the  point  are  assumed  to  travel  in 
straight  lines  to  the  anode  and  cover  uniformly  an  area  7r(L  tan  dY  where 
L  is  the  electrode  separation.  If  i  is  the  total  electron  current  and  v  the 
arc  voltage,  the  power  density  on  the  anode  is  iv/iriL  tan  oy,  decreasing 
with  increasing  separation.  A  lower  limit  for  the  power  put  into  the 
cathode  point  is  (p/d)i~  where  d  is  the  diameter  of  the  point  and  p  the 
resistivity  of  the  cathode  metal.  Whether  the  anode  begins  to  vaporize 
before  the  cathode,  or  vice  versa,  is  determined  in  some  way  by  the  ratio 
of  these  quantities  BUp/d,  where  parameters  unimportant  for  the  present 
discussion  are  grouped  together  in  B.  For  Up/d  greater  than  some  critical 
value,  we  shall  have  cathode  evaporation  and  an  ensuing  cathode  arc, 
but  for  Up/d  less  than  this  value,  the  anode  will  begin  to  evaporate  first 
with  a  resulting  anode  arc. 

The  resistivity  that  probably  counts  is  the  resistivity  at  the  melting 
point.  At  the  temperature  of  melting,  the  resistivity  of  palladium  is  nine 
times  greater  than  that  of  silver.  Thus  one  can  expect  from  this  simple 
model  that  the  critical  distance  which  determines  whether  an  arc  is  of 
the  cathode  or  anode  type  will  be  three  times  greater  for  silver  than  for 
palladium.  If  a  silver  point  is  less  sharp  than  a  palladium  point,  d  greater 
for  silver  than  for  palladium,  as  it  may  be  because  of  the  well  knowii 
propert}^  of  silver  atoms  to  migrate  at  room  temperature,  the  factor  will 
be  greater  than  this  value  of  three.  Now  we  have  the  experimental  esti- 
mate of  0.5  X  10~^  cm  for  the  critical  distance  for  palladium.  This  simple 
theory  predicts  that  the  critical  distance  for  silver  shall  be  greater  than 
this  by  a  factor  of  three,  or  perhaps  more.  The  experimental  critical 
distance  for  silver  is  between  2.5  and  5  X  10~*  cm. 

Quantitative  measures  of  the  erosion  of  contacts  of  palladium  and  of 
silver,  which  were  given  in  Section  1 .4,  are  collected  in  Table  II  for  ready 
reference. 

From  additional  experiments,  not  reported  in  Section  1.4,  it  is  kno^^^l 
that  these  values  of  transfer  apply  approximately  for  potentials  both 
above  and  below  the  minimum  breakdown  potential  for  air.  Not  all 
types  of  arcs  occur,  however,  for  both  palladium  and  silver  at  potentials 
above  and  below  the  minimum  breakdown  potential.  At  potentials  that 
give  air  breakdo^^^l,  all  arcs  on  closure  are  of  the  cathode  type  for  both 
metals  whether  active  or  inactive.  At  potentials  that  do  not  give  air 
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Table  II —  Loss  or  Gain  of  Metal  from  Arcing  for 

Palladium  or  Silver 

(in  units  of  10-"  cc  per  erg) 


Inactive  Arcs 

Anode  Tj-pe  .  . . 

Cathode   Type. 
Active  Arcs 

Anode  Type . .  . 

Cathode  Type. 


Cathode 


4  gain 
1  loss 

(loss) 
4  losst 


Anode 


4  loss 
1  gain 

10  loss* 
(loss) 


mound  and  pit 
mound  and  pit 

smooth  erosion 
smooth  erosion 


*  This  high  figure  refers  to  arcs  on  closure  at  very  heavily  carbonized  surfaces; 
for  lightly  carbonized  silver  surfaces  the  anode  loss  is  less  and  most  of  the  metal 
is  transferred  to  the  cathode. 

t  This  figure  refers  to  arcs  at  closure  of  palladium  surfaces.  The  rate  of  cathode 
loss  at  break  of  palladium  surfaces  is  significantly  less,  as  pointed  out  in  Section 
1.4(a) ;  and  in  cathode  arcs  at  active  silver  surfaces  the  rate  of  loss  is  still  less. 


Table  III — •  Occurrence  of  Different  Types  of  Arcs 

Below  Air  Breakdown 

Air  Breakdown 

Inactive  Arcs 

Anode  Type 

Cathode  Type 

Active  Arcs 

Anode  Type 

Cathode  Tvpe 

Palladium,  Silver 
Palladium  Only 

Silver  Only 
Palladium,  Silver 

No* 

Palladium,  Silver 

No* 

Palladium,  Silver 

*  This  applies  to  arcs  at  closure.  Between  separating  electrodes,  air  break- 
down often  occurs  when  the  electrodes  are  too  close  together  for  air  break- 
down over  the  shortest  path.  Under  such  conditions,  arcs  between  silver  surfaces, 
which  are  initiated  by  air  breakdown,  can  become  anode  arcs,  and  the  transfer 
resulting  from  such  arcs  gives  dominant  anode  erosion. 


breakdown,  all  inactive  arcs  at  silver  surfaces  are  of  the  anode  type,  and 
active  arcs  of  the  anode  type  occur  for  silver  only.  These  facts  are  tabu- 
lated for  reference  in  Table  III.  All  of  them  are  at  once  predictable  from 
the  values  of  the  critical  distances  for  palladiimi  and  silver,  and  from 
knowledge  of  the  way  in  which  breakdown  distance  is  changed  by  activa- 
tion.* 


*  The  difference  between  the  transfer  behavior  of  palladium  and  silver  elec- 
trodes in  the  active  condition  suggested  to  R.  H.  Gumle}-  that  the  damaging  ef- 
fects of  activation  can  be  greatly  reduced  by  constructing  a  relay  with  negative 
contacts  of  silver  and  positive  contacts  of  palladium.  He  tried  out  this  idea  and 
found  it  to  be  effective.  In  the  absence  of  activating  vapor,  a  relay  in  which  the 
negative  contacts  are  silver  and  the  positive  contacts  palladium  has  no  merit 
over  a  relaj^  in  which  all  contacts  are  palladium,  but  when  vapor  is  present,  the 
erosion  can,  under  some  circumstances,  be  much  reduced  by  replacing  the  nega- 
tive palladium  contacts  by  silver  contacts. 
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The  sort  of  erosion  produced  by  the  different  types  of  ares  is  shown 
in  the  somewhat  conventionahzed  sketches  of  Fig.  8.  These  sketches 
represent  cross-sections  of  the  square  mating  areas  (about  1.3  mm  on  a 
side)  of  heavj^  type  U  relay  palladium  contacts.  The  contact  contours 
are  drawni  to  scale  after  the  metal  transfer  resulting  from  repeated  arcs 
with  a  total  energy  of  10^  ergs,  using  the  values  of  Table  II  to  convert 
this  energy  into  volumes  of  metal.  The  mounds  and  pits  produced  by 
inactive  anode  arcs  and  by  inactive  cathode  arcs  are  assumed  to  be 
spherical  segments,  each  having  a  height  equal  to  half  its  radius.  The 
smooth  erosion  resulting  from  active  arcs  would  have  depths  which  do 
not  show  up  at  all  on  the  scale  of  this  figure.  For  each  electrode  in  each 
of  the  four  cases,  the  erosion  is  less  than  2  per  cent  of  the  total  volume 
of  the  metal  of  the  contact,  and  represents  a  fairly  early  stage  in  the  ex- 
pected contact  life.  The  electrode  separations  at  which  arcs  occur  corre- 
spond respectively  to  fields  of  8  X  10^  4  X  10^  and  0.5  X  10^  volts/cm. 
The  striking  voltage  is  assumed  to  be  50  and  the  separations  are  drawn 


SEPARATION 

SCALE 


CATHODE  S 


INACTIVE 
ANODE  ARCS 


^ANODE 


CATHODES 


INACTIVE 
CATHODE  ARCS 


;  ANODE 


ACTIVE 
ARCS 


Fig.  8  —  Erosion  produced  by  anode  arcs  at  clean  surfaces,  bj^  inactive  cathode 
arcs  and  by  active  arcs  of  either  type,  the  total  energy  in  each  case  being  10^ 
ergs.  The  electrode  separations  at  which  these  arcs  strike  correspond  to  50  volts 
and  are  represented  here  on  a  greatly  expanded  scale. 
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to  a  scale  200  times  greater  than  the  scale  of  the  electrodes.  For  poten- 
tials that  give  air  breakdown,  the  scale  of  separation  would  be  changed 
by  large  factors. 

The  sketches  of  Fig.  8  are  of  assistance  in  understanding  some  of  the 
qualitative  erosion  differences  observed  in  the  four  types  of  arcs  (Ta- 
ble II).  All  of  the  metal  lost  from  one  of  the  electrodes  in  an  inactive  arc 
of  either  type  comes  from  the  surface  of  a  pit,  and  from  the  figure  it 
seems  clear  that  all  of  it  must  obviously  be  intercepted  by  the  other 
electrode  because  there  is  no  way  for  it  to  escape.  This  is  true  even  for 
the  case  of  air  breakdo\vn  where  the  electrode  separation  is  much  greater 
{-^Id  X  10~^  cm).  But  for  active  arcs  some  of  the  metal  coming  from 
each  electrode  is  permanently  lost  and  not  transferred  to  the  other  side, 
even  though  the  separation  is  much  less  than  it  is  for  the  case  of  air 
breakdown.  The  permanent  loss  of  metal  in  the  case  of  active  arcs  is 
due  to  the  presence  of  carbon.  When  there  is  carbon  on  the  surfaces,  the 
metal  simply  does  not  stick.  Chemical  analyses  have  been  made  of  the 
black  powder  produced  by  active  cathode  arcs  at  palladium  surfaces, 
and  these  analyses  show  palladium  metal  as  well  as  carbon.  The  pal- 
ladium metal  lost  from  the  electrodes  turns  up  in  this  black  powder 
rather  than  at  new  locations  on  the  electrodes. 

At  palladium  surfaces,  the  net  loss  amounts  to  most  of  the  eroded 
metal,  but  at  silver  surfaces,  most  of  the  metal  is  transferred.  This  differ- 
ence is  related  to  the  amount  of  carbon  left  on  the  surfaces.  Carbon  is 
found  much  more  abundantly  on  palladium  than  on  silver,  which  ac- 
counts for  the  failure  of  eroded  metal  to  stick  to  palladium.  The  greater 
net  carbon  production  on  palladium  is  due  to  the  low  efficiency  of  cathode 
arcs  (at  active  palladium  surfaces)  in  burning  carbon;  the  anode  arcs, 
which  occur  in  general  at  active  silver  surfaces,  are  more  effective  in 
burning  off  carbon.  It  is  to  be  presumed  that  the  amount  of  organic 
vapor  decomposed  per  unit  of  energy  at  a  silver  surface  is  not  so  very 
much  less  than  that  decomposed  at  a  palladium  surface,  even  though 
the  net  carbon  left  on  the  surface  is  tremendously  less  in  the  case  of  silver. 

3.  RECAPITULATION 

We  are  ready  now  to  state  briefly  some  of  the  conclusions  about  active 
arcs  which  have  been  developed  above.  All  of  the  observations  refer  to 
contacts  of  palladium  or  of  silver.  Less  extensive  tests  upon  platinum 
and  upon  gold  have  indicated  that  platinum  behaves  the  same  as  pal- 
ladium, and  gold  the  same  as  silver. 

An  active  arc  is  an  arc  that  strikes  between  one  electrode  and  car- 
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bonaceous  material  lying  upon  the  other.  If  one  calculates  striking  field 
by  dividing  the  potential  by  the  separation  between  the  metal  electrodes, 
a  very  low  value  is  obtained,  but  this  is  the  field  at  which  electrostatic 
forces  cause  movement  of  carbon  particles  to  decrease  the  separation; 
the  true  field  at  which  the  arc  finally  strikes  between  carbonaceous  mate- 
rial and  the  opposing  electrode  is  not  significantly  lower  than  the  striking 
field  for  arcs  at  clean  surfaces.  Some  or  all  of  the  local  carbonaceous 
material  is  burned  up  by  the  arc,  and  metal  vaporized  from  one  of  the 
electrodes  is  soon  fed  into  the  arc  so  that  for  most  of  its  life  the  ions  of 
the  arc  are  metal  ions  supplied  by  atoms  from  one  or  the  other  of  the 
electrodes.  This  is  true  for  even  the  most  heavily  carbonized  electrodes. 

There  is  a  critical  electrode  separation,  characteristic  of  the  metal  of 
the  electrodes,  which  determines  whether  the  arc  is  an  anode  type  of 
arc  with  metal  supplied  by  the  anode  or  an  arc  of  the  cathode  type  with 
metal  supplied  by  the  cathode.  If  the  separation  is  greater  than  this 
critical  value  the  arc  is  a  cathode  arc,  and  less  than  this  value  an  anode 
arc.  This  critical  distance  is  about  0.5  X  10"'*  cm  for  palladium  electrodes 
and  of  the  order  of  3  or  4  X  10~*  cm  for  electrodes  of  silver.  The  ratio 
of  these  distances  is  somewhat  greater  than  the  ratio  of  the  square  roots 
of  the  electrical  conductivities  of  the  metals  at  their  melting  points.  The 
critical  distance  for  palladium  is  so  small  that  all  arcs  at  active  palladium 
surfaces  are  cathode  arcs.  For  silver,  on  the  other  hand,  the  critical  dis- 
tance is  so  large  that  most  arcs  at  low  voltages  at  silver  surfaces  are 
anode  arcs.  In  any  practical  application  of  silver  electrodes,  the  car- 
bonaceous material  formed  is  rarely  or  never  in  a  sufficiently  thick  layer 
to  result  in  cathode  arcs  for  closure  at  low  voltages.  In  the  case  of  sepa- 
rating silver  electrodes,  an  active  arc  may  last  until  the  electrode  separa- 
tion is  beyond  the  critical  distance  for  silver;  the  erosion  occurring  after 
this  distance  is  reached  is  predominantly  from  the  cathode,  and  the 
larger  net  loss  may,  on  occasion,  be  from  the  cathode. 

The  erosion  resulting  from  repeated  arcing  at  active  surfaces  is  differ- 
ent in  character  from  that  produced  by  inactive  arcs.  Inactive  arcs  give 
rise  to  a  crater  on  one  electrode  and  a  matching  mound  on  the  other, 
with  most  of  the  metal  from  the  crater  transferred  to  the  mound.  Active 
arcs,  on  the  other  hand,  produce  smooth  erosion  without  craters  and 
mounds,  often  with  considerable  net  loss  of  metal  which  appears  mixed 
with  carbon  as  a  black  powder.  This  smooth  erosion  is  accounted  for  by 
the  striking  of  each  new  arc  on  carbon  formed  by  preceding  arcs,  to- 
gether with  the  burning  off  of  carbon  at  the  center  of  each  arc  and  the 
formation  of  new  carbon  around  its  periphery. 
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Part  II  —  Activating  Carbon 

4.  COMPOSITION    OF   ACTIVATING    POWDER   AND    RATE    OF    PRODUCTION 

Experiments  have  been  carried  out  designed  to  discover  the  chemical 
composition  of  the  carbonaceous  material  responsible  for  activation, 
how  much  is  made  per  unit  of  energy  in  an  arc,  and  where  it  is  made. 
Now  it  has  been  pointed  out  above  that  the  reason  for  the  uniform  erosion 
in  an  active  arc  is  the  burning  off  of  this  black  powder  by  arcs  and  the 
consequent  continual  wandering  of  successive  arcs  always  to  neighboring 
spots  from  which  the  powder  has  not  been  burned.  This  burning  off  of 
black  powder  makes  quantitative  measurements  in  air  of  its  rate  of 
formation  quite  impractical.  Activation  in  vacuum  avoids  the  destruc- 
tion by  burning,  and  makes  possible  direct  measures  of  rate  of  forma- 
tion; in  these  tests,  the  chemical  composition  of  the  powder  can  be  found 
also.  All  of  the  quantitative  studies  of  activation  in  vacuum  were  made 
by  P.  Kisliuk,  but  the  results  have  not  been  previously  pu))lished. 

In  Kisliuk's  experiments  two  electrodes,  which  were  of  platinum,  were 
mounted  in  a  glass  chamber  so  they  could  be  operated  by  the  magnetic 
field  of  a  coil  placed  outside  the  chamber,  in  the  manner  of  a  dry  reed 
switch.  The  electric  circuit  was  arranged  to  discharge  on  each  closure  a 
capacitor  charged  to  a  fixed  voltage,  with  no  current  flowing  in  the  cir- 
cuit as  the  platinum  contacts  are  separated.  Air  was  pumped  out  and 
the  contacts  operated  in  benzene  vapor  at  a  constant  rate,  discharging 
the  capacitor  a  convenient  number  of  times  per  minute.  Every  experi- 
ment consisted  of  measuring  the  pressure  in  the  system,  from  which 
was  deduced  the  rate  of  disappearance  of  benzene  and  the  rate  of  evolu- 
tion of  hydrogen  resulting  from  its  decomposition,  hydrogen  being  dis- 
tinguished from  benzene  by  freezing  out  the  latter  in  liquid  nitrogen. 
The  pressures  were  measured  by  an  RCA  thermocouple  gauge  (1946) 
which  was  sho^^^^  in  control  tests  not  to  produce  benzene  decomposition. 
The  benzene,  which  had  been  distilled  repeatedly  to  remove  water  vapor, 
was  used  at  initial  pressures  not  to  exceed  10~-  mm  Hg  determined  by 
a  dry  ice-acetone  bath.  The  experimental  arrangement  is  sho^Mi  in 
Fig.  9. 

4.1  Composition 

In  the  first  experiments  with  this  system  it  was  found,  as  had  been 
expected,  that  with  continued  operation  of  the  contacts  in  benzene  vapor, 
the  pressure  rose  steadily,  although  benzene  continued  to  disappear. 
The  pressure  changes  corresponded  to  the  evolution  of  3.2  ±  0.6  mole- 
cules of  H2  for  each  vanishing  molecule  of  benzene,  agreeing  well  with 
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the  theoretical  value  of  3  for  complete  decomposition  of  benzene  into 
carbon  and  hydrogen.  The  conclusion  from  this  experiment  is  that  the 
organic  material  in  the  black  activating  powder  is  just  carbon.  The  pre- 
cision allows  one  to  say  that,  if  there  is  any  hydrogen  at  all  left  in  the 
black  powder,  it  does  not  exceed  2  hydrogen  atoms  for  every  15  carbon 
atoms. 

4.2  Rate  of  Production 

In  experiments  in  which  the  energy  in  individual  arcs  was  varied,  by 
using  different  capacitors  in  the  range  from  610  fxixi  to  -10,000  txjii  and 
by  using  the  two  potentials  58  volts  and  232  volts,  it  was  found  that  a 
particular  arc  energy  gives  the  same  carbon  formation  per  erg  whether 
the  striking  voltage  is  232  or  58,  from  which  one  deduces  that  formation 
of  carbon  depends  upon  energy  rather  than  upon  capacitance  or  voltage 
separately.  The  amount  of  carbon  formed  per  individual  arc  increases 
with  the  energy  of  the  arc  but  not  so  fast  as  linearly.  The  experimental 
values  M  of  amount  of  carbon  formed  can  be  related  to  arc  energy  E  by 
the  empirical  formula  M  =  KE'^'^,  over  the  range  studied  from  5  ergs  to 
1,250  ergs.  A  tentative  explanation  of  this  f  power  relation  is  given  in 
the  next  section. 

Starting  with  clean  electrodes  and  measuring  the  total  amount  of 
carbon  formed  as  a  function  of  number  of  arcs,  it  was  found  that  the 
rate  of  production  of  carbon  is  initially  low  but  increases  with  time,  soon 
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Fig.  9  —  Diagram  of  apparatus  used  by  P.  Kisliuk  in  quantitative  measure- 
ments of  the  decomposition  of  benzene  vapor  at  arcing  contacts. 
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becoming  constant.  One  such  set  of  measurements  is  plotted  as  Fig.  10. 
In  this  experiment  the  striking  voltage  was  232  and  the  energy  in  each 
arc  1,250  ergs.  The  final  slope  of  the  curve  of  Fig.  10  corresponds  to  the 
production  of  4.5  X  lO"^^  gm  of  carbon  per  arc  —  3.5  X  10~^^  gm/erg, 
1.8  X  10^  atoms/erg  —  which  is  0.04  carbon  atom  for  every  electron 
flowing  in  the  arc,  or  the  decomposition  of  3.7  X  10^^  benzene  molecules 
per  arc,  3  X  10^  molecules  per  erg,  or  70  X  10"'*  molecule  per  electron. 
The  lower  slope,  before  the  break  in  the  curve,  represents  the  decompo- 
sition of  1.1  X  10^^  molecules  of  benzene  per  arc,  or  the  production  of 
5  X  10^  carbon  atoms  per  erg. 

From  continuous  oscilloscopic  observations  it  was  found  that  the 
contacts  were  inactive  up  to  the  point  where  the  slope  of  the  curve  in- 
creased. Here  they  were  slightly  active,  and  beyond  this  point  they  were 
fully  active,  exhibiting  the  usual  apparent  low  striking  field  and  low 
minimum  arc  current.  The  amount  of  carbon  required  to  make  the  con- 
tacts fully  active  was  about  5  X  10~^  gm  (2.5  X  10^^  atoms)  which,  if  it 
were  in  a  single  spherical  speck,  would  have  a  diameter  of  3.5  X  10~* 
cm.  Such  a  speck  can  be  seen  quite  easily  with  the  naked  eye,  although 
an  actual  deposit  of  this  volume  probably  could  not  be  seen  without  a 
microscope  because  of  its  dispersed  state. 

5.  SURFACE   ADSORPTION 

5.1  Benzene  Molecules  on  Contact  Surfaces 

In  an  early  experiment,  the  rate  of  formation  of  carbon  (from  meas- 
ured rate  of  evolution  of  H2)  had  been  found  to  be  independent  of  ben- 
zene pressure  down  to  the  lowest  pressure  tested,  which  was  of  the  order 
of  10~^  mm  Hg.  For  this  reason  it  was  unnecessary  to  mention  absolute 
pressures  in  describing  the  above  tests.  This  lack  of  dependence  on  pres- 
sure suggests  strongly  that  benzene  had  been  adsorbed  on  the  electrode 
surfaces  and  decomposed  there,  rather  than  in  the  space  between  the 
electrodes,  and  that  the  lowest  pressure  tested  was  sufficiently  high  to 
keep  the  surfaces  completely  covered.  This  tentative  conclusion  is  con- 
firmed by  other  considerations  given  below. 

At  the  pressure  of  10~^  mm  Hg  and  an  electrode  separation  of  10~^ 
cm,  one  calculates  that  only  one  electron  in  3  X  10*  can  collide  with  a 
benzene  molecule  in  the  space  between  the  electrodes  in  the  experiment 
of  Fig.  10.  The  discrepancy  between  the  measured  decomposition  (70  X 
10~*  benzene  molecule  per  electron)  and  the  possible  frequency  of  col- 
lision (0.3  X  10~*)  is  proof  that  most  of  the  carbon  responsible  for  activa- 
tion comes  from  benzene  adsorbed  on  electrode  surfaces  rather  than 
from  molecules  in  the  space  between  them. 


ACTIVATION  OF  ELECTRICAL  CONTACTS  BY  ORGANIC  VAPORS   799 

One  gets  some  insight  into  the  adsorbed  films  responsible  for  activa- 
tion from  estimates  of  the  cross-section  of  an  arc  and  of  the  amount  of 
benzene  adsorbed  in  a  monolayer  over  an  area  of  this  size.  A  reasonable 
estimate  of  the  number  of  molecules  in  a  monolayer  of  benzene  is  7  X 
10^^  cm~2  (Ref,  16),  or  14  X  10^^  cm"^  taking  into  account  the  two 
electrodes.  Estimates  of  cross-sectional  size  have  been  published  for 
!  anode  arcs,  but  for  cathode  arcs  the  areas  are  quite  different.  Since  all 
I  of  the  arcs  after  a  surface  has  become  active  are  certainly  cathode  arcs, 
!  our  first  concern  is  with  the  cross-sectional  areas  of  cathode  arcs.  It  has 
been  observed  that  the  over-all  area  of  the  cathode  markings  made  by 
inactive  cathode  arcs  increases  somewhat  less  rapidly  than  linearly  with 
total  arc  energy,  and  seems  to  be  independent  of  arc  current  and  arc 
duration  except  as  they  influence  the  total  energy.  In  one  series  of  ex- 
periments, the  areas  observed  (Ref.  10)  for  low  energy  arcs  corresponded 
to  somewhat  less  than  10^  ergs/cm-,  and  to  somewhat  more  than  this 
value  for  high  energy  arcs.  Assuming  for  an  average  value  10^  ergs/cm^, 
we  obtain  1.2  X  10~'*  cm^  for  the  area  of  the  arcs  of  the  curve  of  Fig.  10.* 
This  area  should  have  adsorbed  on  it  1.7  X  10"  benzene  molecules.  The 
observed  rate  of  decomposition  is  3.0  X  10^  benzene  molecules  per  erg 
or  3.7  X  10"  molecules  per  arc.  Looking  at  photographs  such  as  those 
of  Fig.  7,  one  does  not  feel  at  all  confident  that  all  of  the  surface  in  the 
over-all  area  of  the  arc  ever  became  hot  enough  to  decompose  benzene. 
If  all  of  it  did  become  hot  enough,  the  surface  must,  on  the  average,  have 
been  covered  by  2  layers  of  molecules,  and  if  all  of  the  surface  did  not 
become  sufficiently  hot,  by  more  than  two  layers.  For  lower  energy  arcs, 
when  the  number  of  benzene  molecules  decomposed  per  erg  is  appreci- 
ably greater,  it  is  natural  to  assume  that  the  surface  must,  on  the  aver- 
age, be  covered  by  a  still  deeper  layer  of  benzene.  At  least  part  of  the 
difference  between  the  estimated  thicknesses  of  the  layers  of  benzene 
molecules  for  high  energy  arcs  and  for  low  energy  arcs  can,  however, 
be  attributed  to  the  fact  that  the  energy  per  square  centimeter  increases 
with  increasing  energy,  10^  ergs/cm-  being  only  an  average  value.  The 
data  indicate  only  that  the  adsorbed  benzene  layer  is  several  (greater 
than  2)  molecules  thick. 

The  observed  expression  M  =  KE'^i^  of  the  above  section,  relating 
amount  of  carbon  formed  M  to  total  arc  energy  E,  can  be  accounted  for 
if,  in  the  particular  experiment  in  which  this  relation  was  found,  the 
over-all  arc  area  increased  with  the  f  power  of  the  energy.  In  various  tests 

*  One  should  note  that  the  energy  density  measurements  were  made  upon  clean 
surface  or  inactive  cathode  arcs,  but  are  being  applied  here  to  active  cathode  arcs. 
Some  justification  for  this  is  afforded  by  the  fact  that  the  active  50  erg  cathode 
arc  of  Fig.  7(b)  had  an  over-all  area  of  about  3  X  10~^  cm^  giving  for  the  energy 
density  1.5  X  10'  ergs/cm^. 
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it  has  been  noted  that  area  increases  less  rapidly  than  linearly  with 
•energy,  but  it  is  certain  that  no  universal  rule  applies  in  all  cases;  for 
example,  by  restricting  the  total  electrode  area,  the  over-all  arc  area  can 
be  forced  to  be  constant  independent  of  energ3^l°  One  can  conclude  only 
that  all  of  the  facts  are  accounted  for  by  a  benzene  layer  several  mole- 
cules thick  on  the  electrode  surfaces  with  decomposition  by  each  arc  of 
all  of  the  benzene  within  its  over-all  area. 

We  are  now  in  a  position  to  consider  the  much  lower  rate  of  decompo- 
sition of  benzene  during  the  initial  period  before  the  electrodes  became 
active.  In  Fig.  10,  this  lower  initial  rate  is  1.1  X  10^^  molecules  per  arc. 
This  is  somewhat  less  than  the  number  of  molecules  calculated  to  lie  in 
a  monolaj^er  on  the  surface  covered  by  an  arc.  The  area  used  in  this  cal- 
culation was  that  of  a  cathode  arc,  but  it  is  well  kno\vn  that  before  con- 
tacts become  active  a  large  proportion  of  the  arcs  are  anode  arcs  which 
have  smaller  areas  (Reference  9,  page  1088).  The  estimated  area  may, 
however,  be  about  correct  because  in  the  case  of  an  anode  arc,  carbon 
is  decomposed  by  heat  over  an  area  larger  than  that  of  the  arc  itself. 

Within  the  precision  of  the  estimates  we  are  able  to  make,  it  can  be 
said  that  for  inactive  contacts  operating  in  benzene  vapor  each  arc  de- 
composes a  single  layer  of  adsorbed  molecules  of  benzene.  After  the 
contacts  become  active,  the  amount  decomposed  by  each  arc  is  greater 
and  is  the  equivalent  of  several  layers  of  molecules.  It  was  surmised  long 
ago  that  much  of  the  vapor  adsorbed  on  active  contacts  is  held  by  carbon 
already  on  the  surface  rather  than  by  the  surface  metal.  The  increased 
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Fig.  10  —  Measurements  by  P.  Kisliuk  of  the  amount  of  carbon  formed  at  arc- 
ing platinum  contacts,  each  arc  1,250  ergs.  The  final  slope  represents  the  produc- 
tion of  3.5  X  10~'^  gm  of  carljon  per  erg  of  arc  energy,  or  one  benzene  molecule 
decomposed  for  every  150  electrons  flowing  in  the  arc. 
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Table  IV  —  Benzene  Decomposition  in  Active  and 

Inactive  Arcs 


Measurements 


Carbon  required  for  full  activitj'  1 

Carbon  formed  in  active  arcs  2 

Carbon  formed  in  inactive  arcs  3 

Benzene  decomposed  in  active  4 
arcs 


1250  erg  arcs  (232  volts) 


15  erg  arcs  (58  volts) 


2.5  X  1015  atoms 
1.8  X  10"  atoms/erg 
5  X  10«  atoms/erg 
3.0  X  10«  molecules/ 

erg 
70   X    10-^  molecule 

per  electron 


No  data 

7  X  109  atoms/erg 

No  data 

13  X  108  molecules/ 

erg 
300  X  10-^  molecule 

per  electron 


Calculations 


Absorbed   benzene  in   a  mono- 

6 

14  X    10'*  molecules 

14  X   10"  molecules 

layer  (Ref.  16) 

per  cm2 

per  cm^ 

Benzene  molecules  struck  in 

7 

0.3  X   10-*  molecule 

0.03  X  10-*  molecule 

space  (Compare  lines  5  &  7) 

per  electron  at  10"^ 

per  electron  at  IQ-^ 

mm  Hg 

mm  Hg 

Active  Arcs 

Arc  area  at  10^  ergs/cm^ 

8 

1.2  X  10-"  cm2 

0.015  X  10-*  cm2 

Number  of  molecules  in  one 

9 

1.7  X  10"  molecules 

0.02  X  10"  molecules 

monolayer  on  arc  area 

Decomposed  per  arc  (from 

10 

3.7  X  lO'i  molecules 

0.2  X  10"  molecules 

line  4) 

of  benzene 

of  benzene 

Effective*  thickness  of  adsorbed 

11 

2.2  molecules 

10  molecules 

layer  on  basis  of  10^  ergs/cm^ 

Inactive  Arcs 

Arc  area 

12 

<1.2  X  10-*  cm2 

Number  of  molecules  in  one 

13 

<1.7    X    10"    mole- 

monolayer on  arc  area 

cules 

Decomposed  per  arc  (from 

14 

1.1  X  10"  molecules 

No  data 

line  3) 

Thickness  of  adsorbed  layer 

15 

1  molecule 

No  data 

*  The  benzene  is  probably  adsorbed  on  spongy  carbon  of  much  greater  true 
area. 

adsorption  for  contacts  already  active  is  doubtless  due  to  the  greater 
surface  area  resulting  from  the  presence  of  this  carbon. 

Many  of  the  numerical  values  considered  here  are  collected  in  Table  IV 
for  ready  reference.  These  data  refer  to  arcs  at  platinum  surfaces.  It  is 
our  present  opinion  that  the  amount  of  carbon  formed  at  silver  surfaces 
in  similar  experiments  would  be  found  to  be  only  slightly  smaller  per 
unit  of  energ}^,  although  unfortunately  no  experiments  were  carried  out 
upon  silver. 


5.2  Inhibiting  Surface  Films 

One  concludes  from  the  above  experiments  that  activation  bj^  benzene 
vapor  is  the  result  of  firm  adsorption  of  benzene  molecules  on  the  elec- 
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trode  surfaces,  with  heat  producing  decomposition  into  carbon  and 
hydrogen  rather  than  evaporation   of  undamaged  molecules.  Surface  ' 
films  prevent  such  strong  adsorption,  and  metals  with  surfaces  that  are 
normally  covered  by  oxide  films  cannot  be  activated. 

In  some  very  recent  experiments  in  extremely  high  vacuum,  P.  Kis- 
liuk  has  found^''  that  benzene  molecules  are  strongly  adsorbed  upon  a 
tungsten  surface  that  is  perfectly  clean,  but  if  there  is  on  the  surface  just 
one  single  layer  of  oxygen  molecules,  benzene  molecules  are  not  ad- 
sorbed. M.  M.  Atalla  has  reported  (Reference  5,  page  1090),  on  the 
other  hand,  that  tungsten  (and  nickel  also)  can  be  activated  if  the  pres- 
sure of  air  is  as  low  as  10~*  mm  Hg.  It  seems  probable  that  arcs  at  op- 
erating contacts  remove  adsorbed  oxygen  temporarily,  and  at  sufficiently 
low  air  pressures  this  may  be  replaced  in  part  by  organic  molecules  rather 
than  by  oxygen.  ^ 

Even  at  palladium  surfaces,  some  cleaning  by  arcs  seems  to  be  neces- 
sary before  benzene  molecules  can  be  adsorbed.  This  conclusion  is  reached 
in  unpublished  adsorption  experiments  carried  out  by  W.  S.  Boyle  upon 
palladium  surfaces  in  air  containing  benzene  vapor.  In  this  work,  two 
optically  flat  palladium  surfaces  are  separated  by  an  exceedingly  small 
distance  to  make  an  electrical  capacitor.  With  a  very  sensitive  capaci- 
tance bridge,  one  can  detect  the  change  in  capacity  that  would  be 
produced  by  the  adsorption  on  the  palladium  surfaces  of  even  a  small 
fraction  of  a  monolayer  of  benzene  molecules.  In  experiments  carried 
out  with  this  equipment  it  was  found  that  benzene  molecules  are  not 
adsorbed  upon  a  palladium  surface  in  air  at  atmospheric  pressure.  To 
reconcile  this  conclusion  with  the  well  known  facts  of  activation,  it  seems 
necessary  to  conclude  that  even  a  palladium  surface  can  adsorb  benzene 
molecules  only  after  it  has  been  partly  cleaned  by  arcing. 

5.3  Alloys 

When  a  base  metal  is  mixed  with  a  noble  metal,  the  result  can  be  an 
alloy  which  is  activated  less  readily  by  organic  vapors  than  would  be 
the  noble  metal  constituent  alone.  In  the  curve  of  Fig.  11  is  plotted  the 
number  of  operations  required  under  a  particular  set  of  standard  condi- 
tions to  activate  a  series  of  alloys  of  palladium  and  nickel.  In  air,  nickel 
itself  cannot  be  activated  at  all.  The  amount  of  carbon  formed  from 
benzene  decomposition  on  the  surface  of  a  palladium-nickel  alloy  is 
always  less  than  the  amount  which  would  be  formed  under  the  same 
conditions  upon  pure  palladium.  One  does  not  know  whether  benzene 
is  held  less  firmly  on  the  alloy  sui'face  so  that  there  is  more  likelihood 
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Fig.  11  —  Resistance  to  activation  of  various  alloys  of  nickel  and  palladium. 

that  a  heated  molecule  will  evaporate  rather  than  decompose,  or  whether 
there  are  just  fewer  sites  on  the  surface  which  can  take  molecules. 


C.  ACTIVATION   IN   AIR 

Electrical  contacts  are  not  so  readily  activated  by  organic  vapors  in 
the  presence  of  air  as  they  are  when  air  is  absent.  Air  inhibits  the  acti- 
vating process  in  at  least  three  different  ways,  and  sometimes  in  a  fourth 
way.  These  are: 

1.  Covering  up  the  metal  surface  so  that  activating  molecules  cannot 
be  adsorbed  upon  it  until  some  of  it  has  been  cleaned  temporarily  by 
arcing. 

2.  Offering  obstruction  in  the  path  of  organic  molecules  on  their  way 
to  an  adsorption  site  on  the  metal,  so  that  the  molecules  diffuse  slowly 
through  air  up  to  the  surface,  whereas  in  the  absence  of  air,  an  adsorbed 
film  is  formed  much  more  quickly  at  the  same  pressure  of  the  organic 
vapor. 
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3.  Burning  off  in  each  arc  some  of  llic  carbon  formed  on  the  surface- 
in  preceding  arcs. 

4.  Sputtering  and  lun-ning  off  carlxjii  from  the  cathode  in  a  glow  dis- 
charge, when  such  a  discharge  occurs. 

The  first  of  the.se  effects  of  air  has  made  itself  evident  in  the  experi- 
ments of  Kisliuk,  Atalla  and  Boyle  described  above.  It  will  not  be  dis- 
cussed further.  Observations  and  experiments  have  been  made  upon  the 
other  three  effects  of  air,  and  these  will  be  described  below.  Burning  off 
of  carbon  in  an  arc  is  mentioned  first  because  it  can  be  most  nearly  sepa- 
rated from  other  effects  and  studied  individually. 

6.1  Burning  of  Carbon 

On  a  surface  uniformly  covered  by  organic  molecules,  carbon  must 
be  burned  off  on  the  area  covered  by  an  arc,  but  new  carbon  can  be 
formed  on  an  annular  ring  surrounding  the  arc  where  the  metal  tem- 
perature is  lower.  As  a  consequence  of  this,  whereas  in  the  absence 
of  air  contacts  are  activated  very  much  more  promptly  by  high  energj^ 
arcs  than  by  low  energy  arcs,  in  air  the  situation  is  less  simple.  The  gen- 
eral result  of  many  experiments  is  that  in  air  high  energy  arcs  are  less 
efficient  in  producing  activation  than  are  low  energy  arcs.  On  the  other 
hand,  arcs  of  extremely  low  energy  are  also  quite  ineffective.  There  seems 
to  be  an  optimum  arc  energy  at  which  contacts  can  be  activated  most 
promptly,  w^hich  may  be  of  the  order  of  100  ergs.  Activation  can  be  ex- 
pected to  be  most  prompt  when  the  difference  between  the  area  of  the 
arc  and  the  area  of  the  annular  ring  around  the  arc  is  a  maximum. 

The  outer  edge  of  this  annular  ring  is  the  position  on  the  metal  surface 
at  which  the  maximum  temperature  just  reaches  the  decomposition 
temperature  of  adsorbed  organic  molecules,  about  600°C  for  the  case  of 
benzene.  If  the  width  of  the  ring  is  A  and  its  inner  radius  R,  each  arc  can 
be  assumed  to  burn  carbon  from  an  area  irR'^,  and  to  form  new  carbon 
on  an  area  7r[(7?  -f  AY  —  R-].  Now  A  certainly  increases  with  increasing 
energy  (being  zero  for  zero  energy),  but  on  the  simplifying  assinnption 
that  it  is  independent  of  energy,  the  difference  area,  which  is 

A  =  ir[{R  +  A)'^  -  2R2]  (1) 

will  be  a  maximum  for  that  energy  that  makes  R  equal  to  A.  It  is  in- 
teresting to  find  the  value  R  =  Ri  for  a  100  erg  arc,  which  is  knoAMi  to 
be  very  efficient  in  producing  activation,  and  then  to  estimate  the  max- 
imum temperature  reached  at  the  outer  edge  of  the  annular  ring  for  A  = 
7^1  .  The  simple  model  predicts  that  this  maximum  temperature  should 
be  600°C.  When  the  calculation  is  carried  out  in  rough  fashion,  the 


I 


ACTIVATIOX    OF    ELECTRICAL    CONTACTS    BY    ORGAXIC    VAPORS      805 

temperature  is  found  to  ])e  of  the  order  of  ;)00°C,  rather  than  ()00°C. 
The  correct  order  of  magnitude  gives  support  to  the  general  ideas  behind 
the  theory. 

According  to  this  very  simple  model,  activation  takes  place  most 
promptly  for  arcs  of  100  ergs  energy,  and  for  such  arcs  the  net  carbon 
formed  per  arc  corresponds  to  the  benzene  molecules  adsorbed  on  the 
area  2-kR{^,  which  is  obtained  from  Ecj.  (1)  by  setting  R  =  A  =  Ri  . 
In  vacuum  at  the  same  energy,  the  carbon  formed  per  arc  would  come 
from  benzene  on  the  area  4x7?!-.  Thus  for  100  erg  arcs  activation  will 
occur  almost  as  quickly  in  air  as  in  vacuum,  but  for  arcs  of  greater  energy, 
much  more  slowly  than  in  vacuum.  Qualitative  observation  has  con- 
firmed this  general  conclusion. 

That  this  picture  is,  however,  over  simplified  in  a  fundamental  man- 
ner is  clear  from  the  effect  of  electrode  contours  upon  ease  of  activation. 
For  flat  electrodes,  activation  is  very  much  more  prompt  when  the  sur- 
faces make  good  contact  over  a  large  area  than  when  misalignment  re- 
sults in  contact  on  a  rather  small  area.  Furthermore,  flat  contacts  can 
often  be  activated  very  promptly  under  conditions  for  which  crossed 
wires  cannot  be  activated  at  all.  (Reference  8,  page  335).  In  a  ciualitative 
way  this  is  understood,  but  the  inhibiting  effect  of  restricted  areas  is  not 
amenable  to  quantitative  consideration.  This  effect  makes  quite  clear 
that  the  model  of  an  annular  ring  about  an  arc  is  too  idealized  to  be  of 
much  quantitative  value. 

One  might  expect  tliat  the  burning  off  of  carbon  would  be  greatly 
influenced  by  atmospheric  conditions,  and  thus  the  ease  of  activation 
would  depend  upon  such  conditions.  This  is  indeed  found  to  be  the  case 
in  experiments  in  which  the  air  contains  water  as  well  as  the  activating 
vapor.  In  unpublished  experiments  F.  E.  Haworth  determined  the  num- 
ber of  operations  required  to  activate  contacts  under  a  particular  set  of 
standard  conditions  for  a  wide  range  of  relative  humidity.  In  the  range 
from  10  to  88  per  cent  relative  humidity,  the  number  of  operations  to 
make  contacts  fully  active  increased  exponentially  from  1.4  X  10^  to 
1.0  X  10^,  and  at  relative  humidities  of  95,  98  and  100  per  cent,  activa- 
tion was  not  attained  at  all.  Furthermore  the  process  of  activation  could 
be  reversed  by  water  vapor,  and  contacts  that  had  been  made  fully  active 
in  dry  air  containing  an  organic  vapor  were  made  completely  inactive 
by  continued  operation  in  the  same  vapor  after  the  addition  of  water. 
The  effect  of  water  in  these  experiments  may  have  been  due  to  covering 
the  surfaces  so  thoroughly  with  water  molecules  that  the  activating 
vapor  could  not  be  adsorbed,  or  to  burning  carbon  by  the  water  gas  reac- 
tion, C  -f-  H2O  -^  CO  -j-  H2  .  The  exponential  relationship  between  num- 
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1)01'  of  operations  required  to  make  contacts  active  and  relative  humidity 
has  no  clear  interpretation  in  our  present  state  of  knowledge. 

6.2  Diffusion  of  Activating  Vapor 

In  Ivisliuk's  vacuum  experiments  the  amount  of  carbon  formed  and 
the  degree  of  activation  attained  was  independent  of  benzene  vapor 
pressure.  This  is  not  at  all  the  case  when  activation  is  produced  by  op- 
erating contacts  in  air.  In  fact,  one  of  the  earliest  observations  was  a 
minimum  vapor  pressure  below  which  contacts  could  not  be  activated 
(Reference  2,  Table  I).  In  more  careful  later  tests  it  was  found  that  the 
minimum  vapor  pressure  is  a  function  of  rate  of  operation  of  the  con- 
tacts, the  minimum  pressure  being  actually  proportional  to  the  rate  of 
operation  over  a  factor  of  100  which  was  the  range  tested  (Reference  8, 
Fig.  2).  Obstruction  offered  by  air  supplies  the  explanation  of  this  rate 
effect.  Activation  cannot  occur  if  electrodes  are  separated  between  one 
arc  and  the  next  for  a  time  which  is  short  in  comparison  with  the  time 
required  to  cover  the  surface  with  one  monolayer  of  organic  molecules. 
A  rough  order  of  magnitude  calculation  confirms  this  conclusion. 

As  an  approximation,  one  assumes  one  dimensional  diffusion  to  an 
electrode  surface  from  the  space  in  front  of  it,  with  all  molecules  reaching 
the  surface  sticking  to  it.  Boundary  conditions  for  the  solution  of  the 
diffusion  equation,  dC/dt   =   Dd-C/dx^,  are  then: 

C  =  Co  at  t  =  0  ioY  X  >  0 

C  =  0  at  a;  =  0  for  all  values  of  t 

The  concentration  of  activating  molecules  in  the  space  in  front  of  the 
electrode  is  then  C  =  Co  erf  [x/2  (Dt)^'-].  The  total  number  of  molecules 
to  have  reached  the  surface  at  any  time  ti  is, 

dt  =  2Co{D/Ty'W 

expressed  in  molecules/cm-,  when  Co  is  given  in  molecules/cm^.  We 
are  interested  in  the  value  of  ^i  for  which  7W  is  the  number  of  molecules 
in  a  monolayer,  and  the  maximum  rate  of  operation  of  contacts  for  ac- 
tivation to  occur  can  be  expected  to  be  comparable  with 

n  =  i^i  =  2Co^  D/Tm'-  =  8.1  X  10^^  D(p/mY,  (2) 

where  p  is  the  partial  pressure  of  activating  vapor  in  mm  Hg.  The  factor 
I  in  n  =  ^ti  appears  because  diffusion  to  the  surface  can  occur  only  when 
the  electrodes  are  separated,  and  it  is  assumed  that  they  are  separated 
for  half  of  the  time. 

The  best  data  we  have  for  testing  this  relation  are  represented  by  ex- 
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periments  upon  activation  in  vapor  of  the  organic  compound  fluorene.^ 
According  to  the  observations,  the  critical  rate  of  operation  was  found 
to  be  proportional  to  the  partial  pressure  of  fiuorene  rather  than  to  its 
square  as  in  (2).  This  is  a  discrepancy  which  must  be  overlooked  in  our 
present  state  of  knowledge.  To  test  (2)  for  fiuorene  at  20°C,  we  require 
values  of  D,  the  diffusion  coefficient  of  fiuorene  in  air,  p,  the  partial 
pressure  of  fiuorene  at  20°C,  and  m,  the  number  of  adsorbed  fiuorene 
molecules  per  cm-  of  surface.  The  value  of  D  ==  0.067  cm-/sec.  was  ob- 
tained from  a  linear  relation  between  ID  and  (molecular  weight)^''-, 
which  holds  quite  well  for  a  number  of  organic  compounds.  The  value 
p  —  0.0-1  mm  Hg  is  the  geometrical  mean  between  0.23  and  0.007  mm  Hg, 
respectively  the  vapor  pressures  of  napthalene  and  anthracene  at  20°C. 
We  have  estimated  m  =  3.3  X  10^"*  molecules/cm-,  which  is  related  to 
the  corresponding  number  for  benzene,  7  X  10^^  in  the  inverse  ratio 
of  the  molecular  weights. ^^  These  numerical  values  give  from  (2) 

n  =  0.75  operation/second 

as  the  critical  rate  that  vnW  just  permit  one  monolayer  in  the  time  the 
contacts  are  separated.  The  observed  critical  rate  for  activation  at  20°C 
from  Fig.  2  of  Reference  8  is  3.  The  agreement  is  pretty  good  when  the 
crudeness  of  the  model  is  considered. 

6.3  Sputtering  and  Burning  in  a  Glow  Discharge 

If  both  arcs  and  glow  discharges  occur  when  electrical  contacts  are 
operated  in  an  atmosphere  containing  an  activating  organic  vapor,  the 
activation  of  the  contacts  resulting  from  the  arcs  is  inhibited  by  the 
occurrence  of  the  glow  discharges.*  This  effect  is  sometimes  very  bene- 
ficial in  extending  the  life  of  telephone  relay  contacts.  In  fact  a  very 
simple  protective  network,  consisting  only  of  an  inductance  of  the  order 
of  10"^  henry  placed  very  close  to  one  of  the  contacts,  has  been  devised 
which,  under  some  conditions,  will  increase  the  contact  life  by  a  factor 
of  about  10. 

Quantitative  measurements  have  been  made  of  this  inhibiting  action 
of  a  glow  discharge,  and  from  them  it  has  been  concluded  that  the  effect 
is  attributable  to  sputtering  and  burning  of  carbon  in  the  discharge.  In 
making  these  measurements,  a  pair  of  contacts  was  operated  in  an  at- 
mosphere containing  limonene  vapor  in  such  a  way  that  arcs  and  glow 
discharges  occurred  alternately  in  controlled  fashion.  A  charged  capaci- 
tor was  discharged  in  an  arc  at  each  closure.  By  the  use  of  an  auxiliary 
synchronized  relay  in  series  with  one  of  the  contacts,  the  circuit  was 

*  It  should  be  pointed  out  incidentally  that  a  glow  discharge  in  air  can  also 
activate  silver  electrodes.  It  produces  silver  nitrite  on  their  surfaces, ^^  and  silver 
electrodes  with  a  layer  of  nitrite  are  fully  active  until  the  layer  is  burned  off. 
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changed  periodically  so  that  a  glow  discharge  could  be  made  to  occur  at 
each  contact  break,  or  at  every  6th,  60th,  or  600th  break.  The  glow  (air- 
rent  was  always  0.04  ampere  lasting  for  a  time  that  could  be  accurately 
set  by  means  of  a  synchronized  shunt  tube. 

In  all  of  the  tests,  the  energy  in  each  closure  arc  was  190  ergs.  Meas- 
urements were  made  at  partial  pressures  of  limonene  of  0.05  and  1  mm 
Hg.  At  the  lower  pressure  it  was  found  that  the  contacts  remained  inac- 
tive indefinitely  whenever  the  time  of  glow  discharge  on  break  was  on 
the  average  more  than  0.25  microsecond  for  each  closure  arc,  and  activa- 
tion would  ultimately  take  place  if  the  average  glow  time  per  closure 
arc  was  less  than  this  value.  (At  the  limonene  pressure  of  1  mm  Hg  there 
was  a  corresponding  critical  glow  time  of  about  1  microsecond).  The 
obvious  interpretation  of  these  tests  is  that  a  glow  discharge  of  0.04 
ampere  lasting  for  0.25  microsecond  sputters  and  burns  off  as  much 
carbon  as  is  made  by  an  arc  of  190  ergs  under  the  conditions  of  the  ex- 
periment. To  test  this  conclusion,  one  needs  to  know  how  much  carbon 
is  produced  by  an  arc  of  190  ergs,  and  one  needs  to  know  the  sputtering 
rate  of  carbon  in  a  normal  glow  in  air  at  atmospheric  pressure. 

Measurements  of  the  sputtering  of  carbon  in  a  normal  glow  discharge 
were  undertaken  by  F.  E.  Haworth,  since  such  data  are  not  available 
in  published  literature.  Carbon  and  graphite  electrodes  were  weighed 
before  and  after  a  normal  glow  discharge  of  0.006  ampere  lasting  for 
various  lengths  of  time.  The  loss  of  the  carbon  or  graphite  negative  elec- 
trode in  nitrogen  was  found  to  amount  to  about  0.15  atom  per  ion  of  the 
discharge.  In  air  the  loss  was  much  greater,  four  times  larger  for  graphite 
and  15  times  larger  for  carbon  (2.3  carbon  atoms/ion  for  carbon  in  air). 
The  increase  in  air  was  attributed  to  burning,  and  the  difference  between 
carbon  and  graphite  losses  in  air  was  believed  to  be  due  to  smaller  crystal 
size  and  looser  bonding  in  the  carbon  case.* 

If  we  use  the  highest  loss  figure  of  2.3  carbon  atoms/ion  we  find  that 
a  glow  discharge  of  0.04  ampere  for  0.25  microsecond  should  remove 
14  X  10^"  carbon  atoms.  From  Table  IV,  one  finds  that  a  190  erg  inactive 
arc  in  activating  benzene  vapor  produces  9.5  X  10^°  carbon  atoms  in  the 
absence  of  air  (line  3),  and  an  active  arc  produces  34  X  10^°  carbon 
atoms  (line  2).t  The  net  carbon  which  is  left  after  each  arc  in  air  is,  of 
course,  considerably  less  than  it  would  be  in  the  absence  of  air  (Section 
6.1),  but  the  order  of  magnitude  agreement  between  these  numerical 

*  The  sputtering  rate  of  0.15  atom/ion  for  carbon  in  nitrogen  in  the  normal 
glow  is  about  what  is  reported  by  Guiithersoliulzei"  for  silver  in  the  ahnormal  glow 
Init  is  greater  by  a  factor  of  about  400  than  that  found  for  silver  in  the  nurmnl 
glow  in  experiments  by  Hawortli."*  ()l)viousIy  sputtering  rates  for  carbon  are 
exceptionally  high. 

t  It  is  believed  that  these  figures  are  substantially  the  same  for  linioncMic  and 
for  benzene. 
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values  leaves  little  doubt  that  we  have  correctly  interpreted  the  in- 
hibiting effect  of  glow  discharges  upon  activation. 

6.4  ''Hysteresis'^  Effects 

Sometimes  a  pair  of  completely  inactive  electrical  contacts  of  a  noble 
metal  can  be  activated  very  quickly,  and  an  apparently  identical  pair 
of  contacts  cannot  be  activated  at  all  under  exactly  the  same  experi- 
mental conditions.  In  the  first  case  a  great  amount  of  carbon  may  be 
formed,  and  in  the  second  case  no  detectable  carbon  at  all.  In  order  to 
clear  up  this  confusion,  some  controlled  experiments  were  carried  out 
upon  the  activation  and  deactivation  of  silver  and  palladium  electrodes 
in  air  containing  benzene  vapor  at  various  partial  pressures.  From  these 
experiments,  it  has  been  possible  to  relate  the  variability  of  earlier  results 
to  previous  history  of  the  contacts,  and  the  entire  behavior  is  now  quite 
well  understood. 

In  these  tests  adjustable  benzene  vapor  pressure  was  obtained  by 
first  bubbling  air  at  a  controlled  rate  through  benzene  maintained  at 
constant  temperature  by  a  bath  of  acetone  and  dry  ice,  and  then  mixing 
the  saturated  air  with  clean  air  in  the  proper  proportions.  In  certain 
tests  silver  contacts  were  operated  in  air  flowing  from  this  apparatus, 
discharging  a  capacitor  on  each  closure.  The  number  of  operations  re- 
quired to  produce  complete  activation  was  measured  for  many  different 
values  of  the  benzene  vapor  pressure.  With  contacts  that  had  been 
cleaned  in  a  standard  way  before  each  test,  it  was  found  that  the  number 
of  closures  required  for  activation  rose  extremely  rapidly  with  decreasing 
vapor  pressure  over  a  narrow  range  of  pressures.  There  was  always  a 
lower  pressure  limit  below  which  it  seemed  impossible  to  activate  the 
contacts  at  all.  All  of  the  tests  were  made  at  the  high  operating  rate  of 
60  closures  per  second. 

When  the  contacts  had  been  cleaned  by  abrasion  before  each  indi- 
vidual test,  the  minimum  pressure  below  which  activation  could  not  be 
attained  was  of  the  order  of  2  mm  Hg.  (This  pressure  was  exceptionally 
high  because  of  the  high  operating  rate,  see  Section  6.2.)  A  different  re- 
sult was  found  for  contacts  that  had  been  previously  activated  and 
then  cleaned  only  by  repeated  arcing;  for  these  contacts  the  minimum 
pressure  for  activation  was  about  0.7  mm  Hg.  The  factor  of  3  between 
these  minimum  pressures  is  doubtless  related  to  the  fact  that,  for  those 
electrodes  which  had  been  cleaned  by  arcing  only,  there  existed  neigh- 
boring carbonized  areas  which  were  never  cleaned.  Each  such  area  can 
be  expected  to  hold  about  three  times  as  much  adsorbed  benzene  on  the 
average  as  does  the  same  area  of  clean  metal,  see  Section  5.1,  and  espe- 
cially lines  2  and  3  of  Table  IV.  Thus  for  such  surfaces  more  carbon  can 
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be  expected  to  be  formed  by  each  arc.  The  model  is  not  sufficiently  well 
defined  to  permit  any  more  exact  conclusions. 

In  another  experiment,  silver  electrodes,  which  had  first  been  com- 
pletely activated,  were  operated  for  a  long  period  at  a  greatly  reduced 
benzene  vapor  pressure.  It  was  found  that  they  remained  completely 
active  unless  the  pressure  was  very  much  less  than  the  minimum  of  0.7 
mm  Hg  at  w^hich  activation  could  be  produced.  In  repeated  tests  at  a 
variety  of  low  benzene  vapor  pressures,  the  number  of  operations  re- 
quired for  the  contacts  to  become  inactive  was  recorded.  This  number 
was  found  to  increase  very  abruptly  with  increasing  vapor  pressure,  and 
above  about  0.02  mm  Hg  the  contacts  remained  active  indefinitely. 
This  result  must  again  be  related  to  the  capacity  of  a  mass  of  spongy 
carbon  to  hold  a  great  amount  of  adsorbed  benzene.  Very  probably  the 
upper  limit  of  pressure  below  which  contacts  cannot  be  deactivated, 
depends  upon  the  thickness  of  the  carbon  layer  produced  before  the 
benzene  pressure  is  lowered. 

Similar  but  less  extensive  experiments  were  carried  out  with  palladium 
electrodes. 

These  hysteresis  effects  observed  in  the  activation  and  deactivation 
of  contacts  seem  capable  of  explaining  the  erratic  observations  that  had 
been  made  previously.  If  the  immediate  history  of  contacts  is  sufficiently 
well  known,  behavior  can  perhaps  be  predicted  fairly  well  for  various 
experimental  conditions. 

7.  BROWN    DEPOSIT 

Closely  related  to  the  activation  of  relay  contacts  is  the  formation  of 
polymerized  layers  of  organic  material  upon  contact  surfaces  as  a  result 
of  friction.  This  material,  which  is  commonly  kno\^^l  as  "bro\Aai  deposit", 
is  produced  at  contacts  which  do  not  make  or  break  current.  Its  mode 
of  formation  is  thus  entirely  different  from  that  of  the  carbon  which  is 
the  cause  of  activation.  Both  have,  however,  a  common  origin  in  layers 
of  organic  molecules  adsorbed  upon  surfaces.  Discovery  of  broAMi  deposit 
and  most  of  the  investigation  of  it  were  carried  out  elsewhere  (Ref.  20), 
but  some  discussion  of  brown  deposit  is  appropriate  here  because  of  its 
relation  to  the  carbon  of  activation  and  because  of  a  study  of  its  forma- 
tion by  P.  Kisliuk. 

7.1  Composition 

The  composition  of  brown  deposit  was  determined  by  Kisliuk  in  an 
apparatus  similar  to  that  used  to  investigate  the  carbonaceous  material 
responsible  for  activation,  Fig.  9,  and  by  the  same  analytical  procedure. 
The  apparatus  was  modified  so  that  a  palladium  or  platinum  electrode 
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could  be  rubbed  back  and  forth  upon  another  electrode  of  the  same  mate- 
rial. The  driving  force  was  a  magnet  outside  the  glass  apparatus. 

In  tests  carried  out  in  benzene  vapor  in  the  absence  of  air,  it  was  found 
that  the  deposit  formed  on  the  electrodes  contained  65  per  cent  as  much 
hydrogen  as  was  in  the  original  benzene,  about  2  atoms  of  hydrogen  for 
every  3  carbon  atoms,  this  figure  having  a  possible  experimental  error  of 
as  much  as  20  per  cent.  The  bro^\^l  deposit  formed  by  friction  thus  differs 
significantly  from  the  pure  carbon  produced  by  arcing  which  is  responsi- 
ble for  activation.*  The  experimentally  determined  composition  of  the 
brown  deposit  does  not,  of  course,  distinguish  between  hydrogen  or 
benzene  simply  adsorbed  in  the  deposit  and  hydrogen  existing  in  it  in 
some  combined  form, 

7.2  Rate  of  Production 

In  Kjsliuk's  experiments,  which  were  carried  out  in  the  absence  of 
air,  the  rate  of  production  of  bro^\^l  deposit  was  found  to  be  independent 
of  benzene  vapor  pressure  do^^'^l  to  3  X  10~^  mm  Hg,  which  was  the 
lowest  pressure  tested,  just  as  was  the  case  in  the  formation  of  carbon 
bv  arcs. 

When  air  is  present,  the  rate  of  formation  of  bro^^^l  deposit  maj^  de- 
pend upon  vapor  pressure  of  the  organic  molecules.  Unpublished  experi- 
ments have  indicated,  furthermore,  that  there  may  be  a  limiting  vapor 
pressure  below  which  the  deposit  does  not  form,  with  this  pressure  de- 
pendent upon  the  idle  period  between  operations.-" 

In  some  of  Kisliuk's  vacuum  tests  a  palladium  electrode  was  rubbed 
back  and  forth  over  an  area  determined  microscopically  to  be  about 
4  X  10~*  cm^,  and  produced  the  polymerization  on  each  rub  of  2.1  X 
10^"  molecules  of  benzene,  or  5  X  10^-  molecules  per  cm-  of  rub.  This  is 
smaller  than  the  nvmiber  of  molecules  in  a  monolayer  (7  X  10^^  per  cm^, 
Reference  16)  by  a  factor  of  140.  Part  of  the  discrepancy  is  certainlj^  due 
to  the  fact  that  the  true  area  of  contact  of  the  electrodes  is  less  than  the 
apparent  area  as  seen  under  the  microscope.  From  more  careful  estimates 
of  area  it  has  been  found  bj^  other  observers  that  the  amount  of  benzene 
that  is  polymerized  by  friction  is,  in  general,  comparable  with  that  ad- 
sorbed as  a  monolayer  on  the  rubbing  surfaces. 

7.3  Brown  Deposit  and  the  Carbon  of  Activation 

Although  both  bro^ni  deposit  and  the  carbon  of  activation  are  pro- 
duced from  the  decomposition  of  adsorbed  organic  molecules,  there  are 

*  In  this  connection,  it  is  interestinj^  to  point  out,  however,  that  any  metal 
surface,  ui)on  wliich  l)ro\vii  (le])osit  has  been  prothicetl  l)y  friction  in  an  appro- 
priate atmosphere,  is  found  to  l)e  fully  active  when  tested  in  a  suitable  circuit. 
This  activity  naturally  does  not  last  after  the  brown  deposit  has  been  burned  off. 
In  this  characteristic,  the  brown  deposit  behaves  like  any  foreign  more  or  less 
insulating  laj-er  upon  a  contact  surface. 
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several  differences  in  the  conditions  necessary  for  formation.  The  carbon 
is  produced  on  a  noble  metal  but  not  on  a  base  metal  (in  air) ;  brown 
deposit,  on  the  other  hand,  has  been  formed  on  vanadium,  molybdenum 
and  tantalum,  but  it  has  never  been  produced  on  silver  and  only  spar- 
ingly on  gold.'-"  The  failure  of  electrodes  of  silver  and  of  gold  to  form 
brown  deposit  has  been  associated  with  the  high  thermal  conductivities 
of  these  metals,  with  the  idea  in  mind  that  polymerization  of  organic 
molecules  to  brown  deposit  requires  frictional  heat.  Whether  this  is  true 
has  not  been  established. 

Both  brown  deposit  and  the  carbon  of  activation  can  be  formed  from 
any  of  a  great  variety  of  unsaturated  ring  compounds.  Various  unsatu- 
rated aliphatic  compounds  which  have  been  tested,  and  some  saturated 
aliphatic  compounds  (for  example,  pentane),  can  be  made  to  produce 
brown  deposit  to  a  limited  extent,  but  activation  has  never  been  attained 
with  any  aliphatic  compound.  It  seems  probable  that  some  activating 
carbon  is  produced  from  these  compounds  but  the  burning  off  in  the 
arc  makes  activation  impossible. 
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Noise  Spectrum  of  Electron  Beam  in 
Longitudinal  Magnetic  Field 

By  W.  W.  Rigrod 

(Manuscript  received  January  21,  1957) 

Measurements  of  induced  noise  currents  along  drifting  cylindrical  elec- 
tron beams  have  shown  that  noise  fluctuations  propagate  as  space-charge 
waves  in  the  same  fashion  as  RF  signals  of  the  same  frequency.  On  many 
such  beams,  however,  the  regular  standing-wave  noise  pattern  is  interrupted, 
after  some  drift  distance,  by  a  smooth  steep  increase  in  noise  current,  fol- 
lowed by  slow,  shallow  undulations.  This  "growing  noise"  phenomenon, 
discovered  by  Smullin  and  his  co-workers  at  M.I.T.  several  years  ago,  is 
the  subject  of  study  in  this  paper.  Its  importance  is  considerable,  in  a  nega- 
tive way,  because  it  has  hampered  the  development  of  medium-power  travel- 
ing-wave-tube devices  with  acceptably  low  noise  figures. 

The  experimental  measurements  show  the  growing  noise  pattern  to  be  the 
result  of  a  two-stage  process.  Its  primary  cause  is  rippled-beam  amplifica- 
tion of  noise  fluctuations  over  a  wide  band  of  microwave  frequencies,  much 
higher  than  the  usual  observation  frequency.  This  explains  its  elusiveness. 
In  the  second  stage,  noise  energy  is  transferred  to  lower  frequencies,  due  to 
intermodulation  and  other  non-linear  processes  within  the  gain  band.  As 
the  beat- frequency  noise  increments  are  excited  by  continuous  arrays  of  fre- 
quency pairs,  their  standing-wave  patterns  overlap  one  another,  resulting  in 
a  smooth  growing-noise  pattern. 
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In  Part  II  of  this  'paper,  measurements  of  the  noise  spectrum  of  a  rippled 
beam  in  the  UHF  region  are  described.  These  measurements  reveal 
the  presence  of  additional  forms  of  instability.  Calculations  are  made  to 
account  for  some  of  these,  and  for  aspects  of  rippled-beam  amplijication  not 
previously  understood. 

Part  I  —  The  Growing  Noise  Phenomenon* 

I    INTRODUCTION 

When  an  RF  probe  is  moved  along  a  magnetically -focused  electron 
beam  in  a  drift  region,  the  noise  power  is  at  first  found  to  vary  periodi- 
cally with  distance  from  the  electron  gun.  For  a  sufficiently  long  beam, 
however,  the  periodic  pattern  is  succeeded  by  an  exponential  rise,  culmi- 
nating in  an  irregular  plateau.  This  so-called  "growing  noise"  phenome- 
non has  been  extensively  investigated  by  its  discoverers,  L.  Smullin  and 
his  colleagues  at  the  M.I.T.  Research  Laboratory  of  Electronics.^' ' 
They  have  established  that  this  noise  will  begin  to  grow  at  a  plane  nearer 
the  gun,  and  tend  to  grow  at  a  faster  rate,  for  electron  beams  (a)  of 
higher  perveance,  (b)  with  less  space-charge  neutralization  by  positive 
ions,  and  (c)  issuing  from  convergent,  partly-shielded  guns,  rather  than 
those  immersed  in  the  magnetic  field. 

The  growth  of  microwave  noise  power  in  drifting  beams  has  hampered 
the  development  of  high-power,  traveling-wave  tubes  with  acceptably 
low  noise  figures,,  as  such  devices  generally  have  convergent,  partly- 
shielded  electron  guns.  The  problem  has  been  evaded  in  the  design  of 
low-noise,  low-power  traveling-wave  tubes,  by  resort  to  confined-flow, 
parallel  beams. 

Several  theories  have  been  proposed  to  explain  the  growing-noise 
wave: 

(1)  Excitation  of  higher-order  modes  with  complex  propagation  con- 
stants, by  electrons  threading  the  beam  transversely; 

(2)  Slipping-stream  amplification,  due  to  either  longitudinal  or  trans- 
verse velocity  gradients; 

(3)  Rippled-beam  amplification;  '    '     and 

(4)  Electron-electron  interactions  leading  eventually  to  equipartition 
of  thermal  energy,  and  thus  an  increase  in  longitudinal  velocity  fluctua- 
tions. 

In  Part  I  of  this  paper,  measurements  are  presented  which  sho\\-  that 
the  principal  cause  of  growing  noise  appears  to  be  space-charge  wave 

*  Presented  at  the  I.R.E.  Electron  Tube  Research  Conference,  Boulder,  Colo- 
rado, June  27-29,  1956. 
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amplification  due  to  beam  rippling.  The  mechanism  is  studied  in  some 
detail,  as  its  connection  with  the  usually-observed  exponential  rise  of 
noise  is  not  immediately  apparent.  In  Part  II,  the  UHF  noise  spectrum 
and  its  spatial  distribution  in  beams  with  large-amplitude,  long  wave- 
length ripples,  are  described.  In  addition,  some  of  the  underlying  proc- 
esses are  analyzed. 

II   APPARATUS 

As  sketched  in  Fig.  1,  the  heart  of  the  apparatus  consists  of  an  electron 
gun,  drift  tube,  and  movable  probe,  all  enclosed  in  a  demountable,  con- 
tinuously-pumped vacuum  system.  Outside  of  the  vacuum  envelope 
there  is  a  shielded  solenoid,  extending  the  entire  18-inch  length  of  the 
drift  tube.  The  annular  gap  between  the  solenoid  pole  face  and  the  mag- 
netic shield  about  the  gun  is  nearly  all  taken  up  by  a  soft-steel  section  of 
the  vacuum  envelope. 

The  electron  gun  is  of  the  convergent  Pierce  type,  with  oxide-coated 
cathode  and  a  coiled-coil  filament  heater  producing  negligible  flux  at 
the  cathode  surface.  Surrounding  the  gun,  and  inside  of  the  magnetic 
shield,  is  a  small  copper- wire  coil  that  permits  variation  of  this  flux  over 
a  small  range,  either  aiding  or  opposing  the  leakage  flux  due  to  the  main 
focusing  solenoid.  The  flux  density  at  the  cathode  has  been  approxi- 
mately calibrated  in  terms  of  currents  in  both  coils.  Throughout  the  ex- 
periments described  below,  the  gun  is  pulsed  with  a  1,000  cps  square 
wave  of  2,200  volts  on  its  anode,  supplying  38  ±  1  ma  peak  current  in 
space-charge-limited  emission. 

The  novel  feature  of  the  probe  is  that  its  annular  RF  pickup  gap 
couples  to  a  50-ohm  coaxial  line  leading  to  the  receiver,  rather  than  to  a 
resonant  cavity.  This  permits  RF  power  measurements  over  a  wide 
range  of  frequencies.  The  inner  conductor  of  the  coaxial  line  serves  as 
current-collector,  being  isolated  and  biased  positively  about  40  volts 
with  respect  to  the  outer  conductor  to  prevent  escape  of  slow  secondaries. 
An  adjustable  vane  can  be  locked  in  position  in  front  of  the  probe  (whose 
entrance  aperture  is  0.100  inch  in  diameter),  so  that  circular  apertures 
of  various  smaller  sizes  are  fixed  on  the  probe  centerline,  about  0.070 
inch  in  front  of  the  probe.  With  these  apertures,  measurements  of  col- 
lector-current variations  along  the  beam  furnish  a  rough  picture  of 
beam-ripple  amplitudes  and  locations.  In  addition,  the  current-density 
variation  across  the  beam  can  be  estimated  by  moving  a  pinhole  aperture 
in  a  broad  arc  through  the  beam  centerline.  Both  the  inner  conductor 
of  the  probe  and  the  intercepting  vane  are  liquid-cooled. 

The  noise  powers  coupled  to  the  coaxial  probe  are  considerably  smaller 
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than  for  a  tuned  coaxial  cavity,  because  of  the  lower  RF  gap  impedance 
of  the  former.  To  compensate  for  this  drawback,  a  sensitive  noise  re- 
ceiver is  employed,  similar  in  principle  to  the  radiometer  invented  by 
R.  H.  Dicke.  The  input  noise  power  is  replaced  periodically  by  a 
matched  load  at  room  temperature  by  pulsing  the  beam  on  and  off 
with  a  1,000  cps  scjuare  wave,  and  placing  an  isolator  in  front  of  the  re- 
ceiver. A  synchronous  detector  eliminates  gain-fluctuation  noise  and 
converts  the  receiver  output  to  a  dc  voltage. 

Noise  power  variations  at  various  microwave  frerjuencies  are  measured 
in  terms  of  the  changes  of  attenuation,  between  probe  and  receiver,  re- 
quired to  keep  the  receiver  output  constant.  These  rapid  adjustments  in 
attenuation  are  performed  by  a  servo  amplifier-motor  loop,  and  recorded 
on  a  chart,  whose  speed  (1|  inches  per  minute)  is  synchronized  with  that 
of  the  moving  probe.  In  the  same  way,  records  of  collector  current  as  a 
function  of  probe  position  can  be  obtained,  and  correlated  with  those  of 
noise  power.  The  probe  can  be  moved  a  distance  of  about  17  inches,  its 
position  nearest  the  gun  (2  =  0  inches)  corresponding  to  a  distance  of 
0.95  inch  between  the  anode  and  the  input  plane  of  the  RF  gap. 
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'''ENVELOPE 


50  OHM 
COPPER  COAXIAL 

DRIFT   TUBE       ^LINE 

.,,,  V/////////A,  I 


,,    COLLECTOR    /         -O^O    DIA.^     \ 
/'I  \   i       .050    DIAn     \     \ 


"^  top  DIA  I  ( 


,531  R 


Fig.  1  —  Cress-section  of  experimental  tube,  showing  electron  gun,  probe,  and 
two  solenoids.  The  isolated  current-collector  electrode  serves  as  inner  conductor 
of  a  coaxial  line.  The  induced  RF  power  can  be  measured  over  a  wide  range  of 
frequencies. 
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III    EXPLORATORY   MEASUREMENTS 

The  electron  gun  used  in  these  experiments  had  been  designed  for  use 
in  a  helix  traveling-wave  tube  with  a  longitudinal  focusing  field  of  600 
gauss.  Noise-power  and  collector-current  curves,  therefore,  were  first 
taken  with  600  gauss  to  study  a  typical  state  of  affairs  in  an  operational 
beam.  As  seen  in  Fig.  2,  the  noise  power  at  3.9  kmc  varies  periodically 
with  distance  for  about  4  inches  from  the  gun,  then  climbs  rather 
smoothly  by  nearly  23  db  to  an  irregular  plateau,  where  it  undulates 
slowly,  and  finally  levels  off.  The  initial  part  of  the  growing  noise  curve 
at  10.7  kmc  is  missing  because  of  inadequate  receiver  sensitivity,  but  its 
later  portion  is  similar  to  that  at  3.9  kmc,  with  about  half  the  rate  of 
noise  climb.  With  the  0.020-inch  aperture,  the  collector-current  varia- 
tions decrease  in  amplitude  chiefly  in  the  drift  region  preceding  the  noise 
climb;  whereas  those  for  the  0.100-inch  aperture  decrease  afterwards. 
Both  curves  show  a  flattening  in  the  growing-noise  region  itself,  as  well 
as  a  decrease  in  their  average  values  after  that  region,  signifying  an  in- 
crease in  the  average  beam  diameter. 

A  similar  set  of  curves  is  shown  in  Fig.  3,  for  a  focusing  field  of  279 
gauss  (about  twice  the  nominal  Brillouin  field).  Noise  growth  at  3.9  kmc 
starts  later,  and  proceeds  less  steeply,  than  at  600  gauss.  The  noise-power 
curve  for  10.7  kmc  is  much  more  articulated,  with  a  semblance  of  peri- 
odicity, throughout  the  drift  region.  Collector-current  curves  for  both 
0.020-  and  0.050-inch  apertures  show  considerable  reduction  in  current- 
ripple  amplitude  with  distance,  reaching  virtually  zero  in  the  former  case. 

Another  type  of  survey  measurement  is  illustrated  in  Fig.  4.  With 
the  probe  stationary  at  the  far  end  of  the  drift  space  (about  18  inches 
from  the  gun  anode),  the  main  solenoid  current  is  varied  smoothly  to 
change  the  focusing  field  from  0  to  over  600  gauss,  and  synchronized 
records  are  made  of  collector  current  and  noise  power.  (In  this  instance, 
the  current  in  the  auxiliary  solenoid  was  +3.2  amperes.)  At  low  mag- 
netic fields,  both  the  current  and  noise-power  curves  have  large  ampli- 
tude variations,  which  diminish  as  the  field  increase.  At  first  glance,  the 
noise  peaks  and  valleys  seem  to  coincide  with  those  of  collector  current; 
certainly,  some  do.  Closer  inspection,  however,  reveals  significant  mis- 
alignments which  cannot  be  accounted  for  by  experimental  error.  When 
the  three  noise  curves,  at  3,050,  3,930,  and  4,730  mc,  respectively,  are 
compared  with  each  other,  some  characteristic  features  emerge: 

(1)  An  average  curve  drawn  through  each  pattern  has  one  or  two 
broad  maxima,  which  tend  to  move  toward  higher  field  strengths  with 
increasing  frequency. 
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Z  IN  INCHES    ALONG    DRIFT    TUBE    (0   IS  0.95  "FROM    ANODE) 
B=600   GAUSS,    B(-=25.6    GAUSS,  V=2200  VOLTS,  1  =  38    MA 


Fig.  2  —  Typical  smooth  steep  growing-noise  patterns,  near  4  and  10.7  kmc, 
respectively,  with  customary  focusing  field  of  about  four  times  the  Brillouin  value. 
Collector-ciu'rent  traces  through  small  and  large  apertures  reveal  decreases  in 
ripple  amplitude  and  increase  in  average  beam  diameter. 
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Z    IN    INCHES    ALONG    DRIFT     TUBE  (0  IS  0.95"  FROM    ANODE) 
B=279    GAUSS,   Bc=1.19  GAUSS  ,  V=2200   VOLTS   ,1=38  MA 


Fig.  3  —  At  about  half  the  focusing  fields  used  in  Fig.  2,  the  growing-noise 
pattern  is  much  the  same  at  4  kmc,  but  shows  significant  articulation  at  10.7 
kmc.  The  collector-current  traces  show  pronounced  decreases  in  ripple  amplitude, 
and  differences  in  ripple  patterns  obtained  with  different  apertures. 
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MAGNETIC    FOCUSING    FIELD    IN    GAUSS 
V=2200     VOLTS,  1-38    MA,    Z=17.10    INCHES 

Fig.  4  —  With  the  probe  stationary  at  about  18  inches  from  gun  anode,  collec- 
tor current  and  noise  powers  in  bands  about  1  kmc  apart  are  recorded,  as  current 
in  the  main  solenoid  is  varied  from  0  to  1.5  amperes  (0  to  635  gauss). 
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PART    I  —  THE    GROWING   NOISE    PHENOMENON  839 

(2)  The  lower  the  frequency,  the  lower  the  field  strengths  at  which 
noise  amplitudes  change  most  violently  with  field. 

(3)  The  three  noise  curves  resemble  each  other  in  small  details. 
The  results  of  a  great  many  records  of  the  kind  illustrated  by  Figs. 

2  and  3  can  be  summarized  as  follows: 

(1)  There  is  always  a  decrease  in  beam-ripple  amplitude  associated 
with  noise  growth  at  any  frequency.  (Sometimes  the  ripple  amplitude 
increases  afterwards,  as  in  Fig.  3.) 

(2)  The  higher  the  frequency,  for  a  given  field,  the  more  articulated 
or  scalloped  the  noise  pattern. 

(3)  No  correlation  can  be  found  between  rate  of  noise  growth  and 
either  (a)  distance  from  gun  to  take-off  plane,  or  (b)  net  gain  at  the  end 
of  the  drift  region.  The  trends,  as  a  function  of  magnetic  field,  are  differ- 
ent at  different  frequencies. 

(4)  Greatest  noise  growth  does  not,  as  a  rule,  occur  with  zero  flux 
threading  the  cathode.  Sometimes  two  nearly  equal  peaks  occur  for  two 
values  of  Be ,  each  of  opposite  polarity,  referred  to  the  sense  of  the  main 
field. 

(5)  The  noise-distance  patterns  change  very  slowly  with  frequency. 

(6)  No  beam  entirely  ripple-free  throughout  its  length  has  ever  been 
observed  by  the  writer. 

IV   ORIGIN    OF   GROWING   NOISE 

If  noise  growth  is  due  to  some  amplification  process,  it  should  be 
possible  to  adjust  the  beam-focusing  conditions  so  that  the  noise  currents 
start  increasing  at  the  anode,  and  attain  the  greatest  possible  over-all 
gain  at  the  end  of  the  drift  space.  The  enhanced  activity  of  the  unknown 
gain  mechanism  should  presumably  help  identify  it.  The  curves  of  Fig. 
4  show  that  maximum  noise  occurs  at  different  values  of  the  focusing 
field,  for  different  values  of  field  at  the  cathode,  and  different  probe  posi- 
tions. With  the  anode  voltage  and  receiver  freciuency  fixed,  therefore, 
the  conditions  for  greatest  net  noise  growth  can  only  be  found  by  a  series 
of  trial  settings  of  both  magnetic  fields,  each  followed  by  a  recording  of 
the  noise-distance  pattern.  Eventually,  a  set  of  fields  can  be  found  for 
which  the  greatest  total  gain  occurs;  and  such  patterns  are  usually  found 
to  show  fairly  steady  noise-amplitude  increase,  on  the  average,  over  the 
entire  length  of  probe  travel. 

The  results  of  this  procedure  for  noise  power  near  4  kmc,  as  well  as 
the  patterns  of  collector-current  versus  distance  with  the  same  fields, 
using  the  0.1 00-,  0.050-,  and  0.020-inch  apertures  fixed  at  the  probe 
centerline,  are  shown  in  Fig.  5.  A  similar  set  of  records,  for  noise  power 
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Z    IN    INCHES    ALONG    DRIFT     TUBE    (0    IS    0.95"    FROM    ANODE) 
B=134.7   GAUSS,   8^=18.24   GAUSS  ,  \/=2200  VOLTS,  1  =  36  MA 


Fig.  5  —  The  magnetic  fields  in  drift  tube  and  at  the  cathode  have  been  adjusted 
empirically  to  expand  the  growing-noise  region  over  the  entire  drift  region,  with 
the  L.O.  at  3,990  mc.  The  field  is  slightly  less  than  the  Brillouin  value,  but  the 
beam  is  strongly  rippled  because  the  gun  was  designed  for  best  focusing  at  a  much 
higher  field.  The  noise-current  maxima  align  with  the  average  collector  currents 
on  their  increasing  slopes,  for  all  three  aperture  sizes. 
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near  10.69  knic,  is  shown  in  Fig.  6.  The  significant  features  of  both  sets 
of  records  can  be  summarized  as  follows: 

(1)  In  both  cases,  the  beam-ripple  periods  are  equal  to  the  RF  scallop 
periods;  i.e.,  the  half-wavelengths  of  the  space-charge  standing  waves. 
The  noise  minima  tend  to  occur  at  planes  where  the  collector  currents 
are  at  their  average  values  and  decreasing;  i.e.,  where  the  beam  diame- 
ters are  at  their  average  values  and  increasing.  The  noise-current  maxima 
occur  where  the  beam  diameters  are  about  to  decrease.  These  are  the 
classical  conditions  for  rippled-beam  amplification.  '    ' 

(2)  In  Fig.  5,  the  ripple  amplitudes  and  peak  values  of  all  three  col- 
lector-current curves  decline  appreciably  with  distance,  the  rate  of  de- 
cline being  greatest  for  the  smallest  aperture.  (Similar  curves,  not  shown 
here,  have  displayed  little  or  no  such  decline  in  the  absence  of  noise 
growth.)  This  suggests  that  the  RF  noise  power  is  amplified  at  the  ex- 
pense of  do  energy  associated  with  radially-directed  electron  velocities. 

(3)  In  Fig.  6,  the  disparity  among  rates  of  decline  of  current-ripple 
amplitudes  and  their  peak  values,  for  the  three  aperture  sizes,  is  even 
more  pronounced.  In  addition,  the  ripple  wavelength  barely  changes 
for  the^  0.100-inch  aperture,  but  increases  with  drift  distance  for  the 
smaller  apertures,  resulting  in  an  increasing  "phase  shift"  among  them. 
Thus  the  current-density  variations  at  different  radii  in  the  beam  can 
contribute  unequally  to  space-charge  wave  amplification,  depending  ori 
their  local  ripple  amplitude  and  phase.  In  this  instance,  the  variations 
in  current  density  along  the  beam  are  initially  greatest  near  the  axis, 
and  suffer  the  greatest  reduction  there.  It  is  worth  noting  that  this 
"inner  rippling"  would  be  missed  entirely  in  beam-size  measurements 
with  a  large  aperture.* 

The  decrease  of  beam  ripple  and  the  increase  in  average  beam  diame- 
ter, shown  in  Figs.  5  and  6,  has  been  found  to  accompany  rippled-beam 
amplification  of  impressed  signals  by  T.  G.  Mihran.  Another  corrobora- 
tion of  the  identity  of  this  gain  mechanism  can  be  obtained  by  comparing 
the  measured  noise  gain  per  scallop  with  that  predicted  by  theory  for 
idealized  conditions.  '  For  a  beam  with  stepwise  alternations  of  maxi- 
mum and  minimum  beam  diameters  (ratio  r2/ri),  and  with  noise  maxima 
and  beam-diameter  maxima  coinciding,  the  gain  per  scallop  is  as  follows: 


Gr,.  =  {;^      -    ^.  (1) 


Here,  V  is  the  beam  potential,  and  p  the  reduction  factor  w^/ajp  .  Al- 
though the  actual  rippled  beam  is  far  removed  from  either  Brillouin  or 

*  More  information  about  "inner  rippling"  will  be  presented  in  Part  II. 
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Fig.  6  —  The  fields  have  been  adjusted  as  in  Fig.  5,  for  maximum  extension  of 
the  gain  region,  for  noise  power  near  10,690  mc.  Collector  current  measured  with 
the  smallest  aperture  shows  the  greatest  decline  in  amplitude  of  variations,  as 
well  as  advance  in  ripple  phase  relative  to  the  current  through  the  largest  aperture. 
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Table  I  —  Measured  Versus  Calculated  Maximum  Noise  Gain 


Freq.  mc. 

Ripple  Data 

Gain  in  db  per  Scallop 

Iris  Dia.  Inches 

rilr\ 

Brillouin  Flow 

Confined  Flow 

Measured 

3,990 
10,690 

0.020 
0.050 
0.100 
0.020 
0.050 
0.100 

3.4 
3.2 
1.9 
2.5 
1.8 
1.1 

6.1 
6.3 
4.0 
6.4 

4.8 
<1.0 

5.0 
5.4 
3.3 
5.6 
4.4 
<1.0 

4.3 
4.9 

confined  flow,  the  published  values  of  reduction  factor  for  both  extremes 
can  be  used  as  first  approximations.  '  '  The  ratio  ri/ri  can  be  estimated 
by  assuming  the  current  density  to  be  uniform  over  the  beam  cross- 
section  near  the  middle  of  the  drift  region,  for  each  of  the  three  apertures 
used.  The  potential  variations  can  be  neglected.  The  results  of  such  cal- 
culations are  given  in  Table  I. 

As  the  computed  gains  are  expected  to  be  somewhat  greater  than  those 
measured,  because  of  the  optimum  conditions  assumed,  the  best  cor- 
respondence between  measured  and  computed  gain  rates  appears  to  be 
for  the  ripple  data  taken  with  the  0.050-inch  iris  at  3,990  mc,  and  that 
with  the  0.020-inch  iris  at  10,690  mc.  This  distinction  is  in  accord  with 
previous  qualitative  comparison  of  Figs.  5  and  6,  showing  that  most  of 
the  beam  cooperates  in  the  ripples  of  the  former,  but  that  "inner  rip- 
pling" characterizes  the  latter. 

Another  calculation  that  reveals  which  part  of  the  beam  is  interacting 
with  the  RF  noise  field  in  each  case  is  that  of  the  space-charge  half- 
wavelength,  as  follows: 


2 


where 


/3p6 


17^I"'/V"\ 


(2) 


(3) 


Here  ^p  is  the  plasma  wave  number,  b  the  beam  radius,  and  p  the  reduc- 
tion factor,  which  can  be  evaluated  as  previously  for  the  smooth  beam 
in  either  ideal  Brillouin  or  confined  flow.  For  the  gun  used  here,  the 
square  root  of  the  perveance  is 

or 

X»/2  ^  29.8  h/p.  (4) 
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Table  II  —  Measured  VERstJs  Calculated  Space-Charge 
Half-Wavelengths 


Iris  used, 
inches  dia. 

Avg.  beam 

radius  ro 

inches 

7  rad./in. 

Xj/2, inches 

Ripple    1 

Freq.  mc. 

Brillouin 
Flow 

Confined 
Flow 

Meas'd 

Wavelength  ■ 
L,  meas'd 

3,990 
10,690 

0.050 
0.020 

0.057 
0.033 

22.9 
61.2 

3.2 
1.6 

2.7 
1.3 

3.0 

1.47 

3.06 
1.52 

1 

Thus,  agreement  between  this  expression  and  the  measured  value 
requires  the  correct  choice  of  the  effective  beam  radius,  h.  It  turns  out 
that  the  suitable  value  for  Fig.  5  (3,990  mc)  is  the  average  beam  radius 
obtained  from  ripple  data  taken  with  the  0.050-inch  iris,  and  that  for 
Fig.  6  (10,690  mc)  is  obtained  with  data  taken  with  the  0.020-inch  iris. 
The  results  are  summarized  in  Table  II. 

With  this  mechanism  as  the  primary  source  of  the  noise  gain,  it  be- 
comes clear  why  nearly  equal  noise  maxima  were  found,  with  some 
values  of  the  main  focusing  field,  B,  for  two  values  of  cathode  flux  den- 
sity Be  of  opposite  polarity.  From  approximate  analyses  of  beam  ripples 
when  flux  threads  the  cathode,  such  as  those  provided  by  McDowell^^ 
and  others,  it  is  found  that  the  ripple  wavelength  depends  nearly  alto- 
gether on  B.  Its  amplitude  and  spatial  phase,  however,  depend  on  Be  , 
as  this  affects  the  beam  geometry  at  the  drift-space  entrance.  For  a 
sufficiently  wide  range  of  variation  of  5c ,  the  spatial  phase  of  the  ripples 
can  be  varied  from  the  proper  relation  wdth  the  space-charge  standing 
wave  for  gain,  through  the  positions  for  de-amplification,  and  back  to 
gain  again. 


I 


V   THE   GROWING-NOISE   MECHANISM 

Although  many  earlier  noise  records  can  be  understood  in  the  light  of 
the  rippled-beam  amplification  (RBA)  process,  this  is  not  yet  true  of 
the  smooth,  steep  noise  growth  usually  observed,  as  in  Figs.  2  and  3. 
The  simple  theory  predicts  that  a  space-charge  wave  will  be  amplified 
when,  for  small  ripples,  a  "resonance"  condition  exists  between  the  rip- 
ple wavelength,  L,  and  the  space-chai'ge  half-wavelength 


L  ^  nXs/2, 


(5) 


where  n  is  an  integer,  usually  unity.  In  addition,  as  mentioned  earlier, 
there  is  an  optimum  phase  relation  between  ripple  and  standing  wave 
for  maximum  gain.  These  conditions  are  not  satisfied  by  the  records  of 
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Figs.  2  and  3,  except  possibly  for  the  10.7  kmc  noise  current  in  Fig.  3 
(at  a  relatively  low  magnetic  field). 

To  establish  a  connection  between  the  two  types  of  noise  growth,  the 
noise  record  of  P'ig.  6  (for  10.7  kmc  with  greatly  expanded  gain  region) 
is  compared  with  that  near  -4  kmc  under  the  same  conditions,  in  Fig.  7. 
The  growing  noise  region  for  4  kmc  does  not  start  until  at  least  four  scal- 
lop wavelengths  past  the  earliest  observed  10.7  kmc  noise  growth.  More- 
over, the  4-kmc  noise  pattern  resembles  that  for  10.7  kmc  in  many  de- 
tails. (The  resemblance  in  details  of  noise  patterns  at  nearby  frec^uencies 
has  been  remarked  before,  in  connection  with  Fig.  4.) 
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Fig.  7  —  The  pattern  of  growing  noi.se  in  Fig.  6,  near  10,690  mcs,  is  compared 
with  that  near  3990  mc  for  the  same  fields.  The  gain  region  of  the  latter  curve 
starts  much  later  and  is  much  smoother  than  the  former.  The  small  irregularities 
on  the  3,990  mc  curve  resemble  the  scallops  of  the  10,690  mc  curve,  in  a  blurred 
way. 
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This  information  suggests  that  the  growing-noise  mechanism  is  really 
a  two-stage  process:  amplification  of  a  broad  band  of  microwave  fre- 
quencies, located  far  above  the  observation  frequency,  followed  by  a 
transfer  of  noise  energy  to  lower  frequencies. 

(a)  First  stage 

At  low  magnetic  fields,  there  are  few  ripples  per  unit  length,  but  their 
amplitude  is  usually  large;  whereas  at  moderate  to  large  magnetic  fields, 
the  ripple  amplitude  is  small,  but  so  is  the  ripple  wavelength.  In  either 
case,  the  bandwidth  of  RBA  is  large,  usually  many  thousands  of  mega- 
cycles. 

The  increase  of  both  bandwidth  and  gain  per  scallop  with  ripple 
amplitude  has  been  explained  by  Pierce  by  analogy  between  the  gain 
band  of  a  rippled  beam  and  the  stop  band  of  a  transmission  line  filter:  a 
sharply  varying  periodic  disturbance  on  the  latter  will  reflect  short  as 
well  as  long  waves,  whereas  smoother  perturbations  will  not  reflect  the 
shorter  waves  to  any  extent. 

Another  way  to  study  the  amplification  bandwidth  is  to  derive  the 
equations  for  RF  current  in  a  one-dimensional  beam  with  sinusoidal  varia- 
tion of  the  reduced  plasma  wave  number,  j3q  =  p-^p,  as  Hefl'ner,'^ 
Bloom,^^  and  others^^'  ^^  have  done.  This  leads  to  a  Mathieu  equation, 
whose  solutions  may  be  studied  on  the  Mathieu  stability  plot  (A,  q): 

V^   +  (A  -  2?  cos  2oc)I  =  0.  (6) 

Here  /  is  the  RF  current,  q  a  measure  of  the  perturbation  amplitude, 
X  =  Tz/L,  and  A  =  (2L/Xg)  ,  where  L  is  the  ripple  wavelength  and  X, 
the  reduced  plasma  wavelength.  Bloom  has  shown  that,  if  n  is  the  in- 
tegral number  of  scallop  wavelengths  between  initial  and  final  planes, 
the  greater  the  product  nq,  the  greater  the  total  amplification  or  deam- 
plification,  and  the  less  critical  the  phase  relation  between  RF  standing 
wave  and  ripple  for  amplification.  Ultimately,  for  very  large  nq,  ampli- 
fication will  take  place  for  all  values  of  this  phase  angle. 

At  higher  magnetic  fields,  both  the  ripple  amplitude  and  ripple  wave- 
length are  decreased.  This  means  that  q  is  reduced,  but  /i  increased  over 
any  fixed  span.  This  combination  usually  tends  to  increase  the  product 
nq  up  to  some  fairly  high  field,  after  which  it  may  decline.  More  impor- 
tant, the  reduction  in  ripple  wavelength  shifts  the  band  of  amplification 
to  higher  frequencies,  and  greatly  increases  the  frequency  band.  This 
occurs  because   the  "resonant"   space-charge   wavelength   is    shorter. 
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and  short  space-charge  wavelengths  correspond  to  high  frequencies, 
where  the  former  change  very  slowly  with  frequency. 

(b)  Second  stage 

When  noise  power  over  this  large  band  has  been  amplified  sufficiently, 
electron  bunching  becomes  non-sinusoidal,  and  the  beam  becomes  non- 
linear. Harmonics  and  beat-frequencies^  of  the  fundamentals,  and  pos- 
sibly sub-harmonics,  are  excited.  As  the  beat-frequencies  are  excited 
by  a  continuum  of  pairs  of  frequencies,  their  standing-wave  patterns 
overlap  one  another,  resulting  in  a  "wash-out"  of  the  noise  minima,  and 
a  smooth  growing-noise  pattern.  Eventually,  the  same  non-linear  proc- 
esses take  place  within  this  subsidiary  band,  leading  to  a  gradual  leveling 
of  the  entire  noise  spectrum.  The  initial  rates  of  rise  of  the  intermodula- 
tion  products,  however,  should  take  place  closer  to  the  gun  and  be 
greater,  for  a  lower  freciuency.  They  will  depend  on  both  the  spectrum 
of  noise  power  in  the  primary  band  and,  so  to  speak,  the  spectrum  of 
"beam  non-linearity"  within  that  band. 

To  simulate  this  intermodulation  process,  two  low-level  klystron  sig- 
nals (9,050  and  12,275  mc,  respectively)  were  simultaneously  permitted 
to  modulate  the  electron  beam  as  it  entered  the  drift  tube,  by  means  of 
a  short  length  of  lossy  helix.  The  magnetic  fields  at  the  cathode  and  in 
the  drift  space  were  adjusted  to  produce  a  beam  ripple  which  amplified 
both  of  these  signals  simultaneously  over  most  of  the  drift  space,  as 
shown  in  Fig.  8  (a,  b,  c).*  Noise-power  records  were  then  made  at  the 
difference-frequency,  in  the  presence  of  the  two  modulation  signals. 
Fig.  8(d),  and  in  their  absence,  Fig.  8(e).  The  difference  between  the 
noise  levels  in  the  latter  two  records  increases  with  distance,  as  both 
parent  space-charge  waves  grow  in  amplitude,  and  the  degree  of  beam 
non-linearity  increases.  Naturally,  the  contribution  to  3,295-mc  noise 
in  the  absence  of  modulating  signals  is  far  greater  than  that  of  the  latter 
two  alone,  as  the  primary  bandwidth  of  noise  amplified  is  very  great, 
and  that  of  the  signals  very  small. 

There  are  several  reasons  why  exponentially-growing  noise  should 
stop  growing  and  level  off,  and  sometimes  even  decrease  .slightly: 

(1)  depletion  of  dc  kinetic  energy  in  the  beam  ripples; 

(2)  de-amplification  in  the  fundamental  band,  due  to  departure  from 
the  proper  phase  relation  for  gain  between  standing  wave  and  ripple, 
if  only  over  part  of  the  band  (Fig.  3); 

*  The  fine  ac  detail  superimposed  on  the  pattern  of  Fig.  8(b)  is  due  to  inter- 
ference between  the  waves  traveling  along  the  beam  and  that  propagating  as  a 
waveguide  mode  in  the  drift  space. 
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Fig.  8  (a),  (b),  (c) — The  fields  have  been  adjusted  to  give  rippled-beam 
amplification  of  two  weak  klystron  signals,  12,275  and  9,050  mc,  simultaneously 
impressed  on  the  beam  at  the  entrance  to  the  drift  region. 
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Fig.  8  (d),  (e)  —  Noise  power  at  the  difference-frequency,  3,225  mc,  is  recorded, 
with  and  without  the  signals  (b)  and  (c)  present.  The  difference  in  ordinates  of 
the  two  curves  increases  with  distance  from  the  gun,  as  the  impressed  signals 
grow  and  the  beam  becomes  more  non-linear. 

(3)  sufficient  pha.se  shift  between  inner  and  outer  ripple.s  in  the  beam 
tor  one  to  de-aniphfy  as  much  as  the  other  amphfies;  and 

(4)  interference  among  the  intermodulation  products  excited  at  differ- 
ent positions  along  the  beam.* 

1    The  last  effect  is  illustrated  in  Fig.  9,  in  exaggerated  form.  The  beam 

*  Suggested  I)}-  C.  C.  Cutler  of  Bell  Telephone  Laboratories. 
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Fig.  9  —  Two  strong  klystron  signals  are  impressed  on  the  beam  as  in  Fig.  8, 
and  noise  power  at  their  difference-frequency  recorded,  both  with  and  without 
these  signals  present.  The  deep  noise  minima  in  (b)  are  due  to  destructive  inter- 
ference between  trains  of  waves  excited  by  intermodulation  at  different  positions 
along  the  beam. 
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is  simultaneously  modulated  as  before  with  two  klystron  signals  (8,400 
and  11,  590  mc,  respectively),  but  now  at  fairly  high  level;  and  the  fo- 
cusing field  is  made  large.  The  interference  dips  in  the  pattern  of  3,120-mc 
noise  are  quite  deep,  and  are  spaced  irregularly  and  farther  apart  than 
the  space-charge  wavelength  of  any  of  the  three  frequencies  involved. 
The  third  dip  is  shallower  than  the  previous  two  because  of  the  growth 
of  3,120-mc  noise  other  than  that  due  to  the  signals,  as  shown  in  Fig. 
9(c).  The  latter  pattern  of  noise  in  the  absence  of  the  two  high-level, 
high-frequency  signals  suggests  that  the  characteristic  first  gentle  dip 
following  the  growing-noise  region  is  indeed  of  the  same  nature  as  the 
artificially-produced  interference  dips,  and  has  nearly  the  same  cjuasi- 
period. 

The  pattern  of  dips  agrees  with  simple  calculations,  based  on  this 
model,  in  which  the  amplitude  of  the  difference-frequency  intermodula- 
tion  product,  excited  at  any  plane  f ,  is  assumed  proportional  to  the  prod- 
uct of  the  amplitudes  of  the  two  high-frequency  space-charge  standing 
waves,  as  follows: 

\di,\  oc  |ti(f)-z2(r)(^rl,  (7) 

where 

in  =  In  sin  p„l3p^-  sin  co„(^  -  t/u),  (n  =  1,2). 

The  total  current  at  f  =  ^  is  the  sum  of  contributions  from  all  the  stand- 
ing waves  excited  to  the  left  of  it : 

1  f^ 

I  t3  I     cc    -/1/2    /      COS  P3(3p(2    -    f)[C0S  (pi    -    7)2)i3pf 

4        Jo  (8) 

-  cos  (pi  -{-  P2)0p^]  f/f . 
This  expression  is  readily  integrated  and  evaluated. 

VI    CONCLUSIONS 

Synchronized  measurements  of  electron-current  density  and  noise 
currents  at  several  microwave  frequencies  have  shown  that  the  "growing 
noise"  pattern  in  drifting  cylindrical  beams  is  the  result  of  a  two-stage 
process.  In  the  first  stage,  rippled-beam  amplification  of  noise  fluctua- 
tions takes  place  over  a  very  broad  band  of  microwave  frequencies, 
much  higher  than  the  usual  observation  frequency.  In  the  second,  noise 
energy  is  transferred  to  lower  frec^uencies  by  intermodulation  and  other 
non-linear  processes  within  this  band.  The  element  of  non-linearity  is 
supplied  when  primary  noise  gain  is  sufficient  to  make  electron  bunching 
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non-sinusoidal.  Other  sources  of  non-linearity  are  thermal  velocities, 
non-laminar  beam  flow,  etc.  As  the  beat-frequency  noise  increments  at 
any  plane  are  produced  by  continuous  arrays  of  freciuency  pairs,  in- 
creasing in  numbers  and  amplitude  in  various  ways  as  primary  amplifica- 
tion proceeds,  the  multiple  standing-wave  patterns  at  the  observation 
frequency  progressively  overlap  one  another.  This  results  in  the  smooth 
steep  rise  of  noise  power  usually  observed. 

Phase  correlation  among  the  space-charge  waves  excited  at  succes- 
sive planes  on  the  beam  by  the  same  set  of  frequency  pairs  is  indicated 
by  gentle  dips,  due  to  their  destructive  interference,  in  the  plateau 
following  the  initial  noise  rise. 

Rippled-beam  amplification  occurs  whenever  the  ripple  wavelength 
and  half  the  space-charge  wavelength  are  nearly  ecjual,  and  bear  a 
favorable  spatial  relation  to  each  other.  However,  this  "phase"  relation 
becomes  less  critical  with  an  increase  in  either  the  number  of  ripple 
Avavelengths  over  which  synchronism  persists,  or  the  ripple  amplitude, 
or  both.  Noise  amplification  by  this  mechanism,  therefore,  is  probably 
present  to  some  degree  in  all  rippled  streams,  particularly  at  high  fields. 
The  extreme  difficulty  encountered  in  focusing  ripple-free  beams  from 
convergent,  shielded  guns  has  to  this  date  prevented  the  detection  of 
any  other  primary  gain  mechanism,  which  may  conceivabh'  co-exist  in 
such  beams. 

A  conspicuous  feature  of  rippled-beam  amplification  is  the  decrease 
in  ripple  amplitude  due  to  conversion  of  dc  into  ac  kinetic  energy.  Such 
changes  in  beam  structure  emphasize  the  inadequacy  of  beam-flow  com- 
putations based  entirely  on  dc  force  eciuations.  A  more  detailed  descrip- 
tion of  this  dc-ac  energy  conversion  is  given  in  Part  II. 
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Noise  Spectrum  of  Electron  Beam  in 
Longitudal  Magnetic  Field 

Part  II  —  The  UHF  Noise  Spectrum 

By  W.  W.  Rigrod 

(Manuscript  received  January  21,  1957) 

Sharp  peaks  are  found  in  the  UHF  spectrum  (10  to  500  mc)  of  an  elec- 
tron beam,  emanating  from  a  shielded  diode.  In  the  presence  of  a  longitudi- 
nal magnetic  field,  the  strongly  rippled  beam  displays  an  additional  set  of 
peaks  whose  frequencies  are  proportional  to  the  field  strength.  The  largest 
of  these,  just  above  the  cyclotron  frequency,  is  connected  with  the  overlap  of 
a  dense  cluster  of  particle  orbits,  passing  close  to  the  beam  axis.  It  can  attain 
amplitudes  of  65  db  above  background  noise. 

The  transverse  distribution  of  UHF  noise  power  is  found  to  agree  with 
that  for  ideal  Brillouin  flow ,  even  in  rippled  beams.  With  long  ripple  wave- 
lengths, two  noise  maxima  are  found  to  flank  each  beam  waist.  A  small- 
signal  wave  analysis  explains  this  pattern,  and  affords  some  insight  into  the 
energy-exchange  processes  in  rippled-beam  amplification.  The  reduction  in 
"growing  noise"  due  to  positive  ions  is  attributed  to  increased  cancellation 
of  net  radial  beam  motion,  due  to  overlap  in  particle  orbits  near  the  axis. 

I   INTRODUCTION 

The  reader  is  referred  to  Part  V  for  a  description  of  the  experimental 
apparatus  and  its  operation.  In  this  paper,  measurements  of  noise  power 
in  the  same  electron  beam  are  described,  with  freciuencies  chiefly  in  the 
10-  to  500-mc  range,  and  relatively  weak  magnetic  fields.  For  the  UHF 
measurements,  a  calibrated  coaxial  step  attenuator  and  a  super-regenera- 
tive receiver  (the  Hewlett-Packard  417-A  VHF  Detector)  are  used.  Rela- 
tive noise-power  amplitudes  at  fixed  freciuencies  are  measured  as  before, 
in  terms  of  changes  in  attenuation  between  probe  and  receiver  required 
to  restore  constant  receiver  output.  To  obtain  qualitative  information, 
however,  such  as  the  location  of  noise  maxima  along  the  beam,  the  series 
attenuation  is  fixed.  The  receiver  output  is  amplified,  rectified,  and  per- 
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mitted  to  register  itself  directly  on  the  chart  recorder,  whose  motion  is 
synchronized  with  that  of  the  probe.  Very  roughly,  the  detector  output 
varies  as  the  log  of  input  power. 

Measurements  are  described  (a)  of  the  UHF  noise  spectrum  in  the 
beam,  just  outside  the  gun  anode;  (b)  of  this  spectrum  at  the  end  of  the 
drift  region,  in  a  longitudinal  magnetic  field;  (c)  of  the  noise-power  dis- 
tribution along  the  axis;  and  (d)  transverse  to  the  axis  of  the  rippled 
beam  in  the  drift  region.  Two  calculations  are  then  outlined,  one  of  wave 
propagation  along  the  rippled  beam  (to  explain  the  observed  distribution 
patterns),  and  the  other  to  account  for  some  spectacular  peaks  in  the 
beam  spectrum  (b). 

II    FIELD-INDEPENDENT   PEAKS 

When  the  noise  spectrum  of  an  electron  beam  is  scanned  by  a  tunable 
receiver,  it  is  found  that  an  irregular  array  of  narrow-band  peaks  char- 
acterize the  UHF  region,  below  about  1000  mc.  Of  these  peaks,  some  are 
due  to  spurious  modulation  effects,"  and  can  be  eliminated  as  follows: 

(1)  Transit-time  oscillations  due  to  positive  ions,  secondary  electrons, 
or  both.  Such  frequencies  vary  with  probe  (collector)  position. 

(2)  Resonances  in  the  probe  and  receiver,  excited  by  the  pulsed- 
voltage  supply.  These  are  unaffected  by  changes  in  collector  current. 

(3)  Ion  oscillations  in  the  electron  gun  or  beam.  Their  frequencies  vary 
with  anode  voltage. 

The  remaining  narrow-band  peaks  fall  into  two  classes,  depending 
on  whether  their  frequencies  vary  with  the  magnetic  field. 

Well-defined  peaks  can  be  detected  with  the  RF  probe  stationed  one 
inch  from  the  gun  anode,  with  or  without  any  focusing  field.  When  the 
beam  is  focused  by  a  longitudinal  magnetic  field,  these  disturbances 
propagate  along  the  beam,  and  tend  to  increase  in  amplitude  with  dis- 
tance, but  not  to  change  in  frequency.  A  typical  set  of  such  frequencies, 
within  the  range  of  the  tunable  receiver  is  as  follows:  15.9,  24.3,  31.2, 
34.0,  48.5,  63.4,  77.0,  108,  151,  166,  270.5,  372  and  481  mc.  (During  this 
measurement,  the  anode  voltage  was  2,200,  and  the  peak  current  about 
40  ma.) 

No  consistent  relation  could  be  found  between  these  frequencies  and 
either  the  anode  voltage  or  the  cathode  temperature,  although  unmis- 
takable frequency  changes  did  occur  when  these  parameters  were  ma- 
nipulated. Failure  to  establish  such  a  relation  may  have  been  due  to 
uncontrolled  drift  in  cathode  activity.  In  any  case,  the  measurements 
did  serve  to  narrow  the  field  of  possible  mechanisms,  by  eliminating  the 
following : 
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(1)  Transverse  positive-ion  oscillations,  for  which  the  freciuencies 
vary  as  the  square  root  of  anode  voltage. 

(2)  Transverse  electron  plasma  oscillations  (near  or  beyond  the 
anode),  for  which  the  frequencies  would  be  too  high. 

(3)  Longitudinal  electron  plasma  oscillations  at  the  potential  mini- 
mum, for  the  same  reason  (should  be  near  2,500  mc). 

(4)  Longitudinal  diode  oscillations.'*  When  the  electron  transit  angle 
through  the  diode  is  approximately  (n  -\-  j)  periods,  where  n  is  an  in- 
teger, the  real  part  of  the  diode  conductance  becomes  negative,  permit- 
ting oscillations  to  occur.  Again  the  frequencies  of  such  oscillations  would 
be  too  high,  (2,200  mc  and  higher)  for  the  gun  used,  to  conform  to  the 
observed  values. 

There  is,  however,  one  published  theory  for  which  an  order-of -magni- 
tude correspondence  does  exist  between  the  measured  and  calculated 
frequencies.  Klemperer^'  ^  has  shown  that  a  strip  beam  tends  to  break 
up  into  clusters  of  "pencils"  at  the  cathode.  He  ascribes  these  to  standing 
waves  resulting  from  transverse  oscillations  in  the  space-charge  cloud, 
and  offers  an  expression  for  the  wave  velocity  in  this  medium.  Applica- 
tion of  his  formula  to  the  cathode  used  in  the  present  experiments  results 
in  a  least  frequency  of  3L3  mc.  Other  observers,  such  as  Smyth'  and 
\^eith,*  have  also  reported  evidence  of  interaction  between  electrons  in 
a  retarding-field  region  and  RF  fields,  which  may  underlie  these  oscilla- 
tions, 

III   FIELD-DEPENDENT   PEAKS 

With  the  RF  probe  stationed  ten  or  more  inches  from  the  gun  anode, 
narrow-band  peaks  can  be  found  in  the  noise  spectrum  of  the  beam. 
The  amplitudes  of  these  peaks  increase  and  their  frequencies  decrease 
with  decreases  in  the  magnetic  field.  For  each  probe  position,  the  process 
of  finding  the  peak  of  greatest  amplitude  involves  repeated  adjustments 
of  the  focusing  field,  the  magnetic  field  at  the  cathode,  and  the  receiver 
frequency. 

When  the  fields  have  been  so  optimized,  it  is  found  that  the  probe  is 
located  at  or  near  the  first  beam-diameter  minimum,  following  that  at 
the  entrance  to  the  drift  space.  When  the  field  is  doubled,  and  the 
"tuning"  process  repeated,  the  greatest  peak  is  found  to  have  about  twice 
the  frequency  of  the  fir.st,  and  the  probe  is  found  to  be  located  at  or  near 
the  second  beam  waist.  It  is  convenient,  therefore,  to  think  of  these 
peaks  as  "proper"  frequencies  of  the  A''  =  1,  etc.,  modes  of  the  rippled 
beam,  where  A^  is  the  number  of  ripple  wavelengths  between  gun  and 
probe. 
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Fig.  1  —  Frequencies  and  amplitudes  of  several  narrow-band  UHF  peaks 
measured  at  a  fixed  probe  position,  about  16  inches  from  the  gun  anode.  N  is  the 
number  of  beam-ripple  wave-lengths  between  anode  and  probe.  Other  peaks  have 
been  observed  at  higher  harmonics  of  the  "proper"  frequency  (encircled  points), 
and  at  about  half  that  frequenc}'. 


As  shown  by  the  encircled  points  in  Fig.  1,  these  frequencies  range  be- 
tween 1.03  and  1.06  times  the  calculated  cj^clotron  frequency,  and  have 
amplitudes  as  high  as  65  db  above  the  background  noise.  The  amplitudes 
decrease  with  increasing  ^V,  falling  off  as  the  minus  two-thirds  power  of 
the  frequency. 
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At  each  of  these  optimum  field  settings,  several  weaker  "satellite" 
peaks  can  also  be  detected,  most  readily  those  at  the  cyclotron  frequency 
itself,  and  at  0.707  times  the  latter;  i.e.,  the  "plasma"  frequency,  as 
shown  in  Fig.  1.  In  addition,  smaller  peaks  have  been  repeatedly  ob- 
served at  harmonics  (up  to  the  sixth)  of  the  proper  frequency,  and  one 
at  slightly  less  than  half  of  that  frequency.  (When  a  proper  frequency 
was  simulated  by  means  of  a  signal  generator,  only  its  first  harmonic 
could  be  detected  in  the  receiver  output.) 

At  the  fields  corresponding  to  AT"  =  4  in  Fig.  1,  the  cyclotron  frequency 
(312  mc)  was  found,  but  not  the  proper  frequency.  The  highest  proper 
frequency  observed  was  240.5  mc,  in  the  A^  =  3  mode.  The  proper- 
frequency  peaks  decrease  with  increasing  focusing  field,  whereas  the 
field-independent  peaks  excited  in  the  electron  gun  tend  to  increase,  at 
the  far  end  of  the  drift  region. 

IV   SPATIAL   DISTRIBUTION    OF   UHF   NOISE    CURRENTS 

In  Figs.  2  to  5  are  shown  synchronized  chart  records  of  collector  cur- 
rent, one  or  more  UHF  narrow-band  peaks,  and  microwave  noise  power 
near  4,000  mc  —  all  as  functions  of  distance  from  the  electron  gun,  for 
the  A''  =  1  to  4  modes,  respectively.  In  all  runs,  the  beam  was  pulsed 
with  a  1,000-cycle  square  wave,  and  the  collector  aperture  set  at  a  0.100 
inch  diameter.  The  magnetic  fields  at  the  cathode  and  in  the  drift  space 
were  adjusted  before  each  set  of  readings,  with  the  probe  at  a  common 
reference  position,  for  greatest  amplitude  of  some  UHF  peak.  In  Figs. 
2  and  3,  these  were  proper  frequencies,  whereas  in  Figs.  4  and  5  they  were 
field-independent  frequencies. 

The  content  of  these  distribution  curves  can  be  summarized  as  follows: 

(1)  At  the  low  fields  employed  (none  quite  equal  to  the  nominal 
Brillouin  value),  the  beam  ripples  are  quite  large,  both  in  amplitude  and 
wavelength. 

(2)  The  proper-frequency  traces  have  two  or  three  maxima  near  each 
beam  waist,  and  their  amplitudes  grow  more  rapidly  with  distance  from 
the  gun  than  any  of  the  satellite  frequencies. 

(3)  The  patterns  of  the  cyclotron  and  "plasma"  frequencies  do  not 
differ  significantly  from  those  of  the  field-independent  frequencies,  and 
usually  display  two  peaks  near  each  beam  waist. 

(4)  The  collector-current  maxima  decrease  with  distance  from  the  gun, 
although  their  minima  change  little.  (The  first  maximum  is  sometimes 
flat-topped  due  to  beam  interception  before  it  enters  the  drift  space.) 
The  rate  of  decrease  of  these  maxima,  and  the  rate  of  increase  of  proper- 
frequency  amplitude,  are  greater,  the  longer  the  ripple  wavelength. 
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Fig.  2  —  The  fields  have  been  adjusted  lor  ma.ximuni  amplitude  of  the  .V  =  1 
proper  frequency,  77.8  mc,  at  a  reference  probe  position  {z  =  15  inches).  The 
synchronized  probe  records  indicate  three  distinct  maxima  of  this  proper  fre- 
quency near  the  beam  waist. 
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Fig.  3  —  The  longitudinal  distributions  of  the  A^  =  2  proper  frequency-,  157 
mc,  as  well  as  its  "satellite"  76.2  mc,  and  microwave  noise  power,  are  shown  here, 
with  fields  adjusted  for  greatest  amplitude  of  the  proper  frequency  at  2  =  15 
inches. 
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Fig.  4  —  The  fields  have  been  adjusted  for  maximum  amplitude,  at  the  same 
reference  probe  position,  of  a  wave  excited  in  the  diode,  with  frequency  unafTected 
by  the  magnetic  field,  165  mc.  The  cyclotron  frequency  for  this  field  is  240.2  mc. 
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Fig.  5  —  A  procedure  similar  to  that  in  Fig.  4  was  followed,  with  four  ripple 
wavelengths  between  anode  and  reference  plane.  The  cyclotron  frequency  here 
is  329.5  me. 
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(5)  The  patterns  of  microwave  noise  power  resemble  blurred  envelopes 
of  the  UHF  traces. 

Some  idea  of  the  transverse  distributions  of  UHF  noise  power  and 
electron-current  density,  in  a  region  of  strong  proper-frequency  exci- 
tation, is  given  in  Figs.  6  and  7.  The  measurements  were  taken  by  mov- 
ing a  small  aperture  in  a  broad  arc  through  the  probe  centerline,  just 
in  front  of  the  probe  aperture.  In  both  illustrations,  the  relative  noise 
power  has  been  "normalized"  to  compensate  for  variations  in  electron 
current  traversing  the  RF  gap. 

The  curves  of  Fig.  6  are  typical  of  most  such  measurements.  The  beam- 
current  density  varies  smoothly  through  a  single  broad  maximum,  and 
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Fig.  6  —  Simultaneous  point -by-point  measurements  of  collector  current  and 
relative  noise  power,  obtained  by  moving  an  0.013-inch  diameter  aperture  in  a 
broad  arc  through  the  probe  centerline.  The  probe  is  stationary,  about  18  inches 
from  the  gun  anode,  and  the  fields  have  been  adjusted  for  maximum  amplitude  of 
the  proper  frequency,  148.5  mc.  The  cyclotron  frequency  is  143.8  mc. 
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the  noise-power  density  is  greatest  at  the  rim  of  the  beam  so  defined, 
and  least  near  its  center.  No  evidence  of  azimuthal  periodicity  was 
found.  The  curves  of  Fig.  7,  which  are  less  typical,  indicate  five  distinct 
peaks  of  RF  power,  despite  a  nearly  symmetrical  pattern  of  collector  cur- 
rent. At  the  time  of  this  measurement,  cathode  emission  may  have  been 
uneven,  due  to  coating  damage  by  ion  bombardment. 

In  the  rippled  beam  on  which  these  measurements  were  made,  the 
ratio  of  flux  encircled  at  the  cathode,  to  that  in  the  drift  space,  was 
\er3^  small  for  most  electrons.  One  would,  therefore,  expect  the  trans- 
verse noise-power  distribution  in  this  beam  to  resemble  that  in  a  smooth 
Brillouin  beam.^  The  noise  power  expected  when  a  pinhole  aperture 
is  located  at  the  beam  center  can  be  compared  with  that  when  the  aper- 
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Fig.  7  —  Transverse  distribution  measurements  similar  to  those  of  Fig.  6. 
This  pattern  was  obtained  a  week  hiter  than  that  of  Fig.  6,  and  the  cathode  was 
operated  at  a  higher  temperature.  The  cyclotron  frequency  would  be  153.2  mc 
for  the  field  used. 
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tiire  straddles  the  beam  rim,  by  taking  the  beam  area  exposed  in  the 
first  case  to  be  that  of  a  sector  of  angle  6,  and  the  length  of  beam  sur- 
face in  the  second  case  to  be  that  of  the  corresponding  arc: 

Rf  current  sample  inside  of  beam  ^^  dh'J^    _  h(u  —  /3i/)  -hilSb) 
Rf  current  sample  at  rim  of  beam       2dbGz  2u/i(/36) 

Here  b  is  the  beam  radius,  and  Jz  ,  Gz  the  longitudinal  components  of 
volume  and  surface  current  densities,  respectively.  7o  and  /i  are  modi- 
fied Bessel  functions,  (3  is  the  propagation  constant,  u  the  beam  veloc- 
ity, and  CO  the  radian  frequency.  For  the  frequencies  and  Vjeam  radii 
employed  in  these  measurements,  this  ratio  is  very  much  less  than  unity. 
Thus  the  pattern  of  Fig.  6  is  in  accord  with  this  mode  distribution.  The 
multiple  peaks  of  Fig.  7,  however,  do  not  conform  to  this  picture,  and 
are  not  understood  at  present. 

As  most  of  the  RF  power  is  concentrated  near  the  rim  of  the  beam, 
the  question  arises  whether  the  double  and  triple  peaks,  in  the  longi- 
tudinal distribution  patterns  of  Figs.  2  to  5,  are  not  due  to  the  probe 
aperture  breaking  through  the  beam  rim.  However,  the  dip  between 
adjacent  noi.se  peaks  is  too  great  to  be  explained  on  the  basis  of  reduced 
partition  noise  or  weakened  gap  coupling,  assuming  the  beam  diameter 
there  to  be  less  than  the  gap  diameter  (0.100  inch).  Moreover,  double 
peaks  occur  even  when  the  beam  diameter  exceeds  the  RF  gap  diameter; 
for  instance,  near  the  last  three  beam  w^aists  of  Fig.  5.  (When  all  of  the 
beam  is  transmitted  by  the  0.100  inch  aperture,  the  collector-current 
peak  is  flat-topped.)  It  seems  likely,  therefore,  that  the  double  and 
triple  peaks  correspond  to  peaks  of  amplitude  over  the  entire  beam 
cross-section. 

V   PROPAGATION   ALONG   THE    RIPPLED    BEAM 

To  find  an  explanation  for  the  multiple  peaks  of  space-charge  cur- 
rent, a  small-signal,  slow-wave  analysis  of  wave  propagation  along  the 
rippled  beam  can  be  made,  in  which  the  special  features  of  these  experi- 
ments are  exploited:  long  ripple  wavelength,  effectively  no  flux  at  the 
cathode,  and  low  frequencies.  The  first  of  these  features  suggests  that 
the  propagation  constants  can  be  evaluated  at  each  cross-section  plane 
as  though  the  beam  were  uniform,  despite  the  presence  of  radial  ve- 
locities. In  addition,  the  space-charge  density  is  assumed  constant  at 
each  cross-section,  and  the  electron  flow  laminar. 

With  these  assumptions,  the  beam  can  be  regarded  as  a  fluid  of  mov- 
ing charge,  with  a  single-valued  velocitj^  at  each  point  in  space,  as  fol- 
lows: 
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Vo   =    {Vr  ,  Ve  ,  v^)  (1) 

where 

Vr  =  r-f(z),         or         — '  =  -^  (2) 

or       r 

ve  =  rd  =  r  |^  (3) 

V,  =  u.  (4) 

Here,  r,  6,  z  are  the  polar  cylindrical  coordinates,  Wc  =  r]B  the  angular 
cyclotron  frequency  corresponding  to  the  longitudinal  focusing  field  B, 
and  j{z)  a  function  describing  the  amplitude  and  spatial  periodicity  of 
the  beam  ripple.  The  experimental  data  indicates  that  the  potential 
variations  along  the  beam  axis  are  negligible,  permitting  the  assumption 
that  the  longitudinal  velocity,  xi,  is  constant.  MKS  units  are  used. 

Consistent  with  the  distribution  pattern  of  Fig.  6,  the  ac  field  can 
be  represented  by  an  axially-symmetric  potential  function,  similar  to 
that  for  the  smooth  Brillouin-flow  beam: 

V  ~  7o(7r)  expjXwf  -  ^z),  (5) 

E  =  -grad  V.  (6) 

The  ac  equations  of  fluid  motion  are  obtained  by  adding  a  small  ac 
increment  to  each  of  the  steady-state  velocity  components.  In  addition 
to  the  space-charge  field,  the  ac  electric  field  contributes  forces  acting 
on  the  charged  medium;  those  contributed  by  the  ac  magnetic  field 
are  neglected: 

{vo  +  y)  =  -77[-grad  V  -  grad  Vo  +  (vo  +  fJ)  X  B].        (7) 
at  "  -        -         - 

The  ac  velocity  is  distinguished  by  a  tilde,  and  the  dc  velocity  by  a 
zero  subscript.  Here  ri  =  e/m  is  the  charge-mass  ratio  of  the  electron, 
a  positive  quantity.  As  all  ac  quantities  are  functions  of  spatial  positions, 
their  time  differentiation  (indicated  by  a  dot)  is  equivalent  to  multi- 
plication by  y(co  —  0u),  written  jojfc  for  brevity. 
The  components  of  the  force  equation  are  expanded  as  follows: 


^  +    (^.   +   v.)   ^   (..   +   Vr)    +    (U    +    V.)    ~   (Vr  -f   r-,.)    -     ^^^1±^ 

dt                        dr                                       az  r 

dV    ,  dVo           f       ,       . 

dr  dr 


(8a) 
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>'  +  'V  (I,  +  -. 


r     J.  /M  -  3F 


J-  +  'v(^^  +  ^ 


dd 

Ve  =  0, 


^i)^    ,        dv,    .       dv. 

-\-  Vr  -\-   U  

dt  dr  dz 


V 


j^h  +  (V 


dr 


a7 

dz' 


(8b) 

(9a) 

(9b) 
(10a) 
(10b) 


An  expression  for  the  ac  space-charge  density,  jo,  can  be  obtained  in 
terms  of  its  steady-state  counterpart,  po  ,  by  means  of  the  charge-con- 
servation equation : 


dp 

dt 


—  Vo-grad  p  —  5"grad  po  —  po  div  v  —  p  div  ^o 
— Vo-grad  po  —  po  div  Vo  . 


(11) 


As  the  beam  diameter  changes  slowly,  the  dc  space-charge  density  at 
each  plane  is  taken  to  be  inversely  proportional  to  the  square  of  the 
radius,  b: 


grad  PC  I  = 


dpo 
~dz 


2podb^ 
b    dz~ 


2tv 
^lr 


Po 


div  Vo  =  —  - 


yo-grad  po 


•'■"'  +  "'  (I  +  7, 


■po 


po 

'1  d 


2Vr 

r 


(rvr)  -  jl3v,  (  1  -  j  i--  , 
r  dr  \  (311  r  /_ 


(12) 
(13) 
(14) 


At  low  frequencies  (the  UHF  region), 

dr         r 

as  {yrf  «  1.  This  inequality  is  also  true  of  other  ac  quantities  pro- 
portional to  V,  such  as  V.  and  p,  and  with  a  small  error  can  be  assumed 
to  be  true  for  Vr  .  When  the  operator  d/dr  is  omitted  from  (8),  (9),  (10), 
and  (14),  it  is  possible  to  solve  explicitly  for  p  in  terms  of  po  and  T". 
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The  laminar-flow  rippled   beam  can  be  described  by  the  particle 
trajectories,  as  follows: 


ri  =  ro,(l  +  5  C0S|S,2), 

where  ro,  is  the  maximum  radius  for  the  paiticle  considered,  and 
0  <  5  <   1.  For  this  model  of  the  beam, 


(15) 


r 
r   dz 


h  _  —boic  sin  (Sc2 
h  ~  1  +  5cos/3,2' 

—  ajci8c5(5  +  cos  ^cz) 


(Ki) 


(17) 


(1  +  5cosM-     ■ 

The  region  of  interest,  judging  from  the  observed  peak  locations,  is 
not  at  the  mid-plane  of  the  beam  waist,  where  Vr  =  0,  but  on  either  side 
of  that  plane,  where  |  Vr/r  \  is  greatest.  It  is  readily  found  that,  at  these 
positions  (I//-)  (dVr/dz)  is  zero,  and  (14)  can  be  written 


P  = 


7 


J 


0' 


fiu  r  / 


W6/  > 


(18) 


This  can  be  combined  with  Poisson's  Equation, 

AV  =  (y'  -  0')V  =   -p/e, 
to  furnish  a  relation  between  y  and  |8: 


(19) 


7 


R 


1 


(jibV/  _ 


=    ^2 


ini  -J 


.  2   v., 


1  - 


0u  r 


1 


mr 


(20) 


where  R  =  Wp/wb  and  oij  =  —  Tjpo/e,  the  square  of  the  angular  plasma 
fi'equency. 

At  the  beam  boundary,  r  =  h,  the  continuity  of  the  tangential  field 
components  and  the  change  in  radial  electric  displacement  can  be  ex- 
pressed in  the  form  of  an  admittance  equation: 


V  \  dr 


a 


1  ^J 
V  di 


nil 


(21) 


Here  I  refers  to  the  beam,  0  ^  ?•  ^  b,  and  II  to  the  space  between  beam 
and  the  concentric  conducting  tube,  b  ^  r  ^  a.  The  surface  charge 
layer,  a,  takes  account  of  the  surface  ripple,  of  amplitude  r: 


870 


THE    BELL   SYSTEM   TECHNICAL   JOURNAL,    JULY    1957 


por 


-ar/e  =   - 


__JPQVt 

R{dV/dr) 


(22) 


1  -  J 


.    Vr 


cohr 


The  appropriate  potential  functions  in  I  and  II  are  reduced  by  means 
of  the  low-frequency,  or  thin-beam,  approximation,  as  follows: 

']_dV'Y  ^  yhjyb)  ^  Yb 
V  dr   b        hiyh)   -   2 


']_dV 
V  dr 


~iii 


=  /3 


h{yb)   ■ 


^% 


_/o(/36)Ko(/3a)  -  h{l3a)Komj 
1 


(23) 


~   2        6  In  a/6 
where  the  following  small-argument  approximations  have  been  used; 

Ko{x)  ^  -In  X, 


KiOr)  ^^ln.T-f -, 
2  X 


(24)     , 


The  boundary  equation  thus  provides  a  second  relation  between  7  and  (3: 


y% 

1  - 

R         1 

l3-'b 

2 
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6  In 


a 


(25) 


For  the  smooth  beam  in  Brillouin  flow  {vr  =  0),  the  boundary  equa- 
tion, to  the  same  low-frequency  approximation,  is  as  follows: 

2 

(26) 


Re 


COj 


(«  -  i3ouy 


a 


im'  In  ~ 


To  see  how  the  beam  ripple  affects  the  propagation  constant,  it  is 
sufficient  to  find  its  first-order  effect;  i.e.,  to  assume  relatively  small 
radial  velocities  and  find  a  solution  for  /3  which  is  not  very  different 
from  its  value,  /3o ,  for  the  smooth  beam: 

(27) 


/3    =    /3o   +    6    =    /3e   ±   ^g   +   5, 


where 


5  I  «  /3o  ;         ^c 


COt 
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^' 


/3e 


CO 
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In  addition,  |  Vrl (j^hf  \  is  less  than  unity,  and  |  2vr/^ur  \  can  be  neglected 
entirely.  With  these  assumptions,  the  boundary  and  characteristic 
equations  can  be  combined  to  solve  for  ^ : 

^       F{F  -R)       ^  -  U)  ^°  (28) 


where 


7_  _  _ 

^2         F^  -  R  F  -  R 


CObV 


utilizing  the  low-frequency  condition,  \  R   \  >   \  R  \  >   1,  this  equa- 
tion can  be  reduced  and,  after  some  algebra,  solved: 


=  1  -  j 


(00  +  5)(±/3,)  —  ''  2a;6r' 

/3.^/3e  +  ^«  -  i^,  (29a) 

2ur 

Pf^l3e-  ^,  +  J:^.  (29b) 

2ur 

These  expressions  show  that  the  current  in  the  slow  wave  (IJ  will 
grow  when  (vr/r)  is  negative;  i.e.,  when  the  beam  is  contracting,  and 
decrease  during  its  expansion.  The  fast  wave  (I/)  will  do  the  opposite. 
In  probe  measurements  along  the  beam,  the  detected  ac  power  is  pro- 
portional to  the  square  of  the  total  space-charge  current,  which  has 
the  following  dependence  on  time  and  distance  when  the  amplitudes  of 
both  waves  are  initially  equal: 


(Is  +  //)   =  2/max  cos  {cot  -  ^ez)  -cos  (13 gz)  -sinh  f  ^  j  . 


(30) 


In  UHF  noise-power  measurements  along  beams  with  long  ripple 
wavelengths,  the  two  planes  of  maximum  dz  (vr/r)  are  separated  by 
only  a  small  fraction  of  a  space-charge  wavelength.  Therefore,  cos  ^qZ 
at  the  first  of  these  planes  is  only  slightly  larger  than  at  the  second. 
Thus,  two  peaks  of  current  are  observed,  in  agreement  Avith  (30).  By 
contrast,  in  rippled-beam  amplification  at  microwave  frequencies, 
shorter  ripple  wavelengths  and  smaller  ripple  amplitudes  are  employed. 
Then  (iv/r)  varies  nearly  sinusoidally  over  the  ripple  wavelength.  For 
maximum  net  gain  per  ripple,  maximum  negative  (vr/r)  is  adjusted  to 
coincide  with  the  plane  of  cos  ^gZ  =  1  (maximum  current),  and  maxi- 
mum positive  (vr/r)  at  the  current  minimum,  half  a  wavelength  bej^'ond. 
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The  gain  constants  in  (29)  are  independent  of  frequency.  The  net  gain 
per  ripple  wavelength,  however,  will  vary  with  frequency,  depending  on 
how  closely  both  the  current  maxima  and  minima  coincide  with  the 
regions  of  maximum  ±  (vr/r),  respectively.  This  is  a  statement  of  the 
"resonance"  condition  between  ripple  wavelength  and  half  the  space- 
charge  wavelength,  which  emerges  from  one-dimensional  analyses^"  of 
this  gain  mechanism  based  on  transmission-line  analogies. 

Such  analj^ses  generally  assume  small-amplitude  sinusoidal  variations 
of  the  reduced  plasma  wave  number,  jS, ,  along  a  one-dimensional  beam 
in  a  longitudinal  ac  field  with  no  losses.  Periodic  variations  in  either  beam 
or  wall  diameters,  or  beam  velocity,  cause  the  beam  "impedance"  to 
vary  periodicallj^  imparting  to  it  narrow-band  filter-like  properties 
equivalent  to  narrow-band  signal  gain.  From  another  point  of  view, 
these  periodic  impedance  changes  couple  the  fast  and  slow  space-charge 
waves  to  each  other  intermittently,  thereby  effecting  an  energj^  trans- 
fer from  the  fast  to  the  slow  wave.  As  this  coupling  is  lossless,  Is  increases 
and  //  decreases  with  drift  distance,  in  such  a  way  as  to  keep  their  product 
constant.  Then  the  product  /max/min  increases,  and  the  ratio  /max/min 
correspondingly  decreases.  In  the  case  of  noise-power  amplification,  two 
uncorrelated  space-charge  standing  waves  are  present.  Because  the  two 
slow  waves  cannot  simultaneously  be  amplified  at  the  expense  of  the  two 
fast  waves,  the  product  /max/min  must  remain  constant. 

The  observed  noise-current  patterns  in  rippled-beam  amplification, 
however,  are  characterized  b}-  a  nearly  constant  ratio  Imax/Imin  ,  and  an 
increase  in  the  product  /max/min  along  the  beam,  despite  the  fact  that 
the  beam  voltage  is  fixed.  This  apparent  contradiction  can  be  resolved 
by  a  closer  look  at  the  energy-exchange  processes. 

Chu'^  has  shown  that  the  kinetic  power  flow  in  space-charge  waves 
(the  major  part  of  the  total  power)  is  equal  to  the  difference  in  powers 
carried  by  the  fast  and  slow  waves.  This  is  equally  true  of  beams  with 
transverse  motions  and  fields.  In  rippled-beam  amplification,  whether 
analyzed  as  a  modulated  linear  beam  or  at  each  beam  cross-section  sepa- 
rately, as  here,  the  propagation  constants  are  found  to  be  complex  con- 
jugate quantities,  whose  real  parts  describe  the  ordinary  fast  and  slow 
waves  of  a  uniform  beam.  From  either  point  of  view,  therefore,  a  de- 
crease in  //  and  an  increase  in  /«  signifies  an  increase  in  the  negative 
kinetic  power  flow  carried  by  the  waves,  or  a  decrease  in  the  total  kinetic 
energy  of  the  beam. 

As  shown  in  (29),  the  gain  constants  are  proportional  to  tv  ,  indicating 
that  the  dc  energy  transferred  to  the  waves  when  the  beam  contracts 
could  only  have  come  from  the  radial  kinetic  energy,  not  the  longitudinal. 
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The  direction  of  energj'  transfer  is  reversed  during  the  subsequent  beam 
expansion.  If  the  ripple  were  perfectly  symmetrical,  therefore,  and  the 
dc-ac  energy  exchange  perfectlj^  reversible,  the  net  effect  of  a  beam  ripple 
would  be  zero.  Neither  of  these  conditions  is  quite  true  in  actual  beams. 
Rippled  flow  is  never  truly  laminar,  and  |  Vrlr  \  usually  decreases  with 
drift  distance  as  the  flow  loses  coherence;  i.e.,  it  is  greater  in  beam  con- 
traction than  in  the  next  expansion.  This  by  itself  would  produce  a  net 
gain  per  ripple  in  /«  ,  and  a  net  loss  in  //  ,  of  equal  amounts.  In  addition, 
however,  unavoidable  small  non-linearities  in  electron  motions  prevent 
all  of  the  ac  energy  in  a  de-amplified  wave  from  being  converted  back  to 
dc  kinetic  energj'.  Thus  it  is  possible  for  hoth  the  fast  and  slow  waves  to 
increase  in  a  ripple  wavelength,  the  latter  always  more  than  the  former. 
The  greater  gain  of  the  slow  wave  entails  a  loss  of  radial  kinetic  energy, 
in  agreement  with  the  observation  that  the  ripple  amplitude  always 
decays  more  rapidly  when  rippled-beam  amplification  takes  place.  The 
incomplete  reversibility  of  the  ac-dc  energy  exchange  probably  accounts 
for  the  observed  increase  in  /max/min  for  noise  currents.  Finally,  the  net 
amplification  of  all  of  the  space-charge  waves,  fast  as  well  as  slow,  is  in 
accord  with  the  observed  near-constancy  of  the  ratio  /max/Zmin  for 
microwave-frequency  noise,  despite  increases  in  the  product  /max/min  of 
30  db  and  more. 

VI   ORIGIN    OF   THE    PROPER-FREQUENCY    PEAKS 

Of  the  various  peaks  in  the  beam's  noise  spectrum,  described  in  Sec- 
tion III  and  Fig.  1,  those  with  "proper  frequencies,"  slightly  above  the 
cyclotron  value,  are  so  large  in  amplitude  that  even  an  approximate 
analysis  should  be  able  to  account  for  them.  To  do  so,  a  "working  model" 
of  the  beam  is  needed,  which  conforms  to  the  experimental  conditions 
which  existed  during  the  observations: 

(1)  The  peak  intensities  were  greatest  near  the  middle  of  each  beam 
waist,  and  decreased  with  decrease  in  ripple  amplitude. 

(2)  The  focusing  field  was  below  the  nominal  Brillouin  \-alue.  The 
field  at  the  cathode.  Be  ,  was  finite  and  opposed  to  the  main  field,  B. 

(3)  Collector-current  measurements  along  the  beam  axis  showed  the 
ratio  of  maximum  to  minimum  current  to  be  greater,  the  smaller  the 
aperture. 

(4)  The  gas  pressure  was  about  10  '  mm  Hg.  The  beam  was  pulsed 
with  a  1,000-cycle  square  wave. 

Item  (3)  indicates  that  the  flow  was  non-laminar;  and  Item  (4)  in- 
dicates the  presence  of  positive  ions.  All  the  items  are  consistent  with 
the  following  picture: 
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In  a  beam  with  large  ripples,  nearly  all  electrons  have  their  maximum 
radii  and  zero  radial  velocity  at  the  same  z-plane.  Those  with  sufficiently 
large  maximum  radius  will  have  enough  transverse  kinetic  energy  to 
surmount  the  space-charge  forces  at  the  beam  waist,  and  pass  through 
or  close  to  the  axis.  Others,  with  smaller  maximum  radii,  will  spiral 
about  that  axis.  Bolder  and  Klemperer^  have  observed  a  similar  di- 
vision of  electrons  into  "crossovers"  and  non-crossovers,  in  electron- 
optical  systems  without  magnetic  fields. 

Positive  ions  tend  to  neutralize  the  electronic  space  charge  at  the 
beam  waists,  broadening  the  region  in  which  crossover  occurs.  The  cross- 
over trajectories  thereupon  overlap  one  another,  resulting  in  multi- 
valued transverse  particle  velocities  in  this  region.  In  a  first-order 
(linearized)  study  of  wave  propagation  along  the  beam,  one  must  re- 
place the  actual  multivelocity  charge  motions  with  a  single  "fluid"  of 
charge,  whose  velocity  at  any  point  is  the  average  of  the  particle  ve- 
locities there.  It  is  clear  that  the  e-velocity  of  the  stream  is  u,  and  the 
radial  velocity  zero.  The  tangential  velocity,  ve  =  (^r)av  ,  however,  is 
more  complicated. 

Owing  to  the  partial  or  total  neutralization  of  electronic  space  charge 
at  the  beam  waists,  and  their  large  radii  elsewhere,  the  crossover  elec- 
trons will  encounter  virtually  no  space-charge  forces  in  their  paths.  Their 
transverse  paths  will  consequently  be  circles  about  fLxed  centers,  de- 
scribed with  angular  velocity  equal  to  the  cyclotron  frequency.  Their 
angular  velocity  about  the  beam  axis  is  given  by  Busch's  Theorem: 


*=2 


1  +  5 

r- 


where 


K    =     -^M-^j    =    ^max?*min  (3l) 


is  a  positive  quantity,  as  Bc/B  is  negative.  Here,  Tc  is  the  radius  at  which 
a  particular  electron  left  the  cathode,  and  r  is  its  radius  in  the  drift 
region.  The  angular  velocity,  6,  is  greater  than  coc/2  at  all  times,  and 
exceeds  coc  in  the  waist  region  of  the  beam.  The  average  value  of  ve  at 
any  point  here,  therefore,  is  greater  than  UcT  and  presvunabl}^  varies  from 
point  to  point  in  some  unknown  way. 

If  Ve  is  left  unspecified,  and  the  assumptions  adopted  of  zero  space- 
charge  forces  and  radial  velocity  over  a  finite  length  of  beam: 

,^°  =  0,         r.  =0,         f=0,  (32) 

the  radial  component  of  the  force  equation  (7)  in  Euler  coordinates  can 
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be  written  as  follows: 


( 


dvo\  ve'  _  .     . 

dt    r  -  -7  -   -  "^'«  '  ^^^^ 


ve  =  0    and     UcV.  (34) 

Thus,  the  radial  "balance"  conditions  (32)  are  consistent  with  either  of 
two  values  for  ve ,  of  the  equivalent  stream  with  single-valued  velocities. 
As  it  develops  that  either  of  these  values  leads  to  the  same  result,  the 
first  one  will  be  used  here  for  simplicity,  ve  =  0. 

An  ac  traveling  wave  along  this  beam  cannot  have  any  0-dependency, 
because  the  beam  has  no  single  value  of  angular  velocity  6,  which  might 
remain  in  synchronism  with  that  of  the  wave.  Thus,  the  perturbed 
dynamics  equation  (7)  can  be  expanded,  wdth  the  assumptions  of  an 
axial-symmetric  ac  field  given  by  (5)  and  (6),  a  stream  with  steady- 
state  velocity  (0,  0,  u),  constant  space-charge  density  po ,  and  no  space- 
charge  forces,  as  follows: 

dVr      ,  d~r  dV 

dt  az  or 

dve    ,        dve 
dt  az 

dv^    ,        dv^  dV 

dt  dz  dz 

These  are  solved  for  the  ac  velocity  components: 

Ub    —  ojc    or 
v,=  -t^v,,  (36) 

V,  =  -^  V.  (37) 

COb 

With  grad  po  =  div  ^o  =  0,  the  charge-conservation  equation  (11)  can 
be  solved  for  p: 

A.  =  -  Vo-  grad  p  -  po  div  v, 
at 

^ = ^^  div .- =  ,p.  r^^^,  -  ^1 

03b  [_Oib     —    Wc  0}b  J 

At  very  large  ripple  amplitudes,  it  is  a  fair  assumption  that  the  density 
of  non-crossover  electrons  is  negligible  relative  to  that  of  crossovers  in 
this  region.  Poisson's  equation   (19)   can  then  be  combined  with  the 
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above  expression  to  obtain  the  characteristic  equation : 

2 

1  "'P 

2  '     ~     2 2 

_  (jJb      —    COe 

2  '  ' 

2 
C06'' 


(39) 


In  a  frame  of  reference  moving  with  the  stream,  u^  is  0,  ^'u'  is  0,  and 
03b   =  w.  Then, 


^/\2  /     2  2  2\     2 


and  iS'  becomes  an  infinite  imaginary  quantity  when  co  is  Wc .  The  phase 
velocity  in  the  moving  frame  is  infinite,  as  the  real  part  of  (3'  is  zero; 
therefore  the  phase  velocity  Vp  in  the  rest  frame  is  also  infinite.  Thus, 
there  is  no  Doppler  shift  in  the  "resonant"  frequency  observed  in  the 
rest  frame: 

_       ^g       _ 

'^'observed    —  —   ^c  •  /  A1\ 

Vp 

As  the  actual  beam  has  a  2- velocity  spread,  the  field  is  never  perfectly 
uniform,  and  as  the  calculation  is  valid  for  small  ac  quantities  only,  the 
discrepancy  between  this  result  and  the  observed  "proper"  frequencies, 
which  were  1.03  to  1.06  times  the  cyclotron  value,  is  not  unexpected. 

The  singularity  in  (40)  is  seen  to  disappear  when  Wp  =  0.  This  indi- 
cates that  an  exact  calculation  would  show  the  gain  constant  (— j/S) 
to  increase  with  po ,  the  density  of  the  crossover  electrons.  Their  tra- 
jectories, described  by  (31),  and  the  absence  of  space-charge  forces  are 
such  that  K  =  rmax^min  ;  that  is,  the  greater  r^ax  ,  the  smaller  rmin  , 
the  distance  of  closest  approach  to  the  axis.  Thus,  a  larger  ripple  ampli- 
tude (permitted  by  a  lower  magnetic  field)  produces  a  greater  electron 
density  in  the  waist  region,  and  accordingly  a  greater  oscillation  ampli- 
tude at  the  resonant  frequency,  as  observed. 

The  foregoing  mathematics  describes  a  form  of  resonance,  the  infinite 
phase  velocity  corresponding  to  longitudinal  "cutoff"  in  a  waveguide. 
Unlike  a  waveguide,  however,  the  disturbance  increases  rather  than 
attenuates  along  the  axis,  due  to  the  transfer  of  dc  kinetic  energy  (repre- 
sented by  ve^/r)  to  the  ac  fields  (excited  by  noise  fluctuations  at  the 
cathode),  at  the  cyclotron  frequency  Wc  . 

Except  for  the  direction  of  energy  transfer,  the  situation  is  analogous 
to  that  of  a  low-pressure  gas  in  a  uniform  magnetic  field,  when  stressed 
by  an  impressed  ac  field  of  varying  frequency.  It  has  been  found  that 
the  breakdown  field  at  the  cyclotron  frequency  is  very  much  less  than 
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at  other  frequencies.  Here  the  energy  suppHed  by  the  ac  field  is  coupled 
most  effectively  to  the  free  electrons  at  the  resonant  frequency,  increas- 
ing their  dc  kinetic  energy  until  the  gas  breaks  down.  The  circular  ac 
charge  motions  due  to  the  dc  magnetic  and  the  ac  electric  fields  are 
superimposed  on  high-velocity  random  motions,  similar  to  the  radial 
motions  in  the  drifting  beam. 

The  UHF  peaks  observed  at  harmonics  of  the  proper  frequency  may 
simply  be  due  to  the  non-linear  character  of  the  beam,  when  excited  by 
the  high-level  fundamental  oscillations.  The  other  faint  satellite  peaks, 
near  0.5  coc  and  0.707  Wc  ,  seem  to  be  associated  with  the  unneutralized 
space-charge  density  at  the  beam  waist. 

The  conspicuous  role  played  by  crossover  electrons  in  the  waist  region 
of  rippled  beams,  due  to  the  tendency  of  their  orbits  to  overlap  there, 
leads  one  to  re-examine  their  influence  on  rippled-beam  amplification. 
As  seen  in  the  previous  section,  this  gain  process  depends  on  the  average 
value  of  (vr/r)  at  each  cross-section  plane  of  the  beam.  The  fraction  of 
all  electrons  which  penetrate  to  the  beam  axis  depends  on  competition 
between  the  unneutralized  space-charge  forces  and  the  particle's  trans- 
verse kinetic  energy.  An  increase  in  positive  ion  density  tends  to  make 
the  potential  depressions  at  beam  waists  broader  and  shallower,  and 
thereby  increase  the  number  of  crossover  electrons  as  well  as  the  axial 
distance  over  which  they  reach  the  axis.  The  net  effect  is  to  reduce  the 
average  value  of  |  fr  |  over  a  greater  portion  of  the  ripple  wavelength,  and 
thus  reduce  the  net  gain  of  the  space-charge  wave.  This  may  explain 
why  the  "growing  noise"  phenomenon  tends  to  be  inhibited  by  an  in- 
crease in  positive  ion  density. 

VII  CONCLUSIONS 

Evidence  is  found  of  oscillations  with  frequencies  in  the  10-  to  500-mc 
region  inside  of  an  electron-gun  diode.  There  is  some  basis  for  associating 
them  with  electron-field  interaction  in  the  retarding  region  of  the  diode. 
Another  type  of  narrow-band  noise  peak  is  found  near  the  waists  of  a 
strongly  rippled  beam  in  a  longitudinal  magnetic  field,  with  frequencies 
proportional  to  the  field  strength.  The  strongest  of  these,  at  about  1.05 
times  the  angular  cyclotron  frequency,  co^  ,  as  well  as  its  harmonics,  can 
be  explained  by  the  resonant  behavior  of  a  short  section  of  the  beam,  in 
which  the  average  transverse  velocity  is  nullified  by  overlap  in  particle 
orbits.  Fainter  satellite  peaks,  near  0.5  Wr  ,  0.707  Uc ,  and  o)^  ,  respectively, 
accompany  the  dominant  frequenc3\ 

In  a  drifting  beam  launched  from  a  shielded  electron  gun  and  focused 
by  an  axial  field,  the  transverse  distribution  of  noise  (or  signal)  intensity 
is  found  to  agree  with  that  predicted  for  ideal  Brillouin  flow.  Despite 
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the  presence  of  thermal  motions  and  beam  ripples,  the  ac  power  is  found 
to  be  concentrated  chiefly  at  the  rim  of  the  beam.  Occasionally,  several 
concentric  rings  of  noise  maxima  are  found  within  the  beam,  possibly 
due  to  unusual  cathode  conditions. 

When  the  ripple  wavelength  is  very  long,  two  maxima  of  noise  power 
are  observed  to  flank  each  beam  waist.  A  fir.st-order  calculation  of  wave 
propagation  along  a  rippled  laminar-flow  beam  accounts  for  this  pat- 
tern by  showing  that  space-charge  waves  grow  at  the  expense  of  dc 
kinetic  energy  in  the  radial  charge  motion.  In  rippled-beam  amplifica- 
tion of  noise,  the  product  /max^min  has  been  found  to  increase,  and  the 
the  ratio  /max/-^min  remain  nearly  constant,  because  both  fast  and  slow 
waves  are  amplified,  the  former  less  than  the  latter,  and  because  the 
wave  coupling  is  not  lossless. 

Positive  ions  tend  to  collect  at  the  waist  of  rippled  beams,  thereby 
extending  the  region  in  which  electrons  pass  close  to  the  axis,  instead 
of  circling  about  it.  The  overlap  of  their  orbits  leads  to  net  cancellation 
of  radial  charge  motion,  and  hence  a  reduction  in  rippled-beam  ampli- 
fication. This  may  explain  why  positive  ions  tend  to  inhibit  the  "grow- 
ing noise"  phenomenon. 
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An  expression  is  given  for  the  FM  distortion  introduced  by  a  transducer 
whose  attenuation  and  phase  shift  depend  upon  the  frequency  in  an  arbitrary 
way.  This  expi'ession  appears  to  be  difficult  to  evaluate,  but  it  yields  useful 
approximations  for  the  second  and  third  order  modulation  terms.  In  all  of 
the  work,  it  is  assumed  that  the  distortion  is  S7nall  compared  to  the  signal, 
and  that  the  signal  can  be  represented  by  a  random  noise  having  the  same 
power  spectrum. 

INTRODUCTION 

A  number  of  workers  have  been  concerned  with  the  problem  of  com- 
puting the  distortion  introduced  by  a  transducer  when  an  FM  wave 
passes  through  it.  Some  of  the  earUest  results  were  published  by  Carson 
and  Fry  and  by  van  der  Pol.  Several  contributions  to  the  subject  have 
been  made  recently  in  connection  with  studies  of  microwave  radio 
systems. 

An  excellent  paper  on  this  subject  has  been  published  recently  by 
R.  G.  Medhurst  and  G.  F.  Small.  Although  their  results  differ  consider- 
ably in  form  from  those  given  here,  they  are  nevertheless  closely  related 
to  ours  —  their  "sinusoidal  variations  of  transmission  characteristics" 
being  special  cases  of  our  "nonlinear  attenuation  and  phase  shift." 

Here  we  treat  the  problem  by  applying  a  method  used  in  a  recent 
paper  to  study  the  distortion  produced  by  an  echo.  Two  assumptions 
are  made,  (1)  that  the  distortion  is  small  compared  to  the  signal,  and  (2) 
that  the  signal  can  be  represented  by  a  random  noise  which  has  the 
same  power  spectrum  as  the  signal.  In  Section  I,  we  review  some  known 
results  and  put  them  in  a  form  suited  to  our  needs.  Sections  II  and  III 
are  devoted  to  the  derivation  of  our  main  formulas.  The  principal  result 
is  given  by  the  triple  integral  (3.2)  for  the  power  spectrum  of  the  dis- 
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tortion.  Unfortunately,  the  integrals  are  difficult  to  evaluate.  However, 
it  is  possible  to  obtain  approximations  for  the  second  and  third  order 
modulation  terms.  These  are  given  in  Section  IV.  Some  miscellaneous 
comments  are  made  in  Section  V. 

I    APPROXIMATE    EXPRESSION    FOR   THE   DISTORTION   6(t) 

Let  the  FM  signal  be  <p'{i)  =  dcp/dt  (for  phase  modulation  the  signal 
would  be  (p(t)).  Then  the  FM  wave  is  the  real  part  of 

v^{t)  =  e'>'+^>''^  (1.1) 

where  p  =  2x/p  is  the  carrier  frequency.  Let  this  wave  pass  through  a 
transducer  having  attenuation  a  and  phase  shift  /3,  where  a  and  ^  are 
even  and  odd  functions,  respectively,  of  the  frequency  /.  When  a  unit 
impulse  of  voltage  8{t)  is  applied  to  the  transducer  input,  the  output  is 

g(t)  =    r  e-«-'-^+2.i/t  ^^^_  ^2) 

J — 00 

For  physical  systems,  g{t)  is  zero  for  negative  /. 

When  Vi{t)  is  applied  to  the  transducer  input,  the  output  is 

vo(t)   =   f     vAt')g{t  -  t')  dt'.  (1.3) 

When  V(i{t)  is  applied  to  an  FM  receiver,  the  detector  output  consists  of 
the  original  signal  <f'{t)  plus  the  distortion  d'{t)  introduced  by  the  trans- 
ducer. Comparison  with  (1.1)  shows  that  d{i)  may  be  obtained  by 
solving 

when  p,  <p{t),  vo{t)  are  assumed  to  be  known,  and  V(t),  6{t)  unknown. 
When  V{t)  is  taken  to  be  positive,  (1.4)  determines  d{t)  except  for  an 
additive  term  of  2Tn  where  n  is  an  integer. 

We  now  assume  that  the  transducer  acts  like  a  good  transmission 
medium  in  that  the  output  differs  but  little  from  the  input.  More  pre- 
cisely, we  assume 

U'o(0  -  v^Q)  I  «i-  (1-5) 

Since  |  Vi{t)  |  =  1,  it  follows  that  |  i'o(0  1^1-  Transducers  having  ap- 
preciable attenuation  and  delay  may  be  regarded  as  two  transducers  in 
tandem,  one  with  constant  (independent  of  /)  values  of  a  and  j8//  which 
are  roughly  equal  to  those  of  the  original  transducer,  and  the  second 
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with  variable  a.  and  /S//.  The  first  transducer  produces  no  distortion  of 
the  signal,  and  if  condition  (1.5)  is  satisfied  by  the  second,  the  con- 
siderations of  this  paper  will  apply. 
Equation  (1.4)  may  be  written  as 


so  that 


When  we  write 


e{t)  =Imlog^.  (1.6) 

Viit) 


Vo{t)/Vi(t)    =    1   +   [vo{t)    -   Vi(t)]/Vi(t), 


expand  the  logarithm  in  (1.6),  and  use  (1.5),  we  obtain  our  approximate 
expression  for  d{t) : 

e{t)  =  Im  [voit)  -  Vi(t)]/Vi(t)  =  Im  Vo(t)/vi{t) 

=  Im  [vm~'  f_    ViiO  g{t-  t')  dt'  ^^  ^^ 

=  Im  /     exp  [ip{t'  —  t)  -\-  i(p(t')  —  i(p(t)]g(t  —  t')  dt' . 

J  — CO 

So  far  there  is  nothing  essentially  new  in  our  work. 

II   AUTOCORRELATION    FUNCTION   OF   d{t) 

In  Section  I,  (p'{t)  could  be  any  reasonable  sort  of  signal.  In  the  follow- 
ing work  we  assume  that  it  is  a  Gaussian  noise  whose  power  spectrum, 
^*''(/))  is  given  to  us.  The  power  spectrum  of  <p{t)  is 

w,ij)  =  wAI)/i2wff,  (2.1) 

and  its  autocorrelation  function  is 

^r    =     f     W^if)  cos  27r/T  df.  (2.2) 

We  have  written  ^^  instead  of  i^(t)  or  R^ir)  to  simplify  the  appearance 
of  the  formulas  which  occur  in  our  work. 

Our  problem  is  to  find  the  power  spectrum,  iveif),  of  the  distortion 
d(t),  given  w^{f).  The  method  of  solution  is  much  the  same  as  that  used 
in  Reference  4.  We  first  find  the  autocorrelation  function  Rb{t)  of  d(t) 
and  then  obtain  we(f)  by  taking  the  Fourier  cosine  transform  of  Reir). 
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Let  the  last  integral  in  (1.7)  be  F{t)  so  that  d(t)  =  Im  F{i).  Then 

e{tm  +  r)  =  1  Re  {F{t)F*{t  +  r)  -  Fit)F{t  +  r)}        (2.3) 

where  F*{t  +  r)  is  the  complex  conjugate  of  F{t  +  r).  The  autocorrela- 
tion function  of  d{t)  is  obtained  by  averaging  over  the  ensemble  of  the 
noise  functions  (p{t) : 

Reir)   =  av  d{t)eit  +  r) 

=  av  -  Re  <  /     dtj      dt"  exp  [i^pit'  —  /)  +  iip{t')  —  i^pit)] 

■g{t  -  t')g{t  +  r  -  /'0[exp  \-iv{t"  -  i  -  r)  (2.4) 

-  tV(r)  +  z^(^  +  t)]  -  exp  UX^"  -  /  -  r)  +  i^{t") 

-  i<p{f  +  t)]|. 

Since  g{t)  is  real,  ^*(0  =  g(t).  The  averaging  process  may  be  carried  I 
out  by  a  method  analogous  to  that  used  in  Reference  4.  The  formula  to 
be  used  is 

av  exp  [ixp{t')  -  i<p(f)  +  ia<p(f')  -  ia<p{t  +  t)] 

=  exp  [— i/'o(l  +  a')  +  \pi'-t  —  a\pv-t"  +  a^v-t-r  (2.5) 

+  a^t^f  —  a^/r  +  aVr'-^-r] 

where  a  is  either  —  1  or  +1,  and  xpr  is  an  even  function  of  t.  When  (2.5) 
is  used  in  (2.4)  a  double  integral  for  Reir)  is  obtained.  The  substitutions 

X  =  t  -  t', 

y  =^t-V  T  -t",  (2.6)  ) 

i?i,    =    ypT+x-v    —    ^T+x    —    ^T+x    —    4'r-y    +    ^r 

convert  the  double  integral  into 

Reir)   =  I  Re  r  dx  r  dyg(x)e-''''-'''>^'^^'^  ^      ^ 

Z        J-00       J-«  (2.7) 

The  symbol  R^  is  chosen  to  agree  as  closely  as  possible  with  the  notation 
of  Reference  4.  There  R^  w^as  the  autocorrelation  of  the  random  func- 
tion, vii),  where  v{l  +  T)  =  ^(0  -  ^{t  +  T),  T  being  the  echo  delay. 
Here,  R^  is  the  average  value  of  the  product, 

[<p{t)   -  <p{t  +  y)]  y{t  +  t)   -  <f{t  +  r  +  x)] 

which  becomes  the  autocorrelation  function  of  v{t)  when  y  =  x  =  T. 
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It  may  be  verified  that  the  expression  (2.7)  for  Reir)  is  an  even  func- 
tion of  T,  as  it  should  be.  Expression  (2.7)  is  the  autocorrelation  func- 
tion we  set  out  to  find. 

The  distortion  d(t)  has  an  average  value,  6,  whose  square  is  i?9(oc). 
Since  (p(t)  is  a  noise  function,  its  autocorrelation  function  \I/t  goes  to 
zero  as  r  approaches  qo.  Hence,  Re('^)  is  given  by  the  expression  ob- 
tained from  (2.7)  by  setting  7?^  =  0.  The  autocorrelation  function  of 

e{t)  -  d  is 

R,-ei.T)   =  Reir)  -  Re{^) 

=  i  Re  ["  dx  f  dy  ^(a:)e-'^"-'^°+^^+^^  (2.8) 

■g{y)W''{e'''  -  1)  -  e-'^'ie-''^  -  1)]. 

III  POWER   SPECTRUM    OF   THE    DISTORTION 

Since  d{t)  has  an  average  value  which  is  generally  not  zero,  its  power 
spectrum,  we{f),  has  a  spike  of  infinite  height  at/  =  0  corresponding  to 
the  power  in  the  dc  component  d.  When  this  spike  is  subtracted  from 
weif)  the  remainder  is  the  power  spectrum  of  d{t)  —  6  given  by 

we-eif)   =  4  f    Re-eir)  COS  2wfT  dr.  (3.1) 

Jo 

When  we  use  (2.8)  and  note  that  Re-eir)  is  an  even  function  of  t,  we 
obtain 

We-eif)  =    r  dx  r  dyg{x)giy)e-''^^''^^'^  f  [cos  (p.r  -  pv) 

J-oa  J~oo  J-x,  (32) 

•ie""  -  1)  -  COS  ipx  +  py)ie~''''  -  1)]  cos  27r/r  dr. 

Reasoning  similar  to  that  given  in  Reference  4  shows  that  the  inter- 
channel  interference  spectrum,  wdf),  (i.e.,  M'c(/)A/is  the  average  amount 
of  distortion  power  received  in  an  idle  channel  of  width  Af  centered  on 
the  frequency  /,  all  other  channels  being  busy)  may  be  obtained  from 
(3.2)  by  replacing  (e^''"  -  1)     by     (e^""  T  R,  -  1). 

The  power  spectrum  of  9it)  —6  may  be  regarded  as  made  up  of 
modulation  products  of  all  orders.  It  turns  out  that  the  contribution  of 
n  order  products  is  given  by  the  integral  of  the  i?„"  terms  obtained 
from  the  power  series  expansions  of  exp  [dzRv]- 

IV  FIRST   AND    SECOND    ORDER   MODULATION   TERMS 

Here  we  shall  study  the  first  and  second  order  modulation  terms. 
These  arise  from  the  first  and  second  powers  of  R^^  in  the  expansion  of 
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the  quantity  within  the  square  brackets  in  (3.2): 

2Rv  cos  px  cos  py  +  R.^  sin  px  sin  pij.  (4.1) 

The  integrations  with  respect  to  r  may  be  performed  with  the  help  of 

f  xPr+b  cos  2irfT  dr  =  ^^  Re  e-'"^^*,  (4.2) 

xl/r+b^l/r+c  COS  2x/r  dr 

-00 

(4.3) 

1  r 

=  Re-  /     du  w^{u)w^{f  —  u)  exp  { —i2v[hu  +  c(/  —  u)]\ 

which  follow  from  (2.2)  and  the  fact  that  we  have  defined  w{—f)  to  be 
equal  to  w{f).  In  our  notation  the  total  power  in  a  random  noise  function 
is  the  integral  of  w{f)  from  /  =  0  to  /  =   oo . 

The  first  order  modulation  term  is  obtained  from  (3.2)  by  replacing 
the  term  within  the  square  bracket  by  2i?„  cos  px  cos  py.  When  the  ex- 
pression (2.6)  for  /?„  is  used,  the  integration  with  respect  to  r  may  be 
performed  with  the  help  of  (4.2) : 

f  R,  cos  27r/T  dr  =  '-^  Re  [(e"''*'^^  -  l)(e'''^^  -  1)].     (4.4) 

^  ;  J-co  2 

This  leads  to  the  following  expression  for  the  first  order  modulation 
term  in  (3.2) 

w^U)  I  f  dxgix)e-'^'>+'^'  cos  px(e""^'"'^  -  1)     .  (4.5) 

This  is  the  quantity  which  is  to  be  subtracted  from  We-e{f)  to  obtain 
the  interchannel  interference  spectrum  wdf). 

The  second  order  modulation  term  is  handled  in  much  the  same 
manner.  With  the  help  of  (4.3)  it  may  be  shown  that 

/OO  -|  /«00 

/?/  COS  27r/T  rfr  =  Re  -  /     du  w^{u)w^{f  —  w) 
-00  t:    ^  —  00 

/    — 27r»xu  1  ^    /    ~2irtx(/— u)  -i  \  \'i."/ 

From  this  it  follows  that  the  second  order  modulation  term  in  (3.2)  is 

1  /»00  /*00 

2T2  j_    duw^{u)w^if  -  u)    j      dxg{x)e'"''''^'''' sinpx 

(4.7) 

/    —ivixu    ,  \  /   — 2jrix(/— u)     -i\ 
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When  ^0  —  ^x  is  so  small  that  exp  (  — i^o  +  1^2)  may  be  replaced  by- 
unity,  as  it  is  in  some  important  practical  cases,  approximations  may 
be  obtained  for  (4.5)  and  (4.7).  The  integral  in  x  may  be  expressed  as 
the  sum  of  integrals  of  the  type 

/    N    —ipx—2iriax    j  r    —a—tS-t 

g{x)e    "^  dx  =  [e       ^If^a+f,, 

-00 

=  Ga-{-  iB,  ,  (4.8) 

/"  .   _    .  ' 

g{x)e'^'^  ^'^"^  dx  =  G-a  —  iB^a . 
-00 

The  values  of  the  integrals  follow  from  (1.2)  and  the  Fourier  integral 
theorem.  G  and  B  are,  respectively,  even  and  odd  functions  of  frequency, 
and  Ga  ,  Ba  are  their  values  at  the  frequency  f  —  fp  -\-  a  where  fp  =  p/2ir 
is  the  carrier  frequency: 

G  at  frequency  fp-\-a  =  Ga, 

B  at  frequency  fp-{-a  =  Ba. 
In  this  way  we  get  the  approximation 

^~'wM)  KGf  -  2(?o  +  G^ff  +  {B,  -  B_,f\  (4.9) 

for  the  first  order  modulation  term,  and 

1     r" 

— -   /     duw^(u)w^{f  -  u)[{Gu  -  G-u  +  (j/-u  -  G-f+u  -  Gf 

218J-00  (4.10) 

+  G-ff  +  {Bu  +  B_„  +  Bj.u  +  5_/+„  -  Bj  -  B^f  -  2BoY] 

for  the  second  order  modulation  term. 

Expression  (4.10)  is  an  approximation  to  the  second  order  modulation 
term  (4.7).  When  most  of  the  interchannel  interference  is  due  to  second 
order  modulation  products,  (4.10)  is  also  an  approximation  to  wdf),  the 
interchannel  interference  spectrum.  The  following  remarks  may  be  of 
some  help  in  deciding  whether  (4.10)  may  be  used. 

1.  For  the  case  of  phase  modulation  and  a  "flat"  signal  band,  the 
first  of  equations  (5.3)  shows  that  \po  and  \//t  may  be  made  as  small  as 
we  please  b,y  choosing  the  signal  power  (as  measured  by  Po)  small 
enough.  Since  /?,.  is  proportional  to  Po ,  Po  may  be  chosen  small  enough 
to  make  P^.  and  higher  order  terms  negligible  in  the  expansion  of  the 
integrand  of  (3.2)  (unless  there  is  some  sort  of  symmetry  which  causes 
the  second  order  terms  to  vanish).  In  this  case  the  interference  is  mostly 
second  order  modulation  and  (4.7)  is  a  good  approximation  to  wdf)- 
Fvu'thermore,  as  Po  approaches  zero,  exp  (  — i^n  +  v^x)  approaches  unity 
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and  (4.10)  becomes  a  good  approximation  to  (4.7).  Just  how  small  Po 
has  to  be  depends  upon  the  signal  bandwidth,  fb ,  and  the  characteristics 
of  the  transducer. 

2.  For  the  case  of  FM  and  a  flat  signal  band,  the  second  of  equations 
(5.3)  shows  that  even  if  Po  is  small,  the  difference  \po  —  \pr  approaches  co 
as  I  T  I  approaches  =» .  To  justify  the  use  of  (4.10)  in  this  case  it  is  neces- 
sary to  take  into  account  the  behavior  of  g{t),  the  response  of  the  trans- 
ducer to  the  unit  impulse  b{t).  For  example,  if  the  duration  of  g{x)  in 
(4.7)  is  so  brief  that  g{x)  becomes  negUgibly  small  before  —\}/o-\-  ypx  be- 
comes appreciably  different  from  zero  (which  may  be  achieved  by  mak- 
ing Po  small  enough)  then  (4.10)  is  a  good  approximation  to  (4.7). 

3.  When  the  attenuation,  a,  and  phase  shift,  /S,  are  given  for  any 
particular  transducer,  the  corresponding  g{t)  may  be  obtained  from  (1.2). 
Once  g{t)  and  ypo  —  ^t  are  known,  the  conditions  under  which  exp  (  — i/'o  + 
yp^  may  be  replaced  by  unity  in  (4.7)  and  0{Rv)  terms  neglected  in  (3.2) 
may  be  determined  by  direct  examination  of  the  integrals. 

As  might  be  expected,  the  third  order  modulation  results  are  quite 
complicated.  The  third  order  modulation  term  in  (3.2)  is 

Qii  f  ^/'  f  drwM')wM">M"') 

o!4  J — 00  J— 00  ,         . 

(4.11) 

cospxe-^°+^^(2''  -  1)(/"  -  1)(/"'  -  1) 


/oo 
dxgix) 
-00 


where  /'"  =  f  —  f  —  J"  and  z  =  exp  ( —  i2Trx) .  When  i/'o  is  small  this  is 
approximately 

^  f  df  r  drwM')wM")^M'")[H'  +  K']         (4.12) 
3! lb  J-oo         ^-00 

where 

H  =  7n{n  +  mXn  +  mif)  +  m{f  -  f  -  f") 

-  ni{f  -  n  -  m{f  -  n  -  m(0)  -  m(f'  +  /"), 

m{f)  =  Gf  +  (?_/,        n(/)  =  Bj  -  5_,, 
and  K  is  an  expression  obtained  from  H  by  replacing  n  by  m. 

V   MISCELLANEOUS    COMMENTS 

Here  we  make  some  miscellaneous  comments  related  to  the  foregoing 
results. 
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If  the  transducer  is  perfect  except  for  an  echo,  its  response  to  a  unit 
impulse  8(t)  is 

g(t)  =  8(t)  +  r8(t  -  T)  (5.1) 

where  r  and  T  are  the  amplitude  and  the  delay  of  the  echo.  The  results 
obtained  using  (5.1)  agree,  as  they  should,  with  the  results  obtained  in 
Reference  4.  Of  course,  r  must  be  assumed  small  compared  to  unity  in 
order  that  condition  (1.5)  may  hold. 

When  the  power  spectrum  of  the  signal  is  equal  to  a  constant  Po  over 
the  band  (/„  ,  /&)  and  zero  elsewhere  we  have  for  phase  and  frequency 
modulation,  respectively, 

PM:     w^{j)  =  Po,  fa<f  <h, 

FM:     w,{j)  =  Po/(27r/)^        fa<f  <fi>. 

When  fa  =  0  the  autocorrelation  functions  are 


(5.2) 


(5.3) 


PM:     lAr  =  PoMsmv)/v, 

FM:    yPo  -  ypr  =  A[-l  +  cos  v  +  vSi{v)], 

V    =    27rf,T,  A     =    Po.U2Th)-'    =     (<T/f,)\ 

The  mean  square  values  of  the  signals  are  Pofb  (radians)"  for  PM  and 
Pofb  (radians/sec)^  for  FM.  If,  for  FM,  a  is  the  rms  frequency  deviation 
in  cps  (so  that  the  "peak"  deviation  is,  say,  4o-  cps)  then  (27ro-)  =  Pofb  • 
The  difference  i/'o  —  \pT  is  used  in  the  FM  case  to  avoid  difficulty  at/  =  0. 
It  ^\^ll  be  noticed  that  our  formulas  are  such  that  the  \J/'s  may  be  re- 
placed by  {\l/  —  \l/o)'s  without  altering  the  values  of  the  various  ex- 
ponents, etc.  In  microwave  systems  the  quantity  A  is  often  small  in 
comparison  with  unity. 

As  an  example  of  the  use  of  the  second  order  modulation  approxima- 
tion (4.10)  consider  the  case  where  the  attenuation,  a,  is  zero  and  the 
phase  shift  ^  =  a2(f  —  fp)  /2  radians,  a2  being  small.  Then,  since  G  ^ 
1  —  a,  ^  ^  —j3,  we  have  Gu  ^  I  and 

Bu  ^  -[13  for  f  =  fp  +  2i] 

=    —  OoM  /2. 

When  we  take  the  FM  case  of  (5.2)  and  substitute  in  the  approxima- 
tion (4.10),  the  interchannel  interference  power  spectrum  is  found  to  be 

{2Tnty  (27r)2(/  -  ^0-  (5.5) 

=  (27r)-''(a2Po/2)'(2/b  -  /). 


5!  si/-/, 


888  THE    BELL   SYSTEM   TECHNICAL   JOURNAL,    JULY    1957 

Dividing  by  w^{f)  =  Po/(2Trff  gives  the  ratio  of  the  interference  power 
to  the  signal  power 

{a^af /2)\2  -  f/h)  (5.6) 

where  the  relation  Pq  =  (2x0-)  //&  has  been  used  to  ehminate  Po  •  Here 
(7  is  the  rms  frequency  deviation  of  the  F]\I  signal  in  cps.  The  expression 
(5.6)  agrees  with  results  of  some  earlier  work  done  at  Bell  Telephone 
Laboratories.  In  that  work  the  second  order  modulation  products  were 
summed  directly. 

It  is  interesting  to  apply  the  formulas  given  here  to  some  of  the 
cases  considered  by  Medhurst  and  Small.  They  have  shown  that  when 
(in  our  notation)  a  =  —r  cos  2TrjT  and  (3  =  0  the  power  spectrum  of  the 
distortion  is 

W6-e{J)  =  sin'  x/r[u;e-e(/)]echo  ,  (5.7) 

and  when  a  =  0  and  l3  =  r  sin  2TfT, 

we-e{f)  =  cos"  7r/T[w'9_e(/)]echo  •  (5.8) 

Here  [it'fl_?(/)]echo  is  the  power  spectrum  of  the  distortion  due  to  a  simple 
echo  of  amplitude  r  and  delay  T  (corresponding  to  a  =  —r  cos  2irfT 
and  /3  =  r  sin  2'kJT).  Expressions  (5.7)  and  (5.8)  may  also  be  obtained 
by  setting  the  impulse  response  g{t)  equal  to 


m  +^5(«-  T)  ±^5(f  +  T) 


in  (3.2). 


The  second  order  modulation  approximation  for  the  a   =    —r  cos 
2irjT,  /3  =  0  case  may  be  obtained  from  (4.10)  and  turns  out  to  be 

-co 

/     w^{u)w^{f  —  u)[2r  sin  'pT  sin  irfT  sin  iruT  sin  7r(/  —  u)Tf  du.    (5.9) 

J— X 

It  is  seen  that  this  contains  the  factor  sin  tt/T  predicted  by  (5.7).  When 
(5.9)  is  applied  to  the  FJVI  case  of  (5.2)  an  integral  something  like  (5.5) 
(but  more  complicated)  is  obtained.  The  ratio  of  the  second  order 
modulation  interference  power  to  the  signal  power  is  found  to  be 

2[r  sin  pT  sin  TrfT]\a/0lJK  (5.10) 


where  K  is  the  quantity 

sin  {y/2)  sin  {a  —  y)  2 
y{a  -  ii) 


K  =  2cr  f 


dy  (5.11) 
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tabulated  in  Table  4.2  of  Reference  4  and 

a  =  27rfT,         U  =  2wfbT.  (5.12) 

The  parameters  a  and  k  that  appear  in  the  table  are  defined  by 

a  =  f/fb    and     /,•  =  8/5T. 

These  formulas  serve  to  supplement  the  formulas  and  curves  given  by 
Medhurst  and  Small. 
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Response  of  an  FM  Receiver,  B.S.T.J.,  29,  pp.  714-731,  1948. 
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In  self-timing  regenerative  repeaters,  a  timing  wave  for  control  in  pulse 
regeneration  is  derived  from  the  binary  pulse  train  at  each  repeater  with  the 
aid  of  a  resonant  circuit  tuned  to  the  pulse  repetition  frequency.  The  timing 
wave  can  he  made  to  exercise  complete  control  in  retiming  of  pulses  inde- 
pendent of  the  received  pidse  train,  or  it  can  he  comhined  with  the  received 
pulse  train  to  provide  partial  retiming.  The  timing  principles  are  discussed 
here  for  a  particular  type  of  self-timed  regenerative  repeater  invented  by 
I  Wrathall,  in  which  a  timing  wave  derived  from  either  the  received  or  the  re- 
I  generated  pulse  train  is  comhined  in  a  particular  way  with  the  received  pulse 
train.  The  regeneration  characteristics  of  such  repeaters  as  determined  by 
various  design  parameters  are  investigated,  together  with  the  cumidation 
of  timing  deviations  in  repeater  chains  and  the  circuit  requirements  that 
must  be  met  to  insure  satisfactory  performance. 

INTRODUCTION 

Pulse  transmission  systems  employing  binary  codes,  such  as  PCM, 
have  two  inherent  properties  that  are  desirable  from  the  standpoint  of 
avoiding  excessive  transmission  impairments  by  noise  and  other  imper- 
fections in  the  transmission  medium.  For  one  thing  binary  pulse  codes 
permit  substantial  transmission  distortion  of  pulses  within  certain 
tolerable  limits  with  negligible  degradation  of  received  signals.  For 
another,  regenerative  repeaters  can  be  used  at  intervals  along  a  route  to 
prevent  accumulation  of  transmission  distortion  of  pulses  from  various 
sources,  so  that  virtually  the  entire  allowable  distortion  can  be  permitted 
in  each  link  or  repeater  section. 

The  above  desirable  properties  are  secured  in  exchange  for  increased 
channel  bandwidth,  and  can  be  used  to  full  advantage  in  applications  of 
binary  pulse  systems  to  such  transmission  media  as  radio  and  wave 
guides,  where  transmission  is  at  such  high  frequencies  that  increased 
channel  bandwidth  does  not  entail  increased  attenuation.  In  wire  cir- 
cuits, however,  where  baseband  transmission  is  the  more  economical 
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method,  attenuation  increases  nearly  in  proportion  to  the  square  root  of 
the  channel  bandwidth.  For  this  reason,  rather  short  repeater  spacings 
may  be  required  for  binary  pulse  S3^stems,  so  that  for  economical  appli- 
cations to  wire  circuits  it  is  imperative  to  have  reliable  regenerative 
repeaters  of  simple  design. 

In  their  principle  of  operation  regenerative  repeaters  are  by  nature 
more  complicated  than  ordinary  repeaters.  In  addition  to  providing  gain 
to  off-set  attenuation  in  the  transmission  medium,  as  in  ordinary  re- 
peaters, they  must  also  perform  gating  operations  for  sampling  and 
regenerating  the  received  pulse  train.  This,  however,  does  not  pre- 
clude the  possibility  that  these  operational  principles  can  be  implemented 
in  repeater  design  by  instrumentation  that  is  simpler  than  required  foi' 
ordinary  repeaters. 

The  possibility  of  simple  instrumentation  resides  partly  in  the  cir- 
cumstance that  equalization  circuitry  for  regenerative  repeaters  can  be 
substantially  simpler  than  for  ordinary  repeaters,  owing  to  less  exacting 
requirements  on  equalization.  Furthermore,  satisfactor}'  performance 
in  pulse  regeneration  can  be  achieved  without  very  precise  timing  in 
sampling  and  regeneration  of  pulse  trains.  It  is  thus  possible  to  secure 
nearly  the  same  performance  as  for  ideal  regenerative  repeaters  bj'  par- 
tial rather  than  complete  exact  retiming  of  pulse  trains  at  each  repeater. 
This  facilitates  simple  gating  arrangements  for  regeneration  of  pulses. 
Moreover,  it  permits  a  timing  wave  for  control  of  gating  operations  to 
be  derived  from  either  the  received  or  regenerating  pulse  trains  with  the 
aid  of  a  simple  resonant  of  circuit. 

The  simplicity  of  instrumentation  permitted  by  these  considerations 
is  exemplified  in  a  self-timed  regenerative  repeater  for  baseband  pulse;? 
invented  by  L.  R.  Wrathall  of  Bell  Telephone  Laboratories.  The  cir- 
cuitry of  the  repeater  together  with  the  results  of  tests  on  laboratory 
models  are  dealt  with  elsewhere^  and  not  considered  here.  The  purpose 
of  this  paper  is  an  analysis  of  the  timing  principles  underlying  this  typo 
of  repeater  together  with  its  regeneration  characteristics  as  deter- 
mined by  various  basic  design  parameters,  on  the  assumption  of  ideal 
implementation  of  the  timing  principles  by  appropriate  instrumentation. 
In  the  Wrathall  repeater  "ciuantized  feed-back"  is  employed  as  a  mean;- 
of  reducing  the  effect  of  low-frequency  cut-off  in  transformers.  Since  thit< 
is  not  an  essential  feature  of  self-timing  repeaters  and  has  no  direct 
bearing  on  the  timing  principles,  it  is  disregarded  herein. 


1  L.  R.  Wrathall,  Transistorized  Binarj'  Pulse  Regenerator,  B.S.T.J.,  35,  pp. 
1059-1084,  Sept.,  1956. 
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I   REGENERATION   AND    RETIMING 

1.0  General 

In  an  ideal  regenerative  repeater  the  received  pulse  train  is  sampled 
at  proper  fixed  intervals,  to  determine  whether  a  pulse  is  present.  The 
regenerated  pulses  transmitted  into  the  next  repeater  section  are  all 
of  the  same  shape  and  amplitude,  independent  of  the  shape  of  the  input 
pulses.  Thus  pulse  distortion  from  noise  and  other  system  imperfec- 
tions is  removed,  provided  the  maximum  distortion  is  held  within  proper 
limits.  Errors  in  the  form  of  pulses  in  place  of  spaces,  or  conversely,  are 
encountered  when  these  limits  are  exceeded.  In  a  repeater  chain  there 
will  be  cumulation  of  errors  in  proportion  to  the  number  of  repeater 
sections  in  tandem.  However,  the  rate  of  errors  in  each  section  and  thus 
in  the  w^hole  chain  can  be  limited  by  a  relatively  small  increase  in  the 
signal-to-noise  ratio  of  each  section  as  the  number  of  repeaters  in  tandem 
is  increased.  This  increase  in  signal-to-noise  ratio  with  increasing  length 
of  the  repeater  chain  is  much  less  than  with  ordinary  nonregenerative 
repeaters.  For  this  reason  regenerative  rather  than  ordinary  repeaters 
are  desirable,  though  not  essential  for  systems  employing  binary  codes. 

An  ideal  regenerative  repeater  with  the  above  features  would  entail 
rather  complicated  instrumentation  for  precise  timing,  sampling  and 
pulse  regeneration.  With  partial  rather  than  complete  exact  retiming 
the  repeaters  can  be  simplified,  in  exchange  for  some  sacrifice  in  per- 
formance, as  shown  later. 

1.1  Regeneration  Without  Retiming 

It  would  be  possible  to  have  a  repeater  in  which  pulses  would  be  re- 
generated in  amplitude  and  shape,  but  without  retiming.  Pulses  would 
in  this  case  be  regenerated  when  the  amplitude  of  the  pulse  exceeded  a 
certain  triggering  level  L.  If  the  pulse  shape  is  given  by  P(t),  this  would 
occur  at  a  time  to  such  that 

P(to)  =  L.  (i.n 

This  would  permit  simple  instrumentation,  since  regenerated  pulses 
would  be  triggered  without  separate  sampling  of  the  received  pulse 
train.  With  this  method,  however,  timing  deviations  in  the  regenerated 
I  pulses  would  result  from  transmission  distortion  of  the  received  pulses 
I  by  noise  and  other  system  imperfections.  These  timing  deviations  would 
I  cumulate  in  a  repeater  chain  and  cause  a  reduction  in  the  tolerance  of 
I  the  repeaters  to  noise,  such  that  the  signal-to-noise  ratio  would  hsixe  to 
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be  increased  with  the  number  of  repeaters  in  tandem  in  the  same  way 
as  for  ordinary  repeaters. 

1 .2  Regeneration  with  Complete  Retiming 

With  complete  retiming,  the  instants  of  pulse  regeneration  would 
be  controlled  by  a  periodic  retiming  wave,  R{t),  with  a  fundamental 
period  eciual  to  the  interval  between  pulses.  The  received  pulse  train 
would  be  sampled  at  instants  when  the  retiming  wave  had  a  certain 
level  Ls  .  The  sampling  instants  ta  would  thus  be  given  by 

R{t,)  =  L..  (1.2j 

E(io)  would  satisfy  this  equation  for  t^  —  nT  ±  A7\  where  T  is  the 
nominal  interval  between  pulses,  n  is  an  integer  and  AT"  is  a  certain 
tolerable  deviation  from  the  desired  sampling  instants.  Pulses  would  be 
regenerated  provided  P(^o)  >  L  and  would  be  omitted  if  P(/o)  <  L. 

With  this  method  the  timing  deviations  in  regenerated  pulses  would 
be  limited  to  iAT,  regardless  of  the  timing  deviations  in  received  pulses. 
There  would  be  no  cumulation  of  timing  deviations  in  a  repeater  chain. 
However,  the  tolerance  of  the  repeaters  to  noise  would  be  somewhat 
reduced  by  the  timing  deviations  dzAT. 

1.3  Regeneration  with  Partial  Retiming 

Partial  retiming  is  obtained  by  a  combination  of  the  above  two 
methods,  by  triggering  regenerated  pulses  without  sampling  at  instants 
ta  determined  by 

P(/o)  +  R{i,)  =  L.  (1.3) 

To  permit  regeneration  without  sampling  and  without  a  marked  reduc- 
tion in  the  tolerance  of  the  repeaters  to  noise,  the  timing  wave  R(t) 
must  meet  certain  conditions  illustrated  in  Fig.  1.  One  is  that  it  must  be 
a  nearly  periodic  function  as  for  complete  retiming.  The  second  condi- 
tion is  that  R{t)  must  be  zero  near  the  sampling  points  to  obtain  sub- 
stantially the  same  tolerance  to  noise  in  the  presence  of  a  pulse  as  in 
the  absence  of  a  pulse.  A  third  condition  is  that  R{t)  must  have  sub- 
stantial negative  values  between  sampling  points  in  order  that  the 
repeater  be  rather  insensitive  to  noise  between  sampling  points,  as  ^xith 
complete  retiming.  It  will  be  recognized  that,  in  general,  the  maximum 
value  of  R{t)  need  not  necessarily  be  zero,  as  in  the  above  illustration. 
It  can  be  greater  or  smaller  than  zero,  provided  the  triggering  level  i> 
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modified  accordingly.  A  maxiniiiin  value  of  zero  is,  however,  convenient 
from  the  standpoint  of  instrumentation. 

A  limiting  shape  of  retiming  wave  that  would  result  in  complete  re- 
timing, iuit  without  the  need  for  special  sampling  is  also  illustrated  in 
Fig.  1. 

1  ..'i  Derivation  of  Timing  Wave  from  Pulse  Train 

As  shown  abo\'e,  the  retiming  wave  must  be  essentially  periodic,  with 
a  fundamental  frequency  equal  to  the  pulse  repetition  frequency./'  =  1/T, 
where  T  is  the  interval  between  pulses.  The  simplest  form  is  a  sinusoidal 
wave,  which  can  be  derived  from  the  pulse  train  at  repeaters  with  the 
aid  of  a  narrow  band-pass  filter,  such  as  a  simple  resonant  circuit  cen- 


PULSE 
TRAIN 


COMPLETE   RETIMING 


Fig.  1  —  Principle  of  partial  retiming  method. 
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tered  on  the  pulse  repetition  frequency.  This  possibility  resides  in  the 
circumstance  that  a  random  "on-off"  pulse  train  can  be  resolved  into 
two  components.  One  is  an  infinite  sequence  of  pulses  of  the  same 
polarity  and  equal  amplitude,  the  other  a  sequence  of  randomly  positive 
and  negative  polarity.  The  response  of  a  resonant  circuit  to  the  first 
component  is  a  steady  state  sinusoidal  wave  of  the  pulse  repetition  fre- 
quency. The  second  component  gives  rise  to  random  variations  in  ampli- 
tude and  phase,  which  in  principle  can  be  limited  to  anj^  desired  extent 
by  limiting  the  band  of  the  resonant  circuit  and  the  deviation  in  the 
resonant  frequency  from  the  pulse  repetition  frequency. 

A  principal  feature  of  this  method  of  "self -timing",  aside  from  its 
simplicity,  is  that  the  timing  wave  becomes  a  slave  of  the  pulse  train. 
Thus,  if  there  is  a  fixed  delay  in  pulse  regeneration  at  a  repeater,  the 
same  delay  is  imparted  to  the  timing  wave  derived  from  the  pulse  train 
at  the  next  repeater.  This  prevents  a  cumulation  of  such  fixed  delay.^ 
with  respect  to  the  timing  wave,  but  not  with  respect  to  an  absolute 
time  scale;  i.e.,  with  respect  to  an  ideal  timing  wave  transmitted  along 
the  repeater  chain  and  independent  of  the  pulse  train. 

1.5  Self -Timed  Repeaters  with  Partial  Retiming 

A  timing  wave  derived  from  the  pulse  train  with  the  aid  of  a  resonant 
circuit  can  be  used  in  conjunction  with  complete  or  partial  retiming. 
With  complete  retiming,  pulses  could  be  regenerated  at  the  zero  points 
in  the  timing  wave,  and  the  effects  of  amplitude  variations  in  the  timing 
wave  can  thus  be  avoided.  Timing  deviations  in  the  regenerated  pulses 
would  in  this  case  depend  only  on  phase  deviations  in  the  timing  wave, 
caused  partly  by  the  component  of  randomly  positive  and  negative 
polarity  in  the  pulse  train  and  parth'  by  timing  deviations  in  the  pulse 
train  from  which  the  timing  wave  is  derived. 

With  partial  retiming  the  situation  is  more  complex.  Timing  de^•ia- 
tions  in  regenerated  pulses  in  this  case  depend  not  only  on  amplitude 
and  phase  variations  in  the  timing  wave,  but  also  on  the  regeneration 
characteristics  of  the  repeaters. 

1 .6  Types  of  Timing  Deviations 

In  a  regenerated  pulse  train  there  will  be  fixed  and  random  timing 
deviations.  Of  the  latter  there  are  three  types.  One  is  the  timing  devia- 
tion taken  in  relation  to  an  exact  timing  wave  with  a  period  T  equal  to 
the  nominal  pulse  interval.  The  second  is  the  timing  deviation  taken  in 
relation  to  the  timing  wave  derived  from  the  pulse  train,  which  in  itself 
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will  contain  random  deviations.  The  third  type  is  random  deviations  in 
the  interval  of  adjacent  pulses.  If  the  first  type  is  held  within  tolerable 
1  limits,  this  will  also  be  the  case  for  the  second  and  third  types.  For  this 
reason  only  the  first  type  is  considered  herein. 

'  II   REGENERATION    CHARACTERISTICS   WITH   PARTIAL   RETIMING 

2.0  General 

With  partial  retiming,  there  will  be  timing  deviations  in  the  re- 
generated pulses  as  a  result  of  timing  deviations,  amplitude  variations 
and  distortion  by  noise  of  both  the  received  pulses  and  the  timing  wave. 


Fig.  2  —  Reduction  in  tolerance  to  noise  by  displacement  in  timing  wave. 
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The  conversion  of  these  variations  into  timing  deviations  in  the  re- 
generated pulses  depends  on  certain  relationships  between  the  pulse  , 
train  and  the  timing  wave,  discussed  in  the  following  sections.  I 

2.1  Tolerance  to  Noise 

From  Fig.  2  it  can  be  seen  that  if  the  timing  wave  is  displaced  by  to  ,  " 
the  value  of  P{t)  -{-  R{t  —  to)  in  the  presence  of  a  pulse  exceeds  the 
triggering  level  by  a  maximum  amount 

[P(0  +  Rit  -   to)   -  L]„,ax  ^  [P(ro)   -  L].  (2.1)  j 

It  will  be  recognized  that  the  right-hand  side  of  this  equation  represents  i 
the  tolerance  to  noise  of  negative  amplitudes  with  instantaneous  sam-  ' 
pling  at  t  =  To ,  as  in  an  ideal  repeater  with  complete  retiming. 

With  partial  retiming,  the  tolerance  to  noise  will  be  less  than  the  above 
maximum  value.  However,  it  will  be  greater  than  the  average  of  P{t)  + 
R{t  —  To)  —  L  in  the  range  where  the  latter  difference  is  positive.  Let  it 
be  assumed  that  it  is  smaller  than  the  maximum  by  a  factor  k  somewhat 
smaller  than  unity.  The  tolerance  to  noise  with  a  displacement  to  in  the 
timing  wave  is  then  smaller  than  without  a  displacement  (i.e.,  to  =  0) 
by  the  factor 

^  k[P(ro)   -  L]  ^  P(to)   -  L  ..^  .^ 

^       k[P{0)  -  L]        P(0)  -  L  ■ 

The  tolerance  to  noise  will  thus  be  reduced  in  a  way  similar  to  that 
for  an  ideal  repeater  with  complete  retiming.  The  absolute  tolerance  to 
noise  will  be  less  than  for  a  repeater  with  complete  retiming  by  a  factor 
A;  somewhat  smaller  than  unity,  say  in  the  order  0.8,  corresponding  to 
about  2  db. 

2.2  Conversion  of  Timijig  Deviations 

With  partial  retiming,  timing  deviations  in  received  pulses  and  in  the 
timing  wave  are  converted  into  smaller  deviations  in  regenerated  pulses. 

Let  Tp  be  a  time  displacement  in  a  received  pulse  and  Tr  in  the  timing 
wave,  both  in  the  positive  direction.  Pulses  will  then  be  regenerated  . 
at  a  time  to'  given  by  I 

P(to'    -    T;0    +  R{t,'    -    Tr)    =    L  (2.3) 

where  the  minus  signs  are  used  since  this  corresponds  to  a  displacement 
of  P  and  R  in  the  positive  direction.  Subtracting  (1.8)  from  (2.8), 

P(/o'    -     Tp)    -    P{to)    +    R{to'    -    Tr)    -    R{to)     =    0.  (2.4) 
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i  By  adding  and  subtracting  P(/(/)  +  R{tu')  and  rearranging  terms,  (2.4) 
can  also  be  written 

[P(/o')  -  P{h)\  +  [R{un  -  Hit,)] 

I  =     [7^(/n')     -    P{h'     -     T,)\    +    [R{h')     -    R{h'     -     Tr)]. 

;  For  small  values  of  Tp  and  r^  ,  such  that  br  =  to'  —  ^o  is  sufficiently  small, 
I  both  sides  of  (2.8)  can  be  represented  in  differential  form  as 

'  8r[P'ito)    +    R'ito)]     =     T,P'{h)    +     TrR'ih)  (2.6) 

where  P'{h)  =  dPo{t)/dt  at  t  =  to  ,  and  R'  is  correspondingly  defined. 
Equation  (2.9)  can  be  written  in  the  form 

5t    =    PrTp    +    l-rTr  (2.7) 

where 

P'(to)  R'ito)  .28) 

^'        P'ito)  ^  R'itoV  ''        P'{to)  +  R'itoY  ^'^ 

and 

Vr  +  /v  =  1.  (2.9) 

With  random  uncorrelated  displacements  of  rms  values  fp  and  f,  , 
the  rms  value  of  5t  is 

8r  =  iprri  +  rrrry"  (2.10) 

Eciuation  (2.9)  and  (2.10)  give  the  timing  deviations  in  regenerated 
pulses  in  terms  of  the  deviations  tp  and  r^  in  the  received  pulses  and 
in  the  timing  wave.  To  limit  timing  deviations  in  the  regenerated  pulses, 
it  is  necessary  to  make  pr  and  the  product  VrTr  small.  This  will  entail 
the  use  of  a  timing  wave  comparable  in  amplitude  to  that  of  the  pulses, 
or  greater,  in  conjunction  with  a  small  timing  deviation  r^  in  the  timing 
wave. 

2.3  Conversion  of  Amplitude  Variations  Into  Timing  Deviations 

With  partial  retiming  there  is  a  conversion  of  amplitude  variations 
I  in  the  received  pulses  and  in  the  timing  wave  into  timing  deviations  in 
the  regenerated  pulses. 

Let  the  pulses  have  an  amplitude  variation  Op  and  the  timing  wave  Or 
expressed  as  fractions  of  the  normal  values.  Pulses  will  then  be  regen- 
erated at  a  time  /(/  given  by 

(1  +  ap)P{t,')  +  (1  +  ar)R{t^')  =  L.  (2.11) 
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Subtracting  (1.3)  from  (2.11), 

[P(/o')  -  P{to)]  +  [R{to')  -  Rm  =   -a,P(/o')  -  arPiUn. 

For  small  values  of  Op  and  ttr ,  such  that  5„  =  to'  —  /o  is  sufficiently  small, 
the  same  procedure  as  in  Section  2.2  gives 

5„    =     iPattp    +    rattr),  (2.12) 

and 

V    -         ~^^^"^  r    -  -^^^'^  (2  13) 

For  uncorrelated  variations  of  rms  amplitude  g^  and  Qr  the  correspond- 
ing rms  timing  deviation  is 

L  =  (Pa'ai  +  iVq;Y\  (2.14) 

Equations  (2.12)  and  (2.14)  give  the  timing  deviations  in  regenerated 
pulses  resulting  from  amplitude  variations  in  the  pulses  and  in  the 
timing  wave. 

2.4  Resultant  Timing  Deviations  in  Regenerated  Pulses 

For  small  variations  in  the  pulses  and  in  the  timing  wave  as  considered 
previousl}^  the  resultant  timing  deviation  in  a  particular  regenerated 
pulse  is 

A  -  5,  +  5„.  (2.15); 

Considering  a  large  number  of  pulses,  the  resultant  rms  timing  devia- 
tion in  terms  of  the  rms  deviation  in  the  received  pulses  and  in  timing 
wave  is 

A  =  (5/  +  8jf\  (2.16) 

These  expressions  can  also  be  written 

A  =  A;,  +  A.  ,  (2.17) 

A  =  (A/  +  ArY\  (2.18) 

^P    =    PrTp    -\-    Pattp  , 
Ap"    =    Pr'fp'    +    Pa'Qp',  (2.19) 

Ar    =    IrTr    +    faar  , 

A/  =  rr'ir'  +  ra'Qr'.  (2.20) 


SELF-TIMING    REGENERATIVE    REPEATERS  901 

III    ILLUSTRATIVE    REGENERATION    CHARACTERISTICS 

3.0  General 

In  this  section  the  general  equations  given  in  the  preceding  sections 
are  applied  to  a  particular  case,  in  order  to  obtain  specific  expressions 
for  the  regeneration  characteristics  and  illustrative  curves,  as  an  aid 
to  further  analysis.  The  particular  case  selected  for  illustration  approxi- 
mates the  conditions  in  experimental  Wrathall  repeaters,  and  may  be 
regarded  as  an  idealized  model  of  such  a  repeater,  in  which  certain  effects 
to  be  discussed  later  are  ignored. 

3.1  Pulse  Shape 

It  will  be  assumed  that  the  pulses  are  transmitted  at  intervals  T 
and  that  the  shape  of  the  received  pulses  after  equalization  is  given  by : 

TT    t 


Pit)  -  I 


1   +  cos 


(3.1) 


This  is  the  familiar  "raised  cosine"  type  of  pulse.  With  rj  =  I  the  pulse 
width  is  the  maximum  that  can  be  tolerated  without  intersymbol  inter- 
ference. With  7?  =  f ,  the  amplitude  of  a  pulse  train  at  a  point  midway 
between  two  success  pulses  is  equal  to  half  the  peak  amplitude  of  a 
pulse.  The  latter  assumption  will  be  made  here,  for  reasons  discussed 
later. 

3.2  Retiming  Wave 

The  retiming  wave  is  assumed  to  be  given  by 


R{t)  =  --cosiA 


cos 


(3.2) 


This  type  of  retiming  wave  can  be  obtained  if  a  sinusoidal  wave  of  the 
pulse  repetition  freciuency  /  =  1/ T  is  applied  to  a  resonant  circuit  to 
reduce  distortion  of  the  timing  wave  by  noise.  The  resonant  circuit 
would  have  a  nominal  resonant  frequency/  =  l/T",  but  because  of  mis- 
tuning  it  would  actually  be  /o .  The  output  of  the  resonant  circuit  after 
appropriate  adjustment  of  amplitude  would  be  of  the  form  [Appendix  I, 
equation  (2)]: 

i?o(0  =  ^  cos  ,A  cos  {2r  ^  -  ^),  (3-3) 

where  \p  is  the  phase  shift  of  the  resonant  circuit  at  the  frecjuency  /, 
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given  by: 


tan  \p  =  Q 


h 


JV 


(8.4) 


and  Q  is  the  loss  constant  of  the  resonant  circuit.  If  the  peaks  of  the 
wave  given  by  (3.3)  are  held  at  zero  potential,  a  retiming  wave  as  given 
by  (3.2)  is  obtained.  This  type  of  retiming  wave  can  also  be  obtained  b}- 
applying  an  infinite  secjuence  of  rectangular  pulses  of  equal  amplitudes 
Avith  spacing  T  to  a  resonant  circuit. 

3.3  Triggering  Instants 

With  a  pulse  shape  and  retiming  wave  as  assumed  above,  the  resul- 
tant wave  is  given  by 


Pit)  +  Rit)  = 


1 


1  +  cos-- 


cos  yp 


1    -  COs(27r-  -  \l/ 


(3.5) 


This  wave  is  shoA\ii  in  Fig.  3  for  xj/  =  0  and  ±60°.  For  i^  =   ±90°  the 
retiming  wave  disappears,  so  that  the  combined  wave  is  P{t). 


cos  p 

2 


1-cos  [zrr  Y  -  ¥'] 


Fig.  3  —  Illustrative  example  of  j)ulse  shape  and  retiming  wave. 
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The  triggering  instants  ^o  are  obtained  from  the  relation 


P{to)  +  Rito)  =  L. 


(3.6) 


With  complete  retiming  the  optimum  performance,  with  positive  and 
negative  noise  amplitudes  of  cfjual  probabilities,  is  obtained  with  a 
triggering  level  ^.  With  partial  retiming,  optimum  performance  is  ob- 
tained with  a  somewhat  lower  triggering  level,  but  this  is  of  secondary 
importance  in  connection  with  the  present  analysis.  For  this  reason 
L  =  ^  is  assumed,  in  which  case  the  following  equation  is  obtained  for 
determination  of  ^o  : 


TT   to  , 

cos  -  ^   —    COS  \p 


1    —  COS  I  '2ir 


r 


=  0 


(3.7) 
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Fig.  4  —  Triggering  times  versus  phase  shifts  in  timing  wave. 
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Table  I  —  Values  of  U/T  for  t?  =  f  and  r;  =  1 


■n  =  \ 

V  =  1 


-90° 


-0.375 
■0.50 


-60° 


-0.322 
-0.391 


-30° 


-0.258 
-0.293 


-0.198 
-0.215 


30° 


■0.156 
-0.170 


60° 


-0.17 
-0.15 


90° 


-0.375 
-0.50 


Table 

II  —  Values  of 

'Pr  AND 

?V  FOR  ry 

_     3 

~    4 

4' 

-90° 

-60° 

-30° 

0 

30° 

60° 

90° 

Vr 

1 

0 

0.61 
0.39 

0.43 
0.57 

0.32 
0.68 

0.32 
0.68 

0.50 
0.50 

1 

0 

This  equation  is  satisfied  for  the  values  of  h/T  given  in  Table  I.  Thei 
values  of  /o/T"  are  also  shown  in  Fig.  4  as  a  function  of  \p. 

3.4  Conversion  Factors  for  Time  Deviations 

The  conversion  factors  defined  by  (2.8)  become: 


and 


1      .     TT  /o  . 

rr  =  ^27]  COS  i//  sin  ( 27r  ^  -  \p], 


D  =  sin  -  7^  +  2r]  cos  \{/  sin  (  27r  ^ 


(3.8) 
(3.9) 

(3.10) 


where  to/T  has  the  values  given  previously  as  a  function  of  r}/. 

For  various  values  of  \p,  the  factors  for  ??  =  f  are  given  in  Table  II  and 
in  Fig.  5. 


3.5  Conversion  Factors  for  Amplitude  Into  Time  Deviations 
The  conversion  factors  defined  by  (2.13)  become 


Tr,  1 

TT     U 


1  +  cos  -  - 


(3.11) 


and 


ra  =  —  7^  cos  yp 


COS  f  27r  |; 


(3.12) 


where  D  and  ta/T  are  defined  as  before. 
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90 


Fig.  5  —  Conversion  of  timing  deviations  in  received  pulses  and  in  timing 
wave  into  timing  deviations  in  regenerated  pulses,  for  pulse  shapes  and  timing 
waves  shown  in  Fig.  3.  Timing  deviations  in  regenerated  pulses  in  relation  to 
timing  deviation  tp  in  pulses  and  ir  in  retiming  wave  is  -pttp  -\-  ritr  . 


For  various  values  of  i/'  the  factors  for  77 
and  in  Fig.  6. 


are  given  in  Table  III 


^B  Correlated  Amplitude  and  Time  Deviations 

The  amplitude  and  time  deviations  in  the  pulses  are  generally  uncor- 

related,  but  this  does  not  always  apply  to  the  timing  wave.  In  particular, 

if  a  deviation  Tr  in  the  timing  wave  is  the  result  of  a  change  in  the  phase 

ip,  it  will  be  accompanied  by  a  given  amplitude  variation.  A  change  in 

I  phase  by  A^  is  related  to  the  corresponding  time  deviation  Tr  by 


Table  III 


27r 
Values  of  pJT  and  rJT  for  t?  =  f 


(3.13) 


Pa/T 
Ta/T 


-90° 

-60° 

-30° 

0 

30° 

60° 

-0.24 
0 

-0.185 
0.035 

-0.175 
0.055 

-0.19 
0.072 

-0.22 
0.106 

-0.325 
0.14 

90° 


-0.24 
0 
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With  this  change  in  phase,  the  factor  cos  \p  of  (3.2)  is  modified  to 
cos  {\p  +  A\p)  =  cos  \f/  cos  A\{/  —  sin  i/'  sin  A\J/, 

=  COS  rp  —  —  Tr  Sin  }{/ 

^vhere  the  approximation  apphes  for  small  values  of  \f/.  The  amplitude 
variation  resulting  from  the  above  change  in  phase  is  accordingly 


27r    .      , 

ar    =     —"^r-jT  Sill  S^- 


(3.15) 


Considering  both  the  time  deviation  Xr  and  the  corresponding  ampli- 
tude variation  ar ,  the  resultant  time  deviation  in  regenerated  pulses  is 
in  accordance  with  (2.20) 

Ar    =    r-rTr    +    TaQr  ■  (3.16) 

The  resultant  equation  can  be  written 

A,  =  /3r,.  (3.17) 


U.JO 

, 
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PHASE    SHIFT    ANGLE    OF     TIMING    WAVE,  ^,    IN     DEGREES 

Fig.  6  —  Conversion  of  amplitude  variations  in  received  pulses  and  in  timing 
wave  into  timing  deviations  in  regenerated  pulses,  for  pulse  shapes  and  timing 
waves  shown  in  Fig.  3.  Timing  deviations  in  regenerated  pulses  for  amplitude 
variations  Op  and  ar  in  reeeived  pulses  and  in  timing  wave  is  paQp  +  yaQr  ■ 
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where 


^  - 


'2t]  cos  ^  j  .    /.,    /(I 


-j-  sill  \p 


1  -  cos  riT  ^  -  "A 


(3.18) 


/ 


and  D  and  /o/ 7'  are  defined  as  before. 

The  factor  ^  indicates  the  time  de\'iation  in  regenerated  pulses  in 
relation  to  the  time  deviation  t,-  in  the  timing  wave  which  results  from 
a  phase  shift  Ai/'  as  given  by  (3.13).  It  may  be  regarded  as  a  timing  feed- 
back factor  that  is  of  interest  in  connection  with  timing  from  regenerated 
pulses  as  discussed  later.  The  factor  (3  is  shown  in  Fig.  4  for  r?  =  f  and 

V=  1. 

3.7  Reduction  in  Tolerance  to  Noise  by  Timing  Deviations 

When  the  pulse  shape  is  given  by  (3.1)  and  the  timing  wave  is  dis- 
placed by  To  ,  the  tolerance  to  noise  is  in  accordance  with  (2.2)  reduced 
by  the  factor 


1   /  1       I  TT  To\  1 

lA     ,  7r0\        1 

^(^l-f  cos-^j-2 


(3.19) 


For  a  phase  displacement  \p, 


and 


TT  To 

=  cos  -  -  . 


TO  =   T\f//2Tr, 


M   =   cos—. 
2ri 


(3.20) 


(3.21) 


For  r?  ==  f ,  the  factor  n  and  the  corresponding  reduction  in  the  toler- 
ance to  noise  in  db  are  as  follows: 


^  = 

0 

±30° 

±45° 

±60° 

±90° 

M  = 

MJb   = 

1 

0 

0.94 
0.5 

0.866 
1.2 

0.766 
2.3 

0.5 
6 
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IV    DERIVATION   OF   TIMING   WAVE    FROM    PULSE   TRAIN 

4.0  General 

The  retiming  wave  R{t)  must  have  a  fixed  relation  to  the  received 
pulses,  with  certain  tolerable  fixed  and  random  deviations  to  be  con- 
sidered later.  Such  a  timing  wave  can  be  derived  from  the  pulse  train 
with  the  aid  of  a  sufficiently  narrow  band-pass  filter,  the  simplest  form 
of  which  is  a  resonant  circuit  consisting  of  a  coil  and  capacitor  in  series 
or  in  parallel. 

A  train  of  rectangular  "on-ofT"  pulses  is  shown  in  Fig.  7  as  it  would 
appear  at  the  output  of  a  regenerative  repeater  and  at  the  input  of  the 
next  repeater,  (dotted)  with  uniform  intervals  T  between  sampling 
points. 

As  indicated  in  Fig.  7,  the  pulse  train  can  be  regarded  as  being  made  up 
of  two  components.  One  of  these  is  an  infinite  sequence  of  pulses  of  one 
polarity,  the  other  an  infinite  sequence  of  randomly  positive  and  negative 
polarity. 

It  will  be  recognized  that  the  first  of  the  above  components  at  the  out- 
put has  a  fundamental  frequency  equal  to  the  pulse  repetition  fre- 
quency, /  =  l/T",  and  the  forced  response  of  a  resonant  circuit  to  this 
component  will  be  the  pulse  repetition  frequency,  regardless  of  any  im- 
perfections in  tuning.  In  order  that  this  frequency  be  present  in  the  re- 
ceived pulse  train,  it  is  necessary  that  the  spectrum  of  the  received  pulses 
extend  beyond  the  pulse  repetition  frequency,  so  that  there  will  be  a 
ripple  in  a  long  sequence  of  received  pulses  of  one  polarity,  as  indicated 
in  the  illustration. 

The  second  random  component  of  the  pulse  train  will  have  a  fre- 
quency spectrum  that  is  nearl}^  uniform  over  the  band  of  the  tuned 
circuit,  and  which  will  vary  in  amplitude  depending  on  the  composition 
of  the  pulse  train.  The  response  of  the  tuned  circuit  to  this  component 
is  thus  rather  complex,  and  must  be  treated  on  an  approximate  statistical 
basis.  It  will  consist  of  an  almost  periodic  wave  with  random  amplitude 
and  phase  modulation,  and  with  mean  frequencj^  equal  to  the  resonant 
frequency. 

Owing  to  the  presence  of  the  second  component,  there  will  be  a 
variation  with  time  in  the  amplitude  and  phase  of  the  response  of  a  mis- 
tuned  resonant  circuit,  and  resultant  deviations  in  timing.  The  re- 
generated pulses  will  thus  not  be  uniformly  spaced,  but  will  in  general 
have  random  deviations  from  the  desired  exact  positions.  Such  deviations 
can  be  created  by  superposing  on  a  train  with  uniform  spacing  a  random 
dipulse  train,  as  indicated  in  Fig.  7.  The  resonant  circuit  response  to  this 
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dipulse  train  would  be  expected  to  be  smaller  than  to  the  random  ampli- 
tude component  of  the  pulse  train.  It  may  be  regarded  as  a  third  compo- 
nent representing  a  second  order  effect  resulting  from  the  second  com- 
ponent. 

In  the  Appendix,  this  method  of  superposition  has  been  used  as  a  basis 
of  an  analysis  of  a  resonant  circuit  response  to  a  random  binary  pulse 
train.  This  problem  has  also  been  dealt  with  by  somewhat  different 
methods  in  prior  unpublished  work  by  W.  R.  Bennett  and  J.  R.  Pierce, 
both  of  Bell  Telephone  Laboratories. 

In  this  analysis  it  is  assumed  that  the  regenerated  pulses  are  of  suffi- 
ciently short  duration  to  be  regarded  as  impulses.  The  response  of  the 
resonant  circuit  to  the  second  and  third  components  above,  when  taken 
in  relation  to  that  for  the  first  component  will,  however,  remain  very 
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Fig.  7  —  Resolution  of  "on -off"  pulse  train  with  timing  deviations  into  sys- 
tematic component  (1),  random  component  (2),  and  time  displacement  compo- 
nent (3). 
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nearly  the  same  for  other  pulse  shapes,  provided  the  frequency  spectrum  / 
of  the  pulses  can  be  regarded  as  approximately  constant  over  the  im-  I 
portant  portion  of  the  band  of  the  resonant  circuit.  This  approximation  ; 
is  legitimate  for  resonant  circuits  with  a  loss  constant  Q  and  pulse  shapes  '■ 
at  the  input  of  repeaters  as  considered  here. 

4.1  Resonant  Circuit  Response  to  Steady  State  Coniponent  1 

The  first  component  consists  of  an  infinite  sequence  of  impulses  of  ^ 
amplitude  ^  and  all  of  the  same  polarity,  at  intervals  T.  This  sequence  ! 
has  a  fundamental  f requeue}^  /  =  1/T.  When  it  impinges  on  a  resonant 
circuit  with  resonant  frequency  /n  =  /  —   Af  and  loss  constant  Q,  the  < 
response  is  of  the  form  1 

As{t)  =  cos  \f/  cos  (o)/.  —  \p),  (4.1) 

and 

tan  ,A  =  Q(///n  -  M)  ^  2Q  ^.  (4.2)  ^ 

The  response  is  thus  a  steady  state  sinusoidal  wave  of  frequency  / 
displaced  from  the  fundamental  component  of  the  input  wave  by  the 
phase  shift  xp  and  reduced  in  amplitude  by  cos  \p.  This  is  the  phase 
shift  and  amplitude  reduction  of  the  resonant  circuit  at  the  frequency  f 
when  the  resonant  frequency  is  /n  . 


.2  Resonant  Circuit  Response  to  Random  Signal  Component 


The  second  component  consists  of  an  infinite  random  sequence  of  im- 
pulses of  amplitude  ±§,  at  intervals  T.  The  response  of  the  resonant 
circuit  to  this  component  will  be  a  randomly  fluctuating  wave  Ar{t)  of 
mean  value  0.  The  maximum  positi^'e  amplitude  is  obtained  when  all 
impulses  of  the  second  component  are  positive  and  is  Arit)  =  As  .  The 
maximum  negative  amplitude  is  Ar{t)  =  —  *4s  .  Owing  to  the  presence 
of  this  component  the  total  output  of  the  resonant  circuit  .4,.  +  Ar{t) 
can  thus  fluctuate  between  the  limits  0  and  2.4s  ,  but  the  actual  fluctua- 
tions of  significant  probability  will  be  smaller. 

The  above  fluctuations  can  be  resolved  into  a  component  in  phase 
with  the  steady  state  response  given  by  (4.1)  and  another  component  at 
quadrature  with  the  steady  state  timing  wave.  The  rms  values  of  these 
components  taken  in  relation  to  the  amplitude  of  the  steady  state  wave 
are 


(4.3) 
cos  ^ 
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and 

/  \  1/2      I     I     I 

(4.4) 


4Q/     cos  xp 


These  relations  apply  for  small  values  of  x//  and  for  t/Q  «  1. 

The  resultant  rms  amplitude  variation  in  the  timing  wave  is  Qr  =  g/ 
as  given  by  (4.3). 

The  rms  phase  error  ipr  resulting  from  the  quadrature  component  a," 
is  given  by 

tan  ^r  =  ^r  =  a/'.  (4.5) 


The  corresponding  rms  time  deviation  is  {T/2Tr)ipr  or 


rr     /  \l/2 


2ir  \4Q/     cos  \l/' 


(4.6) 


With  regard  to  the  probability  of  exceeding  the  above  rms  values  by 
various  factors  the  normal  law  can  probably  be  invoked  with  reasonable 
accuracy.  As  mentioned  before,  the  maximum  possible  amplitudes  are 
Ar{t)  =  ±As  which  would  correspond  to  a  peak  factor  {'IQ/tY  '.  With 
Q  =  100,  the  factor  is  about  8,  while  with  Q  =  1000  it  is  about  25. 
Based  on  the  normal  law  the  probability  of  exceeding  the  rms  value 
by  a  factor  of  4  is  about  5  X  10~^  and  by  a  factor  of  5,  about  10~'.  The 
normal  law  would  be  expected  to  apply,  since  the  limiting  peak  values 
are  substantially  greater  than  the  peak  values  expected  with  significant 
probabilities. 

4-3  Resonant  Circuit  Response  to  Pulse  Displaceme7its 

Because  of  the  random  components  given  by  (4.3)  and  (4.4),  the 
timing  wave  will  contain  small  random  amplitude  and  phase  deviations 
from  a  sinusoidal  wave  represented  by  (4.1).  This  will  result  in  small 
random  deviations  in  the  positions  of  regenerated  pulses  triggered  from 
the  timing  wave,  which  is  represented  by  the  third  component  shown  in 
Fig.  7.  When  the  rms  deviation  in  the  pulse  positions  is  5,  there  will  be 
an  additional  random  cjuadrature  component  in  the  timing  wave  which, 
when  taken  in  relation  to  the  steady  state  component,  is  given  by 

a/'  =  As" /A.  =  co8  (|^Y   .  (4.7) 

The  corresponding  rms  phase  de^'iation  is  given  by 

ip,  ^  a,".  (4.8) 
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The  resultant  rms  time  deviation  is  (T'/2x)(^5  or 

h  =  52,  (4.9) 

and 

«  =  {T^/Qf-  (4.10) 

The  above  factor  a  appHes  to  a  single  resonant  circuit.  When  the  rms 
timing  deviations  represented  by  (4.9)  are  present  in  the  regenerated 
pulse  train,  the  rms  deviation  at  the  output  of  the  second  resonant 
circuit  is 

^5,2  =  5aia2  , 
where 

Si  =  ^• 

With  n  resonant  circuits  in  tandem, 

Ss.n   =  daiaoQCs  ■  ■  ■  a,,  .  (4.11) 

The  factors  q:„  are  given  by 

si  -  «  =  (tt/QY",  (4.12) 


^j 


[ai-ao-as  •  •  •  a„J     =  a 


=  a 


«2  =  (1  -  hr\ 
«3  =  (1  -  ir, 

Qi  =  (I  -  iY'^,  etc. 

2  1-3-5  •••  [2(n  -  1)  -  1] 


2.4.6  •••  2(w  -  1) 

(2n)! 


(4.14) 
(4.15) 


22"(n!)- 

=  a'  ( — )  when         n  »  1.  (4.16) 

The  factors  ay  for  j  ^  2  represent  the  reduction  in  timing  deviations 
resulting  from  the  reduction  in  bandwidth  as  resonant  circuits  are 
added  in  tandem.  If  resonant  circuits  with  a  narrow  flat  pass-band  were 
used,  the  bandwidth  of  any  number  of  resonant  circuits  in  tandem 
would  be  the  same  as  for  a  single  resonant  circuit.  In  this  case  22  = 
23  =  a„  =  1. 
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44  Deviations  in  Timing  Wave 

The  timing  wave  derived  from  an  "on-off"  pulse  train  \\ith  the  aid  of 
a  resonant  circuit  will  in  accordance  with  the  expressions  given  in  the 
previous  sections  contain  three  types  of  amplitude  and  timing  devia- 
tions. 

The  first  type  is  a  fixed  amplitude  reduction  by  a  factor  oo  and  a  fixed 
time  deviation  to  given  by 

ao  =  cos^,  (4.17) 

and 

TO  =  1^  ^,  (4.18) 

where  yp  is  given  by  (4.2). 

The  second  type  is  a  random  amplitude  and  time  deviation  resulting 
from  the  random  amplitude  component  of  the  pulse  train,  which  have 
rms  values 

a.^(^y'[l-^V2r'^-^,  (4.19) 

\2Q/  cos  4/ 

and 

§,-f(^)"^.  (4.20) 

27r  \4Q/     cos  ^ 

The  third  type  is  a  random  amplitude  and  time  deviation  resulting 
from  random  timing  deviations  fp  =  5  in  the  pulse  train.  The  amplitude 
variation  can  be  disregarded  and  the  rms  time  deviation  is 

(\l/2 

The  total  rms  amplitude  variation  is  accordingly  given  by  (4.19). 
The  total  rms  timing  deviation  obtained  by  combining  (4.20)  and  (4.21) 
is 

fr  =bj  +  a%y\  (4.22) 

The  expressions  for  br  and  fr  are  the  quantities  appearing  in  (2.20)  for 
Ar ,  the  total  rms  timing  deviation  in  regenerated  pulses  resulting  from 
random  amplitude  and  timing  deviations  in  the  timing  wave. 
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V    SELF-TIMED    KEPEATEKS    WITH    PARTIAL    RETIMING 

5.0  General 

As  shown  in  the  preceding  section,  timing  for  pulse  regeneration  can 
be  derived  from  the  pulse  trains,  with  certain  random  phase  and  ampli- 
tude variations  in  the  timing  wave  that  can  be  reduced  by  increasing  the 
loss  constant  Q  of  the  resonant  circuit.  This  method  of  "self-timing" 
can  be  combined  with  partial  retiming,  and  the  regeneration  charac- 
teristics of  this  type  of  repeater  will  be  discussed  in  the  following  sections. 

For  purposes  of  numerical  illustration,  the  same  type  of  pulse  shape 
and  timing  wave  will  be  assumed  as  in  the  previous  numerical  illustration 
in  Section  III.  This  pulse  shape  and  timing  wave  closely  approximates 
those  in  experimental  Wrathall  repeaters,  in  which  timing  is  derived 
from  the  regenerated  pulse  train.  In  the  following  discussion  timing 
from  the  received  pulse  train  will  also  be  considered. 

5.1  Timing  from  Received  Pulse  Train 

It  will  be  assumed  that  the  timing  wave  is  derived  from  the  received 
pulse  train  with  the  aid  of  a  resonant  circuit  and  that  random  timing 
deviations  are  absent.  The  response  of  the  resonant  circuit  is  then  a 
sinusoidal  wave  as  given  by  (4.1).  From  this  wave  it  is  possible  to  obtain 
a  retiming  wave  of  the  form 


R{t)  =  -cosiA 


1  —  cos 


(5.1) 


This  can  be  accomplished  by  holding  the  peaks  of  the  timing  wave  from 
the  resonant  circuit  at  zero  potential  with  a  diode.  This  is  the  form  of 
retiming  wave  previously  considered  in  Section  III,  in  conjunction  with  a 
pulse  shape  given  by  (3.1). 

As  shown  in  Section  3.7,  the  tolerance  to  noise  will  vary  with  the 
phase  shift  \p  of  the  resonant  circuit,  in  accordance  with  (3.21).  If  a 
reduction  in  the  tolerance  to  noise  of  about  2  db  is  allowed,  the  maxi- 
mum permissible  phase  shift  would  be  about  \J/  —  1  radian  (57.6°).  On 
this  basis  the  maximum  permissible  deviation  A/max  in  the  resonant  fre- 
cjuency  from  the  pulse  repetition  frequency  /  as  obtained  from  (4.2) 
with  \p  =  1  radian  becomes 

A/max  ^  tan  \J/  ^  L58-  ,    -,v 

./■  2Q  2Q  •  ^  ^^^ 

For  various  values  of  Q  in  the  range  that  can  he  realized  by  simple 
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resonant  circuits,  the  permissible  deviations  are  as  follows: 


Q 

10 

25 

50 

100 

200 

^fm^Jf 

0.08 

0.030 

0.016 

0.008 

0.004 

This  assumes  that  there  are  no  random  timing  deviations  and  that  the 
tolerance  to  noise  is  reduced  by  not  more  than  2  db. 


0.2  Timing  from  Regenerated  Pulse  Train 

It  will  again  be  assumed  that  there  are  no  random  timing  deviations. 
Without  a  phase  shift  in  the  resonant  circuit,  let  the  regenerated  pulses 
be  triggered  at  a  time  to  .  When  there  is  a  phase  shift  \f/',  the  pulses  will 
be  triggered  at  a  time  ^o'.  The  timing  wave  derived  from  the  regenerated 
pulses  will  then  have  a  time  shift 

A   =    t,'   -   to^-^  rP'. 

This  time  shift  will  cause  pulses  to  be  regenerated  with  a  time  shift 
/3'A,  which  must  equal  ^n'  —  ^o  •  Accordingly, 


U>'  -  to  =  ^'  (to    -  to  +^'/''), 


and 


to 


to    = 


T     /SV 


2x  1  -  /3'" 


(5.3) 


With  timing  from  the  received  pulse  train  with  a  phase  shift  ^  in  the 
resonant  circuit,  the  following  relation  applies: 


to 


T 

to   =  —  W- 


(5.4) 


If  to  —  to  is  to  be  the  same  in  both  cases,  so  that  the  timing  wave  and 
tolerance  to  noise  is  the  same,  the  following  relation  must  exist  between 
the  phase  shifts  in  the  resonant  circuit: 


,A'  =  ^(1  -  0')  I 


(5.5) 


In  this  expression,  (3  and  (3'  are  the  factors  shown  in  Fig.  4.  It  will  be 
recognized  from  (5.5)  that  the  smallest  permissible  phase  shifts  are  ob- 
tained for  large  values  of  /3'.  From  Fig.  4,  it  is  seen  that  the  largest 
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values  of  /3  are  for  phase  shifts  between  0  and  —60°.  For  t?  =  f ,  (3  ^  0.7 
and  for  r;  =  1,8^  0.9. 

For  J?  =  f  and  rj  =  I  the  tolerable  maximum  phase  shifts  \p'  in  the 
resonant  circuit  with  timing  from  the  regenerated  pulse  train,  in  rela- 
tion to  the  maximum  tolerable  \{/  with  timing  from  the  input,  are 


^P'  ^  0.3^p    for 


V    —    4, 


(5.6) 


and 


^'  ^  0.1x1/    for     7?  =  1. 


Although  greater  phase  shifts  can  be  tolerated  when  4/  is  positive,  and  /?' 
is  smaller  than  above,  the  requirements  on  the  resonant  circuit  must  be 
based  on  the  worst  condition  that  can  be  encountered,  as  above. 

From  (5.6)  it  follows  that  for  ??  =  1  the  requirements  on  the  per- 
missible phase  shift  in  the  resonant  circuit  are  much  more  severe  than 
for  17  =  f .  For  this  reason  the  latter  value  of  rj  is  decidedly  preferable 
for  the  particular  case  in  which  the  peak  amplitudes  of  the  pulse  train 
and  the  timing  waves  are  equal,  as  assumed  here.  A  value  77  =  f  is  also 
desirable  from  the  standpoints  of  avoiding  intersymbol  interference 
between  adjacent  pulses  at  the  triggering  instants,  to  permit  the  timing 
wave  to  be  derived  from  the  pulse  train  and  to  permit  self-starting  of 
the  repeaters,  as  discussed  later. 

In  accordance  with  (5.6)  the  maximum  tolerable  frequency  deviation 
for  77  =  f  will  be  less  than  with  timing  from  the  received  pulse  train  by 
a  factor  of  about  0.3.  The  maximum  permissible  frequency  deviation  for 
a  phase  shift  of  about  one  radian  in  the  timing  wave  and  0.3  radian  in 
the  resonant  circuit,  will  accordingly  be  about  as  follows: 


Q 

10 

25 

50 

100 

200 

A/max// 

0.025 

0.009 

0.005 

0.0025 

0.0012 

For  a  repeater  with  complete  rather  than  partial  retiming,  the  factor 
|8  would  be  unity,  and  timing  from  the  regenerated  pulse  train  would 
not  be  possible. 


5.3  Random  Timing  Deviations 

In  combining  random  timing  deviations  from  various  sources  at  a 
particular  repeater,  it  will  be  assumed  that  there  is  no  correlation  be-  j 
tween  the  various  deviations,  so  that  they  will  combine  on  a  root -sum- 
square  basis. 
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In  accordance  with  (2.21)  the  rms  timing  deviation  at  the  output  is 
then : 

•  2  /       2       2      I  2       2\       I       /      2      2      ,  2      2\  /,-  ^\ 

A      =     (Pr  Tp     +    Pa  flp  )    +    {Vr  fr     +    r„  Qr  ),  (5.7) 

where  in  accordance  with  (4.13)  and  (4.16) 


ttr 


L2Q  ^'  -  ''^'\ 


1/2  ^ 


(5.8) 


cos  \p 

Tr    =     {^r     +    afj,")       ,  (5.9) 

«  =  (i)    .  (5'«) 

When  (5.9)  is  inserted  in  (5.7) 

.2  /       2      ,  2      2x_    2      I  2       2      I  2.  2      ,  2      2  /t-    ,  r>\ 

A      =     {Pr      +Qcrr)Tp      +    PaQp      +    fr  6,      +    Ta  tt^   .  (5.12) 

This  expression  gives  the  rms  timing  deviation  at  the  output  in  terms  of 
the  rms  deviation  fp  at  the  input  and  the  various  repeater  parameters. 
With  timing  from  the  output,  rather  than  the  input  as  assumed  above, 
Tp  is  replaced  by  A  in  (5.9),  and  the  following  relation  is  obtained: 

.2/,  2      2n  2_    2       I  2       2       I  2-2       ,  2       2  /-    ,  r,\ 

A    (1     -    a  fr  )     =    Pr  Tp      +    Pa  Qp     +    />  5^     +    r„  tt,  .  (5.13) 

In  the  above  expressions  p/  =  0.15,  7\'  ^0.4  and  a'  =  0.03  {Q  = 
100) .  The  term  a  rj  can  thus  be  neglected  in  comparison  with  pi  in 
(5.12)  and  in  comparison  with  1  in  (5.13). 

The  following  expression  is  thus  obtained  with  timing  from  either  the 
input  or  the  output: 

A    =  {pr  fp"  +  PaQp')  -j-  (r/5r"  +  riqr') 

=  A/  +  A.-. 

5.4  Magnitude  of  Random.  Timing  Deviations 

The  first  two  terms  of  (5.14)  represents  the  rms  timing  deviations  in 
the  regenerated  pulses  resvilting  from  timing  deviations  and  ampUtude 
variations  in  the  received  pulses.  The  last  two  terms  represent  the  timing 
deviations  resulting  from  timing  deviations  and  amplitude  variations  in 
the  timing  wave.  The  conversion  factors  pr  ,  Pa  ,  'V  and  ?•„  are  discussed 
in  Section  II  and  representative  values  given  in  Figs.  5  and  6.  The  values 
of  Qr  and  8r  are  obtained  from  (5.8). 
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Table  IV  —  Rms  Devlvtions  from  Timing  Wave 
Distortion  for  Q  =  100 


<!' 

-60° 

-30° 

0° 

30° 

60° 

Trir/T 

0.011 

0.005 

0 

0.006 

0.015 

Taar/T 

0.006 

0.007 

0.009 

0.014 

0.024 

A,/T 

0.0126 

0.009 

0.009 

0.015 

0.028 

<Pr 

4.5° 

3.2° 

3.2° 

5.4° 

10° 

In  Table  IV  are  given  the  values  of  the  two  last  terms  in  (5.14),  which 
represents  the  rms  deviations  Ar  owing  to  random  deviations  in  the 
timing  wave.  The  results  are  given  for  the  particular  case  in  which 
Q  =  100,  and  for  other  values  of  Q  are  inversely  proportional  to  Q^'". 
The  table  shows  the  deviations  as  a  fraction  of  the  interval  T  between 
pulses,  and  also  as  the  corresponding  rms  phase  deviation  ipr  . 

In  Table  V  are  given  the  values  of  the  first  two  terms  in  (5.14),  which 
represents  the  rms  deviation  Ap  in  the  regenerated  pulses  resulting  from 
random  amplitude  and  timing  deviation  in  the  received  pulses.  In  binary 
systems  it  is  customary  to  limit  the  rms  pulse  distortion  to  Qp  =  ■^, 
corresponding  to  yV  the  peak  amplitude  of  the  received  pulses,  or  ^  the 
triggering  level  (17  db  signal-to-noise  ratio).  The  corresponding  rms 
phase  deviation  would  be  about  xV  I'adian,  corresponding  to  an  rms 
deviation  fp  in  the  pulses  of  0.016  the  pulse  spacing,  or  fp/T  =  0.016. 
The  total  rms  timing  deviation  obtained  from  (5.14)  and  the  correspond- 
ing rms  phase  deviation  are  given  in  Table  VI. 

Table  V  —  Rms  Deviations  Resulting  from  Pulse  Distortion 


^ 

-60° 

-30° 

0° 

30° 

60° 

Pa^p/T 

0.019 

0.018 

0.019 

0.022 

0.032 

PrTp/T 

0.010 

0.007 

0.005 

0.005 

0.008 

Ap/T 

0.021 

0.020 

0.020 

0.023 

0.033 

!Pp 

7.5° 

7.2° 

7.2° 

8.2° 

12° 

Table  VI  —  Total  Rms  Deviations  from  Timing   Wave 
and  Pulse  Distortion 


<A 

-60° 

-30° 

0° 

30° 

60° 

A/T 

0.025 
9° 

0.022 

8° 

0.022 

8° 

0.028 
10° 

0.043 
16° 
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The  probability  that  random  phase  deviations  will  exceed  the  above 
rms  values  by  a  factor  of  more  than  4  is  small  enough  to  be  ignored.  On 
this  basis  the  sum  of  the  fixed  and  random  dev'iations  would  be  limited 
to  about  70°,  if  the  fixed  phase  shift  \p  is  less  than  ±30°.  With  this  re- 
quirement on  the  fixed  phase  shift  for  satisfactory  performance,  the 
values  of  A/m^^x  would  be  about  half  as  great  as  previously  gi\Tn  in  Sec- 
tions 5.1  and  5.2,  for  a  single  repeater  as  considered  here. 

VI   REPEATER    CHAINS 

6.0  General 

In  the  previous  section,  a  single  self-timed  repeater  was  considered, 
from  the  standpoint  of  fixed  and  random  timing  de\'iations,  as  deter- 
mined by  various  repeater  design  parameters.  In  a  repeater  chain  there 
will  be  some  cumulation  of  random  timing  deviations  as  the  number  of 
repeaters  in  tandem  is  increased,  and  a  resultant  reduction  in  the 
tolerance  to  noise  of  repeaters  toward  the  end  of  the  chain.  Exact  evalua- 
tion of  such  cumulation  is  rendered  difficult  by  the  circumstance  that 
timing  deviations  from  various  sources  may  not  follow  the  same  law  of 
combination  along  the  repeater  chain.  In  the  following,  expressions  are 
given  based  both  on  root-sum-square  and  direct  addition  of  random 
timing  deviations,  which  can  be  regarded  as  lower  and  upper  limits. 

6.1  Combination  of  Randotn  Timing  Deviations 

To  determine  the  rms  \'alue  of  random  timing  de^'iations  at  the  end 
of  a  repeater  chain,  it  is  necessary  to  combine  random  deviations  from 
various  repeaters.  Random  deviations  from  various  sources  at  a  repeater 
do  not  necessarily  follow  the  same  law  of  cumulation  along  a  repeater 
chain.  Since  there  is  no  correlation  between  timing  deviations  caused  by 
noise  in  A'arious  repeater  sections,  these  can  be  combined  on  a  root-sum- 
square  basis.  This,  however,  may  not  be  appropriate  as  regards  the 
i  combination  of  timing  deviations  resulting  from  imperfections  in  the 
timing  wave.  Thus,  with  perfect  tuning  of  all  resonant  circuits,  the 
timing  waves  at  various  repeaters  would  have  ^•irtually  identical  ampli- 
tude variations,  but  no  phase  deviations.  While  in  this  case  there  would 
be  complete  correlation  between  the  timing  wa\e  variations  at  the 
repeaters,  it  does  not  follow  that  the  resultant  timing  deviations  should 
be  combined  directly  rather  than  on  a  root -sum-square  basis  along  the 
repeater  chain.  The  timing  deviations  at  the  end  of  a  chain  of  N  re- 
peaters resulting  from  amplitude  variations  in  the  timing  wave  of  the 
first  repeater  will  be  modified  by  .V  int(M'mediate  resonant  circuits.  Those 
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resulting  from  amplitude  variations  at  subsequent  repeaters  will  be  modi- 
fied by  N-1,  N-2  etc.  intermediate  resonant  circuits.  The  situation  is 
similar  to  that  of  applying  identical  noise  waves  at  the  input  of  each  of 
A''  resonant  circuits  in  tandem.  At  the  output  the  A''  noise  waves  will  have 
different  shapes  owing  to  restriction  of  the  l)and  and  increasing  phase 
distortion  as  the  number  of  resonant  circuits  in  tandem  increases.  For 
this  reason  combination  on  a  root-sum-square  basis  appears  justified  also 
in  this  case,  particularly  with  various  degrees  of  mistuning  of  the  res- 
onant circuits,  so  that  the  amplitude  \'ariations  in  the  timing  waves 
will  differ  in  phase  among  repeaters. 

6.2  Propagation  of  Timing  Deviations 

To  determine  the  cumulation  of  timing  deviations  along  a  repeater 
chain,  it  is  convenient  to  first  consider  a  single  repeater  as  a  source  of 
timing  deviations,  and  to  determine  the  propagation  of  these  timing 
deviations  along  a  repeater  chain.  In  the  following,  7,,  will  designate  the 
rms  propagation  factor  for  /?  repeaters  in  tandem;  i.e.,  the  factor  by 
which  the  rms  timing  deviations  at  the  end  of  a  chain  of  n  repeaters  is 
smaller  than  at  the  first  repeater,  with  timing  deviations  originating  at 
the  first  repeater  only. 

Let  the  rms  timing  deviation  at  the  output  of  the  first  repeater  as 
given  by  (5.14)  for  convenience  be  taken  as  unity.  At  the  output  of  the 
second  repeater  the  squared  rms  timing  deviation  is  then  reduced  by  the 
factor 


2  2    ,       22 

72      =    Pr      +    Qi  Vr  , 


ai 


a. 


(6.1) 


As  indicated  symbolically  in  Fig.  8,  the  first  term  represents  the  reduc- 
tion owing  to  partial  retiming.  The  second  term  is  the  additional  devia- 
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Fig.  8  —  Propagation  of  random  timing  deviations  along  repeater  chain. 
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tion  resulting  from  the  effect  on  the  timing  wave  of  unit  rms  deviation 
in  the  received  pulse  train  at  the  second  repeater. 

At  the  output  of  the  third  repeater,  the  squared  rms  de\'iation  is 
smaller  than  at  the  output  of  the  first  repeater  by  the  factor 

2  /2|  22x2.  222,  22      2      2  /n  c,\ 

73      =     KPt       +     Ql  l-r   )Pr       +     pT  «1   I'r       +     «!   /V  ^2  'V  (b.2) 

=  p/  +  'Zai'pr'rr'  +  Qi'a-irr^.  (6.3) 

As  indicated  in  Fig.  8,  the  first  term  in  (6.2)  represents  the  reduction 
owing  to  partial  retiming  of  the  received  pulse  train  at  the  third  repeater. 
The  second  term,  {pr(xirr)\  is  the  additional  rms  deviation  resulting  from 
the  effect  on  the  timing  wave  at  the  third  repeater  of  an  rms  deviation 
Pr  in  the  received  pulse  train.  The  third  term  (airr-a2rr)"  is  the  additional 
deviation  caused  by  the  effect  on  the  timing  wave  of  an  rms  deviation 
QiVr  in  the  received  pulse  train.  The  factor  a2rr  represents  the  modifica- 
tion in  the  rms  deviation  ai/\  by  a  second  resonant  circuit,  with  ao  de- 
fined as  in  Section  4.3. 

At  the  output  of  the  fourth  repeater,  the  rms  timing  deviation  is 
reduced  by  the  following  factor,  obtained  in  the  same  manner: 

2  6       I        .,       2       4      2       I        o       2       2_   2      4        I  2       2       2^,  6  /,.    a  \ 

74     =    Pr    +   3ai  Pt  Vt    +   3gi  ^2  Pr  Vj    +  Si  ^2  «:i  'V  •  yoA) 

At  the  output  of  repeater  n,  the  squared  rms  timing  deviation  is 
smaller  than  at  the  output  of  the  first  repeater  by  the  propagation 
factor 
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.  ,      ^  2(n-l)       2       2      2  2 

where  pr  and  /v  are  defined  as  in  Section  2.2,  and  ai  ,  0:2  •  •  •  a«  as  in 
Section  4.3. 

In  the  above  formulation  the  rms  deviation  at  the  output  of  the  first 
repeater  was  assumed  given  by  (5.14),  which  is  an  approximation  of 
(5.12)  in  which  the  term  a'r/r/  was  neglected.  This  term  will  have  a 
different  propagation  factor  p„  ,  the  expression  for  which  differs  from 
that  for  7„  as  given  by  (6.5)  in  that  the  subscripts  of  the  factors  «_,-  are 
raised  by  one  unit.  Thus, 
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2                  2(/i-l)       I       {n    —     1)         2(n-2)      2       2 
Pn      =    Pr  +    Z-, Pr  Vr  «■> 

1!  (().()) 

,  ,       „  2(,i-l)       2       2  2 

The  rms  deviation  at  the  output  of  repeater  n  thus  becomes 

A,,'  =    (Ap'  +  A,.')7„"  +  a"/v'fp'p-,'"-  (6.7) 

In  the  case  of  repeaters  with  partial  retiming  the  last  term  in  (6.7)  can 
be  neglected,  in  which  case  the  cumulation  of  timing  deviation  will  be 
virtually  the  same  when  the  timing  wave  is  derived  from  the  regenerated 
as  when  it  is  derived  from  the  received  pulse  train. 

The  above  expressions  apply  for  resonant  circuits  consisting  of  a  coil 
and  capacitor  which  have  a  gradual  cut-off.  If  resonant  circuits  with  a 
flat  pass-band  and  sharp  cut-offs  were  used,  a2  =  as  =  «„  and  (6.5)  can 
be  simplified  to 

7;'  =   (i  -  a{)vi""''  +  ahp;  -f  uT'"'-  (6.8) 

6.3  Cumulation  of  Timing  Deviations 

The  cumulation  of  random  timing  deviations  from  various  repeaters 
in  a  chain  can  be  determined  from  the  propagation  constant  given  above 
for  any  prescribed  law  of  combination  of  timing  deviations  from  various 
repeaters.  When  equal  rms  deviations  are  contributed  by  each  of  A'^ 
repeaters,  and  they  are  combined  on  a  root-sum-square  basis,  the  rms :! 
deviation  at  the  end  of  a  repeater  chain  is  greater  than  for  a  single 
repeater  by  the  cumulation  factor  ! 

/  N  \  1/2 

c  =  ( E  yn        .  (6.9)  i 


H=l 


An  upper  limit  to  ('  is  obtained  by  taking  a-2  =  a-i  =  a„   =   1  in  (6.5) 
in  which  case  7,,"  is  given  by  (6.8) ;  (6.9)  then  becomes  for  A^  =    oc 


C 


(1    —   ai")  :; -,  +   af 


1/2 

(6.10)  I 


-    Pr^  1     -    Pr-    -     >-_ 

1/2 

(6.11) 


where  the  terms  in  gf  have  been  neglected  in  (6.11),  since  gi"  =  a  «  1, 
about  0.03  for  Q  =  100. 

From  Fig.  5  it  will  be  seen  that  when  \p  <   ±60°,  pr  <  0.6.  Hence  | 
('  <  1 .25.  Cumulation  of  random  timing  deviations  can  thus  for  practical 
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purposes  be  disregarded,  with  root-sum-square  combination  as  assumed 
above.  The  value  of  C  obtained  from  (6.11)  will  differ  from  that  obtained 
from  (6.9)  when  7,,  is  given  by  (6.5),  by  a  small  fraction  of  one  per  cent. 
Although  root-sum-square  combination  appears  justified  for  reasons 
given  before,  it  is  of  interest  to  determine  an  upper  limit  to  the  cumula- 
!  tion  based  on  direct  addition  of  random  timing  deviations.  The  maxi- 
mum cumulation  factor  thus  obtained  is 


I  If 

1 

n  =  l 


Cxnax    =    Z    7.  .  (6.12) 


Employing  (6.8)  for  7„  and  neglecting  the  terms  in  ai',  the  upper  limit 
to  the  cumulation  factor  for  A^  =    x  becomes 

Cmax  =  :; ■  (6.13) 

With  Pr  <  0.6  for  ^  <  ±60°,  C„,ax  <  2.5. 

If  the  above  maximum  cumulation  factor  is  applied  to  random  timing 
deviations  resulting  from  amplitude  variations  in  the  timing  wave,  as 
given  in  Table  I^'  of  Section  5.4,  the  resultant  rms  phase  deviation  at 
the  end  of  a  long  repeater  chain  could  be  as  great  as  25°,  rather  than  10° 
for  a  single  repeater,  when  i^  =  60°  and  Q  =  100.  To  attain  satisfactory 
performance  it  would  in  this  case  be  necessary  to  limit  the  maximum 
fixed  phase  shift  to  substantially  less  than  ±60°,  which  would  entail 
greater  freciuency  precision  than  indicated  in  Sections  5.1  and  5.2. 

li  \p  <  ±15°,  Pr  <  0.40  and  Cmax  <  1-7-  Ii^  this  case  the  rms  phase 
deviation  as  given  in  Table  I  for  a  single  repeater  is  ^r  =  4°,  and  the 
rms  phase  deviation  in  a  long  repeater  chain  would  be  less  than  7°.  In 
a  long  repeater  chain  the  rms  phase  deviation  resulting  from  pulse  dis- 
tortion would  be  greater  than  given  in  Table  II  by  an  rms  cumulation 
factor  C  =  1.08  for  pr  =  0.4,  and  would  thus  be  about  8°  when  \{/  < 
±15°.  The  total  rms  phase  deviation  would  thus  be  about  (7"  +  8')^ "  = 
11°.  Random  phase  deviations  exceeding  4  times  the  latter  value,  or 
about  45°,  would  be  rather  unlikely.  The  sum  of  the  fixed  and  random 
phase  deviations  would  thus  be  limited  to  about  60°,  so  that  satisfactory 
performance  would  be  expected  when  the  fixed  phase  deviation  is 
limited  to  about  ±15°. 

With  the  approximations  for  7,,  employed  above,  the  rms  cumulation 
factor  for  a  chain  of  A"  repeaters  as  obtained  from  (6.9)  is  less  than  for 
N  =   oc  by  the  factor  (1  -  p.'-'Y'"  ^  0.99  for  p.  =  0.5  and  A'  =  3.  The 
maximum  cumulation  factor  obtained  from  (6.12)  is  less  than  for  A'  =   y- 
by  the  factor  1  —  p/^  =  0.99  for  A'  =  (i.  Thus,  cumulation  of  random 
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timing  deviations  is  virtually  completed  in  a  chain  of  3  to  6  repeaters,  I 
so  that  for  experimental  determinations  of  the  degree  of  cumulation  it  I 
suffices  to  operate  a  few  repeaters  in  tandem.  f 

^.4  Repeaters  with  Complete  Retiming  I 

In  the  particular  case  of  complete  retiming,  pr  =  0  and  Tt  =   1  in  , 
(6.5)  and  (6.6)  so  that  j 

7«  =  aia^s  •  •  •  On-i  ,  (6.14)  ' 

Pn    =    mm    •  '  •   Qin   ■  (6.15)  i 

! 

For  w  »  1,  approximation  (4.16)  can  be  employed,  in  which  case         ' 
7.  =  s  (— )  '  ,        Pn  =  f-Y   .  (6.16)  ■ 

In  this  case  (5.14)  simplifies  to 

^p   +  A.'  =  5^  (6.17) 

since  pa  =  0,  ?•„  =  0,  pr  =  0  and  fr  =  1. 
Hence  (6.7)  becomes 

A„    =  8r~yn'  +  fpapn'.  (6.18) 

With  approximations  (6.16), 

A,;^  =  i8j  +  f^h'  (J^J'\  (6.19)1 

At  the  output  of  the  first  repeater, 

Ai'  =  5;  +«V-  (6-20)1 

For  n  »  1  the  sciuared  propagation  factor  is  accordingly 

An'/^r'-a\^:^'z(^T.  (6.21) 

Qr"  +  Qc-Tp~  \Trn/ 

The  squared  rms  cumulation  factor  for  A^  »  2  repeaters  becomes 


C'^  1 


=  1  +  a=  ^'  +  ''' 


'■t.V\"=      /8\"=' 


IT     I  VTT, 


In  the  particular  case  of  perfect  tuning  of  all  resonant  circuits  6^  =  0 ' 
and 


;_^i 
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(A„/Ai)^  ^  Q:J'\  (6-23) 


(6.24) 

The  last  expression  gives  the  factor  by  which  the  rms  timing  devia- 
tion at  the  output  of  repeater  N  is  greater  than  at  the  output  of  the  first 
repeater.  The  rms  deviation  at  the  output  of  the  first  repeater  is  greater 
than  at  the  input  by  the  factor  a.  The  rms  deviation  at  the  output  of 
repeater  .V  is  thus  greater  than  at  the  input  of  the  first  repeater  by  the 
factor, 

C\=a  (~y  \  (6.25) 

For  this  particular  case  {8r  ==  0)  expressions  equivalent  to  those 
above  have  been  derived  in  unpublished  work  by  H.  E.  Rowe  of  Bell 
Telephone  Laboratories. 

In  accordance  with  (6.22)  and  (6.24)  the  cumulation  of  random  timing 
deviations  increases  indefinitely  with  ^V  when  retiming  is  complete.  The 
icumulation  factor  as  given  by  (6.24)  is  in  fact  the  same  as  would  be  ob- 
jtained  if  a  timing  wave  were  transmitted  on  a  separate  pair,  with  a 
iresonant  circuit  at  each  repeater  to  limit  noise  and  with  amplification  of 
the  timing  wave  at  each  repeater  to  obtain  the  same  amplitude  of  the 
timing  wave  as  when  it  is  derived  from  the  pulse  train.  With  partial 
retiming  cumulation  is  limited,  for  the  reason  that  there  is  partial  re- 
generation of  both  the  pulse  train  and  the  timing  wave. 

Although  with  complete  retiming  the  cumulation  factor  increases 
indefinitely  with  N,  this  is  of  but  little  practical  significance,  because  of 
jthe  slow  rate  of  cumulation.  At  the  output  of  a  chain  of  .V  repeaters  an 
rms  deviation  approximatelj^  equal  to  that  at  the  input  of  the  first  re- 
peater could  be  tolerated,  in  which  case  Ci  =  1.  On  this  basis  the  per- 
missible number  of  repeaters  would  be 

(6.26) 


^  800     when     Q  =  100. 

This  assumes  exact  tuning  of  all  resonant  circuits.  With  mistuning  of 
the  resonant  circuits,  the  permissible  number  of  repeaters  in  tandem 
for  a  specified  rms  deviation  at  the  output  of  the  final  repeater  can  be 
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determined  with  the  aid  of  the  cumulation  factor  given  by  (6.22).  For 
example,  if  the  rms  deviation  at  the  output  of  repeater  iV  is  assumed  the 
same  as  at  the  input  of  the  first  repeater,  the  permissible  number  of 
repeaters  in  tandem  is  less  than  given  by  (6.26)  by  the  factor  [(1  —  m"), 
(I  +  nOf,  m  =  b,;fp  .  When  the  fixed  phase  shift  is  30°,  m  ^  0.5  and 
N  ^  300. 

6.5  Self- Starting  of  Self-Timed  Repeaters 

With  self-timing  it  is  necessary  that  repeaters  be  self-starting  if  the 
timing  wave  should  be  absent  for  any  reason.  If  each  repeater  is  self- 
starting,  this  will  also  be  the  case  for  a  repeater  chain,  since  starting  will 
be  progressive  along  the  chain.  Initially,  before  the  timing  wave  has 
reached  the  appropriate  amplitude  at  all  repeaters,  there  will  be  a  high 
rate  of  digital  errors. 

With  timing  from  the  recei\-ed  pulse  train,  the  resonant  circuit  will  be 
excited  by  every  pulse  and  the  timing  wave  will  reach  its  normal  ampli- 
tude in  about  n  ^  Q  pulses.  With  timing  from  the  regenerated  pulse 
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Fig.  9  —  Progression  of  repeater   .starting  in  absence  of  timing  wave  when 

timing  is  derived  from  regenerated  pulse  train. 

O  Triggering  points  with  timing  wave  absent.  Xoise  prevents  triggering  at  cer- 
tain points,  n.  Timing  wave  reaches  fraction  of  normal  value,  Ri  . 

A  Triggering  i^oints  with  timing  wave  Ri.  Timing  wave  increases  to  norma!  am- 
plitude R. 

•    Triggering  points  witli  normal  timing  wave. 
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train  the  resonant  circuit  will  not  be  excited  by  every  pulse,  unless  the 
shape  of  the  received  pulses  is  such  that  there  are  virtually  no  overlaps 
between  pulses  so  that  the  triggering  level  will  be  penetrated  by  each 
pulse. 

With  a  pulse  shape  as  assumed  in  the  previous  analysis,  the  amplitude 
of  a  pulse  train  midway  between  pulses  is  half  the  peak  amplitude  of  the 
pulses,  as  indicated  in  Fig.  9.  In  the  presence  of  noise,  triggering  will  in 
this  case  occur  on  the  average  for  every  second  pulse,  as  indicated  in  the 
above  figure.  If  it  is  assumed  that  the  resonant  circuit  has  the  maximum 
permissible  phase  shift  of  about  20°  allowed  with  timing  from  the  output, 
the  amplitude  of  the  timing  wave  with  excitation  from  e\'ery  pulse  will 
be  -^-irtually  equal  to  the  peak  pulse  amplitude.  With  excitation  from 
half  the  pulses,  the  amplitude  of  the  timing  wave  ^vill  rapidly  reach  half 
the  peak  amplitude  of  the  pulses.  When  this  initial  timing  wave  is  com- 
bined with  the  pulse  train,  triggering  will  occur  for  virtually  all  pulses, 
as  indicated  in  Fig.  9.  It  will  thus  reach  its  normal  value.  If  the  phase 
shift  is  greater  than  20°  as  assumed  above,  say  60°,  the  initial  amplitude 
of  the  timing  wave  will  be  |  the  peak  pulse  amplitude.  Combination  of 
this  initial  timing  wave  with  the  pulse  train  will  increase  the  number  of 
pulses  exciting  the  resonant  circuit,  which  in  turn  increases  the  amplitude 
of  the  timing  waves,  etc. 

Self-starting  with  a  pulse  shape  as  assumed  in  this  analysis  is  thus 
insured. 

VII   SUMMARY 

In  self-timing  regenerative  repeaters  as  considered  here,  a  timing 
wave  is  derived  from  either  the  received  or  regenerated  pulse  train  with 
the  aid  of  a  simple  resonant  circuit  tuned  to  the  pulse  repetition  fre- 
quency. This  timing  wave  is  combined  linearly  with  received  pulse  trains 
as  indicated  in  Fig.  1,  and  pulses  are  regenerated  when  the  combined 
wave  penetrates  a  certain  triggering  level. 

It  is  concluded  that  if  these  timing  principles  are  implemented  bj^ 
appropriate  repeater  instrumentation,  a  performance  can  be  realized 
that  approaches  that  of  ideal  regenerative  repeaters.  To  this  end  it  is 
necessary  to  meet  certain  requirements  with  regard  to  the  loss  constant 
Q  of  the  resonant  circuit,  its  frequency  precision,  the  shape  of  received 
pulses  and  the  amplitude  of  the  timing  wave  in  relation  to  that  of  re- 
ceived pulses. 

Equalization  of  each  repeater  section  should  preferably  be  such  that 
the  received  pulses  have  a  shape  and  duration  in  relation  to  the  pulse 
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interval  as  indicated  in  Fig.  3,  and  the  peak  amplitude  of  the  timing 
wave  should  be  about  equal  to  that  of  the  received  pulses.  Under  these 
conditions  the  pulse  repetition  frequency  will  be  present  in  the  received 
pulse  train  in  sufficient  amplitude  to  permit  derivation  of  the  timing 
wave  from  the  received  pulse  train,  and  to  permit  rapid  self-starting  in 
the  absence  of  a  timing  wave  if  it  is  derived  from  the  regenerated  pulse 
train. 

A  loss  constant  of  the  resonant  circuit  Q  =  100  appears  desirable. 
This  value  is  sufficiently  low  to  be  readily  realized  with  simple  resonant 
circuits  consisting  of  a  coil  and  capacitor  in  series  or  parallel,  without 
unduly  severe  requirements  on  its  frequency  precision.  It  is  also  ade- 
quately high  from  the  standpoint  of  avoiding  excessive  random  timing 
deviations  in  regenerated  pulses  from  amplitude  and  phase  deviations 
in  the  timing  wave. 

The  tolerable  deviation  in  the  resonant  frequency  from  the  pulse 
repetition  frequency  with  Q  =  100  is  about  0.2  per  cent  when  the 
timing  wave  is  derived  from  the  received  pulse  train,  and  about  0.06 
per  cent  when  it  is  derived  from  the  regenerated  pulse  train.  These 
frequency  precisions  correspond  to  a  maximum  fixed  phase  shift  of  15° 
in  the  timing  wave,  and  allow  for  the  possibility  that  random  timing 
deviations  resulting  from  amplitude  variations  in  the  timing  wave  maj- 
cumulate  directly  along  a  repeater  chain,  rather  than  on  a  root -sum- 
square  basis.  With  root-sum-square  cumulation  of  timing  deviations 
from  all  sources,  the  frequency  deviations  could  be  about  twice  as 
great. 

"V^Tien  the  above  requirements  are  met  the  reduction  in  the  tolerance 
to  noise  owing  to  timing  deviations  in  a  repeater  chain  is  limited  to 
about  2  db.  If  the  requirements  on  freriuency  precision  of  the  resonant 
circuit  are  met,  substantial  degradation  or  improvement  in  performance 
would  not  be  expected  as  a  result  of  moderate  changes  in  the  other 
design  parameters. 
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Appendix 
ix  resonant  circuit  response  to  random  binary  pulse  trains 
/  General 

In  the  following  analysis  of  the  response  of  a  resonant  circuit  to  a 
binary  "on-off"  pulse  train,  the  pulses  are  assumed  of  sufficiently  short 
duration  to  be  regarded  as  impulses.  This  is  a  legitimate  approximation 
when  the  duration  does  not  exceed  about  half  the  interval  between 
pulses. 

The  pulse  train  is  regarded  as  made  up  of  three  components,  as  indi- 
cated in  Fig.  10.  The  first  is  a  systematic  component  consisting  of  pulses 
of  amplitude  \.  This  component  gives  rise  to  a  steady  state  response  at 
the  fundamental  frequency  of  the  pulse  sequence.  The  second  com- 
ponent consists  of  pulses  of  amplitude  ±^,  with  random  ±  polarity. 
This  component  gives  rise  to  a  random  component  in  the  resonant  cir- 


it 


rh     iii 


r+i 


[k 


[] [] 


jn 


II 


-T— ♦ 


^    ^    ^    ? 


A=B  +  C 


B 

FIRST   COMPONENT 


C 
SECOND  COMPONENT 


1 


♦— T— ♦! 


THIRD  COMPONENT 


F  =  A+D 


Fig.  10  —  Components  of  random  binary  on-off  pulse  train.  A.  — Transmitted 
"on-off"  pulses.  B.  —  Stead}'-  state  pulse  train  of  fundamental  frequency/  =  l/T. 
C.  —  Random  pulse  train  with  zero  mean  value.  I).  —  Random  pulse  train  with 
displacements  ±5.  F. — "On-off"  pulse  (rain  with  displacements  ±5  from  av- 
erage pulse  interval  T . 
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oiiit  response;  i.e.,  a  fluctuation  about  the  steady  state  value  derived 
from  the  first  component. 

The  third  component  consists  of  a  train  of  dipulses.  Eacli  dipulse 
consists  of  a  pair  of  pulses  of  amplitude  1  and  —1,  displaced  by  an 
interval  ±5.  The  response  of  the  resonant  circuit  to  this  component 
gives  the  effect  of  random  displacements  ±5  in  the  oiiginal  "on-off" 
pulse  train. 

2  Im'pedance  of  ResonaJit  Circuit 

The  impedance  of  a  resonant  circuit  consisting  of  R,  L  and  C  in 
parallel  is 

Ziiw)  =  Z{.i<S)e-'\  (1) 

—  7? 

[1  +  Q\w/oi(i  —  oif^/wYY-'^ 


where 


and 


tan  ip  =  Qioi/wo  —  coo/co),  (3) 

Q  =  cooi?C  =  Loss  constant,  (4) 


ojci  =  {\/LC)  '  =  Resonant  frequency.  (5) 

The  above  expressions  also  apply  for  the  admittance  of  a  resonant 
circuit  consisting  oi  R,  L  and  C  in  series,  except  that  in  this  case  Q  = 
ojoL/R. 

3  Impulse  Response  of  Resonant  Circuit 

When  a  rectangular  pulse  of  unit  amplitude  and  sufficiently  short 
duration  5o  is  applied  to  a  resonant  circuit,  the  impulse  response  for 
Q  >>>  1  is  of  the  form 

P(t)  =  P(0)  cos  wo^e"""'''*',  (6) 

where 

P(0)  =  c^o8oR/Q.  (7) 

P{t)  designates  voltage  in  response  to  an  impulse  current  in  the  case 
of  a  parallel  resonant  circuit,  or  the  current  in  response  to  an  impulse 
voltage  in  the  case  of  a  series  resonant  circuit. 
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4  Response  to  Steady  State  Impulse  Train 

Let  a  long  sequence  of  impulses  of  amplitude  ^  and  the  same  polarity- 
impinge  on  a  resonant  circuit  at  uniform  intervals  T.  The  response  after 
N  impulses  is  then 

AM)  =li:P(t-  nT)  (8) 


2    r!=0 


=  — ^  2^  COS  coo(«  -  nT)e  .  (9) 

The  subscript  s  indicates  a  systematic  component. 

The  above  series  is  conveniently  summed  by  taking  the  real  part  of 
the  series 

2  ri=0 

With  t  =  NT  -V  t,,Q  <t,<T: 

2  7i=o 

When  .V  -^  x  ,  the  stead}'  state  responses  becomes 

A    '(A    -   ^^     ia-o(o   -"o«o/2Q  1 (12) 

The  interval  between  pulses  can  be  written 

T  =  27r/co,  (13) 

where  w  is  the  fundamental  frequency  of  the  impulse  train,  or  the  pulse 
repetition  frequency. 
Let 

o)(\  =  0)  —  Aco, 
so  that 

CO  =  1^  (1  -  Aco/c).  (14) 


The  following  approximations  then  apply : 

2irj   —'IriAaloi 

=  e    e 

^  1  -  2iriA(jo/co; 

—tIQ    +(7r/Q)Au/a) 

^  1  -  t/Q  when  ir/Q  «  1. 


3      °    =  e    e  =  e 


-uor/2Q    _       -vlQ    +{TrlQ)Aulu 


(15) 
(16) 
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With  these  approximations 

1  _  e-oV-o^'^'^^Iil  +  iH  (17) 

where 

i^-'^Q,  (18) 

CO 

will  be  recognized  as  the  phase  shift  of  the  resonant  current  at  the  fre- 
(|iiency  w,  as  obtained  from  (3)  with  w  =  coo  +  Aco. 

A  further  approximation  that  can  be  introduced  in  (12)  is 


C:^  g»"'o 


(19) 


since  to  <  T  and  Auto  and  coo^o/2Q  «  1 . 

With  the  above  approximations  (12)  becomes 


^4/  =.  -^  ^  e't"'o-^i  cos  ^.  (20) 


2        TT 


The  real  part  of  this  expression  is 

A,  =  ^9.  cos  (c/,,  -  rp)  cos  ,A,  (21) 

2        TT 

which  is  the  response  to  the  steady  state  component  of  the  pulse  train. 

3  Response  to  Random  Com'ponent  of  Impulse  Train 

Let  a  secjuence  of  impulses  of  amplitude  ^  and  randomly  positive  and 
negative  polarity  impinge  on  the  resonant  circuit  at  intervals  T.  The 
response  is  then, 

Ar(t)  =  ^  Z  ±  cos  coit  -  nT)e-^^'-"''''''.  (22) 

2      ,i=o 

This  expression  for  the  random  component  differs  from  (9)  for  the  sys- 
tematic component  in  that  the  impulses  have  random  ±  polarity.  If 
all  signs  are  chosen  the  same,  the  values  of  Ar(t)  will  be  either  —As(,t) 
or  -\-Asit).  The  resultant  response  of  the  resonant  circuit,  i.e.  As(t)  + 
Ar{t),  can  thus  vary  between  the  limit  0  and  2As{t).  Ar(t)  represents  a 
random  fluctuation  about  A^it)  as  a  mean  value.  In  the  following  the 
rms  value  of  this  fluctuation  is  evaluated. 

In  order  to  determine  the  components  of  Ar{t)  in  phase  and  at  quadra- 
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ture  u 
write 


rith  the  steady  state  response  as  given  by  (21),  it  is  convenient  to 


uo  =  ui  —  Aw, 
[(^{t  -  nT)  -yp  +yp  -  Ao:(t  -  nT)] 

-   Aco{t  -  nT)]     (23) 


cos  uo(t  —  n  T)  =  cos 

=  cos  [o}(t  —  nT)  —  lA]  cos  [\l/ 

-  nT)  -  xP\  sin  [xP  -   Acc{t  -  nT)] 


^\ 


—  sin  [co(/        ...  ,        ^  J  . .-  ^-r         --  s 
k'ith  /  -  NT  +  to ,  and  w7'  =  tt,  (22)  can  be  written: 

V 


.4.(/)  =  cos  (c/o  -  lA)  E  ±  ^os  [,Ai  -  Ac.7^(-V  -  ,,)]e-"of^)(^-")/2e 

n  =  0 

-a)o(r)(A--nW2Q 


(24) 


If 
-  sin  {cctu  -  lA)  H  ±  sin  [^i  -  Au}T{N  -  n)]e 

where  \pi  =  \p  —  Aw/,,  =  i/'(l—  ,^)  =  i/',  since  a)/n/2Q  <  7r/2Q  «  1. 

With  eciual  probabilities  of  a  plus  or  a  minus  sign  in  the  summations, 
the  rms  ^•alue  of  the  in-phase  component  becomes 


.1/  = 


— u,-or(  .V— /(I  :q 


1/2 


(25) 


Ar"    = 


-   \ 

X  cos'-  [.A  -  Aco7X.V  -   n)]e~ 

i:  hi  +  cos  2[,A  -  Acor(.V  -  /Ojc-"'"^^-"^''') 
_  >,=o  2 

The  rms  value  of  the  (juadrature  component  becomes 

Z  shr  [4.  -  Ac.T{N  -  n)]e-"°^*-^'-"^'*^]''" 

i;  ^  (1  -  cos  2[,A  -  Acor(.V  -  ;OF""'*''~"^'')T  "• 

_  n=0  2 

These  expressions  can  be  transformed  into  sums  of  geometric  series 
by  writing 

cos.r  =  i(e''  +  e-'O,         x  =  2[rP  -  AvoT{X  -  n)]. 

Evaluation  of  (25)  and  (26)  by  this  method  gives 

1 


(26) 


,  .       P(0)    1 


2     21/2  |_1    -  e 


g-wor/Q     '     D 


1/2 


,  //  _  P(0)    1 
(2)    2''2 


1 


1   -  e-"or/Q        D 


12 


(27) 
(28) 
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where 

A^  =  cos  2,^(1  -  cos  2AcoTe~"'''"'"=')  +  sin  2^  sin  2AcoTe~"'''"-'^,     (29) 
2)  =  1  +  e-2"or/Q  _  2g-"o^/Q  p^jg  2Acor.  (30) 

With  the  same  approximations  as  used  previously  in  connection  with 
(12)  and  with 

cos  2AcoT  ^  1  -  2(Acor);         sin  2Acor  ^  2AcoT, 

iV^|,  (31) 

D  ^  (^ly  [1  +  n  (32) 

1  _  e-"or/Q  ^  2x/Q.  (33) 

With  these  approximations  in  (27)  and  (28), 

a;  ^  ^  (I)'"  [1  -  ^V21'",  (34) 

which  apply  when  }p  is  small  and  (27r/Q)  «  1 . 

6.  Response  to  Random  Dipulse  Train 

Each  dipulse  is  assumed  to  consist  of  two  impulses  of  unit  amplitude 
and  opposite  polarity,  displaced  by  an  interval  5,  which  in  general  will 
be  a  function  of  the  pulse  position;  i.e.,  5  =  d{n).  The  response  of  the 
resonant  circuit  to  a  train  of  such  dipulses,  obtained  by  taking  the  dif- 
ference in  response  to  the  two  impulses,  is  given  by 


.V 

A,{t)  =  P(0) 


cos  oiaij,  —  nJ  )e 

(36) 
—  cos  oiM  —  nl  +  b[ri)\e 

In  determining  the  response,  mistuning  of  the  resonant  current  can  be 
disregarded;  i.e.,  coo  =  co.  Furthermore,  in  the  second  term  of  (36)  it  is 
permissible  to  take 

exp  [-wo5(n)/2Q]  ^  1. 
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With  the  following  further  approximations 

cos  uoit  —  nT)  —  cos  wo[f  —  nT  +  5(n)] 

=  sin  wo[/  +  5(w)/2]  2  sin  M(n)/2], 
^  coo5(w)  sin  cooi, 
expression  (36)  becomes: 

A,{t)  =  P(0)coo  sin  coi  E  5(n)e-"°^'-"^^^''^ 


(37) 


71  =  0 

N 


(38) 


=  P(0)a;o  sin  coo^  Z  5(n)e-"''^^^-"^''^ 


n=0 


where  the  substitution  t  =  NT  -\-  to  has  been  made  as  in  previous  ex- 
pressions. 

The  above  expression  shows  that  the  resonant  circuit  response  will  be 
at  quadrature  vnih.  the  steady  state  timing  wave  cos  w^o  • 

In  the  above  expressions,  the  dipulses  are  assumed  to  be  present  at 
intervals  T,  whereas  in  a  random  pulse  train  they  will  be  present  at 
average  intervals  2T.  The  rms  value  of  the  quadrature  component  ^^'ith 
randomly  positive  and  negative  dipulses  at  intervals  2T,  with  an  rms 
displacement  5,  is 

11/2 


Al    =   P(0)a;o5 
P(0) 


JV 


y^    ^-2uQT{N-n)IQ 


H=0 


] 


-  C005  (^ 


1/2 


(39) 


In  (38)  the  function  e  ""''"^  will  be  recognized  as  the  impulse  response 
function  of  a  circuit  with  impedance 


/3  +  iw 


Z(2co)  = 


^ 


.1  +  CO-//32J 


1/2 


tan  i/'  =  co//3. 


(40) 
(41) 
(42) 
(43) 


It  will  also  be  recognized  that  (39)  corresponds  to  the  rms  response  of 
such  a  circuit,  when  impulses  5(n)  of  random  amplitude  with  an  rms  value 
h  are  applied  to  average  intervals  2T.  Thus  (39)  can  alternately  be  ob- 
tained from 
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A"  =  P(0)a;„5 
=  P(0)a;o5 
=  P(0)coo6 


'^IjyzMf.,: 


1 


_47rT/32 
/    1    \^'^- 


/3(tan  'a)/j8) 


1/2 


1/2 


(44) 


.4Ti3, 


P(0)    ,/qY'^ 


(45) 


Let  the  output  of  the  first  resonant  circuit  be  appUed  to  a  second 
resonant  circuit,  and  in  turn  to  n  successive  resonant  circuits,  with  an 
ampHtude  amphfication  ^  between  successive  resonant  circuits.  At  the 
output  of  the  71*  resonant  circuit,  the  rms  amplitude  of  the  response 
is  then  obtained  from 


Aa,/'  =  P(0)coo5 


r  /j2(n   -  1)       /•« 


47rT 


f    [z\ico)T 

V — 00 


d 


CO 


1/2 


=  P(0)coo5 
P(0) 


1     r 

■TB'~  i-oc  (1 


du 


1/2 


coo5  I  — 


_47rr/32  J-oc  (1  +  wV/32)"J 


(46) 


where 


r  ^  =  1  ["^  _ 


f/, 


CO 


9  l02\r,.^ 


^   j_=c    (1     +    CoViS^) 


(47) 


1, 

2n  -  3 

2(w  -  1) 


n 


In-\, 


n  >2, 


(48) 


1 


2{n  -  1)/' 

//  =   (1  -  i),  /a"^  =   (1  -  l)h\         li  =  (1  -  D/sl 

Thus  (46)  can  be  written: 

As^n    =    As^a-yQiz    '  '  '    ««  ,  (49) 

where 

1 


a> 


1   - 


2(i-  D' 


(50) 


0         0 
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^.^3    ...^„-  =  (l-,){l-,)(l-^.J...(^l-2-^— -^j     (51) 


1-3-5-7  •••  [2{n  -  1)  -  1] 
2-4-G-8  2(w  -  1) 

(2«) ! 


22"(n!)2 
When  n  »  1,  (51)  approaches  the  value 


(52) 
(53) 


o        •> 


1 


1/2 


a2'ai  ■  ■  ■  a,-  ^     —        .  (54) 

Vxn/ 

The  latter  approximation  is  based  on  the  following  expression,  for 
X  =  —^,  giveninWhittaker  and  Watson's: "Modern  Analysis"  page  259: 

lim  (1  +  .r)(l  +  .r/2)(l  +  .r/3)   •••(!+  x/n)  =  — ^V^'      (55) 

n~^x  r(l    +    X) 

where  T  is  the  gamma  fmiction,  r(~j  +  1)  =  tt''". 

The  above  analysis  assumes  that  the  timing  wave  at  each  resonant 
circuit  is  applied  directly  to  the  next  resonant  circuit,  except  for  the 
amphfication  between  resonant  circuits.  This  would  be  the  case  if  the 
timing  wave  were  transmitted  on  a  separate  pair,  in  which  case  A'l^n 
would  be  the  rms  cjuadrature  component  owing  to  noise  in  the  timing 
circuit. 

In  regenerative  repeaters,  deviations  in  the  timing  wave  resulting 
from  the  cjuadrature  component  are  imparted  at  intervals  T  into  the 
next  repeater  section  as  deviations  in  the  spacing  of  pulses.  These 
timing  deviations  occurring  at  intervals  T  will  have  a  certain  random 
amplitude  distribution,  which  can  he  regarded  as  having  a  certain 
frequency  spectrum.  When  the  deviations  are  discrete  and  occur  at  inter- 
vals T,  the  spectrum  will  extend  to  a  maximum  frequency  /max  =  l/2r, 
or  co„,ax  =  T^/T  =  wo/2.  In  this  case  the  upper  and  lower  limits  of  the 
integrals  above  would  be  replaced  by  ±coo/2,  except  for  the  first  repeater 
section.  The  recurrence  relation  (48)  is  then  no  longer  exact,  but  the 
resultant  modification  is  insignificant  and  can  be  disregarded.  This  will 
be  seen  when  the  value  wn/2  is  inserted  for  co  in  the  integrand  of  (47), 
which  then  becomes  1/(1  +  Q  ),  as  compared  with  1  for  w  =  0.  Thus 
the  contribution  to  the  integrals  for  w  >  a)n/2  can  for  practical  purposes 
be  disregarded. 


A  Sufficient  Set  of  Statistics  for  a  Simple 
Telephone  Exchange  Model 

By  V.  E.  BENES 

(Manuscript  received  October  17,  1956) 

This  paper  considers  a  simple  telephone  exchange  model  which  has  an 
infinite  number  of  trunks  and  in  which  the  traffic  depends  on  two  parameters, 
the  calling-rate  and  the  mean  holding-time .  It  is  desired  to  estimate  these 
parameters  by  observing  the  model  continuously  during  a  finite  interval, 
and  noting  the  calling-time  and  hang-up  time  of  each  call,  insofar  as  these 
times  fall  within  the  interval.  It  is  shown  that  the  resulting  information  may, 
for  the  purpose  of  this  estimate,  be  reduced  without  loss  to  four  statistics. 
These  statistics  are  the  number  of  calls  found  at  the  start  of  observation,  the 
number  of  calls  arriving  during  observation,  the  number  of  calls  terminated 
during  observation,  and  the  average  number  of  calls  existing  during  the 
interval  of  observation.  The  joint  distribution  of  these  sufficient  statistics  is 
determined,  in  principle,  by  deriving  a  generating  function  for  it.  From  this 
generating  function  the  means,  variances,  covariances,  and  correlation  co- 
efficients are  obtained.  Various  estimators  for  the  parameters  of  the  model 
are  compared,  and  some  of  their  distributions,  means,  and  variances  pre- 
sented. 

I      THEORETICAL    PROBLEMS    AND    METHODS    OF    TRAFFIC    MEASUREMENT 

Four  important  kinds  of  theoretical  problems  arise  in  the  measurement 
of  telephone  traffic.  These  are:  (1)  the  choice  of  a  mathematical  model, 
containing  parameters  characteristic  of  the  traffic,  to  serve  as  a  descrip- 
tion; (2)  the  devising  of  efficient  methods  of  estimating  the  parameters; 
(3)  the  determination  of  the  anticipated  accuracy  of  measurements; 
and  (4)  the  assessment  of  actual  accuracy,  after  measurements  have 
been  made. 

The  present  paper  deals  with  aspects  of  the  second  and  third  kinds  of 
problem,  for  the  simplest  and  least  realistic  mathematical  model  of  tele- 
phone traffic.  Specifically,  for  this  model,  we  treat  the  problems  of  (i) 
complete  extraction  of  the  information  fiom  a  given  observation  period, 
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without  regard  to  costs  of  observation,  and  (ii)  determination  of  the 
anticipated  accuracy  of  certain  methods  of  estimation  which  arise  natu- 
rally from  the  discussion  of  complete  extraction. 

The  method  by  which  we  attack  problems  (ij  and  (iij  in  this  paper 
has  three  stages.  First  we  choose  a  small  number  of  significant  properties 
of,  or  factors  in,  the  ph^ysical  system  we  are  studying.  Then  we  abstract 
these  properties  into  a  mathematical  model  of  the  physical  system.  Fi- 
nally, from  the  properties  of  the  model,  we  derive  results  which  may  be 
interpreted  as  answers  to  the  two  problems  treated.  The  advantage  of 
this  method  is  that  we  can  use  the  precise,  powerful  apparatus  of  mathe- 
matics in  studying  the  model;  its  limitation  is  that  it  yields  results  which 
are  only  as  accurate  as  the  model  in  describing  reality. 

A  method  similar  to  the  above  forms  the  theoretical  underpinning  of 
telephone  traffic  engineering  itself.  To  design  equipment  effectively,  the 
traffic  engineer  needs  a  description  of  the  traffic  that  is  handled  by  central 
offices.  He  decides  what  properties  of  the  entire  system  of  telephone 
equipment  and  customers  will  be  most  useful  to  him  in  describing  the 
traffic.  He  then  designates  certain  parameters  to  serve  as  mathematically 
precise  idealizations  of  these  properties,  and  in  terms  of  these  parameters 
constructs  a  model  of  the  traffic,  upon  which  he  bases  much  of  his  engi- 
neering. 

In  choosing  a  mathematical  model  for  a  physical  system,  one  is  con- 
fronted with  two  generally  opposed  desiderata:  fidelity  to  the  system 
described,  and  mathematical  simplicity.  The  model  may  involve  impor- 
tant departures  from  physical  reality;  a  model  that  is  sufficiently  amena- 
ble to  mathematical  analysis  often  results  only  after  one  has  introduced 
admittedly  false  assumptions,  ignored  certain  effects  and  correlations, 
and  generally  oversimplified  the  system  to  be  stvidied.  However,  the 
abstract  model  will  be  an  exact  and  simple  tool  for  analysis. 

We  can  construct  a  simple  mathematical  model  for  the  operation  of 
a  telephone  central  office  by  leaving  out  of  consideration  many  impor- 
tant facts  about  such  systems,  and  by  concentrating  on  factors  most 
relevant  to  operation.  Since  we  are  interested  in  telephone  traffic  and 
in  the  availability  of  plant,  it  seems  natural  to  require  that  a  realistic 
model  take  account  of  at  least  the  following  five  significant  factors:  (1) 
the  demand  for  telephone  service;  (2)  the  rate  at  which  requests  for 
service  can  be  processed  and  connections  established;  (3)  the  lengths  of 
conversations;  (4)  the  supply  of  central  office  equipment;  and  (5)  the 
manner  in  which  the  first  four  factors  are  interrelated.  I'nfortmiately, 
the  mathematical  complexity  of  such  a  realistic  model  precludes  easy 
investigation.  Therefore,  the  model  used  in  this  paper  is  based  only  on 
factors  (1)  and  (3). 
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The  demand  for  telephone  traffic  is  usually  made  precise  by  describing 
a  stochastic  process  which  represents  the  way  in  which  requests  for  tele- 
phone service  occur  in  time.  A  realistic  description  will  take  account  of 
the  facts  that,  the  demand  is  not  constant,  but  has  daily  extremes,  and 
that  in  small  systems,  the  demand  may  be  materially  lessened  when 
many  conversations  are  in  progress.  Since  taking  account  of  the  first  fact 
leads  to  a  more  complicated  model  in  which  our  investigations  are  more 
difficult,  we  ignore  it,  with  the  proviso  that  the  results  we  derive  are 
only  applicable  to  systems  and  observations  for  which  the  demand  is 
nearly  constant.  The  second  kind  of  variation  in  demand  becomes  insig- 
nificant as  the  number  of  subscribers  increases  and  the  traffic  remains 
constant.  Hence,  we  further  confine  the  applicability  of  our  results  to 
systems  with  large  numbers  of  subscribers,  and  we  assume  that  the  de- 
mand does  not  depend  on  the  number  of  conversations  in  existence. 

With  these  assumptions,  a  mathematically  convenient  description  of 
the  demand  is  specified  by  the  condition  that  the  time-intervals  between 
requests  for  service  have  lengths  which  are  mutually  independent  posi- 
tive random  variables,  with  a  negative  exponential  distribution. 

A  telephone  central  office  contains  two  kinds  of  equipment:  control 
circuits  which  establish  a  desired  connection,  and  talking  paths  over 
which  a  conversation  takes  place.  The  time  that  a  reciuest  for  service 
occupies  a  unit  of  equipment,  be  the  unit  a  control  circuit  or  a  talking 
path,  is  called  the  holding-time  of  the  unit.  A  request  for  service  affects 
the  availability  of  both  kinds  of  equipment  but,  except  for  special  cases, 
the  holding-times  of  talking  paths  are  usually  much  longer  than  the 
holding-times  of  control  units  such  as  markers,  connectors,  or  registers. 
In  view  of  this  disparity,  we  assume  that  the  only  holding-times  of  con- 
sequence are  the  lengths  of  conversations;  i.e.,  the  holding-times  of 
talking  paths.  We  assume  also  that  these  lengths  are  mutually  inde- 
pendent positive  random  variables,  with  a  negative  exponential  distribu- 
tion. 

For  the  simplest  mathematical  model  of  telephone  traffic,  we  may 
consider  the  arrangement  of  switches  and  transmission  lines  which  con- 
stitutes a  talking  path  in  the  physical  office  to  be  replaced  by  an  abstract 
unit  called  a  "trunk".  A  trunk  is  then  an  abstraction  of  the  equipment 
made  unavailable  by  one  conversation,  and  we  may  measure  the  supply 
of  talking  paths  in  the  office  by  the  number  of  trunks  in  a  model.  The 
word  "trunk"  is  also  used  to  mean  a  transmission  line  linking  two  central 
offices,  but  as  long  as  we  have  explained  our  use  of  the  word  there  need 
be  no  confusion.  Often  the  number  of  transmission  lines  leading  out  of 
an  office  is  a  major  limitation  on  its  capacity  to  carry  conversations, 
and  in  this  case  the  two  uses  of  the  word  "trunk"  are  verv  similar.  Un- 
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fortunately,  we  do  not  take  advantage  of  this  similarity,  since  we  make 
the  mathematically  convenient  but  wholly  unrealistic  assumption  that 
the  number  of  trunks  in  the  model  is  infinite. 

The  model  we  investigate  thus  depends  on  only  two  of  the  factors  j 
previously  listed  as  essential  to  a  realistic  model:  namely,  (1)  the  demand 
for  service,  and  (3)  the  lengths  of  conversations.  In  view  of  the  simplicity 
and  inaccuracy  of  this  model,  the  question  arises  whether  much  is  gained 
from  a  detailed  analysis.  Such  scrutiny  may  indeed  reveal  little  that  is 
of  great  practical  value  to  traffic  engineers.  It  is  important  methodologi- 
cally, however,  to  have  a  detailed  treatment  of  at  least  one  approximate 
case.  We  undertake  this  detailed  treatment  largely  for  the  insight  that 
it  may  give  into  methods  which  could  be  useful  in  dealing  with  more 
complex  and  more  accurate  models. 

Once  a  designer  has  chosen  a  model  and  has  specified  the  parameters 
he  would  like  to  have  measured,  it  is  up  to  the  statistician  to  invent  effi- 
cient means  of  measurement,  by  choosing,  for  each  parameter,  some 
function  of  possible  observations  to  serve  as  an  estimate  of  that  parame- 
ter. One  measure  of  efficiency  that  is  of  mostly  theoretical  interest  is  the 
observation  time  required  to  achieve  a  given  degree  of  anticipated  ac- 
curacy ;  the  most  reafistic  measure  of  efficiency  is  in  terms  of  dollars  and 
man-hours.  It  may  often  be  more  efficient,  in  the  sense  of  the  latter 
measure,  to  spread  observation  over  enough  more  time  to  compensate 
for  the  inability  of  an  intrinsically  cheaper  method  of  measurement  to 
extract  all  of  the  information  present  in  a  fixed  time  of  observation.  For 
example,  periodic  scanning  of  switches  in  a  telephone  exchange  is  usually 
less  costly  than  continuous  observation.  As  a  result,  telephone  traffic 
measurement  is  usually  carried  out  by  averaging  sequences  of  instan- 
taneous periodic  observations  of  the  number  of  calls  present,  rather  than 
by  continuous  time  averaging,  although  it  can  be  shown  that  continuous 
observation  is  more  efficient  at  extracting  information.  Thus  statistical 
efficiency,  which  may  be  expensive  in  terms  of  measuring  equipment, 
can  be  exchanged  for  observation  time,  which  may  be  less  costly.  This 
exchange  brings  about  a  reduction  in  cost  without  impairing  accuracy. 

Our  concern  in  this  paper  is  with  the  less  practical  problems  of  com- 
plete extraction,  and  of  the  anticipated  accuracy  of  estimation  methods 
based  on  complete  extraction.  Let  us  consider  how  our  mathematical 
model  can  shed  light  on  these  problems.  A  mathematical  model  may  or 
may  not  be  a  faithful  description  of  the  behavior  of  real  telephone  sys- 
tems. Nevertheless  random  numbers,  with  or  without  modern  computing 
machines,  enable  one  to  make  experiments  and  observations  on  physical 
situations  which  approximate,  arbitrarily  closely,  any  mathematical 
model.  Thus  we  can  speak  meaningfully  of  events  in  the  model,  and  of 
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making  measurements  and  observations  on  the  model.  The  mathematical 
model  elucidates  our  problems  in  the  following  ways:  (1)  it  enables  us 
to  state  precisely  what  information  is  provided  by  observation;  (2)  it 
enables  us  to  explain  what  we  mean  by  complete  extraction  of  informa- 
tion; and  (3)  it  enables  us  to  derive  results  about  the  anticipated  ac- 
curacy of  measurements  in  the  model.  These  results  will  have  approxi- 
mately true  analogues  in  physical  situations  to  which  the  model  is 
applicable. 

The  calls  existing  during  the  observation  interval  (0,  T)  fall  into  four 
categories:  (i)  those  which  exist  at  0,  and  terminate  before  T;  (ii)  those 
which  fall  entirely  within  (0,  T) ;  (iii)  those  which  exist  at  0  and  last 
beyond  T;  and  (iv)  those  which  begin  within  (0,  T)  and  last  beyond  T. 
For  calls  of  category  (i),  we  assume  that  we  observe  the  hang-up  time 
of  each  call;  for  category  (ii),  we  observe  the  matching  calhng-time  and 
hang-up  time  of  each  conversation ;  for  category  (iii) ,  we  observe  simply 
the  number  of  such  calls;  and  for  category  (iv),  we  observe  the  caUing- 
times.  Table  I  summarizes  the  kinds  of  calls  and  the  information  ob- 
served about  each. 

What  we  mean  by  the  complete  extraction  of  information  is  made 
precise  by  the  statistical  concept  of  sufficiency.  By  a  statistic  we  mean 
any  function  of  the  observations,  and  by  an  estimator  we  mean 
a  statistic  which  has  been  chosen  to  serve  as  an  estimate  of  a  particular 
parameter.  Roughly  and  generally,  a  set  S  of  statistics  is  sufficient  for  a 
set  P  of  parameters  when  S  contains  all  the  information  in  the  original 
data  that  was  relevant  to  parameters  in  P.  If  S  is  sufficient  for  P,  there 
is  a  set  E  of  estimators  for  parameters  in  P,  such  that  the  estimators  in 
E  depend  only  on  statistics  from  S,  and  such  that  an  estimator  from  E 
does  at  least  as  well  as  any  other  estimator  we  might  choose  for  the  same 
parameter.  Thus  we  incur  no  loss  in  reducing  the  original  data  (of  speci- 
fied form)  to  the  set  »S  of  statistics.  It  remains  to  state  what  it  means  for 
S  to  contain  all  the  relevant  information.  We  do  this  in  terms  of  our 
model. 

The  mathematical  model  we  are  adopting  contains  two  distribution 


Table  I  — •  Information  Observed 


Types  of  Calls 

Start  in  (0,  T) 

Start  before  0 

End  in  (0,  T) 

(ii) ,  matching  calling-times  and 
hang-up  times  known,  num- 
ber of  calls  known 

(i) ,  hang-up  times  known,  num- 
ber of  calls  known 

End  after  T 

(iv),  calling-times  known,  num- 
ber of  calls  known 

(iii),  number  of  calls  known 
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functions,  that  of  the  intervals  between  demands  for  service,  and  that 
of  the  lengths  of  conversations.  We  have  supposed  that  these  distribu- 
tions are  both  of  negative  exponential  type,  each  depending  on  a  single 
parameter.  Thus  we  know  the  functional  form  of  each  distribution,  and 
each  such  form  has  one  unknown  constant  in  it.  Since  the  mathematical 
structure  of  the  model  is  fully  specified  except  for  the  values  of  the  two 
unknown  constants,  we  can  assign  a  likelihood  or  a  probability  density 
to  any  sequence  S  of  events  in  the  model  during  the  interval  (0,  T). 
This  likelihood  will  depend  on  the  parameters,  on  2,  and  on  the  number 
of  calls  in  existence  at  the  start  0  of  the  interval.  If  the  likelihood  L(2) 
can  be  factored  into  the  form  L  =  FH,  where  F  depends  on  the  param- 
eters and  on  statistics  from  the  set  S  only,  and  H  is  independent  of  the 
parameters,  then  the  set  S  of  statistics  may  be  said  to  summarize  all  the 
information  (in  a  secjuence  2)  relevant  to  the  parameters.  If  L  can  be 
so  factored,  then  S  is  sufficient  for  the  estimation  of  the  parameters. 

The  mathematical  model  to  be  used  in  this  paper  is  described  and 
discussed  in  Sections  II  and  III,  respectively.  Section  IV  contains  a 
summary  of  notations  and  abbreviations  which  have  been  used  to  sim- 
plify formulas. 

In  Appendix  A  we  show  that  the  original  data  we  have  allowed  our- 
selves can  be  replaced  by  four  statistics,  which  are  sufficient  for  estima- 
tion. In  Appendix  B  and  Sections  Y-VIII  we  discuss  various  estimators 
(for  parameters  of  the  model)  based  on  these  four  statistics.  To  determine 
the  anticipated  accuracy  of  these  methods  of  measurement,  we  consider 
the  statistics  themselves  as  random  variables  whose  distributions  are 
to  be  deduced  from  the  structure  of  the  model. 

A  primary  task  is  the  determination  of  the  joint  distribution  of  the 
sufficient  statistics.  In  view  of  the  sufficiency,  this  joint  distribution  tells 
us,  in  principle,  just  what  it  is  possible  to  learn  from  a  sample  of  length 
T  in  this  simple  model.  By  analyzing  this  distribution  we  can  derive 
results  about  the  anticipated  accuracy  of  measurements  in  the  model. 

The  joint  distribution  of  the  sufficient  statistics  is  obtainable  in  prin- 
ciple from  a  generating  function  computed  in  Appendix  C,  using  methods 
exemplified  in  Section  X.  This  generating  function  is  the  basic  result  of 
this  paper.  The  implications  of  this  result  are  summarized  in  Section 
IX,  which  quotes  the  generating  function  itself,  and  presents  some 
statistical  properties  of  the  sufficient  statistics  in  the  form  of  four  tables: 
(i)  a  table  of  generating  functions  obtainable  from  the  basic  one;  (ii)  a 
table  of  mean  values;  (iii)  a  table  of  variances  and  covariances;  and 
(iv),  a  table  of  squared  correlation  coefficients.  (The  coefficients  are 
all  non-negative.) 
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II   DESCRIPTION    OF   THE   MATHEMATICAL   MODEL 

Throughout  the  rest  of  the  paper  we  follow  a  simplified  form  of  the 
iiotational  conventions  of  J.  Riordan's  paper"  wherever  possible.  A  sum- 
mary of  notations  is  given  in  Section  IV.  The  model  we  study  has  the 
following  properties: 

(i)  Demands  for  service  arise  individually  and  collectively  at  random 
at  the  rate  of  a  calls  per  second.  Thus  the  chance  of  one  or  more  demands 
ill  a  small  time-interval  A^  is 

aAt  +  o{At), 

where  o{At)  denotes  a  quantity  of  order  smaller  than  A^  The  chance  of 
more  than  one  demand  in  At  is  of  order  smaller  than  A^  It  can  be  shown 
(Feller,'  p.  864  et  seq.)  that  this  description  of  the  demand  is  equivalent 
to  saying  that  the  intervals  between  successive  demands  for  service  are 
all  independent,  with  the  negative  exponential  distribution 

1  —at 

I  —  e     . 

This  again  is  equivalent  to  saying  that  the  call  arrivals  form  a  Poisson 
process;"  i.e.,  that  for  any  time  interval,  t,  the  probability  that  exactly  ?i 
demands  are  registered  in  /  is 

—at  /     ,\n 

e     {at) 
nl 

Thus  the  number  of  demands  in  t  has  a  Poisson  distribution  with  mean 
at. 

(ii)  The  holding-times  of  distinct  conversations  are  independent  vari- 
ates  having  the  negative  exponential  distribution 

1   -  r^"\ 

where  y  is  the  reciprocal  of  the  mean  holding-time  h.  This  description  of 
the  holding-time  distribution  is  the  same  as  saying  that  the  probability 
that  a  conversation,  which  is  in  progress,  ends  during  a  small  time- 
interval  A^  is 

yAt  +  o{At), 

without  regard  to  the  length  of  time  that  the  conversation  has  lasted 
Feller,  p.  375). 

(iii)  The  model  contains  an  infinite  number  of  trunks.  Thus,  at  no  time 
will  there  be  insufficient  central  office  equipment  to  handle  a  demand 
for  service,  and  no  provision  need  be  made  for  dealing  with  demands  that 
cannot  be  satisfied. 
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The  original  work  on  this  particular  model  for  telephone  traffic  is  in 
Palm,^  and  Palm's  results  have  been  reported  by  Feller^  and  Jensen.* 
The  results  have  been  extended  heuristically  to  arbitrar}^  absolutely  con- 
tinuous holding-time  distributions  by  Riordan,"  following  some  ideas  of 
Newland*  suggested  by  S.  0.  Rice. 

Let  Pijit)  be  the  probability  that  there  are  j  trunks  busy  at  t  if  there 
were  i  busy  at  0.  And  let  Pi{t,  x)  be  the  generating  function  of  these 
probabilities,  defined  by 

PAUx)  =  T^x^PiM)- 

Then  Palm^  has  shown  (pp.  56  et  seq.)  that 

PiiU  x)  =  [1  +  (.r  -  1)  e-''X  exp  {(.r  -  \)ah  (1  -  e"^')}. 

This  is  formula  (12)  of  Riordan"  with  his  g  replaced  by  e""^*.  It  can  be 
verified  that  the  random  variable  N{t)  is  jMarkovian;  the  limit  of  Piit,  x) 
as  ^  ^  2c  is 

exp  !(.r  -  1)  ah], 

so  that  the  equilibrium  distribution  of  the  numl)er  of  trunks  in  use  is  a 
Poisson  distribution  with  mean  h  =  ah.  The  shifted  random  variable 
[N{t)  —  h]  then  has  mean  zero,  and  covariance  function  6e~^'. 

For  additional  work  on  this  model  the  reader  is  referred  to  F.  W. 
Rabe,^°  and  to  H.  Stormer.^' 

Ill   DISCUSSION    OF   THE   MODEL 

Let  us  envisage  the  operation  of  the  model  we  have  described  by  con- 
sidering the  random  variable  N{t)  ecjual  to  the  number  of  trunks  busy 
at  time  t.  As  a  random  function  of  time,  N{t)  jumps  up  one  unit  step  each 
time  a  demand  for  service  occurs,  and  it  jumps  down  one  vmit  step  each 
time  a  con^-ersation  ends';  If  N{t)  reaches  zero,  it  stays  there  until  there 
is  another  demand  for  service.  If  N{t)  =  ?t,  the  probabilit}'  that  a  con- 
versation ends  in  the  next  small  time-interval  M  is 

h-yM  +  o(A0, 

because  the  n  conversations  are  mutually  independent.  A  graph  of  a 
sample  of  A^(0  is  shown  in  Fig.  1. 

The  model  we  described  departs  from  realitj^  in  several  important 
ways,  which  it  is  well  to  discuss.  First,  the  assumption  that  the  number 
of  trunks  is  infinite  is  not  realistic,  and  is  justified  only  by  the  mathe- 
matical complication  which  results  when  we  assume  the  number  of  trunks 
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Fig.  1  —  A  graph  oi  Nit). 

to  be  finite.  It  can  also  be  argued  that  unlimited  office  capacity  is  ap- 
proached by  offices  with  adequate  facilities  and  low  calling  rates,  and 
therefore,  in  some  practical  cases  at  least,  the  model  is  not  flagrantly 
inaccurate. 

Second,  the  choice  of  a  constant  calling  rate  for  the  model  ignores  the 
fact  that  in  most  offices  the  calling  rate  is  periodic.  Thus,  the  applica- 
bility of  our  results  to  offices  whose  calling  rates  undergo  drastic  changes 
in  time  is  restricted  to  intervals  during  which  the  normally  variable 
calling  rate  is  nearly  constant.  Finally,  although  the  assumption  of  a 
negative  exponential  distribution  of  holding-time  afl'ords  the  model  great 
mathematical  convenience,  it  is  doubtful  whether  in  a  realistic  model 
the  most  likeh'  holding-time  would  have  length  zero,  as  it  does  in  the 
present  one. 


IV   SUMMARY   OF   NOTATIONS 

a  =  Poisson  calling  rate 
h  =  mean  holding-time 

7  =  h^^  =  hang-up  rate  per  talking  subscriber 
h  =  ah  =  a\'erage  number  of  busy  trunks 
N{t)  =  number  of  trunks  in  use  at  f 
{0,  T)  =  interval  of  observation 

n  =  N{0)  —  number  of  trunks  in  use  at  the  start  of  observation 
.1  =  number  of  calls  arriving  in  (0,  T) 
H  =  number  of  hang-ups  in  (0,  T) 
K  =  A  +  H 
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Z  =   f    N(t)  dt 
Jo 

M  =  Z/T  =  average  of  A^(^)  over  (0,  T) 

\p„\   =  the  (discrete)   probability  distribution  of  n,  the  number  ot 
trunks  found  busy  at  the  start  of  observation 

An  estimator  for  a  parameter  is  denoted  t)y  adding  a  cap  (*)  and  a 
subscript.  The  subscripts  differentiate  among  various  estimators  for  the 
same  parameter.  We  use  d,.  =  ^■^/T,  jc  =  H/Z,  di  =  K/2T, 
yi  =  K/2Z,  and  72  =  A/Z. 

Also,  it  is  convenient  to  use  the  following  abbreviations:  r  for  yT,  and 
C  for  (1  —  e~'')/r,  where  r  is  the  dimensionless  ratio  of  observation-time 
to  mean  holding-time.  The  symbol  E  is  used  throughout  to  mean  mathe- 
matical expectation. 

V  THE   AVERAGE   TRAFFIC 

We  have  adopted  a  model  which  depends  on  two  parameters,  the 
calling  rate  a,  and  the  mean  holding-time  h,  or  its  reciprocal  7.  Before 
searching  for  a  set  of  statistics  that  is  sufficient  for  the  estimation  of 
these  parameters,  let  us  consider  the  product  ah  =  b.  This  product  is 
important  because,  as  we  saw  in  Section  II,  the  equilibrium  distribution 
of  the  number  of  trunks  in  use  depends  only  on  6,  and  not  on  a  and  h 
individually.  Indeed,  the  equilibrium  probability  that  n  trunks  are  busy 
is 

— bin 

e    0 


n!   ' 

and  the  average  number  of  busy  trunks  in  equilibrium  is  just  b. 
The  average  number  of  trunks  busy  during  a  time  interval  T  is 


M 


-  f  r  -^'<" "'' 


i.e.,  the  integral  of  the  random  function  Nit)  over  the  interval  T,  divided 
by  T.  This  suggests  that  for  large  time  intervals  T,  M  will  come  close 
to  the  value  of  b,  and  can  be  used  as  an  estimator  of  b.  Since  M  is  a  ran- 
dom variable,  the  question  arises,  what  are  the  statistical  properties  of 
M?  This  question  has  been  considered  in  the  literature,  the  principal 
references  being  to  F.  W.  Rabe^°  and  to  J.  Riordan."  Riordan's  paper  is 
a  determination  of  the  first  four  semi-invariants  of  the  distribution  of  M 
during  a  period  of  statistical  equilibrium,  but  without  restriction  on  the 
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assumed  frequency  distribution  of  holding-time.  It  follows  from  Rior- 
dan's  results  that  M  converges  to  6  in  the  mean,  which  is  to  say  that 

lim^  {[3/  -  6  1'}  =  0. 

r->oo 

It  also  follows  that  M  is  an  unbiased  estimator  of  b;  i.e.,  that  E{M\  =  h, 
and  that  M  is  a  consistent  estimator  of  b,  which  means  that 


lim  pr{\  M  -  b  \  >  £}   =  0 

T-»QO 


for  each  f  >  0. 


VI  MAXIMUM    CONDITIONAL    LIKELIHOOD    ESTIMATORS 

As  shown  in  Appendix  A,  the  likelihood  Lc  of  an  observed  sequence, 
conditional  on  N{0),  is  defined  by 

In  L,  =  A  In  a  -{-  Hhiy  -  yZ  -  aT. 

According  to  the  method  of  maximum  likelihood,  we  should  select,  as 
estimators  of  a  and  y  respectively,  cjuantities  dc  and  -y^.  which  maximize 
the  likelihood  Lc  .  Now  a  maximum  of  L,.  is  also  one  of  In  Lc  ,  and  vice 
versa.  Therefore  Oc  and  7^  are  determined  as  roots  of  the  following  two 
ecjuations,  called  the  likelihood  e(iuations: 

I-  In  L.  =  0;         ^  In  L,  =  0. 
da  oy 

The  solutions  to  the  likelihood  equations  are 

.    _  A  '^    ^H 

These  are  the  maximum  conditional  likelihood  estimators  of  a  and  7. 
The  estimator  dc  is  the  number  of  requests  for  service  in  T  diA'ided  by  T; 
this  is  intuitively  satisfactory,  since  d,.  estimates  a  calling  rate. 

Since  maximum  likelihood  estimators  of  functions  of  parameters  are 
generally  the  same  functions  of  maximum  likelihood  estimators  of  the 
parameters,  we  see  that  AZ  HT  is  a  maximmn  likelihood  estimator  of  b. 

VII  PRACTICAL  ESTIMATORS  SUCJtiESTED  BY   MAXIMIZING  THE   LIKELIHOOD 

L,    DEFINED    IX    APPENDIX    A 

We  obtain  as  likelihood  ecjuations 

—  In  L  =  0,         —  In  L  =  0. 
da  oy 
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These  may  be  written  as 


n  -\-  A 


and 


y= ^. 

7 

The  first  of  these  shows  the  estimated  calling  rate  as  a  pooled  combination 
of  the  conditional  estimate  A/T,  considered  in  the  last  section,  and  an 
estimate  n/h  based  on  the  initial  state.  This  latter  estimate  has  the  form 

calls  in  progress 


mean  holding  time ' 

and  so  is  intuitively  reasonable,  since  b/h  =  a.  The  second  equation 
exhibits  our  estimate  of  7  as  a  pooled  combination  of  the  conditional  | 
estimate  H/Z  and  the  ratio  a/n.  This  ratio  is  acceptable  as  an  estimate  ; 
of  7,  since  a/b  =  7  and  b  =  E{n\  is  the  average  value  of  n. 

If  we  substitute,  in  the  right-hand  sides  of  these  eciuations,  the  condi- 
tional estimators  A/T,  H/Z,  and  Z/H  for  a,  7,  and  h,  respectively,  we 
obtain  simple,  intuitive  estimators  which  include  the  influence  of  the 
initial  state  ?i,  and  show  how  it  decreases  with  increasing  T.  Thus 


n  +  A 
H^ 

^^  H 


estimates  a, 


estimates  7. 


VIII   OTHER   ESTIMATORS 

Additional  estimators  may  be  arrived  at  by  intuitive  considerations, 
or  by  modifying  certain  maximum  likelihood  estimators.  Some  estimators 
so  obtained  are  important  because  they  use  more  of  the  information 
available  in  an  observation  than  do  the  conditional  estimators  dc  and 
7c ,  without  being  so  complicated  iunctionally  that  we  cannot  easily 
study  their  statistical  properties. 
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It  seems  reasonable,  and  can  be  shoAni  rigorously  (Appendix  C),  that 
for  an  interval  (0,  T)  of  statistical  equilibrium,  the  distribution  of  .4 
and  that  of  H  are  the  same.  Thus  we  can  argue  that,  for  long  time  inter- 
vals, A  and  H  will  not  be  ^-ery  different.  This  suggests  using 

/    =±±£  =  ^ 
'  2T  2T 

as  an  estimator  of  a.  This  estimator  does  not  involve  y,  and  it  uses  not 
only  information  given  by  A,  but  also  information  supplied  by  arrivals 
occurring  possibly  before  the  start  of  observation. 

Similarly,  since  b  =  a  y,  and  .1/  is  a  consistent  and  unbiased  estimator 
of  6,  we  may  use 

-^  =  ^  =  L 

to  estimate  7,  and  its  reciprocal  to  estimate  h.  Finally,  since  for  long  {0,T) 
we  have  .4  ^  H,  we  may  try 

A       1 
as  an  estimator  of  7,  and  its  reciprocal  as  an  estimator  of  h. 

IX   THE  JOINT  DISTEIBUTION  OF  THE  SUFFICIENT  STATISTICS 

The  basic  result  of  this  paper  is  a  formula  for  the  generating  function 

E{z''x'''''w\"e:'''\  (9.1) 

for  the  joint  distribution  of  the  random  variables  n,  N(T),  A,  H,  and  Z. 
This  formula  is  derived  in  Appendix  C,  by  methods  illustrated  in  Section 
X.  For  an  initial  n  distribution  {p„  j ,  the  generating  function  is 

V-        n  [U-r  +  y-r  -  yu)e~^^^^^^  +  7^* 

""^  1  (r  +  7)'  f  +  7        /■ 

It  is  proved  in  Appendix  A  that  the  set  of  statistics  [n,  A,  H,  Z}  is 
sufficient  for  estimation  on  the  basis  of  the  information  assumed,  which 
was  described  in  Section  I.  Thus  the  generating  function  (9.2)  .specifies, 
at  least  in  principle,  what  can  be  di.sco^•ered  about  the  process  from  an 
observation  interval  (0,  7"),  for  which  N{0)  has  the  distribution  |p„}. 
All  the  results  summarized  in  this  section  are  consequences  of  (9.2). 


T 


952 


THE    BELL   SYSTEM   TECHNICAL   JOURNAL,    JULY    1957 


Table  II 


1.  e-fz 

2.  e-f^ 

3.  y^ 

4.  e~f«i 

5.  y^e~^^ 


In  E[X] 


-f  T  + 


r'T        fHl  -  e-(f+^>r)' 


S"  +  7  (r+7)' 

.r  f2(l    -    e-(r  +  r))' 


2aTC(y  -  1)  +  ar(l  -  C)iy^  -  1) 
2arC(e-f«^  -  1)  +  aT{l  -  C)(e-f/r  -  1) 


V      f  +  V 


[e-!-(+r)  _!]_,- 


(■- 


j.yi 


r  +  r. 


By  substitution,  and  by  either  letting  the  appropriate  power  series 
variables  — >  1,  or  letting  f  -^  0,  or  both,  we  can  obtain  from  (9.2)  the 
generating  function  of  any  combination  of  linear  functions  of  the  basic 
random  variables  7i,  N{T),  A,  H,  and  Z.  Some  of  the  generating  func- 
tions thereby  obtained  are  listed  in  Table  II,  in  which  the  entries  all 
refer  to  an  interval  (0,  T)  of  equilibrium. 

Since,  for  eciuilibrium  (0,  T),  the  generating  functions  are  all  exponen- 
tials, it  has  been  convenient  to  make  Table  II  a  table  of  logarithms  of 
expectations,  with  random  variables  X  on  the  left,  and  functions  In 
E{X}  on  the  right.  C  as  a  function  of  r  is  plotted  in  Fig.  2. 

Entry  1  of  Table  II  is  actually  the  cumulant  generating  function  of 
Z  for  ecjuilibrium  (0,  T) ;  similarly,  Entry  2  is  that  of  il/,  and  depends 
only  on  the  average  traffic  b  and  the  ratio  r.  The  form  of  the  general 
cumulant  of  M  is 


A-, 


n{n  —  1) 

2^n 


i 


{T  -  .r)x"-V  dr. 


This  result  coincides  with  a  special  case  (exponential  holding-time)  of 
a  conjecture  of  Riordan.  '  This  conjecture  was  first  established  (for  a 
general  holding-time  distribution)  in  unpublished  work  of  S.  P.  Lloyd. 
The  cumulant  generating  function  permits  investigation  of  asymptotic 
properties.  We  prove  in  Section  X  that  the  standardized  variable 


,1/2 


V  =  (77726)"-=  (iM  -  b) 
=  {:r/2hf-  {M  -  b) 
is  asymptotically  normally  distributed  with  mean  0  and  variance  1. 
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1.0 


0.8 


0.6 


0.4 


0.2 


i-e-'" 

c  = ~ — 


6  8 

r 


10 


12 


14 


Fig.  2  —  C  as  a  function  of  r. 

From  Entry  3  of  Table  II  it  can  be  seen  that  K  is  distributed  as 
2u  +  V,  where  u  and  v  follow  independent  Poisson  distributions  with  the 
respective  parameters  aT{l  —  C)  and  2aTC.  The  probability  that  K  = 
n  for  an  interval  of  equilibrium  is 

r„  =  exp  {aTiC  -  1)}  £  (^  _  2^)!  Jl ' 

where  the  sum  is  over  j's  for  which  0  ^  2j  ^  n. 

The  estimator  di  for  a  is  equal  to  K/2T,  and  has  mean  and  variance 
given  by 

E{di}   =  a, 
var  {d,}  =  ^  (2  -  C). 

The  distribution  of  di  is  given  by 

pr{di  ^  x}  =  X)  ''"  , 

the  summation  being  over  /(  ^  2Tx. 

From  (9.2)  one  can  obtain,  by  substitution  of  the  stationary  n  distribu- 
tion for  [pn],  and  subsecjuent  differentiation,  the  means,  variances, 
covariances,  and  correlation  coefficients  of  the  sufficient  statistics,  for 
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Table  III  — 

E{X,  Y] 

1 

n 

A 

H 

K 

Z 

1 

n 
A 
H 
K 
Z 

1 

b 
6(1  +  6) 

aT 
baT 
aT(\  +  aT) 

aT 
aT(C  +  6) 
aT{,\  -  C  +  aT) 
aT{\  +  aT) 

2aT 

aT(C  +  26) 

aT(2  -  C  +  aT) 

aT(2  -  C  +  aT) 

2aT(2  -  C  +  2aT) 

bT 
bT(C  +  b) 
bT(l  -  C  +  aT) 
bT{l  -  C  +  aT) 
2bT{l  -  C  +  aT) 
bTh(2  -  2C  +  aT) 

Table  IV  — gov  Z,F} 

n 

A 

H 

K 

Z 

n 

A 

H 

K 

Z 

b 

0 
aT 

aTC 

aTH  -  C) 
aT 

aTC 

aT{2  -  C) 
aT{2  -  C) 
2aT{2  -  C) 

bTC 

bTH  -  C) 
bT{\  -  C) 
267(1  -  C) 
2bTh{l  -  C) 

equilibrium  intervals  (0,  T).  It  has  been  convenient  to  display  these  in 
three  triangular  arrays,  the  first  consisting  of  expectations  of  products, 
the  second  comprising  the  variances  and  covariances,  and  the  third 
exhibiting,  for  simplicity,  the  squared  correlation  coefficients,  since  the 
correlation  coefficients  are  never  negative  for  these  random  variables. 

In  Table  III,  the  entry  with  coordinates  (X,  Y)  is£'{A'F}  foreciuilib- 
rium  (0,  T).  All  three  tables  are  expressed  in  terms  of  a,  6,  T,  h,  r,  and 
C,  the  last  of  which  is  plotted  in  Fig.  2. 

The  variances  and  covariances  of  the  sufficient  statistics  are  listed  in 
Table  IV;  the  entries  are  of  the  form: 

cov  {X,  F}   =  E{XY\  -  E{X\E{Y\. 

Table  \',  finally,  lists  the  squared  correlation  coefficients;  i.e.,  the 
quantities 

cov'  {X,Y} 


AX,  Y)  = 


var  \X\  var  {F} 


For  any  time  interval  (0,  T),  A  has  a  Poisson  distribution  with  param- 
eter aT,  so  that  Tdc  does  also.  Therefore  the  distribution  of  dc  is  given 

by 


pr   {(te 


< 


•r!    =  E 


n! 


where  the  summation  is  over  ;/  <  xT.  Evidentlv 
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E{dc}  =  a, 


and 


var  lad   = 


a 


T' 


so  that  dc  is  an  unbiased  and  consistent  estimator  of  a.  We  now  compare 
the  variances  of  estimators  dc  and  di.  From  Table  IV  we  have 


var  {di}   =  |f  1 


2"  )  <  jT  =  var  {ttcl, 


so  that  di  is  a  better  estimator  of  a  for  any  T  >  0,  in  the  sense  that  its 
variance  is  less. 

X  THE  DISTRIBUTIONS  of  Z  AND  M 


Since  we  have  defined 


=   [    N{t)  dt, 


we  can  regard  Z  as  the  result  of  growth  whose  rate  is  given  by  the  ran- 
dom step-function  Nit) ;  when  N{t)  =  n,  Z  is  growing  at  rate  n.  An  idea 
similar  to  this  is  used  by  Kosten,  Manning,  and  Garwood  ,  and  by  Kos- 
ten  alone.  Now  the  Z{T)  process  by  itself  is  not  Markovian,  but  it  can 
be  seen  that  the  two-dimensional  variable  \N{t),  Z{t)\  itself  is  Marko- 
vian. Let  Fn{z,  t)  be  the  probability  that  N{t)  =  n  and  Z{t)  ^  z.  Since 
the  two-dimensional  process  is  Markovian,  we  can  derive  infinitesimal 
relations  for  Fn{z,  t)  by  considering  the  possible  changes  in  the  system 
during  a  small  interval  of  time  A^ 


Table  V  —  p\X  ,Y) 


n 

A 

H 

K 

Z 

1 

0 

1  -  e-' 

2  -  C 

rC 

2(1  -  C) 

A 

1 

1  -  C 

2  -  C 
2 

1  -  C 
2 

H 

1 

2  -  C 

1  -  C 

2 

2 

K 

1 

1  -  C 

2  -  C 

Z 

1 
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If  A''(0  =  n,  then  the  probabiHty  is  [1  —  ytiAt  —  aAt  —  o{At)]  that 
there  is  neither  a  request  for  service  nor  a  hang-up  during  A^  following 
t,  and  that  Z{t  +  AO  =  Z{t)  +  7iAt.  Therefore  the  conditional  proba- 
bility that  N{t  +  AO  =  fi  and  Z{t  +  At)  ^  z,  given  that  no  changes 
occurred  in  At,  is 

Fn{z  -  nAt,  t). 

For  N(t)  =  (n  -f  1),  the  probability  is  7(/i  +  1)A^  +  o(At)  that  one 
conversation  will  end  during  At  following  /.  The  increment  to  Z{t) 
during  A^  will  depend  on  the  length  x  of  the  interval  from  t  to  the  point 
within  A^  at  which  the  conversation  ended.  The  increment  has  magni- 
tude (n  -\-  l)x  -f  n{At  —  x)  =  x  +  nAt,  as  can  be  verified  from  Fig.  3, 
in  which  the  shaded  area  is  the  increment.  Since  x  is  distributed  uniformly 
between  0  and  A^  the  increment  x  +  nAt  is  distributed  uniformly  be- 
tween 71  At  and  (n  +  1)A^  Therefore  the  conditional  probability  that 
A^(^  +  At)  =  n  and  Z{t  +  At)  ^  z,  given  that  one  conversation  ended 
in  At,  is 

—  /  Fn+i(z  —  u,  t)  du. 

At  J,iAt 

By  a  similar  argument  it  can  be  shown  that  the  probability  that  one 
reciuest  for  service  arrives  in  At  is  a  At  -f  o(At),  and  that  the  conditional 
probability  that  A^(^  -f  At)  =  n  and  Z(t  -f  At)  ^  z,  given  that  one 
request  arrived  during  At,  is 


1         It  nAt 
At  J{  n-l)At 


Fn-i{z  -  u,t)  du. 


Define  Fniz,  t)  to  be  identically  0  for  negative  n.  Adding  up  the  probabil- 


n  +  2  - 


t  +  At 


Fig.  3  —  Increment  to  Z  in  At. 
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ities  of  mutually  exclusive  events,  we  obtain  the  following  infinitesimal 
relations  for  Fn{z,  t): 

F„(z,  t  -\-  At)  =  y(n  +  1)   /  F„+i(2  -  u,  t)  du 

+  a  /  F„-i{z  -  ?/,  /)  du  +  F„(z  -  riAt,  t) 

J(n-1)A( 

•[1  —  A((yn  -\-  a)]  +  oiAf),     for  any  n. 

Expanding  the  penultimate  term  of  the  right  side  in  powers  of  nAt, 
and  the  left  side  in  powers  of  At,  we  divide  by  At,  and  take  the  limit  as 
At  approaches  0.  Now 

lim  —  /  F„+iiz  -  u,  t)  du  =  F^+i(z,  t). 

At->0  At   J  r,M 

Thus,  omitting  functional  dependence  on  z  and  /  for  convenience,  we 
reach  the  following  partial  differential  eciuations  for  F,Xz,  t): 

iF„  =  ,(„  +  l)F.,,,  +  aF,._,-„|F.  ^^^^^ 

—  [yn  +  a]Fn  ,     for  anj^     n. 

Since  Z(0)  =  0,  we  impose  the  following  boundarj^  conditions: 

Fn{0,  0=0       for    n  >  0  and  t  >  0, 

Fniz,  0)  =  p„      for    z  ^  0,  (10.2) 

Fn{z,  0)  =  0       for    z  <0, 

where  the  sequence  }p„}  forais  an  arbitrary  iV(0)  distribution  that  is 
zero  for  negative  n. 

To  transform  the  equations,  we  introduce  the  Laplace-Stieltjes  in- 
tegrals 

<Pn{t,  t)  =   I     c-^'  dF„{z,  t),         t  ^0,         Re  (r)  >  0, 
Jo- 
in which  the  Stieltjes  integration  is  understood  always  to  be  on  the 
variable  z.  We  note  that 


' "  1 

/     e~^'Fn{z,t)  dz  =  -<^„(f,  0, 
Jo-  C 


and  that 


^«(r,  0  =  F„{0,t)  +  /     e-'=^F,.  {z,t) 

Jo  dz 


dz. 
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Applying  now  the  Laplace-Stieltje.s  transformation  to  (10.1),  we  obtain 


dt 


=  y(n  -\-  \)(pn+i  +  a<p„-i  -  n^(Pn  +  HFniO,  t) 


(10.3) 


[yn  +  a]ip„  , 


in  which  we  have  left  out  finietional  dependence  on  f  and  /  where  it  is 
unnecessary.  By  the  boundary  conditions  (10.2),  n^F„{0,  /)  =  0  for 
n  ^  0  and  /  >  0;  in  (10.8)  we  may  therefore  omit  this  term  in  the  region 
/  >  0.  Let  <p  be  defined  by 


V 


u-A,()  =  E  -i-VXi-,  /). 


n=0 


The  series  is  absolutely  convergent  for  |  .r  |  <  1,  since 

|^„(f,  0  I  ^  1,  for  all  n. 

The  following   partial    differential    equation   for  cp    is    obtained    from 
(10.3): 


^  +  [f.r  +  T(.r-   l)]f^  =  a(.r-l)^. 
dt  dx 


(10.4) 


If  we  integrate  out  the  information  about  Z  by  letting  ^  approach  0  in  this 
equation,  we  obtain  the  equation  derived  by  Palm  (loc.  cit.)  for  the  gene- 
rating function  of  A'^(/).  Therefore  our  equation  has  a  solution  of  the 
same  form  as  Palm's.  For  the  boundary  conditions  (10.2),  this  solution  is 


f 


exp 


fa[l 


-(r+7)M 


(f  +  t)^ 


li'x  +  y{x  -   1)]  - 


a^t 


Jl    Vn 


n=0 


f  +  tJ 

■[f.r  +  y{x  -  l)]e-'^+^^' 


+  7 


f  +  7 


(10.5) 


Actually  ^p  contains  more  information  than  we  want  since  it  3'ields  the 
joint  distribution  of  N  and  Z.  We  may  integrate  out  the  former  variable 
by  letting  x  approach  1  in  10.5.  Then, 


^{exp  (-fZ)l   =  exp 


fafd 


-(f+T)'?' 


)         afr 


(f  +  7)^ 


.t  +  y] 

00 


u=0 


.     .r  +  7     . 


is  the  Laplace  transform  of  the  distribution  of  Z  for  an  arbitrary  N{0) 
distribution    {p,,}-  This  result  is  not  restricted  to  an  interval  (0,   T) 
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of  statistical  equilibrium;  however,  if  the  sequence  {pn}  does  form  the 
stationary  distribution  discussed  in  Section  II,  then 

Y^x'pn  =  exp  {b{x  -  1)},  (10.6) 

and 

* = ...  r^^cTTf^  -  ^}    ,« 

is  the  Laplace  transform  of  the  distribution  of  Z  for  an  interval  (0,  T) 
of  statistical  equilibrium. 
The  Laplace  transform  is  a  moment  generating  function  expressible  as 

t^o       n! 

where  7n„  is  the  71''  ordinary  moment  of  Z.  Differentiation  of  10.7  then 
gives  a  recurrence  relation  for  the  moments  upon  equating  powers  of 

(-r).  Thus, 

=  V'-{2ar(l  -  e-''^'^')  +  (f  +  y)[yaT  +  6nV^^+^^1}, 
and 
ynin+i  —  87  mn„  +  37w(n  —  l)7n„-i  —  n{n  —  1)(«  —  2)m„_2 

=  ay'^Tyrin  -  (2a  +  ayT)?i7nn-i  +  2ane~''''{m  +  T)"~'  +  n     (10.8) 
'{n-l)aTe-^''{m  +  T)'"'  -  n{n  -  l){n  -  2)bTc-'\7n  +  T)""', 
where  (w  +  T) "  is  the  usual  symbolic  abbreviation  of 

From  the  recurrence  (10.8)  it  is  easily  verified  that 

im  =  bT, 

m,  =  (bTY  +  ^  [1  -  C], 
7 

from  which  it  follows  that  the  variance  of  Z  is 

var  {Z}   =  ^^  [1  -  CI 

7 
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Since  \p  is  the  Laplace-Stieltjes  transform  of  the  distribution  of  Z 
over  an  interval  of  equiUbrium,  In  xp  is  the  cumulant  generating  function, 
and  has  the  following  simple  form : 


rv2 


huA 


h 
h 


f{e 


-({■+7)r 


-^T  + 


-  1)  _    y^T 

f  +7J 

r  +  7        (f  +  7)'    . 


(10.9) 


M  is  a  linear  function  of  Z,  so  we  may  obtain  the  cumulant  generating 
function  of  M  in  accordance  with  Cram^r^  (p.  187).  This  function  is 


■r  + 


r  +  ^ 


(10.10) 


and  depends  only  on  6  and  r. 

The  mean  and  variance  of  M  for  an  interval  of  equilibrium  are  respec- 
tively given  by 

E{M]  =  h, 
var  {M}  =  -  [1  -  C],        with     C  =  ^  ~  ^    , 


results  which  were  first  proved  in  Riordan.    A  normal  distribution  having 
the  mean  and  variance  of  M  has  the  cumulant  generating  function 


-, + L' + f:(fi^- 


(10.11) 


which  is  to  be  compared  to  (10.10).  Since  var  {M}  goes  to  0  as  T  ap- 
proaches 00 ,  we  may  expect  that  a  suitably  normalized  version  of  Z  will 
be  asymptotically  normally  distributed  as  T  approaches  oc .  The  cumu- 
lant generating  function  of  the  normalized  variable  {2hhTy^  ~{Z  —  bT) 
is 


Vt) 


/2 


+  2 


exp 


■f 


1  + 


er  - 


r>  -  1 


m" 


+  r 


which  approaches  f  /2  as  T  -^  oo .  It  follows  that  the  normalized  variable 
is  asymptotically  normal  with  mean  0  and  variance  1,  and  that 
(r/2by{M  —  b)  is  also  asymptotically  normal  (0, 1). 
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Appendix  A 

PROOF  THAT  {u,  A,  H,  Z}   IS  SUFFICIENT. 

We  observe  the  system  during  the  interval  (0,  T),  and  gather  the  in- 
formation specified  in  Section  I,  and  summarized  in  Table  I.  From  this 
information  we  can  extract  four  sets  of  numbers,  described  as  follows: 
Sa    the  set  of  complete  observed  inter-arrival  times,  not  counting 

the  interval  from  the  last  arrival  until  T 
Sh    the  set  of  complete  observed  holding  times 
Si    the  set  of  hang-up  times  for  calls  of  category  (i) 
Si    the  set  of  calling-times  for  calls  of  category  (iv) 
In  addition,  our  data  enable  us  to  determine  the  following  numbers: 
n    the  number  N{0)  of  calls  found  at  the  start  of  observation 
k    the  number  of  calls  of  category  (iii);  i.e.,  of  calls  which  last  through- 
out the  interval  (0,  T) 
X    the  length  of  the  time-interval  between  the  last  observed  arrival 

and  T 
In  view  of  the  negative  exponential  distributions  which  have  been 
assumed  for  the  inter-arrival  times  and  the  holding-times,  and  in  view 
of  the  assumptions  of  independence,  we  can  write  the  likelihood  of  an 
observed  sequence  of  events  as 

utSa  ~tSh  wlSi  V^Si 

SO  that 

hi  L  =   —ykT  —  ax  +  In  p„  +  A  In  o  —    ^  au 

u(Sa 

+  H  \n  y  -  Y,  yz  -    Y,  yw  -  ^  y{T  -  ij) 
ziSh  wtSi  ytSi 

It  is  easily  seen  that  the  summations  and  the  two  initial  terms  can  be 
combined  into  a  single  term,  so  that  we  obtain 

In  L  =  In  pn  +  .1  In  a  -{-  H  hi  y  -  yZ  -  aT. 

This  shows  that  L  depends  only  on  the  statistics  n,  .4,  H,  and  Z;  it 
follows  that  the  information  we  have  assumed  can  be  replaced  by  the 
set  of  statistics  {n,  .4,  H,  Z\,  and  that  these  are  sufficient  for  estimation 
based  on  that  information. 

The  likelihood  is  sometimes  defined  without  reference  to  the  initial 
state,  by  leaving  the  factor  p„  out  of  the  expression  for  L.  Strictly  speak- 
ing, this  omission  defines  the  conditional  likelihood  for  the   observed 
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sequence,  conditional  on  starting  at  n.  We  use  the  notation : 

Vn 

A  definition  of  likelihood  as  Lc  has  been  used  by  Moran.   Clearly 

\nLc  =  A\na  +  H\ny  -  yZ  -  aT. 

Appendix  B 
unconditional  maximum  likelihood  estimates 

The  definition  of  likelihood  as  L  leads  to  complicated  results  which 
are  of  theoretical  rather  than  practical  interest.  For  this  reason  these 
results  have  been  relegated  to  an  appendix. 

The  results  of  setting  d/dy  In  L  and  d/da  In  L  equal  to  zero  lead,  re- 
spectively, to  the  likelihood  equations 

a  -  y{n  -  H)  -  y'Z  =  0, 

yn  —  a  +  7-i  —  ayT  =  0. 

Considered  as  a  system  of  equations  for  y  and  a,  this  pair  has  the  non- 
negative  roots 

H  -  n  -  M  +  {{H  -  n  -  Mf  +  4MK}''' 


7  = 


a  =  ^  -  W. 


2Z 


These  are  the  unconditional  maximum  likelihood  estimators  for  y  and  a. 
Although  dc  depended  only  on  A  and  T,  and  7c  only  on  H  and  Z,  the 
unconditional  estimators  depend  on  all  of  n,  A,  H,  Z,  and  T.  We  may 
obtain  a  maximum  unconditional  likelihood  estimator  for  b  as  well, 
either  by  considering  L  to  be  a  function  of  b  and  7,  or  from  general 
properties  of  maximiun  likelihood  estimators.  Since  b  =  a/y,  we  expect 

that  b  =  d/y,  as  can  be  verified  by  an  argument  similar  to  that  used 
above  for  a  and  7 . 

The  estimators  d,  b,  and  7  obtained  in  this  Appendix  may  turn  out  to 
be  useful  in  practice,  but  their  complicated  dependence  on  the  sufficient 
statistics  n,  A,  H,  and  Z  makes  a  study  of  their  statistical  properties 
difficult.  As  a  first  step  along  such  a  study,  we  have  derived  the  gen- 
erating function  of  the  joint  distribution  of  the  sufficient  statistics  in 
Appendix  C.  The  greater  simplicity  of  the  conditional  estimators  of 
Section  VI  makes  it  possible  to  study  their  statistical  properties.  This 
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fact  gives  them  a  practical  ascendancy  over  the  unconditional  estimators, 
even  though  the  latter  may  be  more  efficient  statistically  by  dint  of 
using  all  the  information  available  in  an  observation. 

Appendix  C 

the  joint  distribution  of  n{t),  tl,  a,  h,  and  z 

By  methods  already  used  in  Section  X  one  can  obtain  a  gen- 
erating function  for  the  joint  distribution  of  all  the  random  variables  n, 
N(t),  A,  H,  and  Z.  Let 

^  =  L[x      w  u  e      \. 

Then  $  satisfies  the  differential  equation 

^  +  [f.i-  +  7.i-  -  yu]—  =  aiwx  -  1)^, 
dt  dx 

whose  solution  has  the  form 

/aw[^x  -i-  yx  —  yu][l  —  e"^^"^^^']    ,    aywut  \ 

■^H o^^r +  r+^  -  "V- 

where  the  function  R  is  determined  by  the  initial  distribution  {p„} 
through  the  relation 

^  +  yu 

n^O  L  r   +   7  J 

From  these  results  it  follows  that  the  generating  function 

E\z  X      w  u  e  ^    \ 
is  given  by 

2^   PnZ     ( — r ) 

"go  \  f  +  7  / 

fawi^x  +  7.r  -  yu)[l  -  e'^^^'^^]    .    aywuT         „\ 

If  {p„\  forms  the  stationary  distribution,  this  reduces  to 

2(fx  +  7.T  —  7tOe~^^^^'^  +  yiiz         \ 


R{^\      =     E    Pn 


exp 


r  +  7  / 

awj^x  +  yx  -  yu)[l  -  e~^^+"^^]        aywuT  _ 
■^  (f  +  7)^  "^   f  +  7         "" 
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If,  ill  this  last  expression,  we  let  x  approach  1,  z  approach  1 ,  and  u  ap- 
proach 1,  we  obtain 


exp 


^  _  ^i^Y^rie----  - 1)  _ ,,; 


(C) 


r  +  7/\      r  +  7 

as  the  generating  function  E\w^e^^^]  for  an  interval  of  equiUbrium. 
Alternately,  if  instead  we  let  x  approach  1,  z  approach  1,  and  w  ap- 
proach 1,  we  obtain  (C)  with  u  substituted  for  w;  this  implies  the  not- 
surprising  result  that  for  an  interval  of  equiUbrium,  the  two-dimen- 
sional variables  {A,  Z\  and  [U,  Z\  have  the  same  distribution.  From 
this  and  (C)  it  follows  that  for  eciuilibrium  (0,  T),  (i)  .4  and  E  both 
have  a  Poisson  distribution  with  mean  oT,  and  (ii)  the  estimators  Ac  and 
Ao  have  the  same  distribution. 
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Fluctuations  of  Telephone  Traffic 

By  V.  E.  BENES 

(Manuscript  received  November  9,  1956) 

The  number  of  calls  in  progress  in  a  simple  telephone  exchange  model 
characterized  by  unlimited  call  capacity,  a  general  probability  density  of 
holding-time,  and  randomly  arriving  calls  is  defined  as  N{t).  A  formula, 
due  to  Riordan,  for  the  generating  function  of  the  transition  probabilities 
of  A^{t)  is  proved.  From  this  generating  function,  expressions  for  the  co- 
variance  function  of  Nif)  and  for  the  spectral  density  of  N{t)  are  determined. 
It  is  noted  that  the  distributions  of  N(t)  are  completely  specified  by  the  co- 
variance  function. 

I  INTRODUCTION 

The  aim  of  this  paper  is  to  study  the  average  fluctuations  of  telephone 
traffic  in  an  exchange,  by  means  of  a  simple  mathematical  model  to 
which  we  apply  concepts  used  in  the  theory  of  stochastic  processes  and 
in  the  analysis  of  noise. 

The  mathematical  model  we  use  is  based  on  the  following  assumptions : 
(1)  requests  for  telephone  service  arise  indi^'idually  and  collectively  at 
random  at  an  average  rate  of  a  per  second;  (2)  the  holding-times  of 
calls  are  mutually  independent  random  variables  having  the  common 
probability  density  function  h{u);  and  (3)  the  capacity  of  the  exchange 
is  effectively  unlimited,  and  no  call  is  blocked  or  delayed  by  lack  of 
equipment.  This  telephone  exchange  model  has  been  described  by  J. 
Riordan.^ 

As  a  measure  of  traffic,  it  is  natural  to  use  the  number  of  calls  in  prog- 
ress in  the  exchange.  We  are  thus  led  to  consider  a  random  step-function 
of  time  N(t),  defined  as  the  number  of  calls  in  progress  at  time  t.  iV(/) 
fluctuates  about  an  average  in  a  manner  depending  on  the  calling-rate, 
a,  and  the  holding-time  density,  h{u). 

II  PROOF   OF    RIORDAX'S    FORMULA    FOR   TRANSITION    PROBABILITIES 

Let  Pm.n(t)  be  the  probability  that  w  calls  are  in  progress  at  t  if  m 
calls  were  in  progress  at  0.  Define  the  generating  function  of  these  prob- 
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abilities  as 

and  let 

f{u)    =    [    h{x)  dx, 

so  that  the  average  holding-time,  h,  is  given  by 

h  =   j     f{u)  du. 
Jo 

Riordan"  has  given  the  following  formula  for  P,„{t,  x) : 

P,M,  x)  =  [1  +  (.r  -  \)g{t)]"'  exp  {{x  -  l)ah[l  -  git)]],        (1) 
with 

git)  =  ^    fin)  du. 

For  exponential  holding-time  density,  this  formula  had  alread}'  been 
derived  (as  the  solution  of  a  differential  equation)  by  Palm." 

In  private  communication,  J.  Riordan  has  suggested  that  his  proof  of 
(1)  is  incomplete.  We  therefore  give  a  new  proof  of  (1). 

We  seek  the  generating  function  of  N{t),  conditional  on  the  event 
JSfiO)  =  m.  We  obtain  it  by  first  computing  the  joint  generating  function 
of  7^(0)  and  A^(^) ;  that  is, 

^{/^V^'M-  (2) 

The  desired  conditional  generating  function  is  then  the  coefficient  of 
I/'"  in  (2),  divided  by  the  probability  that  A^(0)  =  m. 

To  obtain  a  formula  for  (2),  we  exhaust  the  interval  {—  --^ ,  0)  by 
division  into  a  countable  set  of  disjoint  intervals,  /„  ,  the  n^  having 
length  Tn  >  0.  Let  S„  be  the  sum  of  the  first  n  lengths,  Tj  .  Let  ^„(0, 
f or  ^  >  —  »S'„_i  ,  be  the  number  of  those  calls  which  arrive  in  /«  and  are 
still  in  progress  at  /.  And  let  ri{t)  be  the  number  of  calls  arriving  during 
(0,  t),  t  >  0,  and  still  in  existence  at  /.  Then 

NiO)  =   Z  UO),  (3) 


«>i 


Nit)  =  vit)  +  E  Ut),        t  >  0.  (-i) 

"SI 

Since  calls  arri\-ing  during  disjoint  intervals  are  independent,  we  know 
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that  7]{t)  is  independent  of  all  the  ^'s,  and  that  ^n{t)  is  independent  of 
^y(r)  if  Ji  9^  j.  Of  course,  ^„{t)  and  ^nir)  are  not  independent.  It  follows 
that  if  the  infinite  product  converges,  then  for  /  >  0 

^^{/%-^''^l   =  E\x''"}  ni?h/"%-'"^'^}.  (5) 

We  now  compute  the  terms  of  the  product.  If  a  call  originates  in  in- 
terval /„  ,  it  still  exists  at  0  with  probability 

Qn     =~    [    "  fiu   +   Sn-l)   dU    =    ^     f   "     /(m)   du. 
-f  n   •'0  1  n   •'S„_i 

Hence  if  k  calls  arrived  in  /„  ,  the  probability  that  m  of  them  are  still 
in  progress  at  0  is 

pr{^n(0)  =  m  I  A-  calls  arrive  in  /„} 


M  QZd  -  Qn)'-"\         m  ^  k. 


Similarly,  if  a  call  originates  in  /„  and  exists  at  0,  it  also  exists  at  ?  >  0 
with  probability 

T 

Kn  =  {QnTnV  f  ^  fin  +  t  +  Sn-i)  du. 
Jo 

Therefore 

Eix^"'''^  I  ^„(0)  =  m  and  A-  calls  arrive  in  /„} 

=  [1  +  {x  -  l)Knr, 
and  so 

-  {1  +  (^[1  +  {x  -  1)K„]  -  1)Q,}' 

k 

=  a  . 

The  number  of  calls  arriving  during  /„  has  a  Poisson  distribution  with 
mean  aT„  ;  hence 

£;{2/«"'V«^'^}  =  exp  {aT.ia  -  1)} 

(6) 

=  exp  {aTnQn{y{l  +  {x  -  1)K„]  -  1)}. 

By  reasoning  like  that  leading  to  (6),  it  can  be  shown  that 
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Eix"'"']   =  exp  L(.r  -!))-{  /(")  diX 
=  exp  \ah{x  -  1)[1  -  git)]}. 


(7) 


Now 


/»00 

^  aT„Qn  =  a  I    f{u)  du  =  ah, 

71  gl  Jo 

-.  T 

E  aT„Q„/C  =  a  E    /    "/(''  +  ^  +  ^"^'n-i)  du, 

/(?/)  du  =  ahg{t). 

Therefore  the  infinite  product  is  convergent,  and 
^{/<VM  =exp{aM^—  1)[1  -^(0] 

+  E  aTnQn{y[l  +  Or  -  l)K„]  -  1)}  (s) 

=  exp  {ah{{x  -  1)[1  -  g{f)]  +  (//  -  1)  +  y{x  -  1)^(0)}- 

Thus  the  generating  function  of  the  joint  distribution  of  N{0)  and  A'"(/) 
is  independent  of  the  division  of  ( —  -^  ,  0)  into  intervals  /„  .  By  letting 
X  approach  1  in  (8)  and  finding  the  coefficient  of  i/"  in  the  resulting  limit, 
we  find  that 

—ah/     i\'n 

pv{N(0)  =m}   =^_^.  (()) 

ml 

The  coefficient  of  i/'  in  (8)  itself  is 

—ah/     1,  "\ "' 

'      ^^""^     [1  +  (.r  -  \)g{()r  exp  {{x  -  l)aMl  -  git)]}, 


ml 


and  so  using  (9)  we  find  that  the  rec^uired  conditional  generating  function 
of  N{t),  given  N{0)  =  m,  is  given  by  Riordan's  formula  (1). 


Ill   THE   AUTOCORRELATION 


In  terms  of  N{t)  one  can  define  various  stochastic  integrals  which 
will  be  characteristic  of  the  process.  A  simple  one  which  has  been  ex- 
tensively treated  in  connection  with  estimating  the  average  traffic  is 


A/  =  1  f    Nit)  dt, 

J    Jo 
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the  average  of  N(t)  over  an  interval  (0,  T).  The  chief  references  in  the 
literature  on  M  are  References  3  and  5.  If  we  consider  A^(/)  during  an 
interval  (0,  T  -\-  r),  a  measure  of  the  coherence  of  N{t)  during  this  in- 
terval, i.e.,  of  the  extent  to  which  A^(^)  hangs  together,  is  given  by  the 
integral 


U{T,  r)    =  ^  ^    N(t)  Nit  +  r)  dt, 


depending  on  values  of  N{t)  taken  r  apart.  When  the  limit  ^(r)  of  u  as 
T  approaches  ^  exists,  it  is  usually  called  the  autocorrelation  function ; 
most  statisticians,  however,  reserve  the  term  "correlation"  for  suitably 
normalized,  dimensionless  quantities.  It  can  be  shown  that  this  limit 
exists  and  is  the  same  for  almost  all  N{t)  in  the  ensemble.  It  then  coin- 
cides with  the  ensemble  average,  i.e., 

^P{T)  =  lim  U{T,  t),  almost  all  N(t), 

r-»oo 
=  E{N{t)N{t+  r)}. 

The  function,  \p,  for  the  system  we  are  discussing  is  derived  by  Riordan,* 
and  we  reproduce  his  argument  for  ease  of  understanding.  For  equilib- 
rium, and  b  =  ah,  we  have 


E{N{t)Nit  +  t)\ 
Now 

I-  Pn.(r,  x) 
dx 


OO 

=  E 

m=0 

e-'ib)'"       d 
m !          dx 

PnXr,  x) 

=  mgir)  +  b[l 

-  gir)l 

x=\ 


so  that 


00        —bjm 

Ht)   =    Z'-^mlmgir)  +  b[\   -  gir)]], 
»i=o    m  I 


(10) 


=  b'  +  bgir). 

(Cf.,5p.  1136) 

The  limiting  value  of  i/'(t)  for  r  approaching  x  is  the  sc^uare  of  the 
mean  occupancy,  b,  and  the  limiting  value  of  \j/(t)  for  r  approaching  0 
is  the  mean  square  occupancy,  b'  -f  b,  the  second  moment  of  the  Pois- 
son  distribution  with  mean  b. 
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IV   THE    COVARIANCE   AND    SPECTRAL    DENSITY 

The  average  value  of  N{t)  is  b  =  ah.  One  way  to  study  the  fluctuations 
of  N(t)  about  its  average  is  by  means  of  the  power  spectrum  used  in  the 
analysis  of  noise.  (Cf.  Rice.^)  We  resolve  the  difference  [A'^(/)  —  b]  into 
sinusoidal  components  of  non-negative  frequency,  and  postulate  a  noise 
current  proportional  to  this  difference  dissipating  power  through  a  unit 
resistance.  The  spectrum  iv{f)  is  then  the  average  power  due  to  frequen- 
cies in  the  interval  (/,  /  +  df) . 

More  formally,  we  consider  the  Fourier  integral 


T 

Sif,  T)  =   [    [Nit)  -  b]e 

•JO 


-•lirifl 


dL 


(11) 


and  we  recall,  for  completeness,  the  relationship  between  *S(/,  T)  and 
the  covariance  function,  R{t),  of  \N{t)  —  b].  If 

,,.        ,.     2|^(/,  T)|' 
r->oo  1 

then 

/*C0 

w{f)    =  4    /      R{t)  COs27r/Vf/r, 
Jo 

rtOO 

R(t)  =        wU)  COS  2irfTdf. 
Jo 

(Ci.  Rice,'  p.  312  ff.) 

At  the  same  time,  we  have 

R{r)   =  E{[Nit)  -  b][N{t+   r)   -  b]\ 

=  'A(r)   -  b' 

=  bg{r). 

Let  X(t)  be  any  stochastic  process  which  is  known  to  be  the  occupancy 
of  a  telephone  exchange  of  unlimited  capacity,  having  a  probability 
density  of  holding-time,  and  subject  to  Poisson  traffic.  From  the  pre- 
ceding result  it  can  be  seen  that  the  covariance  function  of  .Y(/)  deter- 
mines the  distributions  of  the  X{t)  process  completely,  since 

dR' 
dn 


t=0 

-rdR 
dr' 

If  the  holding-times  are  bounded  by  a  constant,  k,  then  readings  of 
A^(^)  taken  further  apart  than  k  are  uncorrelated .  In  fact,  such  values 


/(r)   =  f^    h{u)  du  =   -a 
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are  independent,  because  no  call  which  contributes  to  N{t)  can  survive 
until  {t  -\-  k),  with  probability  1. 
Using  (11),  we  see  that 


w 


/•OO 

(/)    =  4   /     cos  27r/r/?(r)  dr 
Jo 

=  46   /      cos  27r/rgr(T)  dr 
Jo 

=  4a  /     cos  27r/r  /      /     h{u)  du  dy  dr  (12) 

vQ  J  J         Jy 

=  —.  I     sin  27r/r  /     h{u)  du  dr 
irj  Jo  Jt 

r  ,'« 

=    ^Tf^     1  -    /      COS  27r/r/l(T)  C?7 

Equation  (12)  expresses  the  mean  square  of  the  frequency  spectrum  of 
the  fluctuations  of  the  traffic  away  from  the  average  in  terms  of  the  call- 
ing-rate and  the  cosine  transform  of  the  holding-time  density,  h{i(). 
The  calling-rate  appears  only  as  a  factor,  and  so  does  not  affect  the  shape 
of  w{f).  The  function  iv(j)  is  what  Doob^  (p.  522)  calls  the  "spectral 
density  function  (real  form)." 

V   EXAMPLE   1.    N(t)    MARKOVIAN 

Let  the  frequency  h{u)  be  negative  exponential,  so  that 

h{u)  =  ^  e-'\  (13) 

where  /)  is  the  mean  holding-time.  It  is  shown  in  Riordan"  p.  1134, 
that  N{t)  is  Markovian  if  and  only  if  h{u)  has  the  form  (13).  From  page 
523  of  Doob^  we  know  that  the  covariance  function  of  a  real,  stationary 
Markov  process  (wide  sense)  has  the  form 

R{t)  =  R{0)c~"\       a  constant.  (14) 

Under  the  assumption  (13),  the  covariance  of  N(t)  is 

Rir)   =  bgir)   =  ^^  f^  f    h{u)  du  dy 


=  he 


-Tlh 
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in  agreement  with  (14).  The  spectral  density  can  now  be  obtained  from 
(11)  or  (12);  it  is 


w(f)  = 


46/1 


1  +  47r2/2/i2- 


This  is  the  same  as  would  be  obtained  for  a  Markov  process  that  alter- 
nately assumed  the  values  +  \/ah,  —  y/ah  at  the  Poisson  rate  of  (2/1)"^ 
changes  of  sign  per  sec.  (Cf .  Rice  p.  325.) 

VI    EXAMPLE   2.    HOLDING-TIME   DISTRIBUTED    UNIFORMLY   IN    {a,0) 

Let  h{u)  be  constantly  equal  to  (|S  —  a)~^  in  the  interval  (a,  /3),  and 
constantly  0  elsewhere.  Then  by  (12), 


w{f)  = 


a 
a 

TT*-;- 


1       f 

1  —  /    cos  2irft  dt 


1  - 


Now  we  see  that 


J{ij)  =   \    h{u)  du 


sin  27r//3  —  sin  27r fa 
27r/(/3  -  a)         . 


1     for    y  ^  oc 
^  -  y 


^  -  a 

[0     for     7/^/3 


for     a  ^  y  ^  0 


so  that 


Rir)    = 


a 


a 


+ 


13  -  a 


0  <  r  < 


a 


g  (^  -  tY 

2    0  -  a 
0 


a 


^   r   ^  /i 


(15) 


T  ^  l3 


is  the  covariance  function  of  the  process  N{t)  when  holding-time  is  dis- 
tributed uniformly  in  (a,  (3). 

If,  formally,  we  let  (/3  -  a)  approach  0  while  keeping  §(a  +  /3)  fixed, 
then  the  holding-times  become  concentrated  in  the  neighborhood  of  the 
mean,  h;  in  the  hmit,  as  h{i()  tends  to  a  singular  normal  distribution   ^ 
with  mean,  h,  and  variance  zero,  we  obtain  ' 


a 


w{f)  =  -^,  [1  -  cos  2irfh] 


(16) 
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as  the  spectral  density  function  for  the  N(t)  process  with  constant  hold- 
ing-time, h  =  ^{a  4-  |(3).  Similarly,  from  (15),  we  note  that  as  the  hold- 
ing-times become  singularly  normal  with  mean,  h,  and  variance  zero, 
the  covariance  function  becomes 

f  =  a{h  -  t)         0  ^  t  ^  h 
R(r)  =  \ 

[=  0  T  ^  h. 

We  can  express  (16)  as 


,2 


/■j-\        .-.   j2  /sin  -irfh  , 

and  note  that  this  is  exactly  like  the  power  spectrum  of  a  random  tele- 
graph wave  constructed  by  choosing  values  +  -s/ah,  —  -y/ah  with  equal 
probability  and  independently  for  each  interval  of  length,  h.  (Cf.  Rice,* 
page  327.) 
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High-  Voltage  Conductivity-Modulated 
Silicon  Rectifier 

By  H.  S.  VELORIC  and  M.  B.  PRINCE 

(Manuscript  received  May  1,  1957) 

Silicon  power  rectifiers  have  been  made  which  have  reverse  breakdown  volt- 
ages as  high  as  2,000  volts  and  forward  characteristics  comparable  to  those 
obtained  in  much  lower  voltage  devices.  It  is  shown  that  the  magnitude  and 
temperature  dependence  of  the  currents  can  be  explained  on  the  basis  of 
space-charge  generated  current  with  a  trapping  level  0.5  eV  below  the  con- 
duction band  or  above  the  valence  band.  The  breakdown  voltage  of  a  P 
IN'^  diode  is  computed  from  avalanche  multiplication  theory  and  is  shown 
to  be  a  function  of  the  width  of  the  nearly  intrinsic  region.  A  simple  diffusion 
process  is  evaluated  and  shoivn  to  be  adequate  for  diode  fabrication.  The 
characteristics  of  devices  fabricated  from  high-resistivity  compensated , 
floating-zone  refined,  and  gold-doped  silicon  are  presented.  The  surface  limi- 
tation to  high  inverse  voltage  rectifiers  is  discussed. 

I    IXTKODL'CTION 

The  desire  for  high  voltage  rectifiers  in  the  electronic  industry  has 
pushed  the  peak  inverse  voltage  of  solid  state  rectifiers  to  higher  and 
higher  values.  The  purpose  of  this  paper  is  to  present  some  of  the  con- 
siderations necessary  in  designing  a  device  with  a  high  iuA^erse  voltage 
and  an  excellent  forward  characteristic.  In  many  cases  the  device  charac- 
teristics are  predictable.  Conversely,  high  Noltage  diodes  are  excellent 
tools  for  studying  many  solid  state  phenomena. 

It  has  been  shown^  that  it  is  possible  by  the  use  of  the  conductivity 
modulation  principle  to  separate  the  design  of  the  forward  current-volt- 
age characteristic  from  the  reverse  current- voltage  characteristic  of  a 
silicon  p-n  junction  rectifier.  Units  have  been  fabricated  by  the  difTusion 
of  boron  and  phosphorus  into  high  resisti\'ity  material,  that  have  reverse 
breakdown  voltages  in  the  range  of  1,000  to  2,000  volts. 

The  reverse  currents  are  of  the  order  of  a  microampere  per  scjuare  cen- 
timeter at  room  temperature  and  increase  approximately  as  the  square 
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root  of  the  applied  voltage.  The  magnitude,  voltage  dependence,  and 
temperature  dependence  of  the  reverse  currents  can  be  explained  as  due 
to  space-charge  generated  current-  with  a  trapping  level  0.5  eV  from 
either  the  conduction  or  valence  band.  These  effects  will  bo  discussed 
in  Section  II. 

In  Section  III  the  breakdown  \'oItage  and  its  dependence  on  the  re- 
sistivity and  width  of  the  high  resistivity  region  of  the  rectifier  will  be 
considered. 

In  the  next  section  the  forAvard  current  is  discussed  and  explained  by 
considering  both  a  space-charge  region  generated  current  and  a  diffu- 
sion current  that  takes  into  account  high  levels  of  minority  carrier  in- 
jection.^ 

Device  processing  information  is  given  in  Section  V,  together  with  an 
evaluation  of  different  sources  of  high  resistivity  silicon.  The  devices 
to  be  discussed  in  this  paper  have  been  processed  with  high  resistivity 
p-type  material,  although  some  devices  have  been  made  with  ?i-type  ma- 
terial. 

Finally,  a  discussion  of  some  surface  problems  associated  with  high 
voltage  rectifiers  is  given  in  Section  VI. 

Although  this  paper  is  entitled  "High-Voltage  Conductivity-Modu- 
lated Silicon  Rectifier",  the  theoretical  arguments  are  applicable  to  all 
semiconductor  diodes.  However,  the  experimental  results  have  been 
limited  by  considering  only  high  A'oltage  diodes. 

II    REVERSE    CURRENT-VOLTAGE    CHARACTERISTIC 

2.1  Theory 

The  simple  theory*  for  a  p-n  junction  yields  an  expression  for  the  re- 
verse saturation  current  density  (Id)  which  is: 


h  =  q 


(2-1) 


where  q  is  the  electron  charge,  np  is  the  equilibrium  electron  density  in 
p-type  material,  pn  is  the  equilibrium  hole  density  in  /i-type  material, 
D„  and  Dp  are  the  diffusion  constants  for  electrons  and  holes,  and  r„ 
and  Tp  are  the  minority  carrier  lifetimes  for  electrons  and  holes. 

When  reasonable  numbers  are  substituted  into  (2-1),  h  at  room  tem- 
perature is  of  the  order  of  10"^"  amperes  per  square  centimeter.  This 
quantity  doubles  with  every  increase  of  4°  C.  The  theory  also  contains 
no  voltage  dependence  of  this  current.  Even  when  breakdown  multi- 
plication^ is  taken  into  account,  there  is  essentially  no  voltage  dependence 
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at  voltages  less  than  half  the  breakdown  voltage.  The  magnitude  and 
temperature  and  voltage  dependences  of  measured  diodes  do  not  agree 
with  these  theoretical  values  at  room  temperatures. 

Recently,  Pell*^  has  shown  that  the  reverse  currents  at  low  temperatures 
in  germanium,  and  at  room  temperatures  in  silicon,  are  dominated  by 
space-charge  generated  current.  The  space-charge  generated  current 
density  (Isc)  is  given  by 

/,,  =  qWG  M,  (2-2) 

where  W  is  the  width  of  space-charge  region,  G  is  the  generation  rate  of 
hole-electron  pairs  in  the  space-charge  region,  and  M  is  the  breakdown 
multiplication  {M  ~  1  except  near  the  breakdown  voltage).  G  is  given 
by-^ 

G  =  '^ ,  (2-3) 

where  iii  and  pi  are  the  densities  of  electrons  and  holes  respectively  if 
the  Fermi  levels  were  at  the  energy  level  of  the  recombination  centers, 
and  r„n  and  Tpo  are  the  minority  carrier  lifetimes  of  electrons  and  holes 
respectively  in  heavily  doped  p-type  and  ?i-type  silicon.  This  expression 
assumes  constant  generation  over  the  space-charge  region.  Thus, 


and 


n,  =  Nc  exp  ^  (Vr  -  W)  =  n,  exp  ^(F.  -  Yd,  (2-4a) 


pr  =  N.  exp  ^  (7.  -  Vr)  =  m  exp  -  /3(F.  -  F,),      (2-4b) 


where  Vr  is  the  recombination  level  above  the  valence  band  edge  T'\  , 
Vi  is  the  midband  intrinsic  level,  /S  =  q/kT,  Nc  and  A^„  are  the  effective 
densities  of  states  in  the  conduction  and  valence  bands  ^  2.4  X  10 
(T'/300)^  Vc  is  the  conduction  band  edge,  k  is  the  Boltzmann's  constant, 
and  T  is  the  absolute  temperature. 
Substituting  (2-4)  into  (2-3),  one  obtains: 

rii  1 


G  = 


2V  TnOTpO 


cosh 


/3(F.  -  Vi)  +  h  In  "^ 

TnO_ 


(2-5) 


For  the  diffused  silicon  junctions  under  consideration,  it  has  been  found' 
that  T„ri  equals  1.2  X  10"^  seconds  and  Tpo  equals  0.4  X  10""  seconds. 
Also,  iii  =   3.74  X   10''  r^'V''""''  and  F.-  =  0.54  vohs.  Using  these 
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numbers,  (2-6)  becomes: 

1.25  X  10'« 

(;  =  — 


;^oo 


g20.8(l-30O/r) 


'osh 


.8.02  (^)(r,.- 0.54) 


0.55 


(2-6a) 


aiitl 


where 


a  =  G:miV,M\T,  Vr), 


(7:51)0  (»    r)     — 


1.25  X  10 


16 


cosh  [38.62(T^  -  .54)  -  0.55]' 


and 

f{T,  Vr) 


(2-6b) 


(2-7a) 
(2-7b) 


'    rp   \3;2 

J       \  20.8(1-300/7') 


c 

osh  [38.62 (F,  -  0.54)  -  0.55] 

cosh 

38.62  (-^^^^  [Vr       0.54)  -  0.55 

In  (2-6b),  G-m{yr)  is  the  generation  rate  for  a  recombination  level  at 
Vr  equal  to  300°  K,  and  f{T,  T,)  is  the  temperature  variation  of  G  for  a 
recombination  level  at  1',  normaHzed  to  :^00°  K. 

Curves  of /(T,  Vr)  are  gi\-en  in  Fig.  1  for  several  \alues  of  W  with  a 
curve  g{T)  which  is  the  temperature  variation  of  the  reverse  saturation 
current  (/o).  Table  I  gives  values  for  Gm  for  various  Vr  . 

In  the  reverse  biased  diffused  junctions  made  with  high  resistivity  ma- 
terial, the  junction  may  be  considered  abrupt.  Therefore,  the  width  (IF) 
of  the  space-charge  region,  when  the  junction  is  rtn-erse  biased  to  a  volt- 
age V,  is  given  by 


ir  = 


:V 


1/2 


:2qN 


=  3.14  X  urirp,,) 


1   2 


cm 


(2-8) 


where  the  units  after  the  first  equal  sign  are  electrostatic,  and  k  is  the  di- 
electric constant.  In  the  second  expression,  1'  is  in  volts,  and  pp  ,  the  base 
material  resistivity,  expressed  in  ohm-centimeters.  Thus, 


/,,.  =  4  X  10"''G';uH,(r,.)/(7',  l',.)[rpj' -  amperes-cnF 


(2-9) 


It  is  seen  that  /«<  varies  theoretically  as  the  square  root  of  the  reverse 
voltage  for  values  of  V  less  than  h  Va  ,  the  breakdown  voltage,  in  which 
range  avalanche  multiplication  is  negligible.  The  (luantity  /,,.  varies  in- 
versely with  Na^^'  and  will  be  large  for  high  \'oltage  de\'ices  with  small 
Na  .  The  Isc  at  300°  K  for  a  rectifier  with  40  ohm-centimeter  base  ma- 
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terial  and  a  reverse  bias  of  100  volts  is  given  in  Table  I  as  a  function  of 
Vr  .  The  numbers  compare  with  8  X  10"^°  ampere  per  square  centimeter 
for  /o  .  Thus,  from  diode  measurements  at  room  temperature  and  above, 
one  could  not  observe  Vt  less  than  0.3  eV  from  either  the  conduction  or 
valence  band.  In  fact,  from  a  measurement  of  the  temperature  depend- 
ence of  the  reverse  currents,  one  can  determine  only  the  recombination 
level  lying  closest  to  the  center  of  the  forbidden  band.  This  can  be  seen 
more  clearly  from  the  folloAving  argument:  There  will  be  a  contribution 
to  the  reverse  current  from  the  diffusion  current  hmgiT)  which  varies 
with  temperature  as  g{T).  There  will  be  contributions  to  the  reverse  cur- 
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Fig.  1  —  The  temperature  variation  of  the  generation  rsite,f{T,  Vr),  for  several 
values  of  the  recombination  level,  Vr  . 
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Table  I  —  Values  of  G  and  Space  Charge  Generated 

Current  at  300°  K  for  Various  Values 

OF  the  Trapping  Level  Vr 

T  =  300°  K        Eg  =  l.OSeF         np  =  3  X  10'°  cur^ 

r„o  =  1.2  X  10-«  sec         Tpo  =  0.4  X  10-«  sec 


Vt  Volts  above  Valence  Band 

G300  cm"3  sec"' 

/»e  (7  =  - 100  volts,  p  =  40  ohm-cm) 
microamperes/cm^ 

0.10 

5.92  X  108 

1.88  X  10-' 

0.20 

2.84  X  IQio 

9.03  X  10-6 

0.30 

1.35  X  1012 

4.29  X  10-" 

0.40 

6.5    X  10" 

2.06  X  10-2 

0.50 

3.02  X  1016 

0.96 

0.54 

1.08  X  1016 

3.43 

0.58 

8.1    X  10" 

2.58 

0.68 

1.95  X  101" 

6.2    X  10-2 

0.78 

3.96  X  1012 

1.26  X  10-3 

0.88 

8.45  X  IQio 

2.69  X  10-5 

0.98 

1.78  X  10« 

3.75  X  10-' 

rent  by  the  individual  trapping  centers  given  by  IscdooiVr)f(T,  Vr),  where 
hcsooiVr)  is  the  current  at  300°  K  due  to  generation  at  recombmation 
centers  located  at  the  level  Vr ,  and/(T,  T^)  is  the  temperature  variation 
of  the  generation  rate.  Thus,  the  total  reverse  current  is  given  by 


=  lomgiT)  +  Z^.cm{Vr)KT,  Vr), 


(2-10) 


where  the  summation  is  over  all  recombination  levels.  The  relative  cur- 
rents at  300°  K  are  given  in  Table  I.  The  greatest  contribution  at  300°  K 
is  due  to  the  level  nearest  the  center  of  the  forbidden  band.  As  the  tem- 
perature increases,  all  the  terms  under  the  summation  sign  approach  each 
other.  Before  a  second  recombination  level  contributes  significantly  to 
the  reverse  current,  however,  the  saturation  current  will  ha"\'e  become 
the  most  important  component. 


2.2  Experimental  Results 

To  evaluate  the  theory  for  the  reverse  currents  in  silicon  N^P  junctions, 
careful  measurements  were  made  on  five  typical  units  for  the  reverse 
current-voltage  characteristics  at  various  temperatures  from  300°  K 
to  435°  K.  The  curves  were  taken  with  a  X-Y  recorder.  The  voltage 
ranged  from  0  to  200  volts  so  that  multiplication  effects  were  completely 
negligible. 

From  the  recorded  data,  curves  of  Ir  versus  1,000/T°  K  were  plotted 
for  V  =   —10,  —40,  and  —160  volts.  The  set  of  curves  for  diode  No.  3 
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Fig.  2  —  The  temperature  variation  of  "reverse  current"  for  a  typical  diode 
at  -10,  -40,  and  -160  volts. 

is  given  in  Fig.  2.  The  slope  of  these  curves  indicates  that  the  recombina- 
tion level  lies  near  0.5  eV  below  the  conduction  band  or  above  the  val- 
ence band.  The  junction  area  of  this  device  is  0.015  cm^;  thus,  the  cur- 
rent density  at  300°  K  and  at  - 100  volts  is  4.4  microamperes  per  square 
centimeter.  This  compares  with  the  order  of  one  microampere  as  listed 
in  Table  I.  This  suggests  that  the  (t„ot„o)'  is  overestimated.  The  agree- 
ment of  this  measurement  with  theory  is  reasonable. 

The  voltage  variation  of  the  reverse  currents  does  not  agree  with 
theory  as  well  as  the  magnitude  and  temperature  dependence.  The  ex- 
perimental results  give,  as  the  voltage  dependence,  an  expression: 


/,  ~  V 


\IN 


where  N  equals  2.9.  This  compares  with  the  theoretical  value  of  N  =  2. 
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Some  of  this  discrepancy  can  be  attributed  to  the  fact  that  the  junction 
is  not  truly  an  abrupt  junction.  A  "graded"  junction  would  yield  A^ 
equals  3.  Measurements  of  capacitance  versus  voltage,  which  essentially 
measure  the  width  of  the  space-charge  region,  yield  A^  equals  2.4.  Thus, 
these  devices  in  the  relatively  low  voltage  range  still  have  some  contri- 
bution from  the  gradation  of  the  diffused  junction. 

The  highest  temperature  points  in  Fig.  2  deviate  above  the  straight 
lines.  This  deviation  can  be  attributed  to  the  onset  of  the  contribution 
from  the  h  component.  Calculations  indicate  that,  by  T  =  220°  C,  the 
contribution  to  the  reverse  current  by  the  space-charge  current  is  equaled 
by  the  saturation  current  and  that,  by  T  =  820°  C,  the  space-charge- 
generated  current  is  negligible  compared  to  the  saturation  current. 

Ill    BREAKDOWN   VOLTAGE    OF   PN   AND    PIN   JUNCTIONS 

3.1  Theory 

It  has  been  demonstrated  that,  in  germanium  '  and  silicon,  reverse 
biased  junctions  breakdown  as  a  result  of  a  solid  state  analogue  of  the 
Townsend  ^  Avalanche  Theory.  Multiplication  and  breakdown  occur 
when  electrons  or  holes  are  accelerated  to  energies  sufficient  to  create 
hole-electron  pairs  by  collisions  with  valence  electrons.  The  breakdown 
phenomena  in  silicon  for  graded  and  step  junctions  has  been  previously 
considered.*'  ^^  Depending  on  the  impurity  distribution,  the  field  in  the 
junction  will  be  a  function  of  distance  and  will  have  a  maximum  value  in 
the  region  of  zero  net  impurity  concentration.  The  breakdown  voltage  is 
a  critical  function  of  the  space-charge  distribution. 

In  this  section  the  existing  multiplication  theory  is  extended  to  the 
case  of  PIN  junctions.  It  is  shown  that  relatively  wide  intrinsic  regions 
are  required  to  obtain  breakdown  voltages  greater  than  1000  volts. 

Fig.  3  is  a  plot  of  the  impurity,  charge,  and  field  distributions  in  PIN 
and  PttN  junctions.  Fig.  3(a)  schematically  illustrates  the  geometry  of 
the  three  region  devices  considered,  and  Fig.  3(b)  is  a  plot  of  the  impurity 
distribution.  In  this  analysis  step  junctions  will  be  assumed.  For  the 
PIN  junction  there  are  no  uncompensated  impurities  in  the  intrinsic 
region,  and  no  net  charge.  At  low  reverse  voltage,  the  field  will  sweep 
through  the  intrinsic  layer  and  will  increase  with  increasing  reverse  bias 
until  the  breakdown  field  is  reached. 

Absolutely  intrinsic  material  is  not  yet  available,  and  devices  are 
made  from  high  resistivity  x-type  material.  In  this  class  of  devices  there 
is  some  uncompensated  impurity  and  charge  in  the  center  region.  The 
field  will  have  a  maximum  value  at  the  N^  tt  junction  and  will  decrease 
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with  increasing  distance  into  the  tt  region.  At  sufficiently  high  reverse 
bias  the  field  may  sweep  into  the  P^  region. 
Breakdown  in  silicon^  is  a  multiplicative  process  described  by 


1  r 


(3-1) 


where  M  is  the  multiplication  factor,  W  is  the  space-charge  width,  and 
ai  is  the  rate  of  ionization  which  is  a  strong  function  of  the  field  in  the 
junction.  For  a  PIN  structure,  the  field  is  constant,  at  breakdowTi 
M  approaches  x ,  and 


aiW  =  1. 


(3-2) 


The  ionization  rate  at  breakdown  is  then  a  simple  function  of  the  wddth 
of  the  intrinsic  region.  McKay  and  Wolf^^  have  considered  a^  as  a  func- 
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Fig.  3  —  Impurit}^  charge  and  field  distribution  in  PIN  and  PttN  junctions. 
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tion  of  the  field.  If  ai  is  fixed,  the  field  at  breakdo\ni  can  be  determined. 


The  breakdo\\ii  voltage  is  /     Ed.> 

Jo 


Fig.  4  is  a  plot  of  breakdown  voltage  as  a  function  of  space-charge  p 
width  for  PN  and  PIN  diodes.  The  PIN  values  are  calculated;  the  PN 
data  is  previously  unpublished  data  supplied  by  K.  G.  McKay. 

Some  interesting  observations  can  be  made  from  Fig.  4: 

1.  The  plot  of  breakdown  voltage  versus  barrier  width  for  a  PN  step  \ 
junction  assumes  that  the  space-charge  region  does  not  extend  through ; 
the  high  resistivity  side  of  the  junction.  For  this  class  of  junctions  the 
breakdown  voltage  is  determined  by  the  impurity  concentration  as  shown 
in  Fig.  5.  The  plot  of  breakdown  versus  space-charge  width  for  a  PIN 
diode  assumes  that  the  space-charge  region  extends  from  the  P  to  N 
region  at  very  low  bias,  and  that  it  is  limited  by  the  width  of  the  I  re- 
gion. If  a  constant  field  is  assumed  in  the  I  region,  the  breakdown  volt- 
age is  a  function  of  the  barrier  width. 

2.  Although  the  space-charge  region  can  reach  through  the  I  region 
at  low  bias,  the  avalanche  breakdo^\^l  voltage  is  a  function  of  the  width 
of  the  I  region. 

3.  For  the  devices  considered  here  with  tt  regions  in  the  order  of  10' ' 
cm,  the  maximum  breakdown  voltage  is  in  the  order  of  2,000  volts. 
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Fig.  5  —  Breakdown  voltage  versus  impurity  concentration  for  silicon  step 
junctions. 

S.2  Experiment 

Fig.  5  is  a  plot  of  breakdo\\'ii  voltage  versus  impurity  concentration 
for  silicon  step  junctions.  The  plot  above  300  volts  is  extrapolated  from 
the  data  of  Miller^"  and  Wilson.' 

Capacity  data,  discussed  in  Section  V,  indicates  that  many  devices 
show  body  breakdown.  A  few  rectifiers  break  down  at  voltages  as  high 
as  2,000  volts.  In  many  high  voltage  devices  the  breakdo^^^l  voltage  is  not 
limited  by  geometry  but  by  surface  problems. 

IV   FORWARD    CURRENT-VOLTAGE   CHARACTERISTIC 

4-1  Theory 

It  will  be  shown  in  this  section  that  the  forward  current- volt  age  char- 
acteristic as  well  as  the  reverse  characteristic  can  be  completel\'  explained 
by  considering  both  a  space-charge  region  generated  current  and  a  diffu- 
sion current.  The  diffusion  current  component  must  also  take  into  con- 
sideration the  effect  of  high  injection  levels  of  minority  carriers. 

According  to  the  Shockley-Read-  theoiy,  the  rate  of  recombination, 
U,  of  holes  and  electrons  in  a  semiconductor  is  given  by: 


U  =  -G  = 


pn 


71  i 


Tpo{n  +  rii)  4-  Tno(p  +  Pi) 


(4-1) 
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where  7?,  and  n  are  the  mstantaneous  concentrations  of  holes  and  elec- 
trons, respectively.  When  a  PN  junction  is  forward  biased,  holes  and 
electrons  are  injected  into  the  space-charge  region  which  has  been  re- 
duced in  width.  Some  of  these  carriers  diffuse  through  the  space  charge 
region  and  give  rise  to  the  normal  diffusion  current  when  the  excess 
minority  carriers  recombine  with  majority  carriers  in  field  free  regions. 
The  other  carriers  recombine  according  to  (4-1)  in  the  space-charge  re- 
gion giving  rise  to  what  is  called  the  space-charge  generated  current.  In 
the  reverse  biased  junction,  the  current  is  due  to  carriers  generated  in  the 
space-charge  region;  whereas,  in  the  forward  biased  junction,  the  current 
is  due  to  recombination  of  carriers.  The  quantity  U  is  large  in  the  space- 
charge  region  since  both  p  and  n  are  large  in  this  region.  In  the  field  free 
regions,  however,  one  of  these  quantities  is  usually  small  and  the  product 
deviates  only  slightly  from  rii  . 

The  space-charge  generated  current,  Igc ,  is  given  approximately  by:'" 

V 
2qWn,     ^"^^^2      ,,,,  (4-2) 

where  Vb  is  the  built-in  potential  of  the  junction,  and  /(6)  is  discussed 
in  Reference  12  and  is  approximately  1.5  for  recombination  centers  near 
the  intrinsic  level  as  is  the  case  for  the  diodes  under  consideration.  For 
shallower  recombination  levels  the  function  f(b)  is  much  smaller  and  de- 
pends strongly  upon  the  forward  applied  voltage. 

For  the  forward-biased  junction,  the  space-charge  region  is  narrow, 
the  concentration  gradient  can  be  considered  linear  and  W  is  given  by 
the  following  expression: 

W  =  4.35  X  io'(lj^^\  '  cm,  (4-3) 

where Fjunction  is  the  total  potential  across  the  junction  in  volts  and  a 
is  the  concentration  gradient  at  the  junction  in  cm^^  These  are  given 
by: 

'   junction  '   built-in  ' 

=  kT/q  In  (NANn/nf)  -  V  (4-4) 

=  0.792  -  V. 

Also,  a  =  — ^  6-^^/"°'  for  diffused  junctions,  (4-5) 

'VirDt 

where  Cc  =  surface  concentration  of  diffusant  =  3  X  10    cm    , 
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D  =  diffusion  constant  =  3  X  10~  "  cm  /sec, 

/  =  diffusion  time  =  5.7  X  10  sec, 

Xj  =  junction  depth  below  surface  =  0.003  cm. 

When  these  numbers  are  substituted  into  the  equations,  at  300°  K: 

W  =  9.25  X  10"'(0.792  -  Vf'^  cm.  (4-6) 

For  the  diodes  under  consideration : 

r„c  =  1.2  X  10"'  sec,         r^o  =  0.4  X  10"'  sec. 

When  these  expressions  are  substituted  into  (4-2) ,  one  obtains  at  300°  C : 

T         oo  v/  in-7  sinh  19.31  F  ,2  /,  ^.^ 

/.e  =  2.8  X  10     ^Q  ..^2  -  Vyi^  amp/cm  .  (4-/) 

In  order  to  fit  the  experimental  data,  it  is  necessary  to  multiply  (4-7) 
b}^  a  factor  of  5.  This  may  be  due  to  an  overestimation  of  (r„oTpo)'-  There- 
fore, the  eciuation  which  shall  be  used  in  the  remainder  of  tliis  section 
Avill  be: 

T  1   t   w  in-6     si"l^  19.31  F  ,      2  (.  ON 

he  =  1.4  X  10     ^ojQ2  -  Vyi^  amp/cm  .  (4-8) 

A  plot  of  this  expression  is  given  in  Fig.  6. 

The  normal  diffusion  current  for  low  level  diffusion,   /dl  ,  is  given  by 

/dl  =  h{e'''"'  -  1)  (4-9) 

where  U  is  given  by  (2-1).  /o  for  the  diodes  under  discussion  is  approxi- 
mately 8  X  10"'^  ampere/cm"  at  300°  K.  ^\Tien  the  injected  minority 
carrier  densit}^  approaches  the  equilibrium  majority  carrier  density,  the 
form  of  (4-9)  changes.  The  high  injection  level  diffusion  current,  /dh  , 
is  then  given  by 

/dh  =  /DHo(e^"^''"  -  1),  (4-10) 

where  /dho  equals  qnis/r,  and  s  eciuals  the  A\'idth  of  the  high  resistivity 
region.  For  the  diodes  under  discussion,  /dho  is  approximately  2  X  10" 
amperes/cm  at  300°  K.  A  current-voltage  plot  of  these  currents  at 
300°  K  for  Vr  =  0.50  is  given  in  Fig.  6  together  with  their  sum.  It  can 
be  observed  that  the  resulting  characteristic  starts  with  slope  of  qV/kT 
and  bends  over  to  a  slope  of  qV/2kT  near  0.10  volt.  The  slope  increases 
again  to  near  qV/kT  at  0.35  volts  and  decreases  once  more  to  qV/2kT 
above  0.40  volts  giving  a  bump  to  the  over-all  characteristic. 
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Next,  consider  the  temperature  dependence  of  the  coefficients  of  the 
forward  current  components 


and 
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Fig.  6  —  The  two  components  of  current  for  a  forward  biased  junction. 
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Ui  with  temperature.  Fig.  7  gives  a  plot  of  this  variation.  The  tempera- 
ture variations  of  the  other  parameters  are  all  small  compared  to  that 
of  Wi .  Thus,  as  in  the  case  of  the  reverse  currents,  at  sufficiently  high 
temperatures,  the  diffusion  current  makes  the  more  important  contribu- 
tion. 

In  the  case  of  the  forward  current,  I^c  is  relatively  insensitive  to  the 
distribution  of  impurities;  therefore,  the  results  of  this  section  are  im- 
portant for  all  forward-biased  diodes.  In  high-voltage  diodes,  to  keep  the 
resistive  voltage  drop  small,  it  is  necessary  to  maintain  high  minority 
carrier  lifetime  in  the  center  region.  The  diffusion  length  of  injected 
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Fig.  7  —  The  variation  of  tii  with  temperature. 
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minority  carriers  should  be  the  order  of  or  larger  than  the  center  region 
width. 


4.2  Experimental  Results 

The  forward  characteristics  of  the  five  typical  high  voltage  rectifiers 
mentioned  in  Section  2.2  were  measured  with  a  X-Y  recorder,  and  all 
showed  similar  shapes.  Diode  No.  8  will  be  discussed  in  detail  in  this  sec- 
tion. 

The  forward  current- voltage  characteristic  was  measured  at  three 
temperatures:  220°  K,  300°  K,  and  375°  K.  Measurements  below  cur- 
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Fig.  8  —  The  calculated  and  observed  current-voltage  characteristic  of  a  for-  ! 
ward  biased  junction  at  300°  K. 
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rents  of  one  microampere  were  made  only  at  300°  K.  Currents  above  10 
milliamperes  were  not  measured  since  internal  power  losses  would  cause 
temperature  variations.  The  unit  has  a  junction  area  of  0.015  cm",  junc- 
tion lifetime  of  4  microseconds  at  300°  K,  S  equal  to  0.008  cm,  and  Na 
equal  to  3  X  lO"  cm~l  When  these  numbers  are  substituted  into  the 
expressions  for  the  coefficients,  one  obtains,  at  300°  K, 

I  SCO  =  1.4  X  10~*  amperes, 

/o  =  1.2  X  10~"  amperes. 


DHO 


=  3.0  X  10  *  amperes. 


Fig.  8  shows  a  semilogarithmic  plot  of  the  current -voltage  characteristic 
at  300°  K  over  a  range  of  6|  decades.  The  circles  represent  measured 
points  and  the  solid  line  is  the  theoretical  curve. 

Using  the  variation  of  rii  given  in  Fig.  8  and  the  temperature  variations 
as  given  in  (4-11),  one  can  obtain  the  coefficients  for  any  temperature. 
This  has  been  done  for  two  temperatures,  220°  K  and  375°  K.  Figs.  9 
and  10  show  the  theoretical  and  experimental  plots  at  375°  K  and  220°  K 
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Fig.  9  —  The  calculated  and  observed  current-voltage  characteristic  of  a  for- 
ward biased  junction  at  375°  K. 
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respectively.  The  circles  represent  measured  points  and  the  solid  lines 
are  the  calculated  theoretical  curves.  It  is  observed  that  the  fit  in  Fig. 
9  is  quite  good;  whereas,  the  fit  in  Fig.  10  is  not  as  good  as  at  the  other 
temperatures.  However,  even  this  figure  shows  good  quahtative  agree- 
ment of  the  deviation  from  a  straight  line.  Some  of  the  factor  of  two  dis- 
crepancy in  Fig.  10  can  be  ascribed  to  the  temperature  variation  of  the 
other  parameters,  and  some  to  a  possible  error  in  the  measurement  of 
temperature  which  would  be  reflected  in  the  value  of  rii . 

It  should  be  noted  that  at  all  temperatures  the  IR  drop  in  the  high 
resistivity  region  is  not  observable  to  the  limits  of  the  experimental 
measurements  of  forward  current,  10  milliamperes.  This  is  due  to  the 
fact  that  the  region  has  been  conductivity  modulated  by  the  forward 
current.  This  requires  a  sufficient  minority  carrier  lifetime  in  the  region 
so  that  most  of  the  injected  carriers  diffuse  across  the  region  before  re- 
combming.   Such  lifetimes  can  be  maintained  in  diffused   junctions 
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Fig.  10  —  The  calculated  and  observed  current -voltage  characteristic  of  a 
forward  biased  junction  at  220°  K. 
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to  permit  the  high  resistivity  region  to  be  at  least  as  wide  as  0.025  cen- 
timeters. Thus  even  in  high  voltage  rectifiers  it  is  still  possible  to  design 
the  forward  and  reverse  current  voltage  characteristics  independently. 


V   DEVICE    PROCESSING 


5.1  Silicon  Material 


Fig.  5  shows  that  step  junctions  which  break  down  at  over  a  thou- 
sand volts  must  have  a  background  impurity  concentration  ^  10^^ 
atoms/cm^  The  highest  grade  commercial  semiconductor  silicon  has 
5  X  10^*  impurities/cm^  (20-50  Q  cm  P  type).  This  material  must  be 
processed  to  reduce  the  impurity  level.  To  date,  high  voltage  devices 
have  been  processed  from  four  types  of  high  resistivity  material:  float- 
ing zone  refined,  compensated,  gold  diffused,  and  horizontal  zone  refined 
silicon. 

Some  silicon  was  prepared  by  adding  N-type  impurities  to  reduce 
I  Nd  —  N A  I  <  lO'*.  Maintaining  this  delicate  balance  in  material  where 
Nd  ^^  Na  is  difficult.  The  boron  is  relatively  uniformly  distributed  since 
the  distribution  constant  is  close  to  unity.  N-type  impurities  are  less 
uniformly  distributed  in  the  crystal  since  the  distribution  constants  are 
considerably  less  than  unity.  High  resistivity  compensated  silicon  is  full 
of  N-  and  P-region  striations.  The  units  processed  from  this  material 
generally  had  poor  electrical  characteristics. 

Table  II  is  a  typical  contour  of  a  compensated  crystal.  The  resistivity 
varies  around  the  crystal  and  changes  along  the  length  of  the  crystal. 
At  the  bottom  of  the  crystal  the  resistivity  goes  through  a  maximum. 
The  tail  end  is  converted  from  P  to  N  type. 

A  number  of  devices  have  been  fabricated  from  silicon  processed  with 

Table  II  — ^  A  Typical  Contour  of  a  High 

Resistivity  Compensated  Crystal 
Crystal  A-161,  Oriented  111,  Rotated  ^  RPM 


Resistivity  (r 

cm)  at  Angle 

Distance  from 

Impurity  Type 

seed  (inches) 

0° 

90° 

180° 

270° 

1 

2 

28 

33 

23 

30 

P 

3 
4 

25 

31 

31 

32 

P 

n 

41 

22 

27 

34 

P 

If 

57 

51 

63 

37 

P 

2 

160 

160 

87 

200 

P 

2\ 

510 

520 

— 

— 

— 

2h 

— 

— 

1200 

— 

— 

2f 

2.9 

1.2 

0.8 

0.8 

N 
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Table  III  —  The  Characteristics  of  Some  High  Voltage 
Rectifiers  Processed  from  Gold  Diffused 
and  Zone  Refined  Silicon 


Silicon-Type 


Er  (volts)2 

Ef  (volts 

)' 

TTnit«5l 

lO/iO 

lOO/id 

1  ma 

10  ma 

100  ma 

lA 

Me-512 

30 

120 

500 

0.8 

1 

1.3 

1.61 

513 

22 

200 

600 

1.0 

1.2 

1.5 

0.6 

514 

300 

600 

1000 

0.8 

1 

1.5 

2.1 

515 

300 

500 

1000 

0.8 

1 

1.4 

I.2J 

Me -375 

1200 

1500 

2.5 

3.5 

<ll 

376 

70 

300 

800 

2.5 

4.0 

<1 

377 

16 

120 

700 

3.5 

7 

378 

320 

400 

800 

2.5 

3.5 

J 

Gold  diffusion 
p  ~  16,000  fl  cm 


Floating  zone  refined 
p  ~  6,000  n  cm 


1  These  units  have  an  area  '^  10^'  cm^. 

2  This  is  the  reverse  voltage  at  which  these  units  pass  the  indicated  current. 
^  This  is  the  forward  bias  at  which  tlie  units  pass  the  indicated  current. 

^  This  is  the  lifetime  measured  at  30  milliamperes  forward  current  by  the  pulse 
injected  technique.  The  lifetime  did  not  seem  very  sensitive  to  small  variations 
in  injected  current. 

the  floating  zone  apparatus.^^  This  technique  removes  impurities  from 
molten  siUcon  by  treatment  Avith  hydrogen  containing  water  vapor.  The 
material  obtained  from  this  process  has  an  impurity  level  in  the  range 
of  10''  to  5  X  10''  acceptors/cm'  (2,000  to  16,000  U  cm  P  type). 

Table  III  gives  the  characteristics  of  some  of  the  better  diodes  made 
from  such  floating  zone  sihcon .  The  reverse  currents  are  larger  than  that  pre- 
dicted by  (2.10).  The  lifetime  at  high  injection  is  in  the  order  of  1  ^sec. 

N-type  silicon  with  a  resistivity  range  of  10  to  30  fi  cm  was  diffused 
with  gold  at  1,200°  for  sixteen  hours.  With  this  diffusion  program  the 
gold  is  uniformly  distributed  in  the  material."  The  resistivity  after  gold 
diffusion  was  in  the  range  of  2,000  to  15,000  fi  cm.  The  characteristics 
of  several  devices  processed  from  this  material  are  given  in  Table  III. 
This  technique  has  many  attractive  features;  however,  additional  work 
was  not  done  because  the  lifetime  in  the  diffused  material  was  consist- 
ently lower  than  that  reciuired  for  conductivity  modulation. 

One  successful  purification  technique  is  horizontal  zone  refining  of 
sihcon  in  a  quartz  boat.  With  the  number  of  passes  used,  the  background 
acceptor  concentration  is  observed  to  be  in  the  order  of  5  X  10  to  10 
(100-1,000  fi  cm  P  type).  Most  of  the  devices  reported  in  this  paper  are 
fabricated  from  this  material. 

Capacity  data  for  devices  fabricated  from  various  types  of  high  re- 
sistivity silicon  is  shown  in  Fig.  11.  The  plot  shows  that  the  high  resistivi- 
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CAPACITANCE   IN    MICROMICROFARADS    PER    SQUARE  CENTIMETER 


Fig.  11  —  Capacity/cm^  for  high  voltage  rectifiers  processed  from  various  types 
of  high  resistivity  material. 

ties  measured  by  the  four  point  probe  before  diffusion  are  indicative  of 
the  impurity  level  after  processing.  The  water  vapor  floating  zone  re- 
fined material  has  an  impurity  level  of  lO'"  acceptors/cm^  the  other 
material  is  in  the  range  of  lO'^  to  10^\  The  breakdo^vn  ^'oltage  line  was 
calculated  from  the  data  in  Fig.  5. 

0.2  Diffusion 

In  this  section  some  of  the  practical  difficulties  observed  in  utihzing 
the  diffusion  techniciue  will  be  considered.  In  the  fabrication  of  transis- 
tors close  geometry  control  is  necessary  in  order  to  obtain  the  desired 
device  characteristic.  It  has  been  shown^  that  in  conductivity  modulated 
rectifiers  the  only  geometry  rec[uirement  is  that  the  ^^^dth  of  the  center 
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region  be  less  than  the  diffusion  length  of  the  minority  carrier.  High  sur- 
face concentration  of  diffusant  is  desirable  since  this  facihtates  the  con- 
tact problem.  This  suggests  that  the  diffusion  system  can  be  much  less 
involved  than  that  required  for  diffused  transistors.^^  Some  of  the  data 
presented  in  this  section  will  show  that  the  open  tube  diffusion  tech- 
nique^^ can  lead  to  variations  in  diffusion  parameters. 

The  diffusion  of  impurities  into  silicon  is  complicated  by  variations  in 
the  boundary  conditions  at  the  surface.  Frosch^^  has  shown  that  surface 
concentrations  can  be  varied  over  six  decades. 

5.2.1  Device  Diffusion  Theory 

Several  important  impurity  distributions  have  been  considered  .  Two 
distributions  are  important  in  the  open  tube  process: 

1.  Error  Function  Complement,  ERFC,  Distribution  or  Infinite  Diffus- 
ant Source.  If  the  diffusant  is  deposited  on  the  silicon  and  serves  as  an 
infinite  source,  the  added  impurities  will  have  an  erfc  distribution.  For 
one  diffusant  and  a  fixed  diffusion  program  this  distribution  will  result 
in  the  deepest  penetrations  and  smallest  sheet  resistances  of  all  possible 
distributions.  The  sheet  resistance  is  a  measure  of  the  total  number  of 
added  impurities.  The  data  presented  later  indicates  that  the  added  im- 
purities frequently  have  an  erfc  distribution. 

2.  Gaussian  and  Modified  Gaussian  Distribution.  A  number  of  impurity 
atoms  enters  the  solid,  and  a  surface  barrier  builds  up  with  time  which 
prevents  additional  atoms  from  entering. ^^  Initially,  the  diffusant  is  as- 
sumed to  be  present  in  an  infinitely  thin  layer  at  the  surface  with  diffu- 
sion into  or  out  of  the  material  possible.  In  the  range  of  siHcon  doping 
levels  and  surface  concentrations  used,  a  Gaussian,  modified  Gaussian 
or  erfc  distribution  for  a  given  diffusion  program  lead  to  approximately 
equal  junction  depths. 

The  sheet  resistance  and  the  diffusion  depth  have  been  related  to 
the  surface  concentration  for  an  erfc  distribution.  If  the  distribution  is 
Gaussian  instead  of  erfc,  then  for  the  same  ^^alue  of  sheet  resistance  and 
diffusion  depth  the  surface  concentration  should  be  reduced  by  one-third. 
Since  the  sheet  resistance  is  related  to  the  total  number  of  impurities 
through  a  mobility  term,  quantitative  interpretation  of  the  data  for  any 
case  other  than  erfc  or  Gaussian  distributions  would  be  difficult. 

5.2.2  Experimental  Residts 

The  sheet  resistance  was  measured  by  the  four-point  probe  method, 
and  the  diffusion  depths,  by  angle  lapping  and  staining.^    Surface  con- 


CONDUCTIVITY-MODULATED   SILICON    RECTIFIER 


997 


20 


15  - 


10  - 


m 

^ 
z 


5  - 


12  3  4 

[sxlO'S-gxlO'sJ  [l0'9-4Xl0'9]  [SX  1019  -9X10'9]  [>1020-9  x  lo2o] 

SURFACE    CONCENTRATION   IN    CM"^ 

Fig.  12  —  Distribution  of  surface  concentration  of  28  P2O5  diffusions  bj^  the 
open  tube  deposition  technique. 
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centrations  were  calculated  assuming  an  erfc  distribution."*  All  the 
diffusions  are  on  lapped  silicon  surfaces  in  the  temperature  range  of  1 ,200 
to  1,300°  C. 

Fig.  12  shows  the  distribution  of  surface  concentration  of  28  P2O5 
diffusions  by  the  open  tube  process.  The  surface  concentrations  vary 
from  10^^  to  5  X  10"°  atoms/cm  .  These  values  are  about  a  decade  lower 
than  the  closed  tube  values  of  surface  concentrations  reported  by  Fuller.^^ 

The  measured  diffusion  depths  were  in  the  order  of  2  X  10"^  to 
5  X  10"^  cm.  Fig.  13  shows  the  distribution  of  diffusion  depths  normalized 
with  the  calculated  diffusion  depth  as  unity.  The  diffusion  depths  were 
calculated  from  the  measured  surface  concentration  assuming  an  erfc'^ 
distribution. 

The  observed  variation  in  diffusion  depth  is  difficult  to  explain.  Some 
of  the  possibilities  which  have  been  considered  are: 

1.  The  diffusion  temperature  from  lot  to  lot  would  have  to  be  from  0 
to  50  degrees  below  the  expected  value  to  explain  the  variations.  Dis- 
crepancies this  large  have  not  been  observed. 

2.  One  impurity  distribution  which  may  explain  some  of  the  results 
is  a  modified  Gaussian  with  considerable  out  diffusion.  There  are  some 
runs  with  high  sheet  resistance  and  diffusion  depths  which  are  consistent 
with  this  picture.  Generally  the  sheet  resistances  are  so  small  that  there 
could  not  be  much  out  diffusion. 

3.  Some  workers  have  suggested  the  possibility  of  the  diffusion  con- 
stant being  a  function  of  the  surface  concentration.  Fig.  13  does  not 
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indicate  any  correlation  between  surface  concentration  and  diffusion 
constant. 

The  variations  in  diffusion  process  control  have  not  been  observed  to 
effect  the  production  of  rectifiers.  If  better  geometry  control  is  necessary, 
more  sophisticated  diffusion  tochniriues  are  required. 

VI    PULSE    PROPERTIES    AND    RELIABILITY 

Important  considerations  in  all  diode  applications  are  the  pulse  prop- 
erties and  reliability  in  operation.  In  this  section  some  problems  which 
are  associated  with  avalanche  breakdown  are  described  and  the  result." 
related  to  recent  work  on  surface  and  body  breakdown. 


6.1  Theory 


Several  workers"  have  considered  the  possibility  of  a  negative  resist- 
ance in  the  avalanche  region  for  reverse  biased  junctions  in  which  one 
side  is  either  intrinsic  or  so  weakly  doped  that  the  space  charge  of  the 
carriers  cannot  be  neglected.  A  negative  resistance  might  be  observed 
at  very  high  current  densities  in  an  N'^tt  junction. 

One  possible  source  of  a  negative  resistance  would  be  a  large  tempera- 
ture rise  due  to  current  concentration  at  a  few  points  instead  of  a  uni- 
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form  flow  through  the  junctions.  This  case  is  of  particular  significance 
in  high  voltage  rectifiers  where  small  reverse  currents  result  in  relatively 
large  power.  It  has  been  pointed  out  in  Sections  3.2  and  5.1  that  body 
avalanche  breakdown  is  frequently  not  observed  in  these  devices. 

A\'alanche  breakdown  current  in  silicon  is  carried  by  discrete  pulses 
of  about  50  ^la  at  their  onset  and  increasing  with  increasing  current  to 
about  100  /ua.  Approximate  calculations"^  show  that  the  ionizing  regions 

o 

of  these  microplasmas  are  about  500  A  in  extent,  have  a  current  density 
?^  2  X  10*'  amp/cm^,  and  have  a  net  space-charge  density  ?^  10  /cm  . 
These  pulses  for  junctions  with  ii'm.ix  less  than  500  kv/cm  appear  to  be 
independent  of  junction  width  and  built-in  space-charge.  Rose  considers 
the  statistical  problem  associated  ^^^th  a  large  number  of  pulses  and  pre- 
sents a  picture  which  is  consistent  with  most  of  the  experimental  data. 
He  calculates  the  temperature  rise,  assuming  the  avalanche  power  is 
1  X  10  "  watts  and  is  dissipated  uniformly  in  a  sphere.  The  maximum 
temperature  rise  for  a  cluster  of  two  or  three  pulses  is  in  the  order  of 
25°  C.  For  the  picture  Rose  presents,  the  temperature  rise  due  to,  the 
microplasma  should  be  relatively  insensitive  to  the  breakdown  voltage. 
Thermal  collapse  of  rectification,  i.e.,  increase  of  temperature  until  the 
silicon  is  intrinsic,  will  probably  not  occur  in  the  region  of  avalanche 
multiplication.  Two  important  conclusions  can  be  obtained: 

1 .  Avalanche  breakdown  should  occur  as  a  random  process  with  a  uni- 
form probability  over  the  junction.  Large  temperature  rises  due  to  a 
breakdown  of  microplasma  will  probably  not  occur  since  the  resulting 
temperature  rise  would  cause  the  breakdown  voltage  in  that  spot  to 
increase.  The  power  is  dissipated  throughout  the  path  of  the  current 
pulse  in  the  space-charge  region. 

2.  A  thermal  effect  in  silicon  due  to  heating  by  the  small  plasma  has  a 
very  short  time  constant  of  the  order  of  lO""^"  seconds.'^  It  is  not  possible 
to  separate  a  thermal  effect  of  this  type  by  reducing  the  pulse  width. 
The  heating  and  cooling  time  is  short  compared  to  the  pulse  time  in  these 
experiments. 

The  pulse  properties  of  a  junction  would  be  ciuite  different  if  the  break- 
down occurred  at  one  spot  instead  of  many  spots  distributed  over  the 
junction.  Breakdown  at  a  single  spot  on  the  surface  has  been  observed.  " 

6.2  Experimental  Results 

Many  rectifiers  were  given  a  voltage  pulse  which  carried  them  into 
breakdown.  There  was  a  wide  distribution  of  V-I  characteristics.  Many 
diodes  did  not  show  a  negative  resistance  up  to  the  maximum  instan- 
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taneous  power  the  pulser  could  deliver,  okw.  These  diodes  are  not  con- 
sidered in  the  subsequent  analysis. 

The  diodes  were  subjected  to  50  yusec  triangular  voltage  pulses  which 
would  send  them  into  breakdown.  Variations  in  pulse  conditions  did  not 
effect  the  I-"\^  characteristic  until  large  pulses  destructively  damaged  the 
unit. 

Fig.  14  is  a  sketch  of  a  typical  Y-l  characteristic  and  Fig.  15,  shows  the 
voltage- versus-time  characteristic  for  a  diode  with  a  negative  resistance. 
The  V-I  curve  can  be  broken  into  four  regions: 
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Fig.  14  —  A  typical  V-I  characteristic  for  a  diode  in  which  a  negative  resistance 
is  observed. 
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Fig.  15  —  A  tj'pical  V-T  characteristic  for  a  diode  in  which  a  negative  re- 
sistance is  observed. 
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1.  A  high  impedance  state  before  the  breakdown  voltage  is  reached. 

2.  A  current  required  to  turn  on  the  negative  resistance;  this  cur- 
rent varies  from  10~  to  1  amp. 

3.  The  transition  to  a  low  impedance  state. 

4.  The  low  impedance  region  in  which  the  current  is  probably  limited 
by  the  circuit  impedance. 

The  V-T  curve  can  be  broken  in  four  regions: 

1.  The  time  it  takes  the  pulse  to  reach  the  breakdown  voltage. 

2.  The  time  the  diode  can  maintain  the  breakdown  voltage  less  than 
1  jusec.  This  is  beyond  the  resolution  of  the  oscilloscope. 

3.  The  time  required  to  fall  to  the  low  voltage  (low  impedance)  state, 
is  less  than  1  /isec. 

4.  The  remainder  of  the  pulse  in  the  low  voltage  state. 

Fig.  16  is  a  plot  showing  the  current  and  voltage  required  to  turn  on  a 
negative  resistance  in  several  power  rectifiers  (area  -^  10~"  cm).  To 
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Fig.  16  —  Current  and  voltage  required  to  turn  on  a  negative  resistance  in 
several  power  rectifiers  (A  '-^  10~^  cm^). 
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consider  the  spread  of  breakdown  voltage,  the  data  was  normalized  to 
the  instantaneous  power  required  to  turn  on  a  negative  resistance.  This 
turn-on  power  was  the  turn-on  power  multiplied  by  the  voltage. 

Fig.  17  is  a  plot  of  the  distributions  of  turn-on  power  for  the  rectifiers 
which  had  a  negative  resistance  plotted  as  a  log  normal  distribution  on 
probability  paper.  The  median  value  for  the  turn-on  power  is  1.2  watts. 
Eighty  per  cent  of  these  diodes  went  into  a  negative  resistance  condition 
at  powers  between  0.1  and  10  watts.  Many  diodes  could  dissipate  several 
kilowatts  with  no  negative  resistance.  These  were  not  included. 

Experiments  show  that  devices  which  show  surface  breakdown  will 
collapse  at  power  levels  which  are  orders  of  magnitude  below  that  ob- 
served for  devices  in  which  body  breakdo^Mi  is  observed. 

The  picture  is  more  cloudy  with  smaller  area  rectifiers  (area  •^  10"^ 
cm").  In  these  devices  it  was  not  possible  to  predict  the  pulse  properties 
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Fig.  17  —  The  distribution  of  turn-on  power  for  rectifiers  {A  ^^  10~^  cm^)  in 
which  a  negative  resistance  is  observed  plotted  a.s  a  log  normal  distribution  on 
probability  paper. 
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of  the  device  from  the  reverse  I-V  characteristic.  This  may  be  attributed 
to  the  decrease  in  poAver  capabilities  of  the  body  breakdown  process  in 
the  smaller  devices.  This  also  suggests  that  the  smaller  devices  have  a 
less  severe  surface  problem. 

The  distribution  of  turn-on  power  for  a  few  hundred  small  area  recti- 
fiers (A  '^  10~  cm")  is  shown  in  Fig.  18.  The  median  of  the  distribution 
occurs  at  40  watts.  Eighty  percent  of  the  miits  will  show  a  negative  re- 
sistance when  pulsed  at  power  levels  between  3  and  500  watts. 

VII   CONCLUSION 

High  voltage  rectifiers  have  been  fabricated  using  several  sources  of 
high  resistivity  material  employing  an  uncomphcated  diffusion  process. 
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Fig.  18  —  The  distribution  of  turn-on  power  for  small  area  rectifiers  {A 
cm^)  plotted  as  a  log  normal  distribution  on  probability  paper. 
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The  most  consistent  results  were  obtained  using  horizontal  zone  refined 
silicon.  The  open  tube  diffusion  technique  has  sufficient  control  to  satisfy 
the  fabrication  requirements.  j 

The  magnitudes,  voltage  and  temperature  dependences  of  both  the  j 
forward  and  reverse  currents  of  silicon  rectifiers  can  be  explained  by  in-  < 
eluding  a  recombination  level  near  the  middle  of  the  forbidden  energy  ; 
gap.  Design  equations  for  the  forward  and  reverse  characteristic  of  a  j 
diode  are  presented  for  several  important  cases.  The  breakdown  voltage  { 
of  the  high  voltage  devices  was  shown  to  be  a  function  of  the  width  of  i 
the  high  resistivity  region. 

One  unsolved  problem  is  the  surface  limitation  of  breakdown  voltage  ' 
and  reverse  currents.  This  has  been  observed  to  decrease  the  breakdowTi 
voltages  and  increase  the  reverse  currents  to  undesirable  levels. 
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Coincidences  in  Poisson  Patterns 

By  E.  N.  GILBERT  and  H.  O.  POLLAK 

(Manuscript  received  August  3,  1956) 

A  number  of  practical  problems,  including  questions  about  reliability  of 
Geiger  counters  and  short-circuits  in  electric  cables,  reduce  to  the  mathe- 
matical problem  of  coincidences  in  Poisson  patterns.  This  paper  presents 
the  probability  of  no  coincidences  as  well  as  asymptotic  formulas  and  simple 
bounds  for  that  probability  under  a  variety  of  circumstances.  The  probability 
of  exactly  N  coincidences  is  also  found  in  some  cases. 

IXTRODUCTIOX 

A  number  of  practical  problems  are  questions  about  what  we  call 
"coincidences"  in  Poisson  patterns.  In  c?-dimensional  space,  a  Poisson 
pattern  of  density  X  is  a  random  array  of  points  such  that  each  infinitesi- 
mal volume  element,  dV,  has  probability  \dV  of  containing  a  pomt, 
and  such  that  the  numbers  of  points  in  disjoint  regions  are  independent 
random  variables.  Then  a  volume,  V,  has  probability 


(xy)' 


e 


of  containing  exactly  k  points.  A  coincidence,  in  our  usage  of  the  word, 
is  defined  as  follows:  We  imagine  a  certain  fixed  distance  8  to  be  given 
in  advance;  two  points  are  then  said  to  be  coincident  if  they  lie  within 
distance  8  of  one  another. 

Examples 

The  best-known  case  of  a  coincidence  problem  concerns  Geiger  coun- 
ters. In  the  simplest  mathematical  model,  there  is  a  short  dead-time  5 
after  each  count  during  which  other  particles  can  pass  through  the 
counter  without  registering  a  count.  In  our  present  terminology,  a  count 
is  missed  whenever  two  particles  traverse  the  counter  with  coincident 
times  of  arrival.  The  same  problem  is  encountered  with  telephone  call 
registers. 
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Another  example  arises  in  the  manufacture  of  electric  cable.  Each 
Avire  in  a  cable  is  covered  with  an  insulation  which  contains  occasional 
flaws.  When  the  cable  is  assembled  it  will  fail  a  short  circuit  test  if  it 
contains  a  pair  of  wires  such  that  a  flaw  on  one  wire  Ues  within  some 
distance  5  of  a  flaw  on  the  other  wire.  In  a  similar  way,  coincident  flaws  , 
in  the  insulation  of  the  wire  from  which  a  coil  is  wound  can  lead  to  fail-  ! 
ure  of  the  coil. 

There  are  also  some  problems  in  the  development  of  certain  military 
systems  which  lead  to  the  consideration  of  coincidences  in  Poisson  pat- 
terns. 

Outline  of  Work 

Our  primary  aim  is  to  study  the  probability  of  no  coincidences  under 
various  circumstances.  In  Part  I,  we  examine  coincidences  of  two  differ- 
ent Poisson  patterns,  of  densities  X  and  n  respectively,  on  a  line  of  length 
L.  Here  we  do  not  count  two  points  of  the  sa?ne  pattern  within  a  distance 
8  as  giving  a  coincidence.  A  set  of  integral  equations  yields  the  probability 
of  no  coincidences  as  well  as  an  asymptotic  formula  and  upper  and  lower 
bounds. 

In  Part  II,  we  study  the  probability,  Fo{L),  of  no  coincidences  for  a 
single  one-dimensional  Poisson  pattern  of  density  X.  These  results  may 
also  be  interpreted  as  the  distribution  function  for  the  minimum  distance 
between  pairs  of  points  of  a  Poisson  pattern.  Sample  formulas  are  the 
asymptotic  formula  (for  large  L) 

^«(^)  ^  T^ mAtJK ^1  ^~"^ 

(X  -  a)[l  +  6(X  -  a)] 

and  the  bounds  (vaUd  for  all  L) 

where  s  =  —a  is  the  largest  real  root  of 

The  problem  of  n  Poisson  patterns,  all  of  the  same  density  X,  is  ex- 
amined in  Part  III.  Coincidences  are  now  counted  between  points  of  any 
two  distinct  patterns. 

The  one-dimensional  problems  of  Parts  I-III  succumb  readily  to  ana- 
lytic techniques.  We  can  find  exact  expressions  for  the  probabilities  of 
no  coincidences  in  Parts  I-III.  Two  entirely  different  met  hods  of  deriving 


COINCIDENCES   IN    POISSON    PATTERNS  1007 

exact  results  are  available  and  are  illustrated  in  Parts  II  and  III.  Un- 
fortunately, the  exact  formulas,  although  they  are  finite  sums,  contain  a 
luunber  of  terms  which  grows  with  L.  Much  of  our  effort  has  been  di- 
rected toward  finding  good,  easily  computed  bounds  and  asymptotic 
formulas. 

The  probabilities  of  having  exactly  iV  coincidences  are  also  obtainable 
but  they  have  more  complicated  formulas.  A  detailed  derivation  is  given 
only  in  Part  II. 

In  Part  IV,  we  consider  the  probability  of  no  coincidence  in  higher 
dimensional  problems.  The  methods  of  Parts  I-III  fail  in  higher  di- 
mensions, but  we  are  still  able  to  derive  some  bounds.  An  exact  formula 
is  derived  for  the  probability  of  no  coincidences  within  a  single  two- 
dimensional  Poisson  pattern  in  a  rectangle  with  sides  ^  25.  We  also  give 
particular  attention  to  coincidences  in  a  three-dimensional  cylinder. 

Part  V  contains  numerical  results. 

Reduction  of  the  Examples  to  the  Theory 

We  now  wish  to  see  how  answers  bearing  on  the  practical  problems 
previously  listed  may  be  found  from  this  stud3^ 

The  literature  on  Geiger  counters  (see  bibliograph}^  in  Feller  )  is  con- 
cerned with  statistics  of  the  number  of  counts  registered  in  a  given  long 
time,  /.  The  basic  problem  is  to  test  the  hypothesis  that  the  particles 
arrive  in  a  Poisson  sequence.  To  this  problem,  then,  are  relevant  the 
formulas  for  the  probability  of  N  coincidences  in  one  pattern  given  in 
Part  II,  and  the  bounds  and  asymptotic  results  there  derived. 

The  problem  of  coincident  flaws  in  an  electric  cable  is  three-dimen- 
sional, and  we  have  various  approaches  leading  to  the  probability  of  no 
coincidences  which  are  valid  under  different  circumstances.  If  the  cable 
contains  only  two  wires  (with  possibly  different  flaw  densities),  then  the 
problem  reduces  to  the  one-dimensional  case  of  coincidences  between 
two  Poisson  patterns  treated  in  Part  I.  If  the  diameter  of  the  cable  is 
small  with  respect  to  8,  and  if  the  density  of  flaws  is  the  same  on  each  of 
the  n  wires  in  the  cable,  we  have  the  situation  of  )i  identical  patterns 
treated  in  Part  III.  If,  in  addition,  n  is  very  large,  we  may  ignore  the 
fact  that  coincident  flaws  on  a  single  wire  do  not  cause  short  circuits, 
and  think  of  coincidences  within  a  single  pattern  (Part  II).  AVithout  the 
assumption  that  the  diameter  of  the  cable  is  small  with  respect  to  8,  the 
problem  is  no  longer  reducible  to  a  one-dimensional  form.  Section  4.4 
is  especially  devoted  to  thick  cable,  and  to  producing  a  lower  bound  for 
the  probabilit}^  of  no  coincidences  in  this  three-dimensional  situation. 

The  literature  on  Poisson  patterns  in  a  line  segment  contains  the  fol- 
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lowing  related  papers.  C.  Domb'  finds  the  distribution  function  for  the 
total  length  of  the  set  of  points  lying  within  distance  5  of  a  pattern  point. 
P.  Eggleton  and  W.  O.  Kermack'  and  also  L.  Silberstein"  consider  ag- 
gregates, Avhich  are  sets  of  k  pattern  points  all  contained  in  an  interval 
of  length  b.  In  the  special  case  k  =  2,  aggregates  are  our  coincidences. 
These  authors  find  the  expected  number  of  aggregates  but  not  the  prob- 
ability of  A^  aggregates. 

I    CONCIDENCES    BETWEEN   TWO    PATTERNS 

1.1  Integral  Equation 

Consider  two  Poisson  patterns  of  points  on  the  real  Une,  the  first  \nth 
density  X  (points  per  unit  length)  and  the  second  with  density  n.  We  want 
the  probability  F{L)  that  in  the  segment  from  0  to  L  there  is  no  coinci- 
dence between  a  point  of  pattern  No.  1  and  a  point  of  Pattern  No.  2. 
F{L)  will  be  formulated  in  terms  of  the  conditional  probabilities 

Pi(L)  =  Prob  (no  coincidence,  given  Pattern  No.  1  has  point  at  L), 

P^iL)  =  Prob  (no  coincidence,  given  Pattern  No.  2  has  point  at  L). 

If  L  ^  5,  Pi(L)  and  P2{L)  are  the  probabilities  that  patterns  No.  2 
and  No.  1  are  empty: 

Pi(L)  =  e-'\         Po(L)  =  e-'\    if     L  ^  5.  (1-1) 

If  L  >  6  and  Pattern  No.  1  contains  a  point  at  L,  there  are  two  ways 
that  no  coincidences  can  occur.  First,  Pattern  No.  2  may  fail  to  have  any 
points  anywhere  in  the  interval  [0,  L].  The  probability  of  this  event  is 
exp  —  ijlL.  The  second  possibility  is  illustrated  in  Fig.  1  (using  circles  for 
points  of  Pattern  No.  1  and  crosses  for  points  in  Pattern  No.  2).  Pattern 
No.  2  has  points  in  (0,  L) ;  the  one  closest  to  L  is  at  ?/  <  L  —  5.  Since 
the  interval  {y,  L)  contains  no  points  of  Pattern  No.  2,  the  probability 
of  finding  this  closest  point,  y,  in  an  interval,  dy,  is 

exp  l-niL  -  y)]iJL  dy. 

The  interval  (y,  y  +  b)  must  be  free  from  points  of  Pattern  No.  1  (prob- 


NO  COINCIDENCES  EMPTY  NO  CROSSES 

_j . I . 


1 ■ ^/ — 

■^<r^ -^ ^'^ \ 0^ © 

U  u  +  (f  L 


Fig.  1  —  Patterns  without  coincidence. 
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ability  exp  (  — X5))  and  the  interval  (0,  y)  must  contain  no  coincidences 
(probability  Poiy)).  One  obtains  finally 

.L-8 


PiiL)  =  e-'' 
and  similarly 


1  +  t^e-''  f       e^'P.Xy)  dy 
Jo 


(1-2) 


l  +  Xe-^^jT^     ^'Pr(y)dyj.  (1-3) 


The  solutions  Pi(L)  and  P^iL)  are  determined  uniquely  by  (1-1), 
(1-2)  and  (1-3).  For  (1-1)  determines  them  for  0  ^  L  ^  6  and  the  in- 
tegrations indicated  in  (1-2)  and  (1-3)  will  provide  the  solutions  in  0  ^ 
L  ^  (h  +  1)6  when  they  are  known  in  0  ^  L  ^  728.  Pi{L)  and  P^iL) 
are  piecewise  analytic;  the  analytic  form  of  the  solution  changes 
each  time  L  passes  an  integer  multiple  of  5.  These  analytic  expressions 
soon  become  complicated  and  are  less  useful  than  the  bounds  and  ap- 
proximations given  later  on. 

To  compute  F{L),  consider  the  last  place  before  L  at  which  either  Pat- 
tern No.  1  or  No.  2  has  a  point.  The  probability  that  this  last  point  lies 
between  x  and  x  +  dx  and  belongs  to  Pattern  No.  1  is  exp  [—(X  +  n) 
{L  —  x)]\  dx  (Fig.  2).  This  term  multiplied  by  Pi(.r)  and  integrated  from 
0  to  L  gives  the  probability  of  no  coincidences  if  the  last  point  is  a  circle. 
A  similar  integral  gives  the  probability  if  the  last  point  is  a  cross.  Finally 
there  is  probability  exp  [— (X  +  ^)L]  that  neither  pattern  has  a  last 
point  [i.e.,  (0,  L)  empty].  Then 


F{L)  =  e 


-(X+M)i' 


1  +  I'  e^'^^^^(XP:(.T)  -f  f.P,ix))  dx~^  .       (1-4) 


1.2  Solution  by  Laplace  Transforms 
For  i  =  1  or  2,  let 


pXs)  =   f    Pi(L)e-*^  dL.  (1-5) 

Jo 

Replacing  Pi(L)  in  (1-5)  by  (1-1)  for  0  ^  L  ^  5,  by  (1-2)  for  5  ^  L, 


NO  COINCIDENCES                                                       EMPTY 
! I 


'I'CT) t+i i^^K 0101 

X   x  +  dx 

Fig.  2  —  Patterns  without  coincidence. 
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and  interchanging  the  order  of  integration  of  a  double  integral, 


Similarly, 


so  that 


-(X+M+s)«^ 


(s  +  \)pXs)  =  1  +  \e-''^''^'>'pXs), 


(  N   _  s  -\-  \  -\-  y.e ,      X 

'P^^^^  -  (s  +  x)(s  +  m)  -  XMe-'(x+M+«)a '  ^'■''^ 


and 


I  I      >.     — (X+/j+s)5 

^'^^^        (s  +  \){s  +  m)  -  XMe-2^^+''+^^*" 
Likewise,  using  (1-4),  the  Laplace  transform /(s)  of  F{L)  is 

1  +  X/>i(s)  +  M?>2(s) 


/(s)   = 


A  +  M  +  s 


As  one  might  expect  from  the  piecewise  analytic  character  of  Pi{L) 
and  Pi{L)  there  is  no  convenient  way  of  transforming /(s)  back  to  F{L). 
By  evaluating  residues  of /(s)  exp  (sL)  at  the  poles  of /(s)  one  might  ex- 
press F{L)  as  an  infinite  series  of  exponential  terms.  The  most  slowly 
damped  term  in  this  series  can  be  expected  to  approximate  F{L)  when  L 
is  large.  The  poles  of  /(s)  are  at  the  zeros  of  the  denominator  D{s)  of  ' 
Pi(s)  and  p2(s): 

D{s)  =  (s  -F  X)(s  +  m)  -  \tJ^c-''^-"'^''\  (1-9) 

Since  D{x)  >  0  for  x  ^  0  and  both  D{  —  X)  and  D{  —  ix)  are  negative, 
it  follows  that  D{s)  has  a  real  zero  s  =  —a  ^^■ith  a  <  IVlin  (X,  ^x). 

The  zero  s  =  —a  of  Z)(s)  is  the  one  with  the  largest  real  part.  For, 
letting  s  =  .T  +  iy,  we  have  in  the  half  plane  .r  ^   —a 


(s  +  X)(s  +  m)  I  -  Xm  i  e" 


-2(\+M+s)« 


^  (.r  +  X)-(.i-  +  m)  -  Xiie"''^^"^'''  ^  0. 


Also,  if  !j  ^  0  the  ^  sign  in  the  above  proof  can  be  replaced  by  >  and 
one  concUides  that  all  other  zeros  of  D{s)  =  0  satisfy 

Re  6'  <  -  h 
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for  some  h  >  a  (note  that  the  left  hand  side  of  the  preceding  inequahty 
does  not  approach  0  as  ?/  approaches  ±  co ) . 
The  pole  of /(s)  at  s  =  —a  contributes  to  F{L)  a  dominant  term 

F(T)  ~  X'  +  m'  -  (X  +  M)a  +  2X^6"^'^'''°^^  -aL     ^  jQS 

^   ^  ^  (\-\-  n  -  a)[K  +  M  -  2a  +  25(X  -  a)(n  -a)] 

In  (1-10)  the  error  is  0(exp  —  bL)  for  large  L. 
When  8  is  small,  we  find  a  =  2\n8  +  0(5")  and  (1-10)  becomes 

F(L)  ^  [1  +  0(6')]  exp  -  [2Xm5  +  0(5')]L.  (1-11) 

It  is  interesting  to  note  that  a  simple  heuristic  argument  also  leads  to  a 
formula  like  (1-11).  When  5  is  small  and  L  is  large,  one  expects  that  the 
intervals  of  length  25  which  contain  points  of  Pattern  No.  1  at  their  cen- 
ters will  comprise  a  total  length  near  (XL)  (25)  of  the  line  segment  (0,  L) . 
The  probabiUty  that  a  set  of  length  2XL5  shall  be  free  of  points  of  Pat- 
tern No.  2  is  exp  —  2Xm5L. 

1.3  Bounds 

In  this  section  we  derive  some  relatively  simple  expressions  which  are 
good  upper  and  lower  bounds  on  F(L) .  Both  bounds  have  the  same  func- 
tional form: 

K{A,  B;  L)  =  h±±J^  e--  +  fi  _  ^^^  ^  ^^  )  e'''^^''.     (1-12) 
X-f-ju  —  a  \         \  -\-  ti  —  a/ 

In  (1-12),  a  is  again  the  smallest  real  solution  of  D(  — a)  =  0.  .4  and  B 
are  positive  constants  which  are  related  by 

A     _  M  -(X+M-a)S    _    X    —    g      (X+^_a)5  (1-13) 

B       n  —  a  X 

K{A,  B;  L)  becomes  an  upper  bound  or  a  lower  bound  depending  on  ad- 
ditional restrictions  which  will  be  placed  on  A  and  B. 

To  get  the  lower  bound,  we  restrict  .4  and  B  by  the  inequalities 

A  <  e'"-"',        B  <  e'"-^'',  (1-14) 

and 

A<(l-f\e''\        B<(\-^^e'\  (1-15) 

We  first  prove  that  (1-13),  (1-14),  and  (1-15)  imply 

Pi(L)  >  Ae-''\         PoXL)  >  Be'"''.  (1-16) 
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When  0  ^  L  ^  5,  (1-16)  holds  because  of  (1-1),  (1-14),  and  the  in- 
equaUties  a  <  \,  a  <  fi.  li  (1-16)  were  not  true  for  all  L  there  would  be 
a  smallest  value,  say  L  =  X  >  6,  at  which  at  least  one  of  the  inequali- 
ties (1-16)  would  become  an  equality.  Suppose  the  inequality  (1-16)  on 
Pi(Z)  fails.  Usmg  (1-16)  for  L  <  X,  and  (1-2), 

Pi(X)  >  e-"^  (  1  +  B^jie-'' ) 

\  n  -  a        / 

>  Ae-''  +  (  1  -  5  J^^—  )  e-'""     by     (1-13), 

>  Aq-""^     by     (1-15). 

This  contradicts  our  assumption  that  (1-16)  fails  for  Pi(X).  A  similar 
proof  shows  (1-16)  cannot  fail  for  PiiX). 

Having  proved  (1-16)  we  now  substitute  these  bomids  into  (1-4)  and 
integrate  to  get  F{L)  >  K(A,  B;  L). 

To  make  (1-12)  into  an  upper  bound  it  is  only  necessary  to  replace 
(1-14)  and  (1-15)  by 

^  >  1,        B  >  1,  (1-17) 

and 

A>(l-^  e'\        B>(l-^  e^'.  (1-18) 

The  proof  that  now  F(L)  <  K{A,  B;  L)  proceeds  exactly  as  before 
but  with  all  the  inequality  signs  reversed. 

Both  bounds  are  dominated  by  an  exponential  term  exp  —  aZ,  as  is 
the  asymptotically  correct  formula  (1-10).  In  typical  numerical  cases  the 
coefficients  multiplying  this  term  in  the  three  formiilas  agree  closely.  A 
numerical  case  is  given  in  Part  V. 

1 4  Probability  of  N  Coincidences 

The  methods  of  Sections  1.1  and  1.2  can  also  be  used  to  find  the  prob- 
ability Fn{L)  that  there  be  exactly  N  coincidences  in  the  interval  (0,  L). 
It  might  appear  most  natural  to  define  N  to  be  the  number  of  pairs  of 
points  (x,  z),  X  from  Pattern  No.  1,  z  from  Pattern  No.  2,  such  that 

I  .r  -  .-  I  <  6.  (i) 

However,  we  add  the  additional  requirement  that  x  and  z  be  "adjacent" 
points;  i.e. 

the  interval  {x,  z)  is  empty.  (ii) 
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For  example,  in  Fig.  3,  we  would  count  iV  =   6  coincidences  even 
!  though  there  are  18  pairs  which  satisfy  (i).  In  cable  problems  it  appears 
I  reasonable  to  count  coincidences  as  above.  If  we  assume  that  all  flaws 
are  equally  bad,  then  a  short  circuit  is  likely  to  develop  only  across  an 
,  adjacent  coincidence;  our  N  is  the  number  of  places  on  the  cable  at 
which  a  short  circuit  can  form.  Another  interpretation  is  that  the  cable 
can  be  cut  into  exactly  iV  +  1  pieces  each  of  which  contain  no  coinci- 
dences. 

Let  Pi,n{L)  be  the  conditional  probability  of  having  N  coincidences 
in  (0,  L)  knowing  that  there  is  a  point  of  Pattern  No.  1  at  L.  The  Lap- 
lace transform  of  Pi,n{L)  turns  out  to  be  the  coefficient  of  t^  in  a  generat- 
ing function  of  the  form 


'& 


VAt,  s)  - 


(X  +  s)(m  +  s)  -  X/xfi^' 
where  0  =  g-(^+''+«^^Q  _/)_!_/  Interchanging  X  and  /x  one  gets  the  gen- 
erating function  p2{t,  s)  for  the  Laplace  transform  of  the  probability 
P2,n{L)  of  A^  coincidences,  given  a  point  of  Pattern  No.  2  at  L.  Finally 
the  Laplace  transform  of  F.w{L)  is  the  coefficient  of  t^.  in  the  generating 
function 

1  -  6-^^+^+^^^  +  \p,(t,  s)  +  mit,  s) 


fit,  s) 


X  +  /i  +  s 


Since /(/,  s)  is  a  rational  function  of  /,  it  is  easy  to  find  the  coefficient  of 
t'  .  The  poles  of  this  function  are  again  just  zeros  of  D(s).  Now,  however, 
the  poles  are  higher  order  poles.  For  large  L  an  asymptotic  formula  for 
Fn{L)  has  the  form  exp  —  aL  times  a  polynomial  in  L  with  degree  de- 
pending on  N. 

For  more  details  about  this  method  we  refer  the  reader  to  Part  II 
where  a  similar,  but  less  involved,  calculation  is  carefully  done. 

II   SELF-COINCIDENCES   IN    ONE    POISSON    PATTERN 

2.1  Integral  Equation 

In  this  part  we  shall  consider  a  single  one-dimensional  Poisson  pattern 
with  density  X  and  ask  for  the  probability  Fn{L)  that  in  the  interval 
(0,  L)  the  pattern  have  exactly  iV  coincidences.  We  count  comcidences 

I ^^ ^ — I    (T:0 X  )(  )(   0 *e@ 1 

0  (T  L 

Fig.  3  —  Patterns  with  six  coincidences. 


^-;    e-",        alliV. 

(2-1) 

}!:^]Z.e-'\        Nil. 

(2-2) 
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as  in  Section  1.4;  a  pair  (x,  z)  of  pattern  points  contributes  one  coinci- 
dence to  the  total  number  A^  only  if  both  |  a;  —  2  |  <  5  and  the  interval 
between  x  and  z  is  empty. 

Note  that  Fo{L)  is  related  to  the  distribution  function  for  the  mini- 
mum distance  between  the  points  of  the  pattern  in  (0,  L) : 

Prob  (min.  dist.  ^6)  =  1  -Foil), 

where  it  must  be  remembered  that  Fo(L)  is  a  function  of  8. 

As  in  Part  I,  we  first  define  the  conditional  probabilities  Pn{L)    = 
Prob  (exactly  A^  coincidences  in  (0,  L),  given  a  point  at  L).  We  then 
have  the  following  equations: 

UL  a,       PAL)  = 

If  L  >  6,  and  A''  ^  1,  the  probability  of  exactly  N  coincidences  in  (0,  L) 
equals  the  probability  of  A^  coincidences  up  to  the  last  point  of  the  pat- 
tern in  the  interval  (0,  L)  —  and  if  there  are  to  be  any  coincidences,  there 
must  be  points  of  the  pattern  in  (0,  L).  Hence,  if  L  >  5,  A^  ^  1, 

Fn{L)  =   \'  PAL  -  y)e-^'X  dy.  (2-3) 

If  A^  =  0,  the  same  argument  applies,  but  there  is  also  the  possibility 
that  there  are  no  points  at  all  of  the  pattern  in  (0,  L).  Hence,  if  L  >  5, 

F,{L)  =  e-^'  +   f '  Po(L  -  y)e-^\  dy.  (2-4)  : 

Now  let  us  consider  the  case  where  there  is  a  point  of  the  pattern  at  L. 
Then  if  the  last  point  preceding  L  is  between  L  —  8  and  L,  this  point 
and  the  point  at  L  will  create  a  coincidence;  if  there  is  no  point  within 
(L  —  8,  L),  then  all  coincidences  are  within  (0,  L  —  8).  Hence,  if  L  >  5, 
and  A^  ^  1, 

p^L)  =   [   Ps-x{L  -  y)\e-'"dy  +  f-'V^(L  -  8).         (2-5) 
Jo 

For  the  case  A^  =  0,  we  cannot  allow  a  point  in  the  interval  (L  —  8,  L), 
and  hence,  if  L  >  8, 

P,(L)  =  e-^'F,{L  -  8).  (2-6) 
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2.^  Laplace  Transform  of  Fn{L) 

To  analyze  the  system  of  equations  which  is  given  by  relations  (2-1) 
through  (2-6) ,  we  introduce  the  generating  functions 

f{L,t)  =  ZFAL)^, 

and 

p(L,t)  =  f:PAL)f. 

If  L  >  5,  we  obtain  from  (2-3)  and  (2-4)  the  relation 

e^'-fiL,  0   =  1  +   f    v(w,  Oe'^X  dw,  (2-7) 

and  from  (2-5)  and  (2-6)  the  relation  (again  if  L  >  8) 

'p{L,  0  =  \t  C    p{w,  Oe'"  dw  +  e^''-''f{L  -  5,  0-        (2-8) 


XL 

e 


If  we  differentiate  (2-7)  and  (2-8)  with  respect  to  L,  and  then  apply 
(2-7)  differentiated  to  simphfy  the  last  terms  of  (2-8)  differentiated,  we 
obtain,  still  only  f or  L  >  8, 

f'iL,  t)  +  X/(L,  0  =  ^P(L,  i),  (2-9) 

p'(L,  0  +  X(l  -  t)p{L,  t)  =  \e-^\l  -  t)p{L  -  8,  t).     (2-10) 

It  is  easy  to  check  from  (2-1)  and  (2-2)  that  if  L  ^  5,  then 

/T  ,N  -XL  (1-0 

p{L,  t)  =  e 
and 

and  hence  (2-9)  is  valid  for  all  L,  but  the  left  side  of  (2-10)  vanishes  if 
L  ^  8.  Hence  we  may  take  Laplace  transforms  of  (2-9)  and  (2-10).  If 
we  define 


and 


Ais,t)  =    r  f{L,  t)e-'' dL, 
Jo 

.   B{s,  0  =   [    p{L,  Oe-^"  dL, 

JO 
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we  obtain  from  (2-9) ,  which  we  now  know  to  be  valid  for  all  L,  [ 

(X  +  s)A{s,  t)  -  I  =  XB{s,  t),  (2-11) 

and  from  (2-10),  by  recalling  that  the  left  side  vanishes  for  L  ^  d, 

sB(s,  0  -  1  +  X(l  -  t)B{s,  t)  =  X(l  -  t)e~^'^^^'B{s,  t).     (2-12) 
Hence 


B(«. ')  = ,  +  x(i  -  m  -  .-<.+».|  •  (2-13) 


and 


A{s,  t)  =  -4-  (1  +  XE(s,  0). 

X  -f-  s 

If  we  denote  the  Laplace  transforms  of  Pn{L)  and  Fn{L)  by  Pn{s)  and 
/jv(s)  respectively,  then 

P»W    =  ;,  ^  ,  _  ,,-,.^»y..  .  (2-14) 


and 


jNis)  =-^pAs)     for     .V  =  1,2, 
X  +  s 


(2-15). 


;g.5  JS'aracf  Formula  for  Fo{L) 

It  is  possible  to  solve  (2-1)  through  (2-6)  in  piecewise  analytic  form  by 
computing  recursively  from  each  interval  of  length  5  to  the  next  one.  We 
shall  obtain  the  piecewise  analytic  form  for  Fo{L)  by  a  direct  derivation 
essentially  due  to  E.  C.  Molina. 

Suppose  k  is  the  number  of  pattern  points  which  fall  into  (0,  L).  Let 
Xi  denote  the  distance  between  the  i  —  1^*  point  and  the  i'  point  (xi  is 
the  distance  from  0  to  the  first  point)  as  shown  in  Fig.  4.  The  configura- 


Xk 


-®^ ±-zf — a   '..L' -^-± 


0        1       2  L-1 


Fig.  4  —  Definition  of  Xi 
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tion  of  points  1,  •  •  •  ,  k  on  the  line  is  represented  by  a  single  point 
(xi ,  •  •  ■  ,  Xk)  in  the  polyhedron  T  in  ^--dimensional  space  defined  by  the 
inequalities 

T:     0  ^  .Ti  ,  •  •  •  ,  0  ^  Xk  ,        xi  -\-  X2+  ■■•  +  Xk  -^  L, 

,  and  the  probability  distribution  of  the  point  (xi  ,  •  •  • ,  Xk)  in  T  is  uni- 
j  form.  The  configurations  with  no  coincidences  lie  in  a  smaller  polyhedron 

T'  consisting  of  all  points  of  T  for  which  8  ^  xo ,  ■  ■  ■ ,  d  ^  Xk  .  Given  k, 
I  the  conditional  probability  that  there  be  no  comcidences  is  the  ratio  of 

two  A'-dimensional  volumes  Vol  (T")/Vol  (T). 

Vol  (r)  =0    if    L  S  (k  -  1)  8. 

For  larger  \-alues  of  L  let  yi  —  Xi  ,  yo  —  X2  —  5,  y^  =  .Ts  —  8,  ■  •  • ,  yk  = 
Xk  —  8.  Then  T"  becomes  a  polyhedron  of  the  form 

T":     0^yi,0^y2,---,0^yk,        yi  +  y2  ■  ■  ■  +  yk  ^  L  -  (A:  -  1)5. 

Since  the  transformation  from  x's  to  y's  has  determinant  equal  to  one, 
T"  has  the  same  \^olume  as  T'.  However,  T"  is  now  seen  to  be  similar 
to  T  but  with,  sides  of  length  L  —  {k  —  1)8  instead  of  L.  The  volume 
ratio  sought  must  be 


/L-  (k-  1)8Y 


Since  k  has  the  Poisson  distribution  with  mean  XL  we  obtain  finally 

The  piecewise-analytic  character  of  Fo(L)  is  evident;  increasing  L  by 
an  amount  8  increases  the  upper  limit  on  the  sum  bj'^  one  and  thereby 
adds  a  new  term  to  the  analytic  expression  for  F(L). 

24  Asymptotic  Formula  for  F.x(L) 

Similar  exact  formulas  could  be  found  for  all  the  Fx(L),  but  they  are 
both  complicated  and  inconvenient  for  computing  if  L/8  becomes  large. 
It  is  thus  natural  to  aim  for  asj^mptotic  results  and  for  bomids  connected 
with  them. 

The  Laplace  transform  of  Fa(L)  is  given  through  (2-14)  and  (2-15) 
above.  The  pole  of  f^■{s)  with  largest  real  part  is  a  pole  of  order  A^  +  1 
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at  a  real  negative  point 

s  =  —a  >  —X. 
For  large  L,  the  asymptotic  behavior  is  given  by 


-aL 


r,  /T\  Xe  "^  r  aL 


(X  -  a)[l  +  5(X  -  a)]N<.  Ll  +  S(X  -  a). 


N 


where  the  error  term  is  0(L^~^  e~"^)  if  A"  ^  1.  Such  a  formula,  then,  is 
a  good  approximation  for  fixed  N  as  L  increases;  for  fixed  L,  however, 
it  will  fail  to  be  good  for  sufficiently  large  A^. 

If  iV  =  0,  the  asymptotic  form  is 

Fo(L)    ^  7- rr- j -TT r-,  6         , 

(X  —  a)[l  +  5(X  —  a)  J 

but  the  error  term  now  decreases  at  a  more  rapid  rate,  as  may  be  seen 
by  including  the  contributions  of  some  of  the  complex  poles  of /o(s).  To 
find  these  poles,  set 

s  +  X  =  Xe  . 

If 

s  =  —X  +  r  exp  (id), 

one  obtains  the  simultaneous  real  system 

2irm  —  6  =  8r  sin  6         (m  integer), 

log  (r/X)  =  —6r  cos  6. 

The  first  equation  defines  an  infinite  family  of  curves  in  the  s-plane  (see   ! 
Fig.  5).  The  second  equation  defines  a  single  curve  which  intersects  the 
family  at  poles  of  p{s). 

2.5  Bounds  on  Fo(L) 

As  in  Part  I,  we  may  derive  bounds  on  Fo{L)  from  the  integral  equa-    , 
tion,  and  obtain  ] 

(l  --^  e^^'-e-^"-^^'  g  Fo(L)  ^  e'^'^e-^''-^^'. 


Since  a  =  X^5  +  0(5")  for  small  5,  the  bounds  are  very  close  if  X5  is  not 
too  large. 
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Fig.  5  —  Solution  of  s  +  X  =  Xe 


-(s  +  X)o 


III   COINCIDENCES    BETWEEN   n   POISSON    PATTERNS 

3.1  Integral  Equation 

In  this  part  we  consider  n  one-dimensional  Poisson  patterns  and  ask 
for  the  probability,  F{L),  that  in  the  interval  (0,  L)  no  pair  of  points 
from  different  patterns  are  coincident.  Unlike  Part  I,  we  now  consider 
only  the  case  in  which  all  n  patterns  have  the  same  density  X.  Let  P{L) 
be  the  conditional  probability,  given  that  Pattern  No.  1  has  a  point  at 
L,  that  there  are  no  coincidences  in  (0,  L). 

If  0  ^  L  ^  5,         P{L)  =  exp  -  (»  -  l)\L. 

If  5  <  L, 

by  the  same  sort  of  argument  used  in  Part  I.  Then  F{L)  will  be  given 
bv 


P{L)  =  e 


-(n-DXL 


( 


1  -\-  in  -  l)\e 


-u 


I 


L-S 


F{L)  =  g-"'"'  (l  +  nX  I""  e"'"P(.T)  dx\ 
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3.2  Bounds  and  Asyynptotic  Formula 

The  Laplace  transform  of  P{L)  is  .  I 

p(s)  =  {s  +  (n  -  1)X(1  -  e-("^+«>^)pi  (3-1) 

i 
which  has  one  real  pole  at  a  negative  point  s  =    —a,  a  <   (n  —   1)X. 

Again  it  is  this  pole  which  contributes  the  dominant  term  to  both  P(L) 

and  F{L)  for  large  L.  We  find 

^      —aL 

F{L)  -  ''^' 


(1  +  [{n  -  1)X  -  a]b){ii\  -  a)' 

To  bound  P{L)  by  expressions  of  the  form  A  exp(  —  aL)  one  finds 
that  .4  >  1  will  gi\'e  an  upper  bound  and 


will  give  a  lower  bound.  The  corresponding  bounds  on  F{L)  are  of  the 
form 

/^  nXA      \      -n\L      I  n\A  -aL 

(1-— le         +— e      . 

\         n\  —  aj  nh  —  a 


3.3  Exact  Solution 

As  in  Part  II  an  exact  formula  for  F(L)  may  be  given  as  a  finite  sum. 
We  now  derive  it  from  the  Laplace  transform, 

j\s)  =  (s  +  nXf  (1  +  nXpis)), 

of  F{L).  We  may  use  (3-1)  to  expand /(s)  into  the  series 

/r  ^       1    /i  ,  ,,x  V  ((^^  -  i)xe-^"^+-^y\       ,.  _. 

lis)  =  — ■ — r  U  +  nX  2^- — ,...,.,  >.  (3-2) 

s  +  n\  [  t=o   (s  +  (w  —  l)\y+^  J 

The  identity 

(s  +  n\y\s  -f  (n  -  1)X)"''~' 

=  7  i:  (-A)-'^^(s  +  in  -  1)X)-^'-^  +  (-X)-^-^(s  +  n\r' 

X     ;=0 

provides  a  partial  fraction  expansion  for  the  k     term  of  the  series  (3-2). 
Transforming  (3-2)  term  by  term  with  the  help  of  (3-3)  we  find 

F(L)  =  e~"'^[-(n  -  1)]^"^"^+' 

[lU]  k 

Z    [-in-De-^'rZ 

This  is  the  desired  formula  for  F{L). 


+  ne'"'-'>''-  "Z    [-in  -Dc^'Y'  E  ^~^^^.~  ^^^^' 
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IV   MULTIDIMENSIONAL   PROBLEMS 

j  4.1   Two-Pattern  Lower  Bound 

}      We  now  derive  some  results  on  the  probabilities  of  no  coincidences  in 
!  some  multi-dimensional  situations.  The  simplest  one  is  a  lower  bound 
for  the  case  of  two  Poisson  patterns. 

Theorem:  Consider  a  d-dimensional  region  of  volume  T'  cordaininej  two 
Poisson  patterns  ivith  densities  X  and  n.  Let  S{8)  he  the  volume  of  the  d-di- 
mensional sphere  of  radius  5.  The  probability  of  tio  coincidences  between 
the  two  patterns  has  the  lower  hound 

e 

Proof 

Let  the  pattern  with  density  X  be  called  the  X-pattern  and  the  other 
the  ju-pattern.  Given  any  X-pattern  of  k  points  there  will  be  no  coinci- 
dences provided  only  that  a  certain  region  T  contains  no  points  of  the 
ju-pattern.  T  consists  of  all  points  of  the  volume  V  which  lie  in  any  of 
the  spheres  of  radius  5  centered  on  the  k  points  of  the  X-pattern.  Since 
these  spheres  may  overlap  and  may  extend  partly  outside  the  volume 
T'^,  we  have 

volume  of  r  ^  /.■  S{b), 

and 

Prob  (no  coinc,  given  k  points)  =  exp  (  — yu  volume  of  7") 

^  exp  (-  kn  S{8)). 

Since  the  number,  k,  of  points  of  the  X-pattern  has  the  Poisson  distribu- 
tion with  mean  W  the  (unconditional)  probability  of  no  coincidences 
has  the  lower  bound 

E(XF)     -\v  -k^siS) 
-^-r-  e      e 


k 


=0     kl 


Summing  the  series  one  proves  the  theorem.  Interchanging  X  and  yu  in 
the  theorem  gives  another  lower  V)ound.  The  one  stated  above  is  the 
better  of  the  two  if  X  <  /x. 

The  difference  between  the  lower  bound  and  the  true  probability 
comes  from  two  sources:  (a)  The  overlap  between  the  k  spheres;  this 
will  be  a  small  effect  if  \^S{28)V  is  small,  and  (b)  the  spheres  which 
extend  partly  outside  the  volume  V;  there  will  be  relatively  few  such 
spheres  if  only  a  small  fraction  of  the  volume  V  lies  \A-ithin  distance  8 
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of  its  boundary.  Hence  in  some  cases  the  lower  bound  will  be  a  good 
approximation  to  the  correct  value. 

It  may  also  be  noted  that  no  real  use  was  made  of  the  spherical  shape 
of  the  volumes  S{8).  If  one  wants  to  consider  a  point  of  the  ^-pattern 
to  be  coincident  with  a  point  of  the  X-pattern  if  it  lies  in  some  other 
neighborhood,  not  of  spherical  shape,  the  same  lower  bound  applies 
but  with  S{8)  replaced  by  the  A'olume  of  the  neighborhood. 

4.2  Single-Pattern  Lower  Bound 

A  similar  derivation  in  the  case  of  a  single  Poisson  pattern  leads  to: 

Theorem:  Let  a  Poisson  pattern  of  density  X  he  distributed  over  a  d-di- 

mensional  region  of  volume  V.  Let  S{8)  be  the  volume  of  the  d-dimensional 

sphere  of  radius  8.  Then  the  probability  of  no  coincidences  is  at  least  as 

large  as 

g-^^{l  ^  xS(8)}'"'''\ 

The  theorem  will  follow  from  another  bound  which  is  slightly  more 
accurate  but  much  more  cumbersome. 

Lemma 

Ln  the  above  theorem  a  lower  bound  is 

e-''     1  +  XF  +      E     ^  n  [1    -   JS{8)/V]    .         (4-1) 

Proof  of  Lemma 

The  probability  sought  is  of  the  form 

Z  e-'''  ^'  p.  ,  (4-2) 

k  Kl 

where  pk  is  the  probability  that,  when  exactly  A-  points  are  distributed 
at  random  over  V,  there  are  no  coincidences.  To  estimate  pk  ,  imagine 
the  k  points  to  be  numbered  1,2,  •  •  •  k  and  placed  in  the  region  one  at 
a  time.  If  no  coincidences  have  been  created  among  points  1,  ••■,  j 
(which  is  an  event  of  probability  Pi)  the  probability  that  the  addition 
of  point  ./  +  1  creates  no  coincidence  is  just  the  probability  that  this 
new  point  lies  in  none  of  the  j  spheres  of  radius  8  centered  on  points 
1,   ■••,,/.  The  union  of  these  J  spheres  intersected  with  the  ^■olume  T^ 
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is  always  of  volume  ^  jS{8).  Hence 

pj^,  ^  pj[l  -  jSi8)/V], 
or 


fc-i 


P^  ^  n  [1  -  jS(8)/V].  (4-3) 

3  =  1 

When  {k  —  l)S(8)  >  T"  the  above  argument  fails  because  the  later 
terms  of  the  product  are  negative;  in  this  case  we  use  the  trivial  bound 
Ph  ^  0.  Combining  (4-2)  with.  (4-3)  the  lemma  follows. 

Once  more  the  bound  may  be  expected  to  be  almost  correct  if  \'VS{28) 
is  small  and  if  most  of  the  region  T^  lies  farther  than  8  away  from  its 
boundary.  The  bound  is  also  correct  for  non-spherical  neighborhoods 
(see  discussion  of  previous  theorem). 

When  V/S{8)  is  large,  the  sum  (4-1)  is  unwield}'.  If  we  let  H  equal 
V/S{8),  we  may  rewrite  the  typical  term  in  the  sum  as 

^^lia-j/H)  =^^^i/(//-i) ...  (//-A-  +  1). 

If  H  happens  to  be  an  integer,  this  equals 

(f )  (mnr, 

so  that  the  complete  sum  (4-1)  eci[ua]s 

e-"'  (l  -  ^y.  (4-4) 

We  will  now  prove  that  if  ^  is  not  an  integer,  the  sum  always  exceeds 
(4-4),  so  that  (4-4)  is  a  lower  bound  in  all  cases.  We  ^^ish  to  prove  that 

[H]  +  l       k 

1  +    E   r,  ^(^  -  1)  •  •  •  (//  -  A-  +  1)  ^  (l-f  .r)^       (4-5) 

fc=l     Kl 

for  any  positive  H,  in  which  event  the  theorem  follows  with 

X  =  ^     and     H  =  T7^(5). 

The  inequahty  (4-5)  will  be  proved  by  induction  on  [H].  If  [H]  =  0, 
then  we  are  required  to  show  that 

1  +  Hx  ^  (1  +  •r)'' 
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for   0    S    H    <    1.  This  follows  immediately  from  the  concavity  of 

(1  +  xr. 

Suppose  now  that  (4-5)  holds  for  a  value  H.  If  we  integrate  both 
sides  of  (4-5)  from  0  to  x,  we  obtain 

'"''''        -i-'^'         rr^rr         .^  ^rr  ,      ,     .^    ^    (1   +  :c)"+^   -    1 


X 


+    Z    ,,    ,    ,^,  H{H-1)  ■■•  (H  -  k  +  1)  ^ 


,^   (/.•  +  1)!     ^  '  ^  '     '  -  H  +\ 

which  may  be  rewritten  as 

{H+Vi+l      k 

1  +     Z    n  (^  +  l)(^)  •••(/?-  A:  +  2)  ^  (1  +  xr+\ 
This  completes  the  induction,  and  the  proof  of  the  theorem. 

4-3  Another  Lower  Bound  {Any  Number  of  Patterns) 

Another  kind  of  lower  bound  can  be  derived  which  sometimes  will 
be  better  than  the  above  bounds  when  the  region  V  has  a  large  fraction 
of  its  volume  within  5  of  the  boundary.  For  example,  V  might  be  a 
three-dimensional  circular  cylinder  (a  cable)  with  a  radius  which  is  com- 
parable to  5. 

To  derive  this  bound  one  first  finds  the  expected  number,  E,  of  co- 
incidences in  V.  An  upper  bound  on  E  will  also  suffice.  Then  it  is  noted 
that  1  —  £"  is  a  lower  bound  on  the  probability  of  no  coincidences.  For 
if  Qiv  is  the  probability  of  finding  A''  coincidences, 

00 

E  =  T.  NQ^  ^  E  Qiv  =  1  -  Qo  .  (4-6) 


iV=l 


44  Thick  Cable 

For  example,  we  now  give  a  lower  bound  which  is  of  interest  in  con- 
nection with  the  problem  of  a  cable  mth  many  wires. 

Theorem:  Let  a  Poisson  pattern  of  points  with  density  X  be  placed  in  a 
cylinder  of  length  L  and  radius  R  >  8.  The  probability  of  finding  no  co- 
incidences in  the  cylinder  is  at  least  as  great  as 

^5  \ 


1  -  XV-^L  (  ::^^  -  i:;!  -f-  L 


Proof 

Introduce  cyUndrical  coordinates  r,  (p,  Z  so  that  the  cylinder  is  de- 
scribed by 

r  <  R,        0  <  Z  <  L. 
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Consider  first  any  pattern  point  (r,  (p,  Z)  with  Z-coordinate  satisfying 
d  ^  Z  ^  L  —  8.  Let  arrows  be  drauTi  from  this  point  to  all  other  pat- 
tern points  (if  any)  within  distance  8.  The  expected  number  of  arrows 
drawn  from  this  point  will  be  XG(r)  where  G(r)  is  the  volume  of  the 
intersection  of  the  cylinder  with  a  sphere  of  radius  5  centered  at  the 
point.  For  points  near  the  ends  of  the  cylinder  {Z  ^  8  or  L  —  8  ^  Z), 
the  expected  number  of  arrows  will  be  less  than  XG{r).  Since  the  proba- 
bility of  finding  a  pattern  point  in  a  little  volume  element  dV  is  XdV, 
we  conchide  that  the  expected  number  of  arrows  drawn  in  the  entire 
cylinder  will  be  less  than 


///  ^'««  '^^' 


cyUnder 


If  the  cylinder  has  A^  coincidences,  there  will  be  2A^  arrows  (each  point 
of  a  coincident  pair  appears  once  at  the  head  of  an  arrow  and  once  at 
the  tail).  Hence  the  expected  number  of  coincidences  is 


E 


n  ft 

^  xVL  /     Gir)  r  dr.  (4-7) 


Since  an  exact  formula  for  G{r)  is  rather  cumbersome,  we  are  content 
with  a  simple  but  close  upper  bound,  li  r  ^  R  —  8  then  clearly  G(r)  = 
47r5  /3.  If  r  >  R  —  8  we  get  an  upper  bound  on  G{r)  by  computing  the 
shaded  volume  in  Fig.  6;  the  intersection  of  the  sphere  with  a  half-space. 

G{r)  ^  [28'  +  3(7?  -  r)5'  -  (R  -  /•)']  tt/B. 

Substituting  these  expressions  for  G{r)  in  (4-7),  integrating,  and  using 
(4-6)  the  theorem  follows. 

The  approximation  to  G{r)  which  was  made  above  is  bad  when  R  is 
much  less  than  5,  but  in  this  case  good  estimates  may  be  obtained  from 
the  one-dimensional  results  of  Part  II.  Note  also  that  if  X  is  large  enough, 
the  bound  becomes  negative  and  is  therefore  useless. 


,-SPHERE 


PLANE 


Fig.  6  —  A  region  for  estimating  G(r). 
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li-.B  Upper  Bounds 

Good  upper  bounds  appear  even  harder  to  get  than  lower  bounds. 
One  procedure  i.s  to  divide  the  region  V  into  a  number  of  smaller  cells. 
If  each  cell  has  probability,  p,  of  no  coincidences  and  if  there  are  A' 
cells,  then  p'^  is  the  probability  of  no  coincidence  in  any  cell.  If  there  is 
no  coincidence  in  V  there  will  be  none  in  any  cell;  hence  p^  is  an  upper 
bound  on  the  probability  of  no  coincidence  in  V. 

Of  course,  p^  is  too  large  because  of  the  possibility  of  a  coincidence 
between  two  points  in  different  cells.  It  follows  that  p  will  be  a  close 
bound  only  if  the  cell  size  is  made  large;  but  then  p  becomes  hard  to 
compute. 

For  example,  consider  self -coincidences  in  a  single  Poisson  pattern  in 
a  large  region  of  area  V  in  the  plane.  Cover  this  area  with  an  array  of 
hexagonal  cells  of  side  5/2  as  shown  in  Fig.  7.  The  area  of  each  hexagon 
is  3\/3  sVS  so  the  number  of  cells  used  will  be  about  K  =  87/3\/3  5l 
A  cell  has  no  coincidence  if  it  contains  at  most  one  pattern  point,  hence 

p  =  (1  +  X3V3  SVS)  exp  -  3a/3  XS'/S. 

The  upper  bound  is 

P    =  e       {  1  +  — g—  X5   1 


which  has  an  interesting  resemblance  to  the  lower  bound 


e""'^(l  +  7rX6") 


2x  V7jr52 


Fig.  7  —  Pattern  for  studying  coincidences  in  a  plane  region. 
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1^.6  An  Exact  Calculation 

The  upper  and  lower  bounds  in  Section  4.5  are  not  very  close,  largely 
because  of  the  small  size  of  the  hexagonal  cells.  An  improved  upper 
bound  may  be  obtained  using  square  cells  of  side  26.  We  can  calculate 
p  for  small  rectangular  cells  but  only  if  we  redefine  our  notion  of  coin- 
cidence in  terms  of  square  neighborhoods  instead  of  circular  neighbor- 
hoods. That  is,  points  (xi  ,  yi)  and  (.r2 ,  7/2)  are  now  considered  coincident 
if  simultaneously 

I  xi  —  X2\  ^  8,     and     |  ^1  —  ^2  |  ^5. 

The  result  we  get  is  the  only  exact  calculation  of  a  non-trivial  multi- 
dimensional coincidence  probability  known  to  us. 

Consider  the  rectangle  0^x^L,0^y^M  with  L  and  M  both  ^ 
26.  If  L  is  less  than  5,  two  points  are  coincident  if  and  only  if  their  //-co- 
ordinates differ  by  less  than  6.  The  problem  then  reduces  to  a  one-di- 
mensional coincidence  computation  such  as  we  gave  in  Part  IL  There- 
fore, suppose  both  L  and  M  are  greater  than  6. 

There  is  probability 

(XLMf   -xz,./ 

that  the  rectangle  contains  k  points.  We  therefore  subdivide  the  problem 
into  cases  of  the  form  "given  k,  find  the  probability  that  the  A-  points 
have  no  coincidences".  Only  five  of  these  cases  have  a  non-zero  answer. 
To  show  this,  divide  the  rectangle  into  four  rectangles  of  sides  L/2,  M/2; 
if  /o  ^  5  one  of  these  rectangles  must  contain  more  than  one  point,  and 
so  a  coincidence.  The  remaining  cases  k  =  0,  1,  2,  3,  4  may  be  further 
subdivided  according  to  which  pairs  of  .r-coordinates  are  less  than  5 
apart.  Let  us  number  the  k  points  (.ri  ,  yi),  •  •  •,  (.ta;  ,  yk)  in  such  a  way 
that  the  .r-coordinates  are  in  order  Xi  ^  x^  S^  •  •  •  ^  .t^  .  If,  for  some  i, 
Xi+2  ^  Xi  -f  6,  then  the  subcase  in  question  contributes  zero  to  the 
probability  of  no  coincidences  because  all  of  |  .r,  —  .r,+i  [,  |  Xi+i  —  .r,:+2  |, 
I  Xi+2  —  Xi  I  are  ^  6  and  at  least  one  of  |  /y,  —  yi+i  |,  \  yi+i  —  yi+o  |, 
I  ?/,+2  —  yi  I  is  ^6.  The  only  subcases  which  remain  to  give  a  non-zero 
contribution  are  the  nine  listed  in  Table  I.  The  number  in  the  "subcase" 
column  is  k.  The  next  column  contains  the  a--ineciualities  which  define 
the  subcase.  The  probability  that  the  k  ordered  .r-coordinates  satisfy  the 
stated  inec^ualities  is  listed  as  prob^  .  If  the  r-inequalities  are  satisfied 
there  will  be  no  coincidences  if  and  only  if  |  ^6  —  //„  |  >  6  for  every  in- 
equaUty  |  Xb  —  Xa  \  ^  6  given  in  the  a;-inequality  column.  These  y-in- 
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Table  I 

Subcase 

X  inequ. 

probx 

y  inequ. 

probj/ 

0 

— 

1 

— 

1 

1 

— 

1 

1 

2(a) 
2(b) 

^2  -  xi  >  8 

X2   —    Xi    ^    8 

U  -  ^/LY 

28L  -  52 
L2 

\  yi  -  yi  \  >  s 

1 

(1  -  8/ MY 

3(a) 

X2   —    Xi    ^    8 
X3    —    Xo    >    8 

f  (1  -  5/Lr 

\  y-  -  yi  \  >  8 

(1  -  S/MY 

3(b) 

X2  —  Xi  >  8 

1(1  -  s/Ly 

1  2/2  -  2/3  1  >  6 

(1  -  8/ MY 

3(c) 

X2  —  Xi   -^  8 
Xz    -    X2    ^    8 

Xi  —  xi  >  8 

1(1  -  8/Ly  (1^  - 

0 

i  2/2  -  2/3  1  >  5 
1  2/1  —  2/2  1  >  5 

§(1  -  5/M)3 

4(a) 

Xi  —  Xi  -^  8 
Xi  —  Xi  >  8 

Xi  —   X2   >   8 

Ki  -  5/Ly 

\  y2  -  yi  \  >  8 
1  '2/3  -  2/2  1  >  5 
1  2/4  -  2/3  1  >  5 

A(l  -  8/My 

4(b) 

Xi  —   X2   >  8 

Ki  -  5/Ly 

1  2/2  -  2/1  1  >  5 
1  2/4  -  2/3  1  >  5 

(1  -  5/M)^ 

equalities  are  listed  in  the  third  column  and  the  probabilities  that  they 
are  satisfied  are  hsted  as  prob^^  .  The  probability  of  no  coincidences  is 

J2  Qk  prob^  proby 
where  the  simi  is  over  all  nine  subcases.  The  sum  is 


exp  (-XLM)  \  1  +  \LM  +  ^  [L'il/'  -  b\2L  -  8)mi  -  5)] 


4-  ?^  (L  -  8)\M  -  8y-{2LM  +  L5  +  M8  -  45') 


If  L  =  M  =  26,  this  reduces  to 
exp  (  — 45'X) 


1  +  45'X  +  I  8V  +  1^  8\'  +  ij-  6^' 
2  2/  8o4 


J 
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A  sample  of  one  of  the  above  computations  may  be  instructive.  Con- 
sider, for  example,  Case  4(a).  We  have  0  ^  .ri  ^  .1-2  ^  .r?  ^  X4  ^  L, 
and  require: 

^'3    —    .<"2    ^    6, 

X3  —  xi  >  5, 
Xi  —  .r2  >  5. 
The  probabilitj'  of  this  is 

(L*/8)"^   /         /  I  dxi  dxi  dx2  dxz 

=  y^  /        /  (L  -  .ra  -  5)  (.1-3  -  5)  (^a^g  dr2 

_  S  (L-  SY  _1(    _8\ 
L'       24:  3\         L/' 

In  the  ?/-direction  we  require  \  1/2  —  Ui  \  >  5,  I  i/3  —  i/2  |  >  8,  \  iji  — 
y-i  I  >  8,  and  there  are  no  order  restrictions.  Assume  first  that  tjo  <  i/z  ■ 
Then  the  probability  that  yi  and  1/4  satisfy  their  restrictions  is 


( 


?/3  —  5\  /M  —  y-2  —  8^ 


M    /\         M         /■ 
Hence,  the  probability  for  satisfying  all  the  conditions  is 


6   Jo        V    M    J\         M         J  M  M       24  V         M    ' 


Interchanging  7/2  \x\\\\  y-^  and  yi  with  ?/4  shows  that  the  assumption  y-z  > 
yz  yields  the  same  answer,  so  that  the  required  probability  is 


A(i-AY. 

12  V         M 


V   XUMERICAL   WORK 

5.1  Coincidences  between  Two  Patterns 
5.1.1  Machine  Computation  of  F(L) 


To  compute  the  probability  of  no  coincidences  in  a  hue  of  length  L 
directly,  it  is  convenient  to  transform  equations  (1-2)  through  (1-4)  into 
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the  following  differential  difference  equations: 

[O  if  X  <  8 


P^ix)  +  nP,{x)  = 
P,'{x)  +  \P,{x)  = 


-(a+m)<s 


if  X  >  5, 


if  X  >  5, 


P2{x  -  8)fjLe 
0  if  X  ^  d 
Prix  -  8)\e~''^''' 
F'(x)  +  (X  +  M)/^(.r)  =  \P,{x)  +  fiP.ix), 
Pi(0)  =  P2(0)  -  F(0)  =  1. 

These  have  been  solved  on  a  general  purpose  analog  computer  with  i 
the  aid  of  a  lumped-element  approximate  delay  line  for  a  number  of  : 
cases.  We  have  chosen  for  illustrative  purposes  the  parameters  A  =  5, 
M  =  10,  5  =  0.02,  and  L  ^  1.  The  exact  solution,  together  with  various 
approximations  to  be  described  in  the  sequel,  is  plotted  in  Fig.  8,  where 
the  exact  solution  is  labelled  yi  . 
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Fig.  8  —  Probability  of  no  coincidences  between  two  one-dimensional  Poisson 
patterns  with  X  =  5,  m  =  10,  if  5  =  0.02. 


COINCIDENCES   IN    POISSON    PATTERNS  1031 

5.1.2  The  Asymptotic  Formula 

All  approximation  to  the  probability  F{x)  of  no  coincidences  is  given 
by  the  asymptotic  formula  (1-10)  which,  of  course,  becomes  a  better 
approximation  the  larger  L  becomes.  If  X  =  5,  /x  =  10,  and  5  =  0.02, 
the  smallest  value,  a,  such  that 

(X  -  a){n  -  a)  =  Xixe--^^^'-"'' 

is  a  =  1.548.  The  asymptotic  formula  for  F{L)  now  becomes 

F{L)  ^  1.013e"'•'''^ 

which  is  found  in  Fig.  8  as  ?/2  . 

5.1.S  Bounds  Using  the  Asymptotic  Exponent 

Formulas  (1-12)  through  (1-18)  give  a  scheme  for  computing  both 
upper  and  lower  bounds  for  F(L)  which  have  the  right  behavior  for 
large  L,  and  also  agree  with  the  solution  at  L  =  0.  They  become 

F(L)  ^  1.007e~' •'*'"'  -  0.007e"''^ 
and 

FiL)  ^  1.195e~' •'''"'  -  0.195^''^ 
respectively,  and  are  represented  by  ^3  and  yi  in  Figure  8. 

5.1.4  An  Upper  Bound  by  a  Discrete  Markov  Process 

If  we  mark  on  the  positive  a;-axis  the  points  nb/2,  ?i  =  0,  1,  2,  •  •  •, 
we  can  assign  to  each  interval  of  length  6/2  thus  created  a  state  (z^),  i, 
j  =  0  or  1,  as  follows:  t  =  0  if  no  point  of  the  X-process  is  present  in  the 
interval,  i  —  1  if  one  or  more  points  of  the  X-process  are  present,  and 
similarly  for  j  and  /x.  An  interval  of  length  5,  made  up  of  two  adjacent 
intervals  of  length  5/2,  may  then  be  represented  by  a  number  between 
0  and  15  in  binary  notation,  where  3,  6,  7,  9,  and  11-15  represent  a 
coincidence  within  the  interval  of  length  5.  We  now  define  a  Markov 
process  as  follows:  in  the  interval  0  ^  /  <  5,  let  p/°\  z  =  0,  1,  2,  4,  5, 
8,  10,  be  the  probabilities  of  occurrence  of  the  i  state,  so  that,  for  exam- 
pie,  p^  =  e-'''e-''\  and  p/°'  =  e-'''e-'\\  -  e-'').  These  are  the 
states  in  which  there  is  no  coincidence  in  (0,  5).  In  addition,  let  g^°^ 
represent  the  probability  of  all  the  other  states  put  together;  i.e.,  of  a 
coincidence  in  (0,  5).  We  now  define  pi'"\  i  =  0,  1,  2,  4,  5,  8,  10  as  the 
probability  of  the  i     state  in  the  interval  {nb/2,  (n  +  2)5/2),  where  we 
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require  in  addition  that  all  states  in  the  intervals  (k8/2,  (I:  +  2)8/2), 


/,■  <  n,  are  from  the  same  "no  coincidence"  index  set.  We  define  q  "   as, 
lli(>  probability  of  a  state  3,  6,  7,  0,  or  11-15,  in  some  interval  (A"5/2, 
(/)■  +  2)5/2),  k  ^  n.  There  are  then  transition  probabilities  from  states 
in  the  ?}  —  f  to  states  in  the  /;*   interval.  For  example. 
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The  quantity  1  —  g^"^  is  then  an  upper  bound  for  the  probability  of  no 
coincidences  (upper  because  it  is  possible  for  a  coincidence  to  occur  in 
the  process  which  is  not  counted  in  this  subdivision  of  it).  The  curve 
2/5  in  Fig.  8  is  drawn  through  points  at  L  =  n8/2  computed  in  this 
manner. 

To  summarize  the  results,  we  see  that  the  asymptotic  formula  and 
the  lower  bound  are  both  indistinguishable  from  the  right  answer;  the 
upper  bounds  are  fairly  far  off.  The  upper  bound  derived  by  the  Markov 
process  is  better  than  that  derived  from  the  integral  eciuation  until 
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Fig.  9  —  Prol)ability  of  no  coincidences  in  a  25  X  25  square;  neighborhoods  are 
square. 
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about  L  =  0.5  (25  iterations),  when  the  integral  equation  upper  bound 
becomes  better. 

5.2  A  Single  Pattern  in  a  Square 

To  test  our  higher-dimensional  bounds,  we  consider  again  coincidences 
in  a  single  Poisson  pattern  in  a  square  of  side  25.  The  exact  probability 
of  no  coincidences  was  given  in  l^art  JV  assuming  square  neighborhoods. 
The  lower  bound  (Sec.  4.2) 

e-'''{l  +  \S{8)V"''> 

applies  using  T^  =  (25)  and  aS(5)  =  (26)'  for  square  neighborhoods.  To 
use  the  lower  bound  1  —  E  we  note  that  the  exact  expected  number  of 
coincidences  is 

1   ,  r'-^  r" 

£;  =  -X'  /      /     A{x,  y)  dxdij 

where  A{x,  y)  is  the  area  of  the  intersection  of  the  given  sc^uare  with 
the  square  neighborhood  centered  at  (x,  y).  The  lower  bound  is  1  —  £"  = 
1  —  9X"5  /2.  The  upper  bound  p  can  be  used  if  the  square  is  cut  into 
/v  =  4  squares  of  side  5,  each  with  a  probability??  =  (1  +  X5")  exp  — 
X5"  of  no  coincidence. 

These  bounds,  together  with  the  exact  probability,  are  plotted  as 
functions  of  X5'  in  Fig.  9.  When  X5"'  is  small,  the  1  —  E  bound  is  correct 
to  terms  of  order  0(X'^5  ).  This  might  have  been  predicted  from  (4-6) 
since  it  seems  reasonable  that  Q2 ,  Qi ,  •  ■  •  should  be  of  higher  order  in 
X  than  Qi  when  X  is  small.  Ultimately  the  first  lower  bound  becomes  a 
better  estimate.  It  must  be  recognized  that  this  other  lower  bound  is 
being  tested  under  very  severe  conditions.  Since  every  point  of  the 
square  has  a  neighborhood  which  intersects  the  boundarj^,  the  errors 
from  source  (b)  of  Part  ^"  are  considerable. 

The  authors  wish  to  thank  D.  W.  Hagelbarger  and  H.  T.  O'Neil  for 
their  assistance  in  the  course  of  the  calculations  reported  in  this  section, 
and  Aliss  D.  T.  Angell  for  preparing  some  of  the  figures. 
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Oceanogr^phic  Information  for 

Engineering  Submarine 

Cable  Systems* 

By  C.  H.  ELMENDORF  and  BRUCE  C.  HEEZEN 

(Manuscript  received  June  4,  1957) 

Information  on  the  environment  in  which  submarine  cable  systems  are 
placed  is  of  vital  interest  in  designing,  selecting  routes  for,  placing,  and 
repairing  this  type  of  communications  facility.  Existing  data  are  sum- 
marized and  evaluated,  and  their  application  to  submarine  cable  systems  is 
considered. 

I.    INTRODUCTION 

1.1  General 

Oceanography,  broadly  defined,  includes  the  study  of  all  aspects  of 
the  oceans.  As  a  science,  it  is  concerned  with  gathering  data  and  de- 
vising theories  which  describe  and  explain  the  past,  present,  and  the  fu- 
ture of  the  oceans.  Oceanography  includes  physical  description  of  the 
topography,  sediments,  and  teinperatiu-c  of  the  ocean  bottom;  investi- 

*  This  is  T^amoiit  (loolo^ical  Oliservatory  Cont  ril)iiti()n  No.  251.  Dr.  Hoozcn  is 
a  meml)er  of  the  Ijamoiit  Cicological  Observatory  of  Columbia  University.  Addi- 
tional information  on  this  sul)ject  is  being  presented  by  Dr.  Heezen  in  a  publica- 
tion by  the  Geological  Society  of  America. 
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gation  of  currents  and  circulation;  study  of  the  geology  of  the  earth's 
crust  under  the  ocean;  and  investigation  of  biological  factors. 

In  designing,  in  finding  the  best  route  for,  in  laying,  and  in  repairing 
a  submarine  cable  system  one  can  benefit  from  as  detailed  a  knowledge 
of  the  ocean  floor  as  can  be  obtained.  However,  the  vastness,  complexity, 
and  inaccessibility  of  the  ocean  bottom  make  its  study  difficult.  One 
must  depend  on  limited  data,  interpreted  with  the  aid  of  a  knowledge  of 
the  earth  sciences.  The  acquisition  of  specific  engineering  information  is 
further  complicated  by  the  inaccuracies  of  much  of  the  existing  data, 
and  the  rudimentary  nature  of  many  present  theories.  Yet,  by  culling, 
codifying,  interpolating,  and  interpreting  the  data  gathered  during  the 
past  hundred  years,  much  can  be  learned  that  is  applicable  to  particular 
cable  routes.  Further,  methods  now  exist  for  surveying  and  describing  a 
route  with  a  thoroughness  and  accuracy  that  will  permit  many  refine- 
ments ui  the  engineering  of  future  submarine  cable  systems. 

In  this  paper  specific  problems  of  immediate  interest  in  the  engineer- 
ing of  submarine  cable  systems  are  discussed  in  order  to  give  a  perspec- 
tive of  the  use  of  such  data  in  current  applications.  Emphasis  is  placed 
on  the  state  of  existing  knowledge  and  on  the  accuracy  of  available  data. 
The  work  reported  forms  a  foundation  for  more  detailed  studies  of  spe- 
cific routes  and  for  the  application  of  knowledge  which  will  be  derived 
from  rapidly  expanding  oceanographic  studies  to  the  particular  problems 
of  submarine  cable  systems. 

1.2  Application  To  Submarine  Cable  Systems 

How  are  oceanographic  information  and  technique  applied  in  the  se- 
lection and  description  of  the  detailed  path  of  a  new  cable?  First,  vari- 
ations on  a  direct  route  must  be  examined  to  avoid  ocean  bottom  condi- 
tions which  may  result  in  cable  failures.  Studies  of  telegraph  cable  fault 
records  indicate  that  many  of  the  deep  sea  cable  breaks  occur  where 
cables  pass  over  sea  mounts,  canyons  and  areas  susceptible  to  turljidity 
currents,  and  an  effort  must  be  made  to  avoid  such  hazards.  Topographic 
studies  form  the  basis  for  both  initial  route  selection  planning  and  for 
a  preliminary  description  of  the  selected  route. 

This  description  will  include,  where  data  are  available,  an  exag- 
gerated depth  profile  uncorrected  for  angle  of  the  sound  beam  of  the 
sonic  depth  recorder,  a  corrected  1 :1  depth  profile  where  necessary, 
and  a  temperature  profile.  Also,  bottom  characteristics,  including  photo- 
graphs, can  be  collected  for  the  particular  route.  These  data  will  be 
essential  in  planning  a  detailed  survey  of  the  route,  and  they  will  provide 
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preliminary  information  for  the  determination  of  the  amount  of  cable 
required,  for  system  transmission  planning  and  for  studies  of  cable- 
placing  techniques. 

One  of  the  fundamental  requirements  in  cable  laying  is  the  deposit 
of  a  sufficient  amount  of  cable  to  cover  irregularities  of  the  bottom 
!  without  introducing  dangerous  suspensions  and  without  laying  a  waste- 
ful amount  of  excess  slack.  Satisfaction  of  this  requirement  will  require 
the  most  detailed  possible  knowledge  of  bottom  topography,  coupled 
with  knowledge  of  the  kinematics  of  the  cable  laying  process.^ 

A  determination  of  required  cable  strength  does  not  directly  call  for 
an  extremely  accurate  knowledge  of  bottom  depth  and  contour.  The  re- 
quired cable  strength  is  determined  by  cable  tension  during  recovery, 
which  is  two  or  more  times  that  experienced  during  laying.  Although 
the  required  strength  is  directly  proportional  to  the  depth,  it  is  also 
affected  to  a  major  degree  by  the  ship  speed,  cable  angle  during  recovery, 
and  the  ship  motion  caused  by  waves.  The  ship  motion  can  be  controlled 
to  some  extent  by  seamanship  and  choice  of  the  time  at  which  the  re- 
cover}^ is  to  be  made. 

Further,  the  design  strength  of  the  cable  is  in  large  measure  deter- 
mined by  the  strength  of  available  steel  and  the  amount  of  steel  that 
can  be  accommodated  in  an  economical  over-all  design.  Thus,  uncer- 
tainties of  5  to  10  per  cent  in  the  maximum  depth  of  the  water  on  a  route 
would  not  affect  the  cable  design.  Yet,  during  a  critical  recovery  situ- 
ation, a  more  accurate  knowledge  of  depth  would  be  useful  in  planning 
and  executing  the  operation. 

The  integrity  of  the  cable  will  depend  on  the  choice  of  materials  to 
withstand  biological  factors  and  wear  on  the  ocean  bottom.  A  companion 
paper-  discusses  the  resistance  of  likely  cable-sheath  materials  to  attack 
by  marine  borers  and  bacteria. 

II.   TOPOGRAPHY 

2.1  General 

Mapping  the  ocean  bottom  involves  depth  measurements  coupled 
with  a  knowledge  of  the  location  on  the  earth's  surface  of  the  points 
at  which  these  measurements  are  made.  There  exists  a  vast  store  of 
data  on  the  depths  of  the  oceans  taken  by  hundreds  of  observers  and 
expeditions  over  the  past  hundred  3^ears.  It  is  not  surprising  that  many 
of  these  data  are  of  questionable  accuracy  due  to  errors  in  navigation, 
soundings,  plotting,  and  interpretation.  Thus,  before  existing  data  can 
be  used  for  the  engineering  of  submarine  cable  systems,  it  is  essential 
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that  it  be  compiled,  evaluated,  and  culled  with  due  regard  for  the  sources, 
inherent  errors,  and  possible  misinterpretations.  The  data  remaining 
after  this  type  of  review  can  then  be  combined  with  other  knowledge 
from  the  earth  sciences  to  provide  the  best  available  maps  and  profiles. 

2.2  Instrumentation  for  Topographic  Studies 

2.2.1  Navigation 

Celestial  navigation,  depending  on  hand  sextant  sights  of  heavenly 
bodies  and  subsequent  solution  of  an  astronomical  triangle,  is  the  only 
method  available  in  all  parts  of  the  world.  It  is,  of  course,  useless  during 
periods  of  poor  visibility.  Positional  accuracy  of  ±|  mile  can  be  obtained, 
although  the  usual  accuracy  is  ±2  to  5  miles.  During  the  interval 
between  sights,  an  estimated  position  is  computed  by  dead-reckoning 
methods,  assuming  the  ship's  speed  and  course  to  be  known.  Speed 
determined  by  propeller  revolutions  or  by  a  pitometer  log  is  subject 
to  the  influence  of  winds,  seas,  and  currents.  The  ship's  heading  is 
indicated  by  compass,  but  the  course  actually  traveled  by  the  vessel 
is  affected  by  all  the  same  variables  that  affect  the  speed.  Starting 
from  a  celestial  or  radio  fix,  a  good  navigator  can  plot  a  dead-reckoning 
track  with  little  error  over  short  periods  of  time  under  ideal  conditions. 
The  probable  error  increases  rapidly  with  elapsed  time  under  less  than 
ideal  conditions. 

Some  of  the  existing  radio  navigational  systems  and  their  limitations 
are  listed  in  Table  I. 

2.2.2  Echo  Sounding  Errors  and  Corrections 

Present-day  echo  sounders,  operating  with  a  total  beam  angle  of 
about  60  degrees,  indicate  the  chstance  to  the  best  reflectors  within 
the  effective  cone  of  sound.  Neglecting  scattering  layers,  which  can 
usually  be  eliminated  from  consideration  by  interpretation,  the  best 
reflector  will  coincide  with  the  bottom  immediately  below  the  transducer 
if  the  bottom  is  horizontal  or  if  the  highest  point  on  the  bottom  is 
immediately  below  the  transducer.  Under  any  other  condition  the  echo 
sounder  indicates  less  than  the  true  depth.  Where  the  bottom  is  very 
une\'en  or  rocky,  a  multiplicity  of  echoes  are  returned  and  recorded. 
These  considerations  necessitate  careful  evaluation  of  the  data  and 
its  correction  for  slope. 

Since  the  echo  soimder  actually  measures  the  time  interval  between 
transmission  of  a  pulse  and  receipt  of  an  echo,  the  timing  mechanism 
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is  the  heart  of  the  indicating  and  recording  equipment.  However, 
many  types  of  echo  sounders  have  poor  timing  mechanisms  which  depend 
upon  mechanical  governors,  poorly  regulated  AC  power  supplies,  and 
friction  drives.  Recently,  a  Precision  Depth  Recorder  (FDR)  havmg  an 
instrument  accuracy  of  better  than  one  fathom  in  3,000  has  been  de- 
veloped.^ The  equipment  is  used  with  standard  deep-sea  sounding  equip- 
ment. This  PDR  will  perform  the  timing  function  with  an  accuracy  bet- 
ter than  one  part  in  a  million. 

After  obtaining  a  record  of  the  time  between  the  outgoing  and  re- 
ceived pulses  the  data  must  be  converted  to  depth,  employing  velocity 
corrections  and  slope  corrections.  True  sound  velocity  is  obtained  by 
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SEA    BOTTOM-' 


Fig.  1  —  Slope  correction  of  echo  soundings. 


reference  to  tables,  or  by  computation  based  on  simultaneous  sea  water 
temperature  and  salinity  measurements.  The  distance  traveled  by  the 
echo,  obtained  from  the  velocity-corrected  data,  is  converted  to  depth 
by  the  slope  correction. 

The  PDR  sends  out  a  ping  and  records  an  echo  once  each  second.  If 
the  sounding  vessel  is  under  way  at  10  knots,  the  individual  soundings 
are  about  17  feet  apart.  When  the  outgoing  ping  exactly  coincides  with 
the  returning  echo,  a  gating  circuit  reduces  the  frequency  of  soundings 
to  once  in  2  seconds  corresponding  to  a  spacing  of  about  34  feet  at  10 
knots. 

Fig.  1  illustrates  the  proljlem  of  slope  correction  on  an  ideal  slope, 
where  the  ship  is  steaming  at  right  angles  to  the  slope.  At  sounding 
position  A,  the  echo  is  returned  from  B,  the  nearest  point  on  the  bottom. 
On  the  uncorrected  profile,  this  would  be  interpreted  as  a  vertical  sound- 
ing AC.  To  obtain  the  true  vertical  depth  at  A,  an  amount  CD  must 
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be  added  to  the  depth  read  from  the  echo  trace.  This  is  done  graphically 
by  swinging  arcs  representing  the  echo  distances,  using  the  cUstance 
between  soundings  as  the  arc  center  spacings.  The  envelope  of  a  suc- 
cession of  such  arcs  is  the  best  approximation  to  the  actual  bottom  con- 
figuration that  can  be  made.  This  method,  of  course,  reciuires  that  the 
sounding  track  l^e  run  approximately  at  right  angles  to  the  slope,  and 
thus,  that  the  trend  of  the  topography  be  determined.  In  addition,  when 
the  relief  becomes  more  complicated,  constructing  and  interpreting  the 
en^■elope  becomes  much  more  difficult.  Although  all  hills  are  shown  on 
echograms,  small  \'alleys  are  often  completely  missed  because  their  width 
is  much  less  than  the  breadth  of  the  cone  of  sound.  This  problem  is  partly 
eliminated  by  the  use  of  a  PDR,  where  second  echoes  indicate  the  exist- 
ence of  valleys  not  recognized  on  standard  echo  sounders. 

Fig.  2  (a)  shows  the  trace  made  by  a  PDR  in  passing  over  a  rugged 
slope  in  mid- Atlantic.  The  multiple  echo  on  the  left  hand  side  of  the 
figure  illustrates  how  echoes  from  the  wide  sound  cone  are  returned 
from  different  parts  of  a  steep  slope.  Similarl}^,  the  multiple  echoes  in 
the  center  show  a  deep  valley  with  energy  from  the  same  pulse  reflected 
from  the  steep  slopes  as  well  as  the  bottom.  Fig.  2  (b)  shows  a  corrected 
profile  constructed  from  the  echogram  illustrated  in  Fig.  2  (a),  and  Fig. 
2  (c)  is  a  profile  of  the  same  track  with  40: 1  vertical  exaggeration,  which 
is  typically  used  in  describing  bottom  topography. 

To  construct  a  profile  and  interpret  each  sounding  taken  would  re- 
quire a  prohibitive  amount  of  work.  Thus,  in  preparing  contours  and 
uncorrected  profiles  for  ordinary  mapping  purposes,  a  sufficient  number 
of  the  initial  echoes  are  taken  to  allow  a  reasonably  accurate  profile  to 
be  constructed.  Where  1 : 1  corrected  profiles  are  required,  all  the  echoes 
are  used  and  the  best  possible  envelope  representing  the  bottom  is 
constructed. 

2.3   CHARACTERISTICS    OF   AVAILABLE    INFORMATION 

2.3.1  Sources  of  Data 

The  \-ast  majority  of  data  for  a  study  of  submarine  topograph}^  are 
obtained  as  a  series  of  "soundings,"  or  depths  below  sea  level.*  Prior 
to  the  development  of  echo  sounding  apparatus,  soundings  were  made 
by  measuring  the  length  of  either  a  weighted  piano  wire  or  hemp  line 
which  was  lowered  to  the  bottom.  This  method  of  line  or  wire  sounding 


*  Features  to  be  studied  by  detailed  soundings  can  often  be  located  by  measure- 
ments of  the  earth's  magnetic  and  gravitational  fields  and  by  acoustic  methods. 
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was  fraught  with  error  because  there  was  no  adequate  sensing  device 
to  indicate  when  the  bottom  was  reached,  and  because  the  sounding 
line  might  be  swept  far  from  a  true  vertical  by  the  action  of  currents 
between  the  surface  and  the  bottom.  These  difficulties  could  cause 
errors  as  great  as  50  per  cent.  Echo  sounding  was  thus  a  tremendous 
improvement  despite  its  own  inherent  inaccuracies. 

Ocean  bottom  soundings  are  available  from  a  number  of  sources 
including,  in  this  country,  government  agencies  such  as  the  Navy's 
Hydrographic  Office  and  the  U.  S.  Coast  and  Geodetic  Survey,  and 
private  oceanographic  institutions.  Abroad,  national  hydrographic 
offices,  such  as  the  British  Admiralty's  Hydrographic  Department,  the 
Japanese  Hydrographic  Office,  and  the  International  Hydrographic 
Bureau,  collect  and  publish  soundings. 

Depending  upon  the  organization  which  compiles  the  soundings, 
various  corrections  are  applied  to  the  raw  data,  each  organization 
selecting  both  the  corrections  it  wishes  to  apply  and  the  method  of 
application.  If  all  soundings  for  an  area  off  the  continental  shelf  of  the 
United  States  were  compiled,  there  might  be  available  soundings  in 
feet,  corrected  for  velocity,  supplied  by  the  U.  S.  Coast  and  Geodetic 
Survey;  uncorrected  soundings  in  fathoms  supplied  by  the  U.  S.  Navy 
Hydrographic  Office;  similar  soundings  supplied  by  Lamont  Geological 
Observatory;  corrected  soundings  in  fathoms  supplied  by  the  British 
Admiralty;  and  corrected  soundings  in  meters  supplied  by  the  Inter- 
national Hydrographic  Bureau.  In  addition,  there  would  be  a  quantity 
of  hemp,  wire  and  discrete  echo  soundings  on  published  charts.  One 
difficulty  in  using  the  soundings  printed  on  the  published  charts  arises 
from  the  fact  that  hemp  line,  wire,  and  echo  soundings  of  all  types, 
both  corrected  and  uncorrected,  are  all  plotted  on  the  same  chart  usually 
without  designation  as  to  method  or  corrections. 

Table  II  summarizes  the  methods  of  presenting  sounding  data  used 
by  various  agencies. 

Several  methods  of  recording  continuous  depth  records  are  used. 
The  most  common,  and  least  satisfactory,  is  to  read  the  echo  sounder 
and  plot  the  sounding  at  the  appropriate  point  on  the  chart  at  discrete 
intervals,  say  every  10  or  20  minutes.  This  achieves  an  orderliness  in 
printing  but  has  the  disadvantage  that  canyons,  mountains,  or  other 
features  which  cannot  be  adequately  represented  by  such  spacing  are 
ignored  and  obscured  in  the  plotted  soundings.  Better  results  are  ol)- 
tained  by  use  of  the  "texture  method,"  where  soundings  are  recorded 
at  each  crest,  valley,  or  chajige  of  slope,  and  soundings  at  uniform  time 
intervals  are  only  used  in  ai-eas  where  a  continuous  slope  extends  for 


1056      THE    BELL    SYSTEM   TECHNICAL   JOURNAL,    SEPTEMBER    1957 


Table  II  —  Methods  of  Presenting  Sounding  Data 


Source 


Coast  and  Geodetic 
Survey,  U.  S. 
Dept.  of  Com- 
merce  

Hydrographic  Of- 
fice, U.  S.  Navy.  .  . 

Lamont  Geological 
Observatory 

British     Admiralty 
Hvdrographic 
Dept.. 

International  Hy- 
drographic Bu- 
reau   

Japanese  Hydro- 
graphic  Office ... 


Depth  Units 


Fathoms 
Fathoms 
Fathoms 

Fathoms 

Meters 
Meters 


Sounding  Velocity 


820  or  800  fm/sec 
800  fm/sec 
800  fm/sec 

820  fm/sec 

Note  D 

1500  meters /sec 


Velocity  Correction 


Note  A 

No 

No  —  Note  E 

Yes  —  Note  C 

Yes 

? 


Slope  Correction 


NoteB 

No 

No  — Note  E 

No 

Note  D 
? 


1.  All  agencies  use  Mercator  projection  charts. 

2.  All  deep  sea  soundings  on  4"   =   1°  longitude  charts;  various  larger  scales 
used  near  shore. 

A.  use  &  GS  usually  makes  velocitj^  correction  according  to  data  taken  at 
time  of  sounding. 

B.  use  &  GS  makes  slope  and  drift  corrections  where  deemed  necessary. 

C.  Admiralty  data  velocity  corrections  are  made  according  to  D.  J.  Matthews.* 

D.  International  Hydrographic  Bureau  takes  no  data  of  its  own,  but  publishes 
data  received  from  various  surveyors. 

E.  Although  corrections  are  made  in  surveys  of  specific  areas,  soundings  are 
first  compiled  in  uncorrected  form. 

many  miles.  This  produces  an  uneven  spacing  of  numbers  on  the  chart, 
and  in  some  areas  the  soundings  have  to  be  crowded  together  to  show 
all  crests  and  valleys.  In  this  method  the  sounding  is  written  alongside  a 
dot  which  represents  the  location  of  the  soimding.  Another  method  is 
to  write  the  sounding  without  a  dot  but  centered  over  the  place  where 
the  sounding  was  taken.  This  produces  a  more  pleasing  drawing  but 
all  detail  must  be  left  out  in  complicated  areas  since  the  physical  size  of 
the  letters  limits  the  number  of  soundings  that  can  be  so  recorded  on 
the  chart. 

2.3.2  Methods  of  Evaluation 

Evaluation  of  topographic  data  starts  with  a  comparison   of  data     | 
from  all  the  different  sources,  with  all  the  soundings  plotted  to  the 
same  scale  on  one  set  of  charts.  Soundings  from  different  sources  must 
be  reduced  to  a  common  base. 

When  the  soundings  from  all  sources  are  compiled  on  the  same  sheet, 
many  ob\-ious  discrepancies  will   be  noted.  A  great  number  of  these 
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cases  can  be  traced  to  either  gross  mistakes  in  plotting  or  poor  accuracy 
in  na\'igation  which  may  cause  errors  in  position  of  up  to  25  miles. 
Usuall3'  these  gross  errors  are  fairly  easy  to  spot.  For  example,  a  large 
shoal  area  was  shown  for  many  years  in  deep  water  east  of  Georgia,  but 
it  now  appears  that  this  particular  shoal  resulted  from  the  misplotting, 
by  one-half  degree  of  longitude,  of  a  series  of  continental  shelf  soundings. 

Lines  of  soundings  from  different  sources  should  indicate  the  same 
depth  at  their  intersections,  providing  a  check  on  the  reliability  of 
both  or  an  indication  that  one  or  both  is  suspect.  Where  there  is  lack 
of  agreement  the  sounding  and  navigational  methods  should  be  checked 
in  an  effort  to  find  a  basis  for  choosing  one  set  of  soundings  rather  than 
the  other.  However,  without  special  knowledge  about  the  individual 
sounding  lines,  it  is  often  impossible  to  decide  which  line  is  correct. 
I'ncertainties  of  2  to  25  miles  in  position  combined  with  possible  errors 
in  depth  determination  of  10  per  cent  and  possible  gross  errors  in  plotting 
are  indicative  of  the  difficulties  that  may  be  encountered. 

The  extent  of  the  coverage  of  the  Atlantic  Ocean  with  precision  sound- 
ing tracks  is  shown  on  Fig.  3.  Sounding  tracks  taken  by  the  Lamont 
staff  prior  to  the  availability  of  the  PDR  are  shown  on  Fig.  4. 

2.3.3  Methods  of  Presentation 

Relief  is  usually  indicated  on  maps  and  charts  by  any  one  of  a  number 
of  devices,  including  contour  lines,  profile  views,  and  physiographic 
sketches.  In  contouring,  after  surveying  a  number  of  control  points  and 
obtaining  their  exact  elevations,  the  land  surveyor  sketches  in  the  con- 
tour lines  between  control  points  while  standing  on  a  ^'antage  point  such 
that  he  can  actually  see  the  terrain.  In  contrast,  the  oceanographer  must 
sketch  contour  lines  by  applying  his  own  interpretation  of  the  submarine 
processes  responsible  for  the  relief  in  the  areas  between  soundings.  The 
accuracy  of  contour  is,  of  course,  determined  by  both  the  number,  spac- 
ing, and  accuracy  of  the  soundings,  and  the  skill  and  knowledge  of  the 
oceanographer. 

The  International  H3^drographic  Bureau  in  Monaco  publishes  a 
colored  contour  chart  for  the  entire  world  on  a  scale  of  1 :  10  million, 
individual  sheets  of  which  are  revised  and  republi-shed  at  10-25  year 
intervals. 

Profiles,  or  elevation  views  along  particular  tracks,  provide  a  detailed 
outline  of  the  bottom.  The  usual  practice  is  to  construct  exaggerated 
profiles  (-40:1  or  greater  vertical  to  horizontal  scale  ratio),  such  as 
those  illustrated  in  Figs.  2(c)  and  5.  Where  accuracy  of  the  highest  order 
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is  reciuired,  1 : 1  profiles  as  illustrated  in  Fig.  2(b)  are  prepared  by  careful 
interpretation  of  precision  depth  records  and  their  correction  for  actual 
sound  velocity  and  slope. 

The  physiographic  diagram  (in  envelope  inside  rear  cover)  was 
prepared  by  combining  evaluated  and  corrected  depth  measurements 
with  all  other  ocean  bottom  and  geological  information.  The  construc- 
tion of  these  diagrams  is  preceded  by  the  preparation  of  40 : 1  exaggerated 
profiles  along  all  available  sounding  tracks  through  the  region  under 
consideration.  After  study  and  evaluation  of  the  profiles,  areas  of  dif- 
ferent texture  are  defined,  and  the  various  physiographic  provinces 
are  outlined.  The  relief  shown  on  the  profiles  is  then  drawn  in  perspective 
view  along  the  appropriate  track  of  the  chart.  After  all  available  tracks 
have  been  drawn,  the  remaining  blank  areas  are  sketched  in,  basing 
the  interpretation  on  geological  information. 

Fig.  6  shows  the  physiographic  provinces  of  the  North  Atlantic  and 
the  existing  submarine  cables  on  a  great  circle  chart.  A  plot  such  as 
this  is  useful  in  preliminary  studies  of  new  routes.  More  detailed  charts 
to  a  scale  of  1 : 1  million  showing  contours,  actual  sounding  tracks, 
existing  cable  routes  and  cable  fault  records  can  be  prepared  for  specific 
engineering  of  new  cable  routes. 

2.4  North  Atlantic  Topography 

The  relief  of  the  continents  naturally  divides  itself  into  mountain 
ranges,  plateaus,  and  plains  —  physiographic  provinces  which  can  be 
recognized  by  distinct  differences  in  topography,  form  and  texture. 
Geologists  recognize  these  differences  as  directly  related  to  underlying 
geological  structures.  The  topography  of  the  ocean  floor  can  also  be 
divided  into  physiographic  provinces  similar  to  those  familiar  on  land. 
In  general,  the  relief  of  the  deep  sea  topography  is  greater  than  on  land 
due  to  the  fact  that  the  smoothing  effects  of  erosion  are  less  under  the 
deep  sea.  Fig.  7  shows  the  relief  along  a  continuous  line  extending 
from  Peru  across  South  America  and  thence  across  the  South  Atlantic. 

The  three  major  divisions  of  the  Atlantic  Ocean  —  Continental 
Margins,  Ocean  Basins,  and  Mid-Atlantic  Ridge  —  each  occupy  about 
one  third  of  the  ocean  floor.  Since  detailed  topographic  information  is 
available  for  so  little  of  the  area  covered  by  the  oceans,  the  following 
descriptions  of  the  relief  must  of  necessity  be  general.  Where  specific 
details  are  available,  they  are  pi-esented  as  examples.  The  area  to  be 
described,  the  North  Atlantic,  is  well  outlined  on  the  Physiographic 
Diagram.  Frecjuent  reference  to  this  illustration  should  help  to  make 
the  word  descriptions  more  meaningful. 
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Fig.  6  —  Great-cii-cle  chart  sliowing  physiographic  provinces  and  existing  submarine 
cable  routes  (dotted  Hnes).  (On  this  chart  any  straight  Une  r- presents  a  great  circle.) 
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2.4.1  Continental  Margins 

The  first  area  considered  is  the  continental  shelf  which  may  be  char- 
acterized as  the  shallow  (0-100  fathoms)  submarine  terrace  bordering 
the  continents,  extending  seaward  hundreds  of  miles  in  some  localities. 
The  shelf  terminates  where  the  bottom  gradient  increases  suddenly 
from  the  shelf  average  of  approximately  0.1°  to  the  continental  slope 
average  of  more  than  4°.  This  change  occurs  in  depths  ranging  from 
20  to  more  than  100  fathoms.  The  shelf  is  a  continuation  of  the  coastal 
plain  and  displays  the  same  numerous  small  irregularities  as  the  plain. 
For  example,  off  the  United  States  east  coast  —  from  Cape  Cod  south 
—  the  shelf  is  relatively  flat,  but  with  many  small  (10-fathom)  hills  and 
ridges.  This  shelf  varies  in  width  from  about  150  miles  off  Cape  Cod  to 
its  virtual  disappearance  off  the  east  coast  of  Florida.  This  region  of 
smooth  shelf  terminates  in  depths  of  about  60  fathoms  between  Cape 
Cod  and  Cape  Hatteras,  but  in  only  20-30  fathoms  south  of  Hatteras. 
It  is  crossed  by  at  least  three  submerged  valleys,  off  the  Hudson  Rivei 
and  Delaware  and  Chesapeake  Bays. 

North  of  Cape  Cod  the  shelf  presents  a  somewhat  different  pattern 
with  many  basins  and  troughs  pitting  the  shelf  whose  width  increases 
to  240  miles  off  Newfoundland.  Characteristic  of  this  region  are  the 
extensive  off-shore  shoals  (the  "Banks"),  with  depths  of  about  30 
fathoms,  which  are  found  to  seaward  of  areas  with  depths  up  to  100 
fathoms. 

Outside  the  continental  shelf  the  bottom  drops  comparatively  rapidly 
down  the  continental  slope.  The  top  of  the  continental  slope  usually 
lies  near  the  100-fathom  contour  but  the  base  lies  in  depths  varying 
from  700-2,000  fathoms,  depending  on  the  area.  The  typical  slope  has 
a  gradient  of  approximately  1:13  (about  4j°).  The  base  is  marked  by  a 
sharp  change  in  the  seaward  gradient,  from  values  greater  than  1:50 
(1°)  to  values  less  than  1:200  (|°).  The  continental  slope  is  dissected 
by  numerous  submarine  canyons,  comparable  in  dimensions  to  the 
canyons  of  mountain  slopes.  In  some  cases  these  canyons  connect  with 
shelf  channels  but  generally  just  slightly  indent  the  shelf  edge.  Some  of 
the  canyons  continue  across  the  continental  rise  (at  the  foot  of  the  slope), 
but  most  of  them  apparently  flatten  out  and  disappear  in   the  rise. 

The  continental  rise  located  at  the  foot  of  the  continental  slope  is  a 
gently  sloping  apron  with  gradients  varying  from  about  1:200  (0°17') 
to  nearly  1:1,000  (0°3|')-  Elinor  relief  features  are  rare  although  there 
are  submarine  canyons  and  occasional  protruding  seamounts.  The  sub- 
marine canyons  having  steep,  ^'-shaped  walls  which  may  approach  the 
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from  the  shelf  average  of  approximately  0.1°  to  the  continental  slope 
average  of  more  than  4°.  This  change  occurs  in  depths  ranging  from 
20  to  more  than  100  fathoms.  The  shelf  is  a  continuation  of  the  coastal 
plain  and  displays  the  same  numerous  small  irregularities  as  the  plain. 
For  example,  oft"  the  United  States  east  coast  —  from  Cape  Cod  south 
—  the  shelf  is  relatively  flat,  but  with  many  small  (10-fathom)  hills  and 
ridges.  This  shelf  varies  in  width  from  about  150  miles  off  Cape  Cod  to 
its  virtual  disappearance  off  the  east  coast  of  Florida.  This  region  of 
smooth  shelf  terminates  in  depths  of  about  60  fathoms  between  Cape 
Cod  and  Cape  Hatteras,  but  in  only  20-30  fathoms  south  of  Hatteras. 
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and  Delaware  and  Chesapeake  Bays. 

North  of  Cape  Cod  the  shelf  presents  a  somewhat  different  pattern 
with  many  basins  and  troughs  pitting  the  shelf  whose  width  increases 
to  240  miles  off  Newfoundland.  Characteristic  of  this  region  are  the 
extensive  off-shore  shoals  (the  "Banks"),  with  depths  of  about  30 
fathoms,  which  are  found  to  seaward  of  areas  with  depths  up  to  100 
fathoms. 

Outside  the  continental  shelf  the  bottom  drops  comparatively  rapidly 
down  the  continental  slope.  The  top  of  the  continental  slope  usually 
lies  near  the  100-fathom  contour  but  the  base  lies  in  depths  varying 
from  700-2,000  fathoms,  depending  on  the  area.  The  typical  slope  has 
a  gradient  of  approximately  1 :  13  (about  4j°).  The  base  is  marked  by  a 
sharp  change  in  the  seaward  gradient,  from  values  greater  than  1:50 
(1°)  to  values  less  than  1:200  {\°).  The  continental  slope  is  dissected 
by  numerous  submarine  canyons,  comparable  in  dimensions  to  the 
canyons  of  mountain  slopes.  In  some  cases  these  canyons  connect  with 
shelf  channels  but  generally  just  slightly  indent  the  shelf  edge.  Some  of 
the  canyons  continue  across  the  continental  rise  (at  the  foot  of  the  slope), 
but  most  of  them  apparently  flatten  out  and  disappear  in   the  rise. 

The  continental  rise  located  at  the  foot  of  the  continental  slope  is  a 
gently  sloping  apron  with  gradients  varying  from  about  1:200  (0°17') 
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vertical  generally  resemble  land  canyons  cut  in  the  sides  of  mountain 
ranges.  These  canyons,  some  with  tri])utaries,  usually  follow  gently  cur\- 
ing  to  straight  courses  down  the  slope  from  their  origins  on  the  shelf  and 
gradually  disappear  on  the  ocean  floor.  Most  exhibit  sediment  hlling 
on  their  floors,  and  many  have  rocky  walls.  In  some  areas  the  base  of 
the  continental  rise  is  marked  by  a  range  of  hills  100  fathoms  or  less  in 
height  and  one  mile  wide  or  less  at  the  base. 

2.4.2  Ocean  Basins 

The  continental  rise  gives  way  to  the  abyssal  plains  which  occupy  a 
sizable  proportion  of  the  ocean  basins.  The  smooth,  nearly  flat  topog- 
raphy of  the  abyssal  plains  was  apparently  produced  by  deposition  of 
sands  and  silts  which  were  carried  by  turbidity  currents  from  the 
continental  margins  via  the  submarine  canyons. 

Sea  mounts  which  rise  from  the  abyssal  plain  have  an  appearance  of 
being  partially  buried.  The  small  sea  mounts  and  hills  which  protrude 
from  the  abyssal  plain  increase  in  number  toward  the  seaward  limit  of 
the  plain.  The  seaward  extremity  of  the  abyssal  plains  frequently  occurs 
where  the  small  hills  become  so  numerous  that  they  occupy  the  entire 
area.  The  margin  of  the  abyssal  plain  along  certain  positive  features 
such  as  the  east  or  west  margin  of  the  Bermuda  Rise  is  marked  by  a 
sharp  rise  of  the  sea  floor  where  the  depositional  floor  has  built  up 
against  the  topographic  rise.  The  larger  sea  mounts  that  occur  scattered 
through  the  abyssal  plain  also  show  the  same  partially  biu'ied  appearance. 

Besides  the  two  lines  of  large  sea  mounts  which  parallel  the  Mid- 
Atlantic  Ridge  on  the  east  and  west,  there  is  another  major  trend  of 
sea  mounts,  the  Kelvin  Group,  running  southeast  from  New  England. 

The  eastern  and  western  basins  of  the  Atlantic  are  quite  similar  but 
there  are  several  significant  differences.  The  European  continental 
slopes  are  in  general  higher,  steeper,  and  more  rugged  and  irregular 
than  those  oft"  the  North  American  coast.  The  continental  rise  is  often 
absent  or  poorly  developed;  in  some  areas  the  continental  slope  descends 
almost  directly  to  the  abyssal  plain.  In  the  area  north  of  the  Azores  the 
abyssal  plains  are  less  well  developed  than  on  the  west  side  of  the  ridge. 
Rockall,  Bill  Bailey's,  and  Lousy  Banks,  rocky  spines  nuuiing  south 
from  the  Iceland-Faeroe  Ridge,  represent  features  which  have  no 
direct  analogies  in  the  western  basin.  In  the  area  between  the  Azores 
and  Gibraltar  numerous  sea  mounts  of  large  size  are  encountered  more 
frequently  than  in  the  western  basin.  The  northwest  margin  of  Africa 
bears  the  closest  similarity  to  the  northeast  coast  of  the  United  States, 
with  an  extensive  abyssal  plain  and  a  well-developed  continental  rise. 
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A  mid-ocean  canyon  three  miles  wide  with  precipitous  walls  which 
drop  fifty  fathoms  to  the  canyon  floor  runs  down  the  length  of  the 
Labrador  and  Newfoundland  Basins  as  shown  on  Fig.  8.  Profiles  across 
this  canyon  are  shown  in  Fig.  9.  Other  mid-ocean  canyons  have  recently 
been  discovered  in  the  equatorial  Atlantic  as  well  as  in  the  basin  south 
of  Nova  Scotia.  Studies  of  sediments  obtained  in  these  canyons  suggest 
that  they  were  cut  by  turbidity  currents. 

2.4.3  Mid-Atlantic  Ridge 

The  principal  topographic  feature  of  the  Atlantic  is  the  Mid-Atlantic 
Ridge  which  runs  the  entire  length  of  the  Atlantic  and  continues  into 
the  Indian  and  Arctic  Oceans.  The  ridge  is  about  1,200  miles  wide  and 
can  be  thought  of  as  a  broad  swell  or  arch  with  ^'aried  and  generally 
extremely  irregular  topography.  Along  the  axis  of  the  ridge  is  a  narrow 
crest  about  60  miles  wide  with  a  characteristic  median  depression  which 
cleaves  the  crest  zone.  Depths  in  the  median  depression  exceed  the 
maximum  depths  of  the  adjacent  flanks  of  the  ridge  out  to  100  miles 
or  more.  In  some  cases  they  reach  depths  equal  to  those  of  the  abyssal 
plains.  The  tops  of  the  highest  peaks  of  the  ridge,  excluding  those  which 
emerge  as  islands,  lie  at  about  800  fathoms  while  the  median  rift  falls  to 
depths  of  about  2,000  fathoms  and  locally  to  depths  as  great  as  2,800 
fathoms. 

Near  the  outer  margins  of  the  ridge  there  is  a  discontinuous  line  of 
sea  mounts  which  rise  as  isolated  peaks.  The  major  part  of  the  ridge 
lies  at  depths  intermediate  between  the  abyssal  plains  and  the  central 
highlands,  with  extensive  areas  of  flat  intermountain  basins,  particularly 
in  the  area  just  south  of  the  Azores.  The  earthquake  epicenter  belt 
accurately  follows  the  median  rift  throughout  the  length  of  the  ridge. 

Other  areas  of  the  Atlantic  which  have  topograph}^  similar  to  the 
Mid-Atlantic  Ridge  include  an  oval  area  trending  northeast-southwest 
from  Bermuda  with  a  long  axis  of  about  800  miles  and  a  short  axis  of 
about  500  miles.  The  area  is  characterized,  in  part,  by  low  irregular 
relief,  but  with  a  number  of  large  sea  mounts. 

III.  XATURE  OF  THE  SEA  BOTTOM 

3.1  Methods  of  Investigation 

There  are  four  principal  methods  of  investigating  the  nature  of  the 
bottom : 

(a)  Visual  in.spections  and  photographs. 

(b)  Physical  sampling. 
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MID-OCEAN   CANYON 

SURVEYED   PORTIONS 

UNSURVEYED  PORTIONS,  CERTAIN    CONNECTIONS 

APPROXIMATE   POSITION    OF  PROBABLE  EXTENSION 

POSSIBLE    TRIBUTARIES 

SUBMARINE  CABLE   BREAKS   (DE  SMITT,1932) 


Fig.  8  —  Mid-ocean  canyon  of  the  Northwest  Atlantic. 
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Fig.  9  —  Profiles  across  the  mid-ocean  canj^on. 
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Fig.  10  —  Location  of  cores,  rock  dredges,  and  bottom-photograph  sites  of  Columbia  Uj 
varsity  expeditions  in  the  North  Atlantic,  1946-1956. 
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(c)  Sound  investigations. 

(d)  Investigations  of  magnetic  and  gravity  fields,  and  heat  flow. 
Visual  inspections  have  been  performed  by  divers  in  depths  up  to 

only  about  two  hundred  feet.  Vessels  such  as  the  bathyscaphe  must  be 
employed  for  greater  depths  but  their  design  precludes  any  extensive 
observation  of  the  sea  floor. 

Bottom  photographs  in  shallow  waters  are  fairly  numerous  but  those 
taken  in  depths  greater  than  1,000  fathoms  are  still  rare.  Good  photo- 
graphs usually  show  an  area  approximately  5  ft  by  8  ft  and  are  focussed 
well  enough  to  make  objects  and  organisms  |  inch  in  diameter  clearly 
identifiable.  A  compass  and  a  current  indicator  are  often  lowered  with 
the  camera  and  included  in  the  photograph.  These  provide  indications 
of  current  velocity  and  direction  and  a  means  of  orienting  the  bottom 
features.  Locations  of  almost  all  deep  water  photograph  stations  in  the 
Atlantic  are  shown  on  Fig.  10,  and  a  typical  deep  sea  camera  rig  is  de- 
picted in  Fig.  11. 


I 

/  ,- 


CAMERA — 


/  / 

/  I 


/ 
/ 
/ 
/ 
/ 
/ 


V 


-15"h 


> 


I 


7' 

I 


I  _LIGHT 
■  I   SOURCE 


-I 


I 
I 

I 

-f-SWITCH 
3' 


3*--^ — SPRING 


iV ARFA  OF        -^t^  /iLra'' ^.j    ^^   ( 


AREA  OF 
PHOTOGRAPH 


— >T<- 


-4-3"-- 


-^  CONTACT 
PLATE 


Fig.  11  —  Diagram  of  miilti])lo-shot  uiidorwalor  camera  taking  a  bottom  picttire. 
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Television  is  being  used  in  shallow  waters  by  various  organizations. 
However,  picture  resolution  is  poorer  than  that  obtained  photographi- 
cally, and  nothing  has  been  done  in  depths  greater  than  110  fathoms. 

Physical  sampling  is  accomplished  by  corers,  grab  samplers,  and  rock 
dredgers.  Earliest  samples  were  obtained  by  "arming"  a  sounding  lead 
with  tallow,  to  which  some  of  the  bottom  sediment  would  adhere.  Coring 
is  the  most  important  source  of  bottom  composition  data.  Specimens  up 
to  70  feet  in  length  are  obtained  by  dropping  a  weighted  tube  vertically 
into  the  bottom  sediments.  About  1,200  sediment  cores  have  been  ob- 
tained in  the  Atlantic.  The  locations  of  most  of  these  stations  are  shown 
in  Fig.  10.  Rock  dredging  has  produced  much  evidence  on  the  nature  of 
the  continental  slope,  the  Mid-Atlantic  Ridge,  and  on  the  various  sea- 
mounts.  Lamont's  rock  dredge  stations  are  shown  in  Fig.  10.  Not  shown 
are  a  large  number  taken  by  French  workers  off  the  Bay  of  Biscay  and 
off  Georges  Banks. 

Sounding  data  can  provide  a  wealth  of  detail  in  addition  to  the  depth 
if  an  experienced  operator  evaluates  the  fathogram.  The  least  skilled 
operator  can  differentiate  between  rough  and  smooth  bottoms,  while  the 
most  experienced  can  interpret  a  fathogram  in  terms  of  bottom  smooth- 
ness, sediment  thickness,  and  the  location  of  interfaces  in  the  sediment. 

3.2  Present  Knowledge 

3.2.1  General  Characteristics 

Navigation  charts  sometimes  include  a  short  notation  alongside  a 
sounding,  indicating  the  type  of  bottom,  ranging  from  common  terms 
such  as  sand,  mud,  or  ooze,  through  the  less  familiar  foraminifera  or 
globigerina  ooze  (shells  of  microscopic  marine  life).  These  notations  are 
most  abundant  in  shallow  coastal  waters  where  they  provide  informa- 
tion for  piloting  and  anchorages.  In  the  less  frecjuented  depths,  bottom 
notations  on  navigation  charts  are  very  rare — charts  of  bottom  sediments 
commonly  published  are  based  on  sparse  and  incomplete  data  and,  as  a 
result,  are  generalized. 

Deep  sea  sediments  have  been  divided  into  two  main  classes,  terrig- 
enous and  pelagic.  Terrigenous  sediments  are  those  derived  from  the 
erosion  of  the  land  and  are  found  adjacent  to  the  land  masses,  while  the 
pelagic  deposits  are  found  in  the  deep  sea  and  are  distinguished  as  either 
organic  ooze  or  inorganic  clay.  The  organic  oozes  are  composed  princi- 
pally of  fossil  remains  of  planktonic  animals.  Distribution  of  types  of 
sediment  is  by  no  means  static.  Such  factors  as  deposition  by  turbidity 
currents,  land  slides  or  slumps,  bottom  scour  by  ocean  currents,  and 
climatic  changes  continually  cause  changes. 
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3.2.2  Sediment  Densities 

Quite  accurate  density  determination  can  be  made  by  laboratory 
analysis  of  sediment  from  core  tubes.  Densities  of  1.35  to  1.55  gm/cc 
are  characteristic  of  the  gray  and  red  clays  which  cover  most  of  the 
deeper  parts  of  the  ocean.  The  globigerina  oozes  which  are  abundant 
on  the  Mid-Atlantic  ridge  have  densities  from  1.60  to  1.75  gm/cc.  Sand 
layers  which  maj^  occur  in  abyssal  plains  at  or  near  the  sediment  surface 
range  in  density  from  1.65  to  2.00  gm/cc. 

An  increase  in  density  as  a  function  of  depth  in  the  core  would  be 
expected.  However,  after  an  initial  increase  in  the  first  1  or  2  meters  the 
density  usually  fails  to  show  further  regular  increase  in  cores  up  to  10 
meters  in  length,  and  deep  in  the  core  the  density  often  falls  to  within 
0.1  gm/cc  of  the  initial  value. 

The  sediment  averages  about  300  fathoms  in  thickness  over  the  deep 
ocean  floor,  except  for  the  bare  rock  surfaces  on  the  steeper  parts  of  the 
continental  slopes  and  submarine  peaks  where  sediment  is  thin  or  absent. 
Thicknesses  exceeding  100  fathoms  may  be  reached  on  the  continental 
rises. 


Fig.  12  —  Continental -shelf  photographs  taken  off  Cape  Cod.  Each  pho- 
tograph shows  an  area  of  approximately  2.4  ft  by  3.3  ft.  Dials  are  compas- 
ses. Tassel  beneath  dial  indicates  current.  Note  small  ripple  marks  in  left 
photograph.  Depths :  64  and  54  fathoms,  respectively. 
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Fig.  13  —  Continental-slope  photograph  taken  at  550-fathom  depth  at  44°43'N, 
54°30'W.  Area  shown  in  each  photograph  in  Figs.  13-16  is  about  40  square  feet. 

3.2.3  The  Bottom  in  the  North  Atlantic 

The  continental  shelf  at  depths  less  than  about  70  fathoms  was  dry 
land  for  a  considerable  period  prior  to  11,000  years  ago.  Thus,  the  sedi- 
ments of  the  continental  shelf  resembled  the  sediments  of  the  coastal 
plain  from  Cape  Hatteras  to  Cape  Cod.  A  deposit  of  sand  continues 
along  the  shelf  edge  and  is  generally  thought  to  be  an  old  beach.  Land- 
ward of  this  is  a  series  of  irregularities  generally  considered  to  be  old 
dunes  and  beaches.  Photographs  of  the  continental  shelf  are  shown  in 
Fig.  12. 

Hardened  sandstones  and  limestone  have  been  recovered  from  the 
walls  of  submarine  canyons  off  Georges,  Browns  and  Banquero  Banks. 
A  rock  outcrop  has  been  photographed  at  a  depth  of  500  fathoms  in  a 
small  gully  south  of  Block  Island.  In  other  areas  the  continental  slope 
is  covered  with  low-density  gray  clay  in  which  the  coring  rig  completely 
buries  itself.  Gravel  and  sand  form  the  floors  of  some  continental  slope 
canyons  while  others  are  deeply  covered  with  low  density  mud.  In  many 
areas  ancient,  partly  consolidated  clay  crops  out  on  canyon  walls. 

The  Western  Union  Company,  when  plowing  in  their  continental- 
slope  cables,  had  widely  different  experience  along  closely  parallel 
cables. '^  Presumably  the  differences  in  the  depth  to  which  the  plow  would 
penetrate  were  due  to  differences  between  ancient  and  recent  compaction 
of  sediments.  Although  rock  was  probably  not  en(^ountered  on  these 
runs,  it  is  known  from  dredging  experience  that  rock  can  be  expected. 

A  photograph  (Fig.  13)  of  the  bottom  at  550  fathoms  depth  south  of 
the  Grand  Banks  reveals  huge  ripple  marks.  It  is  not  difficult  to  imagine 
that  cable  chafe  would  be  appreciable  in  such  an  area. 

Beneath  the  nearly  flat  abyssal  plains  alternate  layers  of  sand,  silt, 
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and  red  clay  make  up  the  approximately  300  fathoms  of  sediment.  A 
photograph  (Fig.  14)  .shows  the  bottom  at  a  depth  of  3,000  fathoms  in 
the  abyssal  hills.  This  remarkable  shot  .shows  ball-shaped  objects  that 
have  been  identified  as  mangane.se  nodules.  The  most  interesting  feature 
of  this  photo  is  the  scour  marks  around  the  objects,  implying  an  ap- 
preciable current  at  a  depth  of  3,000  fathoms. 

Seamounts  present  extremely  varied  conditions.  Rocks,  from  crystal- 
line basalt  through  hardened  limestone  to  soft  marl,  are  encountered. 
Sediments,  including  sticky  ancient  formations,  deep  sea  oozes,  and  shell 
sand  are  found.  Photographs  show  all  types  from  tranquil  mud  bottom 
through  wave-rippled  silt  and  sand  to  craggy  rock.  Some  of  these  types 
are  illustrated  in  Fig.  15. 

The  flanks  of  the  Mid-Atlantic  Ridge  are  areas  of  irregular  topog- 
raphy. The  steeper  .slopes  are  probably  bare  rock  and  the  sediment 
removed  from  these  .slopes  probably  is  deposited  in  the  intermountain 
basins.  Cores  are  usually  of  globigerina  ooze,  but  the  different  rates  of 
sedimentation  on  steep  slopes  and  on  basin  floors  cause  changes  in  thick- 
ness of  sediment  and  relatively  great  changes  in  physical  properties  over 
short  distances.  The  deeper  flanks  of  the  ridge  are  covered  by  red  clay. 
A  very  similar  bottom  is  found  on  the  Bermuda  Rise. 


Fig.  14 
57°22'W. 


Abyssal-liills  photograph  taken  at  3,190-fatliom  depth  at  29°17'X, 
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Fig.  15  —  Seamount  photographs  taken  near  summit  of  seamount  on  Bermuda 
Rise  at  34°38'N,  56°53'W  at  depth  of  1,370  fathoms.  The  two  photos  were  taken 
about  100  feet  apart,  indicating  the  rapid  alternation  of  ooze  and  rock  bottom  over 
short  distances. 


The  crest  of  the  Mid-Atlantic  Ridge  is  similar,  as  a  bottom  type,  to  j 
the  seamounts  previously  described.  Dredge  hauls  have  brought  up  | 
mostly  basalt,  although  a  few  fragments  of  limestone  have  also  been  | 
retrieved.  The  photographs  shown  in  Fig.  16  were  taken  about  60  feet  ' 
apart  on  the  Mid-Atlantic  Ridge.  They  illustrate  a  change  from  smooth 
to  rocky  conditions  in  this  short  distance. 


Fig.  16  —  Mid-AtLantic  Ridge  photographs  (1,500-fathom  depth  at  48°30'N, 
28°48'W).  The  two  pictures  were  taken  about  60  feet  apart.  Out  of  60  photographs 
taken  at  simihir  intervals  in  this  location  three  were  similar  to  that  on  the  left  and 
the  remainder  resembled  that  on  the  right.  The  dark  l)and  in  the  right-hand  pic- 
ture is  probably  composed  of  gravel  and  sand  of  the  dark-colored  rock  of  the  peaks, 
while  the  white  underlying  layer  is  clay  or  ooze.  The  dark  bantl  was  produced  by 
a  current  which  swept  the  dark  material  over  the  light-colored  material. 
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IV.    TEMPERATURES* 

4.1  General 

The  temperature  of  a  given  point  on  the  deep  sea  floor  is  determined 
by  the  system  of  ocean  circulation.  Study  of  deep  sea  circulation  is  still 
in  an  early  stage  and  theories  which  would  permit  prediction  of  changes 
are  still  in  a  rudimentary  form.  In  addition,  observations  of  actual  bot- 
tom temperature  are  few.  Thus,  a  study  of  the  temperature  environment 
of  submarine  cables  must  proceed  by  evaluating  those  data  that  exist 
and  striving  for  increased  understanding  of  the  underljdng  circulation 
processes. 

The  new  electronic  thermometer  under  development  at  the  Lament 
Geological  Observator}^  determines  temperature  with  an  accuracy  of 
0.01  °C  by  the  frequency  of  an  oscillator  employing  thermistors  in  an 
RC  network.  The  oscillator  is  lowered  on  the  end  of  a  cable  and  its  fre- 
quency is  monitored  by  equipment  installed  aboard  ship. 

Bottom-temperature  changes  might  be  predicted  if  the  rate  and  direc- 
tion of  circulation  of  the  sea  water  could  be  determined.  This  is  being 
studied  by  sonar  tracking  of  a  submerged  blimp  designed  so  that  it  has 
negative  buoyancy  at  the  surface  but  is  neutrally  buoyant  at  the  level 
where  the  measurement  is  desired.  This  method  has  been  used  down  to 
depths  of  3,000  meters.  Results  have  indicated  much  higher  velocities 
than  hitherto  suspected.  Near  the  base  of  the  continental  slope  off  the 
eastern  United  States  near-bottom  currents  of  -g-  knot  have  recently 
been  observed  by  this  method. 

Another  method  depends  on  the  measurement  of  the  time  elapsed 
since  a  given  water  mass  was  at  the  surface  by  radiocarbon  dating  of 
sea-water  samples.  At  the  surface,  water  is  in  free  exchange  with  the 
atmosphere  and  acquires  a  radiocarbon  concentration  in  equilibrium 
with  that  of  the  atmosphere.  As  the  water  sinks  from  the  surface  to  enter 
the  deep  sea  circulation  system,  it  is  cut  off  from  the  supply  of  fresh 
radiocarbon,  and  radioactive  decay  reduces  the  content  of  Carbon  1-1 
at  a  rate  given  by  its  half  life.  Thus,  the  measurement  of  the  radiocarbon 
content  of  a  given  sea  water  sample  ideallj^  will  give  the  time  at  which 
this  sample  left  the  surface  of  the  ocean. 


*  In  this  section  dealing  with  temperature,  depths  are  given  in  meters  rather 
than  in  fathoms.  Temperature  has  largely  been  of  interest  in  physical  oceanog- 
raphy where  volume  is  of  concern.  This  has  led  to  the  vise  of  meters.  Since  a  nauti- 
cal mile  is  approximately  1,000  fathoms,  the  fathom  has  been  widely  used  in  topo- 
graphic work.  One  fathom  equals  approximately  two  meters. 
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4.2  Characteristics  of  Available  Information 

4.2.1  Sources  of  Data 

Observations  of  temperature  in  the  deep  sea  were  first  made  in  the 
mid-nineteenth  century.  The  early  observations  were  made  with  crude 
instruments  and  are  now  of  purely  historical  value.  The  Challenger 
expedition  of  1872-1876  made  several  hundred  observations  but  with 
maximum-minimum  thermometers  unprotected  from  pressure.  In  the 
late  nineteenth  century  the  Richter  reversing  thermometer  was  invented 
and  by  the  turn  of  the  century  they  were  used  by  nearly  all  scientific 
expeditions.  Cable  ships  have  taken  many  observations  but  almost  al- 
ways with  maximum-minimum  thermometers. 

Major  expeditions  have  published  volumes  which  included  tabulated 
lists  of  temperature,  salinity,  oxygen,  etc.,  for  each  station  occupied, 
while  the  shorter  expeditions  and  those  institutions  which  continually 
collect  oceanographic  data  in  the  North  Atlantic  publish  their  observa- 
tions in  the  "Bulletin  Hydrographique,"  a  journal  published  by  the 
International  Commission  for  the  Exploration  of  the  Sea,  Copenhagen. 
In  addition,  unpublished  data  are  available  from  the  files  of  oceano- 
graphic institutions. 

Expedition  reports  give  estimates  of  the  reliability  and  accuracy  of' 
their  data  and  usually  describe  the  calibration  tests  used  to  determine ' 
the  accuracy.  The  "Bulletin  Hydrographiciue"  merely  publishes  the  data: 
without  comment.  The  scarcity  of  data  and  the  tendency  to  systematic 
errors  in  single  sets  of  data  coupled  with  the  temperature  changes  now. 
being  demonstrated  for  deep  ocean  water  masses  tend  to  frustrate  efforts 
to  evaluate  the  accuracy  of  data. 

4.2.2  Methods  of  Evaluation 

Evaluation  of  temperature  data  involves  comparison  of  nearby  obser-^ 
vations,  verification  of  the  original  data  sheet,  and  checking  for  errors 
in  computation.  The  calibration  of  the  thermometers  is  ordinarily  done 
with  great  care,  and  observations  are  generally  accurate  to  ±.05°C. 
When  the  thermometer  fails  to  function  properly,  the  temperature  is 
usually  so  far  off  that  the  observation  is  not  reported.  The  main  error 
comes  in  the  determination  of  depth  of  observations.  The  length  of  wire 
paid  out  to  reach  a  stated  depth  varies  with  the  magnitude  of  winds  and 
currents  in  the  area.  On  early  expeditions  this  led  to  large  errors  in 
observation.  The  use  of  two  thermometers,  one  in  a  pressure  case  and 
one  unprotected  from  pressure,  allows  the  calculation  of  depth  of  obser- 
vations with  relatively  great  accuracy. 
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One  method  of  understanding  temperature  changes  is  to  consider  the 
movement  of  the  water  masses.  These  movements  depend  on  density 
gradients  which  are  directly  dependent  on  the  sahnity  and  temperature. 
This  type  of  study  is  apphcable  in  shallow  water  where  circulation  of  the 
surface  layers  is  brisk.  For  the  deep  sea,  however,  dynamic  calculations 
are  ambiguous;  different  investigators  ushig  the  same  data  not  only 
arrive  at  different  values  for  velocity  but  often  arrive  at  opposite  direc- 
tions of  flow.  Thus,  continuity  considerations  and  the  conservation  of 
volume  are  the  primary  factors  in  studies  of  the  deep-water  circulation. 
It  is  important  when  evaluating  temperature  data  and  studying  tem- 
perature change  and  rate  of  bottom  water  circulation  to  study  the  entire 
process  and  not  be  limited  to  temperature  observations,  even  though 
the  temperature  is  the  desired  final  answer. 

4.3  Temperature  in  the  North  Atlantic 

4.3.1  General 

Ocean-bottom  temperatures  in  shallow  water  (less  than  200  meters 
deep)  are  affected  by  seasonal  air  temperatures  and  movements  of  local 
masses  of  water.  Thus,  each  specific  area  exhibits  its  own  pattern  of 
temperature  changes.  Data  are  fairly  abundant  in  shallow  water  areas, 
so  that  despite  the  large  and  often  erratic  changes,  it  is  generally  pos- 
sible to  determine  roughly  the  bottom-temperature  cycle  from  existing 
data.  However,  the  local  nature  of  the  phenomena  makes  it  desirable  to 
concentrate  any  detailed  studies  on  areas  of  immediate  interest  rather 
than  to  attempt  broad  generalizations. 

In  deep  water  (depth  greater  than  200  meters)  bottom  temperatures 
and  their  variations  result  from  large-scale,  oceanwide  topographical  and 
\  circulation  phenomena.  At  the  same  time,  the  paucity  of  data  makes 
an  analysis  of  any  particular  locale  quite  difficult.  Thus,  a  general  study 
of  deep-water  bottom  temperatures  in  the  North  Atlantic  presents  the 
best  hope  of  obtaining  at  least  some  useful  data. 

4.3.2  Shallow  Water  (Depth  less  than  200  Meters) 

In  many  shallow-water  areas  near  shore  (depth  less  than  50  meters) 
there  are  predictable  seasonal  chang(\s  in  temperatuio  of  the  order  of 
10°C.  In  harbors  and  bays  where  interchange  with  open  ocean  water  is 
restricted  the  seasonal  temperature  cur\'e  will  approximate  the  seasonal 
air-temperature  curves  except  that  the  amplitude  of  the  sea  bottom 
temperature  changes  will  be  smaller  and  the  peaks  and  troughs  will  be 
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slightly  retarded.  In  the  open  water  of  the  continental  shelf  there  is  often 
a  strong  stratification  of  water  masses  and  the  vernal  cycle  is  either 
strongly  retarded  (by  several  months)  or  completely  obscured. 

On  the  open  shelf  the  bottom-temperature  cycle  is  controlled  by 
shifting  currents  and  wedges  of  water  which  flow  in  along  the  bottom 
from  the  open  ocean.  In  some  areas  these  changes  go  through  essentially 
the  same  cycle  each  year.  The  Irish  Sea  and  the  continental  shelf  west 
of  Scotland  are  areas  where  the  cycle  is  so  regular  that  one  can  safely 
predict  the  bottom  temperature  for  a  given  month  within  an  accuracy 
of  ±1.5-2°C.  On  the  other  hand,  the  bottom  temperature  on  the 
Grand  Banks  changes  radically  from  day  to  day  and  week  to  week.  It 
is  possible  to  show  that  on  the  Grand  Banks  summer  temperatures  are 
on  an  average  2°  colder  than  winter  bottom  temperatures.  The  day-to- 
day temperature  changes  can  amount  to  5°C  or  more. 

In  one  particularly  well-studied  area  off  Halifax,  Nova  Scotia,  an  in- 
teresting complication  has  been  discovered.  In  this  10,000-sciuare  mile 
area  the  bottom  temperatures  had  been  studied  for  about  twenty-five 
years,  observations  having  been  taken  at  different  times  of  the  year. 
The  bottom  temperature  was  considered  known  to  1°C.  It  has  more 
recently  been  found  that  on  occasion,  the  8°C  water  is  displaced  upward 
by  an  underflow  (incursion)  of  2°C  water  which  suddenly  lowers  the 
bottom  temperature  by  6°C.  However,  after  a  few  weeks  the  bottom 
temperature  again  approaches  the  usual  value  of  8°C.  Such  incursions 
of  contrasting  water  (both  cold  and  warm)  from  the  open  ocean  are  as 
yet  only  partially  understood. 

The  maximum  amplitude  of  temperature  changes  in  bays  and  near 
shore  areas  of  both  seasonal  and  erratic  nature  often  approaches  20°C. 
On  the  outer  shelves  8°C  would  be  the  maximum  change  expected. 

It  is  now  well  established  that  the  average  temperature  over  wide 
areas  in  the  North  Atlantic  has  undergone  a  gradual  increase  for  the 
past  one  hundred  and  fifty  years.  The  average  bottom  temperature  on 
the  Nova  Scotian  shelf  increased  2°C  between  the  early  and  mid-nine- 
teen  thirties  and  the  late  nineteen  forties.  Similar  changes  have  beeni 
reported  for  the  area  near  Iceland.  At  present,  no  sure  way  of  predicting! 
the  future  longterm  changes  of  temperature  is  available.  Changes  of  1° 
per  decade  may  be  experienced. 

4.3.3  Dee/p  Water  {Depth  more  than  200  Meters) 

A  search  was  made  for  all  deep  sea  temperature  measurements  taken 
with  accurate  thermometers  in  depths  greater  than  2,000  meters,  from 
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the  Equator  to  the  Icelaud-Faeroe-Greenland  Ridge  (which  divides  the 
Atlantic  Ocean  from  the  Norwegian  Sea).  Approximately  600  observa- 
tions (Fig.  17)  were  found  after  a  search  of  all  data  up  to  1950  and  much 
of  the  data  up  to  1954.  (The  "Bulletin  Hydrographique"  is  5  to  6  years 
behind  in  publication.)  Since  the  temperature  at  intermediate  depths  is 
of  interest  to  the  cable  engineer  onl}^  to  the  extent  that  he  can  use  it  to 
determine  l^ottom  temperatures,  the  observations  in  depths  greater 
than  2,000  meters  which  lay  within  100  meters  of  the  bottom  were 
sorted  out.  Only  about  150  observations  (Fig.  17)  were  found  in  this 
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Fig.  18  —  Deep-sea  temperature  gradients.  Mean  gradient  in  the  sediments  is 
indicated  by  the  dashed  line. 

category  and  most  of  these  were  either  between  Greenland  and  Labrador 
or  near  the  Equator.  The  number  of  actual  bottom  observations  is 
limited  by  inability  to  determine  when  the  bottom  was  reached  and  a 
reluctance  on  the  part  of  observers  to  risk  losing  expensive  equipment 
by  having  it  snagged  on  the  bottom. 

At  the  present  time  there  are  insufficient  data  or  knowledge  of  the  | 
mechanism  involved  to  permit  reliable  extrapolation  of  bottom  temper-  i 
atures  from  a  series  of  mid-depth  observations.  Fig.  18  illustrates  the- 
problem.  Here  are  six  different  near-bottom  gradients  observed  in  dif- 
ferent parts  of  the  Atlantic.  Assuming  these  gradients  terminated  500 . 
meters  above  the  bottom  (as  do  many  of  the  observed  data),  it  is  ap-j 
parent  that  extrapolating  such  data  to  the  bottom  is  not  feasible.  ]\Ieas-  '< 
urements  of  gradients  to  the  bottom  at  stations  for  which  near-bottom 
data  exist,  coupled  with  a  knowledge  of  the  processes  causing  the  gra-  j 
client,  may  make  it  possible  in  the  future  to  make  use  of  manj^  of  the 
old  mid-depth  observations  in  studying  bottom  temperature. 

From  the  compilation  of  available  data,  the  three  profiles  (Figs.  20- 
22)  whose  locations  are  shown  in  Fig.  19  were  prepared.  More  recent 
studies  indicating  that  deep  water  temperatiu'es  may  vary  a  few  tenths 
of  a  degree  Centigrade  with  time  make  it  probable  that  some  of  the 
ripples  in  the  isotherms  are  not  real  but  instead  reflect  the  fact  that  the 
data  were  taken  at  widely  different  times.  The  data  for  Profile  1  were 
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taken  in  the  same  year  and  do  not  show  these  effects.  The  large  fluc- 
tuation on  Profile  3  is  probably  due  to  variations  with  time. 

At  a  certain  depth,  often  about  1,200  meters,  a  sharp  change  in  tem- 
perature takes  place.  An  interface  known  as  the  main  thermocline 
separates  the  warm  surface  waters  from  the  cold  (2°-4°C)  deep  water. 
This  boundary  shifts  slightly  from  time  to  time  and  is  affected  by  sub- 
surface (internal)  tidal  waves.  Thus,  cable  laid  near  the  main  thermo- 
cline may  undergo  temperature  changes  of  a  few  degrees.  These  changes 
may  be  of  different  periods  depending  on  their  causes,  e.g.,  subsurface 
waves,  seasonal  changes,  or  long  term  changes  in  ocean  regime.  It  is  not 
known  if  a  long-term  change  in  depth  of  the  thermocline  has  occurred 
but  such  change  seems  probable. 

The  greatest  percentage  of  any  transatlantic  cable  route  lies  in  depths 
!  greater  than  2,000  meters  and  thus  the  temperature  changes  in  the 
I  deep  sea  are  of  primary  importance  to  the  engineering  of  a  cable.  The 
I  temperatures  are  low,  averaging  3°C,  and  the  temperature  changes  are 


Fig.  19  —  Positions  of  Temperature  Profiles  1,  2,  and  3. 
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Fig.  23  —  Variation  of  mean  temperature  at  1,500-meter  depth  in  the  .southern 
Labrador  Sea  at  about  the  point  indicated  in  Profile  2,  Fig.  21. 

probably  small.  At  one  time  it  was  assumed  that  the  ocean  temperature 
in  depths  exceeding  1,000  meters  remained  constant.  As  more  informa- 
tion is  gathered  it  is  becoming  evident  that  changes  in  temperatures 
have  occurred  in  deep  water,  but  neither  the  mechanism  nor  the  time 
scale  of  the  changes  is  as  yet  completely  understood. 

Due  to  the  virtual  absence  of  deep  sea  bottom  temperature  observa- 
tions it  is  not  possible  to  determine  changes  in  temperatures  by  compari- 
son of  repeated  measurements  at  approximately  the  same  position.  In  a 
few  limited  areas  repeated  observations  have  been  taken  to  depths  of 
about  3,000  meters.  All  observations  for  one  such  area  northeast  of 
Newfoundland  have  been  studied  in  search  of  long-term  trends.  It  has 
been  found  that  the  water  temperature  between  500  and  2,000  meters 
in  this  area  is  nearly  constant,  both  vertically  and  laterally  over  a  wide 
area  during  any  one  year.  It  is  thus  meaningful  to  compare  the  tempera- 
ture at  1,500  meters  depth  for  a  series  of  j^ears.  Fig.  23  shows  the  results 
of  this  comparison  which  indicates  a  0.6°C  increase  between  1928  and 
1949,  and  a  0.4°C  drop  from  1949  to  1954.  This  curve  resembles  the 
air-  and  sea-surface  temperature  averages  for  Atlantic-coast  stations 
during  the  same  years. 

In  the  area  between  Labrador  and  Greenland  a  moderate  number  of 
near-bottom  temperature  measurements  have  been  made  since  1928. 
No  systematic  curve  can  be  drawn  but  it  seems  fairly  certain  that  bot- 
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tom-temperature  changes  of  1°C  have  occurred  in  this  area.  These  tem- 
perature changes  are  apparently  caused  by  cold  water  cascading  down 
the  continental  slope  from  the  shelf  off  Greenland.  It  can  be  presunuMl 
that  this  water  will  flow  south  along  the  deep  ocean  basin.  Dependiiii: 
on  its  velocity  it  will  be  more  or  less  displaced  towards  the  western 
margin  of  the  basin.  As  the  water  masses  flow  south,  lateral  mixing; 
should  reduce  the  temperature  contrast  with  the  surrounding  water.       I 
In  one  area  south  of  Newfoundland  a  study  of  scattered  temperature ' 
observations  made  since  the  year  1900  indicates  that  water  above  3,000 
meters  has  shown  a  temperature  increase  and  that  the  water  below 
3,000  meters  has  gradually  decreased  in  temperature.  The  decrease  at 
the  bottom  at  a  depth  of  5,000  meters  appears  to  have  amounted  to 
0.2°C  in  fifty  years  and  the  maximum  increase  at  depths  less  than  3,000 
meters  to  about  0.5°C.  In  the  high  latitudes  of  the  North  Atlantic,  tem- 
perature changes  probably  rarely  exceed  1°C  at  depths  greater  than 

2.000  meters  and  changes  of  a  few  tenths  of  a  degree  are  more  common. 

V.    CATASTROPHIC    CHANGES    IN   THE    OCEAN   BOTTOM 

5.1  Earthquakes 

Earthquakes  may  cause  damage  to  submarine  cables  by  triggering 
the  movements  of  rock  and  sediments  (turbidity  currents)  and  possibly 
through  the  effect  of  the  actual  earth  vibration  itself.  The  most  seriousi 
threat  to  cables  arises  not  from  the  direct  effect  of  the  earthquake's' 
energy  on  the  cable  but  from  its  ability  to  generate  slumps,  slides,  and 
turbidity  currents.  It  can  be  shown  that,  in  an  area  of  high  seismic 
activity,  the  slopes  will  be  nearly  bare  of  loose  sediment  so  that  earth- 
quakes in  such  an  area  will  not  result  in  gravitational  displacements  of 
sufficient  size  to  cause  serious  damage  to  cable. 

However,  in  areas  such  as  the  continental  slopes  of  the  Atlantic  where 
few  shocks  have  been  recorded  and  where  loose  sediment  has  therefore 
accumulated,  it  can  be  expected  that  any  quake  of  moderate  or  even 
small  size  will  be  sufficient  to  generate  a  turbidity  current.  Thus,  quakes  j 
on  continental  slopes  adjacent  to  cable  routes  are  likely  to  be  extremely 
destructive.  Thei'e  is  no  known  method  of  predicting  where  earthquakes 
will  occur  outside  the  major  seismic  belts. 

Fig.  24  shows  the  distribution  of  earthquakes  in  the  North  Atlantic. 
The  North  Atlantic  is  the  best-monitored  ocean  because  of  the  extensive 
network  of  seismograph  stations  closely  adjacent  in  North  America  and 
Europe.  All  earthquakes  reported  for  the  Atlantic  Ocean  between  1910 
and  1956  have  been  compiled  and  plotted  together  with  the  best  bathy 
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metric  information.  The  study  resulted  in  conclusions  which  are  of  great 
geological  significance,  as  well  as  of  interest  in  cable  engineering.  It  was 
found  that  the  narrow  earthcjuake  belt  which  runs  the  length  of  the 
ocean  accurately  follows  a  median  trench  or  rift  in  the  central  highland 
zone  of  the  Mid-Atlantic  Ridge,  see  Fig.  25.  (The  Mid-Atlantic  Rift 


r 


Fig.  24  —  Earthquake  epicenters  in  the  North  Athmtic  1910-1956.  Magnitudes 
according  to  the  Richter  scale. 
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seismic  belt  is  of  secondary  importance  when  compared  with  the  intense 
seismic  belt  associated  with  the  deep  trenches  of  the  Pacific.) 

There  is  a  second  belt  which  extends  from  the  Azores  to  the  Iberian 
Peninsula,  and  there  is  a  major  earthquake  belt  which  follows  the  \\'('st 
Indies  Island  Arc  along  part  of  the  western  boundary  of  the  Atlantic. 
In  addition  to  these  belts  there  are  a  few  scattered  earthquakes  around 
the  margin  of  the  ocean  basin. 

The  locations  of  earthquakes  in  the  ocean  are  in  general  poorly  deter- 
mined, and  an  accuracy  of  ±|°  ('^SO  miles)  is  about  all  that  is  ever 
claimed.  Within  this  measurement  accuracy,  all  quakes  in  the  central 
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Fig.  25  —  Profile  of  Mid-Atlantic  Median  Rift  showing  maximum  limits  of 
seismic  belt. 


part  of  the  Atlantic  fall  in  the  Mid-Atlantic  rift  zone.  Thus,  there  is  a 
strong  probability  that  all  quakes  on  the  Mid-Atlantic  Ridge  fall  in 
this  median  trench.  (Earthquakes  of  small  magnitude  are  often  detected 
when  the  signals  are  not  sufficiently  clear  to  allow  a  position  to  be  de- 
termined. There  are  undoubtedly  other  quakes  that  are  altogether  un- 
detected.) All  cables  to  Europe  must  cross  this  rift  zone  and  thus  will 
undoubtedly  undergo  earthquake  shocks  from  time  to  time.  There  is  no 
positive  evidence  that  quakes  have  broken  telegraph  cables  where  they 
cross  the  rift.  There  are,  however,  several  cases  where  the  telegraph 
cables  have  parted  in  or  near  the  rift. 

In  the  western  Atlantic  there  have  been  recorded  only  six  earthquakes 
that  fall  outside  the  belts  described  above.  Two  of  these  quakes  occurred 
on  the  Bermuda  Rise  well  away  from  cable  routes.  One  quake  occurred 
on  the  continental  slope  south  of  Newfoundland  (the  famous  destructive 
Grand  Banks  earthquake);  a  second  small  shock  nearby  apparently 
caused  no  damage  to  cables.  Two  more  quakes  were  centered  off  the 
Labrador  Coast.  Many  cases  have  been  recorded  along  the  Pacific  coast 
of  Central  and  South  America  where  the  cables  failed  in  deep  water 
following  an  earthquake. 
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5.2  Turbidity  Currents  — •  Slumps 

The  turbidity  current  is  a  flow  of  sediment-laden  water  which  occurs 
when  an  unstable  mass  of  sediment  at  the  top  of  a  relatively  steep  slope 
is  jarred  loose  and  slides  down  the  slope.  As  the  slide  or  slump  travels 
{  down  the  slope,  more  and  more  water  becomes  mixed  in  the  mass,  giving 
it  high  fluidity  combined  with  its  high  density.  The  currents  reach  very 
high  velocities,  enabling  them  to  spread  for  vast  distances  across  the 
abyssal  plains.  Such  slides  occur  at  the  edge  of  continental  slopes,  in 
particular,  in  the  vicinity  of  river  mouths,  off  prominent  capes,  or  near 
banks.  They  are  triggered  by  earthquakes,  hurricanes,  or  floods. 

Three  excellent  pieces  of  evidence  support  the  turbidity-current  the- 
ory and  all  have  important  implications  for  submarine  cables.  The 
turbidity-current  hypothesis  was  first  introduced  to  explain  the  erosion 
of  submarine  canyons  in  the  continental  slopes.  Supporting  evidence 
was  found  in  submarine  cable  breakage  following  the  Grand  Banks 
earthquake  of  1929^  and  the  Orleansville  (Algeria)  earthquake  of  1954.^ 
In  both  cases,  submarine  cables  were  broken  consecutively  in  the  order 
of  increasing  distance  downslope  from  the  epicenter  of  the  earthquake. 
All  of  the  cables  were  broken  in  at  least  two  widely  separated  places 
(100  miles  or  more  apart).  The  sections  between  breaks  were  swept 
away  and/or  buried  beneath  sediment  deposited  by  the  current  so  that 
repair  ships  were  never  able  to  locate  a  large  proportion  of  these  sections. 
Fig.  26  shows  the  area  of  the  Grand  Banks  turbidity  current. 

After  study  of  this  evidence,  Heezen  and  Ewing  concluded  that  the 
area  covered  by  the  current  would  show  graded  sediments  as  a  result  of 
deposition  by  the  turbidity  current.  This  was  substantiated  by  the 
evidence  of  cores  obtained  from  the  locations  shown  on  Fig.  26. 

Cable  damage  resulting  from  turbidity  currents  due  to  slumps  at  a 
river  mouth  is  well  illustrated  by  that  off  the  mouth  of  the  Magdalena 
River  (Columbia,  S.  A.).  On  August  30,  1935,  the  disappearance  of  480 
meters  of  the  western  breakwater  and  most  of  the  ri\'er  bar  resulted 
from  a  slide  which  produced  a  30-foot  channel  across  the  bar.  The  same 
night,  tension  breaks  occurred  in  the  submarine  cable  from  Barranquilla 
to  Maracaibo,  which  crosses  the  submarine  canyon  15  miles  off  the 
mouth  of  the  Magdalena  in  a  depth  of  about  700  fathoms.  The  cable, 
^vhen  brought  up  for  repair,  was  tightly  wrapped  with  green  grass  of  a 
type  which  grows  in  the  marshes  near  the  jetties. 

The  same  pattern  has  been  repeated  15  times  since  the  cable  was  laid 
in  1930.  The  breakage  of  the  cables  has  occiu-red  most  fi-equently  in 
August  and  late  November  to  early  December;  the  two  periods  of  the 
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highest  water  of  the  river  and  of  the  strongest  trade  winds  —  conditions 
favorable  for  the  triggering  of  turbidity  currents.  A  chart  of  the  area 
showing  the  cable  breakage  on  the  steep  continental  slope  is  shown  in 
Fig.  27. 

Fig.  28  shows  areas  of  the  world  inaccessible  to  shallow-water-derived 
turbidity  currents,  because  of  their  elevation  or  because  of  protective   f 
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Fig.  26  —  The  1929  Grand  Banks  turbidity  current. 
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barriers.  The  arrows  show  some  modern  turbidity  currents  which  have 
been  documented  through  the  breakage  of  telegraph  cables.  This  chart 
is  not  yet  complete  and  it  is  expected  that  many  more  arrows  can  be 
added,  each  representing  one  or  more  currents,  and  some  representing 
as  many  as  20  documented  cases. 

Areas  which  have  experienced  turbidity  current  flows  in  the  past  can 
be  determined  by  a  careful  study  of  the  nature  of  the  bottom.  From  a 
study  of  sediments  and  topography  of  areas  along  a  proposed  route  it  is 
possible  to  delimit  areas  where  turbidity  current  could  and  could  not 


Fig.  27  —  Cable  breaks  in  the  submarine  canyons  off  the  Magdalena  River, 
Colombia,  South  America. 
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occur,  and  in  some  cases  to  outline  areas  where  they  occur  at  frequent 
intervals.  If,  after  the  completion  of  such  a  study,  it  is  decided  to  take 
the  risk  of  laying  a  cable  across  a  dangerous  area  and  at  a  later  date 
a  turbidity  current  does  occur,  it  will  be  possible  to  predict  the  length 
of  cable  to  be  replaced  under  various  conditions. 

VI.    CONCLUSIONS 

The  application  of  the  rapidly  developing  science  of  oceanograph}-  to 
the  development  and  engineering  of  submarine  cable  systems  will  per- 
mit refinements  in  design,  cable  placing  techniques,  route  selection,  and 
repair  operations.  Existing  knowledge,  when  evaluated  and  codified,  pro- 
vides many  useful  data  for  immediate  application.  Continuing  study  of 
topography,  the  nature  of  the  bottom,  causes  of  cable  failures,  and  deep 
sea  circulation  will  permit  further  advances  in  the  engineering  of  sub- 
marine cable  systems.  It  is  to  be  expected  that  the  value  and  usefulness 
of  submarine  cable  oceanographic  studies  will  be  substantially  extended 
as  geologic  and  oceanographic  researchers  broaden  the  understanding  of 
the  natural  laws  and  processes  which  govern  and  produce  the  ocean- 
bottom  environment.  Through  such  knowledge,  the  data  of  many  fields 
can  be  coordinated,  permitting  better  explanation  of  past  events  and 
more  accurate  prediction  of  future  conditions. 
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Resistance  of  Organic  Materials  and  Cable 
Structures  to  Marine  Biological  Attack 

By  LLOYD  R.  SNOKE 

(Manuscript  received  June  6,  1957) 

The  increasing  use  of  submarine  telephone  cable  has  resulted  in  the  need 
for  information  on  the  performance  of  organic  materials  and  cable  structures 
under  marine  conditions.  Recently,  Bell  Telephone  Laboratories  initi- 
ated a  program  to  acquire  fundamental  data  on  the  resistance  of  a  wide 
range  of  organic  materials,  as  well  as  immediately  applicable  engineering 
information.  The  present  progress  report  describes  the  program  which  in- 
cludes accelerated,  laboratory-microbiological  tests,  as  well  as  the  ac- 
quisition of  data  from  actual  marine  exposures.  In  biochemical  oxygen  de- 
mand-type tests  conducted  to  date  polyethylene  was  not  utilized  as  a  carbon 
source  by  marine  bacteria.  Polyvinyl  chloride  plastics  served  as  a  source  of 
energy  for  the  organisms  depending  on  the  way  in  which  the  materials  were 
plasticized.  Five  elastomers  were  utilized  by  the  bacteria.  There  has  been  a 
steady  rise  in  capacitance  values  for  GRS-insidated  conductors  exposed  in 
sea  water  and  sediment  under  laboratory  conditions  for  thirteen  months. 
These  increases  appear  due  to  biological  activity  on  the  insulation.  The  gen- 
eral performance  of  materials  undergoing  marine  exposure  is  reported  in- 
cluding reference  to  penetration  of  a  few  synthetic  materials  by  marine 
borers.  Brief  mention  is  made  of  the  examination  of  submarine  cable  samples 
from  service. 

I.    INTRODUCTION 

As  a  result  of  the  increasing  use  of  submarine  telephone  cable,  there 
is  a  growing  demand  for  information  on  the  performance  of  organic 
materials  and  cable  structures  under  marine  conditions.  Particularly  im- 
portant is  the  need  for  data  on  the  resistance  of  materials  to  attack  by 
marine  organisms.  Although  considerable  published  information  exists 
on  the  behavior  of  natural  organic  materials  such  as  wood,  jute,  hemp 
and  the  like,  there  is  virtually  no  data  on  plastics,  elastomers,  casting 
resins  or  similar  materials. 
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About  three  and  a  half  years  ago,  the  Laboratories  initiated  a  program 
to  determine  the  resistance  to  marine  biological  attack  of  materials  which 
might  find  application  in  submarine  cable.  The  program  has  two  primary 
objectives:  (1)  acciuisition  of  fundamental  information  regarding  the 
biological  resistance  of  a  wide  range  of  selected  organic  materials,  and 
(2)  accumulation  of  immediately  applicable  engineering  information 
on  materials. 

II.    OUTLINE    OF   PROGRAM 

It  seemed  evident  that  marine  borers  or  microorganisms,  particularly 
bacteria,  might  be  expected  to  be  the  major  agents  of  deterioi-ation. 

Marine  borers  are  mollusks  or  crustaceans  which  bore  into  a  material 
for  food  or  shelter  depending  on  the  particular  organism  involved.  Of  the 
crustaceans,  the  gribble,  Limnoria,  is  the  most  outstanding.  Cellulose 
material  such  as  wood  and  cordage  form  its  food  supply  and  natural 
habitat.  There  are  a  few  references  which  suggest  that  members  of  the 
genus  Limnoria  have  bored  into  gutta  percha.  One  by  Chilton'  refers  to 
the  activity  of  Limnoria  in  the  splice  of  a  submarine  cable  in  about  60 
fathoms  off  New  Zealand.  Preece-  identifies  Limnoria  as  the  organism 
responsible  for  failure  of  the  Holyhead-Dublin  cable  in  1875.  Jona^  states 
that  he  frequently  found  Limnoria  in  cables  in  the  Adriatic  Sea.  Menzies* 
points  out  that  no  American  species  is  known  to  occur  in  depths  exceed- 
ing 50  feet;  however,  one  species  is  known  to  occur  off  Japan  at  a  depth 
of  163  fathoms.  He  suggests  that  the  absence  of  wood  probably  limits 
the  distribution  of  the  animals  in  deep  water. 

In  the  bibliography  by  Clapp  and  Kenk,^  there  are  ten,  separate  cita- 
tions to  the  attack  of  submarine  cables  by  molluscan  borers  belonging 
to  the  family  Teredinidae.  In  most  cases,  attack  was  confined  to  cellulose 
constituents  such  as  jute  and  hemp,  although  in  a  few  instances  mention 
is  made  of  attack  on  gutta  percha  insulation.  Although  the  teredine 
borers,  along  with  Limnoria,  are  considered  to  be  relatively  shallow 
water  organisms,  Roch,^  in  his  paper  on  Mediterranean  teredos,  refers 
to  Teredo  utricnlus  being  obtained  from  depths  as  great  as  3500  meters. 
There  is  one  reference^  to  teredo  attack  of  lead-co\'ered  submarine  cal)le. 

The  other  important  family  of  boring  mollusks  is  the  Pholadidac. 
Members  of  this  family  are  sometimes  referred  to  as  the  "burrowing 
clams"  and  include  rock,  shell  and  wood  borers.  Some  genera,  such  as 
Xylophaga,  are  found  in  water  up  to  1 ,000  fathoms  or  more  deep.'' 
Bartsch  and  Rehder*^  report  the  penetration  of  the  lead  sheath  of  a  sulv 
marine  cable  by  one  of  the  Martesia,  another  genus  of  the  family  Pholidi- 
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dae.  Members  of  the  same  family  were  reported  by  Snoke  and  Richards^ 
to  have  bored  through  the  lead  sheath  of  a  submarine  telephone  cable. 

The  bacteria  generally  are  single-celled  organisms,  a  large  number  of 
which  are  heterotrophic,  that  attack  organic  matter  and  use  it  as  a 
source  of  carbon  or  energy.  The  bacteria  play  an  important  part  in  the 
biology  of  the  sea,  their  most  important  function  being  to  decompose 
organic  material  into  carbon  dioxide,  water,  ammonia  and  minerals.  The 
characteristics,  distribution  and  function  of  the  marine  bacteria  have 
been  described  in  great  detail  by  ZoBell.'"  Bacteria  are  found  in  sea 
water  and  sediment  from  shallow  depths  to  the  deepest  portions  of  the 
sea.  During  the  Danish  Galathea  Deep-Sea  Expedition  from  1950  to 
1952,  bacteria  were  found  in  depths  as  great  as  10,280  meters."  Many 
of  these  bacteria  have  been  found  to  be  barophilic-^  growing  exclusively 
or  preferentially  at  pressures  approximating  15,000  psi.  ZoBell  and 
Morita^"  have  reported  experiments  performed  with  these  bacteria  to 
determine  the  effects  of  high  pressure  on  such  factors  as  viability  and 
enzyme  production.  Marine  bacteria  have  been  found  capable  of  oxidiz- 
ing rubber  products,^^  as  well  as  a  wide  variety  of  gaseous,  liquid  and 
solid  hydrocarbons.^''  Although  evidence  to  date  indicates  that  among 
the  microorganisms,  the  bacteria  are  particularly  likely  agents  of  de- 
terioration in  the  ocean,  it  is  possible  that  the  fungi  may  also  be  con- 
tributors. Barghoorn  and  Linder^^  report  the  physiological  behavior  and 
growth  on  various  media  of  seven  species  of  marine  fungi  isolated  from 
wood  continuously  submerged  in  the  sea.  Deschamps-"  has  discussed  the 
role  of  fungi  and  bacteria  in  aiding  the  attack  of  wood  by  marine  borers. 
Also,  the  occurrence  of  marine  fungi  in  wood  test  panels,  driftwood  and 
piling  in  Biscayne  Bay  has  been  reported  by  Myers. ^^ 

A  program  designed  to  provide  fundamental  and  engineering  data  on 
the  susceptibility  of  organic  materials  to  marine  borers  and  microorgan- 
isms in  an  environment  that  covers  about  70  per  cent  of  the  earth's  sur- 
face could  be  almost  unlimited.  The  practical  parameters  which  finally 
were  established  were  based  on  a  number  of  considerations.  Funda- 
mental data  on  the  basic  inertness  or  relative  rates  of  attack  by  micro- 
organisms could  best  be  determined  under  controlled  laboratory  condi- 
tions; however,  more  than  one  procedure  would  be  needed  to  determine 
performance  in  the  environments  of  water  and  sediment.  Because  of  the 
relatively  rapid  activity  of  marine  borers  under  natural  conditions,  and 
their  critical  requirements  as  far  as  laboratory  culture  is  concerned,  it 
was  decided  that  any  borer  tests  would  be  conducted  in  the  field.  This 
meant  that  the  natural  exposure  tests  would  serve  as  correlative  tests 
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for  the  laboratory  microbiological  portion  of  the  program,  as  well  as  a 
means  of  evaluating  the  relative  performance  of  materials  in  the  physical 
and  chemical  conditions  of  the  ocean. 

The  integrated  program,  shown  in  Fig.  1,  involves  a  series  of  three 
laboratory  tests  on  the  one  hand,  and  actual  marine  exposure  on  the 
other.  Eventually,  more  than  fifty  different  materials  including  plastics, 
elastomers,  natural  and  synthetic  fibers,  as  well  as  sections  of  cable  will 
be  tested.  The  present  paper  is  in  the  nature  of  a  progress  report  in  which 
only  a  portion  of  the  data  to  be  acquired  are  presented.  The  results  of  the 
program  to  date  will  be  examined  beginning  with  the  laboratory  experi- 
ments. 

III.    LABORATORY   TESTS 

3.1  Biochemical  Oxygen  Demand  Type  Test 

The  BOD  (biochemical  oxygen  demand)  type  of  test  as  applied  in  this 
study  is  really  composed  of  two  separate  bioassay  procedures.  In  one 
case,  the  oxygen  consumed  by  aerobic  bacteria  is  determined,  and  in  the 
other  a  metabolic  by-product  resulting  from  anaerobic  activity  is  meas- 
ured. With  a  few  changes,  both  methods  follow  those  which  have  been 
employed  by  ZoBelP^  in  tests  of  elastomers  and  various  natural  organic 
materials. 

There  is  one  point  which  should  be  emphasized  regarding  both  the 
aerobic  and  anaerobic  procedures  used  in  this  accelerated  sea  water  test. 
It  is  considered  primarily  a  screening  test  which  provides  basic  data  on 
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Fig.  1  —  Outline  of  marine  biological  test  program. 
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the  abilit}^  of  marine  bacteria  to  utilize  a  compound  as  a  carbon  source 
at  the  time  of  test.  It  will  not  reflect  changes  brought  about  in  the  ma- 
terial clue  to  prolonged  exposure  in  sea  water,  or  ecological  relationships 
which  might  make  the  material  more  or  less  susceptible  to  attack  by 
certain  bacteria.  The  other  laboratory  tests  and  natural  exposure  test 
will  help  furnish  data  on  c^uestions  involving  changes  in  materials  due  to 
long-term  marine  exposure. 

Table  I  —  Materials  Tested  Against  Aerobic  and 
Anaerobic  Marine  Bacteria 


Designation 


Polyethylene^ 

2.0  melt  index^ 

0.2  melt  index  (Source  A) 

0.2  melt  index  (Source  B) 

0.2  melt  index  +  5%  butj-l  rubber  +  antioxidant 

0.2  melt  index  +  antioxidant 

0.7  melt  index  (high  den.sity)  nat.  +  antioxidant 

0.7  melt  index  (high  density)  +  carbon  black  and  antioxi- 
dant 
Poly  {Vinyl  Chloride^ 
Plasticizer 

Polyester  A 

Di-2-ethylhexyl  phthalate  (DOP)  Shore  A  88 

Tricresji  phosphate  (TCP) 

None  (rigid) 

None^ 

None^ 

Tri-2-ethylhex3^1  phosphate 

Nitrile  rubber/polyester  C 

Di-2-ethylhexyl  phthalate  (DOP)  Shore  A  62 

Nitrile  rubber 

Polyester  E/DOP  (BTL  46-55) 

None  (PVC  resin) 
Casting  Resins 

Epoxide   (cast),  unfilled  straight  epoxy  resin  cured  with 
amine  hardener 

Stj-rene  poljester,  silica-filled 
Elastomers^ 

GR-S  jacket 

GR-A  jacket 

Butyl  jacket 

Natural  rubber  jacket 

Neoprene  jacket 
Jute 


Type 


P53 10466 
P5304156 
P53 12587 
P5308396 
P5308390 
P5503135 
P5503133 


BTL  24-54 

BTL  23-54 

BTL  529-53 

P5503087 

P5502078 

P5502077 

P5502081 

P5502074 

P5502082 

P5502076 

P5503115 

P5510645 


BTL  54-14 
BTL  54-18 
BTL  54-19 
BTL  S4-23 
BTL  54-164 


1  Except  where  noted  polymers  are  low  density  grades  manufactured  by  the 
high  pressure  process. 

2  ASTM  D1238 

'  With  the  exception  of  P5510645  all  PVC  compositions  contained  typical  or- 
gano-metallic  type  stabilizers  (such  as  Ba,  Cd,  and  Pb),  fatty  acid  lubricants  in 
low  concentrations,  and  in  some  cases  small  quantities  of  inorganic  fillers. 

''  Semi-flexible  PVC  copolymer. 

^  These  compounds  all  contain,  in  addition  to  the  basic  elastomers,  sulfur, 
accelerators,  waxes,  processing  oils,  and  reinforcing  ciuantities  of  carbon  black. 
(54-164  also  contains  clay.) 
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Fig.  2  —  Flow  chart  of  biochemical  oxygen  demand  (BOD)  ty-pe  test. 


The  materials  which  have  been  tested  thus  far  by  the  BOD  type  pro- 
cedure include  polyethylene,  polyvinyl  chloride  plastics,  casting  resins, 
elastomers  and  jute.  The  individual  materials  are  listed  in  Table  I.  Other 
plastics  and  elastomers  are  still  to  be  tested. 

The  general  features  of  both  the  aerobic  and  anaerobic  parts  of  the 
test  procedure  are  shown  in  the  flow  chart  in  Fig.  2.  Certain  features  of 
the  test  are  common  to  both  parts.  These  features  will  be  described  first. 
The  four  primary  constituents  of  the  test  are  aged  sea  water,  test  ma- 
terial, ocean  bottom  sediment,  and  raw  (unaltered)  sea  water.  Aged  sea 
water  is  raw  sea  water  which  has  been  filtered  through  Millipore  filters 
of  0.5  micron  pore  size,  and  then  aged  in  the  dark  until  the  biochemical 
oxygen  demand  (BOD)  is  quite  low;  i.e.,  until  the  water  contains  about 
1  ppm  of  organic  matter.  This  usually  requires  about  eight  weeks  of 
aging.  In  the  first  tests  which  were  run,  materials  were  finely  ground  so 
as  to  expose  a  large  surface  area,  and  so  accelerate  attack.  However,  it 
soon  became  apparent  in  efforts  to  relate  the  rate  of  oxidation  to  surface 
area  exposed  that  only  crude  estimates  could  be  made  of  the  irregular 
surface  areas.  Consequently,  after  the  first  few  tests,  thin  sheets  of  ma- 
terial were  employed  whei'ever  possible  so  that  a  measured  amount  of 
surface  area  could  be  exposed  in  each  case. 

The  inoculum  for  the  test  comes  from  specially  prepared  enrichment 
cultures.  Approximately  90  cc  of  marine  sediment  is  placed  in  a  250  ml 
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prescription  bottle.  About  1  gram  of  a  finely  divided  test  material  is  also 
placed  in  the  bottle  which  is  then  filled  about  three-quarters  full  of  raw 
sea  water.  To  include  as  heterogeneous  a  population  of  marine  bacteria 
as  possible,  another  inoculum  is  prepared  for  addition  to  the  enrichment 
culture.  The  additional  inoculum  is  made  by  placing  in  a  vial  a  small 
particle  of  each  of  seven  different  sediments  furnished  by  Dr.  ZoBell  of 
the  Scripps  Institute  of  Oceanography.  These  sediments  are  identified 
in  Table  II.  Following  this,  one  or  two  drops  of  liquid  are  added  to  the 
same  vial  from  each  of  twenty-nine  different  enrichment  cultures  which 
also  were  provided  by  Dr.  ZoBell.  These  cultures  are  identified  in  Table 
III.  Transfers  from  eight  different  cultui'es  of  marine  sulfate-reducing 
bacteria  are  included,  and  the  vial  shaken  thoroughly.  About  five  drops 
of  pooled  inoculum  are  added  to  the  eniichment  culture  prepared  for 
each  test  material.  The  completed  enrichment  cultures  are  incubated  at 
25°  C  for  a  minimum  of  six  weeks  prior  to  use.  During  the  incubation 
period  those  bacteria  in  the  culture  which  are  capable  of  utilizing  the 
test  material  tend  to  develop  preferentially. 

The  same  enrichment  culture  is  used  whether  the  test  procedure  is 
aerobic  or  anaerobic  since  both  conditions  prevail  in  this  type  of  enrich- 
ment cultiu'e  —  aerobic  in  the  water  and  upper  sediment,  and  anaerobic 
in  the  deeper,  compacted  sediment.  From  this  point  on,  in  describing  the 
method  used  in  the  material  tests,  it  is  necessary  to  describe  the  aerobic 
and  anaerobic  procedures  separately. 

In  the  aerobic  tests,  0.01  per  cent  ammonium  phosphate  is  added  to 
sufficient  sea  water  (usually  about  7  liters)  for  a  given  test  run.  Oxygen 
is  bubbled  through  the  sea  water  in  a  carboy  for  a  minimum  of  sixteen 
hours  at  which  time  the  oxygen  content  of  the  sea  water  is  about  25 
ppm.  Since  as  many  as  four  or  more  test  materials  may  be  included  in  a 
test  run,  the  inoculum  is  prepared  by  combining  in  one  vial  a  small 
amount  of  liquid  from  the  enrichment  culture  for  each  material  to  be 

Table  II  —  Sources  of  Sediments*  used  in  Preparing 
Enrichment  Cultures 


Ref.  No. 

Source 

XG  17-4  (surface) 

Gulf  of  Mex.,  Rockport,  Texas 
Gulf  of  Mex.,  Miss.  Delta 
Gulf  of  Mex.,  Rockport,  Texas 
Gulf  of  Mex.,  Miss.  Delta 
Pacific,  1°  22.2'N,  127°  17'W 
Pacific,  19°02'N,  174°  58'W 
Pacific,  7°  03.8'N,  126°  24.3'W 

5403-1  (surface) 

XS-384  (surface) 

5402-7  (0-5  cm) 

56:180  (4520  fathoms) 

56:184  (2650  fatlumis) 

56:177  (4550  fathoms) 

*  Obtained  from  Dr.  C.  ZoBell,  Scripps  Institute  of  Oceanography 
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included  in  the  run.  Once  in  the  vial,  the  inoculum  is  shaken  and  added 
to  the  aged  sea  water  at  the  rate  of  1  ml  per  10  liters  of  medium.  This 
amount  of  inoculum  was  calculated  to  give  the  maximum  number  of 
bacteria,  consistent  with  a  minimum  addition  of  organic  matter.  The 
carboy  is  then  placed  under  slight,  positive  oxygen  pressure. 

The  test  is  run  in  60  ml  glass-stoppered  bottles.  A  small  amount  of  test 
material  is  placed  in  each  bottle.  At  the  outset  of  the  experiments,  when 
ground  material  was  used,  this  amounted  to  0.05  gram,  or  a  surface  area 
of  4  to  45  sq  cm,  depending  on  the  material.  Later,  when  thin  sheets  of 
about  4  mils  thickness  were  used,  the  samples  were  cut  to  a  size  of  2.54 
cm  square.  The  samples  are  placed  in  the  bottles  the  night  before,  and 
enough  aged  sea  water  added  to  permit  surface  wetting.  With  many 
materials  this  seems  to  result  in  less  accumulation  of  air  bubbles  on  the 
surfaces  of  the  materials  during  subsequent  filling  with  the  medium. 


Table  III  —  Enrichment  Cultures*  Used  as  Supplementary 

Sources  of  Inoculum  in  Preparation  of  Enrichment 

Cultures  for  Current  Program 


Ref.  No. 


34-134 
34-134 
.34-134 
34-134 
34-134 
34-132 

34-134 
34-134 
25-143 
34-134 
34-134 
34-1.34 
25-141 
34-134 
34-134 
34-134 
34-134 
34-134 
34-134 
34-134 
34-134 


Description 


rubber  in  distilled  water 

anthracene  in  sea  water 

sewage  outfall,  rubber  in  sea  water 

mixed  hydrocarbons  in  sea  water 

garden  soil,  rubber  in  sea  water 

Athabaska  tar  sand,  hydrocarbon-oxidizing  bacteria  and 

sulfate-reducers  in  sea  water 
tricresol  in  sea  water 
mixed  hydrocarbons  in  sea  water 
0.10%  phenol  in  sea  water 
0.25%  phenol  in  sea  water 
cork  in  sea  water 
Shell  oil  No.  10  in  sea  water 
lignin  in  sea  water 
sewage  outfall,  rul)ber  in  sea  water 
sawdust  and  mud  in  sea  water 
garden  soil,  rubber  in  sea  water 
rubber  in  tap  water 
mi.xed  crude  oil  in  sea  water 
kerosene  in  sea  water 
paraffin  in  sea  water 
rubber  in  tap  water 

Athabaska  tar  sand,  mixed  crude  oil  in  sea  water  i; 

thiokol  in  sea  water 
neoprene  in  sea  water 
cellulose  acetate  in  sea  water 
butadiene  (Buna  A)  in  sea  water 

pooled  aerobic  hydrocarbon-o.xidizing  bacteria  in  sea  water 
crude  coal  tar  in  sea  water 
shellac  in  sea  water 


*  Obtained  from  Dr.  C.  ZoBell,  Scripps  Institute  of  Oceanography. 
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Of  course,  air  bubbles  would  be  a  source  of  error  in  later  oxygen  deter- 
minations. 

Usually,  sufficient  test  bottles  are  made  up  to  provide  duplicates  for 
analysis  after  each  period  of  incubation.  Oxygen  pressure,  maintained 
on  the  sea  water  in  the  carboy,  assures  no  loss  of  oxygen  from  the  me- 
dium and  forces  it  through  tubing  into  the  test  bottles.  Since  incubation 
periods  of  0,  1,  2,  4  and  8  weeks  are  used  as  a  general  guide,  and  two  test 
bottles  must  be  sacrificed  for  analysis  after  each  interval,  ten  test  bottles 
are  used  for  each  material.  One  set  of  ten  control  bottles  containing  only 
inoculated,  aged  sea  water  suffices  for  a  test  run,  as  long  as  the  bottles 
for  materials  and  controls  are  made  up  from  the  same  batch  of  sea  water 
and  incubated  at  the  same  time.  Incubation  is  carried  out  in  the  dark 
in  a  constant  temperature  water  bath  maintained  at  20°  dz  0.5°C. 
Incubation  in  the  water  bath  minimizes  the  fluctuation  in  ox^'gen  content 
of  the  sea  water  which  might  be  encountered  as  the  result  of  "breathing" 
of  the  bottles  in  atmospheric  incubation.  After  the  various  incubation 
periods,  the  free  oxygen  content  of  the  sea  water  in  the  bottles  is  deter- 
mined by  a  modified  Winkler  procedure. 

In  the  anaerobic  portion  of  the  test,  the  procedure  is  essentially  the 
same  as  for  the  aerobic  part,  the  only  differences  being  in  the  prepara- 
tion and  handling  of  the  sea  water  medium,  the  incubation  times,  and  the 
analytical  method.  Of  course,  with  the  anaerobic  bacteria  it  is  necessary 
to  remove  all  free  oxygen  from  the  sea  water  medium  if  the  organisms 
are  to  function.  Consequently,  instead  of  bubbling  oxygen  through  the 
medium,  the  sea  water  is  boiled  for  ten  minutes  and  placed  hot  in  a 


Table  IV  —  Oxygen  Consumption  by  Marine  Bacteria 

IN  BOD  Test  with  Polyethylene  as  the 

Only  Source  of  Organic  Carbon 


Test  Material- 


2.0  melt  index^ 

0.2  melt  index  (Source  A) 

0.2  melt  index  (Source  B) 

0.2  melt  index  +  antioxidant 

0.2  melt  index  -j-  5%  butyl  rubber  -|-  antiox. 

0.7  melt  index  (High  Density)  -f-  antiox 

Controls  (inoculated  sea  water) 


O2  Consumption  .\fter  Weeks  of  Incubation 


ppm 

2.2 
0.8 
1.4 
0.9 
0.2 
0.9 
1.5 


ppm 

3.7 
1.6 
3.4 
3.0 
3.8 
4.3 
5.3 


ppm 

6.0 
2.4 
5.2 
6.2 
5.8 
7.4 
8.3 


8 


ppm 

10.2 

10.9 

10.8 

8.5 
1 

9.3 
11.2 


'  Samples  accidentally  destroj-ed. 

-  Except  where  noted  polymers  are  low  density  grades  manufactured  by  the 
high  pressure  process. 
3  ASTM  D123S 
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Table  V  —  Oxygen  Consumption  by  Marine  Bacteria  in  BOD  Test 

WITH  Poly(Vinyl  Chloride)  Plastics,  Epoxide  Casting  Hesin 

OR  Jute  as  Only  Sources  of  Organic  Carbon 


Test  Material 


PVC  —  no  plasticizer  (rigid) 

PVC  —  tricresvl  phosphate  (TCP) 

PVC  —  di-2-ethvlhexvl     phthalate      (DOP) 

Shore  A"  88 

PVC  —  polyester  A 

Epoxide  casting  resin 

Jute 

Controls  (inoculated  sea  water) 

*  All  free  O2  in  sea  water  consumed. 


O2  Consumption  After  Weeks  of  Incubation 


1 

2 

4 

8 

ppm 

ppm 

ppm 

ppm 

11.1 

12.9 

11.6 

18.7 

9.5 

13.2 

21.6 

22.2 

9.1 

13.4 

19.7 

20.7 

19.3 

22.2 

* 

* 

— 

4.1 

5.1 

4.2 

10.0 

15.0 

16.5 

* 

6.8 

6.8 

7.7 

7.7 

carboy  containing  0.01  per  cent  ammonium  phosphate.  Nitrogen  is 
introduced  into  the  carboy  immediately.  When  the  sea  water  is  cool, 
inoculum,  which  is  prepared  as  described  for  the  aerobic  procedure,  is 
added  and  additional  nitrogen  pressure  placed  on  the  carboy  for  filling 
the  test  bottles.  Since  anaerobic  activity  is  usually  slower  than  aerobic, 
the  time  in  test  is  increased.  Analysis  for  hydrogen  sulfide  in  the  sea 
water  is  carried  out  at  0,  4,  8,  12  and  16  weeks.  Since  the  sulfate-reducing 
bacteria  are  ubiquitous  anaerobic  marine  species,  the  hydrogen  sulfide 
produced  by  them  in  the  course  of  breaking  down  organic  material  is 
used  as  an  indicator  of  their  activity.  The  sulfide  in  the  sea  water  is  de- 
termined volumetrically  according  to  the  method  described  in  the  Oflficial 


Table  VI  —  Oxygen  Consumption  by  Marine  Bacteria  in  BOD 

Test  with  Poly  (Vinyl  Chloride)  Plastics 

as  the  Only  Source  of  Organic  Carbon 


Plasticizer 


Nitrile  rubber/polyester  C 

Nitrile  rubber 

None' 

None' 

Tri-2-ethvlhexyl  phosphate 

Di-2-ethvlhexvl  phthalate  (DOP)  Shore  A  62 

Polyester  E/DOP  (BTL  46-55) 

Controls  (inoculated  sea  water) 

*  All  free  O2  in  sea  water  consumed. 
'  Semi-flexible  PVC  copolymer. 


O2  Consumption  After  Weeks  of  Incubation 


ppm 

10.3 
9.2 
3.7 
4.0 

11.7 

6.4 

* 

3.5 


ppm 

12.9 

12.3 

4.2 

5.5 

14.4 

8.4 

4.5 


ppm 

21.4 
18.7 
6.5 
8.4 
23.1 
11.5 

7.1 


ppm 

* 
* 

10.5 

11.0 

* 

* 
9.7 
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Table  VII  —  Oxygen  Consumption  by  Marine  Bacteria  in  BOD 

Test  with  Polyethylene,  Polyester  Casting  Resin  or  Poly- 

(ViNYL  Chloride)  Resin  as  Only  Source  of  Organic  Carbon 


Test  Material 


Polyethylene  0.7  melt  index  (High  Dens.) 
Nat.  +  antio.xidant 

Polyethylene  0.7  melt  index  (High  Dens.) 
Blk 

Styrene  polyester,  silica-filled 

Poly(Vinjd  Chloride)  resin 

Controls  (inoculated  sea  water) 


Oz  Consumption  After  Weeks  of  Incubation 


ppm 

3.1 

2.9 
5.5 
4.2 
2.5 


ppm 

3.3 

4.1 
7.0 
4.1 

3.8 


ppm 

6.1 

7.1 
9.3 
7.3 
6.7 


ppm 


6.5 


7, 

12 

7 

6 


and  Tentative  Methods  of  Analysis  of  the  Association  of  Agricultural 
Chemists. 

The  results  of  the  aerobic  test  procedure  are  presented  in  Tables  IV 
to  VIII  inclusive.  In  these  tables  the  oxygen  consumption  values  ob- 
tained with  materials  which  went  through  the  same  test  run  are  included 
in  the  same  table.  The  materials  included  in  Tables  IV  and  V,  with  the 
exception  of  jute,  were  exposed  in  finely  ground  or  shaved  form.  Since  it 
was  not  possible  to  obtain  reliable  estimates  of  the  surface  areas  exposed 
to  attack  in  this  case,  the  oxygen  consumption  ^'alues  in  these  tables  are 
not  directly  comparable  with  respect  to  rate.  The  data  serve  the  im- 
portant basic  purpose  of  indicating  whether  these  materials  can  serve 
as  a  source  of  energy  for  the  bacteria.  However,  data  in  Tables  VI  to 
VIII  inclusive  are  based  on  the  use  of  equally  thin  sheets  of  material 
with  about  12.9  sq  cm  of  surface  area  exposed  to  attack.  Two  exceptions 


Table  VIII  —  Oxygen  Consumption  by  Marine  Bacteria  in  BOD 

Test  with  Elastomers  as  the  Only  Source 

OF  Organic  Carbon 


Elastomer 


GR-S  jacket  (54-14) 

GR-A  jacket  (54-18) 

Butvl  jacket  (54-19) 

Natural  rubber  jacket  (54-23) 

Neoprene  jacket  (54-164) 

Controls  (inoculated  sea  water) 

*  All  free  O2  in  sea  water  consumed 


0-2  Consumption  After  Days  of  Incubation 


3 

7 

14 

28 

ppm 

ppm 

ppm 

ppm 

15.8 

* 

6.1 

10.9 

23.5 

* 

13.9 

* 

14.1 

* 

1.9 

4.1 

10.3 

* 

0.0 

-0.4 

0.0 
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to  this  are  the  polyvinyl  chloride  resin  and  styrene  polyester  in  Table 
VII  which  could  not  be  prepared  in  sheet  form. 

Results  for  polyethylene  are  described  in  Tables  IV  and  VII.  The 
oxygen  consumption  values  in  these  tables  are  almost  identical  to  the 
control  values  obtained  using  only  inoculated  sea  water.  There  is  no 
evidence  in  any  of  these  tests  of  polyethylene  being  utilized  as  a  source 
of  carbon  by  the  bacteria.  In  fact,  in  Table  IV,  all  of  the  eight  week  values 
for  polyethylene  are  slightly  below  those  for  inoculated  sea  water  alone. 

The  results  with  the  polyvinyl  chloride  plastics  vary  according  to  the 
manner  in  which  the  compounds  are  plasticized.  The  data  are  contained 
in  Tables  V,  VI  and  VII.  First,  as  may  be  noted  in  Table  Yll,  there  is 
no  attack  on  the  polyvinyl  chloride  resin.  This  indicates  that  the  sus- 
ceptibility of  these  plastics  can  be  attributed  to  materials  added  in  com- 
pounding. Every  polyvinyl  chloride  plastic  tested  shows  some  evidence 
of  attack;  (distinct  oxygen  consumption  above  the  control  rate),  ex- 
cept the  semi-flexible  copolymers  which  contain  no  added  external 
plasticizer.  In  these  compounds,  acrylates  are  employed  as  copolymers. 
The  most  severe  attack  occurred  on  the  plastic  in  Table  Yl  which  con- 
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Fig.  3  —  Examples  of  O2  consumption  by  marine  bacteria  in  BOD  test  with 
Poly  (Vinyl  Chloride)  plastics  as  carbon  source. 
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tains  a  combination  of  polyester  E  and  di-2-ethylhexyl  phthalate  (DOP), 
and  one  in  Table  V  plasticized  with  polyester  A.  These  polj^esters  are 
fatty  acid-type  compounds.  Typical  oxygen  consumption  values  for 
three  different  polyvinyl  chloride  plastics,  representing  different  rates 
of  utilization  by  the  bacteria,  are  plotted  in  Fig.  3.  As  noted  in  Table  I, 
\ery  low  concentrations  of  organo-metallic  stabilizers  and  fatty  acid 
lubricants  were  in  all  the  compounds  tested  except  the  resin  alone.  How- 
ever, of  the  three  materials  which  contained  no  added  external  plas- 
ticizer  only  the  rigid  plastic  is  utilized.  This  material  contained  about 
8  to  10  times  as  much  fatty  acid  lubricant  as  the  other  two  compounds. 
Two  casting  resins  were  tested,  one  an  epoxide  (Table  V),  and  the 
other  a  silica-filled  styrene  polyester  (Table  VII).  Under  the  conditions 
of  this  test,  the  epoxide  resin  is  not  utilized  by  the  organisms.  In  the 
case  of  the  styrene  polyester,  results  are  less  conclusive.  After  eight 
weeks,  an  oxygen  consumption  value  5.4  ppm  higher  than  that  for  the 
controls  suggests  the  possibility  of  attack.  Additional  tests  are  planned 
with  this  material  to  obtain  more  data  on  which  to  base  a  final  decision. 
.  As  might  be  expected,  the  jute  fibers  are  quite  susceptible  to  attack ;  all 
oxygen  was  consumed  from  the  test  medium  between  the  fourth  and 
I  eighth  week  (Table  V) .  The  fact  that  results  in  the  same  test  run  with 
I  the  polyvinyl  chloride  compound  plasticized  with  polyester  A  show  that 
j  all  oxygen  was  consumed  from  the  test  medium  in  17  days  does  not  mean 
I  that  this  latter  compound  is  more  susceptible  to  attack  than  jute.  In 
I  the  jute,  bacterial  attack  is  necessarily  restricted  to  a  progressive  surface 
attack,  but  with  the  polyvinyl  chloride  compound,  leaching  of  the  sus- 


Table  IX  —  Hydrogen  Sulfide  Production  by  Marine  Bacteria 

IN  Anaerobic  Sea  Water  Test  with  Polyethylene 

as  the  Only  Source  of  Organic  Carbon 


Test  Material' 


2.0  melt  index2 

0.2  melt  index  (Source  A) 

0.2  melt  index  (Source  B) 

0.2  melt  index  +  antioxidant 

0.2  melt  index  +  5%  but  3d  rubber  -f-  antiox. 
0.7  melt  index  (High  Density)  -f-  antiox..  .  . 
Controls  (inoculated  sea  water) 


H2S  Production  After  Weeks  of  Incubation 


ppm 

0.22 
0.22 
0.22 
0.22 
0.22 
0.22 
0.10 


8 


ppm 

0.32 
0.29 
0.32 
0.64 
0.32 
0.22 
0.64 


12 


ppm 

0.22 
0.45 
0.26 
0.35 
1.31 
0.29 
0.70 


16 


ppm 


0.38 
0.58 
0.24 
0.45 
0.58 


*  Except  where  noted  polymers  are  low  density  grades  manufactured  by  the 
high  pressure  process. 
2  ASTJM  pi 238 
'  Insufficient  samples 
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ceptible  plasticizer  into  the  sea  water  medium  might  greatly  accelerate 
utiHzation  of  that  material  and  be  reflected  in  rapid  oxygen  consumption. 

Five  different  elastomers  have  been  evaluated  by  the  BOD  test  to 
date.  The  results  with  aerobic  bacteria  are  presented  in  Table  VIII. 
First,  it  is  apparent  that  all  of  the  elastomers  tested  can  serve  as  a  source 
of  carbon  for  the  bacteria.  As  may  be  noted  in  the  table,  GR-S  jacket 
(54-14),  butyl  jacket  (54-19)  and  natural  rubber  (54-23)  are  oxidized 
at  about  the  same  rate — all  oxygen  being  consumed  from  the  test  me- 
dium between  the  third  and  seventh  day  analyses.  GR-A  (54-18)  and 
neoprene  jacket  (53-164)  are  more  resistant  than  the  other  three  elas- 
tomers in  the  test.  During  the  fourteen-day  test  period,  approximately 
twice  as  much  oxygen  was  consumed  in  the  case  of  the  GR-A  as  with 
the  neoprene. 

The  results  of  anaerobic  bacterial  activity,  as  reflected  by  analyses 
for  hydrogen  sulfide  in  the  sea  water  medium,  are  contained  in  Tables 
IX  to  XII,  inclusive.  As  with  the  results  of  the  aerobic  test,  materials 
in  a  given  test  run  are  included  in  the  same  table.  No  polyethylene  is 
utilized  as  a  source  of  carbon  by  the  sulfate-reducing  bacteria.  In  no 
case  is  the  production  of  hydrogen  sulfide,  with  different  polyethylenes 


Table  X  —  Hydrogen  Sulfide  Production  By  Marine  Bacteria 

IN  Anaerobic  Sea  Water  Test  with  Poly  (Vinyl  Chloride) 

Plastics,  Epoxide  Casting  Resin,  or  Jute 

as  Only  Sources  of  Organic  Carbon 


Test  Material 


Poly  (Vinyl  Chloride)  Plastics 

No  plasticizer  (rigid) 

Tricresyl  phosphate  (TCP) 

Di-2-ethylhexvl  phthalate  (DOP)  Shore 
A  88 ^ 

Polyester  A 

Nitrile  rubber/polyester  C 

Nitrile  rubber 

No  plasticizer^ 

No  plasticizer' 

Tri-2-ethvlhex3d  phosphate 

Di-2-ethylhexyl  phthalate  (DOP)  Shore 
A  62 

Polyester  E/DOP  (BTL  46-55) 

Epoxide  casting  resin 

Jute 

Controls  (inoculated  sea  water) 

1  Semi -flexible  PVC  copolymer 


H2S  Production  After  Weeks  of  Incubation 


ppm 

1.90 
0.22 

0.26 
2.60 
1.50 
4.10 
0.22 
0.32 
0.26 

0.22 
12.20 
0.16 
1.90 
0.10 


ppm 

3.50 
0.22 

0.26 
38.40 
7.00 
9.60 
0.22 
0.64 
0.96 

0.22 
61.40 

0.64 
13.40 

0.64 


12 


ppm 

4.20 
0.64 

0.26 

38.40 

19.98 

12.40 

0.90 

1.89 

1.86 

1.09 
94.10 

0.86 
38.60 

0.70 


16 


ppm 

5.60 
0.38 

0.61 

47.70 

18.60 

11.50 

0.51 

1.02 

0.99 

0.58 
82.90 

0.48 
52.20 

0.58 
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Table  XI  —  Hydrogen  Sulfide  Production  by  Marine  Bacteria 

IN  Anaerobic  Sea  Water  Test  with  Polyethylene, 

Polyester  Casting  Resin  or  Poly(Vinyl  Chloride) 

Resin  as  Only  Sources  of  Carbon 


Test  Material 


Polyethylene  —  0.7  melt  index  (High  Dens.) 
Nat.  +  antioxidant 

Polyethylene  —  0.7  melt  index  (High  Dens.) 
Blk.  +  antioxidant  

Silica-filled  styrene  polyester 

Poly  (Vinyl  Chloride)  resin 

Controls  (inoculated  sea  water) 


HjS  Production  After  Weeks  of  Incubation 


ppm 

0.35 

0.26 
0.83 
0.48 
0.45 


ppm 

0.58 

0.48 
0.83 
0.58 
0.86 


12 


ppm 

0.90 

0.38 
1.02 
0.58 
0.91 


16 


ppm 

1.12 

0.74 
1.02 
0.58 
0.91 


as  the  test  material  (Tables  IX  and  XI),  significantly  greater  than  in 
j  the  control  bottles.  In  fact,  in  most  cases  it  is  actually  less  than  that  for 
I  the  controls. 

Four  polyvinyl  chloride  plastics  appear  to  have  served  as  a  source  of 
carbon  for  the  anaerobic  organisms.  In  order  of  decreasing  susceptibility 
they  are  the  compounds  plasticized  with  (1)  polyester  E/DOP,  (2)  poly- 
ester A,  (3)  nitrile  rubber/polyester  C,  and  (4)  no  plasticizer  (rigid). 
Just  as  in  the  case  of  the  aerobic  procedure,  the  plastic  plasticized  with 
polyester  E/DOP  is  used  much  more  rapidly  than  any  of  the  other 
polyvinyl  chloride  compounds.  There  is  no  e\'idence  of  attack  on  poly- 
\'inyl  chloride  resin,  again  indicating  that  the  attack  is  on  the  plasticizers, 
not  the  polyvinyl  chloride  itself.  In  this  regard,  it  should  be  pointed  out 
again  that  although  the  polyvinyl  chloride  compound  listed  as  "no  plas- 
ticizer (rigid)"  in  the  tables  and  text  does  not  contain  an  external  plas- 

Table  XII  —  Hydrogen  Sulfide  Production  by  Marine  Bacteria 

IN  Anaerobic  Sea  Water  Test  with  Elastomers  as  the 

Only  Sources  of  Organic  Carbon 


Elastomer 


GR-S  jacket  (54-14) 

GR-A  jacket   (54-18) 

Biitvl  jacket   (54-19) 

Natural  rubber  jacket  (54-23)  . . 

Neoprene  jacket   (54-164) 

Controls  (inoculated  sea  water) 


HzS  Production  after  Weeks  of  Incubation 


ppm 

0.66 
0.96 
1.52 
1.62 
1.06 
0.37 


8 


ppm 

0.77 
0.95 
6.64 
2.48 
1.20 
0.43 


12 


ppm 

0.56 
0.72 
8.03 
3.58 
0.99 
0.43 


16 


ppm 

0.75 
0.87 
9.65 
3.74 
0.96 
0.42 
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Fig.  4  —  Examples  of  H2S  production  by  marine  bacteria  in  anaerobic  sea 
water  test  with  Poly  (Vinyl  Chloride)  plastics  as  carbon  source. 

ticizer,  fatty  acid  lubricant  probably  serves  as  a  source  of  nutrient.  For 
comparative  purposes,  the  examples  of  hydrogen  sulfide  production 
plotted  in  Fig.  4  are  for  the  same  plastics  included  in  Fig.  3  which  relates 
to  the  data  from  the  aerobic  procedure. 

Jute  is  attacked  by  the  anaerobic  bacteria  just  as  it  is  utilized  by  the 
aerobic  organisms.  However,  neither  the  epoxide  casting  resin  (Table 
X)  or  the  polyester  casting  resin  (Table  XI)  seem  to  serve  as  a  source 
of  carbon. 

The  results  of  the  anaerobic  test  with  the  elastomers  are  presented  in 
Table  XII.  It  is  interesting  to  note  that  early  attack  occurs  on  the 
natural  and  butyl  rubber  jackets,  but  that  none  of  the  other  elastomers 
is  utilized  by  the  organism.  It  is  somewhat  surprising  that  attack  on 
GR-S  did  not  progress  at  about  the  same  rate  as  on  natural  and  butyl 
rubber. 

The  data  which  have  been  obtained  in  the  aerobic  and  anaerobic  parts 
of  the  BOD-type  test  are  summarized  in  Table  XIII.  There  is  one  out- 
standing fact  about  the  data  —  no  material  was  utilized  by  the  anaerobic 
bacteria  which  was  not  utilized  also  by  the  aerobic  organisms.  Under 
the  conditions  of  the  test,  however,  materials  did  serve  as  a  carbon 
source  for  aerobic  bacteria  and  not  for  the  anaerobes. 

3..  2  Conductor  Test 

It  is  apparent  that  the  BOD  test  provides  considerable  fundamental 
information  on  the  ability  of  halophilic  bacteria  to  utilize  organic  ma- 
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terials  as  a  carbon  source  in  sea  water.  There  is  little  or  no  opportunity 
for  ecological  factors  to  come  into  play,  however,  particularly  with  re- 
gard to  marine  sediment.  In  the  conductor  test,  sea  water  and  marine 
sediment  form  a  part  of  the  test  environment,  and  the  test  is  run  over 
a  much  longer  period  of  time,  thus  encouraging  more  natural  and  dy- 
namic organism  associations.  Likewise,  the  natural  relationship  between 
material  and  environment  is  simulated  more  closely  than  it  is  in  the  more 
accelerated  test.  In  these  respects,  the  conductor  test  is  intermediate  to 
the  BOD-type  test  and  natural  marine  exposure. 

The  material  to  be  tested  is  coated  on  a  conductor  to  provide  about 
10  mils  of  insulation.  A  standard  coil  of  this  insulated  conductor  is  then 
exposed  in  a  16-ounce  bottle  so  that  half  of  the  coil  is  in  marine  sediment, 
and  half  is  in  sea  water.  The  ends  of  the  coil  are  brought  through  holes 
in  the  bottle  cap  and  attached  to  terminals  in  the  cap.  The  general 
features  of  the  test  setup  are  shown  in  Fig.  5.  The  bottle  is  incubated  at 
20°C.  Capacitance  and  conductance  measurements,  taken  monthly,  in- 
dicate any  change  in  the  insulation.  Some  conductors  are  placed  in 
sterile  sea  water  and  sediment  to  serve  as  controls.  This  type  of  test  can 
be  continued  for  months  or  years  if  necessary. 

Most  of  the  conductor  tests  are  now  being  initiated.  Two  materials, 
however,  GR-S  and  a  rigid  polyvinyl  chloride,  have  been  under  study 


Table  XIII — Summary  of  Materials  Utilized  as  Source  of 

Carbon  by  Aerobic  or  Anaerobic  Marine  Bacteria 

IN  BOD-Type  Test 

Utilized  as  Source  of  Carbon  by 


Aerobic  Bacteria 

Anaerobic  Bacteria 

PVC  - 

-  no  plasticizer  (rigid) 

PVC  —  no  plasticizer  (rigid) 

PVC  - 

-  tricre.syl  phosjjhate  (TCP) 

PVC  - 

-  di-2-et"hylhexyl  phthalate 
(DOP)  Shore  ASS 

PVC- 

-  polyester  A 

PVC  —  polyester  A 

PVC  - 

-  nitrile  rubber/polyester  C 

PVC  —  nitrile  rubber/polyester  C 

PVC- 

-  nitrile  rubber 

PVC  —  nitrile  rubber 

PVC- 

-  tri-2-ethylhexyl  phosphate 

PVC  - 

-  di-2-ethvlhexyl  phthalate 
(DOP)  Shore  A  62 

PVC  - 

-  polyester  F./DOP  (BTL  46-55) 

PVC  —  polyester  E/DOP  (BTL  46-55) 

Styrene  polyester 

GR-S  J 

acket  (54-14) 

GR-A 

jacket  (54-18) 

Butyl 

acket  (54-19) 

Butyl  jacket  (54-19) 

Natur: 

il  rubber  jacket  (54-23) 

Natural  rul)l)er  jacket  (54-23) 

Neoprene  jiieket  (54-164) 

Jute 

• 

Jute 
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for  .several  months  in  a  "dry"  run  to  establish  the  biological  procedure, 
as  well  as  the  techniques  of  measurement  which  are  to  be  employed. 
The  capacitance  and  conductance  data  which  have  been  obtained  on 
these  two  materials  to  date  are  presented  in  Figs.  6  and  7,  respectively. 
In  the  case  of  the  test  samples,  each  point  represents  the  average  value 
for  four  test  coils,  but  for  the  controls  each  point  represents  only  one  j 
coil. 

With  the  GR-S  test  samples,  there  is  a  sharp  rise  in  the  capacitance 
values  between  the  second  and  third  month,  amounting  to  about  110 
jujuf •  Thereafter,  the  rise  in  the  curve  continues,  the  slope  decreasing  some- 
what at  about  the  eighth-month  point.  Over  the  entire  test  period,  the 
capacitance  ranged  from  632  nt^f  at  the  start  to  850  MAtf  after  13  months 


Fig.  5  —  General  setup  of  conductor  test  showing  a  coil  half  in  sediment  and 
half  in  sea  water. 
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Fig.  6  —  Capacitance  changes  resulting  from  exposure  of  GR-S   (51-92)   and 
Poly  (Vinyl  Chloride)  (BTL  172-54)  insulated  conductors  in  sea  water  and  sediment. 

exposure  —  a  total  change  of  218  \iiii.  If  it  is  assumed  that  the  insulating 
materials  were  removed  equally  along  the  length  of  the  coil,  it  can  be 
computed  that  this  change  in  capacitance  represents  a  loss  of  8.1  mils 
of  insulation.  The  following  formula  is  used  to  arrive  at  this  figure: 


D 


<W'" 


where     D    =  present  diameter  in  mils, 

Do  =  original  diameter  in  mils, 

d     =  diameter  of  wire  in  mils, 

Co  =  original  capacitance  in  ^tjuf  (start  of  test), 

C    =  present  capacitance  in  MMf- 
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In  contrast,  capacitance  values  for  the  controls  have  remained  essentially 
unchanged. 

There  has  been  no  substantial  increase  in  the  capacitance  of  the  poly- 
vinyl chloride-insulated  conductors  although  there  is  some  evidence  of 
an  upward  trend  in  the  data  for  the  coils  in  the  biologically  active  en- 
vironment. There  was  a  rise  in  capacitance  of  about  15  fifxi  between  the 
one  and  three  month  period,  and  a  similar  rise  between  the  eighth  and 
tenth  month.  Future  measurements  should  indicate  whether  any  bio- 
logical attack  is  occurring. 
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Fig.  7  —  Conductance  changes  resulting  from  exposure  of  GR-S  (51-92)  and 
Poly(Vinyl  Chloride)  insulated  conductors  in  sea  water  and  sediment. 


As  may  be  noted  from  the  conductance  data  for  both  materials  in 
Fig.  7,  the  patterns  of  the  curves  for  the  test  and  control  samples  are 
essentially  the  same.  In  all  cases  there  has  been  a  slight  increase  in  con- 
ductance over  the  13  month  test  period.  For  GR-S  it  has  increased  from 
about  1.5  to  2.0  ^Mmhos  and  for  the  polyvinyl  chloride  from  about  0.75 
to  1.5  MMmhos. 

In  a  test  of  this  kind  the  rise  in  capacitance,  such  as  that  which  occurs 
with  the  GR-S,  without  any  marked  corresponding  increase  in  con- 
ductance suggests  that  the  insulation  is  being  modified  by  the  attack, 
rather  than  actually  removed  as  assumed  previously.  It  also  suggests 
that  the  action  is  most  hkely  due  to  bacteria  rather  than  fungi  which 
might  be  expected  to  penetrate  the  insulation  directly  to  the  conductor 
and  so  have  a  more  pronounced  effect  on  conductance.  When  the  test  is 
terminated,  it  is  hoped  that  these  insulated  conductors  can  be  run 
through  a  capacitance  and  conductance  monitor  to  locate  the  specific 
points  of  deterioration,  and  to  determine  the  extent  and  type  of  attack. 
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IV.  SOIL   BURIAL 

Since  this  phase  of  the  test  program  is  yet  to  be  started  no  extended 
coverage  is  possible  in  this  paper,  except  to  point  out  the  reason  for  its 
inclusion.  There  is  some  evidence  in  the  results  of  the  marine  exposure 
tests  at  the  Laboratories  that  the  general  order  of  susceptibility  of  ma- 
terials to  marine  microorganisms  is  the  same  as  it  is  to  terrestrial  micro- 
organisms. This  observation  has  also  been  supported  in  discussions  with 
some  other  investigators.  The  current  program  at  the  Laboratories 
offers  an  excellent  opportunity  to  compare  the  performance  of  a  wide 
range  of  materials  in  the  two  environments.  If  a  correlation  pattern  can 
be  established,  considerably  more  data  in  the  literature  can  be  brought 
to  bear  on  the  problem.  Perhaps  at  a  later  date  it  will  be  possible  to 
present  data  comparing  material  performance  in  the  laboratory  soil- 
burial  test  and  marine-type  tests. 

V.  MARINE    EXPOSURE 

5.1  Marine  Borer  Tests 

The  Laboratories,  in  cooperation  with  the  William  F.  Clapp  Labora- 
tories, Inc.,  Duxbury,  Massachusetts,  is  conducting  the  marine  borer 
tests.  This  phase  of  the  program  was  initiated  in  1954  and  involves  the 
natural  exposure  of  specimens  at  two  locations  — ■  Wrightsville  Beach, 
North  Carolina,  and  Daytona  Beach,  Florida.  These  tests  are  aimed 
primarily  at  obtaining  information  on  marine  borer  attack;  however,  the 
samples  are  exposed  in  such  a  way  that  information  is  obtained  on  micro- 
biological activity  as  well.  In  addition,  valuable  data  is  obtained  on  the 
purely  physical  and  chemical  effects  of  the  environment  on  the  materials. 

Wrightsville  Beach  and  Daytona  Beach  were  selected  as  test  sites 
because  of  the  severe  and  diversified  borer  activity  present  in  the  two 
areas.  At  present,  more  than  fifty  different  materials  are  exposed  at  the 
two  locations.  Represented  are  plastics,  elastomers  and  natural  organic 
materials.  All  of  the  materials  which  have  been  put  through  the  BOD- 
type  test,  or  are  still  to  be  included,  are  represented  in  the  marine  borer 
portion  of  the  test  program.  Where  possible,  test  specimens  are  made  in 
solid  rod  or  tube  form  about  one  inch  in  diameter  and  three  feet  long 
to  simulate  cable  shape.  In  the  case  of  fibers  and  tapes,  samples  are 
wrapped  on  |-inch  diameter  Lucite  rods  3  feet  long.  These  rods  are  as- 
sembled in  racks  of  about  26  rods  each.  An  untreated,  southern  pine 
two  by  four,  susceptible  to  borer  attack,  is  fitted  around  the  samples  at 
midpoint,  where  it  functions  as  a  bait  piece  to  lead  the  organisms  into 
direct  contact  with  each  test  rod.  Of  course,  where  there  is  no  bait  piece 
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r».'  1'*  »•' 


Fig.  8  —  A  test  rack  used  in  marine  borer  test  prior  to  exposure.  Note  bait 
piece  of  untreated  wood  fastened  across  middle  of  test  rods. 


it  is  possible  to  determine  whether  the  organisms  can  attack  the  samples 
directly  from  the  water.  Fig.  8  is  a  photograph  of  one  of  the  racks  prior 
to  exposure  in  the  sea.  The  lower  10  inches  of  the  rods  are  embedded  in 
the  bottom  sediment  where  bacterial  action  is  relatively  high.  Thus,  each 
sample  is  subjected  to  water  exposure  and  possible  borer  attack  through 
the  transition  zone  from  water  to  sediment  and  into  the  generally 
anaerobic  conditions  of  the  sediment. 

Due  to  the  short  time  that  these  tests  have  been  in  progress,  it  is  im- 
possible to  draw  extensive  conclusions,  particularly  with  regard  to  micro- 
biological activity.  Long  exposure  times  may  bring  about  physical  or 
chemical  changes  in  a  material  which  may  render  it  more,  or  less,  sus- 
ceptible to  attack.  However,  until  more  detailed  data  are  available, 
some  interesting  preliminary  examples  of  biological  activity  can  be  cited 
which  may  be  of  some  interest  and  serve  to  illustrate  the  kind  of  informa- 
tion which  is  steadily  being  acquired. 

With  but  two  exceptions,  there  has  been  no  direct  penetration  by 
borers,  or  microbiological  deterioration,  of  any  of  the  plastics.  Polymono- 
chlor-trifluoroethjdene  in  the  form  of  a  0.0035  inch-thick  tape  wrapped 
on  a  f-inch  diameter  Lucite  rod  for  exposure,  was  penetrated  at  one 
point  by  a  pholad.  This  attack  occurred  after  three  years  of  exposure  at 
Daytona  Beach.  Apparently  the  mollusk  bored  through  an  accumulation 
of  calcareous  fouling  and  then  progressed  through  the  plastic  into  the 
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Lucite  rod.  In  another  instance,  after  2^  years  of  exposure  at  Wrights- 
ville  Beach,  there  was  penetration  of  a  siHcone  rubber  test  rod  at  a 
shigle  point  by  a  pholad.  In  this  case,  the  test  sample  was  a  soHd  rod  of 
the  elastomer  one  inch  in  diameter.  Attack  occurred  on  the  cross-sec- 
tional face  of  the  mud  end  of  the  rod.  Penetration  was  to  a  depth  of 
about  4  mm,  and  the  dimensions  of  the  hole  at  the  point  of  entry  were 
1.5  by  2.0  mm.  Although  these  examples  serve  to  demonstrate  the  abihty 
of  pholads  to  bore  into  these  materials,  it  should  be  emphasized  again 
that  attack  has  been  confined  to  single  points  and  is  not  general  on  these 
materials. 

The  physical  relationship  of  one  material  to  another  can  be  very  im- 
portant as  far  as  borer  attack  is  concerned.  A  piece  of  one  of  the  Lucite 
rods  on  which  jute  roving  was  wrapped  for  exposure  is  shown  in  Fig.  9. 
The  holes  in  the  rod  resulting  from  penetration  by  pholads  are  readily 
apparent.  One  of  the  organisms  may  be  seen  protruding  from  the  left- 


Fig.  9  —  Section  of  Lucite  rod  showing  penetration  by  pholads.  One  of  the  mol- 
lusks  can  be  seen  protruding  from  the  left-hand  side  of  the  rod.  Original  magni- 
fication 2X. 
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Fig.  10  —  Cellulose  acetate  fiber  showing  extensive  surface  erosion  after  one 
year  of  marine  exposure.  Original  magnification  lOOOX.  Photo  by  F.  G.  Foster. 

hand  side  of  the  rod.  In  this  case,  the  pholads  obtained  their  start  in  the 
jute  wrapping  and  then  were  able  to  progress  into  the  Lucite.  There  was  s 
no  attack  evident  on  portions  of  the  rod  which  were  not  wrapped  with 
jute.  Also,  it  is  interesting  to  note  that  the  jute  in  this  particular  case 
was  treated  with  an  impregnant  consisting  of  50  parts  asphalt,  50  parts  ■ 
paraffin  and  2  parts  zinc  naphthenate.  Although  this  mixture  was  not 
highly  effective  as  a  preservative,  it  did  serve  to  hold  the  jute  in  position  i 
long  enough  to  enable  the  borers  to  become  established.  There  has  been 
no  evidence  of  penetration  of  Lucite  rods  on  which  untreated  jute  was 
wrapped.  Here,  apparently,  the  jute  was  destroyed  by  microbiological  ' 
attack  or  other  borers  such  as  limnoria  before  the  pholads  could  become 
well  established.  j 

In  this  progress  report  no  detailed  comparison  of  the  performance  of 
natural  fibers,  such  as  jute  treated  with  various  preservatives,  will  be 
attempted.  Results  in  many  cases  are  still  inconclusive.  As  might  be 
anticipated,  however,  the  jute  specimens  as  a  group  have  suffered  much 
heavier  deterioration  by  borers  and  microorganisms  than  the  plastics,  j 
elastomers  and  casting  resins.  Particularly  noteworthy  is  the  fact  that  j 
although  there  is  considerable  evidence  of  bacterial  attack  upon  micro-  1 


1 
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scopic  examination,  there  is  also  much  degradation  evident  by  the  fungi. 
Pin  holes  in  the  cell  walls  with  associated  fungal  hyphae  are  extensive. 

Secondary  cellulose  acetate  has  been  quite  susceptible  to  microbio- 
logical deterioration.  Yarn  has  been  destroyed  in  just  six  months  of 
marine  exposure,  not  by  borers,  but  predominantly  by  bacteria.  Upon 
microscopic  examination,  the  fibers  show  severe  surface  erosion  due  ap- 
parently to  bacterial  attack.  In  the  marine  samples  which  have  been 
stained  and  examined,  hyphae  have  been  evident  in  only  one  isolated 
instance.  The  extent  of  the  pitting  and  surface  erosion  in  one  of  the 
marine  samples  after  one  year  in  test  can  be  seen  in  Fig.  10.  This  char- 
acteristic pattern  of  erosion  is  also  evident  in  samples  of  cellulose  acetate 
yarn  from  soil  burial.  Such  a  sample  after  60  days  of  burial  is  shown  in 
Fig.  11.  Here  again  attack  appears  to  be  predominantly  of  bacterial 
origin. 

In  the  marine  borer  tests,  the  sample  rods  become  heavily  fouled  in 
the  water  area,  as  may  be  noted  in  Fig.  12.  Although  these  fouling  organ- 
isms do  not  use  the  materials  to  which  they  attach  as  a  source  of  food, 
it  is  well  known  that  they  can  do  mechanical  damage  or  chemically 
influence  the  environment  beneath  them.  The  reader  who  is  particularly 
interested  in  the  broad  subject  of  fouling  and  its  effect  on  materials, 
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Fig.  11  —  ("olhilose  acetate  after  60  days  in  laboratory  soil  burial.  Note  charac- 
teristic surface  erosion  comparable  to  that  shown  in  Fig.  10  for  marine  test  sample. 
Original  magnification  500X.  Photo  by  F.  G.  Foster. 
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Fig.  12  —  Test  rack  being  lifted  from  water  at  Wrightsville  Beach.  Heavj^  ac- 
cumulation of  fouling  on  test  rods  in  water-exposed  area  stops  at  point  where  rods 
entered  the  sediment. 


structures  and  coatings,  is  referred  to  the  report  of  the  investigations 
conducted  at  the  Woods  Hole  Oceanographic  Institution  during  the 
years  1940  to  1946.^^  The  restricted  areas  beneath  fouHng,  particularly 
under  the  Imses  of  calcareous  organisms  such  as  barnacles,  provide  ideal 
cells  for  l)acterial  activity.  Conditions  of  pH  and  aeration  may  be  mai'k- 
edly  different  in  these  confined  areas  from  those  in  the  surrounding 
water.  Some  of  the  test  rods  made  of  polyvinyl  chloride  plastics  contain- 
ing basic  lead  stabilizers,  illustrate  the  fact  rather  dramatically.  Ana- 
erobic, sulfate-reducing  bacteria  are  common  marine  organisms  which 
release  hydrogen  sulfide  in  the  process  of  breaking  down  organic  ma- 
terial. Under  tightly  adhering  fouling,  aerobic  bacteria  can  utilize  the 
free  oxygen  much  more  rapidly  than  it  can  be  replaced  by  diffusion  from 
the  surrounding  water.  Once  the  oxygen  has  been  depleted,  the  anaerobic 
organisms  begin  their  activity  and  cause  relatively  high  concentrations 
of  hydrogen  sulfide  to  be  built  up.  The  hydrogen  sulfide  reacts  with  the 
basic  lead  salts  used  as  stabilizers  and  produces  black  lead  stilfide.  The 
sharp  l)()undaries  of  the  different  envii'oimiental  conditions  existing 
])('ii(>atli  tlu>  base  of  a  barnacle  on  one  of  the  polyvinyl  chloride  test  rods 
are  illustrated  in  Fig.  13.  Here  the  pattern  of  the  barnacle  base  has 
literally  been  reproduced  b.y  the  sulfiding  which  occurred  under  it.  The 
black  border  and  black  radiating  lines  correspond  to  areas  of  exception- 
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ally  close  contact.  The  radial  extent  of  this  sulfiding  in  the  bottom  end 
of  the  rod  which  was  embedded  in  the  sediment,  as  compared  to  the  top 
or  water  end,  is  shown  in  Fig.  14.  It  must  be  emphasized  that  there  has 
been  no  indication  to  date  of  any  adverse  effect  on  the  physical  properties 
of  plastics  which  have  been  sulfided  in  this  way. 

VI.  CABLE  SAMPLES  FROM  SERVICE 

The  samples  of  submarine  cables  which  have  been  examined  to  the 
present  time  represent  both  telegraph  and  telephone  cables.  The  samples 
of  telegraph  cable  have  been  obtained  through  the  cooperation  of  the 
Western  Union  Telegraph  Company.  It  takes  considerable  time  to  as- 
semble a  large  number  of  specimens  during  the  course  of  routine  repair 
operations.  As  a  result,  although  some  22  different  samples,  the  majority 
from  the  North  Atlantic,  have  been  examined,  it  is  possible  to  make  only 


Fig.  13  —  Sulfiding  of  Poly(Viu3'l  Cliloricle)  plastic  test  rod  beneath  barnacles. 
The  black,  circular  border  and  center  area  represent  sulfiding  at  points  of  excep- 
tionally close  contHct.  Original  magnification  2X.  Photo  bj^  J.  B.  DeCoste. 
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Fig.  14  —  Cross-section  of  Poly  (Vinyl  Chloride)  rod  showing  sulfiding  due  to  j 
sulfate-redvicing  marine  bacteria.  Bottom  end  was  in  sediment  —  top  in  water.  I 
E.\posed  at  Daytona  Beach  for  two  years.  Original  magnification  1.6X.  • 

general  observations  and  broad  comparisons.  The  locations  and  depths  i 
from  which  the  samples  were  obtained  are  given  in  Table  XIV.  In  most 
cases,  a  sample  3-feet  long  is  obtained.  Twenty-two  different  pieces  of 
such  size  represent  a  rather  small  sample  with  respect  to  the  total 
marine  environment.  Here  again  the  program  assumes  more  value  as 
additional  samples  are  obtained. 

The  procedure  employed  in  examining  one  of  these  cable  sections  is 
about  as  follows.  First,  the  over-all  external  condition  is  observed  and 
recorded.  Then,  the  outer  jute  covering,  armor  wires,  inner  jute  bedding, 
and  cloth  and  metallic  tapes,  if  any,  are  removed  progressively.  The 
armor  wires  are  examined  in  detail  by  electrochemists  to  determine  the 
extent  and  kind  of  corrosion.  The  jute  is  tested  in  various  ways.  If 
sufficient  material  is  available  tensile  strength  is  measured.  Microscopic 
examination  of  representative  fibers  is  also  made.  In  the  case  of  the  inner 
jute  which  is  not  treated  with  tarry  materials,  damage  counts  are  run 
according  to  the  procedure  of  MacMillan  and  Basu.^^  According  to  this 
method,  deoiled  and  dewaxed  fibers  are  permitted  to  swell  in  10  per  cent 
sodium  hydroxide  solution.  Following  this  they  are  treated  in  a  bath  of 
133  per  cent  weight  to  volume,  aqueous  zinc  chloride  solution  over  steam. 
Undamaged  fibers  swell  as  tight  helices  while  damaged  fibers  swell  as 
bundles  of  parallel  fibrils.  The  fibers  are  mounted  in  zinc  chloride  solu- 
tion on  a  microscope  slide  and  counted  to  determine  the  per  cent  of 
damaged  fibers. 

To  examine  the  integrity  of  the  insulation  on  the  conductor,  the  elec- 
trolytic procedure  of  Blake,  Kitchin  and  Pratt^^  is  used.  An  electrolytic 
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cell  is  set  up  with  20  per  cent  copper  sulfate  solution  as  the  electrolyte, 
and  a  copper  plate  as  the  anode.  The  cathode  is  a  loop  of  the  insulated 
conductor  from  the  cable.  Any  plating  out  of  copper  on  the  cathode 
indicates  a  break  in  the  insulation.  In  this  way  the  integrity  of  a  rela- 
tively long  length  of  conductor  can  be  examined  critically  and  simply. 

One  of  the  outstanding  facts  apparent  from  the  examination  of  cable 
samples  has  been  the  evident  importance  of  the  outer  jute  in  limiting 
the  corrosion  of  armor  wires.  Galvanized  steel  armor  wires  which  still 
retain  the  protection  of  flooding  compounds,  such  as  asphalt,  tar  or 
pitch,  together  with  outer  servings  of  impregnated  jute,  have  shown 
negligible  steel  corrosion  within  40  years,  and  in  one  case  for  as  long  as 
66  years.  On  the  other  hand,  most  of  the  corrosion  of  armor  wires  which 
has  been  observed  has  occurred  in  cable  from  which  a  major  part,  or  all, 
of  the  outer  jute  has  been  lost. 


Table  XIV  —  Locations  and  Depths  from  W' high  Submarine 

Cable  Samples  have  been  Obtained  for 

Laboratory  Examination 


BTL  No. 

Location 

Depth 

Latitude 

Longitude 

Fathoms 

110 

approx. 

81° 

30'  00"N 

24°  30'  00"W 

5  approx. 

111 

approx 

81° 

30'  00" N 

24°  30'  00"W 

5  approx. 

112 

approx. 

81° 

30'  00"N 

24°  .30'  00"W 

5  approx. 

113 

approx. 

81° 

30'  00"N 

24°  30'  00"W 

5  approx. 

114 

approx 

81° 

30'  00"N 

24°  30'  00"W 

5  approx. 

135a 

23° 

45'  00"N 

81°  57'  30"W 

830 

136 

Several 

mil 

es  south  of  Long 

Island,  N.  Y. 

Exact  1 

ocation  unknown. 

90 

137 

40° 

13'  40"N 

71°  07'  25" W 

90 

163 

48° 

36'  06"N 

36°  23'  36" W 

2460 

164 

51° 

53'  42"N 

10°  37'  18"W 

54 

165 

51° 

40'  42"N 

13°  02'  12"W 

630 

166 

51° 

55'  21  "N 

11°  58'  18"W 

387 

167 

47° 

52'  24"N 

38°  23'  12"W 

2460 

168 

47° 

22'  06"N 

42°  14'  12"W 

2175 

169 

36° 

41'  46"N 

25°  38'  09"W 

1180 

195 

45° 

28'  21"N 

60°  20'  24"W 

106 

196 

46° 

41'  36"N 

56°  18'  18"W 

37 

197 

47° 

00'  32"N 

56°51'40"W 

100 

200 

44° 

25'  40"N 

63°  25'  15"W 

46 

212 

45° 

08'  38"N 

54°  33'  06"W 

82 

281 

43° 

38'  10"N 

55°  07'  00" W 

2090 

282 

39° 

17'  24"N 

70°  12'  15"W 

1450 

283 

53° 

57'  00"N 

165°  50'  00"W 

Unknown 
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Fig.  15  —  Corrosion  pockets  in  galvanized  steel  armor  wires  of  submarine  cable 
after  12  years  of  service. 


Of  special  interest  is  a  particular  type  of  corrosion  which  has  occurred 
in  two  separate  cable  samples  —  one  from  Alaskan  waters,  the  other 
from  off  the  southern  coast  of  Newfoundland.  In  one  case  the  age  of  the 
cable  was  12  years,  and  in  the  other  36  years.  The  Alaskan  sample  was 
located  in  an  area  characterized  by  water  velocities  of  5  to  9  knots.  In 
both  instances,  the  outer  jute  and  most  of  the  flooding  compound  was  | 
gone.  Corrosion,  instead  of  starting  and  progressing  on  the  outer  sur-  ■ 
face  of  the  wires,  had  started,  and  been  confined  largely  to  the  sides  of  , 
the  wires.  Usually  there  are  corresponding  areas  of  corrosion  on  two  ! 
adjacent  wires  to  form  "corrosion  pockets."  These  pockets  are  illustrated 
in  Fig.  15.  In  the  case  of  the  12  year  old  cable,  corrosion  caused  failure 
of  the  armor  wires.  In  the  case  of  the  cable  which  was  in  service  36  years, 
failure  was  reported  to  have  occurred  from  chaffing  on  a  rocky  bottom. 
Close  examination  suggests  that  failure  may  more  reasonably  be  at- 
tributed to  sevei'e  corrosion  of  the  type  just  described.  The  exact  cause 
of  the  corrosion  pattern  is  still  to  be  determined. 

Sufficient  samples  have  not  been  examined  as  yet  to  form  a  coordi- 
nated picture  with  respect  to  the  inner  jute.  In  the  case  of  cable  samples 
from  the  North  Atlantic,  the  inner  jute  bedding  w^as  in  good  condition 
in  cables  which  had  been  in  service  for  as  long  as  30  or  40  years.  Samples 
more  than  40  years  old  showed  the  effect  of  deterioration.  Although  only 
a  limited  number  of  samples  have  been  examined  from  the  Caribbean, 
most  of  them  from  water  about  50  feet  deep,  jute  and  cotton  tape  com- 
ponents were  in  poor  condition  in  certain  spots.  It  was  evident  that 
microbiological  deterioration  of  the  jute  had  occurred.  In  no  case  has 
there  been  any  evidence  of  deterioration  of  the  insulation  of  the  central 
conductor  of  any  of  the  cable  samples.  In  the  case  of  the  older  cable 
samples  the  insulation  was  gutta  percha,  but  in  the  most  recent  samples 
it  has  been  polyethylene. 
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VII.    SUMMARY 

A  progress  report  has  been  presented  on  the  results  of  a  test  program 
designed  to  determine  the  relative  resistance  of  materials  to  marine  bio- 
logical attack.  Specific  test  i-esults  have  been  reported  wherever  possible, 
predominanth^  from  the  laboratory  test  procedures.  In  the  case  of  the 
natural  exposure  tests,  which  are  intended  to  provide  correlative  data 
for  the  laboratory  program  over  longer  periods  of  time,  the  information 
which  has  been  assembled  thus  far  is  of  a  more  general  nature.  There 
follows  a  summary  of  the  more  important  information  which  has  been 
obtained : 

1 .  In  the  biochemical  0x3' gen  demand-type  test  it  has  been  found  that 
polyethylene  is  not  utilized  by  the  aerobic  bacteria  or  the  anaerobic 
suKate-reducing  bacteria.  Polyvinyl  chloride  plastics  are  attacked  ac- 
cording to  the  way  in  which  they  are  plasticized.  All  of  the  samples  tested 
which  had  an  added  external  plasticizer,  mcluding  the  rigid  plastic,  were 
attacked  to  some  degree.  In  the  latter  case  the  attack  was  apparently 
due  to  lubricants.  The  semi-flexible  polyvinyl  chloride  copoljaiiers,  and 
the  polj^vinyl  chloride  resin  alone,  were  not  utilized  by  the  bacteria.  The 
five  elastomers  assayed  were  all  attacked  by  aerobic  bacteria,  neo- 
prene  being  the  most  resistant.  The  epoxide  casting  resin  did  not 
serve  as  a  source  of  carbon  for  the  organisms,  but  further  testing  is  re- 
quired with  a  polyester  casting  resin. 

2.  Coiled  conductors  insulated  in  one  case  with  a  rigid  polyvinyl 
chloride,  and  in  the  other  with  GR-S,  have  been  exposed  half  in  sea 
water  and  half  in  marine  sediment  in  the  laboratory  for  thirteen  months. 
Capacitance  measurements  show  that  a  considerable  change  has  oc- 
curred in  the  GR-S  insulation  apparently  as  a  result  of  bacterial  attack. 
Although  there  has  been  a  slight  rise  in  the  capacitance  values  for  the 
polyvinyl  chloride-insulated  conductors  during  the  last  five  months, 
further  observations  are  necessary  before  attack  can  be  considered  defi- 
nite. 

0.  In  three  years  of  actual  marine  exposure  of  plastics,  elastomers  and 
pasting  resins,  there  have  been  definite  penetrations  by  marine  borers  of 
onl}^  three  materials  —  a  test  rod  of  silicone  rubber,  a  0.0035-inch  film 
of  poljanonochlor-trifluoroethylene  wrapped  on  a  Lucite  rod,  and  on 
Lucite  rods  themselves.  The  first  two  cases  represent  single  instances  of 
penetration  —  both  by  pholads.  The  Lucite  rods  were  penetrated  at 
many  places  bj^  pholads  as  a  result  of  the  organisms  getting  started  in 
an  asphalt-impregnated  jute  wrapping  and  then  progressing  into  the 
Lucite. 

Secondary  cellulose  acetate  yarn  and  tow  have  been  deteriorated 
badly,  apparently  by  bacteria,  in  as  short  a  time  as  six  months. 
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Natural  fibers,  notably  jute,  have  been  degraded  extensively  by  borers 
and  microorganisms.  There  is  considerable  evidence  of  fiuigus  attack. 

Under  fouling  and  in  the  sediment  area,  rods  of  polyvinvl  chloride 
plastics  containing  basic  lead  stabilizers  have  been  blackened  as  the  re- 
sult of  hydrogen  sulfide  produced  by  sulfate-reducing  bacteria  reacting 
with  the  lead  salts  to  give  black  lead  sulfide.  This  sulfiding  has  caused 
no  apparent  degradation  of  the  physical  properties  of  the  plastics. 

4.  The  examination  of  cable  samples  from  service  has  indicated  that 
the  impregnated  outer  jute  serves  an  important  function  in  limiting  cor- 
rosion of  armor  wires.  Generally,  when  corrosion  is  present  the  outer  jute 
has  been  lost. 

Two  unusual  cases  of  extensive  corrosion  have  been  reported  • —  one 
in  a  cable  12  years  old,  the  other  in  a  cable  which  was  in  service  36  years. 
In  both  cases,  corrosion  occurred  in  pockets  between  adjacent  armor 
wires  rather  than  on  the  outside  surfaces  (water  side)  of  the  wires. 

The  performance  of  the  inner  jute  in  samples  from  service  has  been 
generally  good  for  as  long  as  30  or  40  years  in  deep  water.  In  samples 
from  relatively  shallow  water  in  the  Caribbean,  inner  jute  bedding  was 
l)adly  deteriorated  in  as  short  a  time  as  five  years. 
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Dynamics  and  Kinematics  of  the  Laying 
and  Recovery  of  Submarine  Cable 
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This  paper  is  an  attempt  to  formulate  a  comprehensive  theory  with  which 
the  forces  and  motions  of  a  submarine  cable  can  be  determined  in  typical 
laying  and  recovery  situations.  In  addition  to  the  fundamental  case  of  a 
cable  being  laid  or  recovered  with  a  ship  sailing  on  a  perfectly  calm  sea  over 
a  horizontal  bottom,  the  effects  of  ship  motion,  varying  bottom  depth,  ocean 
cross  currents,  and  the  problem  of  cable  laying  control  are  considered.  Most 
of  the  results  reduce  to  simple  formulas  and  graphs.  Their  application  is 
illustrated  by  examples. 
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Glossary  of  Symbols 

A  Amplitude  of  harmonic  ship  motion 

Ci  ,  C2 ,  C2  Longitudinal   wave    velocity;    trans- 

verse wave  velocity  in  air  and  water 

Cd  ,  Cf  Transverse  and  tangential  drag  co- 

efficients 

d  Cable    diameter,    also    distance    be- 

hind  the    ship    at   which   the   cable 
enters  the  lower  stratum 

Dn  ,  Dt  Normal    and    tangential    unit    drag 

forces 

e  Sidewise  distance  from  the  laid  cable 

to  the  ship 

KA  Extensile  rigidity 

h  Ocean  depth 

h  =  ^  Dimensionless  ocean  depth 

EA 

H  Hydrodynamic  constant 

L  Inchned  cable  length  from  surface  to 

bottom,  also  from  ship  to  surface 

AT^  Reynolds  number 

p^  q  Longitudinal   and   transverse   devia- 

tional  cable  displacements 

Po  ^  Qo  Longitudinal     and     transverse     ship 

displacements 


Pi 

s,x 

X 

X 

~  h 

t 

-       Vt 

'=J 
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Deviation    from    mean    pay-out    or 
haul-in  rate 

Arc   length   and   horizontal   distance 
from  the  touchdown  point  to  the  ship 

Dimensionless  forms  of  S  and  X 

Time 

Dimensionless  time 

T,  Ts  ,  To  Cable  tension  at  an  arbitrary  point, 

at  the  ship,  and  at  the  bottom 

T  =  ^,    Ts  =  '^,     %  =  ^      Dimensionless  forms  of  T,  Ts  and  To 

wh  wh  wh 

Tp  ,  Tq  Cable  tension  due  to  longitudinal  and 

transverse  ship  motion 

V,  Vc  Ship  speed,  pay-out  or  haul-in  rate 

Vff ,  Vt  Normal  and  tangential  velocity  of  the 

water  relative  to  the  cable  configura- 
tion 

Vt  Tangential  velocity  of  the  water  rela- 

tive to  a  cable  element 

w,  Wa  Submerged    and    in-air    vmit    cable 

weight 

a,  an  Critical   angle,    approximate   critical 

angle 

as  Cable  angle  at  the  surface 

(S  Descent  angle,  cross  current  orienta- 

tion (Section  7.1) 

7  =  - — r—: Constant,  also  ascent  angle 


sm'^  a 


e 


Slack 


6  Orientation  of  a  cable  element 

6,  \J/  Spherical   polar   coordinates  for  the 

three-dimensional  model 

K,  X  Constants  (see  Appendix  C) 
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.         CopdV         cos  a  r~i        1      1^ 

A  — —  =  -V-- —  Constant  i 

2  sm-  a 

fjL,  V  Constants 

V  Kinematic  viscosity 

$,  -q,  I  Rectangular  coordinates  for  the  three-  ' 

dimensional  model 

p  Mass  density  of  water  . 

Pc  ,  Pw  Mass  per  unit  length  of  cal)le  in  air  .' 

and  water 

0  Deviation  from  the  stationary  angle,  ' 

also    angle    between    ^   axis   and    V  : 
(Section  7.1) 

I.    INTRODUCTION 

In  the  summer  of  1857,  the  first  attempted  laying  of  a  transatlantic 
cable  ended  dismally  when,  after  only  a  few  hundred  miles  had  been  • 
laid,  the  cable  broke  and  fell  into  the  sea.  Although  fouling  of  the  pay-  ' 
out  gear  caused  by  a  negligent  workman  was  the  principal  suspected 
reasons  for  the  failure,  its  occurrence  aroused  great  interest  in  the  de- 
tailed dynamics  and  kinematics  of  the  laying  of  submarine  cable,  and 
leading  British  scientists  such  as  Kelvin  and  Airy  published  analyses  of  i, 
this  problem  in  late  1857  and  early  1858.^  •  ^  ■  » ■  ^ ,  &  t 

However,  after  this  initial  activity,  interest  in  submarine  cable  dy-  i 
namics  and  kinematics  evidently  waned  for  there  appear  only  sporadic 
subsequent  investigations  in  the  literature.^' '^' ^' ^' ^^  Further,  the  re- 
sults of  the  early  and  subsequent  analytical  investigations  have  been, 
by  and  large,  little  utilized  in  cable  laying  and  recovery  practice.  One 
can  conjecture  several  reasons  for  this.  For  one,  because  the  early  ana- 
lytical work  was  done  before  the  advent  of  modern  hydrodjaiamic  theory, 
it  did  not  rest  on  a  secure  base.  Thus,  as  late  as  1875,  one  finds  vigorous 
debate  over  the  nature  of  the  tangential  resistance  of  water  to  the  cable.' 
For  another,  the  results  of  the  analyses  could  not  all  be  expressed  in 
terms  of  elementary  functions  and  required  the  numerical  evaluation  of 
some  definite  integrals.  In  the  1850's  this  was  a  tedious  and  laborious 
process.  However,  these  are  probably  secondary  reasons.  For,  after 
another  failure  in  the  early  summer  of  1858,  a  transatlantic  cable  was 
successfully  laid  in  August  of  that  year.  The  mechanical  problem  of  de- 
positing a  cable  was  thus  proved  surmountable  without  complicated 
mathematical  analyses,  and  the  marriage  of  analysis  and  practice  was 
never  fully  realized. 
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However,  a  present-day  submerged-repeater  transoceanic  cable  is  a 
delicate  and  expensive  transmission  system.  Reducing  the  amount  of 
cable  deposited  by  as  little  as  one  per  cent  can  result  in  a  substantial 
saving  in  the  first  cost  of  such  a  system.  Its  repair  is  a  costly  operation 
requiring  the  sustenance  of  an  ocean  ship  and  its  crew.  Therefore,  it  is 
important  to  lay  the  cable  without  wasteful  excess  and  with  minimum 
chances  for  failure  after  laying.  Further,  it  is  important  that  repair,  if 
necessary,  be  as  efficient  as  possible.  To  accomplish  these  things,  an  un- 
derstanding of  the  djaiamics  and  kinematics  of  cable  laying  and  recovery 
is  essential. 

The  purpose  of  this  paper  is  to  provide  some  of  this  understanding  in 
as  straightforward  a  way  as  possible.  To  this  end  concepts  and  results 
are  stressed  in  the  main  part  of  the  paper,  mathematical  details  being 
given  in  the  appendices.  Moreover,  we  hope  to  show  that  the  results  of 
the  analysis  can  pro^'ide  a  numerical  basis  for  decision  making  in  many 
of  the  laying  and  recovery  operations.  Most  of  these  results  can  be  ex- 
pressed in  the  form  of  simple  formulas  and  graphs.  Several  numerical 
examples  are  included  to  illustrate  concretely  how  the  results  can  be 
applied  in  practice. 

The  general  plan  of  the  paper  is  to  proceed  from  simple  to  more  re- 
fined models  of  the  laying  and  recovery  processes.  Thus,  we  discuss  first 
what  we  have  called  the  two-dimensional  stationary  model.  This  model  is 
appropriate  for  laying  and  recovery  on  or  from  a  perfectly  flat  bottom 
while  sailing  on  a  perfectly  still  sea.  As  a  preliminary  to  this  discussion, 
we  consider  in  some  detail  the  hydrodynamic  behavior  of  typical  deep 
sea  submarine  cable.  We  then  take  up  the  effects  of  the  ship  motions 
which  are  induced  by  wave  action  and  the  effects  of  a  bottom  of  ^-arying 
depth.  These  considerations  are  followed  by  a  short  discussion  of  the 
problem  of  controlling  the  cable  pay-out  properly  during  laymg  and  the 
associated  problem  of  the  accuracy  of  the  present  taut  wire  method  of 
determining  ship  speed.  Finally,  we  consider  the  three-dimensional  sta- 
tionary model  and  the  effects  of  ocean  cross  currents. 

II.    BASIC   ASSUMPTIONS 

Our  analyses,  like  most  analyses  of  physical  problems,  are  based  on 
idealizations  or  mathematical  models  of  the  actual  phj^sical  system.  The 
extent  of  validity  of  these  models  must  be  ultimately  determined  by  ex- 
periment and  experience.  However  we  shall  tr}'  to  give  the  reader  an 
idea  of  when  they  are  clearly  applicable  and  when  they  are  not. 

All  of  the  models  we  consider  contain  two  basic  idealizations,  namely, 

(1)  No  bending  stiffness  in  cable,  i.e.,  it  is  a  perfecth^  flexible  string, 

(2)  The  average  forward  speed  of  the  ship  is  constant. 
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Bending  effects  are  caused  by  locally  large  curvatures,  and  are  significant 
mainly  where  the  cable  leaves  the  pa3^-out  sheaves  and  at  the  ocean 
bottom.  However,  for  a  cable  with  a  steel  strength  member,  bending 
even  to  the  small  radius  of  the  pay-out  sheave  typically  does  not  ma- 
terially reduce  the  tension  required  to  break  the  cable.  Hence,  in  these 
cases  we  can  expect  an  analysis  based  on  the  first  idealization  to  give  a 
reasonable  idea  of  when  cable  rupture  will  occur.  In  laying,  ship  speeds 
are  normally  steady  and,  with  the  exception  of  the  fluctuations  caused 
by  wave  action  which  we  consider  later  in  the  paper,  the  second  idealiza- 
tion is  reasonable  also.  In  recovery,  on  the  other  hand,  ship  speeds  are 
apt  not  to  be  steady,  and  the  second  idealization  is  more  tenuous.  But 
because  of  the  very  slow  speeds  usually  employed,  this  idealization  may 
in  fact  be  meaningful  in  recovery  as  well. 

III.    TWO-DIMENSIONAL   STATIONARY   MODEL 

3.1  General 

Assume  that  the  cable  ship  is  sailing  at  a  constant  horizontal  velocity, 
that  the  cable  pay-out  or  haul-in  rate  is  constant,  and  that  the  drag  of 
the  water  on  the  cable  depends  only  on  the  relative  velocity  between 
the  water  and  the  cable.  Further,  assume  that  in  a  frame  of  reference 
translating  with  the  ship  the  cable  configuration  is  time-independent 
or  stationary.  This  idealized  model  of  the  cable  laying  or  recovery  pro- 
cess we  call  the  two-dimensional  stationary  model. 

This  is  the  model  which  has  been  considered  in  the  previous  analytical 
studies. ^'^^  As  the  early  investigators  quickly  pointed  out,  when  the 
tension  at  the  bottom  of  the  cable  is  zero,  the  cable,  according  to  this 
model,  can  lie  in  a  straight  line  from  ship  to  ocean  bottom.  During  lay- 
ing, when  slack  is  normally  paid  out,  the  zero  tension  condition  actually 
occurs,  and  hence  this  case  is  of  considerable  practical  importance. 

The  straight  line  can  in  fact  be  shown  to  be  the  only  solution  which 
can  satisfy  all  the  observed  boundary  conditions.  This  point  is  discussed 
in  detail  in  Appendix  A.  That  the  straight  line  is  a  possible  configuration 
can  be  seen  from  Fig.  1.  In  the  vector  diagram  the  velocity  of  the  water 
with  respect  to  the  cable  is  resolved  into  a  component  Vn  normal  to  the 
cable  and  a  component  Vt  tangential  to  it.  Associated  with  Vn  and  Yt 
are  normal  and  tangential  water  resistance  or  drag  forces  Dn  and  Dt  ■ 
In  the  straight  line  configuration,  the  cable  inclination  is  such  that  Dn 
just  balances  the  normal  component  of  the  cable  weight  forces.  The 
situation  is  thus  analogous  to  that  of  a  chain  sliding  on  an  inclined  plane, 
with  the  forces  Dn  corresponding  to  the  normal  reaction  forces  of  the 
plane.  Summing  forces  in  the  normal  direction,  we  get,  thei'efore. 
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W  COS  a  =  Dn  ,  (1) 

while  the  summation  in  the  tangential  direction  gives  for  Ts  ,  the  ten- 
sion at  the  ship, 

1\  =  wL  sin  a  -  DtL.  (2) 

Here  iv  is  the  weight  per  unit  length  of  immersed  cable,  a  is  the  cable's 
angle  of  incidence,  Dn  and  Dt  are  the  normal  and  tangential  drag  forces 
per  unit  length  respectively,  and  L  is  the  inclined  length  of  the  cable. 
For  most  submarine  cable  used  currently  the  force  DtL  is  negligible 
and  we  arrive  at 


wL  sin  a  =  wh, 


(3) 


where  h  is  the  ocean  depth  at  the  cable  touchdown  point.  Hence,  during 
slack  laying  the  cable  tension  at  the  ship  is  very  nearly  equal  to  the 
weight  in  water  of  a  length  of  cable  equal  to  the  ocean  depth. 


Fig.  1  —  Forces  acting  on  a  cable  in  normal  laying. 

The  straight-line  solution  is  the  simplest  and  probably  the  most  im- 
portant result  to  be  obtained  from  the  stationary  two-dimensional  model. 
We  shall  derive  results  for  other  important  situations  from  this  model 
also.  As  a  preliminary,  we  study  first,  however,  the  nature  of  the  normal 
and  tangential  drag  forces  D^  and  Dt  . 

.3.2  Normal  Drag  Force  and  the  Cable  Angle  a 

The  resistance  at  sufficiently  slow  speeds  to  the  flow  of  a  fluid  around 
an  immersed  body  varies  as  the  square  of  the  fluid  velocity.  This  relation- 
ship is  usually  written  as* 

(4) 


Jy.\   —  Co  ^: —  , 


2 


*  For  towed  stranded  wire  experimental  verification  of  this   relationship  is 
reported  in  Reference  11. 
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Fig.  2  —  Experimental  and  theoretical  variation  of  critical  angle  with  towing  j 

velocity  for  cable  No.  1.  ! 

i 

where  D^^  is  the  normal  drag  force  per  unit  length,  Co  is  the  so-called 
drag  coefficient,  p  is  the  mass  density  of  the  fluid,  and  d  is  the  diameter 
of  the  cable.  For  the  straight-line  configuration,  the  vector  diagram  in 
Fig.  1  shows  that 


Vn  =  V  sin  a. 
Substitution  of  (5)  and  (4)  into  (1)  yields  in  turn 

CDpV'd    .   2 

w  cos  a  = sni   a. 


(5) 


(6) 


Eciuation  (6)  suggests  how  the  value  of  the  drag  coefficient  Co  can  be 
obtained  experimentally.  By  towing  a  length  of  cable  in  water  at  a  con- 
stant velocity,  one  can  establish  the  straight-line  configuration.  The 
angle  a  can  then  be  measured  as  a  function  of  velocity,  from  which  Cd 
can  be  computed  by  (6). 

Figs.  2  and  3  show  the  results  of  such  tests  together  with  plots  of  (6) 
for  the  indicated  values  of  Co  ■  These  results  are  taken  from  an  analysis 
by  A.  G.  Norem  of  experimental  data  obtained  by  H.  N.  Upthegro^•e, 
J.  J.  Gilbert,  and  P.  A.  Yeisley.  The  properties  of  these  cables  are  listed 
in  Table  I.*  To  eliminate  end  effects  different  lengths  of  cable  were  towed, 

*  Cable  No.  2  is  very  similar  to  present  type  D  transatlantic  telephone  cable. 
For  engineering  calculations,  type  D  can  be  considered  the  same  as  cable  No.  2. 
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Cable 


Diameter  (inches) 

;Wt.  in  water  (lbs/ft.).. 

j  Outer  covering 

'  Surface  condition 

EA  (twist  restrained). .  . 
EA  (twist  unrestrained) 


No.  1 


0.75 

0.243 
Polyethylene 
Smooth 


No.  2 


1.25 

0.705 

Tar  impregnated  jute 

Rough 

4  X  108  lbs 

1.2  X  10«  lbs 


as  is  indicated  by  the  plotted  experimental  points.  It  is  seen  that  (6) 
gives  a  good  fit  to  the  experimental  data  over  the  entire  velocity  range. 

If  the  cable  has  a  smooth  exterior,  an  estimate  of  the  drag  coefficient 
Cd  can  be  computed  from  published  values  of  resistance  to  flow  about 
an  immersed  cylinder.  This  computation  is  described  in  Appendix  B, 
where  we  have  also  tabulated  computed  ^-alues  of  Co  •  For  the  smooth 
cable  No.  1,  the  value  of  Cd  obtained  from  Appendix  B  is  1.00  which  is 
in  fair  agreement  with  the  experimentally  determined  value  of  1.11. 

Although  the  drag  coefficient  Cd  is  a  fundamental  hydrodynamic  para- 
meter, it  is  not  the  most  convenient  description  of  the  effect  of  the  nor- 
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Fig.  3  —  E.xperimental  and  theoretical  variation  of  critical  angle  with  towing 
velocity  for  cable  No.  2. 
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mal  component  of  water  velocit3^  For  small  values  of  the  incidence 
angle  a 

cos  a  ;^  1, 

sin  a  7^  a, 

and  (6)  is  approximately 


2w 


1/2 


cos  a 


V-UfT-K9' 


(10) 


where  ao  is  the  approximate  value  of  a.  The  quantity  {2w/CDpdy  is  a 
constant  for  a  given  cable.  It  brings  together  all  the  cable  parameters 
which  influence  the  magnitude  of  the  incidence  angle  a.  If  the  angle  a 
for  a  given  speed  is  determined  accurately,  as  can  be  done  in  a  towing 
test  or  with  a  sextant  during  over-the-stern  laying,  this  cjuantity  is  easily 
computed.  Because  of  its  importance,  we  shall  call  it  the  hydrodynamic 
constant  of  the  cable  and  denote  it  by  H,  namely, 

»  =  (e&)" 

By  virtue  of  (7)  and  (8)  we  may  write 

a,y  =  H.  (9) 

The  constant  H  rather  than  the  drag  coefficient  Cd  ^^^ll  be  used  from  this 
point  on. 

When  the  approximate  relationship  (9)  is  not  valid,  a  can  be  obtained 
by  solving  (6).  This  gives 


where  V  is  in  knots  and  H  in  radian-knots.  In  terms  of  ao  we  obtain  in  J 
turn 

cos  a    =    /</  1   +  7  «u'*  "~  9  «u^-  (11) 

This  relationship  is  shown  in  Fig.  4,  where  the  incidence  angle  a  is  plotted 
as  a  function  of  the  approximate  incidence  angle  ao  .  It  is  seen  that  for 
a  <  20°  the  difference  between  ao  and  a  is  negligible. 

Physicall}^  a  as  given  by  (10)  is  the  angle  the  cable  assumes  in  the 
straight-line  shape  for  the  ^'elocity  V.  However,  in  addition,  (10)  show> 
that  a  can  be  thought  of  as  a  dimensionless  parameter  which  embodies 


i 
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Fig.  4  —  Variation  of  a  with  ao  . 

both  the  hydrodyiiamic  properties  of  the  cable  and  the  ship  speed.  Thus, 
even  when  the  configuration  is  not  a  straight  fine,  we  shall  find  it  con- 
venient to  express  results  as  a  function  of  the  single  parameter  a,  rather 
than  as  a  function  of  the  two  parameters  H  and  T'.  For  this  reason, 
following  Pode,  ^'  ^■'  we  call  a  the  critical  angle. 

3.3  Tangential  Drag  Force 

Over  the  range  of  velocities  encountered  m  laying  and  recovery  the 
I  drag  coefficient  Cd  in  equation  (6)  is  essentially  constant.  However,  the 

corresponding  coefficient  for  the  skin  friction  force  associated  Avith  Vt  , 
I  the  component  of  flow  along  the  cable,  is  not  constant.  For  the  cable  of 

smooth  exterior  (cable  No.  1),  the  expression 


Dt  =  Cf^pV^ir  d, 


(12) 


with  Cf  =  0.0o5/{Nr)  '  ,  was  found  to  give  good  agreement  with  the 
experimental  data,  as  is  shown  by  Fig.  5.  Here  Dt  is  the  skin  friction  or 
tangential  drag  force  per  miit  length;  Vt  is  the  relative  velocity  of  the 
water  \\ith  respect  to  a  cable  element  gi\'en  for  straight-line  lajdng  by 


Vt  =  Vc  —  V  cos  a, 


(13) 


where  Vc  is  the  cable  pay-out  rate;  p  is  the  mass  density  of  water;  and 
Nr  is  the  Reynolds  number  defined  as  Nr  =  Vi  L/v,  where  v  is  the  kine- 
matic viscosity  of  water.  The  data  of  Fig.  5  are  for  100  foot  lengths  of 
cable  towed  in  fresh  water  at  a  temperature  of  60°F. 
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From  (12)  we  find 


0.14n 


Dt    = 


0.055     v-''Vt 


1.86 


L 


0.14 


TT 


d. 


(14) 


This  expression  indicates  that  Dt  for  smooth  cable  depends  on  the  in- 
clined length  of  the  cable  as  well  as  the  relative  tangential  velocity  Vt . 
The  form  of  (13)  suggests  that  the  flow  tangential  to  a  smooth  cable  is 
similar  to  flow  past  a  smooth  plate.  In  such  flow  a  turbulant  boundary 
layer  develops  which  grows  in  thickness  with  distance  from  the  leading 
edge,  resulting  in  a  length  dependence  of  the  type  shown  by  (14).  Since 
Fig.  5  refers  to  100  foot  cable  lengths,  (13)  is  probably  not  accurate  for 
the  magnitudes  of  L  occurring  in  deep-sea  laying,  and  should  be  used 
only  to  obtain  the  order  of  magnitude  of  C/  . 
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Fig.  5  —  Experimental  values  of  the  tangential  drag  force  for  cable  No.  1 
compared  with  those  obtained  by  equation  (12). 

For  the  cable  with  conventional  jute  outer  covering,  (cable  No.  2); 
it  was  found  that 

Z)^  =  0.01  Yl-'"'  (15) 

fits  the  experimental  data  obtained  by  towing  test  (Fig.  6).  Whereas  Ie 
(15)  the  constant  0.055  is  dimensionless,  the  constant  0.01  in  this  equa- 
tion has  the  dimensions  necessary  to  give  Dy  in  units  of  pounds  per  foo* 
when  Y i  is  in  feet  per  second.  We  note  that  for  this  cable  Dt  is  inde-< 
pendent  of  the  length  of  the  cable. 
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Fig.  6  —  Experimental  values  of  the  tangential  drag  force  for  cable  No.  2 
compared  with  those  obtained  by  equation  (15). 

The  ratio  of  Dr  to  the  tangential  component  of  the  cable  weight  force 
is  given  by  Dt/w  sin  a.  Ecjuations  (14)  and  (15)  indicate  that  even  for 
small  values  of  a.  of  the  order  of  twelve  degrees,  Dt/w  sin  a  is  of  the  order 
of  6  per  cent  for  relative  tangential  velocities  Vt  of  1.0  feet/sec.  In  many- 
situations  V t  will  be  less  than  this  value,  and  we  can  neglect  Dt  compared 
to  w  sin  a.  As  we  shall  see  later,  this  approximation  greatly  simplifies 
the  differential  equations  of  the  two-dimensional  stationary  model. 

Historically,  the  question  of  the  variation  of  Dt  with  Vt  is  of  some 
interest.  In  one  of  the  early  papers  of  1858  Longridge  and  Brooks  as- 
sumed a  velocity  squared  dependence.  In  1875,  W.  Siemens  attacked 
this  assumption  stating  that  Dt  actually  varied  linearly  with  Vt  .  There 
ensued  a  debate  in  which  many  bitter  words  but  few  experimental  data 
were  displayed.^  In  view  of  our  present  knowledge  that  the  skin  friction 
force,  even  in  the  simplest  case  of  flow  past  a  smooth  plate,  is  the  result 
of  complicated  boundary  layer  phenomenon,  the  existence  of  this  con- 
fusion is  not  surprising. 

3.4  Sinking  Velocities  and  Their  Relationship  to  Drag  Forces 

The  studies  of  submarine  cable  forces  in  1857  and   1858  preceded 
modern  fluid  mechanics  by  many  years.  To  characterize  the  hydrody- 
namic  forces  acting  on  cal)le  the  eai-l}^  in\'estigators  used  sinLi'ng  or 
\settling  \'elocities  rather  than  the  more  recently  conceived  drag  coeffici- 
'ents.  The  transverse  sinking  velocity  Us  was  deflned  as  the  terminal  ve- 
locity attained  by  a  straight,  horizontal  length  of  cable  sinking  in  water. 
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Similarly,  the  longitudinal  sinking  velocity  v^  was  the  terminal  velocity 
of  a  cable  length  sinking  with  its  axis  constrained  to  be  vertical.  If  for 
a  given  cable  the  drag  forces  are  functions  only  of  velocity,  the  pa- 
rameters w,  lis  ,  and  Vs  ,  together  with  the  laws  of  variation  of  the  drag 
forces  Anth  velocity,  completelj^  define  the  hydrodynamic  behavior  of 
the  cable.  Since  sinking  velocities  are  still  used  in  submarine  cable  tech- 
nology, it  is  of  interest  to  relate  them  to  the  more  modern  drag  coeffici- 
ent viewpoint. 

In  the  case  of  transverse  or  normal  flow  around  the  cable,  the  variation 
of  Z),v  ^^'ith  the  square  of  the  relative  transverse  velocity  gives  (Fat/Ws)^  = 
Dx/w,  since  at  a  transverse  velocity  equal  to  the  sinking  velocity  the 
unit  transverse  drag  force  is  w.  Substituting  for  Djv  from  (4)  we  find 

Thus,  the  transverse  sinking  velocity  Us  is  identical  with  the  hydrody- 
namic consant  H.  We  can  therefore  alternativelj^  write  the  approximate  i 
relationship  (9)  as 

aoV  =   Us,  (17) 

where  ao  is  in  radians  and  iis  and  V  are  in  knots. 

For  the  tangential  or  skin  friction  flow  along  smooth  cable,  the  sinking 
velocity  concept  is  inadequate  because  the  unit  tangential  drag  force  < 
Dt  varies  \nth  length  as  well  as  ^^^th  the  relative  tangential  velocity  *■ 
Vt  .  However,  for  cable  with  the  conventional  jute  exterior  (cable  Xo. 
2),  we  have  (Vf/Vs)  '     =  Dt,  w  and  from  (15)  the  vertical  sinking  velocity  : 
Vs  is  Vs  =  (46. Iw)^'^'^^,  where  Vs  is  in  knots.  j 

We  note  in  passing  that  the  cable  does  not,  as  is  sometimes  supposed,  I 
sink  vertically  to  the  bottom  at  the  transverse  sinking  velocity  Us  ■  '< 
Actually,  the  term  "vertical  cable  sinking  rate"  is  ambiguous.  There  are  i 
in  fact  two  vertical  sinking  rates  which  maj^  be  important.  Although 
both  these  rates  are  normallj^  approximately  equal  to  Us  neither  is  identi- 
cal to  it. 

Relative  to  the  earth,  the  resultant  velocitj^  Y n  of  a  cable  element  ha- 
two  components:  a  horizontal  component  of  the  magnitude  of  the  ship 
\'elocity,  and  a  component  inclined  at  the  angle  a  of  the  magnitude  of 
the  cable  pay-out  rate  Vc  .  These  are  shown  in  Fig.  7.  The  component 
Fvert  of  V K  ,  given  by  T^v<rt  =  F,.  sin  a,  is  the  rate  at  which  a  cable 
element  sinks  vertically.  For  a  laying  depth  h,  the  time  r  it  takes  for  ;i 
cable  element  to  sink  to  bottom  is  therefore  r  =  h/Vc  sin  a.  This  time 
would,  for  example,  tell  one  how  long  it  takes  a  lightweight  repeater, 
integral  with  the  cable,  to  reach  the  ocean  bottom. 


ij 
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Fig.  7  —  Illustration  of  vertical  cable  sinking  rates. 

On  the  other  hand,  consider  the  intersection  of  the  cable  configuration 
with  a  vertical  line  (Fig.  7).  In  the  time  t,  as  the  ship  sails  a  distance 
Vt,  the  intersection  moves  from  .4  to  A' ,  a  distance  Vt  tan  a.  Hence  the 
cable  configuration  in  this  sense  sinks  vertically  at  the  rate  V  tan  a, 
and  the  time  6  for  the  configuration  to  reach  bottom  in  a  depth  h  is 
Q  =  h/V  tan  a.  One  may  be  interested  in  how  long  it  takes  after  the  ship 
has  passed  over  an  ocean  bottom  anomaly  P'  (Fig.  7)  for  the  cable  con- 
figuration to  reach  the  anomaly.  This  is  just  the  time  6. 

Hence,  the  vertical  sinking  rates  Vc  sin  a  and  V  tan  a  can  both  be  of 
interest.  At  the  usual  ship  speeds,  sin  a  ^  tan  a  ^^  a  ^^  Us/V.  Further 
Vc  normally  differs  little  from  V.  Hence,  both  these  rates  are  indeed 
normally  approximately  equal  to  Us  . 

3.5  General  Solution  of  the  Stationary  Two-Dimensional  Model 

Assume  that  each  cable  element  is  traveling  along  the  stationary  cable 
configuration  with  the  constant  speed  Vc  .  Starting  at  the  ocean  bottom 
let  s  be  the  arc  length  along  the  stationary  configuration.  We  define  s  to 
be  positive  in  the  direction  opposite  to  the  direction  of  travel  of  the  cable 
elements.  So,  as  Fig.  8  indicates,  in  laying,  positive  s  is  directed  from  the 
ocean  bottom  toward  the  ship,  while  in  recovery  the  situation  is  reversed. 
We  let  6  be  the  angle  between  the  positive  s  direction  and  the  direction 
of  the  ship  velocity. 


RECOVERY 
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Fig.  8  —  Definition  of  coordinates  for  the  two-dimensional  stationary  model. 
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Fig.  9  shows  the  forces  acting  on  an  element  of  the  cable,  with  tension 
at  the  point  s  being  denoted  by  7\  The  normal  drag  force  per  iniit  length 
Dff  may,  by  virtue  of  (4)  and  (5),  be  written  in  the  foi-m 

^,  Copy       d     .       a   ]      •       a  \ 

Dn  =  ^ sm  6  \su\d  \. 

It  is  necessary  to  introduce  here  |  sin  9  \  in  order  for  D^  to  have  the  proper 
sign  foi'  all  6.  We  note,  however,  that  if  Vc  ^    V,  we  have  from  (13) 

Vt  =  Vc  -  V  cos  ^  ^  0. 

Hence  in  normal  laying  and  recovery  the  unit  tangential  drag  force 
Dr  is  always  in  the  positive  s  direction. 

,2de 


jAs 
wAs 
Fig.  9  —  Diagram  of  forces  acting  on  a  cable  element. 

The  forces  acting  on  an  element  produce  a  centrifugal  acceleration 
Vcdd/ds.  Hence,  summing  forces  along  the  directions  t  (tangential)  and 
n  (normal),  dividing  by  As  and  sending  As  to  zero,  we  obtain 

(r  -  pA\ ')'^  +  CDpV__d ^.^^ ^  ^.^^ e\  -  wcose  =  0,    (a) 

ds  2  '  ^     ^ 

(18) 

^  -\r  Dr  -  w  sin  6  =  0,  (b) 

as 

where  pc  is  the  mass  density  per  unit  length  of  cable. 

It  is  seen  at  the  out.set  that  0  =  a  is  a  solution  of  (18a).  It  is  in  fact 
the  important  straight-line  solution  which  has  been  discussed  in  Sec- 
tion 3.1. 

li  6  ^  a  and  Dt  varies  only  with  Vt  we  may  divide  (18b)  into  (18a) 
and  integrate  to  obtain  the  solution  for  T  in  the  following  form: 

^^^   jT  -  P.7/)  ^    r  {w  sin  ^  -  Dr)  ^^^     ^^^ 

(To  —  pcVc')        ho  w(cos  f  —  A  sin  ^  |  sin  ^  I)      ' 

C'dP  dV         cos  a  .,  X 

A  =  — 5 =  ^-r-,  (•>) 

2iv  sm-  a 


where  To  is  the  tension  corresponding  to  the  angle  9^ 


0 
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At  the  cable  touehdowTi  point  on  the  ocean  bottom  only  two  conditions 
are  possible.  If  the  angled  is  not  zero  or  tt  there,  the  cable  tension  T  must 
be  zero.  Otherwise  a  finite  tension  would  act  on  an  infinitesimal  length 
of  cable,  producing  an  infinite  acceleration.  Hence,  either  the  tension  T 
must  be  zero  or  the  angle  6  must  be  zero  or  tt.  The  first  case  normally 
implies  a  straight-line  configuration  (see  Appendix  A),  which  has  al- 
ready been  discussed.  In  other  cases,  we  define  To  as  the  tension  at  the 
touchdown  point,  and  we  let  ^o  be  zero  or  x,  whichever  is  appropriate. 

If  X,  y  are  coordinates  in  the  translating  {x,  y)  frame  of  a  point  along 
the  cable  configuration,  then 

dx  =  ds  cos  d, 
dy  =  ds  sin  6. 
Combining  these  relations  with  (18a),  we  have 


I 


y 


9q  w(cos  ^  —  a  sin  f  I  sin  ^  |) 

_      /•"  {T   -    PeVc)  COS   ^ 

Jbq  iy(cos  ^  —  A  sin  |  |  sin  ^  |) 

_    ['  {T  -  poV')  sin  ^ 

Jeo  w{cos  ^  —  A  sin  ^  |  sin  ^  |) 


d^, 

(a) 

d^, 

(b) 

(20) 

dl 

(c) 

Equations  (19)  and  (20)  are  an  integral  representation  of  the  complete 
solution  of  the  basic  two-dimensional  model.  In  general,  the  integrals 
appearing  in  these  equations  cannot  be  evaluated  in  terms  of  elementary 
functions,  and  the  solution  must  be  obtained  by  numerical  integration. 
For  towing  problems  where  the  pay-out  velocity  is  zero,  Pode  "  has  tabu- 
lated these  numerical  integrations  using  the  approximation  that  Dt  has 
certain  constant  ^'alues.  However,  in  towing  problems  the  direction  of 
Dt  is  opposite  to  what  it  is  in  normal  laying  and  recovery  problems.  Be- 
cause small  magnitudes  of  Dr  were  used,  these  tables  nevertheless  usually 
give  adequate  results  in  laying  and  recovery  situations  as  well.  At  the 
same  time,  for  submarine  cable  problems,  other  approximations  allow 
more  convenient  ways  of  evaluating  the  integrals  of  (19)  and  (20). 

For  example,  it  is  more  accurate  simply  to  assume  that  Dt  is  zero.  As 
we  indicated  in  Section  3.2,  this  approximation  gives  a  negligible  devia- 
tion from  the  exact  solution  if  the  relative  tangential  velocity  Vt  is  small. 
Furthermore,  in  this  situation  we  obtain  from  (18b) 

dT  .     ,  dy 

-—  =  w  sin  6  =^  w  -f- , 
ds  ds 
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and  hence  the  tension  at  the  ship  Ts  is  very  nearly 

T.  =  To  +  wh,  (21) 

where  h  is  the  depth  at  the  touchdoAMi  point.  Thus,  if  the  tangential  drag 
force  is  neghgible,  the  tension  at  the  ship  is  essentiaUy  the  bottom  ten- 
sion plus  wh,  regardless  of  the  nature  of  the  normal  drag  forces.  This  is 
in  fact  a  form  of  a  well-known  theorem  which,  as  we  shall  see  in  Section 
7.1,  apphes  in  the  three-dimensional  case  as  well. 

In  the  next  sections  we  make  further  simplifications  of  the  general 
solution  for  the  specific  cases  of  laying  and  recovery. 

3.6  Approximate  Solution  for  Cable  Laying 

On  long  cable  lays  ship  speeds  are  normally  of  the  order  of  4-8  knots, 
with  accompanying  values  of  the  critical  angle  a  of  the  order  of  10°-30°. 
For  these  small  values  of  a,  the  assumption  of  zero  tangential  drag  to- 
gether with  some  mathematical  approximations  allow  further  simplifi- 
cations of  the  general  solution.  These  simplifications  are  derived  in  de- 
tail in  Appendix  C;  here  we  indicate  the  results.  The  angle  6  which  the 
configuration  makes  with  horizontal  is  closely  given  by 

1  -  [%/{%  +  y)Y     '^"' 


tan  -  =  tan  - 


l-f['ro/(n  +  ^)rtan^| 


(22) 


where  y  and  To  are  dimensionless  depth  and  bottom  tension  defined  by 

y  =  y/h, 

To  =  To/wh. 

Here  we  use  the  cable  angle  a  in  the  sense  of  Section  3.2,  namely,  as  a 
parameter  characterizing  the  hydrodynamic  cable  properties  and  the 
ship  speed.  The  constant  y  is  in  turn  defined  by 

=  (2  -  «i"'  ")  .  (23) 

sm^  a 

For  small  a,  tan   (a/2)  is  negligible  and  y  is  large.  Further 

°  <  ?rh  <  ^- 

Hence,  the  denominator  in  (22)  is  very  nearly  unity  and  6  approaches 
the  critical  angle  a  at  small  values  of  y,  even  for  relatively  large  values 
of  To  of  the  order  of  three  or  four.  Thus  in  the  laying  case,  the  cable 
configuration  is  very  close  to  a  straight  line  except  for  a  short  distance 
at  the  ocean  bottom. 
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In  Appendix  C  it  is  further  shown  that  for  small  a 

>S  =  L  +  kT^/w, 

X  =  L  cos  a  +  \T,/w. 


(24) 


Here  S  and  X  are  the  distance  along  the  cable  and  the  horizontal  dis- 
tances respectively  from  the  touchdown  point  to  the  ship  (Fig.  11), 
L  and  L  cos  a  are  the  corresponding  distances  for  straight-line  laying  at 
the  same  ship  speed,  and  k  and  X  are  functions  of  the  critical  angle  a 
which  are  plotted  in  Fig.  10.  To  illustrate  the  use  of  (24)  we  consider  the 
following. 

Example:  Cable  No.  2  is  being  laid  without  slack  onto  a  rough  bottom 
from  a  ship  moving  at  six  knots.  If  the  pay-out  rate  is  decreased  so  the 
slack  is  1  per  cent  negative,  what  is  the  subsequent  rise  of  the  tension 
with  time  at  the  ship? 

This  is  really  a  transient  problem.  However,  we  shall  try  to  get  an  idea 
of  the  average  behavior  of  the  cable  by  assuming  it  passes  through  a  se- 
quence of  stationary  configurations.  Also,  we  assume  that  because  of 
the  rough  bottom  there  is  no  slippage  of  the  cable  along  the  ocean  floor. 

If  d  is  the  amount  of  negative  slack  and  V  the  ship  speed,  then  in  a 
time  t  an  amount  V{1  —  8)toi  cable  will  have  been  paid  out.  This  amount 
plus  the  inclined  length  L  will  equal  the  amount  contained  in  the  curve 
AOC  (Fig.  11).  We  then  have 


L  -f  V(l  -  8)t  ^  S  +  Vt  -  {X  -  L  cos  a). 


(25) 


Substituting  (24)  into  this  equation  and  solving  for  To  we  find  To  = 
(w/(X  —  K))8Vt  and  that  by  (21)  the  tension  at  the  ship  is  given  by 


Ts  =  wh  -\- 


w 


8Vt. 


0.4 


0.3 


0.2 


0.1 


(a) 

/ 

^ 

/ 

[y^ 

/ 

0.016 


0.012 


I    0,008 


0.004 


(b) 

/ 

/ 

y 

/ 

^ 

/ 

5  10  15  20 

a    IN    DEGREES 


25 


10  15  20 

a   IN    DEGREES 


25 


Fig.  10  —  Variation  of  k  and  X  with  the  critical  angle. 
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Fig.  11  —  Cable  geometry  at  a  time  I  after  the  onset  of  negative  slack. 

For  cable  No.  2  a  ship  speed  of  six  knots  corresponds  to  a  =  11.7  de- 
grees. By  Fig.  10,  this  corresponds  to  X  —  k  =  1.4  X  10~^  Also  w  = 
0.705  lbs/ft  by  Table  I.  We  get  therefore 

n  =  wh  +  3000 


Thus,  according  to  this  calculation  the  tension  in  this  example  rises  at 
the  extremely  rapid  rate  of  8000  Ibs/min.  We  note  also  that  the  rate  of 
tension  rise  is  here  independent  of  the  depth  h. 

In  the  model  which  has  been  postulated,  the  cable  is  inextensible;  that 
is,  it  is  assumed  not  to  stretch  under  load.  Because  the  difference  between 
the  lengths  of  AOC  and  the  sum  of  the  hnear  segments  AD  and  DC  (Fig. 
11)  is  small,  one  might  suspect  that  the  effect  of  cable  extensibility  in 
the  present  example  is  important.  We  can  account  for  this  effect  in  a 
crude  way  by  assuming  that  the  curve  AOC  has  an  additional  length  cor- 
responding to  the  stretching  caused  by  the  load  To  acting  over  the  length 
L.  For  a  cable  made  of  a  single  material,  the  stretching  would  be  TqL/EA, 
where  E  is  the  Young's  modulus  of  the  material  and  A  is  the  cross-sec- 
tional area  of  the  cable.  In  analogy  to  this  we  denote  the  extensile  rigidity 
of  the  cable  by  EA,  using  the  bar  to  indicate  that  EA  is  actually  a  single 
number  obtained  directly  by  measuring  the  extension  of  a  length  of  cable 
loaded  in  tension.  With  this  notation  (25)  becomes 

L  +  1^(1  -  6);  +  =^  =  S  +  Vt  -  (X  -  L  cos  a), 

KA 


and  repeating  the  previous  computation  we  find 

w 


wh  +  r 


wh 


EA  sin  a 


-\-    X     -    K 


V8I. 


It  is  to  be  noted  that  in  this  computation,  unlike  the  inextensible  case, 
the  rate  of  tension  rise  depends  on  the  depth  h. 
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For  conventional  helically  armored  cable,  one  cannot  define  a  single 
extensile  rigidity  because  of  coupling  between  pulling  and  twisting.  Thus, 
how  such  a  cable  extends  under  tension  depends  on  how  it  is  restrained 
from  twisting  at  the  ship  and  at  the  ocean  bottom.  Instead  of  trying  to 
determine  these  end  restraints,  we  consider  the  limiting  cases  of  no  re- 
straint and  complete  restraint  to  twisting.  Data  supplied  by  P.  Yeisley 

indicate  the  values  of  EA  for  cable  No.  2  in  these  conditions  to  be  those 
given  in  Table  I  (Section  3.2).  If  we  take  h  =  6,000  and  12,000  feet,  we 
find  with  these  values  that 

h  =  6000  feet: 

Ts  =  wh  +  220  (Ib/min)/  (twist  unrestrained), 

=  wh  -\-  640  (lb/min)i  (twist  restrained), 

h  =  12,000  feet: 

Ts  =  wh  +  120  (\h/mm)t  (twist  unrestrained), 

=  wh  -\-  360  (Ib/min)^  (twist  restrained). 

Comparing  with  the  inextensible  computation,  we  see  that  the  extensi- 
bility markedly  reduces  the  rate  of  tension  build-up.  Nevertheless,  even 
for  the  case  of  no  restraint  to  twisting  at  a  depth  of  12,000  feet  the  rise 
rate  is  a  relatively  high  120  Ib/min.  Hence,  at  least  over  a  rough  bottom, 
the  tension  would  quickly  indicate  the  onset  of  negative  slack,  although 
the  sensitivity  of  this  indication  would  decrease  with  increasing  depth. 

3.7  Approximate  Solution  for  Cable  Recovery 

Fig.  8  illustrates  how  cable  is  in  present  practice  recovered  from  the 
ocean  bottom.  The  cable  is  in  front  of  the  ship  as  it  is  brought  in  over  the 
bow,  and  the  ship  pulls  itself  along  the  cable.  In  this  process  the  cable 
tends  to  guide  or  lead  the  ship  directly  over  its  resting  place  on  the  ocean 
bottom. 

It  is  clear  that  during  recovery  by  this  procedure  the  tension  at  the 
ocean  bottom  is  not  zero  and  the  cable  configuration  is  not  a  straight  line. 
Furthermore,  in  this  situation  the  normal  component  of  the  water  drag 
force  Da-  pushes  down  on  the  cable  instead  of  buoying  it  up  as  in  the  case 
of  laying.  This  in  turn  implies  a  higher  tension  at  the  ship  during  re- 
covery than  during  lajang. 

If  the  tangential  drag  is  neglected,  the  tension  at  the  ship  Ts  during 
recovery  is  given  in  dimensionless  form  by  (see  Appendix  C) 

Ts  -  1 


2        cos  a  +  cos  Us 
tan   a 


1   —  cos  a  cos  a. 


l/T 

(26) 
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Fig.  12  —  Variation  of  the  tension  factor  for  recovery  with  the  critical  angle  a.      ■ 
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yig    13  _  Variation  of  exact  and  approximate  tension  factors  for  recovery 
of  cable  No.  2. 
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where  Ts  is  the  tension  factor  defined  by  7",.  =  T^/wh  and  y  is  given  by 
(23).  Equation  (26)  is  plotted  in  Fig.  12  in  the  form  of  Ts  versus  a  for 
various  surface  incidence  angles  as  (Fig.  8).  It  is  seen  that  the  recovery 
tensions  are  in  fact  considerably  higher  than  the  laying  tension  of  approx- 
imately wh. 

To  illustrate  the  smallness  of  the  error  of  neglecting  the  tangential 
drag  force  in  this  computation,  we  have  plotted  the  approximate  and 
exact  curves  of  Ts  versus  ship  velocity  for  cable  No.  2  in  Fig.  13.  The 
dotted  curves  have  been  computed  from  (26),  while  the  solid  curves  have 
been  obtained  by  substituting  Dt  from  (15)  into  (19)  of  the  general  solu- 
tion and  integrating  numerically.*  (The  curve  labeled  Shea's  recovery 
method  is  discussed  in  the  next  section.) 

The  distance  along  the  cable  S  and  the  horizontal  distance  X  from  the 
touchdown  point  to  the  ship  cannot  be  expressed  in  a  simple  form  as  in 
the  case  of  laying.  However,  they  can  be  obtained  by  numerical  integra- 
tion from  (20).  The  results  of  this  computation  for  Dt  =  0  are  shown 
in  Figs.  14  and  15. 

How  Figs.  12,  14  and  15  can  be  used  is  illustrated  in  the  following  ex- 
ample. 

*  The  standard  form  of  Simpson's  rule  was  used  for  all  the  numerical  integra- 
tions mentioned  in  the  paper.  In  each  case  the  interval  of  integration  was  chosen 
fine  enough  to  obtain  at  least  three  significant  figure  accuracy. 
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Fig.  14  —  Variation  of  the  horizontal  distance  to  the  touchdown  point  during 
recovery  with  the  critical  angle. 
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Fig.  15  —  Variation  of  the  distance  along  the  cable  to  the  touchdown  point 
during  recoverj'  with  the  critical  angle  a. 

Example:  A  cable  weighing  0.7  lb/ft  in  sea  water  and  having  a  hj'dro- 
dynamic  constant  H  of  70  degree-knots,  is  to  be  picked  up  from  a  depth 
of  two  thousand  fathoms.  If  the  ship  speed  is  one  knot  what  is  the  cable 
tension  at  the  ship  for  surface  angles  as  of  40°,  60°,  and  90°?  How  far  in 
front  of  the  ship  and  how  far  along  the  cable  will  the  touchdo\ra  point 
be  for  these  values  of  a^  ? 

As  indicated  by  (9),  an  H  value  of  70  degree-knots  together  with  a  ship 
velocity  of  one  knot  yields  ao  =  70  degrees.  Fig.  4  yields  in  turn  a  = 
60  degrees.  Entering  Fig.  12  with  this  value  of  a,  we  can  obtain  Ts/wh. 
In  this  example  the  wh  tension  for  a  depth  of  two  thousand  fathoms  is 
8,400  lb,  and  hence  the  values  of  TJwh  and  7',.  are  as  follows: 

40,700  lbs 
21,700  lbs 
12,900  lbs 

From  Fig.  14  we  get  in  turn  for  the  horizontal  distance  from  the  ship  to 
the  touchdown  point 

as  X/h  X 

40°  2.65  5300  fathoms 

60°  1.56  3120  fathoms 

90°  0.66  1320  fathoms 


Otg 

Ts/wh 

40° 

4.85 

60° 

2.58 

90° 

1.53 
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Finally,  from  Fig.  15  we  get  for  the  distance  along  the  cable  to  the  touch- 
down point 


as 

S/h 

S 

40° 

2.88 

5760  fathoms 

60° 

1.95 

3900  fathoms 

90° 

1.33 

2660  fathoms 

3.8  Shea's  Alternative  Recovery  Procedure 

The  high  tensions  which  result  in  the  usual  recovery  operation  require 
slow  ship  speeds  of  the  order  of  one  knot  or  less  if  the  cable  is  not  to  be 
broken.  One  wonders  if  it  is  possible  to  mitigate  these  tensions  and  thus 
speed  the  recovery  process.  J.  F.  Shea  discovered  that  this  can  theo- 
retically be  done  by  allowing  as  to  exceed  90°,  thus  establishing  the 
straightline  configuration  (Fig.  16).  As  in  laying,  the  normal  drag  forces 
in  this  scheme  support  the  cable,  rather  than  push  down  on  it  as  in  con- 
ventional recovery.  However,  in  contrast  to  the  laying  situation  we  have 
Vt  =  Vc  +  V  cos  a.  Thus  Vt  is  the  sum  of  Vc  and  V  cos  a  instead  of 
their  difference  and  Dt  is  not  necessarily  negligible.  Furthermore,  the 
direction  of  Dt  is  now  such  as  to  increase  rather  than  decrease  the  tension 
over  the  wh  value.  Hence,  instead  of  (2),  a  summation  of  forces  along  the 
cable  yields  Ts  =  wh  +  DtL,  and  the  tension  at  the  ship  can  be  consid- 
erably higher  than  wh.  A  curve  of  T^  as  a  function  of  ship  speed  for  cable 
No.  2  is  shown  in  Fig.  13  with  the  label  "Shea's  recovery  method".  This 
has  been  computed  for  the  case  of  haul-in  speed  equal  to  ship  speed  by 
means  of  the  above  equation  and  (15).  It  is  seen  that  the  tensions  com- 
puted for  this  method  of  recovery,  at  least  for  the  cable  No.  2,  are  never- 
theless considerably  smaller  than  those  which  occur  in  the  usual  recov- 
ery procedure.  It  would  seem  that  the  straight-line  recovery  technique 
could  fruitfully  bear  further  examination,  especially  for  application  to 
the  recovery  of  long  stretches  of  cable. 


Fig.  16  —  The  present  and  Shea  recovery  methods. 
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IV.    EFFECTS    OF   SHIP   MOTIONS 

4.1  Tensions  Caused  hy  Ship  Motions 

111  the  basic  stationary  model  a  perfectly  calm  sea  is  postulated. 
However,  in  reality,  wave  action  gives  rise  to  a  random  motion  of  the 
ship  which  in  turn  induces  variations  in  cable  tensions  around  those  cor- 
responding to  the  basic  model. 

To  analyze  this  effect,  we  assume  that  the  mean  forward  velocity  of 
the  ship  and  the  mean  pay-out  or  haul-in  rate  are  constant  and  that  the 
mean  tension  at  the  ship  and  the  mean  direction  of  the  cable  as  it  enters 
water  are  those  given  by  the  stationary  model.  In  a  reference  frame  mov- 
ing with  the  mean  velocity,  we  resolve  the  ship  displacement  into  a 
longitudinal  component  Po  (Fig.  17)  along  the  mean  or  stationary  direc- 
tion and  a  transverse  component  Qo  perpendicular  to  the  stationary  di- 
rection. 


Fig.  17  —  Longitudinal  and  transverse  components  Po  and  Qo  of  the  ship 
displacement. 

Intuitively,  one  might  e.xpect  the  tensions  caused  by  the  transverse 
displacement  Qo  to  be  negligible  compared  to  those  caused  by  the  longi- 
tudinal displacement  Po  .  An  analysis  we  have  carried  through  in  fact 
yields  this  conclusion.  Because  of  its  complexity  and  length,  this  analysis 
and  the  model  upon  which  it  is  based  are  given  in  Appendix  D.  The  re- 
sults for  the  case  of  harmonic  variation  of  Qo  with  time  indicate,  at  least 
for  cable  No.  2,  that  the  tension  associated  with  the  transverse  com- 
ponent Qo  is  indeed  negligible  for  all  except  ship  motions  so  extreme  as  to 
rarely  occur. 

In  addition,  this  analysis  indicates  that  for  the  transverse  disturbance 
Qo ,  the  amplitude  of  the  responding  transverse  cable  motion  decreases 
exponentially  after  the  cable  enters  the  water  because  of  the  damping 
action  of  the  water  drag  forces.  The  "half-life"  distance  for  cable  No.  2, 
that  is,  the  distance  along  the  cable  at  which  the  amplitude  of  a  harmonic 
transverse  motion  is  damped  to  one-half  its  surface  value,  is  plotted  in 
Fig.  18  as  a  function  of  the  period  of  the  motion  for  various  depths  h  and 
ship  velocities  V.  The  striking  feature  of  these  figures  is  the  rapidity  of 
this  damping.  The  analysis  thus  shows  for  cable  No.  2  that  the  effect  of 
a  transverse  disturbance  penetrates  only  a  short  distance  into  the  water. 
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Fig.  18  — •  Variation  of  half-life  distance  of  cable  No.  2  with  the  period  of 
ship  motion. 

As  far  as  cable  tensions  are  concerned,  the  important  ship  displacement 
then  is  the  longitudinal  component  Po ,  directed  along  the  stationary 
direction  of  the  cable.  The  analysis  of  Appendix  D  leads  to  the  basic 
one-dmiensional  wave  equation 

d  ip        1  ^-p 

for  the  description  of  the  longitudinal  motion.  In  this  equation  p  is  the 
tleviation  in  longitudinal  displacement  from  the  mean  pay-out  or  haul-in 
displacement,  and  the  remaining  symbols  are  defined  as  (Fig.  17) 

X    =  distance  from  the  mean  ship  position  along  the  stationary  cable 

configuration, 
t     =  time, 
c\    =  EAIpc  . 

The  additional  tension  Tp  due  to  ship  motion  is  in  tiu'n  given  by 

dp 


ax 


(28) 


As  in  the  example  of  Section  3.6,  we  ha\'e  again  assumed  that  bj^  using 
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in  (28)  the  limiting  values  of  EA  obtained  by  complete  restraint  to  twist- 
ing and  no  restraint  to  twisting  during  pulling,  one  can  obtain  bounds 
on  the  actual  displacements  and  tensions. 

The  solution  of  (27)  under  arbitrary  boundary  conditions  can  be  ob- 
tained from  standard  textbooks.  Probably  it  is  most  representative  to 
assume  the  cable  is  semi-infinite.  That  is,  although  damping  of  the  cable 
is  normally  so  small  that  we  neglect  it  in  (27),  we  may  assume,  because 
of  the  cable's  great  length,  that  the  damping  is  sufficient  to  cause  com- 
plete decay  of  a  disturbance  initiated  at  the  ship,  and  that  such  a  dis- 
turbance is  not  reflected  from  the  ocean  bottom.  Under  this  condition 
the  additional  tension  Tp  is  given  by 

T,=  -VeApc^,  (29) 

where  P  =  Po  +  Pi  with  dPi/dt  being  in  turn  the  increment  in  pay-out 
rate  or  decrement  in  haul-in  rate  from  the  mean.  For  cable  No.  2,  Table  I 
(Section  3.2)  indicates  that 

\^EApc  ^  220  Ib/ft/sec  (twist  unrestrained), 

=  400  Ib/ft/sec  (twist  restrained). 

Two  examples  will  make  clear  the  application  of  (29). 

Example  1:  Steady- Slate  Laying  or  Recovery  in  a  Regular  Seaway. 

Assume  that  in  a  frame  of  reference  traveling  at  the  mean  horizontal 
ship  velocity  ship  surging  (to  and  fro  forward  motion)  is  zero  and  the 
combined  heave  and  pitch  motion  is  normal  to  the  ocean  surface  and  is 
given  by 

W  =  Asin27r-. 

T 

If  the  period  t  is  6  seconds  and  the  amplitude  A  is  15  feet  find  for  cable 
No.  2, 

a)  (^p)max  for  laying  at  a  constant  pay-out  rate  and  at  a  ship  speed  of 

6  knots, 
^'>)  (7'p)max  for  recovery  at  a  constant  haul-in  rate  and  with  a  surface 

incidence  angle  of  60°. 

In  l)oth  cases  (a)  and  (b),  the  deviation  Pi  in  pay-out  or  haul-in  rate  is 
zero,  hence  P  =  Po  =  W  sin  a, ,  and  (c?P/c?0,nax  =  (27r/r)  .1  sin  as .  Since 


DYNAMICS   AND    KINEMATICS    OF   SUBMARINE    CABLE  1157 

cable  No.  2  has  a  hydrodynamic  constant  H  of  70  degree-knots,  we  have 
in  case  (a) 

as  =  11.7  degrees  and  (  -y-  )        =2.12  ft/sec. 

\  (It  /max 

From  (29)  we  get  therefore 

(7'p)max  =  466  lbs  (twist  unrestrained), 
=  848  lbs  (twist  restrained). 
In  case  (b)  we  have  as  =  60°,  (rfP/(/Omax  =  13.6  ft/sec,  and  hence 
(Tp)inaK  =  2,990  lbs  (twist  unrestrained), 
=  5,430  lbs  (twist  restrained). 

During  recovery  by  conventional  methods  the  surface  incidence  angle 
as  is  in  general  much  larger  than  that  which  occurs  during  laying.  The 
above  example  points  up  that  one  can  expect  correspondingly  larger 
ship  motion  tensions  during  recovery  than  during  laying  in  the  same 
sort  of  seas.  Since  the  stationary  tensions  are  also  much  larger  during 
recovery,  recovery  is  the  condition  for  which  the  strength  of  the  cable 
should  be  designed. 

In  this  example  we  have  considered  a  regular  seaway,  something  which 
does  not  exist  in  nature.  Recent  work  in  the  application  of  the  theory  of 
stochastic  processes  to  the  study  of  ocean  waves  and  ship  dynamics 
promises  to  develop  into  a  realistic  description  of  the  behavior  of  ships 
at  sea.'^  When  such  a  description  becomes  available,  we  shall  be  able  to 
obtain  a  better  estimate  of  the  magnitudes  of  ship  motion  tensions. 

As  far  as  data  presently  available  are  concerned,  the  maximum  storm 
condition  vertical  velocity  at  the  bow  or  stern  recorded  by  the  U.S.S. 
San  Francisco  during  her  research  voyage  of  1934  was  22  feet/sec. 
Since  this  ship  was  roughly  the  size  of  a  cable  ship  such  as  the  H.M.S. 
Monarch,  this  figure  might  indicate  the  order  of  the  maximum  velocities 
to  be  expected  in  cable  practice.  In  terms  of  our  example,  for  six  knot 
laying  this  vertical  velocity  would  imply 

Tp  =  980  lbs  (twist  unrestrained), 

=  1,780  lbs  (twist  restrained). 

For  recovery  at  a  surface  incidence  angle  of  60°,  it  would  imply  in  turn 

Tp  =  4,200  lb  (twist  unrestrained), 

=  7,600  lb  (twist  restrained). 
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However,  it  is  to  be  cautioned  that  these  numbers  are  merely  indicative 
and  might  differ  considerably  from  those  which  occur  on  a  particular 
cable  ship. 

Example  2:  Brake  Seizure 

While  laying  cable  No.  2  at  six  knots  in  a  perfectly  calm  sea,  a  sudden 
seizure  of  the  brake  occurs.  What  is  the  resulting  initial  rise  in  tension? 
Because  of  the  calm  sea  we  have  Po  =  0.  Therefore 

—-  =  Pi   =    —V  cos  as  . 
at 

With  the  value  of  T"  =  (3  knots  and  a  corresponding  ««  of  11.7°  (see  Ex- 
ample 1)  we  have  dP/dt  =  9.9  ft/sec  and  hence  from  (29) 

Tp  =  2180  lbs  (twist  unrestrained), 

=  3970  lbs  (twist  restrained). 

These  values  of  Tp  pertain  only  to  the  transient  values  occurring  while 
the  tension  wave  is  being  transmitted  to  the  ocean  bottom.  If  the  seizure 
in  this  case  occurred  at  a  depth  of  three  thousand  fathoms,  the  time  of 
transit  to  the  ocean  bottom  would  be  only  of  the  order  of  nine  seconds. 
After  reaching  bottom  our  initial  assumption  of  no  reflection  from  the 
bottom  w^ould  be  violated  and  (29)  would  no  longer  hold.  In  reality  the 
cable  tension  would  continually  increase  at  the  ship  and  reversing  ship 
engines  or  some  other  action  would  be  required  to  avoid  rupture  of  the 
cable. 

V.  DEVIATIONS  FROM  A  HORIZONTAL  BOTTOM 

5.1  Kinematics  of  Laying  Over  a  Bottom  of  Varying  Depth 

Ocean  bottom  topography  is  not  everywhere  flat  and  horizontal  as 
postulated  in  the  basic  model.  In  the  Mid-Atlantic  ridge,  for  example, 
there  exist  bottom  slopes  of  thirty  or  forty  degrees.  In  other  places  sub- 
marine canyons  with  almost  vertical  sides  have  been  found.  Further- 
more, where  the  bottom  is  steepest  it  is  most  likely  to  be  rocky  and 
craggy  since  erosion  tends  to  smooth  out  a  sandy  or  muddy  bottom. 
Therefore,  it  is  important  to  know  how  the  cable  should  be  paid  out  to 
cover  a  bottom  of  varying  depth.  To  help  determine  this,  we  extend 
here  the  stationary  model  to  the  case  of  a  non-horizontal  bottom. 

In  Section  3.1  we  indicated  that  if  the  cable  tension  at  the  touchdown 
point  is  zero  the  configuration  according  to  the  basic  model  is  a  straight 
line,  regardless  of  how  the  cable  is  paid  out.  If  the  cable  is  paid  out  with 
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slack  with  respect  to  the  bottom,  the  zero  touchdown  tension  condition 
is  fulfilled.  Hence,  under  the  proper  slack  pay-out,  the  cable  geometry 
and,  as  we  shall  see,  the  cable  kinematics  are  particularly  simple. 

Essentially,  we  must  consider  two  deviations  from  the  horizontal 
bottom,  namely,  downhill  or  descent  laying  and  uphill  or  ascent  laying. 
We  consider  these  situations  in  turn,  confining  ourselves  to  bottoms  of 
constant  slope  since  any  bottom  contour  can  be  approximated  by 
straight-line  segments. 

To  cover  a  descending  bottom,  the  cable  pay-out  rate  must  exceed  the 
ship  speed,  Fig.  19(a).  To  cover  an  ascending  bottom,  the  angle  of  in- 
cidence a  of  the  cable,  which  as  we  have  seen  in  Sections  3.1  and  3.2  de- 
pends only  on  the  ship  speed,  must  exceed  the  ascent  angle  7,  Fig.  19(b). 
Otherwise,  the  situation  shown  in  Fig.  19(c)  develops.  Hence  the  critical 
parameters  are  pay-out  speed  and  ship  speed. 


(b)   ASCENT (a  >  7) 


(C)   ASCENT  {yxx) 

Fig.  19  —  Cable  geometry  during  straight-line  descent  and  ascent  laying. 

During  descent  laying  we  see  from  Fig.  20  that  in  a  time  /  an  amount 
of  cable  equal  to  a  +  6  must  be  paid  out.  Hence  the  required  paj'-out 
rate  Vc  is  (a  -f-  h)/t.  But  by  straightforward  trigonometry 


y    _  ct  +  5  _  sin  a  +  sin  /?  y. 
"  t  sin  (a  +  &)       ' 


(30) 


where  jS  is  the  angle  of  descent  and  a  is  the  straight-line  incidence  angle. 
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Fig.  20  —  Kinematics  of  straight-line  descent  laying. 

In  accordance  with  usual  terminology  we  define  the  slack  e  as 

6  =  (F.  -  V)/V. 


(31)  i 


We  shall  think  of  the  slack  as  being  composed  of  two  parts:  a  fill  f,  which 
is  the  amount  of  slack  required  for  the  cable  to  cover  the  bottom,  and  an 
excess,  equal  to  e  —  /,  which  will  normally  be  laid  to  provide  a  margin  of 
safety.  Substituting  Vc  from  (31)  into  (30)  we  get  the  expression  for  the 
fill  /.  The  result  can  be  transformed  to  the  form 


I 


/ 


tan  -  tan -  =  .^^^. 


(32) 


The  quantities  a,  13  and  /  are  normally  all  small  quantities  and  we  may 
make  the  approximations 


a       a 
tan-^-. 


tan 


/ 
2+/ 


f 


For  a,  13  <  30°  and  /  <  0.06,  the  error  in  each  of  these  approximations 
is  less  than  3  per  cent.  Hence,  with  good  accuracy  we  write  (32)  as 


f  =  ^ 
J        2' 


(33) 


where  a  and  jS  are  expressed  in  radians.  Further,  we  have  from  (9)  that 
a  in  radians  is  very  nearly  a  =  H/V,  where  H  is  in  radian  knots.  Sub- 
stituting this  expression  into  (33),  we  get  for  the  fill 
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f  =  §.  (34) 

Finally,  using  this  expression  for/  in  (31),  we  arrive  at* 

Ve  -  V  =  ^.  (35) 

Thus,  the  increment  in  required  pay-out  rate  is  essentially  a  function 
only  of  the  descent  angle  13  and  is  independent  of  ship  speed. 

In  the  case  of  an  ascending  bottom  for  which  a  >  y,  Fig.  19(b),  posi- 
tive bottom  slack  may  be  obtained  with  a  pay-out  of  less  than  the  ship 
speed.  The  allowable  decrement  in  pay-out  rate  is  given  by 

V-Vo  =  ^,  (36) 

that  is,  the  same  as  the  required  increment  for  ascent  laying.  Likewise, 
the  fill  /  in  this  case  is  simply  /  =  —  {Hy/2V). 

The  only  way  to  avoid  the  situation  shown  in  Fig.  19(c)  where  a  <  y 
is  to  sail  slowly  enough  to  maintain  an  incidence  angle  a  greater  than 
the  angle  of  rise  y.  By  (9),  we  have  for  most  laying  speeds  aV  ^  H. 
With  good  accuracy  the  condition  a  >  y  thus  implies 

V  <-.  (37) 

7 

Therefore,  for  a  given  rise  y  the  limiting  ship  speed  is  simply  H/y. 

5.2  Time-Wise  Variation  of  the  Mean  Tension  in  Laying  Over  a  Bottom 
of  Varying  Depth 

In  the  cases  where  the  cable  is  paid  out  with  excess  onto  a  bottom  of 
constant  slope,  the  variation  of  the  mean  tension  at  the  ship  with  time 
is  easily  computed.  During  descent  laying  the  increase  in  depth  8  after 
a  time  t  is  by  elementary  trigonometry  (Fig.  20) 

_    sin  a  sin  /3  „ 
sm  (a  -}-  (8) 

Hence,  the  rate  of  rise  of  the  mean  shipboard  tension  is 

dT       w8        sin  a  sin  j8      ^r  /oo\ 

— -  =  --  =  ^— — ■ — r  wV.  (38) 

dt  t         sm  {a  +  13) 

Similarly,  during  an  ascent  lay  for  which  the  bottom  is  less  steeply 


*  Note  that  in  (33),  (34)  and  (35),  //  nuij-  he  replaced  by  the  numerically  identi- 
cal transverse  settling  velocity  Us  (see  Section  3.4). 
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inclined  than  the  cable  (a  >  7),  the  rate  of  decrease  in  shipboard  ten- 
sion is 

dT  sin  a  sin  7      ,7- 

at  sm  {a  —  7) 

Like  negative  slack  laying  on  a  flat  bottom,  the  variation  of  tension 
with  time  depends  greatly  on  the  frictional  characteristics  of  the  bottom 
in  cases  other  than  the  above.  We  therefore  limit  ourselves  to  situations  , 
where  the  cable  does  not  move  with  respect  to  the  ocean  floor.  This  case  ! 
might  be  approximated  by  rough  bottoms,  where  the  cable  might  wedge 
itself  between  rocks. 

A  nomograph  giving  a  rough  estimate  of  the  rise  of  mean  tension  with 
time  when  a  cable  becomes  completely  suspended  is  worked  out  in  Ap- 
pendix E.  In  deri^dng  this  nomograph  it  is  assumed  that  the  cable  takes  i 
on  a  sequence  of  stationary  configurations.  This  assumption  is  probably  ] 
reasonable  if  the  time  span  of  the  tension  rise  is  large  compared  to  the  - 
time  of  passage  of  a  tension  wave  from  the  ship  to  ocean  floor  and  return, 
which  as  mentioned  in  Section 4.1  is  of  the  order  of  18  seconds.  However,  j 
because  of  this  assumption  and  others  mentioned  in  Appendix  E,  we  | 
regard  the  tension  variation  computed  by  the  nomograph  only  as  a  crude 
approximation.  i 

Fig.  21  shows  the  mean  ship-board  tension  versus  time  computed  by 
means  of  the  nomograph  for  various  slacks  e,  where  e  is  defined  by  (31). 
The  values  which  were  used  for  the  other  parameters  entering  the  calcu- 
lation were 

^^  =  3.1  X  lO-l 


EA 

a  =  12°. 

Also  shown  on  this  curve  is  the  tension  rise  computed  for  the  case  of 
laying  down  a  vertical  slope  without  excess.  The  rise  for  this  case  is  given 
by  (38)  with  /3  =  90°.  It  is  seen  that  as  the  slack  e  is  increased  the  curves 
for  a  complete  suspension  approach  the  |S  =  90°  curve.  Indeed,  it  can  be 
shown  that  under  the  assumptions  made  in  computing  Fig.  21  the  (8  =  90** 
curve  gives  a  lower  bound  on  the  tension  rise  with  time  in  the  case  of  a 
complete  suspension.  A  tension  rise  rate  greater  than  the  j8  =  90°  rate 
is  thus  an  indication  of  unsatisfactory  covering  of  the  bottom. 

In  the  case  of  too  rapid  a  ship  speed  resulting  in  a  <  7  (Fig.  19c)  re- 
straint of  movement  of  the  cable  along  a  rough  bottom  would  cause  the 
tension  on  the  high  side  of  the  crest  to  be  zero.  There  would  thus  be  a 
sudden  drop  in  tension  corresponding  to  the  sudden  decrease  in  depth 
at  the  touchdown  point  after  the  cable  was  laid  over  the  crest  of  the  hill. 
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Variation  of  tension  with  time  when  cable  No.  2  is  completely  sus- 


On  the  other  hand,  in  the  case  of  a  frictionless  bottom,  the  removal  of 
the  supporting  water  drag  forces  would  cause  the  cable  to  seek  a  catenary 
equilibrium  position  on  the  low  side  of  the  crest.  But  in  doing  this,  the 
cable  would  drag  itself  over  the  crest,  with  an  accompanying  increase  in 
shipboard  tension. 

Thus  for  the  case  of  a  bottom  rise  steeper  than  the  cable  inclination 
(a  <  7)  either  an  increase  or  a  decrease  of  tension  with  time  is  possible, 
depending  on  the  nature  of  the  bottom. 


5.3  Residual  Suspensions 

If  the  cable  is  not  paid  out  rapidly  enough,  or  if  the  ship  speed  is  ex- 
cessive, the  cable  will  be  left  with  residual  suspensions  after  it  has  been 
laid.  To  get  an  idea  of  the  possible  magnitudes  of  the  tensions  accom- 
panying these  suspensions,  we  consider  here  some  numerical  examples 
pertaining  to  cable  No.  2.  As  before,  we  assume  for  definiteness  the  ex- 
treme case  of  a  bottom  rough  enough  to  prevent  movement  of  the  cable. 

In  Fig.  22  is  shown  the  profile  of  a  85  fathom  (210  feet)  increase  in 
depth  with  a  maximum  slope  of  45°.  This  profile  was  obtained  from 
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fathometer  records  of  the  Mid-Atlantic  Ridge  provided  by  Professor 
Bruce  C.  Heezen  of  the  Lamont  Geological  Observatory.  Laying  down 
this  slope  at  a  ship  speed  of  six  knots  requires  a  slack  of  8.5  per  cent  (see 
Section  5.1).  If  the  slack  were  only  5  per  cent,  the  successive  cable  con- 
figurations as  calculated  by  the  methods  of  Appendix  E  would  be  those 
shown  in  Fig.  22(a).*  The  cable  would  touch  bottom  after  2.6  minutes, 

t  IN  minutes: 

0 


(a)    DESCENT 


2710  LBS 


-990' *\ 

1320' 

(b)  ASCENT 

Fig.  22  —  Successive  cable  configurations  during  a  35-fatiiom  descent  and  as- 
cent lay  of  cable  No.  2  at  a  6,000-ft  depth  with  an  assumed  5  per  cent  slack  and 
6-knot  ship  speed. 

leaving  a  residual  suspension  with  a  half-span  of  480  feet  and  a  tension 
of  525  lbs.  The  mean  tension  at  the  ship  would  correspondingly  increase  i 
by  525  lbs  during  the  2.6  minute  time  interval.  In  even  moderately^ 
rough  seas,  this  tension  change  could  be  obscured  by  the  ship  motioni 
tensions. 

Consider  this  profile  next  to  represent  an  ascending  lay  under  a  shipi 
speed  of  six  knots.  Fig.  22(b)  shows  the  initial  {t  =  0)  and  residual  cable* 
configuration.  Because  of  the  small  incidence  angle  of  the  initial  straight- 
line  shape,  the  residual  half -span  of  the  catenary  is  a  quarter  of  a  mile 
(1820  feet)  long,  and  the  accompanying  residual  tension  is  2,710  lbs,  or 
roughly  that  which  normally  occurs  in  laying  at  a  depth  of  f  of  a  nautical 
mile.  At  the  ship,  there  would  be  a  decrease  in  the  mean  tension  of  130^ 
lbs.  corresponding  to  the  35  fathom  decrease  in  depth.  Again,  a  tension 
change  of  this  magnitude  would  be  difficult  to  discern  because  of  ship 
motion  tensions. 


*  We  have  further  taken  the  ratio  wh  /EA  to  be  3.1  X  10"^  in  this  computation. 
However,  the  results  are  very  insensitive  to  change  in  the  wh  /EA  ratio. 
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If  the  above  35  fathom  change  occurred  at  a  depth  of  say  three  thous- 
and fathoms,  a  very  sensitive  fathometer  would  be  required  to  detect  it. 
Thus,  although  complete  restraint  of  cable  movement  along  the  bottom 
is  an  extreme  and  unlikely  condition,  the  above  examples  indicate  that 
long  residual  suspensions  can  occur  with  essentially  no  manifestation  at 
the  ship,  especially  in  deep  water. 

VI.    CABLE    LAYING   CONTROL 

6.1  General 

We  have  seen  that  the  mean  cable  tension  at  the  ship  reflects  the 
amount  of  slack  which  is  being  paid  out  and  how  the  cable  is  covering 
the  bottom.  However,  in  most  cases  this  reflection  is  not  sensitive.  For 
example,  the  tangential  drag  force  Dt  varies  with  V t  ,  the  longitudinal 
velocity  of  the  cable  relative  to  the  water.  In  theory,  as  (2)  shows,  one 
can  therefore  determine  the  amount  of  slack  being  paid  out  from  ship- 
board tension  measurements.  For  cable  No.  2,  we  have  plotted  in  Fig. 
23  the  variation  of  the  mean  tension  at  the  ship  as  a  function  of  slack  for 
a  ship  speed  of  six  knots  and  a  depth  of  two  thousand  fathoms.  At  three 
per  cent  slack  the  tension  is  8,240  pounds,  while  at  six  per  cent  slack  it 
is  8,020  pounds,  a  difference  of  only  220  pounds.  This  amount  of  tension 
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Fig.  23  —  Variation  of  shipboard  tension  with  per  cent  slack  for  hiving  cable 
No.  2  at  a  ship  speed  of  6-knots  in  a  depth  of  two  thousand  fathoms. 

could  be  easily  obscured  by  the  effect  of  ship  motion.  Thus,  to  measure 
slack  accurately  by  relating  it  to  cable  tensions  one  would  have  to  know 
the  depth  and  cable  parameters  very  precisely  and,  in  addition,  would 
need  a  veiy  efficient  filter  to  separate  out  the  "noise"  tension  caused  by 
ship  motion. 

Similarly,  it  has  been  shown  that  residual  suspensions  can  occur  with 
essentially  no  reflection  in  th(>  tension  readings  at  the  ship.  Hence,  al- 
though tension  readings  can  give  a  valuable  check  on  how  the  cable  is 
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covering  the  bottom,  it  would  seem  difficult  for  them  to  provide  exact 
enough  data  for  the  control  of  cable  laying. 

At  the  same  time  we  have  seen  that  if  the  bottom  contour  is  known 
in  advance,  then  for  a  given  ship  speed  one  can  compute  the  required 
cable  pay-out  rate.  Also  with  foreknowledge  of  the  bottom,  one  can 
anticipate  steep  bottom  ascents  and  decrease  the  ship  speed  accordingly. 
Such  a  purely  kinematic  attack  on  the  cable  laying  problem  would  seem 
more  fruitful  than  an  attack  which  depends  on  measurements  of  ship- 
board cable  tensions. 

Possibly  the  simplest  way  of  measuring  the  bottom  contour  is  by 
means  of  a  fathometer  located  at  the  ship.  Since  the  cable  ship  is  nor- 
mally far  forward  of  the  touchdown  point  of  the  cable,  one  could  in 
theory  obtain  in  this  manner  the  reciuired  advance  knowledge  of  the 
contour.  In  present  practice,  a  taut  piano  wire  is  used  to  obtain  the 
ground  speed  of  the  ship.  We  examine  briefly  the  accuracy  of  this  method 
in  the  next  section. 

6.2  Accuracy  of  the  Piano  Wire  Technique 

The  taut  wire  is  laid  simultaneously  with  the  cable,  but  under  a  con- 
stant mean  shipboard  tension.  If  the  bottom  is  perfectly  horizontal,  the 
speed  of  the  wire  coincides  with  the  ground  speed  of  the  ship.  However, 
when  the  bottom  depth  is  variable  and  the  wire  is  laid  up  and  down  hill, 
the  wire's  pay-out  speed  deviates  from  the  ship  speed.  By  (31),  it  is  seen 
that  the  error  in  the  ship  speed  which  is  indicated  by  the  wire  is  just 
equal  to  the  slack  e  with  which  the  wire  is  paid  out.  This  slack,  which 
may  be  positive  or  negative,  can  in  turn  be  estimated  by  the  methods  of 
the  previous  sections. 

Consider  the  beginning  (denoted  by  (1)  in  Fig.  24)  and  end  (denoted 
by  (2)  in  Fig.  24)  of  a  downhill  lay  of  the  piano  wire.  As  before  we  neglect 
the  tangential  drag  force.  Then,  the  condition  that  the  tension  at  the  ship 
remains  constant  gives,  by  (21), 

(Tn)i  +  wh,  =  (Toh  +  wh2 ,  (39) 

where  the  subscripts  1  and  2  refer  to  the  configurations  at  the  beginning 
and  end  of  the  downhill  lay.  If  e  is  the  average  slack  or  error  of  the  piano 
wire  during  the  descent,  then  (1  +  e)F  is  its  average  pay-out  rate,  and 
we  have  by  Fig.  24, 

S,  -f  (1  -f  e)Vt  =  ^-^^-1^  +  .S'2 ,  (40) 

sm  /3 
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where  Sy  and  S2  are  lengths  along  the  cable  from  the  touchdown  point 
to  the  ship.  Also,  from  Fig.  24 

Zi  +  Vt  =  (/i2  -  /ii)/tan  13  +  X.  .  (41) 


^m^>^^<^^#s^^^^<<^^^^^^'^ 


Fig.  24  —  Piano  wire  configurations  at  the  beginning  and  end  of  a  descent  lay. 

Equations  (39),   (40),  and  (41),  together  with  the  general  equations 
(Section  3.6) 


s 

= 

h 

sin  a 

+    K 

To 

X 

= 

h 
tan  a 

+  X 

To 

(24) 


allow  one  readily  to  solve  for  the  average  error  e  in  the  piano  wire  indi- 
cation of  ship  ground  speed.  The  result  is 


sin  a  +  sin  ^  —  k  sin  a  sin  /3 

e    =    — 1 '. : 7T : ; ; —    —    i- 


(42) 
sin  {a  +  ^)  —  \  sm  a  sm  ^ 

For  the  small  values  of  a  and  ^  which  normally  occur  during  the  lajdng 
of  the  piano  wire,  the  terms  X  sin  a  sin  ,8  and  k  sin  a  sin  /3  are  negligible. 
Hence,  the  average  error  e  is  thus  very  nearly 

sin  a  +  sin  ^       .  /,q\ 

sin  (a  +  p) 

which,  as  (30)  indicates,  coincides  with  the  amount  of  fill  which  would 
be  required  to  lay  downhill  with  the  straight-line  or  zero  touchdown 
tension  configuration.  Equation  (43)  is  in  turn  closely  approximated  by 
(Section  5.1) 


a/3 


27' 


(■14) 
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Similarly,  for  ascent  laying  of  the  wire  on  a  bottom  which  rises  less 
steeply  than  the  inclination  of  the  wire  (19b),  we  get 


sin  a  —  sin  7  +  «  sin  a  sin  7 
sin  (a  —  7)  +  X  sin  a  sin  7 


1, 


which  is  very  nearly 


—  a7 


//7 


27 


(45)    : 


(4G) 


Thus,  in  both  the  above  cases,  the  error  in  the  piano  wire  technicjue  can 
be  closely  obtained  by  assuming  that  the  configuration  of  the  wire  is  a 
straight  line  during  ascent  and  descent  laying.  This  is  not  surprising 
since,  as  we  saw  in  Section  3.6,  the  deviation  from  the  straight-hne  con- 
figuration during  piano  wire  laying  is  normally  small. 

Because  of  its  smooth  exterior,  the  normal  or  transverse  drag  coefficient 
of  the  piano  wire  probably  can  be  obtained  from  published  curves  for 
flow  past  a  smooth  right  circular  cylinder  as  shown  in  Appendix  B.  For 
typical  12  gauge  (0.0290  inch  diameter)  piano  wire,  these  curves  yield 
a  value  of  Co  of  1.45  and  an //^  value  of  25.0  degree-knots.  However,  these 
values  of  Co  and  H  must  be  considered  tentative  until  confirmed  expe- 
rimentally. 

Ivnowing  the  wire's  H  value,  we  can  compute  the  error  of  the  ground 
speed  caused  by  descent  and  ascent  laying  of  the  piano  wire  by  means 
of  (44)  and  (46).  The  result  of  this  computation  for  H  =  25.0  degree- 
knots  is  showTi  in  Fig.  25. 

When  the  ascent  angle  of  the  bottom  exceeds  the  incidence  angle  of 
the  wire,  suspensions  result  and  the  error  cannot  be  computed  without 


6  8  10         0  2 

SHIP  SPEED   IN    KNOTS 


Fig.  25  —  Error  during  descent  and  ascent  laying  of  12-gauge  piano  wire. 
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knowledge  of  the  frictional  properties  of  the  bottom.  For  an  H  value  of 
25.0  degree-knots,  (37)  indicates  that  suspensions  will  occur  for  ship 
speeds  V  greater  than  V  =  25.0/7,  where  V  is  in  knots  and  the  ascent 
angle  7  is  in  degrees.  Hence,  for  a  typical  laying  speed  of  6  knots,  ascent 
angles  greater  than  4.2  degrees  will  cause  suspensions  of  the  piano  wire. 
These  magnitudes  indicate  that  suspensions  of  the  piano  wire  probably 
actually  develop  in  practice. 

It  is  seen  from  Fig.  25  that  for  the  usual  small  ascent  or  descent  angles, 
the  piano-wire  technique  is  quite  accurate,  while  for  large  bottom  slopes 
it  can  be  considerably  in  error.  Again,  however,  if  the  bottom  contour  is 
known  in  advance,  these  errors  can  be  estimated  in  the  cases  plotted  in 
Fig.  25  and  therefore  can  be  corrected  for.  In  this  manner,  the  piano 
wire  could  be  improved  to  give  accurate  ground  speeds  in  all  two-dimen- 
sional situations,  with  the  exception  of  the  case  of  a  suspension  caused  by 
a  too  steeply  ascending  bottom.  Such  suspensions  can  be  avoided  only 
by  maintaining  a  sufficiently  slow  ship  speed.  However,  as  seen  by  the 
small  computed  H  value  of  25.0  degree-knots,  the  ship  speeds  recjuired 
to  avoid  piano  wire  suspensions  on  uneven  bottoms  are  probably  pro- 
hibitively slow.  Hence,  for  steeply  ascending  bottoms  it  is  likely  that 
some  other  means  of  determining  the  ship  ground  speed  is  necessary. 

VII.    THREE-DIMENSIONAL   STATIONARY   MODEL 

7.1  General 

Thus  far  we  have  assumed  that  the  cable  lies  entirely  in  the  plane 
formed  by  the  ship's  velocity  vector  and  the  gravity  vector.  Because  of 
the  symmetry  of  the  cable  cross-section,  this  assumption  seems  reason- 
able.* However  in  certain  cases,  as  for  example  in  the  presence  of  ocean 
cross-currents,  the  assumption  of  a  planar  configuration  is  clearly  un- 
tenable. We  consider  therefore  the  case  where  the  cable  configuration 
is  not  necessarily  planar  but  is  still  time  independent  with  respect  to  a 
reference  frame  translating  with  the  constant  velocity  of  the  ship.  In 
analogy  with  previous  terminology,  Ave  call  this  the  three-dimensional 
stationary  model. 

Assume  there  is  a  constant  velocity  ocean  current  in  each  of  a  finite 
number  of  layers.  Let  the  vector  Vw  denote  the  ocean-current  velocity 
in  a  reference  layer.  In  the  stationary  situation  the  velocity  of  the  cable 

*  Because  of  asymmetries  caused  by  the  helical  armor  wire  or  because  of  minor 
out-of -roundness,  it  is  conceivable  that  a  sidewise  drag  force  might  develop  which 
would  cause  the  cable  to  move  out  of  the  ship's  velocitj'-gravitN'  phme.  For  a  re- 
port of  experimental  observations  of  such  jawing  in  wire  stranded  cables,  see  Ref- 
erence 11. 
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configuration  is  everywhere  the  velocity  of  the  ship,  which  we  denote  by 
the  vector  V-  Hence  the  velocity  V'  of  the  water  with  respect  to  the 
cable  configuration  in  the  reference  layer  is 


r  =  v^  +  i-v) 


Vu 


V. 


Further,  in  this  layer  we  choose  a  set  of  coordinate  axes  ?,  r?,  T  translating 
at  the  velocity  V  as  follows:  The  ^  axis  has  the  direction  of  —  V',  while 
77  is  measured  vertically  upward,  and  f  is  perpendicular  to  rj  and  ^  so 
that  the  axes  ^,  ??,  f  form  a  right-handed  system.  A  plan  view  of  this 
configuration  is  shown  in  Fig.  26.  We  have  denoted  the  angle  between  V 
and  Vw  by  jS,  while  the  angle  between  the  ^  axis  and  V  is  denoted  by  (p. 
(The  distances  d  and  e  refer  to  a  subsequent  section.)  To  describe  the 
cable  configuration  with  respect  to  the  ^,  r?,  f  axes,  we  use  the  spherical 
polar  coordinates  6  and  i/'  shown  in  Fig.  27.  (The  t  ,u  ,v  vectors  are  dis- 
cussed in  Appendix  F.) 


Fig.  26  —  Plan  view  of  the  coordinate  system  for  the  three-dimensional  sta- 
tionary model. 


As  in  the  two-dimensional  case,  we  resolve  the  velocity  of  the  water 
with  respect  to  a  cable  element  in  the  reference  layer  into  a  component 
Vn  normal  to  the  cable  and  a  component  Vt  tangential  to  the  cable,  and 
associate  with  Vn  and  Vt  the  drag  forces  Djv  and  Dt  .  The  resulting 
differential  equations,  which  are  derived  in  detail  in  Appendix  F,  are  the 
following: 

(T  -  p^^:)  f 

as 

+  i:;A'(cos^  x//  sin"  6  +  sin"  i/')""  cos  i/-  sin  d  —  w  cos  0  =  0,     (a) 
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(T  -   PcVc)  COS  d 


(47) 


+  wA'Ccos"  \}/  sin'  d  +  sill"  \py''^  sin  ^  =  0,     (b) 
dT 


\ 


ds 


+  Dt  —  w  sin  6  =  0, 


(c) 


where  A'  =  CDpdV'^/2,  and  V  is  the  magnitude  of  F'. 

In  addition,  connecting  the  coordinates  ^(s),  v(s),  and  f(s)  of  a  point 
s  along  the  cable  with  the  angles  6  and  \p  we  have  the  geometric  relation- 
ships 

dm 


ds 

dr](s) 
ds 

d^(s) 
ds 


=  cos  6  cos  ip,  (a) 

=  sin  6,  (b) 

=  —cos  6  sin  \p.      (c) 


(48) 


Two  important  general  results  follow  from  (47)  and  (48).  For  one,  if 
the  tangential  drag  force  Dt  is  negligibly  small,  (48b)  substituted  mto 
equation  (47c)  yields  upon  integration 

T  =  To-\-  wr,,  (49) 

where  To  is  the  tension  at  r;  =  0.  Hence,  if  77  is  measured  from  the  ocean 


"t   DIRECTION   OF 
CABLE 


Fig.  27  —  Definition  of  the  spherical  pohir  coordinates  6  and  \p  and  the  unit 


vectors  t,  u,  and  v. 
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surface,  and  if  at  the  bottom  (77  =  —h)  the  tension  is  zero,  the  tension 
at  the  ship  is  essentially  wh,  regardless  of  the  nature  of  the  normal 
drag  forces.  Since  in  most  laying  situations  for  present  cables,  the  tan- 
gential drag  force  can  be  reasonably  neglected,  this  fact  provides  a  con- 
venient over-all  check  on  the  laying  process.  That  is,  if  the  cable  is  being 
laid  with  excess,  the  tension  at  the  ship  for  any  stationary  cable  con- 
figuration, planar  or  non-planar,  should  be  essentially  wh.  Any  marked 
increase  of  tension  over  the  wh  value  necessarily  means  the  bottom  ten- 
sion is  non-zero  and  insufficient  cable  is  being  paid  out. 

The  second  important  result  is  derived  in  Appendix  F.  This  result  is 
that  if  the  bottom  ocean  layer  in  our  model  is  devoid  of  cross  currents, 
and  if  the  bottom  tension  is  zero,  then,  for  the  boundary  conditions  which 
are  normally  observed,  the  cable  configuration  in  the  bottom  layer  is  a 
straight  line.  Further,  this  straight  line  is  in  the  plane  formed  by  the 
ship's  velocity  vector  F  and  the  gravity  vector.  Hence,  for  example,  in 
laying  with  excess  in  a  sea  which  contains  surface  currents,  the  cable 
configuration  in  the  lower,  current-free  portion  will  be  a  straight  line  in 
a  vertical  plane  parallel  to  the  resultant  velocity  of  the  ship.  The  laid 
cable  will  be  parallel  to  the  ship's  path,  but  displaced  a  certain  distance 
from  it.  Thus,  because  the  lower  portion  is  a  straight  line,  our  previous 
results  about  the  kinematics  of  straight-line  laying  still  apply.  Only  they 
now  are  pertinent  to  the  displaced  bottom  contour  rather  than  to  the 
contour  which  hes  directly  beneath  the  ship. 

7.2  Perturbation  Solution  for  a  Uniform  Cross-Curreyit 

Cross-currents  are  commonly  confined  to  a  region  near  the  ocean  sur- 
face. It  is  of  interest  therefore  to  determine  for  such  surface  currents  the 
distance  e  (Fig.  26)  which  the  laid  cable  will  be  displaced  from  the  path 
of  the  ship.  In  Appendix  F  we  consider  the  problem  for  a  cross-current  of 
uniform  but  comparatively  small  velocity.  In  addition,  we  determine  the 
distance  d  (Fig.  26)  back  of  the  ship  at  which  the  cable  leaves  the  upper, 
cross-current  stratum  and  assumes  the  straight-line  configuration  it  has 
in  the  lower  stratum.  Let  us  assume  for  the  sake  of  reference  that  the 
resultant  ship  velocity  V  is  due  east,  and  that  the  cross-current  F„  is 
inclined  at  an  angle  jS  to  the  north  (Fig.  26).  The  resultant  velocity  V 
of  the  water  with  respect  to  the  cable  in  the  surface  stratum  has  the 
magnitude  therefore  of 

V  =  \{V  -  F„,  cos  ^f  +  (F,  sin  /3)']',  (50) 

and  is  incUned  at  the  angle  ip  from  due  \vest,  where 
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tan  <p 


Yw  sin  |S 

Y  -  Y^  cos  ,8 


(51) 


Associated  with  Y'  we  have  a  critical  angle  a   which  is  given  approxi- 
mately by  RIY'  or  exactly  by  (10)  or  (11). 

In  terms  of  ip,  a\  and  a  the  analysis  of  Appendix  F  yields  the  following 
values  of  d  and  e. 


d  =  h'  {  etna' 
'(pciwa  ( 


Aa 


2  COS^  a' 


e  =  h 


h  —  h' 


h  - 

h'  ~ 

h' 

- 

tan" 

r 
a 

-(-:- 


/\2ctn2a'  -1 


1 


1     - 


h 


t\  ctn^a' 


(a) 


,    (b) 


(52) 


where  Aa  =  a  —  a'  is  the  difference  of  lower  and  upper  stratum  critical 
angles,  h'  is  the  depth  of  the  upper,  cross-current  stratum  and  h  is  the 
total  depth.*  Curves  from  which  d  and  e  may  be  evaluated  are  given  in 
Figs.  28  and  29  in  dimensionless  form.  To  illustrate  their  application  we 
consider  the  following. 
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Fig.  28  —  Distance  the  laid  cable  is  offset  from  the  ship's  path. 


*  In  Api)endix  F  the  equation  of  the  space  curve  formed  by  the  cable  in  the 
upper  stratum  is  also  given. 
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Fig.  29  —  Distance  behind  the  ship  at  which  the  cable  enters  the  lower  stra- 
tum. 

Example:  A  ship  is  laying  cable  No.  2  at  a  depth  of  6.000  ft  at  a  re- 
sultant ground  speed  of  6  knots  due  east.  There  is  a  one  knot  cross-cur- 
rent 600  feet  deep  rinming  30°  east  of  north.  Find  e  and  d. 

Here  jS  =  60°  and  we  obtain  from  (50)  by  a  simple  computation 
V  =  5.57  knots.  Also  since  for  cable  No.  2  H  =  70  degree-knots, 

h'/h  =  600/6000  =  0.1, 

a'  =  70/5.57  =  12.3  degrees. 

By  interpolation,  we  find  from  Figs.  28  and  29 

1   e 


f 


h' 


=  2.7, 


1 


--)-  =  4.-. 
\tan  a'        h' /  Aa 

Equation  (51)  yields  in  turn  (p  =  0.156  radians,  and  Aa  is  given  by 

Act  =  —  —  — ,  =  —0.6  degrees  =  —0.010  radians. 

Hence,  we  have 

e  =  3.6  h'<p  =  2.7  X  600  X  0.156  =  253  ft, 
1 


d  =  h' 


tan  a' 


4.7A 


a 


=  6000  [4.59  -f  4.7  X  0.010]  =  2800  ft. 
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APPENDIX   A 

Discussio7i  of  the  Tivo-Dimensional  Stationary  Configuration  for  Zero 
Bottom  Tension 

We  assume  again  that  the  tangential  drag  Dt  depends  only  on  the 
relative  tangential  velocity  Vt  ,  and  we  consider  in  a.  T,  6  plane  the  solu- 
tion trajectories  of  equations  (18).  These  trajectories  satisfy  the  ec^uation 

dT  _         (sin  d  -  Dt/w) 
'dd  ~ 


{T  -  pcV.'), 


(53) 


cos  ^  —  A  sin  0  I  sni  6 

and  are  periodic  in  6  ^^dth  a  period  of  2ir.  In  Fig.  30  we  have  plotted  the 
solution  trajectories  qualitatively  for  {a  —  ir)  ^  0  ^  (a  +  tt).  It  is  seen 
that  the  trajectories  are  either  the  vertical  straight  Hues  d  =  a,  6  =  a±w 
or  they  lie  completely  within  one  of  four  regions,  labelled  I,  II,  III,  or 
IV,  which  are  bounded  by  these  vertical  hues  and  the  horizontal  hne 
T  =  pcVc.  The  trajectory  6  =  a  corresponds  to  the  straight-line  laying 
configuration,  while  the  trajectories  6  =  a  ±  tt  correspond  to  Shea's 
straight-line  recovery  method. 

Examine  now  the  trajectories  in  Regions  II  and  III  at  a  point  of 
which  r  =  0.  As  J.  F.  Shea  has  pointed  out,  these  trajectories  all  he 
below  the  line  T  =  pcVf.  On  the  other  hand,  the  trajectory  6  =  a  con- 


(X+7T 


Fig.  30  —  Qualitative  representation  of  the  solution  trajectories  of  the  two- 
dimensional  stationary  model. 
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tains  all  values  of  T.  Hence,  according  to  the  stationary  model,  the  only 
cable  configuration  for  laying  which  has  the  value  T  =  0  and  values  of 
T  ^  pcVc  is  the  straight  line  inclined  at  the  critical  angle  a.  The  mag- 
nitude of  pcVc  is  small.  For  example,  for  cable  No.  2  paid  out  at  six 
knots  PcVc  is  roughly  six  pounds,  and  for  conditions  approximating 
stationary  laying  the  observed  tensions  at  the  ship  are  in  practice  always 
many  times  the  pcVc  value.  For  such  magnitudes  of  shipboard  tensions 
and  a  zero  bottom  tension,  the  two-dimensional  stationary  model  thus 
yields  the  straight  line  as  the  only  possible  cable  configuration. 

HoAvever,  the  empirical  fact  that  T  >  pcVc  does  not  guarantee  that 
the  shipboard  tension  must  be  greater  than  pcVc  .  We  might  somehow 
contrive  to  lay  at  a  zero  bottom  tension  with  T  <  pcVc  and  ^Wth  the 
cable  in  one  of  the  non-straight  line  configurations  of  Regions  II  or  III. 

Consider  the  cable  configuration  lying  in  Region  II.  From  Fig.  7  it  can 
be  seen  that  the  vertical  velocity  of  a  cable  element  is  given  by 

37  =  -  Fvert  =   -  Vc  sin  d, 
at 

where  y  is  measured  upward.  Hence,  of  the  possible  trajectories  for  which 
the  bottom  tension  is  zero  only  those  for  which  the  bottom  cable  angle 
do  is  between  zero  and  tt  correspond  to  cable  laying.  For  region  II,  there- 
fore we  need  consider  only  the  trajectories  in  the  range  0  ^  ^u  <  a  at 
To  =  0.  From  (20c)  the  maximum  value  of  y^  for  these  trajectories  is 
given  by 


ft 


PcVc'  n  sin^ 

Vm    = 


w     Jo     \(cos  ^  —  A  sin-  ^) 

'o     IV  sin  77  —  Drir]) 


X  exp 


w  (cos  7;  —  A  sin^  r?) 


dr) 


Let  (-Dr)/^  be  the  maximum  value  oi  Dt  ,0  ^  7?  <  a.  With  Dt  set  eciual 
to  (Z)7-)m  ,  the  right-hand  side  of  (54)  gives  an  upper  bound  on  y^  •  This 
substitution  further  allows  one  to  evaluate  the  right-hand  side  of  this 
equation  in  terms  of  standard  integrals.  The  result  yields  the  following 
upper  bound  on  y^: 

2       1 


y,n  <  2.1 
where 


P^ 


■Vc 


w     1  —  r 


(Dr), 


w  sm  a 
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In  general,  this  upper  bound  will  be  much  less  than  the  laying  depth. 
For  example,  for  cable  No.  2  being  laid  with  6  per  cent  slack  at  6  knots 
?/,„  <  12.5  feet.  That  is,  the  cable  configurations  corresponding  to  Region 
II  do  not  reach  the  ocean  surface.  Hence  these  solutions  of  the  stationary 
model  do  not  in  general  satisfy  all  the  required  boundary  conditions  and 
can  be  discarded. 

Similarly,  in  Region  III,  the  laying  trajectories  for  which  To  =  0  are 
in  the  range  a  <  da  ^  tt.  Consider  those  for  which  ^o  <  7r/2.  We  get  for 
these  trajectories 


Pcv:  n  j       sin  ^ 

•  "'"  w     Jeo    \(A  sin^  ^  —  cos  ^) 


X  exp 


f^      w  sin  7]  —  Dri-n)       7 
'flo  w  (A  sin^  7/  —  cos  77) 


where  1/^/2  is  the  value  of  ^  at  0  =  7r/2.  Let  m  be  the  minimum  value  of 
sin  7]  —  {Driv)/'^)  in  the  range  a  <  rj  ^  t/2.  If,  as  in  the  usual  case, 
m  is  positive,  we  can  obtain  an  upper  bound  on  ij^/2  by  replacing 
sin  1]  —  {DT{'n)/w)  by  m  in  the  right-hand  side  of  (55).  By  this  means 
we  find  that 

^  PcVc   2(1  +  cos'  a) 
yw/2  < 7 as — • 

w        m  tan  a/2 

For  cable  No.  2  being  laid  with  G  per  cent  slack  at  6  knots  this  relation 
yields  ?/x/2  <  1,100  feet.  So  in  the  usual  laying  depths,  which  are  many 
times  greater  than  y^rii ,  the  configurations  in  Region  III  for  which 
To  =  0  correspond  to  a  value  of  6  at  the  surface  greater  than  7r/2,  or  to 
cable  being  paid  out  in  front  of  the  ship  during  laying.  It  is  doubtful 
whether  such  configurations  would  be  stable  and,  at  any  rate,  doubtful 
whether  cable  would  ever  be  laid  in  such  a  manner.  Hence,  we  conclude 
that  these  To  =  0  solutions  of  Regions  II  and  III  will  in  general  be 
mathematical  curiosities,  and  that  the  only  realistic  laying  solution  of 
the  stationary  model  for  which  the  bottom  tension  is  zero  is  the  straight 
line  6  =  a. 

APPENDIX   B 

Computation  of  the  Transverse  Drag  Coefficient  and  the  Hydrodynamic 
Constant  of  a  Smooth  Cable  from  Published  Data 

From  (6)  of  Section  3.2  we  obtain  the  relationship 
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Vcos  a        xCopd  ' 

where  H  is  the  hydrodynamic  constant.  Also,  we  define  the  Reynolds 
number  for  flow  normal  to  the  cable  in  the  usual  way ; 

,j         dV  sin  a  /,->. 

V  being  the  kinematic  viscosity  of  water.  For  smooth  cable  we  now  as- 
sume that  the  drag  coefficient  Cd  depends  on  Nr  in  the  same  way  as  for 
flow  around  a  smooth  cylinder  of  infinite  length.  Experimental  data  for 
this  relationship,  namely, 

Co  =  Cn{Nu)  (58) 

are  available  in  the  hterature  and  have  been  collated  by  Eisner. 

For  a  given  velocity  T^,  (56)  through  (58)  represent  three  equations 
for  the  unkno\\Tis  a,  Co  ,  and  Nr  .  In  general,  the  solution  of  these  equa- 
tions depends  on  V,  thus  contradicting  the  assumption  made  in  Section 
3.2  that  Cd  ,  and  therefore  H,  are  constants  independent  of  T'.  However, 
for  sufficiently  large  T'^  we  can  expect  the  resulting  a  to  be  small  so  that 
\/cos  a  ;^  1 .  In  this  case  (56)  and  (57)  combine  to  give 


Cn  =  ?^^.,  (59) 


■■'    Nr'' 


which  together  with  (58)  yields  two  equations  for  Cd  and  Nr  that  are 
indeed  independent  of  V.  In  laying,  V  will  normally  be  large  enough  for 
this  approxhnation  to  hold. 

Equations  (58)  and  (59)  are  in  turn  easily  solved  graphically  by  find- 
ing the  intersection  on  log-log  paper  of  the  curves,  Cd  versus  Nr  , 
that  these  equations  represent.  Since  p  and  p  are  properties  only  of  the 
water,  we  see  that  Cd  is  a  function  only  of  the  product  wd  of  the  unit 
weight  of  the  cable  times  its  diameter.  In  Fig.  31  we  have  plotted  the 
resulting  values  of  Cd  for  wd  ranghig  from  10"^  to  10  pounds.  For  this 
computation  we  have  assumed  sea  water  at  32°F  with  an  assumed  density 
of  1.994  slugs  per  cubic  foot  and  a  kinematic  viscosity  of  2.006  X  10 
ft^/sec. 

For  other  than  large  values  of  V,  (56)  through  (58)  can  be  readily 
solved  if  one  interchanges  the  roles  of  a  and  V,  that  is,  if  one  considers  a 
as  given  and  V  as  unknown.  Equations  (56)  and  (57)  can  again  be  com- 
bined in  this  case  to  give 
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Cn   = 


2wd  cos  a    1 


pi^ 


iV«2' 


(60) 


and  with  wd  cos  a  a  kno^^^l  number,  (60)  and  (58)  can  be  solved  for  Co 
and  Nr  as  before.  Thus,  one  can  obtain  Co  from  Figure  31  by  merely 
reading  wd  cos  a  rather  than  ivd  on  the  abscissa.  Knowing  Co  one  can 
solve  for  V  from  (56). 
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Fig.  31  —  Variation  of  Co  with  wd  for  cables  of  smooth  exterior. 

The  results  of  such  a  computation  are  shown  in  Table  II  for  cable 
No.  1.  For  V  >  1.5  knots  the  experimentally  determined  H  is  64.0  de- 
gree-knots. The  corresponding  computed  values  of  H,  ranging  from  67.4 
to  70.0  degree-knots,  compare  favorably  with,  this  experimental  value. 
Over  the  entire  range  of  V,  from  0.25  to  10.00  knots,  the  variation  in  H 
is  about  4  per  cent.  This  small  variation  makes  the  assumption  of  Section 
3.2  that  H  is  &  constant  for  all  T^  appear  reasonable,  especially  since  we 
can  only  hope  to  use  this  computation  in  a  preliminary  design  before 
the  hydrodynamic  properties  of  a  cable  are  established  by  experiment. 


Table  II  —  Computed  Values  of  Nr  , 
Cd  ,  AND  H  for  Cable  No.  1 


V  (knots) 

Nr 

Cd 

H  (deg.-knots) 

0.25 
0.50 
1.50 
3.00 
10.00 

1.25  X  10^ 
2.50 
5.20 
5.80 
6.05 

0.935 
0.922 
0.965 
0.985 
1.000 

67.5 
70.0 
67.8 
67.5 
67.4 
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In  Table  III  we  have  indicated  computed  high- velocity  H  values  as 
a  function  of  the  unit  weight  w  and  the  diameter  d  of  a  cable.  Table  IV 
shows  the  computed  high-velocity  Co  and  H  for  various  gauge  piano 
wire.  The  American  Steel  and  Wire  gauge  scale  is  used  in  this  tabulation. 


Table  III  —  Computed  Values  of  the  Hydrodynamic 
Constant  H  in  Degree-Knots  for  Smooth  Cable 


Submerged 

Diameter  in 

Inches 

Weight  in 

lb/ft 

0.5 

0.75 

1.00 

1.25 

1.50 

1.75 

2.0 

2.5 

3.0 

4.0 

0.1 

54.5 

44.2 

37.9 

33.7 

30.6 

28.1 

26.2 

23.2 

21.0 

17.9 

0.2 

75.9 

61.1 

52.3 

46.4 

41.9 

38.5 

35.8 

31.6 

28.5 

24.4 

0.3 

91.7 

73.6 

62.9 

55.6 

50.2 

46.1 

42.8 

38.0 

34.4 

29.7 

0.4 

104.7 

83.9 

71.5 

63.1 

57.1 

52.5 

48.9 

43.5 

39.6 

34.3 

0.5 

115.9 

92.6 

78.9 

69.8 

63.3 

58.3 

54.4 

48.5 

44.3 

38.3 

0.6 

125.8 

100.4 

85.6 

75.9 

68.9 

63.6 

59.5 

53.2 

48.5 

42.0 

0.7 

107.6 

91.9 

81.6 

74.2 

68.7 

64.2 

57.4 

52.4 

45.3 

0.8 

114.2 

97.8 

87.0 

79.3 

73.4 

68.6 

61.3 

55.9 

48.4 

0.9 

120.6 

103.4 

92.1 

84.1 

77.8 

72.7 

65.0 

59.3 

51.3 

1.0 

126.5 

108.7 

97.1 

88.6 

82.0 

76.6 

68.5 

62.5 

54.1 

2.0 

153.3 

137.0 

125.0 

115.7 

108.2 

96.7 

88.2 

76.3 

3.0 

167.6 

152.9 

141.5 

132.3 

118.2 

107.9 

93.3 

Table  IV  —  Computed  Cd  and  H  Values  of  Piano  Wire 


Gauge 
(Am.  Steel  &  Wire) 

Dia.  (inches) 

Cd 

H  (deg-  knots) 

0 

0.009 

2.49 

10.7 

5 

0.014 

1.91 

15.2 

10 

0.024 

1.56 

22.1 

15 

0.035 

1.39 

28.2 

20 

0.045 

1.31 

33.0 

25 

0.059 

1.24 

38.7 

30 

0.080 

1.14 

47.2 

35 

0.106 

1.02 

57.1 

40 

0.138 

0.970 

67.1 

APPENDIX   C 

Some  Approximate  Solutions  for  Laying  and  Recovery 

c.i  Laying 

We  assume  that  the  tangential  drag  and  the  centrifugal  forces  are 
negligible.  Then,  since  for  laying  0  ^  d  ^  t,  (18a)  by  virtue  of  (21)  be- 
comes 


w 


+  2/) 


\-  A  sm  6 

as 


cos  9=0. 


(61) 
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Let  the  origin  of  an  x,  y  coordinate  system  be  at  the  cable  touchdown 
point  (Fig.  8).  Further,  let  x  be  the  x  coordinate  of  a  point  along  the 
cable  configuration  and  s  the  corresponding  distance  along  the  cable 
from  the  origin.  If  we  define 

^  =  s  -  X,  (62) 

then 

dA       ds       dx       ^      6  ._„. 


and 


^  =  sin  9.  (64) 

as 


By  means  of  (63)  and  (64),  (61)  transforms  to 

.rp     ,     ..  dA  d'A        1  {dAy  (dA)'        1        „  ..,. 

dy  dy'-       4  {dy)  (dy)        4 

where  we  have  in  addition  introduced  the  non-dimensional  variables 

To  =  To/wh, 
A    =  A/h, 

y    =  y/h. 

Here  h  is  the  ocean  depth  at  the  touchdown  point.  Using  the  condition 
that  6  =  0  a,t  y  =  0,  which  implies  dA/dy  =  0  at  y  =  0,  we  get  upon 
integrating  (65) 

dA  ^  j^_^  a  I       1  -  [%/(%  +  yW       Y" 


where 


2  -  sm  a  ,     . 

7  =  ^, .  (67) 


sin^  a 


The  usual  range  of  the  critical  angle  a  is  between  10  and  30  degrees.  Also 

To 
0  <  = ■  <  1 

-  T,  ^y=    ' 

Therefore,  we  approximate  the  denominator  of  equation  (67)  by  unity. 
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With  the  boundary  condition  that  A  =  s  —  .t  =  0  at  ?/  =  0,  we  thus 
obtain 

A(l)  =  S  -  X  =  tan  ^  f    (1  -  [To/iTo  +  ^)]^)*  d^,         (68) 

Z  Jo 

where  S  and  X  are  the  dimensionless  values  of  s  and  x  at  the  ship. 

Next  we  let 

CO  —  s  -\-  X,  0}  =  o:/h. 

Then  we  have 

do}  _  I  dA 

dy  I  dy' 

and,  as  can  be  seen  from  (66)  through  (68), 

J^d)  =&^X  =  ctn  ^  f    (1  -  [n/(n  +  ^)]')~^  dl        (69) 

Z  Jo 

For  convenience  we  define  u  and  R  by 


u  =  ^ 


R  = 


To  +  r 

To 


(70) 
ci(l)  =foctn"  r    ,,/^      ...  (71) 

2  Jfl   M^l   —  WT)^ 


1  +  To' 
In  terms  of  m  and  R  (68)  and  (69)  become 

A(l)   =  To  tan  ^  f '  ^^^^^^  di^, 

2  Jr         v? 

du 

\i  -  u^y^ 

Further,  integration  by  parts  gives 

r  (1  -  u')' ,^.  _  (1  -  m'  ,  7  rOj::^  ,  _T  r__^!^ 

i«        ^^       "^'^  R        "^  2  i«        ^^       '^'^      2  i«  2^H1  -  ^*^)^- 

Combining  the  above  three  ecjuations  and  making  the  approximation 
(1  -  R'^f  X  1,  we  find 

(l  -  fj  A(l)  +  I  tan^  ^  (1,(1)  =  (1  +  To)  tan  ^  .  (72) 

Thus  A(l)  and  d)(l)  are  related,  and  we  need  evaluate  only  one  of  the 
quantities  numerically  by  means  of  equation  (70)  or  (71)  in  order  to 
compute  both  A(l)  and  <I)(1),  and  hence  S  and  A". 
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The  singularity  at  u  =  1  makes  the  numerical  evaluation  of  the  inte- 
gral in  (71)  cumbersome.  Therefore  we  consider  the  evaluation  of  A(l). 
But  for  convenience  of  numerical  calculation  we  write  (70)  as 


A(l)   =  -ntan 
and  integrate  by  parts  to  get 


a 


u'Y'd 


1  -  u 


u 


). 


a 


A(l)  =tan^((l  -Wy^  -It, 


Jr 


—   U 


u 


w^ 


(1  -  u-yy^ 


du 


We  note  again  that  (1  —  R^f  ':=^  1.  Further,  essentially  all  of  contribu- 
tion to  the  integral  in  this  equation  occurs  near  u  =  1  because  of  the 
large  value  of  y.  On  the  other  hand,  the  values  of  To  which  are  of  in- 
terest will  normally  be  smaller  than  unity.  Hence  R,  the  lower  limit,  will 
normally  be  less  than  one-half,  and  thus  will  be  outside  of  the  region  of 
significant  contribution  to  the  integral.  Therefore,  we  can  take  the  in- 
tegral to  be  a  constant  for  a  given  a.  Denoting  this  integral  by  n  and 
combining  these  considerations  we  obtain 


A(l)  =  tan  -  —  -  n  tan  -  To . 

Zi  Zi  Zi 

Finally  solving  for  ^  and  X  from  (68)  and  (69),  we  find 

1 


(73) 


,s 

— 

sin  a. 

+  kTo, 

X 

r=z 

1 

+  xn. 

tan  a 


which  are  a  dimensionless  form  of  (24).  For  brevity  we  have  written 


X  = 


-  - 

2\X 
1  /2 


^-11-0" 


2\7L 


'-\\k-\ 


n 


«tii  9  -  9  ^  tan  -  1  , 


ctn  -  +  ^  n  tan  - 


Since  the  integral  n  and  the  constant  7  depend  only  on  a,  the  constants 
K  and  X  are  also  functions  of  a  only.  We  have  evaluated  n  by  numerical 
integration  and  have  plotted  the  resulting  values  of  k  and  \  —  k  in  Fig.  10. 


C.2  Recovery 

In  the  conventional  recovery  situation  we  have  as  boundary  conditions 
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(74) 


e  =  0  at     1/  =  0, 

d  =  —as     at     y  =  h, 

where  as  is  the  incidence  angle  of  the  cable  at  the  ship  (Fig.  8).  With 
these  boundary  conditions,  the  development  leading  to  (66)  yields  (26) 
for  the  relationship  between  shipboard  tension  Ts  and  the  incidence 
angle  as  . 

To  evaluate  *S'  and  X,  the  values  of  s  and  x  at  the  ship,  we  use  (19), 
(20a)  and  (20b).  Again  we  simplify  by  assuming  Dt  =  PcVc  —  0.  Fur- 
ther, since  for  recovery  —  tt  ^  0  ^  0,  we  may  write  |  sin  ^  |  =  —  sin  ^. 
This  gives 

1  '•^ 


s  =  tJ 

X  =  7'o 


COS  ^  +  A  sin^  ^ 
cos  ^ 


exp 


/ 

Jo 

•^0 


sm  77 


cos  r;  +  A  sm''  r] 


iU, 


sm  7} 


dr) 


(75) 


dl 


_cos  ^  +  A  sin^  ^         Jo    cos  ??  +  A  sin^  77 

The  dimensionless  bottom  tension  7'o  is  computed  from  (26).  The  inte- 
grals appearing  in  (75)  have  been  evaluated  numerically.  The  results 
are  shown  in  Figs.  14  and  15. 


APPENDIX  D 

Analysis  of  the  Effect  of  Ship  Motion 

D.i  Formulation  of  the  Differential  Equations 

To  analyze  the  effect  of  ship  motion  on  cable  tensions,  we  use  the  model 
shown  in  Fig.  32.  We  assume  the  cable  is  a  perfectly  flexible  and  elastic 
string  whose  motion  is  planar.  The  distance  L  along  the  cable  from  the 
ship  to  the  point  of  entry  into  the  water  is  taken  as  constant,  and  the 
longitudinal  damping  as  negligible. 

I 


00 


W  WW  w  W  w  w  P^ 


WATER 


Qc 


AIR 


Fig.  32  —  Model  vised  for  the  analj^sis  of  ship  motion  tensions. 
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Unlike  the  solution  of  the  basic  stationary  model,  the  complete  solu- 
tion of  this  model  is  not  simple.  To  make  the  problem  tractable,  we  shall 
make  further  simplifjdng  assumptions.  Although  these  assumptions  may 
seem  reasonable,  they  must  be  ultimately  justified  by  comparison  of 
experience  with  predicted  results. 

Force  diagrams  of  a  differential  element  of  cable  are  shown  in  Figs. 
33(a)  and  (b)  for  the  two  regions,  air  and  water  respectively.  The  no- 
tation is 


V  = 

q  = 

V  = 

e  = 

ip  = 


s  = 

X  = 

f  = 

Wa  = 


longitudinal  displacement  of  a  point  of  the  cable, 

transverse  displacement  of  a  point  of  the  cable  (in  air), 

transverse  displacement  of  a  point  of  the  cable  (in  water), 

the  stationary  angle,  i.e.  the  angle  the  cable  configuration  makes 

with  the  ship  velocity  in  the  absence  of  ship  motion, 

deviation  from  the  stationary  angle  -  positive  in  the  clockwise 

direction, 

distance  along  the  stretched  cable, 

distance  along  the  unstretched  cable  (in  air), 

distance  along  the  unstretched  cable  (in  water), 

weight  per  unit  length  of  cable  in  air. 


^Mr /^-~-___ 


it^?"/^-------. 


vVATER 


Fig.  33  —  Diagram  of  forces  acting  on  a  cable  element,  in  air  and  in  water. 
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Summing  forces  along  the  directions  t  (tangential)  and  n  (normal)  shown 
in  Fig.  33,  dividing  by  A.t  (air)  or  Af  (water)  and  letting  Arc  — >  0  and 
Af  —>  0,  we  obtain  the  following  ecjuations  of  equilibrium* 

Air: 

Tipx  —  Wa  cos  (e  —  (p)  =  pciqtt  cos  <p  —  ptt  sin  ip), 

Tx  +  Wa  sin  {6  -  if)     =  pciqit  sin  (p  +  ptt  cos  <p), 

Water : 

T^f  +  Z)A'Sf  -  w  cos  (d  -  if)  =  paiqtt  cos  ip  —  ptt  sin  <p), 

T^  -\-  w  sin  {d  —  (p)  =  pciqtt  sin  <p  +  qtt  cos  (p). 


(76) 


(77) 


Here,  pc  denotes  the  mass  per  unit  length  of  the  cable  in  air.  As  is  known 
from  hydrodynamic  theory,  in  order  to  accelerate  a  body  through  a 
fluid,  one  must  change  not  only  the  momentum  of  the  body  but  that  of 
some  of  the  surrounding  fluid  as  well.  Thus  the  body  has  a  virtual  or  ap- 
parent mass  in  addition  to  its  intrinsic  mass.  In  the  first  (77),  the  equa- 
tion of  equihbrium  in  the  normal  direction  in  water,  we  accordingly  use 
Pu-  ,  given  by 

Pw  —  Pc  -T  -i^a  p 

as  the  intrinsic  plus  virtual  mass  per  unit  length  of  cable  moving  through 
water.  The  quantities  d  and  p  are  the  outer  diameter  of  the  cable  and 
mass  density  of  the  water,  respectively,  and  the  quantity  (T/4)rf'p  is 
the  virtual  mass  of  a  unit  length  circular  cylinder  moving  transversely 
through  water. 

We  take  for  the  normal  drag  force  per  unit  length 

D^  =^  V^  I  V^  |.  (78) 

Here  Vn  is  the  normal  component  of  velocity  of  the  water  relative  to 
the  cable,  i.e., 

Vn  =  V  sin  (6  —  (p)  -\-  Vt  sin  <p  —  rjt  cos  <p,  (79) 

and  CDpd/2  is  a  constant. 

The  quantities  s  and  <p  are  given  by  the  following  geometric  relations 
which  can  be  obtained  from  Fig.  33: 


*  We  use  the  subscript   notation  for  differentiation  throughout  this  section, 
e.g.,  fx    ^d'p/dx. 
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sr  =  [(1  +  vd'  +  ^r'],*  (80) 

tan  <p  =  7,f/(l  +  m),  (81) 

with  similar  expressions  obtaining  for  the  cable  in  air. 

The  tension  T  in  turn  is  given  by  the  Hooke's  Law  or  stress-strain  re- 
lation 

T  =  EA{[a  +  p.)'  +  q.'f  -  1},         (air) 

.,  ,.  (82) 

T  =  EA{[(l-{-  vi)-  +  n/Y  -  1}.         (water) 

As  we  indicated  in  Section  4.1,  we  shall  assume  that  the  extensile  rigidi- 
ties EA  corresponding  to  complete  restraint  and  no  restraint  to  twisting 
will  give  the  limiting  values  of  the  ship  motion  tension. 

Equations  (76)  through  (82)  form  a  complete  system  in  terms  of  the 
independent  variables  x  or  ^  and  t.  Formulating  boundary  conditions  in 
terms  of  the  coordinate  x  (or  f )  is  awkward.  This  coordinate  is  measured 
along  the  unstretched  cable  so  that  a  disturbance  applied  at  the  ship  is 
applied  at  different  a:'s  as  the  cable  is  paid  out.  At  the  same  time,  if  the 
velocity  of  the  pay-out  is  small  compared  to  the  significant  wave  velocity 
of  the  cable  then  we  can  plausibly  neglect  the  paying  out  effect.  As  will 
be  shown  subsequently,  in  the  problem  at  hand  there  are  two  significant 
wave  velocities,  roughly  corresponding  to  transverse  and  longitudinal 
motion.  The  first  of  these  is  of  the  order  of  200  ft/sec,  while  the  second 
is  of  the  order  of  5,000-10,000  ft/sec.  On  the  other  hand,  the  pay-out 
velocity  is  of  the  order  of  10  ft/sec.  Hence,  we  take  the  pay-out  velocity 
to  be  zero.  This  allows  us  to  use  (76)  through  (82)  without  further  trans- 
formations and  to  identify  x  and  f  as  coordinates  fixed  in  the  translating 
reference  frame. 

D.2  Perturbation  Equations 

We  assume  that  the  motion  is  a  small  perturbation  about  the  undis- 
turbed configuration  of  our  model.  To  determine  which  terms  of  the 
differential  equations  are  important  in  this  case,  we  adopt  the  following 
procedure.  Let 

M  =  max[(Po  +  Pif  +  Q't 

where  Pq  and  Qo  are  displacements  of  the  cable  at  the  ship,  and  Pi  is  the 
variation  of  the  pay-out  displacement  from  the  mean.  The  quantity 
e  =  M/L  will  normally  be  less  than  unity,  and  for  no  ship  motion  will  be 
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zero.  We  write 

Po  +  1\  =  am, 

Qo  =  hg{t), 

where  J{t),  g{t)  are  some  bounded  functions  of  time  and  a  and  h  are 
constants.  We  assume  that  for  given  f(t)  and  g{t),  T,  p,  and  q  vary 
analytically  with  e,  namely 

T  =  To  +  eTi  +  e'T2  +  •  •  •  , 

q    =  f  gi  +  e'^q-i  +  •  •  •  ,  (83) 

p   =  Po  -\-  epi  +  ep2  +  •  •  •  , 

with  counterparts  for  the  submerged  cable.  The  stationary  transverse 
deflection  is  further  assumed  zero,  and  therefore  the  series  for  q  contains 
no  go  term.  Substituting,  for  example,  (83)  into  (82)  for  air  and  equating 
like  powers  of  e,  we  find 


(84) 


Equation  (84a)  of  this  sequence  shows  that  only  longitudinal  displace- 
ments are  associated  with  stationary  tensions,  while  (84b)  indicates  that 
for  small  ship  motions  cable  tensions  are  independent  of  the  transverse 
component  of  ship  motion.  To  compute  the  effect  of  transverse  motion, 
(84c)  shows  that  terms  of  the  order  e'  in  p  and  e  in  q  must  be  considered. 
We  assume  further  that  1  +  po^  ^  1,  since  pox  is  the  order  of  magnitude 
of  a  strain. 

Equations  (83)  and  (84)  substituted  into  (76)  yield  with  this  approxi- 
mation 

Wa  COS  a  =  0,     (a) 
_  (85) 

EA   Poxx    -    pa  Pott    +    Wa  slu   CC    =    0,        (b) 

Qixx  —  —^qut  =0,  (a) 

Pixx -,  PiH  =  0,  (b)  (86) 

P'lxx ^P2tt  =  —^  qitiqixx  —  gix^ixx  ,     (c) 


To  =  EAp 

Ox  , 

(a) 

Ti  =  EApu  , 

(b) 

T2  =  EA 

2 

P2x    +   -7-^ 

1    +    POx 

.    (c) 
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where 

Ci     =   EA/pa, 

C-1     =    Ta/pa  . 

For  non-zero  Wa  and  a  7^  -w/'I,  (85a)  cannot  be  satisfied.  This  is  a  conse- 
quence of  the  assumption  of  ^o  =  0.  With  poa  =  0,  equation  (b)  impHes 
in  turn  that  To  =  constant,  which  agrees  with  our  model.  For  the  sub- 
merged part  of  the  cable,  the  equations  do  not  yield  a  constant  Tq  and 
thus  contradict  the  assumed  model.  However,  on  the  assumption  that 
the  transverse  motion  is  confined  to  a  region  near  the  surface,  we  con- 
sider To  to  be  constant  in  the  submerged  part  of  the  cable  as  well.  We 
thus  arrive  at 

Tjiff  —  brm  —  yr]it  —  t-.  riut  =  0  (a) 

(b)    (87) 

7?ir'?i!-f ,     (^) 
where 


1 

Vm 

-  ^^,  pu.  - 

0, 

1 

1 

Vm 

-  ^  Pin  = 

^^'^ 

tiVi^ 

ci  = 

To/pw   , 

8  = 

Cdp  dV' 
—^ — -cos 

i  0 

a  sin 

«, 

7  = 

CopdV'   . 
— 7F — -«"! 

«, 

as  the  differential  equations  governing  the  motion  of  the  submerged 
cable.  The  constant  Ci  is  the  velocity  of  propagation  of  a  longitudinal 
wave  in  the  cable,  while  the  constants  C2  and  C2  represent  the  propagation 
velocities  of  a  transverse  wave  in  air  and  w^ater  respectively. 

D.3  Solution  of  the  Perturbation  Equations 
We  write 

p(0,  t)   =  IMt)  +  Prit), 

5(0,  t)    =  Q,(t), 

and  take  as  boundary  conditions 
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pi{0,  t)  =  ,   (a) 

e 

P2{0,  t)   =  0,  (b) 

?i(0,  /)  =  Qo/e.  (c) 


(88) 


That  is,  we  apportion  all  of  the  longitudinal  boundary  motion  to  pi  , 
and  all  of  the  transverse  boundary  motion  to  qi  .  Equations  [(84b),  (86b) 
and  (87b)]  then  give  the  complete  tension  due  to  the  longitudinal  com- 
ponent of  ship  motion  to  first  order.  As  mentioned  in  the  text,  this  ten- 
sion is  easily  obtained  from  standard  references,  and  is  also  the  greater 
part  of  the  ship  motion  tension. 

To  determine  the  tensions  due  to  transverse  ship  motion,  we  solve 
(86c)  and  (87c)  for  boundary  conditions  (88b)  and  (88c).  In  addition, 
we  have  the  transition  conditions 

qi(L,t)  =  7ji(0,  0,  (a) 

gi.  (L,  t)  =  vh{0,  t),  (b)     (89) 

P2  (x  =  L,i)  =  M^  =  0,  0,  (c) 

P2X  (L,  t)  =  7>2r(0,  t),  (d) 

which  follow  if  we  assume  that  at  the  point  of  entry  into  the  water  the 
cable  is  continuous  and  the  tensions  are  finite  and  continuous. 

We  consider  only  the  problem  of  the  tensions  associated  with  a  har- 
monic steady-state  transverse  disturbance.  Ecjuations  (86a)  and  (87a) 
show  the  transverse  response  to  this  disturbance  to  be  independent  of 
the  longitudinal  motion  to  fu'st  order.  The  first-order  transverse  motion 
in  turn  can  be  thought  of  as  a  forcing  action  on  the  second  order  longi- 
tudinal motion,  as  (86c)  and  (87c)  indicate.  This  suggests  the  program 
we  follow  to  compute  tensions.  Namelj',  we  first  determine  the  first- 
order  steadj^-state  transverse  response,  then  the  second-order  steady- 
state  longitudinal  response  which  is  excited  by  the  first-order  transverse 
oscillation,  and  finally,  b}'  (84c)  the  resulting  tension  caused  by  trans- 
verse motion. 

D.4  Transverse  Response 

At  the  ship  we  assume  a  harmonic  forcing  function 

Qo{t)  =  A  cos  o:t,  (90) 

and  we  introduce  complex  exponential  representation 
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gi  =  Re  Qi{x)  e'"', 

Vy  =  Re  i^i(f)  e'"', 

where  the  factor  e'"'  will  be  henceforth  suppressed. 

The  solution  of  (86a)  and  (87a)  for  the  steady  state  may  then  be 
written 

^  .  s          p           ioiX    .    j^          (      ioix\ 
Qi{x)   =  Bi  exp  —  +  Bi  exp  I 1, 

Co  \  C2    / 

^i(f)  =  Fi  exp  (gif)  +  F^  exp  (g.r), 

where  the  -B's  and  F's  are  complex  constants  and  gi  and  52  are  the  roots 
of  the  quadratic 

2 
q    —  8q  —  icoy  +  -^  =  0. 

C2^ 

Throwing  aw^ay  the  root  of  this  equation  which  corresponds  to  the  in- 
coming wave  in  water,  we  get 

/fi(f)  =  Fexp(g,f). 

where  gi  is  the  root  corresponding  to  the  outgoing  wave.  The  three  com- 
plex constants  Bi ,  B2  ,  and  F  can  now  be  determined  from  (89a),  (89b) 
and  (90) 

Bi  -\-  Bo  =  A/e, 
B,  exp  —  +  52  exp  (^-  _-j  -  /^  =  0,  ^^^^ 


—    Bi  exp i52  exp  (  — 

C2  L  C2  \ 


C2  /J 


-  qiF  =  0. 


We  note  that  Bi  ,  B2  and  F  are  proportional  to  the  amplitude  A  of  the 
forcing  motion. 

D.5  Second-Order  Longitudinal  Response 

From  the  preceding  results,  the  right-hand  sides  of  the  equations  of 
longitudinal  motion  (86c)  and  (87c)  can  be  computed.  This  computation 
for  (86c)  results  in 
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-^  VittVu  -   ?'uxru   =  :::  I  -4  —    1 


CO 


Ci^ 


,T 


X 


.      2a;.i:    ,                 2co.r\  ,^    , 

/•i  sm +  }'2  COS J  COS  2oof 

,  C2  C2    / 


,    /            2wx             .     2wa;\    .     ,^  , 
+  I  rs  cos —  r4  sin 1  sm  2wf 

\  C2  Co    / 


(92) 


2aja; 


.    2wx    , 
+  r5  sm +  r2  cos 

C2  C2 

where  the  r's,  which  are  proportional  to  the  square  of  the  ampHtude  A, 
are 

n  =  Re  {B{  +  Bo'), 
r-2  =  Im  (5r  -  B2'), 
n  =  Re  {B{  -  B2'), 
r4  =  Im  {B{  +  52"), 
rs  =  2Re  BS2 , 


re  =  rs  + 


2    2 
e  r2 


^2 


[The  quantity  u  will  be  used  subsequently.]  Similarly,  for  the  right-hand 
side  of  (87c)  we  get 


77if  \  -^  771U  —  vm 


=  e  "   [(ai  cos  2c7f  +  02  sin  2o-f)  cos  2wi 


(93) 


-f  (ai  sin  2(7^  —  a2  cos  2o-f)  sin  2c<ji  +  a-i], 


where 


q\  =   -  (p  +  ^'f^), 


ai 


a2 


i^ 


2 


2 

az=\F 


?i 


?i 


CO 


-     cos(2/+g)  +  I  51  1^  cos  (2/  + 


CO 


^j  sin  (2/  +  y)  +  1  51  r  sin  (2/  + 


3ff)], 


k:^  j + '  '■ 


p, 
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and 


/  =  arg  F, 


0  S  f  ^2w, 


g  =  arg  (-gO,         0  ^  g  ^  -. 

It  is  seen  that  expression  (92)  and  (93)  have  terms  of  the  form 

sin  2(jot 


F{x)< 


cos  2(x3t 


(94) 


in  addition  to  functions  of  x  (or  f)  alone.  In  accordance  with  the  idea 
that  the  first  order  transverse  motion  is  a  forcing  action  on  the  second 
order  longitudinal  motion,  we  take  as  solutions  of  (86c)  and  (87c)  func- 
tions of  the  form 


Gix) 


[sin  2cot 
I  cos  2ut 


to  correspond  to  terms  of  the  type  given  by  (94)  and  functions  of  x  (or  f ) 
alone  to  correspond  to  forcing  terms  which  are  independent  of  time.  This 
again  gives  linear  differential  ecjuations  which  can  be  readily  solved.  For 
example,  corresponding  to  the  first  term  in  (92)  multiplying  cos  2o}t  we 
have  the  assumed  solution 


G{x)  cos  2iot, 


and  the  differential  equation 


(fG   ,    4a;'  1 


dx 


Ci 


This  has  the  solution 


-  1 


3  r 


2coa;    ,  2w.r 

n  sni +  r-2  cos 


Co 


Co 


G 


cox 


,  WJU      ,        ,         .       COX      ,        CO 

Ai  cos  —  +  .42  sin  —  +  5— 

Cy  Cl  0C2 


.     2cox    , 

n  sni h  1-2  cos 

C2 


2ux ' 

C2    /_ 


where  Ai  and  .42  are  undetermined  constants. 

In  this  manner,  the  solution  for  the  longitudinal  motion  can  be  ob- 
tained in  terms  of  a  set  of  constants.  These  in  turn  can  be  evaluated  by 
means  of  the  boundary  and  transition  conditions  on  po .  This  evaluation, 
although  straightforward,  is  verj'  tedious.  We  shall  omit  the  details  of 
it  here.  The  final  result  is 
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Air: 


2rr        e'^</EA 
e  T2  = 


4Cif2 


.    2w.T    ,    /       ,   Ci        .    2coL 
r2  sin +  I  ^3  +  —  ^4  sill 

Ci  \  C2  Ci 


Ci             2a)L\         2a)a:    ,    Ci 
—  —  re  cos I  cos +  —  re 

Ci  Ci    I  Ci  C-i 


cos  2co^  + 


r3  sin 


r2  +  —  r4  cos +  —  re  sm  )  cos +  —  r4 

C2  Ci  C2  Ci    /  Ci  C2      . 


2coL 
sin  2coi 


/       2wa;              2coL\           f  .    2icx         .    2coL\        I  F 
rs  I  cos —  cos )  —  r2 1  sm  —  sm )  —  ^—r 


Ci 


Ci 


Ci 


Ci 


Water: 


i^    _  eiJ'EA 

e  1  i 

4ciC2 


2coZ/   ,         .    2o}L 

—  ri  cos +  rz  sm 

Cl 


,   Cl    .    2(joL  I       .    2u>Li 
+  —  sm I  r4  sm —  re  cos 

Ci  C\      \  Cl  Cl    /_ 


sin  2: 


CO 


('-0 


+ 


.    2coL    ,              2(joL    ,   Cl    .    2a}L  I        .    2coL 
r2  sin +  r^  cos +  —  sin I  re  sm 

Cl  Cl  C2  Cl      \  Cl 


+  r4  cos 


2coL 

Cl     y 


COS  2u  [  t  — 


{■  -  9 


^|2C2^-2K 
Cl  J 


D.6  Numerical  Results 

Since  the  r's  are  each  proportional  to  the  square  of  the  amphtude  A, 
the  above  results  indicate  that  the  transverse  motion  tension  varies  as  A 
squared  also.  It  is  additionally  a  function  of  the  frequency  of  ship  motion 
CO,  the  forward  mean  ship  velocity  V,  and  the  stationary  tension  To  .  The 
computation  of  the  transverse  ship  motion  tension  for  the  laying  situa- 
tion was  carried  out  for  cable  No.  2.  The  results  are  showii  in  Fig.  34. 
Here  we  have  denoted  the  transverse  motion  tension  by  Tq  and  have 
plotted  Tq/A^  against  the  period  of  ship  motion  t.  Rather  than  the 
stationary  tension  To ,  we  have  used  the  depth  h,  which  during  laying  is 
directly  related  to  Tohy  h  =  To/w.  Fig.  34(a)  is  a  plot  of  Tq/A~  versus 
the  period  t  =  27r/co  for  h  =  ^,  2  and  3  nautical  miles  and  for  V  =  6 
knots.  Figure  34(b)  is  a  plot  of  Tq/A^  versus  t  for  F  =  3,  6,  and  9  knots 
and  h  =  one  nautical  mile. 

For  representative  laying,  for  example  at  6  knots  with  a  ship  period 
of  6  seconds  into  a  depth  of  one  nautical  mile.  Fig.  34  gives 
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TJA^  =  0.50  Ib/ft^  (twist  unrestrained), 

Tg/A'  =  0.93  lb/ft'  (twist  restrained). 

For  an  extreme  value  of  A  =20  feet,  we  get  therefore  that  Tq  is  be- 
tween 200  and  370  pounds. 

Additionally,  by  means  of  the  above  analysis,  one  can  compute  the 
rate  of  damping  of  a  transverse  disturbance  after  it  enters  the  water. 
The  results  of  this  computation  are  shown  in  Fig.  18  and  are  discussed 
in  Section  4.1. 


2.0 
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1.2 


in 
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12 


16 


Fig.  34  —  Variation  of  the  transverse  ship  motion  tension   of  cable   No.  2 
with  the  period  of  ship  motion. 

APPENDIX  E 

Tension  Rise  with  Time  for  Suspended  Cable 

E.i  Formidation  of  the  Solution  of  the  Problem, 

Let  0  be  the  lowest  point  of  the  cable  at  time  t  after  the  suspension 
has  begun  (Fig.  35).  We  make  the  following  definitions: 

h  =  depth  at  onset  of  the  suspension, 

Si  =  cable  length  from  A  to  0, 

S2  =  cable  length  from  ship  at  B  to  0, 

Xi  =  horizontal  distance  from  A  to  0, 
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X2  =  horizontal  distance  from  B  to  0, 

8  =  vertical  distance  from  A  to  0, 

To  =  cable  tension  at  0. 

If  the  cable  is  being  paid  out  with  a  slack  e,  then  conservation  of  the 
total  cable  length  gives  the  equation 


Si  -\-  Sz  — 


h 


sin  a 


+  (1  -\-  e)Vt  +  cable  stretching. 


(95) 


Fig.  35  —  Coordinate.s  for  the  analysis  of  tension  rise  when  a  cable  is  com- 
pletely suspended. 

It  is  assumed  that  there  is  no  cable  pulled  from  the  bottom.  The  cable 
stretching  we  evaluate  as  in  the  example  of  Section  3.6,  viz., 


cable  stretching  =  (*Si  +  *S2) 


EA 


This  makes  (95)  read 


S,+S,  =  J^  +  {\-\-  e)Vl  +  (5i  +  S-^  ^ 
sm  a  EA 


(96) 


To  obtain  further  relations  for  the  unknowns  appearing  in  (96),  we 
assume  that  from  the  ship  to  point  0  the  cable  configuration  is  a  station- 
ary one  governed  by  the  equations  developed  in  Section  3.6,  while  from 
points  0  to  A  we  assume  that  the  cable  configuration  is  a  static  catenary. 
These  assumptions  yield  the  following  relations: 


(a) 
(b) 


Si 

= 

To   .  , 
—  smh  a, 
w 

S2 

= 

h  +  8    , 

sm  a 

To 
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(c) 

(d)     ^''^ 

(e) 


X2 

hi-  8    ..To 
.            -r  A       , 
tan  a           w 

8 

-    ^'  (cosh  (7-1), 

w 

2    +    Xi 

-'    +vt. 

tan  a 

a 

wXi 
To  ' 

Ts 

=  n  +  w(h  +  5). 

(f) 
(g) 

Here  k  and  X  are  constants,  defined  and  plotted  in  Section  3.6,  which  de- 
pend only  on  a,  the  critical  angle  corresponding  to  V.  Equations  (96) 
and  (97)  form  a  complete  set  of  equations  in  the  unknowns  Xi  ,  Xi , 
Si ,  S2 ,  To  ,  Ts  ,  8,  and  a.  They  can  be  reduced  to  a  set  which  contain 
only  the  unknowns  a  and  Ts  : 


^■M  1  „;. 


(Pi{a)  sin  a  —  6^2(0-)  sin  q;  —  Al  1  +    \  ..t  sin  a  1  =  0,      (a) 

\         ^2(0-)  / 

f.  =  i+'j^,  (b) 


(98) 


where 


h  =  wh/EA, 
t  =  Vt/h, 
Ts  =  Ts/wh, 


and 


<Pi  =  sinh  (J  —  a  -\-  (cosh  o-  —  1)  tan  -  —  (X  —  k). 


cosh  (T  —  1    ,    .     , 

<P2     =    • 7 ■    +    X    +    0", 

tan  a 
cosh  a-  —  1    ,     .  , 

(pZ    —   : +   Sinh   (T. 

sm  a 
A  graphical  iteration  method  will  be  used  to  solve  (98).  First  we  solve 
<Pi{a)  sin  a  —  €(p2{o-)  sin  a  —  /i  =  0  (99) 
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for  a  by  means  of  a  nomograph  to  be  described  later.  Next  the  quantities 

cosh  a  ^3(0") 


tpi^a)  <p2(o') 


sm  a, 


are  plotted  as  functions  of  a-  for  various  a.  These  plots  can  then  be  used 
as  follows  to  solve  (98)  for  a  given  t.  Solve  (99)  to  obtain  <to  .  From  the 
plot  of  <pz{(t)/(P2{(t)  sin  a  compute 

r  *        If  1    I    '^^(o-o) ;    •       \ 
All      =  Al  I  1  +  — 7 — r  t  sm  a  1  . 

Using  the  value  ^i*  for  /i,  compute  o-i  from  (99) .  With  this  value  of  o-i , 
compute  /i2*  from 


fi-i     =  Ai  I  1  +  — — r  t  sm  a. 

\       ^2(0-1) 


)■ 


etc.  In  this  way  a  convergent  sequence  o-q  ,  o-i  ,   •  •  •  ,  (7„  is  generated. 
Finally,  from  the  plot  of  cosh  (x/<p-i{<j)  obtain  T^  . 

The  above  iteration  procedure  sounds  tedious.  Actually,  in  most  cases 
the  iteration  is  not  necessary  because  a  remains  essentially  independent 
of  time.  Thus,  the  solution  of  (99)  by  means  of  the  accompanying  nomo- 
graph will  usually  give  the  complete  solution  of  the  problem. 

E.2  Nomograph  (Alignment  Chart)  for  the  Solution  of  Equation  (99) 
The  relations 


Xi  =  0,         X2  =  d,  Xs 


yi  =  h,      y2  =  ztt:,      2/3 


10(^2  (ff)  d  sin  a 
1  +  10^2(0")  sin  a ' 

(fiia)  sin  a 


(100) 


10 '         "^         1  +  10<P2((t)  sin  a  ' 

where  d  is  an  arbitrary  constant  define  parametrically  three  curves 

Vi  =  ViiXi),        i  =  1,  2,  3, 

which  we  imagine  plotted  on  a  cartesian  (x,  y)  coordinate  system.  A  set 
of  values  h,  e,  and  a  determine  three  points  (.r» ,  yi)  {i  =  1,  2,  3)  which 
lie  on  these  curves.  If  these  points  lie  on  a  straight  line,  it  can  be  sho\Mi 
that  they  satisfy  (99). 

On  the  left-hand  sides  of  Fig.  36  we  have  plotted  the  curves  given  by 
(100)  for  various  values  of  the  critical  angle  a.  The  values  of  the  parame- 
ters h  =   wh/EA  and  e,  which  describe  the  curves  yi    =    yi{xi)   and  , 
?/2  =  y2{x2)  respectively,  are  plotted  on  the  indicated  scales.  Rather  than 
indicate  the  values  of  a  along  the  curve  2/3  —  y-iixz)  we  have  for  con- 
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Fig.  36  —  Nomograph  for  the  solution  of  equation  (99). 

venience  made  an  auxiliary  plot  on  the  right-hand  sides  of  Fig.  3G  of 
2/3(0-)  versus  a,  but  with  numerical  values  of  the  ordinate  omitted. 

In   addition,    we   have   plotted  in   Figs.   37   and   38   the  functions 
1/^2  (cosh  0-)  and  (^'3/^2)  sin  a  for  various  a. 

E.3  Numerical  Example 

To  illustrate  the  method  of  obtaining  the  tension   rise  with  time 
described  above,  we  consider  a  numerical  example  for  cable  No.  2.  The 
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Fig.  37  —  Variation  of  — j—  with  a. 

values  we  assume  for  the  parameters  which  enter  the  calculation  are  thei 
following: 

e  =  0.02, 

7  =  6  knots,  (a  ;^  12°), 

h  =  6,000  ft, 

M  =  1.2  X  10'  lbs, 

A  =  3.1  X  10"'. 

To  solve  (99),  we  connect  on  Fig.  36  the  points  e  =  0.02  and  h  = 
wh/EA  =  0.0031  with  a  straight  edge  and  note  the  intersection  with 
the  intermediate  y-i  =  y^ixs)  curve  for  a  =  12°  (point  A).  We  then  locate 
the  point  on  the  y-i  versus  o-  curve  having  the  same  ordinate  (point  B). 
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Finally,  we  obtain  the  root  of  (99),  a  =  0.555  by  reading  off  the  cor- 
responding abscissa  (point  C) .  This  value  of  a  now  serves  as  the  starting 
point  in  the  iteration  procedure  by  which  we  find  the  tension  correspond- 
ing to  a  given  t. 

For  example,  for  I  =  1.0  (t  =  GOO  seconds)  we  have  the  following  se- 
quence of  values 


(To  =  0.555 
(Ti  =  0.580 
(72  =  0.580 


((P3  sin  a)/(pi         ^*  =  ^  [1  +  (<p3  sin  a)  t/<p2\ 

0.212  0.00379 

0.213  0.00380 


with  a  converging  to  the  value  0.580.  For  a  =  0.580,  Fig.  37  gives 

cosh  a/<p2  =  0.800. 
Hence,  by  (98b)  for  i  -  1.0 

Ts  =  1.80, 
and  Ts  =  1.80  wh  or  7,600  pounds. 
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Fig.  38  —  Variation  of  sin  a  — y\  with  a. 
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APPENDIX   F 

The  Three-Dimensional  Stationary  Model 

F.i  Derivation  of  the  Differential  Equations 

Let  i,  j,  k  be  unit  vectors  along  the  ^,  ?/,  f  axes  (Fig.  26)  and  t  a  unit 
vector  along  the  tangent  to  the  cable  configuration  in  the  direction  of 
positive  s.  As  in  the  two-dimensional  model,  we  take  this  to  be  oppositr 
to  the  direction  of  travel  of  the  cable  elements  along  the  configuration. 
With  respect  to  the  cable  configuration  the  resultant  velocity  vector  of 
the  water  is  in  the  —i  direction.  We  resolve  this  velocity  into  directions 
normal  and  tangential  to  the  cable  in  the  plane  formed  by  i  and  7.  The 
unit  vector  in  the  normal  direction  we  denote  by  n,  namely, 

n  =  - — .    ,    ...  ...  ,.  (101)  , 

I  -«  +  (f  Oil  II 

In  analogy  to  the  two-dimensional  model  we  assume  the  normal  and 
tangential  drag  forces  depend  only  on  the  corresponding  water  velocity  i 
components.  Thus,  we  take 

D,  =  ^Ci-nV)\  (102)  I 

.      I' 
Equilibrium  of  the  forces  acting  on  a  cable  element  yields  the  equation 

t'^+I^  +  IDt^  nDs  -  }w  =  Pea.  (103)  !| 

ds  ds 

The  vector  a  denotes  the  acceleration  of  an  element  of  the  cable  as  it 
moves  at  the  constant  pay-out  velocity  Vc  along  the  cable  configuration. 
It  is  easily  shown  that 

a  =  V:'  ^  .  (104) 

ds 

For  convenience  we  introduce  a  second  reference  triad  of  orthogonal 
unit  vectors?,  u,  and  v  as  follows.  The  v  vector  is  taken  in  the  (^,  f )  plane 
normal  to  t ;  the  u  vector  is  chosen  equal  to  the  vector  product  v  X  t- 
The  angles  \l/  and  d  shown  in  Fig.  27  describe  the  orientation  of  the  (7, 
u,  v)  triad.  In  terms  of  these  angles,  we  read  from  Fig.  27  the  following 
table  of  direction  cosines 

-+  -^  -k 

i  j  k 

t  cos  6  cos  y}/  sin  d  —cos  6  sin  yp 

u  —  sin  d  cos  \p  cos  6  sin  6  sin  \}/ 

V  sni  yp  0  cos  xp 


! 
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[n  the  (7,  u,v)  system  the  vector  n  becomes  for  example 

-  _  w  sin  6  cos  rp  —  ?;  sin  ^ 
[sin^  6  cos-  xp  +  sin^  \p]^ ' 

Imagine  the  origin  of  the  {i,u,v)  triad  to  traverse  the  cable  at  unit 
velocity.  The  triad  during  this  traverse  rotates  hke  a  rigid  body  with 
respect  to  the  fixed  (^,  rj,  f )  frame.  The  rotation,  which  we  denote  by  fi, 
is  seen  from  Fig.  27  to  be 

Q  ='j  ^  -^p  0  =  u  cos  d  \p  -\-  V  6  +  1  sin  6  4^. 

Here  the  dot  denotes  differentiation  with  respect  to  time,  or  since 
ds/dt  =  1  it  may  be  interpreted  as  differentiation  with  respect  to  distance 
along  the  cable.  The  vector 7  is  a  fixed  vector  of  constant  magnitude  in 
the  rotating  (t,  u,v)  triad,  hence 

^  =  fi  X  T  =ue-'vcosd^.  (105) 

ds 

From  (101),  (102),  (104),  and  (105)  we  obtain  for  (103) 
{T  -  pcVc')  Qd  -  I  cos  6  4^)  +l(^  +  Drj 

+  -^ —  (sin^  6  cos^  \l/  +  sin"  \p)'iu  sin  6  cos  ^  —  y  sin  ^)    (106) 

—  w{u  COS  6  -{-  t  sind)  =  0, 

which  gives  the  three  scalar  equations,  (47). 
Further,  let  r(s)  be  the  cable  configuration,  i.e., 

r(s)  =  Uis)  +J  vis)  +  A^r(s), 

where  ^(s),  r}{s),  and  f  (s)  are  the  ^,  77,  f  coordinates  of  a  point  s  of  the 
cable.  Then 

1  =  i  ^ii^  +  ^  ^^  +  A-  ^^ 
ds  ds  ds 

Forming  the  scalar  product  of  t  with  i,  j ,k  respectively,  we  get  (48)  of 
Section  7.1. 

In  Si  6,  xj/,  T  space  the  solution  trajectories  of  (47)  are  given  by  the 
solutions  of 

,  jt2\  dd  _  A(cos^  rp  sin^  6  +  sin^  ^) '  cos  xp  sin.  6  —  cos  6 

V -'  Per  c  )  -Jjf,    —  p;     1  :       2  ' 

dT  Dt/w  —  sm  6 

,  -.r2\d\l/_  A  (cos  \(/  sm  6  +  sin"  \l/)'  sm  ^ 

-  P'^^'^)-^  cos  d{Dr/w  -  sin  d)  ' 
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We  see  that  the  trajectories  are  periodic  in  both  d  and  xj/  with  a  period 
of  27r,  and  only  a  single  region,  say 

0  ^  0  ^  27r, 

0  ^  ^  ^  27r, 

need  be  considered.  It  is  apparent  that  the  straight  lines 

(1)   ^Z'  =  0,  e  =  a;  (2)  rP  ^  0,  0  ^  «  +  tt; 

(3)  \p  =  T,  e  =  2ir  -  a\  (4)  lA  =  TT,  e  =  TT  -  a; 

are  solution  trajectories  which  contain  all  values  of  T.  Along  other  solu- 
tion trajectories  in  this  region  one  easily  verifies  that 


w 


^Dt 


XI.  r  vV  -  ^'"  V '" 


3Xp    / 


^^P  /«„  A[cos2  xp(d)  sin2  0  _^  gii^2  ^  (^-)p  cos  ^(g)  gji^  q  _  ^Qg  ^^ 
where  \}/  =  i^(0)  is  obtained  from  the  solution  of 

d\l/  _  [cos  6  —  A(cos^ }//  sin^  6  +  sin^  \l/)'  cos  i/'  sin  0]  cos  6 
dd  A(cos^  4/  sin^  6  +  sin-  i/')^  sin  ^ 

From  the  definitions  of  yp  and  6,  it  follows  that  the  lines  (3)  and  (4)  arei! 
physically  identical  with  lines  (1)  and  (2),  and  represent  straight-line 
la>ang  and  recovery  respectivel3\  Likewise,  the  expression  for  T  shows 
that  any  non-straight  line  trajectory  with  zero  bottom  tension  is  bounded 
by  PcTVV^-  Hence,  as  in  the  case  of  the  two-dimensional  model,  we  con- 
clude that  if  the  tension  is  somewhere  greater  than  pcV^/w  and  the  bot- 
tom tension  is  zero,  the  only  possible  stationary  configuration  is  the' 
straight  line  lying  in  the  plane  of  the  resultant  ship  velocity  and  gravity 
vectors,  and  making  the  critical  angle  a  with  the  horizontal. 

F.2  Perturhaiion  Solution  for  a  Uniform  Cross  Current  i 

At  the  outset  we  assume  the  tangential  drag  force  to  be  zero.  This 
gives  by  (49) 

T  =  w{h  +  r,),  (107) 

where  h  is  the  total  ocean  depth.  Furthermore,  we  take  pcVc  to  be  zero.. 
If  the  angle  (f  (Fig.  26)  is  small  compared  to  unity,  we  assume  that  6 
and  \l/  will  vary  only  slightly  from  the  values  they  would  have  if  the  i 
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upper,  cross-current  stratum  extended  all  the  way  to  the  ocean  bottom. 
That  is,  we  take  6  and  \l/  to  be  of  the  form 

6   =  a'  ^  6, 

(108) 
,/.  =  ,/,, 

where  a'  is  the  stationary  incidence  angle  corresponding  to  the  velocity 
V,  and  6  and  ^  are  assumed  small  compared  to  unity. 

Substituting  (48b),  (107),  and  (108)  into  (47a,  b)  and  retaining  only 
linear  terms  in  6,  \p  and  their  derivatives,  we  get  the  linear  first  order 
equations 

riff 
{h  +  7?)  -f  +  (2ctn'a'  +  1)^  =0,  (a) 

drj 

(109) 

(/i  +  ^)  #  +  csc'a';/.   =   0.  (b) 

dr} 

Because  in  the  lower  stratum  the  cable  is  a  straight  line  parallel  to  the 
path  of  the  ship,  we  have  as  boundary  conditions: 

,=  -/.',(^.  =  «-"''  (110) 

where  h'  is  the  depth  of  the  upper,  cross-current  stratum  and  a  is  the 
stationary  incidence  angle  corresponding  to  the  velocity  V. 
The  solution  of  (109)  for  the  boundary  conditions  (110)  is 

^^  +  '^  (111) 

-     fh-h'X 

where 

M  =  (2  ctn'ct'  -[-  1), 

V  =  cscV,  (112) 

Aa  =  or  —  a\ 

Equation  (48)  for  the  space-coordinates  ^,  r;,  and  f  of  the  cable  in  turn 
can  be  written  to  terms  of  first  order  in  the  form 

-f  =  etna    —  0CSC  a  , 
drj 

(113) 

-—  =  —  ,A,ctnQ:  . 
dj] 
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Substituting  (111)  into  (113)  and  integrating  under  the  condition  that  at 
7;  =  0,  ^  =  0  and  f  =  0,  we  find 


^      ,    .    {h  -  h')Aa       2   / 
I  —  rjCtna   +  — -, rr—  CSC  a 


(m-  1) 


^           ,       .  (h  -  h') 
f  —  etna 7^  (p 


1 


1 


_{h  +  r^y-'     /i^-ij ' 


1 


{v  -  I)       [.{h  +  r))'-^        h"-'} 


(114) 


These  equations  describe  the  space  curve  formed  by  the  cable  in  the 
cross-current  stratum. 

To  determine  the  distances  d  and  e  (Fig.  32),  we  transform  (114)  for 
the  cable  configuration  to  coordinates  ^'  and  f'  oriented  along  the  ship's 
path  and  normal  to  it  respectively  ])y  means  of 

I'  =  ^  cos  v?  —  f  sin  <p, 

f '  =  ^  sin  V?  +  r  cos  ip. 

The  result  to  terms  of  the  first  order  is 


./  ,      ,   ,   {h  -  h')Aa      2  / 

I    =  rjCtna   +  — -. r—  CSC  a 

(m  -  ly 

^,  (,1s    ctna'(/i  —  h') 

f     =  V'  I  '/-tna    + 


1 


1 


1  1 


) 


[y  -  1)       L(^  +  nY'^     h^-'. 
h'  and  denoting  the  corresponding  values  of  ^'  and  f'; 


Letting  r}  = 
by  —  c?  and  —e  respectively,  we  obtain  (52). 
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Theory  of  Curved  Circular  Waveguide 
Containing  an  Inhomogeneous  Dielectric 

By  SAMUEL  P.  MORGAN 

(Manuscript  received  Febrviarj^  25,  1957) 

Generalized  telegraphist's  equations  are  derived,  following  Schelkunoff, 
for  all  modes  in  a  curved  circular  waveguide  containing  an  inhomogeneous 
dielectric.  Particidar  attention  is  paid  to  the  coupling  between  the  TEoi 
mode  and  other  modes  in  the  curved  guide.  The  results  are  applied  to  the 
problem  of  preventing  the  mode  conversion  from  TEoi  to  TMn  which  rior- 
mally  occurs  in  a  curved  round  waveguide,  by  partially  filling  the  cross 
section  of  the  curved  guide  with  a  suitably  shaped  dielectric,  such  as  poly- 
styrene foam.  Design  equations  are  given  for  various  compensators,  and 
criteria  are  set  up  for  keeping  the  power  levels  of  all  spurious  modes  low  in  a 
coynpensated  bend.  Dielectric  losses,  which  may  be  important  at  millimeter 
wavelengths,  are  briefly  treated.  The  potentialities  of  different  compensator 
designs  are  illustrated  by  numerical  examples. 

INTRODUCTION 

It  has  been  recognized  for  several  years  that  a  major  problem  in  the 
transmission  of  circular  electric  waves  through  multimode  round  wave- 
guides is  the  question  of  negotiating  bends.  Theoretical  studies^'  ^'  ^  have 
sho\Mi  that  a  gentle  bend  couples  the  TEoi  mode  to  the  TEn  ,  TEjo , 
TEi3 ,  •  •  •  modes  and  to  the  TMn  mode.  The  TMn  mode  presents  the 
most  serious  problem,  since  it  has  the  same  phase  velocity  as  TEoi  in  a 
perfectly  conducting  straight  guide.  It  follows  that  power  introduced  in 
the  TEoi  mode  at  the  beginning  of  a  gradual  bend  will  be  essentially 
completely  transferred  to  the  TMn  mode  at  odd  multiples  of  a  certain 
critical  bending  angle  t?c  .  The  angle  §c  is  proportional  to  the  ratio  of 
wavelength  to  guide  radius  but  independent  of  bending  radius;  in  other 
words,  power  transfer  cannot  be  avoided  merely  by  using  a  sufficiently 
gentle  bend. 

S.  E.  Miller  has  discussed  a  number  of  methods  for  transmitting  the 
circular  electric  wave  around  bends  with  small  net  power  loss  to  TMn  • 
These  methods  are  of  two  general  types. 
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In  the  first  type  the  TEoi  mode,  which  is  not  itself  a  normal  mode  of 
the  curved  guide,  is  deliberately  converted  to  a  combination  of  TEoi 
and  TMii  which  is  a  normal  mode,  or  to  a  particular  polarization  of  TMu 
which  is  another  normal  mode  of  the  curved  guide.  After  traversing  the 
bend  the  energy  is  reconverted  to  TEoi  •  A  disadvantage  of  the  normal- 
mode  approach  is  that  the  mode  conversions  necessary  at  the  ends  of 
the  bend  are  frequency  sensitive,  so  that  bandwidths  appear  to  be 
limited  to  the  order  of  10  per  cent. 

A  second  approach  to  the  bend  problem  is  to  break  up,  by  some  modi- 
fication of  the  guide,  the  degeneracy  which  exists  between  the  propaga- 
tion constants  of  the  TEoi  and  TMn  modes  in  a  perfectly  conducting 
straight  pipe.  The  two  modes  are  still  coupled  by  the  curvature  of  the 
guide,  but  as  Miller  has  shown,  the  maximum  power  transfer  will  be  small 
if  there  is  sufficient  difference  between  the  phase  constants  or  between  the 
attenuation  constants  of  the  coupled  modes.  A  difference  in  phase  con- 
stants may  be  provided,  for  example,  by  circular  corrugations  in  the 
waveguide  wall,  or  perhaps  most  easily  by  applying  a  thin  layer  of  dielec- 
tric to  the  inner  surface  of  the  guide.  Differential  attenuation  may  be 
introduced  into  the  TMu  mode  by  a  number  of  methods,  in  particular 
by  making  the  guide  out  of  spaced  copper  rings  or  a  closely-wound  wire 
helix  surrounded  by  a  lossy  sheath.^  Unfortunately,  the  larger  the  guide 
diameter  in  wavelengths  the  more  difficult  it  is  to  get  the  separation  of 
propagation  constants  necessary  to  negotiate  a  bend  of  given  radius 
satisfactorily. 

Still  another  solution  of  the  bend  problem  is  to  decouple  the  TEoi 
and  TMii  modes  in  a  curved  guide  by  partially  filling  the  cross  section 
of  the  curved  guide  with  dielectric  material.  The  dielectric  must  be 
arranged  to  produce  coupling  between  the  TEoi  and  TMu  modes  which 
is  equal  and  opposite  to  the  coupling  produced  by  the  curvature  of  the 
guide.  This  condition  may  be  satisfied  in  a  great  variety  of  ways;  but  it 
is  not  the  only  requirement  for  a  good  bend  compensator.  Practical  re- 
strictions are  that  the  power  levels  of  all  other  modes  which  are  coupled 
to  TEoi  by  the  dielectric-compensated  bend  must  be  kept  low,  and  of 
course  dielectric  losses  in  the  compensator  must  not  be  excessive. 

Part  I  of  this  paper  treats  the  general  problem  of  a  curved  circular 
waveguide  containing  an  inhomogeneous  dielectric.  A  convenient  formu- 
lation of  the  problem  is  provided  by  S.  A.  Schelkunoff's  generalized  tele- 
graphist's equations  for  Avaveguides.^  The  field  at  any  cross  section  of 
the  dielectric-compensated  curved  circular  guide  is  represented  as  a 
superposition  of  the  fields  of  the  normal  modes  of  an  air-filled  straight 
circular  guide.  A  current  amplitude  and  a  voltage  amplitude  are  asso- 
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ciated  with  each  normal  mode,  and  the  currents  and  voltages  satisfy  an 
infinite  set  of  generalized  telegraphist's  equations.  The  coupling  terms 
in  these  equations  depend  upon  the  curvature  of  the  guide  axis  and  upon 
the  variation  of  dielectric  permittivity  over  the  cross  section.  In  the 
present  application,  the  distribution  of  dielectric  is  taken  to  be  independ- 
ent of  distance  along  the  bend.* 

The  generahzed  telegraphist's  equations  for  all  modes  in  a  curved 
circular  waveguide  containing  an  inhomogeneous  dielectric  are  set  up  in 
Section  1.1.  As  a  special  case  one  has  the  equations  for  an  air-filled 
curved  guide,  or  for  a  straight  guide  with  an  inhomogeneous  dielectric. 
In  Section  1.2  we  transform  from  current  and  voltage  amplitudes  to  the 
amplitudes  of  forward  and  backward  traveling  waves  on  a  system  of 
coupled  transmission  lines  and  in  Section  1.3  we  work  out  in  some  detail 
the  coupling  coefficients  which  involve  the  TEoi  mode.  An  approximate 
formula  for  dielectric  loss  in  a  compensated  bend,  which  is  valid  at  least 
in  the  important  practical  case  when  the  relative  permittivity  of  the 
dielectric  differs  but  little  from  unity,  is  given  in  Section  1.4. 

Part  II  applies  the  foregoing  theory  to  the  design  of  bend  compen- 
sators for  the  TEoi  mode.  In  a  well-designed  compensator  the  ampli- 
tudes of  the  backward  (reflected)  waves  are  very  low,  so  we  shall  neglect 
reflections.  The  amplitudes  of  the  spurious  forward  waves  should  also  be 
low  compared  to  TEoi ,  so  that  we  may  consider  them  one  at  a  time.  We 
assume  that  the  TEoi  mode  crosstalks  independently  into  each  spurious 
mode,  and  represent  the  interaction  between  modes  by  a  pair  of  linear, 
first-order,  differential  equations  in  the  wave  amplitudes.  Miller's  treat- 
ment* of  these  equations  is  reviewed  in  Section  2.1,  and  applied  in  Sec- 
tion 2.2  to  TEoi-TMii  coupling  in  plain  and  compensated  bends.  Some 
results  of  the  Jouguet-Rice  theory' '  ^  for  plain  bends  are  confirmed  by 
coupled-line  theory.  The  condition  for  decoupling  TEoi  and  TMn  in  a 
compensated  bend  is  written  down,  and  the  consequences  of  imperfect 
decoupling  are  discussed. 

Three  different  compensator  designs  are  described  in  Section  2.3,  and 
evaluated  with  regard  to  mode  conversions  and  approximate  dielectric 
losses.  In  the  first  case,  which  may  be  called  the  "geometrical  optics" 
solution,  the  permittivity  is  supposed  to  vary  continuously  in  such  a  way 
that  a  bundle  of  parallel  rays  entering  the  bend  would  be  bent  into  co- 
axial circular  arcs  all  of  the  same  optical  length.  This  is  not  a  perfect 
solution  of  the  problem  if  the  wavelength  is  finite,  but  it  is  of  some 

*  We  shall  not  consider  the  effects  of  random  inhomogeneities,  such  as  bub- 
bles in  polystyrene  foam,  although  these  might  conceivably  add  to  the  mode 
conversion  if  their  dimensions  were  comparable  to  the  operating  wavelength. 
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theoretical  interest  nevertheless.  In  the  second  case,  a  dielectric  sector  of 
constant  permittivity  is  attached  to  the  inner  surface  of  the  bend  nearest 
the  center  of  curvature;  the  angle  of  the  sector  is  determined  to  satisfy 
the  decoupling  condition.  Such  a  sector  may  be  an  effective  compensator 
if  the  guide  is  small  enough  to  propagate  only  40  to  50  modes  at  the 
operating  frequency,  as,  for  example,  a  f -inch  guide  at  a  wavelength  of 
5.4  mm.  Finally,  we  consider  a  compensator  made  of  three  dielectric 
sectors,  whose  angles  and  spacings  are  chosen  to  decouple  the  modes 
(TE21  and  TE31)  with  phase  velocities  closest  to  TEoi  .  The  three-sector 
compensator  may  be  necessary  if  the  guide  is  large  enough  to  propagate 
200  to  300  modes,  say  a  2-inch  guide  at  5.4  mm. 

In  Section  2.4  we  investigate  the  effect  of  increasing  the  attenuation 
of  the  spurious  modes  generated  by  the  compensated  bend.  The  con- 
clusion is  that  it  is  not  feasible  to  add  enough  loss  to  the  worst  spurious 
modes  to  reduce  appreciably  the  power  which  they  abstract  from  TEoi  . 

As  a  sample  of  numerical  results,  it  appears  possible  to  negotiate  a 
90°  bend  of  radius  20  inches  in  the  |-inch  guide  at  5.4  mm  with  an  inser- 
tion loss  of  about  0.3  db.  This  assumes  a  single-sector  polyfoam  compen- 
sator with  a  relative  permittivity  of  1 .036  and  a  loss  tangent  of  5  X  10~^ 
(polyfoam  with  approximately  these  constants  is  currently  available). 
About  0.2  db  of  the  quoted  loss  is  due  to  mode  conversions  and  0.1  db  to 
dielectric  dissipation.  For  a  2-inch  guide  with  a  three-sector  polyfoam 
compensator,  a  bending  radius  of  about  12  feet  appears  feasible.  The  total 
loss  in  a  90°  bend  should  be  about  0.35  db,  with  approximately  0.1  db 
going  into  mode  conversion  and  about  0.25  db  into  dielectric  dissipation. 
The  dielectric  loss  is  proportional,  of  course,  to  the  total  bend  angle,  and 
for  a  180°  bend  would  be  double  the  above  figures. 


CENTER  OF 
CURVATURE 


CENTER  OF 
CURVATURE 
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Fig.  1  —  Coordinates  used  in  circular  bend  in  circular  waveguide. 
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The  appendix  contains  brief  descriptions  of  three  dielectric  compen- 
sators which  can  be  inserted  in  a  straight  section  of  guide  adjacent  to  a 
bend.  The  first  two  are  transducers  which  convert  TEox  to  a  normal  mode 
of  the  curved  guide;  they  are  subject  to  bandwidth  limitations  as  men- 
tioned by  Miller.^  The  third  type  merely  takes  the  output  mixture  of 
TEoi  and  TMn  from  a  plain  bend  with  a  pure  TEoi  input,  and  reconverts 
it  all  to  TEoi  ;  it  is  essentially  a  broadband  device.  The  spurious  modes 
generated  by  a  bend  plus  compensator  have  not  been  calculated,  but  it 
is  very  unlikely  that  a  smaller  bending  radius  will  be  permitted  when  the 
compensator  is  outside  the  bend  than  when  it  is  inside. 

I.   THEORY 

1 .1  Generalized  Telegraphist's  Equations 

To  describe  electromagnetic  fields  in  a  curved  circular  waveguide  one 
is  naturally  led  to  use  "bent  cylindrical  coordinates"  (p,  <p,  z),  '  '  in 
which  the  longitudinal  coordinate  z  is  distance  measured  along  the 
curved  axis  of  the  guide,  w^hile  p  and  <p  are  polar  coordinates  in  a  plane 
normal  to  the  axis  of  the  guide,  with  origin  at  the  guide  axis.  The  fines 
^  =  0  and  ^  =  TT  lie  in  the  plane  of  the  bend.  The  radius  of  the  guide 
is  denoted  by  a  and  the  radius  of  the  bend  (i.e.,  the  radius  of  curvature 
of  the  guide  axis)  is  denoted  by  b.  The  coordinate  system  is  showii  in 
Fig.  1. 

For  the  moment  regarding  (p,  (p,  z)  as  general  orthogonal  curvilinear 
coordinates  {u,  v,  w),  we  let 

u  =  p,        V  =  <p,         w  =  z.  (1) 

The  element  of  length  in  this  system  is 

ds^  =  exdxi   +  e-idv   +  e{dw^,  (2) 

where 

ei  =  1,         ^2  =  P,         63  =  1  +  $,  (3) 


and 


^  =  (p/6)  cos  if.  (4) 

IVIaxwell's  equations  for  a  field  with  time  dependence  e'"'  may  be 
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written  in  the  form:^ 


1 

_dv 

dw 

=  —  iwiiHu , 

ezBi  \_dw 

-  ^    (e,E^) 

du 

=  —iicuHy  , 

6162  L^^ 

-  I  {e,Eu) 
dv 

=  —  iwjxHw , 

1 
6263 

_dv 

dw 

=  iweEu  , 

1 

6361 

dw 

du 

=  iueEv  , 

1 

6162 

_du 

-  1-  (e.H.) 
dv 

=  iweEw  . 

I 
1 


(5) 


In  these  equations  the  permeabiHty  ju  and  the  permittivity  e  may  be 
functions  of  position.  If  there  is  dissipation  in  the  medium,  either  e  or  /x 
or  both  may  be  complex. 

To  convert  Maxwell's  equations  into  generalized  telegraphist's  equa- 
tions, we  introduce  the  field  distributions  characteristic  of  the  normal 
modes  of  a  straight,  cylindrical  guide  filled  with  a  homogeneous  dielec- 
tric. The  derivation  follows  very  closely  that  given  by  Schelkunoff"  for 
an  inhomogeneously-fiUed  straight  guide.  Each  mode  is  described  by  a 
transverse  field  distribution  pattern  T(u,  v),  where  T{u,  v)  satisfies 


6162 


du  \ei  du  /        dv  \e2  dv  , 


xT, 


(6) 


and  X  is  a  separation  constant  which  takes  on  discrete  values  for  the 
various  TE  and  TM  modes.  We  shall  denote  the  function  corresponding 
to  the  nth  TE  mode  by  7'[„](m,  v),  and  the  .separation  constant  by  X[«i  , 
with  the  subscript  in  brackets.  The  normal  derivative  of  T[„]  vanishes 
on  the  perfectly  conducting  waveguide  boundary.  Similarly  the  function 
corresponding  to  the  nth  TM  mode  is  denoted  by  T^n){^i',  v),  and  the  sepa- 
ration constant  by  xcn)  ,  with  the  subscript  in  parentheses.  The  function 
T(^n)  vanishes  on  the  boundary  of  the  waveguide.  For  the  present  the 
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modes  may  be  assumed  to  be  numbered  in  order  of  increasing  cutoff 
frequency;  later  when  we  have  occasion  to  refer  to  specific  modes  we 
shall  replace  the  subscript  n  by  the  customary  double  subscript  notation 
for  TE  and  TM  modes  in  a  circular  guide. 

The  7'-functions  are  assumed  to  be  so  normalized  that 

f  (grad  r)  ■  (grad  T)  dS  =   f  (flux  T)  •  (flux  7')  dS 
Js  Js 

(7) 

^x"  f  T'dS  ^  1, 

where  S  is  the  cross  section  of  the  guide.  The  gradient  and  flux  of  a 
scalar  point-function  W  are  transverse  vectors  with  the  following  com- 
ponents: 

dW  dW 

grad„  W  =  ——,         grad„  W  =  -—-, 
eidu  e20V 

(8) 
dW  dW 

flux„  W  =  ^^,  flux„  W  =   — ^^. 

e2dv  eidu 

Various  orthogonality  relationships  exist  among  the  T-functions  corre- 
sponding to  different  modes  of  the  guide,  and  among  their  gradients  and 
fluxes.  These  relationships  have  been  listed  by  Schelkunoff.^^ 

The  transverse  components  of  the  fields  in  the  curved  guide  may  be 
derived  from  potential  and  stream  functions,  U  and  ^  for  TE  waves 
and  V  and  n  for  TM  waves.  Thus 

Et  =  —grad  V  —  flux^, 

(9) 
Ht  =  flux  n  -grad  U. 

We  now  assume  series  expansions  for  the  potential  and  stream  functions 
in  terms  of  the  functions  T{u,  v),  with  coefficients  depending  on  w.  Let 

V  =  -JLVMiw)  Tm{u,  v),        n  =  -T.hn){w)  Tm{u,  v), 

n  n 

^  (10) 

n  n 

The  /'s  and  F's  have  the  dimensions  and  properties  of  transmission-line 
currents  and  voltages.  If  we  substitute  (10)   into  (9)  and  expand  in 
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components  by  (8),  we  obtain: 

T      (71) 


n 
n 

n 


V<n 


(n) 


-r    y  [n]  — r— 

e-zov  . 
dT[„] 


eidii 
eodv 


—    V[n 


-I 


dl\n 


(n) 


(») 


dT[n] 


eodv 


+    I[n 


(11) 


/ 


(n) 


dT(n) 


+   /[n 


[n] 


eiduj 

dT[n] 


e\du  e2dv  J 

For  the  longitudinal  field  components  it  is  convenient  to  expand  the 
combinations  esEy^  and  ezHi,  in  the  following  series: 

esE^  =  J^XMVu,,M(w)T^n)(u,  v), 

"  (12) 

eJH^o  =  2lxMlw,[n]{w)Tin]{u,  v). 

n 

It  should  be  noted  that  the  boundary  conditions  in  the  curved  circular 
guide  are 

E,  =  E^  =  0  (13) 

at  the  boundary  of  the  guide,  and  that  these  conditions  are  satisfied  by 
the  indi\'idual  terms  of  the  series  for  E^  and  £"„, ,  on  account  of  the 
boundary  conditions  already  imposed  on  T(n)  and  Tin]  .  Hence  we  do 
not  have  the  problem  of  nonuniform  convergence  which  sometimes 
arises  in  treating  waveguides  of  varying  cross  section  by  the  present 
method. 

The  procedure  for  transforming  Maxwell's  equations  into  generalized 
telegraphist's  equations  is  now  straightforward,  if  a  trifle  tedious.  One 
substitutes  the  series  (11)  and  (12)  into  e(iuations  (5),  and  integrates  cer- 
tain combinations  of  the  latter  equations  over  the  cross  section  of 
the  guide,  taking  account  of  the  orthogonality  properties  of  the  T- 
f unctions.  For  example,  subtracting  dT^rro/eidv  times  the  first  of  equa- 
tions (5)  from  dT(m)/eidu  times  the  second  equation,  and  integrating  over 
the  cross  section,  yields 


dw 


X(m)V- 


w  ,(,m) 


=     —70) 


S  [/(„)   f  m  (grad  Tm)  ■  (grad  T .r.))  dS  (14) 

n      |_  Js 

+  /[„,   f  ne,  (grad  7'(.))  •  (flux  7^,])  dS 
Adding  dT[m]/eidu  times  the  first  equation  to  dT[m]/e2dv  times  the  second 
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and  integrating  gives 

dV[m 
dw 


=    —lo) 


£  [/(„)  f  m  (grad  Tm)  ■  (flux  T^m{)  dS 

+  /[„]  /  ^lC:i  (grad  T[m])  •  (grad  T^)  dS 


(15) 


Similarly,  from  the  fourth  and  fifth  equations  we  get 


dl  (m) 

dw 


=    —  ?co 


E 


l',„)  f  «,  (grad  r,..,)  •  (grad  T,.,)  dS 


+ 


F[„]  f  ees  (grad  r(„o)  •  (Aux  ^[,0)  <i*S 


(IG) 


dl 


[m] 


dw 


X[m]-^  w ,[7n] 


=   -i^  S 


T\,o   f  ees  (grad  r(„))  •  (flux  T^„,{)  dS 
•Is 

—  V[n]  I  ecz  (grad  ?'[„,])  •  (grad  T[n])  dS 

Js 


(17) 


From  the  third  of  equations  (5)  using  the  fact  that  the  ^-functions 
satisfy  (6),  then  multiplying  through  by  !'[,„]  and  integrating  over  the 
cross  section,  we  get, 

's        ez 


V[m]     —     —  io) 


Z2      ^^v,[n]X[n]      I 
n  Js 


dS. 


(18) 


Similarly,  from  the  sixth  equation, 

T  _  ■       \^    jr  f  ^T(n)T(m) 

1  im)     —     —tOl    2^    \   «,,(,0X(n)     /     

n  Js  63 

These  equations  may  be  written  in  the  form 


dS. 


(19) 


V[m\     —     —  2_/ 

n 

/(m)     =     —  2_/ 


^w ,[m]  [n] -*«;,[«] 
X[m] 

V  V 

■'  to,  (to)  (n)  '  w,  (n) 
X(m) 


(20) 


where  we  define 


,[TO][n]     —    ■?WX[m]X[ 


Js  €3 


-t«),(TO)(n)    —    ^WX(ro)X(n)     /    ttO. 

Js  Cz 


(21) 
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Solving  (20)  for  /^.[^i  and  V^^,(m)  in  terms  of  F[„]  and  /(„)  respectively, 
we  may  write 

Iw.lm]    —     —  Z^  l^tn], 

"       "-'  (22) 

Vw,(m)    —     —2^    -'(»)> 

n  X(m) 

where  Yw,[m\[H]  and  Zy,,{m)(n)  may  be  defined  as  the  ratios  of  certain  de- 
terminants involving  Zy,,[m][n]  and  F^, („)(„)  respectively.* 

We  are  now  able  to  eHminate  Vw,(m)  and  Iw,[m]  from  (14)  and  (17), 
and  to  write  down  the  generalized  telegraphist's  equations  for  the 
curved  circular  waveguide  filled  with  an  inhomogeneous  dielectric  in 
the  following  form : 


dw 


=       — 2-(   [Z  {m){n)I (n)    +    Z i^m)[n]I [n]\  , 


r^    =     —/^   [Z[m\(n)I(n)    +    -^[m]  [n]/[n]], 

aw  n 

-^    =     —Z^   [F(m)(n)F(„)    +    F(,„)[„]y[„]], 


(23) 


dw 


—r^    =     —  ZJ    [Ylm]in)Vin)     +    Y  [m]  [n]V  [n]] . 
dw  n 

The  impedance  and  admittance  coefficients  are  defined  by : 

Z(^;n)(n)     =    10}     /    UBiigYSid    T'(„o)-(grad    T(„))    dS    +    Z^a.(m)(n), 

Z^,n)[n]  =  ioi  \  M<?3(grad  T(„o)  •  (flux  T[„])  dS, 
Js 

Z^mMn)  =  ioi  \  /xe3(flux  T[,„]) "  (grad  T^rC))  dS, 
Js 

Z[n,.][n]  =  tco  /  iue3(grad  T[„,])  •  (grad  T^)  dS, 
Js 

F(„,)(»)  =  -iw  /  ee3(grad  T(„o)  •  (gi'ad  T^)  dS, 

Js 


(24) 


*  If  (20)  are  actually  regarded  as  infinite  sets  of  equations,  one  has  to  pay  some 
attention  to  defining  the  meaning  of  the  statement  that  their  solutions  are  given 
iiy  (22).  In  practice  we  shall  deal  with  a  finite  number  of  modes,  and  shall  by- 
pass all  questions  about  infinite  processes. 


i 


CIRCULAR  WAVEGUIDE  WITH  INHOMOGENEOUS  DIELECTRIC         1219 

Y^,„)[n]  =  ioo  /  eCaCgrad  T(,„))  •  (flux  T[n])  dS, 
Js 

Y[m](H)  =  ?co  /  eeslflux  T [,„])•  (grad  T(„))  d*S', 

F[,„][„]  =  to  /  eesCgrad  T [„,])•  (grad  T[n])  dS  +  F,„, [,„][„]. 

It  may  be  noted  that  if  the  guide  were  straight,  so  that  63  =  1,  and 
if  /i  and  e  were  constant  over  the  cross  section,  the  F's  and  Z's  would  all 
be  zero  except  for  those  having  equal  subscripts.  If  the  curvature  of  the 
guide  is  gentle,  and  if  /x  and  e  do  not  vary  much  over  the  cross  section 
(or  if  they  vary  extensively  only  in  a  small  part  of  the  cross  section), 
then  the  F's  and  Z's  with  unequal  subscripts  will  be  small,  and  we  can 
obtain  approximate  solutions  of  (23)  based  upon  the  smallness  of  the 
coupling. 

We  shall  now  compute  first-order  approximations  to  the  impedance 
and  admittance  coefficients  under  the  following  assumptions: 

M  =  Mo  , 

(25) 
e  =  eo(l  +  5), 

where  /xo  and  eo  are  constants  (usually  but  not  necessarily  the  per- 
meability and  permittivity  of  free  space),  and  6  is  a  dimensionless  func- 
tion of  position.  No  mathematical  difficulties  would  follow  from  assum- 
ing fi  as  well  as  e  to  be  variable,  but  since  the  case  of  varying  permeability 
is  not  of  such  immediate  practical  interest  we  shall  omit  this  slight  addi- 
tional complication.  In  order  that  the  coupling  per  unit  length  due  to 
curvature  and  to  inhomogeneity  of  the  dielectric  be  small,  we  further 
assume  that 

\^\^a/b«  1, 

(26) 


I  f  \  6  \  dS  «  1, 


where,  as  ireual,  S  is  the  cross-sectional  area  of  the  guide. 

From  (21),  first-order  approximations  to  Z„, [,„][„]  and  F„.,(,„^(n)  are 

Zw,[m][n]      —    l(jiljLo[8,„n    —    ^[m][n]], 

(27) 

Fu,,(m)(„)     —    iueo[8mn    +    5(m)(n)    ~    ^(m)(n)], 


I 
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where 

^[m][n]     =    X[m]X[n]     /     ^T [„,]  T [n]    chS, 

^{m)(n)    =    X(m)X(n)     I     ^T (^,n)  T (r>,)  dS,  (28) 

5(m)(n)     =     X(,m)Xin)     I     5T(,„)  T(„)    dS. 

The  quantity  8mn  is  the  Kronecker  delta,  and  is  not  to  be  confused  with 
5(,«)(n)  ,  which  is  defined  by  the  last  of  equations  (28).  Note  that  ^[m][n] 
and  ^(m)M  are  zero  unless  the  angular  indices  of  the  two  modes  in- 
volved differ  by  exactly  unity. 

It  is  not  difficult  to  obtain  approximate  solutions  of  (20)  in  the  forms 
(22),  since  the  off-diagonal  elements  of  the  coefficient  matrices  of  (20) 
are  small  compared  to  the  diagonal  elements.  Using  the  expression  de- 
rived by  Rice'^  for  the  inverse  of  an  almost-diagonal  matrix  (we  shall 
not  attempt  to  prove  this  result  for  infinite  matrices),  we  find  the  first- 
order  approximations 

■17                              X[m]X[n]    fs  r^    V  1 

1  w.[m]ln]    —    : [Omn   "T   ^[m][n]i, 

iwHo  ,     , 

(29) 

'7                         —    X(m)X{n)    \^  _\       f  ;■  1 

^w,{m)in)    —    : \Omn    "T    C,{m^{n)  0(m)(n)J. 

tweo 

Approximate  expressions  for  the  impedance  and  admittance  coeffi- 
cients appearing  in  the  generalized  telegraphist's  equations  (23)  are: 

Z(m)(n)  =  ?COyUo[5m,j    +    H(m)(nU    +    Za',(m)(n)   , 

Z{m)[n]  —  'ZW/XoH(m)[rt]   , 

Z[m]{n)  =  io:iJ.o'E[m]{n)  , 

Z[m][n]  =  ta))Lio[5,„,j    +    H[m][n]],  (30)      ■ 

^' (m)(.n)  =  io:eo[8mn    +    H(m)(n)    +    '^(»i)(n)], 

Y(m)[n]  =  ?'coeo[H(m)[„]    +    A(m)[«l], 

Y[m](,n)  —  ^''*^€o[H[m](n)    +    ^[mlC'oJ) 

y[m][n]  =  io)to[8,nn.    +    H[ml[«]    +    •^['«]["]]    +    ^  w,["']\ti]   . 


C^i) 


(32) 
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where 

H(m)(„)  =   /  ^(gi-ad  r(,„))-(grad  T^)  dS, 

H(.)W   =    f  s^  (grad  Tco)  •  (flux  Tt,])  (/>S, 

H[,„](«)   =  /^(flux  T[,„])-(grad  T^)  dS, 

H[,«][«]   =   /  ^(grad  r[„])-(grad  T[n])  dS, 

and 

A(^)(„)  =   /  5(grad  T (,„))•  (grad  T^n))  dS, 
•Is 

A(m)M   =   f  digrsid  r(,„))-(flux  Tm)  dS, 
•Is 

A[m](n)   =    f  d{nuxT{,nj)-(grsidT^n))  dS, 
•Is 

^Min]   =   /  5(grad  T^)  •  (grad  T[n])  dS. 
-Is 

The  H's  are  zero  unless  the  angular  indices  of  the  two  modes  involved 
differ  by  exactly  unity. 

1.2  Representation  in  Terms  of  Coupled  Traveling  Waves 

From  now  on  Ave  shall  assume  that  the  distribution  of  dielectric  over 
the  cross  section  of  the  curved  guide  is  independent  of  distance  along 
the  guide,  so  that  the  impedance  and  admittance  coefficients  are  con- 
stants independent  of  z.  (We  shall  henceforth  designate  the  coordinates 
by  (p,  <p,  z),  instead  of  the  {u,  v,  w)  of  the  preceding  section.)  The  general- 
ized telegraphist's  equations  now  represent  an  infinite  set  of  coupled, 
uniform  transmission  lines,  and  their  solution  would  be  equivalent  to 
the  solution  of  an  infinite  system  of  linear  algebraic  equations  and  the 
corresponding  characteristic  equation. 

For  our  purposes  it  is  convenient  to  write  the  transmission-line  equa- 
tions not  in  terms  of  currents  and  voltages,  but  in  terms  of  the  ampli- 
tudes of  forward  and  backward  traveling  waves,  assumed  to  exist  in  a 
straight  guide  filled  with  a  homogeneous  medium.  Thus  let  a  and  h  be 
the  amplitudes  of  the  forward  and  backward  waves  of  a  typical  mode  at 
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a  certain  point.  In  what  follows  the  wave  amplitudes  a  and  h  will  always 
carry  mode  subscripts,  so  they  need  never  be  confused  with  guide  radius 
and  radius  of  curvature.  The  mode  current  and  \'oltage  are  related  to 
the  wave  amplitudes  by 

V  =  ICia  +  h), 

(33) 
/   =  K-\a  -  h),  ^ 

where  K  is  the  wave  impedance.  We  have 

K{n)  =  h(n)/ooeo  ,  m 

(34) 

K[„]     =    UfJLo/hln]   , 

for  TM  and  TE  waves  respectively,  where  /i(,o  and  /?[„]  represent  the 
unperturbed  phase  constants, 

(35) 
h[n]  =  (0'  -  xm'T, 

and 

/3    =  CO  fj.oeo .  (36) 

For  a  cutoff  mode,  h  is  negative  imaginary;  but  we  shall  deal  onl}^  with 
propagating  modes  in  the  present  analysis. 

If  we  represent  the  currents  and  voltages  in  the  generalized  tele- 
graphist's equations  (23)  in  terms  of  the  travehng-wave  amplitudes,  and 
then  perform  some  obvious  additions  and  subtractions,  we  obtain  the 
following  equations  for  coupled  traveling  waves: 


da 


—    =     — *   zZ   U(m)  («)«(«)    +    K(m)(n)b(n)    +    K(m)[n]a[n]    +    K(m)  [n]fe[n]J, 


=     —  i   ^    [K[m]{n)Ci(n)    +   K[m](n)&(n)    +    K[m][n]fl[n]    +    ^'[m]  [n]0[>i]J, 
=     +/    Zl    lK[»i](n)Ci(n)    +    K[„,](n)h(n)    +    K(,«][n]0[«l    +    f^lm][n]h[„]]. 


dz 

dz  n  ,        . 

(3/) 

dh[m\ 

dz 

The  k's  are  coupling  coefficients  defined  in  terms  of  the  impedance  and 
admittance  coefficients  by 

*«(m)(n)     =  ■2[(-^(m)^(n))'    Y (m)(n)    ±    {K(m)Kin))  '   Z(m)(»)], 

iK(m)[n]     =  2[(-^(m)-^[n])'    ^^("OI"!    ±    {K(m)K[n\)  '   Z(„,)[h]], 

U[m](n)     =  |[(-K^[ml-K'(n))'    5"  [„,](„)    ±    (K [m]-K^(n))  '2^[ml(n)], 

*'^[m][n]     =  ^[(i^[m]-K'[nl)'    I^[m]ln]    ±    (/C[m]i^[„])  'Z[m][„]]. 


(38) 
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In  these  definitions  the  plus  signs  are  taken  together,  likewise  the  minus 
signs.  The  factors  of  i  are  introduced  in  order  that  the  k's  may  be  real  for 
pi'opagating  modes  in  a  lossless  guide. 

For  the  small-coupling  case  discussed  at  the  end  of  the  preceding  sec- 
tion, it  is  convenient  to  separate  a  typical  coupling  coefficient  into  two 
parts;  thus, 

K  =  c  +  d.  (39) 

Here  c  is  the  coupling  coefficient  due  to  curvature  and  is  zero  unless  the 
angular  indices  of  the  two  modes  involved  differ  by  unity.  The  coupling 
coefficient  d  is  due  to  the  dielectric.  All  c^'s  vanish  if  the  dielectric  is 
homogeneous;  otherwise  particular  symmeti'ies  may  cause  certain  classes 
of  d's  to  be  zero.  The  c's  and  d's  may  be  expressed  in  terms  of  integrals 
written  down  in  the  preceding  section  if  we  substitute  for  the  F's  and 
Z's  in  (38)  their  definitions  according  to  (30). 

The  k''"'s  which  have  equal  subscripts  {n){n)  or  [n][n]  may  be  regarded 
as  phase  constants  (of  particular  TM  or  TE  modes)  which  have  been 
modified  by  the  presence  of  the  dielectric.  For  the  modified  phase 
constants  we  introduce  the  symbols  /3(„)  and  /?[„]  ;  thus, 

o       _    +  J,        _i_  X(rt)'5(„)(„)  -f  /l(„)2A („)(„) 


2/i( 


n) 


^W 


K-[n\[n]     —    H[n]     -p 


(40) 


2h[n 


[n] 


The  general  expressions  for  the  coupling  coefficients  between  any  two 
different  modes  are  as  follows: 


C{m)(n) 


d(m)  (re) 


C(m)[7i] 
d(m)[n] 
C[m]  (n) 


1 

2 


vh(_m)h(n)   i^(m)(n)    ± 


^  'B(m)(n)    —    X(m)X{n)^(m)(n) 
X(m)X(n)5{m)(n) 


1  /7 7 X(m)X(n)6(7re)(n) 

^5        V«'(m)'i(n)   '^(m)(n)     ±  /r 7 j 

-    L  V  ll(m)H(n)      _ 

2  /3H(m)[n]    [\/h(m)/h[n]    ±    \/ h[n\/h^,n)\  , 
2   ^^{m)ln]     V  /i(m)//l[n]) 

I  /^H[,„](«)[V/t(n)//l(m]    ±     V'h[,n]/h(n)]j 


d[m]U')     — 


Clm][n] 


d[,n][n] 


2    /3A[„,](„)    y/h(n)/h[m]   , 

/3^S[OT][n]     —    X[m]X[n]^M[n] 


i[ 


'\/h[m]h[n] 


>^[m][n]   'Vh[,n]h[n]      , 


0'^lm]ln] 
2  '\/h[m]h[n] 


(41) 


1224      THE    BELL   SYSTEM   TECHNICAL   JOURNAL,    SEPTEMBER    1957 

where  the  symbols  with  double  subscripts  are  defined  by  (28),  (31),  and 
(32). 


1.3  Coupling  Coefficients  Involving  the  TEoi  Mode 


I 


In  Part  II  we  shall  consider  a  well-compensated  bend  in  which  the 
total  power  in  all  spurious  modes  is  everywhere  low  compared  to  the 
power  level  of  TEoi  .  (This  is  somewhat  more  restrictive  than  merely 
assuming  that  the  power  in  any  one  spurious  mode  is  everywhere  small 
compared  to  the  power  in  TEoi  •)  To  first  order,  therefore,  we  may  com- 
pute the  power  abstracted  from  TEoi  by  mode  conversion  by  assuming 
that  the  TEm  mode  crosstalks  into  each  spurious  mode  independently. 
For  this  calculation  we  need  the  values  of  the  forward  coupling  coeffi- 
cients between  TEoi  and  all  other  modes.  The  crosstalk  into  backward  | 
modes  will  be  negligible  in  all  practical  cases. 

We  shall  use  the  customary  double-subscript  notation  for  the  various  i 
modes  in  a  round  guide,  but  shall  continue  to  denote  TM  waves  with  ; 
parentheses  and  TE  waves  with  brackets.  We  assume  that  the  distribution  j 
of  dielectric  is  symmetric  with  respect  to  the  plane  of  the  bend,  so  that  TEqi  j 
is  coupled  to  a  definite  polarization  of  each  spurious  mode.  The  normal-  ; 
ized  T-f unctions  are  then:  j 


J,  ^  /en  Jn{X(nm)p)    SlTl  nxp 

V      TT       n'(nm)J  n-l{rC{nm)) 

Jn{x[nm]p)    COS  Hif 


(42) 


where 


and 


[nm]"  n~)^Jn\K[nm]) 


k{nm)    —    X(nm)tt,  JnV^\nm))      —    0, 

K[nm]    =    Xlnm](l,  J n  \k[nm])    —    0, 

1,        n  =  0, 


(43); 


(44) 


2,        n  ^  0. 

1.3.1  Coupling  Coefficients  due  to  Curvature 

We  know  that  to  first  order  the  curvature  of  the  guide  can  couple  the 
TEoi  mode  only  to  modes  of  angular  index  unity.  Let  us  calculate  the 
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coupling  between  TEoi  and  TMi,„  .  Referring  to  (31),  we  have 

»-(lm)[01]     =    A[01](lm) 

=   f  ^(grad  T(i„o)  •  (flux  T[oi])  dS 

^    f''  r  '\/2./i(x[oi]p)-^i(x(im)p)  cos^y  (45) 

^0        Jo  Trahk(im)Jo{k[Ol])Jo(,k(im)) 

\a/\/2k[oi]h        if  m  =  1, 

[O  if  7W    F^    1. 

Hence  the  only  transverse  magnetic  mode  coupled  to  TEoi  by  the  bend 
is  TMn  ,  and  from  (41)  the  forward  coupling  coefficient  is: 

Cai)[oii  =  cfoiKU)  =  l3a/\/2k[oi]b  =  0.18454,Sa/6.  (46) 

To  obtain  the  coupling  between  TEoi  and  TEi;„  ,  we  must  evaluate  two 
integrals.  From  (28),  the  first  is 

^[01]  [Im]     =    ^[lOT][01] 


X[01]X[lm]     /     ^T[oi]T[im]    dS 


^      Z"^"     r  \/2X[lm]pVo(x[01lp)'/l(x[]m]p)    cos'  (p     ,  ^"1") 

Jo     Jo       Trab{k[un]^  —  l)Uo(fc[oi])/i(/c[im]) 
_  '\/2a  A;[im](/v[oi]    +  ^'[im]v 

and  from  (31),  the  second  is 

A[01][]m]     —    A[lm][01] 


=   f  Kgrad  Tio,])  •  (grad  l\un])  dS 

•Is 


'S 


^     ^    ^.T    p  \/2X[lm]P^Jl(xi0l]P)JliX[lm]p)    cos'  V?  (-IS) 

Jo       Jo  ■7rab(k[lm]^   —    l)'Joik[Ol])Jl{k[lm]) 

_  2\/2a  k[oi]k[im]' 


A  short  table  of  numerical  values  of  the  above  two  integrals  follows: 


m 

i;[01I(lml 

A|01)|lmJ 

1 

0.23871  a/b 

0.18638  a/b 

2 

0.32865  a/b 

0.31150  a/6 

3 

0.03682  a/b 

0.02751  a/b 
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Putting  these  values  into  the  expression  (41)  for  the  forward  coupling 
coefficient,  we  obtain: 

"0.09319(^a)2  -  0.84204 


C[01][ll] 


C[01][12] 


C[01][13] 


y/h[oi]ah[n]a 
'0.15575(^a)"  -  3.35688 

V/i;oi]a/i[i2]a 
"0.01376(/3a)2  -  0.60216 


+  0.09319  VA[oi]a/i[n,a 

+  0.15575V^[oi]tt/i[i2]a 
+  0.01376\//i[oi]aA[i3]a 


1 


b' 

1 
b' 


(49) 


■\/hioi]ah[i3]a 

1.3.2  Coupling  Coefficients  due  to  Dielectric 

Depending  upon  the  distribution  of  the  dielectric  material  over  the 
cross  section  of  the  guide,  the  TEoi  mode  may  be  coupled  to  any  mode 
except  those  of  the  TMom  family.  The  dielectric  coupling  coefficients,  as 
given  by  equations  (41),  are 

d[0\](nm)     =    «(nm)  [01]     =     2/5^[01]  (»'»)   V    ^(nOT)/"[Ol]   , 
,+  ^"A  [01]  [nm] 


7+ 


(50) 


dp  d(p, 


d[01][nm]     —    d[„m][01]     '—    r,^/T T • 

■^  V  "[01]«'[nm] 

The  A's  are  obtained  from  equations  (32) ;  thus, 

A[oi](nm)  =   /  5(grad  T(„„o)-(flux  T[cii])  f/*S 
•Is 

^      r'"   r  8{p,ip)n\/7„JniX(nm)p)Jl{Xm]p)    COS    thp 
Jo       Jo  '7rak^„m)Jn— l{K{nm))  J  0\k  [01]) 

A[oi][n,«]  =   /  6 (grad  T [„,„])•  (grad  T [01])  d*S 
Js 

^     ^    ^2t    -.a  g(p^  <p)\/ZX[nm]Jn'(Xlnm]p)Jl(Xm]p)    COS  mp 
Jo       Jo  Tra{k[nrn]-    "    W")  V„(/v[„„j]  )  Jo('^[01] ) 

1.4  Dielectric  Losses 

To  take  account  of  dielectric  dissipation  we  may  introduce  a  complex 
permittivity, 


(51) 


€  =   e'  -  ie"   =   e'  (1   -  i  tan  if), 


(52) 


where  ^  is  the  loss  angle  of  the  dielectric  and  is  not,  of  course,  to  be  con- 
fused with  the  coordinate  (p.  If  we  let 


e'  =  60  (1  +  5'), 


(53), 
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where  8'  is  real,  then  (52)  may  be  written 

e  =  €o[l  +  5'  -  i{l  +  8')  tan  <p]  =  eo(l  +  8),  (54) 

where 

8  =  8'-  i{l  +  8')  tan  <p.  (55) 

No  changes  in  the  formal  analysis  result  from  the  fact  that  8  now  has  a 
complex  value. 

If  the  compensator  is  designed  (assuming  a  lossless  dielectric)  so  that 
the  total  power  coupled  from  TEoi  into  all  spurious  modes  is  small  at 
all  points,  it  is  reasonable  to  assume  that  the  principal  effect  of  dielectric 
loss  on  the  TEoi  mode  will  be  seen  in  the  modified  phase  constant  |S[oi] 
of  this  mode  in  the  presence  of  the  compensator.  If  the  compensator  is 
made  by  filling  a  certain  part  Si  of  the  guide  cross  section  with  a  medium 
of  constant  (complex)  permittivity,  and  the  rest  of  the  cross  section  with 
air,  then  from  (32)  and  (40)  the  modified  phase  constant  of  the  TEoi 
mode  is 

^[01]  =  hm  +^  f   (grad  T(oi])'  dS,  (56) 

-^"[01]    •'Si 

where  8  is  given  by  (55).  Since  5  is  complex,  the  attenuation  constant  is 

T      _            j8^(l  +  8')  tan  (p   f    ,       ,  r,^     \2  70         /-„x 
oc[m  =  -ImiS[oi]  =  ^ •  /    (gradT[oi])  dS,       (o7) 

where  the  integration  may  be  carried  out  as  soon  as  the  area  Si  is  speci- 
fied. 

The  approximation  (57)  for  the  attenuation  constant  due  to  dielec- 
tric losses  has  a  simple  physical  interpretation.  It  corresponds  to  the 
power  which  would  be  dissipated  in  a  medium  of  conductivity  coe"  if 
I  the  electric  field  existing  in  the  medium  were  the  same  as  the  field  of  the 
TEoi  mode  in  a  straight,  empty  guide.  This  is  probably  a  very  good 
approximation  if  8'  is  small,  as  it  will  be  for  the  foam  dielectrics  from 
which  compensators  are  most  likely  to  be  made. 

It  is  doubtful  that  (57)  furnishes  a  good  approximation  to  the  dielec- 
itric  loss  when  the  permittivity  of  the  compensator  is  high  (5  not  small 
[compared  to  unity).  If  the  permittivity  is  high  the  cross  section  of  the 
dielectric  member  will  be  small,  but  the  field  perturbation  may  be  large 
jin  the  immediate  neighborhood  of  the  dielectric.  The  series  which  rep- 
resent the  fields  in  terms  of  the  normal  modes  of  the  empty  guide  may 
converge  slowly;  in  other  words,  when  using  the  telegraphist's  eciuations 
one  must  consider  the  coupling  between  TEoi  and  a  large  number  of 
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other  modes,  none  of  which  appears  by  itself  to  be  very  strongly  coupled 
to  TEoi . 

Of  course  if  Ave  had  a  single  normal  mode  of  the  compensated  guide, 
with  a  field  pattern  independent  of  distance  along  the  guide,  it  might 
well  be  possible  to  calculate  the  field  distribution  and  the  dielectric  losses 
approximately,  without  reference  to  the  telegraphist's  equations  and 
regardless  of  the  permittivity  of  the  dielectric.  However,  we  do  not  have 
a  single  normal  mode  of  the  compensated  guide,  but  rather  a  mixture  of 
modes.  The  field  pattern  varies  along  the  guide  as  the  modes  phase  in 
and  out;  and  it  is  not  easy  to  conclude  from  this  picture  what  the  actual 
dielectric  losses  will  be. 

Finally  it  should  be  remembered  that  we  have  said  nothing  about  the 
possible  effect  of  a  dielectric  compensator  on  eddy  current  losses  in  the 
waveguide  walls.  If  one  attempted  to  use  a  compensator  of  small  physical 
size  and  correspondingly  high  permittivity,  the  resulting  perturbation 
of  the  electric  field  might  very  well  increase  the  eddy  current  losses  in 
the  wall  adjacent  to  the  compensator.  On  the  other  hand,  the  increase 
would  probably  be  negligible  for  a  compensator  made  out  of  a  foam  di- 
electric. 

II.    APPLICATION 

2.1  Properties  of  Unijormly  Coupled  Transmission  Lines 

We  shall  now  apply  the  preceding  theory  to  the  calculation  of  TEoi . 
mode  coupling  in  gentle  bends.  To  describe  propagation  in  a  curved 
w^aveguide  in  terms  of  the  modes  of  a  straight  guide  requires,  in  general, 
the  solution  of  the  infinite  set  of  equations  (37) ;  but  we  can  give  an  ade-  : 
quate  approximate  treatment  by  considering  just  two  modes  at  a  time, 
one  mode  of  each  pair  always  being  TEoi  .  Furthermore  we  need  consider 
only  the  forward  waves,  since  the  relative  power  coupled  from  the  for- 
w^ard  waves  into  the  backward  waves  is  quite  small. 

The  differential  equations  representing  the  forward  waves  on  two  uni- 
formly coupled  transmission  lines  are: 

dao   .  ,     .  „ 

"1-  +  ToQo  +   iKGi    =   0, 

dz  ,    ^ 

(58) 

.    dax 
iKtto  +  -7-  +  Ti«i  =  0- 
dz 

In  these  equations  ao{z)  and  ai{z)  are  the  amplitudes  of  the  forward' 
traveling  waves,  normalized  so  that  |  Oo  |^  and  |  Oi  |'  represent  power  flow 
directly.  We  may  think  of  the  subscript  0  as  always  referring  to  the  TEoi 
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mode.  The  complex  constants  70  and  71  may  be  regarded  as  (modified) 
propagation  constants;  note  that  because  of  the  coupling  they  are  not 
necessarily  equal  to  the  propagation  constants  of  the  uncoupled  modes. 
The  coupling  coefficient  is  denoted  by  k;  it  will  be  real  if  the  coupling 
mechanism  is  lossless,  but  is  not  required  to  be  so  in  the  general  mathe- 
matical solution. 

We  are  interested  in  the  case  in  which  line  0  contains  unit  power  at 
2  =  0,  and  line  1  contains  no  power.  Subject  to  the  initial  conditions 


ao(0)  =  1,         a:(0)  =  0, 


(59) 


the  solution  of  (58)  is 

ao(z)  = 

1    ,     (70  -  7i) 
_2              2r       _ 

m  0  z      1 

e  -    + 

1        (70  -  7i) 
_2              2r 

r 

where 

r  =  V{yo-  liT-  -  M 

and 

mj  2 


(60) 


mi  =  M-(7o  +  7i)  +  r], 
W2  =  |[-(7o  +  7i)  -  r]. 


(61) 


(62) 


For  the  case  of  two  propagating  modes  without  loss,  k  is  real  and  Ave 
may  write 


so  that 


7o  =  «/3o  ,  7i  =  i^i  , 


r  =  iVi^o  -  i3i)2  +  4k^. 


(63) 


(64) 


A  straightforward  calculation  now  gives  the  power  in  each  line  at  any 
point : 


1 


4k^ 


(/So  -  ^1)^  +  4k 
4k' 


-smhA((3o  -  13^  +  4/c'JX 


(65) 


shr  mo  -  iSiY  +  4Kr'z 


{(3o  -  /3i)2  +  4«2 
Hence  the  maximum  power  transferred  from  line  0  to  line  1  is 

4k'  [2k/(/?o  -  ^1)]' 


V-'^l/max 


(^0  -  l3iY  +  4k-2        1  +  [2k/ {^0-  /3i)P' 


(66) 
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and  the  points  of  maximum  power  transfer  are 

_  (2n  +  l)7r 


(67) 


where  n  is  any  integer. 

As  is  well  known,  complete  power  transfer  from  line  0  to  line  1  is 
possible  if  and  only  if  the  (modified)  phase  constants  (So  and  j8i  are  equal. 
In  general  the  maximum  power  transierred  to  line  1  depends  on  the  ratio 
of  the  coupling  coefficient  to  the  difference  in  phase  constants,  and  if  this 
ratio  is  small,  then 

(Pl)max  ^  4/c7(/3o    -    iSi)l  (68) 

If  the  difference  in  phase  constants  is  not  large  enough  to  prevent  un- 
desirable power  loss  from  line  0,  an  alternative  possibility,  as  Miller 
has  shown,  is  to  increase  the  attenuation  constant  of  line  1  while  leaving 
the  attenuation  constant  of  line  0  as  nearly  unchanged  as  possible.  We 
can  get  an  idea  of  the  required  attenuation  difference  from  the  following 
approximate  treatment. 


Let 


7o  =  ao  +  i^o  , 
7i  =  «i  +  i^i  , 


(69) 


and  assume  that 


Then 


2/c/(7o  -7i)|'«l.  (70) 


2k' 


r  ^  7u  -  Ti  -  7 X  ,  (71) 

(To  -  7i) 


and 


2 

mi  ?t;  -7i 


7^2  ^    —  70    + 


7o  —  7i 

2 

k' 

7o  -  7i 


(72) 


We  are  interested  in  the  power  in  lineO.  From  the  first  of  equations  (60), 
we  have 


ao{z) 


2 

1+         " 


„"'2-  "■       „">i^  (7'i) 


e       —  -, r-„e 


(7o  -  7i)-J  (7o  -  7i)^ 
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Let  US  con.sider  the  case  in  which  line  1  has  a  much  higher  attenuation 
constant  than  Une  0;  that  is, 


(Xi   »   QIu 


(74) 


The  second  term  on  the  right  side  of  (73)  is  provided  with  a  small  co- 
efficient, and  also  its  exponential  factor  decays  much  faster  than  the 
exponential  in  the  first  term.  The  second  term,  therefore,  rapidly  be- 
comes negligible  as  z  increases,  and  we  may  write, 


ao{z) 


1  + 


(75) 


(to  —  7i)"_ 

If  the  attenuation  constant  of  line  0  is  not  modified*  by  the  presence 
of  the  coupled  lossy  line  1,  then  in  the  absence  of  line  1  the  amplitude  of 
ao{z)  would  be  e~"°%  and  the  factor  by  which  the  amplitude  is  reduced 
owing  to  the  presence  of  line  1  is 

2 


1    + 


K^zKyQ-yi) 


(76) 


(to  —  Ti)' 

The  first  factor  on  the  right  is  very  nearly  unity,  but  not  less  than  unity 
if  K  is  real  (lossless  coupling  mechanism)  and 

(ar  -  a,)'  ^   (^j  -  ^o)'.  (77) 

Hence  the  factor  by  which  the  amplitude  is  multiplied  is  not  less  than 

(ao  —  aiJK'Z 


exp 


9 

K  Z 


To 


Ti 


exp 


(ao  -  aiy  +  (/3o  -  ^iT 


(78) 


assuming  that  k  is  real.  If  the  amplitude  of  the  wave  on  fine  0  is  not  to 
be  down  by  more  than  .V  nepers,  after  a  distance  z,  from  what  it  would 
have  been  in  the  absence  of  the  coupled  line,  it  suffices  to  have 

oJkz 


( 


"1 


oco) 


{ay  -  a^y  +  (/3i  -  |8o)^ 


=  AT, 


or 


«i  -  ao  =  h[{Kz/N)  +  V{K'z/Ny  -  4(^1  -  ^o)-^J. 


(79) 


(80) 


2.2   TEoi-TMii  Coupling  in  Plain  and  Compensated  Bends 

In  Jouguet's^  and  Rice's^  analysis  of  propagation  in  a  curved  wave- 
guide, the  curvature  is  treated  as  a  perturbation  and  the  field  com- 

*  The  value  of  ao  rnay  very  well  be  modified  by  the  coupling;  but  if  it  is  this 
can  easily  be  taken  into  account  when  computing  the  over-all  change  in  |  ao(z)  | 
due  to  the  presence  of  line  1. 
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ponents  are  developed  in  powers  of  the  small  parameter  a/6,  but  the 
field  perturbations  are  not  expressed  in  terms  of  the  modes  of  the  straight 
waveguide.  We  shall  now  consider  propagation  in  plain  and  compen- 
sated bends  from  the  coupled-mode  viewpoint. 

Denote  the  coefficient  of  coupling  between  the  TEoi  mode  and  the 
TM„,„  mode  or  the  TE„«  mode  by 

(81) 

respectively,  where  as  usual  we  indicate  TM  modes  by  enclosing  the 
subscripts  in  parentheses  and  TE  modes  by  enclosing  the  subscripts  in 
brackets.  In  Part  I  the  coupling  coefficients  are  written  with  two  pairs  of 
subscripts,  since  in  general  they  may  refer  to  any  two  modes,  but  here 
one  pair  of  subscripts  would  always  be  [01]  and  will  be  omitted.  The  co- 
efficient c  represents  that  part  of  the  coupling  (if  any)  which  is  due  to  the 
curvature  of  the  guide,  and  d  represents  the  coupling  (if  any)  which  is 
due  to  the  inhomogeneity  of  the  dielectric.  We  assume  that  the  dielec- 
tric loading,  if  present,  is  symmetric  with  respect  to  the  plane  of  the 
bend,  so  that  coupling  to  only  one  polarization  of  each  mode  need  be 
considered. 

The  phase  constants  of  the  TM„,„  and  TE,j,„  modes  in  a  straight,  empty 
guide  are,  respectively, 

/l(nm)     =    -S/^-    —    Xinm)"^,  h[nm]     =    a/jS^    —    X[nm]^  (§2) 

where 


and 


Also 


X(nOT)    =    k(nm)/(l,  Xl'im]     —    k[mn]/a,  (83) 

/„  (A-(„„o)  =  0,        J/(A-[,„„])  =  0.  (84) 

0  =  2t/\,  (85) 


where  X  is  the  free-space  wavelength. 

As  noted  in  the  preceding  section,  the  presence  of  coupling  may 
cause  the  modified  phase  constants  |8(„„o  and  lS[„m]  of  the  coupled  modes 
to  differ  slightly  from  the  unperturbed  phase  constants  /i(„m)  and  h[nm]  • 
In  a  plain  bend  (curvature  coupling  only),  the  /3's  are  equal  to  the  h's, 
and  in  most  cases  the  effect  of  a  small  amount  of  dielectric  coupling  on 
the  phase  constants  may  be  neglected.  Exact  values  of  I3[nm]  and  I3{nm) 
may  be  obtained  if  necessary  from  (40). 
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The  coupling  coefficient  between  the  TEoi  and  TINrn  modes  in  a  plain 
bend  is  given  by  equation  (46)  as 

Ciu)  =  13a/ V2kioi]h  =  0.18454 /3a/6  =  1.1595a/X6.  (86) 

The  (smallest)  critical  distance  for  maximum  power  transfer  is  given  by 
(67)  ^^•ith  /3o  =  /8i ,  namely 

_     T  k[oi]  h\  _  1.3o47bX 

^"o  ~  2c(n)  =  2V2a  "         a       '  ^^^^ 

and  the  critical  angle  i?co  is 

^co  =  -co/b  =  1.3547  \/a  radians  =  77.62  X/a  degrees.         (88) 

This  expression  agrees,  as  it  must,  with  that  obtained  by  Jouguet  and 
Rice.  (We  write  ■^cq  for  the  uncompensated  bend  in  order  to  reserve  t?r 
for  a  bend  with  dielectric  loading.) 

It  should  be  pointed  out  that  c^i)  is  not  necessarily  the  largest  of  the 
coupling  coefficients  due  to  curvature.  In  a  guide  sufficiently  far  above 
cutoff,  it  appears  from  (49)  that  C[n]  is  approximately  equal  to  C(u)  , 
and  C[i2]  is  one  and  two-thirds  times  as  large  as  Cm)  .  If  two  transmission 
lines  are  coupled  over  a  distance  z  which  is  small  compared  to  the  dis- 
tance required  for  maximum  power  transfer,  then  by  (65)  the  relative 
power  transferred  to  line  1  is 

Pi{z)  ^  Kz\  (89) 

which  is  proportional  to  the  square  of  the  coupling  coefficient.  It  follows 
that  for  a  sufficiently  small  bending  angle  the  largest  amount  of  power 
will  go  into  the  mode  which  has  the  largest  coupling  coefficient  to  TEoi 
(in  the  above  example,  TE12).  Each  coupling  coefficient,  however,  is 
proportional  to  1/6,  and  can  be  made  as  small  as  desired  by  increasing 
the  radius  of  curvature  of  the  bend.  Since  the  phase  constants  are  unal- 
tered to  first  approximation  by  the  curvature,  the  maximum  power  trans- 
ferred tends  to  zero  with  1/6^  for  every  mode  whose  unperturbed  phase 
constant  differs  from  A[oi]  .  The  only  mode  with  finite  power  transfer  for 
a  finite  bending  angle  with  an  arbitrarily  large  bending  radius  is  TAIu  , 
since  /?(n)  =  /i[0]]  .  For  the  present  we  shall  assume  a  bending  radius  so 
large  that  power  transfer  to  modes  other  than  TMn  is  negligible.  Com- 
plete power  transfer  from  TEoi  to  TAIn  will  then  take  place  in  a  plain 
bend  at  odd  multiples  of  the  critical  bending  angle  t^^o  • 

We  now  consider  a  dielectric-loaded  bend  in  which  the  permittivity  e 
is  a  function  of  the  transverse  coordinates  (p,  <p),  but  does  not  vary 
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from  one  cross  section  to  another.  The  permeability  /x  is  assumed  to  be 
constant.  Thus  we  shall  write,  as  in  (25), 

M  =  Mo , 

(90) 
€     =  eo[l  +  8{p,  <p)], 


and  assume  that 


Ifj^ldS  «  1,  (91) 


where  S  is  the  cross-sectional  area  of  the  guide.  The  inequality  (91)  im- 
plies either  that  e  does  not  vary  much  over  the  cross  section,  or  that  it 
varies  extensively  over  only  a  small  part  of  the  cross  section.  The  first 
alternative  corresponds  to  a  dielectric  whose  relative  permittivity  dif- 
fers but  little  from  unity,  and  is  the  most  likely  case  in  practice.  If,  on 
the  other  hand,  5  is  large  in  a  small  region  (a  thin  sliver  of  high-permit- 
tivity material),  the  dielectric  coupling  coefficients  will  not  diminish 
very  rapidly  with  increasing  mode  number.  The  TEoi  mode  will  be  appre- 
ciably coupled  to  a  large  number  of  modes,  and  it  may  not  be  safe  to 
assume  that  the  total  power  converted  into  spurious  modes  is  small  just 
because  the  conversion  into  any  given  mode  is  small.  We  shall  not  try 
to  decide  here  what  maximum  value  of  |  5  |  is  practicable. 

If  the  distribution  of  dielectric  is  symmetric  with  respect  to  the  plane 
of  the  bend,  the  dielectric  couples  the  TEoi  mode  to  a  definite  polarization 
of  each  spurious  mode,  and  in  particular  to  the  same  polarization  of  the 
TMii  mode  that  is  coupled  by  curvature  alone.*  The  dielectric  coupling 
coefficient  between  TEoi  and  TMn  is,  from  (50)  and  (51), 

dai)  =     /o  ^7       r277     V  /  8{p,<p)Ji\xm]p)         ■  f/*5.         (92) 
V27ra/C[oi]Jo  {tC[oi])  Js  P 

It  is  obvious  that  the  decoupling  condition,  namely: 

K(ii)  =  C(ii)  -F  d(n)  =  0,  (93) 

may  be  satisfied  by  an  infinite  number  of  different  distributions  of  per- 
mittivity. Ingenuity  is  required,  however,  to  find  a  configuration  which 
is  easy  to  fabricate  and  which  does  not  couple  the  TEoi  mode  too  strongly 
to  any  other  mode  in  the  guide.  The  spurious  mode  problem  is  quite 
serious  when  the  diameter  of  the  guide  (in  wavelengths)  is  so  large  that 

*  A  dielectric  insert  which  is  not  symmetric  with  respect  to  the  plane  of  the 
bend  will  couple  TEoi  to  the  other  polarization  of  TMn  ,  with  potentially^  complete 
power  transfer  to  this  mode  on  account  of  the  equality  of  phase  velocities.  A  small 
accidental  lack  of  symmetry  should  not  lead  to  serious  mode  conversion  in  a  bend 
of  moderate  angle. 
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many  modes  have  phase  velocities  close  to  TEoi  •  In  the  next  section  we 
shall  compute  the  coupling  to  various  modes  for  a  number  of  cases. 

Mention  may  be  made  here  of  the  effect  of  imperfect  decoupling.  If 
we  could  satisfy  the  decoupling  condition  (93)  exactly,  then  to  first 
order  there  would  be  no  transfer  of  power  from  TEoi  to  TMn  in  a  bend 
of  any  angle.  In  practice  we  cannot  expect  to  satisfy  (93)  exactly,  on 
account  of  uncertainties  in  the  permittivity  and  dimensions  of  the 
compensator.  If  the  coupling  coefficients  are  constant  along  the  bend,  the 
effect  of  reducing  K{u)  by  making  d^u)  nearly  equal  and  opposite  to  C(n) 
is  to  increase  the  distance  required  for  maximum  power  transfer  to 
TMn  to  take  place.  In  the  simple  case  where  /3(u)  =  i3[oi]  ,  as,  for  example, 
when  the  compensator  is  made  of  a  bent  half-cylinder  of  dielectric,  the 
critical  angle  for  a  fixed  bend  radius  is  inversely  proportional  to  k^d  • 
The  critical  angle  i^c  for  an  imperfectly  compensated  bend,  in  terms  of 
the  critical  angle  &co  for  an  uncompensated  bend,  is 

C(ll) 


^c  =    ^i^  ^.0  .  (94) 

C(ii)  -r  «(ii) 

If  (i(u)  can  be  made  equal  and  opposite  to  C(ii)  within  1  per  cent,  say, 
then  ??c  =  100  dc^ .  The  power  transferred  in  a  bend  of  angle  ■&  is  simply 
proportional  to  sin  (??/t?c) . 

2,3  Various  Compensator  Designs 

From  now  on  we  shall  consider  a  compensated  bend  in  which  the 
TEoi  and  TMn  modes  are  completely  decoupled,  and  we  shall  investigate 
the  coupling  between  TEoi  and  spurious  modes.  (By  "spurious  mode" 
we  mean  any  mode  of  the  straight  round  guide  except  TEoi  or  TMn  •) 
We  shall  assume  that  the  power  in  all  spurious  modes  is  everywhere 
low  compared  to  the  power  level  of  TEoi  .  To  first  order,  therefore,  we 
may  compute  the  power  abstracted  from  TEoi  by  mode  conversion  by 
assuming  that  the  TEoi  mode  crosstalks  into  each  spurious  mode  inde- 
pendently. In  practice  the  crosstalk  is  greatest  into  modes  whose  phase 
velocities  are  nearest  to  the  phase  velocity  of  TEoi  ;  and  it  seems  more 
than  adequate,  at  least  for  foam  dielectric  compensators,  to  consider 
about  a  dozen  modes. 

From  (68),  the  maximum  relative  power  (assumed  small)  which  cross- 
talks from  TEoi  into  a  given  spurious  mode  is 

(Pl)max  ^  [2k/(^0    -    /3l)]',  (95) 

where  k  is  the  total  coupling  coefficient.  For  all  spurious  modes  we 
assume  that  the  difference  in  phase  constants  is  not  much  changed  by 
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the  dielectric  loading;  this  assumption  obviates  the  somewhat  laborious 
calculation  of  j8i  for  each  spurious  mode  from  (40) .  Thus, 

/3o  -  /3i  ^  /?(,  -  hi  ,  (96) 

and  a  good  estimate  of  the  maximum  power  which  crosstalks  into  any- 
spurious  mode  is 

(Pl)max  ^   [2(C   +   d)/{ho    -    h)]\  (97) 

If  the  form  and  dimensions  of  a  bend  compensator  are  fixed,  and  the 
TEoi — TMii  decoupling  condition  is  assumed  to  be  met  by  adjusting  the 
permittivity,  it  turns  out  that  the  maximum  power  which  crosstalks 
into  a  given  mode  is  proportional  to  (a/b)'.  It  is  thus  easy  to  calculate 
the  bending  radius  which  makes  (Pi) max  for  any  given  mode  equal  to  a 
(small)  preassigned  value.  The  total  power  abstracted  from  the  TEoi 
mode  by  mode  conversion  will  be  a  complicated,  fluctuating  function  of 
distance  along  the  bend,  or  of  frequency  at  a  fixed  distance,  because  of 
the  different  critical  distances  for  maximum  power  transfer  into  the  dif- 
ferent spurious  modes,  but  we  can  get  an  idea  of  the  minimum  tolerable 
bending  radius  by  considering  just  the  crosstalk  into  the  one  or  two  most 
troublesome  modes. 

It  seems  likely  that  with  present-day  dielectrics  at  milhmeter  Avave- 
lengths,  dielectric  losses  in  a  compensated  bend  will  be  comparable  to  i 
mode  conversion  losses.  For  this  reason  an  estimate  of  dielectric  losses 
is  given  in  connection  with  each  type  of  compensator  design  discussed 
below. 

2.3.1  The  Geometrical  Optics  Solution 

An  obvious  way  to  design  a  bend  compensator  on  paper  is  to  load  the 
bend  with  a  medium  of  continuously  varying  permittiA'ity  for  which* 

8  =  -2(p/fo)  cos^.  (98) 

This  may  be  called  the  geometrical  optics  solution  of  the  bend  problem, 
since  to  first  order  it  equalizes  the  optical  length  of  all  circular  paths 
which  are  coaxial  mth  the  curved  center  line  of  the  waveguide.  Physi- 
cally the  required  variation  of  permittivity  is  rather  simple;  the  per- 
mittivity at  each  point  depends  only  on  the  distance  of  the  point  from  a 
line  through  the  center  of  curvature  perpendicular  to  the  plane  of  the 
bend.  An  attempt  to  indicate  this  variation  by  shading  has  been  made 

*  In  order  that  the  relative  permittivity  of  the  medium  be  nowhere  less  than 
unitj^  the  constant  «o  in  the  expression  e  =  eo(l  +  5)  must  be  greater  than  the 
permittivity  of  free  space;  but  this  does  not  affect  the  analysis  in  any  wa}^ 
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Fig.  2  —  Various  bend  compensators, 

in  Fig.  2(a).  One  could  approximate  the  continuous  variation  with  a 
laminated  .structure  con.si.sting  of  a  number  of  layers  of  different  permit- 
tivities, the  permittivity  varying  slightly  from  one  layer  to  the  next. 

Although  the  geometrical  optics  approach  provides  a  very  good  theo- 
retical solution  to  the  bend  problem,  it  does  not  lead  to  a  perfect  compen- 
sator. It  is  .shown  at  the  end  of  this  section  that  a  perfect  compensator, 
in  the  sense  of  one  which  does  not  couple  TEoi  to  any  other  mode  at  any 
frequency,  does  not  exi.st.  The  geometrical  optics  compensator  couples 
the  same  modes  to  TEoi  that  are  coupled  by  the  curvature  of  the  bend 
itself,  namely  TMu  and  the  TEi,„  family;  but  the  coupling  coefficients  of 
the  various  modes  are  not  in  exactly  the  same  ratios.  Thus  if  8  is  given 
by  (98),  the  net  coupling  between  TEoi  and  TMu  in  the  compensated 
bend  is  zero,  but  there  will  be  a  small  residual  coupling  between  TEoi 
and  each  of  the  TEi„  modes. 

The  curvature  coupling  coefficients  are  given  by  (49).  Table  I  contains 
numerical  values  which  have  been  worked  out  for  /3a  =  12.9.30  and 
jSa  =  29.554,  corresponding  re.spectively  to  guide  diameters  of  |  inch  and 
2  inches  at  an  operating  wavelength  of  5.4  mm. 

Dielectric  coupling  coefficients  can  be  worked  out  without  much  dif- 


Table  I  —  Coupling  Coefficients  and  Power  Transfer 
IN  Geometrical  Optics  Compensator 


/3a  =  12.930 

Pa  =  29.554 

Mode 

c 

d 

,     (c  +  d) 
'  (ho  -  hi) 

c 

d 

.    ic  +  d) 
(ho  -  hi) 

TMu 
TE„ 
TE,2 
TE,3 

2.386/6 
2.344/6 
3.759/6 
0.306/6 

-2.386/6 
-2.479/6 
-4.318/6 
-0.420/6 

O.QOOa/b 
-1.962a/6 
-0.087a/6 

5.454/6 
5.480/6 
9.092/6 
0.793/6 

-5.454/6 
-5.5.37/6 
-9.322/6 
-0.834/6 

0.597a/6 
-1.954«/6 
-0.083a/6 
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ficulty  from  (50),  (51),  and  (98).  The  first  few  coefficients  are: 

dai)  =  -0.18454/3a/6, 

0.18638(/3a)Vb 

\/h[oi]ah[n]a  ' 

(99) 
_  _0.31150(^a)V6 


d[u]  — 


\/h[oi]ah[i2]a 

0.02751  (^a)Vb 
\/h[oi]ah[i3]a 


Some  numerical  values  are  recorded  in  Table  I. 

The  phase  constant  of  any  mode  in  the  compensated  bend  is  equal 
to  the  phase  constant  of  the  same  mode  in  a  guide  filled  with  material 
of  constant  permittivity  eo  .  We  may  therefore  set  /3[oi]  —  ^[im]  equal 
to  /i[oi]  —  h[im]  .  Strictly  speaking,  X  is  then  the  wavelength  of  a  free  wave 
in  a  medium  of  permittivity  eo  ;  but  eo  differs  little  from  the  permittivity 
of  vacuum  if  the  compensator  is  made  from  a  foam  dielectric.  The  ratio 
of  total  coupling  coefficient  to  difference  in  phase  constants,  namely 
2(c  +  d)/{ho  —  hi),  which  determines  the  maximum  power  transfer  by 
(97),  is  given  in  Table  I  for  the  |-inch  and  2-inch  guides  at  X  =  5.4  mm. 

For  large  I3a  the  leading  terms  in  C[i„,]  and  rf[i„,]  ,  which  are  proportional 
to  /Sa,  cancel  each  other,  and  C[im]  +  d^m]  decreases  like  1/jSa.  The  differ- 
ence in  phase  constants,  /i[oi]  —  /i[im]  ,  is  also  proportional  to  l//3a  for 
large  ^a.  Hence  the  ratio  of  coupling  coefficient  to  difference  in  phase 
constants  approaches  a  finite  limit  as  l3a  approaches  infinity;  to  three 
decimal  places  the  limiting  values  are  the  same  as  those  given  in  Table  I 
for  ^a  =  29.554. 

If  we  choose  a  sufficiently  large  value  of  a/h,  the  maximum  power 
transferred  to  a  given  mode  may  be  made  to  approach  any  preassigned 
small  value  as  X/a  approaches  zero.  This  is  a  special  property  of  the 
geometrical  optics  compensator.  For  other  compensator  designs  c  -\-  d  will 
be  of  the  order  of  jSa  while  ho  —  hi  will  be  of  the  order  of  l/|8a,  so  that 
2(c  +  d)/{ho  -  hi)  will  tend  to  infinity  like  ((3a)^.  Hence  in  the  short- 
wavelength  hmit  the  bend  output  will  be  a  jumble  of  modes  all  at  com- 
parable power  levels.  Practically,  one  must  expect  the  same  end  result 
with  a  geometrical  optics  compensator,  because  of  the  impossibility  of 
meeting  exact  mathematical  specifications;  but  a  carefully-designed 
geometrical  optics  compensator  should  work  satisfactorily  up  to  a  con- 
siderably higher  frequency  than  any  other  type. 
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To  get  an  idea  of  tolerable  bending  radii  with  a  geometrical  optics 
compensator,  we  shall  calculate  the  radius  at  which  the  maximum  mode 
conversion  loss  from  TEoi  into  TE:2  (the  worst  spurious  mode)  is  0.1 
db.  Setting  Pi  =  0.02276,  Ave  find  from  (68)  that  the  minimum  bending 
radius  for  a  |-inch  guide  is  5.69  inches,  and  for  a  2-inch  guide,  12.95 
inches,  both  at  a  wavelength  of  5.4  mm.  It  is  worth  noting  that  if  |  dm]  \ 
is  increased  by  5  per  cent  of  its  theoretical  value,  the  minimum  bending 
radius  becomes  7.89  inches  for  the  |-inch  guide  and  39.2  inches  for  the 
2-inch  guide.  (This  assumes  that  the  TMn  mode  is  still  properly  de- 
coupled and  that  TE12  is  still  the  worst  spurious  mode.) 

Dielectric  losses  are  likely  to  be  a  serious  problem  in  a  geometrical 
optics  compensator,  inasmuch  as  the  whole  volume  of  the  bent  guide  has 
to  be  filled  with  dielectric.  Relatively  large  values  of  8  are  required  to 
negotiate  bends  as  sharp  as  those  just  discussed.  For  example,  if  6  =  13a, 
in  a  practical  case  8  might  range  from  0.058  at  the  inner  surface  of  the 
bend  to  0.250  at  the  center  of  the  guide  to  0.442  at  the  outer  surface 
(referred  to  eo  as  the  permittivity  of  free  space).  The  loss  tangent  of 
present-day  dielectrics  in  this  range  is  approximately  2  X  10~  .  A  large 
(i.e.,  far  above  cutoff)  waveguide  filled  with  a  dielectric  of  relative  per- 
mittivity 1.25  and  loss  tangent  2  X  10"*  will  show  a  dielectric  loss  of 
about  1.13  db/meter  or  0.34  db/ft  at  5.4  mm.  The  dielectric  loss  in  a 
90°  bend  with  a  bending  radius  of  1  foot  would  be  about  0.54  db,  and  for 
other  bends  the  loss  would  be  directly  proportional  to  the  length  of  the 
bend,  and  to  the  loss  tangent  if  different  from  2  X  10~^  It  is  true  that 
loss  tangents  as  low  as  5  X  10~^  may  be  obtained  with  lower  values  of 
permittivity,  say  5  =  0.033;  but  with  such  a  small  8  the  bend  radius 
must  be  proportionately  larger,  and  the  total  dielectric  losses  in  a  bend  of 
given  angle  would  be  larger  than  with  a  higher  permittivity  material. 

We  proceed  now  to  demonstrate  the  assertion  made  earlier  that  a  per- 
fect bend  compensator  does  not  exist.  More  precisely,  we  shall  show  that 
it  is  impossible  to  compensate  the  bend  with  an  isotropic  medium  whose 
permittivity  and  permeability  are  everywhere  finite,  but  otherwise 
arbitrary,  in  such  a  way  that  there  is  no  conversion  from  TEoi  to  any 
other  mode  at  any  point  at  any  frequency. 

If  there  is  no  mode  conversion  at  any  point  of  the  bend  then  the  fields 
at  all  points  must  be  those  of  the  TEoi  mode,  referred  to  the  bent  cylindri- 
cal coordinate  system  described  at  the  beginning  of  Section  1.1.  In  other 
words,  we  have  prescribed  the  electromagnetic  field  and  are  asking 
whether  it  is  possible  to  choose  the  permeability  and  permittivity  so 
that  the  given   field  will   satisfy    Maxwell's    equations.    Usually    the 
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answer  to  this  question  will  be  "No."  The  Maxwell  equations, 

V  X  E  =  —iwfiH, 

V  X  H  =  iooeE, 


(100) 


are  equivalent  to  six  scalar  equations,  and  if  the  components  of  E  and 
H  are  prescribed,  one  cannot  in  general  satisfy  all  these  equations  by 
merely  adjusting  the  two  scalar  functions  n  and  e. 

It  is  particularly  easy  to  see  the  difficulty  for  the  TEoi  mode  in  a 
curved  guide.  Recall  that  the  TEoi  mode  fields  are  independent  of  the 
coordinate  cp,  and  that  the  only  non- vanishing  field  components  are 
E^{p,  z),  Hp(p,  z),  and  H,{p,  z).  The  fourth  of  equations  (5)  is: 


1 


A([i  +  (p/b)  cos  <p]H:)  -~{pH,) 


p[l  +  (p/6)  cos  ip]  \_dip  dz 


(101) 


=  icoeEo . 


p 


Since  Ep  =  0,  the  right  side  of  the  eciuation  is  zero  for  any  finite  value  of 
€  at  any  finite  frequency,  and  the  whole  equation  reduces  to 

H.sm^      =0,  (102) 


6  +  p  cos  (p 


which  can  be  true  for  all  values  of  p  and  (p  only  if  the  radius  of  curvature 
of  the  bend  is  infinite.  Hence  a  perfect  compensator  cannot  be  designed 
with  any  value  of  e.  j 

The  practical  importance  of  this  result  does  not  appear  to  be  great,  j 
since  theoretically  the  geometrical  optics  solution  would  provide  an 
extraordinarily  good  compensator.  Until  one  has  a  dielectric  whose 
permittivity  is  continuously  variable  and  precisely  controllable,  and 
whose  loss  tangent  is  very  low,  even  this  solution  is  of  only  academic 
interest. 

2.3.2  The  Single- Sector  Compensator 

In  practice  the  simplest  way  to  compensate  a  bend  is  to  fill  part  of 
the  cross  section  of  the  guide  with  homogeneous  dielectric  material  of 
relative  permittivity  (1  +  8),  and  leave  the  remainder  empty.  In  many 
cases  a  suitable  shape  for  the  cross  section  of  the  dielectric  is  a  sector  ot 
a  circle,  inserted  on  the  side  of  the  guide  nearest  the  center  of  curvature 
of  the  bend,  and  symmetrically  placed  with  respect  to  the  plane  of  the 
bend.  Such  a  sector,  of  total  angle  d,  is  shown  in  Fig.  2(b).  We  shall  now 
discuss  the  properties  of  a  single-sector  compensator. 


i 
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For  future  reference,  the  modified  phase  constants  of  the  TEoi  and 
TMii  modes  may  be  calculated  from  (40)  as: 

iS(ii)  =  /i(ii)  +  y4—  [(^  -  0.29646  sin  6)^' 
47r/l(ii) 


(0.70354  sin  9)xm],  (103) 


/^[Ol]     —    ^[01]    + 


fi'^Sd 


47r/l 


[01] 


The  dielectric  coupling  coefficients  for  the  single-sector  compensator 
are  given  by  (50)  and  (51),  provided  that  some  of  the  Bessel  functions 
are  integrated  by  Simpson's  rule.  In  particular,  the  dielectric  coupling 
coefficient  between  TEoi  and  TMn  is 

df^i^  =  -0.12066  (38  sin  9/2.  (104) 

Substituting  (86)  and  (104)  into  (93),  we  obtain  the  decoupling  condition 
for  a  single-sector  compensator,  namely 

1.5295  a  /,,^r^ 

5  =  ^-jjK  7  .  (105) 

sm  6/2  0 

No  circular  magnetic  modes  (TMom)  and  no  higher  circular  electric 
modes  (TE02 ,  TE03 ,  etc.)  are  coupled  to  TEoi  by  the  single-sector  com- 
pensator. We  also  observe  that  the  coupling  coefficients  of  the  TEi^ 
and  TMim  modes  do  not  depend  upon  the  sector  angle  6  so  long  as  5 
and  6  are  related  by  (105).  This  is  because  these  modes  have  the  same 
angular  dependence  as  the  TMn  mode,  which  we  are  trying  to  compen- 
sate. 

The  most  troublesome  spurious  modes  are  those  whose  phase  velocities 

are  closest  to  TEoi  ,  namely  TE21  and  TE31  .  The  coupling  coefficients  and 

power  transfer  ratios  for  these  two  modes  in  |-inch  and  2-inch  guide  are 

given  in  Table  II.  Either  of  these  modes  could  be  decoupled  by  proper 

'  choice  of  the  sector  angle,  provided  we  had  a  uniform,  low-dissipation 

dielectric  with  the  required  value  of  8,  but  it  is  impossible  to  decouple 

I  both  modes  at  once  with  a  single  sector.  As  a  compromise,  we  might  adopt 

I  the  sector  angle  which  equalizes  the  maximum  power  transferred  to  TE21 

j  and  TE31  (the  distances  for  maximum  power  transfer  are  of  course  not 

the  same  for  the  two  modes).  This  angle  is  approximately  144°. 

Suppose  we  wish  to  employ  a  144°  sector  in  a  |-inch  guide  at  5.4  mm. 
If  the  criterion  is  that  TEqi  is  to  lose  a  maximum  of  0.1  db  each  to  TE21 
and  TE31  ,  so  that  the  total  mode  conversion  losses  are  of  the  order  of  0.2 
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Table  II  —  Coupling  Coefficients  and  Power  Transfer  to  TE2i 
AND  TE31  Modes  due  to  Single-Sector  Compensator 


Mode 

|3a  = 

12.930 

0a  = 

29.554 

d 

2d/{ha  -  h) 

d 

2d/{ka  -  hi) 

TE21 

TE31 

1.1152    sin  e 

a     sin  6 

-10.38-  — — 

b  sin  e/2 

a  sin  36/2 

-10.89- '— 

b  sin  e/2 

2.4727    sin  6 
b      sin  e/2 

1.4426  sin  36/2 
b       sin  0/2 

54.23  ^    ^^"  ' 
b  sin  e/2 

^^^^asin3a/2 

b       sin  e/2 
0.6579  sin  2,0/2 

b       sin  e/2 

6   sin  <?/2 

db,  then  the  bending  radius  can  be  19.5  inches.  The  corresponding  vakie 
of  5  is  0.036. 

If  we  try  to  use  a  144°  sector  in  a  2-inch  guide  at  5.4  mm,  with  the  same 
mode  conversion  criterion  as  before,  the  bending  radius  must  be  so  large 
that  no  currently  available  dielectric  has  a  small  enough  value  of  5  to 
satisfy  the  decoupling  condition.  We  are  therefore  forced  to  use  a  smaller 
sector  angle.  With  a  sector  of  small  angle,  TE31  is  the  worst  spurious 
mode.  It  turns  out  that  if  6  =  0.033  and  if  TEoi  is  not  to  lose  more  than 
0.1  db  by  conversion  into  TE31 ,  the  minimum  bending  radius  is  1131 
inches  or  94.3  feet,  and  the  corresponding  sector  angle  is  4.70°. 

An  approximate  formula  for  the  attenuation  constant  due  to  dielec- 
tric losses  in  a  single-sector  compensator  is  given  by  (57),  provided  that 
5  is  small.  The  result  is 


CXd 


/S'd  -f  6)  tan^  e' 


2h 


[01] 


360 


nepers/meter, 


(106) 


where  tan  <p  is  the  loss  tangent  of  the  dielectric,  and  d°  is  the  sector  angle 
in  degrees.  As  numerical  examples,  we  find  that  the  dielectric  loss  at  5.4 
mm  in  a  |-inch  guide  compensated  with  a  144°  sector  having  8  =  0.036, 
tan  ^  =  5  X  10~\  amounts  to  0.085  db  in  a  90°  bend  of  radius  19.5 
inches.  In  a  2-inch  guide  compensated  with  a  4.70°  sector  (5  =  0.033, 
ian<p  =  5  X  10"^),  the  dielectric  loss  is  0.155  db  in  a  90°  bend  of  radius 
94.3  feet. 


2.3.3  The  Three-Sector  Compensator 

Although  the  single-sector  compensator  should  work  well  in  a  guide 
which  will  propagate  only  40  to  50  modes,  it  does  not  look  so  promising 
for  a  200-  to  300-mode  guide,  chiefly  because  of  the  unavoidable  crosstalk 
into  TE21  and/or  TE31  .  We  are  therefore  led  to  consider  the  design  of  a 
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three-sector  compensator  which  will  not  couple  either  TE21  or  TEm  to 

TEoi . 

A  three-sector  compensator  is  shown  schematically  in  Fig.  2(c).  The 
angle  of  the  center  sector  is  called  di  and  the  angle  of  each  outer  sector 
62 .  Each  outer  sector  makes  an  angle  \p,  measured  between  center  planes, 
with  the  center  sector. 

The  condition  for  decoupling  TEoi  from  TMn  with  the  three-sector 
compensator  is 

^  1.5295 a  ,       . 

(2  cos  V'  sin  62/2  +  sin  di/2)  h'  ^     '^ 

If  8  and  a/h  are  given,  two  additional  conditions  may  be  imposed  upon 
61 ,  62 ,  and  \}/.  The  conditions  are  taken  to  be: 

2  cos  2\l/  sin  62  +  sin  di  =  0, 

(108) 
2  cos  3i/'  sm  3^2  +  sin  30i/2  =  0. 

If  equations  (108)  are  satisfied,  the  compensator  does  not  couple  TEoi 
to  any  modes  of  the  TE2m  ,  TEs^  ,  TM2m  ,  or  TM^m  families. 

To  design  a  three-sector  compensator  with  given  values  of  a/b  and 
8,  one  can  solve  (107)  and  (108)  numerically  for  di  ,  62 ,  and  xp.  However, 
if  &i  is  small  (^20°,  for  example),  a  simpler  design  procedure  may  be 
used.  The  following  equations  are  approximately  true: 

126.8a  , 
di  =  — 5g—  clegees, 

..  =  0.618<,..  »»«' 

rP  =  72°. 

It  should  perhaps  be  pointed  out  that  the  precision  of  di  ,  62 ,  and  xp 
individually  is  not  critical,  since  there  is  no  necessity  for  the  coupling 
to  TE21  and  TEai  to  be  exactly  zero,  so  long  as  it  is  reasonably  small. 
One  should,  however,  strive  to  make  the  TEoi-TMn  coupling  as  nearly 
zero  as  possible,  and  it  is  therefore  important  to  satisfy  (107)  with  the 
greatest  possible  precision. 

Expressions  for  the  dielectric  coupling  coefficients  due  to  the  three- 
sector  compensator  may  be  obtained  from  those  for  the  single-sector 
compensator  if  we  merely  replace  sin  nd/2,  wherever  it  occurs,  by 
sin  ndi/2  +  2  cos  nxp  sin  n02/2,  where  w  is  the  angular  mode  index,  as 
usual.  If  ^1  ,  02  ,  and  \l/  satisfy  (108),  then  the  coupling  to  TEo,,,  ,  TEsm  , 
TM2,,,  ,  and  TMsm  is  zero,  and  the  mode  having  the  largest  value  of 
2(c  -|-  d)/{ho  —  hi)  is  TE12 .  As  noted  earlier,  since  the  fields  of  TMu 
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Table  III  —  Coupling  Coefficient  and  Power  Transfer 
TO  TE12  Mode  due  to  Three-Sector  Compensator 


^a  =  12.930 

180  =  29.554 

Mode 

c 

d 

,    (c  +  d) 
{ho  -  hi) 

c 

d 

.    (c  +  d) 

(ho  -  hi) 

TE12 

3.7591/6 

-3.0334/6 

2.549a/6 

9.0919/6 

-6.5491/6 

21.59a/6 

and  TE12  have  the  same  angular  dependence,  the  coupling  to  TE12  is 
independent  of  the  number  and  arrangement  of  sectors  used  in  the  com- 
pensator so,  long  as  the  decoupling  condition  for  T]\In  is  satisfied.  Nu- 
merical values  are  given  in  Table  III. 

The  formula  analogous  to  (106)  for  the  attenuation  constant  due  to 
dielectric  loss  in  a  three-sector  compensator  is 


OCd   = 


^'(1  +  6)  tan^  {di°  +  202°) 


2h 


[01] 


360' 


nepers/meter. 


(110) 


As  a  numerical  example,  let  us  design  a  three-sector  compensator  for 
a  |-inch  guide  at  5.4  mm.  Under  the  requirement  that  the  TEoi  loss  due 
to  conversion  into  TE12  must  not  be  greater  than  0.1  db,  the  minimum 
bending  radius  is  7.39  inches.  If  the  angles  are  * 

di  =  60°, 

62  =  30°, 

'/'    =  75°, 

the  value  of  5  should  be  0.143,  which  is  not  difficult  to  obtain  with  foam 
dielectrics.  Assuming  a  loss  tangent  of  2  X  10"  we  find  that  dielectric 
losses  in  a  90°  bend  are  about  0.12  db. 

As  a  second  example,  for  a  2-inch  guide  at  5.4  mm  with  the  same  mode 
conversion  criterion,  one  needs  a  bending  radius  of  143.1  inches  or  11.92 
feet.  With  5  =  0.033,  the  compensator  angles  are 

01  =  27.6°, 

do  =  16.4°, 

iA  =  72.5°; 


*  It  is  not  practicable  to  use  larger  angles,  because  if  di  >  60°  portions  of  the 
outer  sectors  counteract  the  effect  of  the  rest  of  the  compensator  on  TMu  ,  and 
dielectric  losses  make  the  design  inefficient. 
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and  if  tan  v?  =  5  X  10^^,  the  dicleftric  loss  in  a  90°  bond  is  a])oiit  0.25 
db. 

2.4  Can  Dissipation  Be  Used  to  Discourage  Spurious  Modes? 

It  was  shown  in  Section  2.1  that  the  effect  of  markedly  increasing  the 
attenuation  constant  of  one  of  two  coupled  transmission  lines  is  to  re- 
duce the  over-all  attenuation  of  a  wave  introduced  on  the  other  line. 
One  might  wonder  whether  it  would  be  practicable  to  decrease  the  per- 
missible radius  of  a  compensated  bend  by  introducing  loss  into  the 
spurious  modes.  The  answer  is  "No",  at  least  for  guides  large  enough  to 
propagate  200  to  300  modes  at  the  operating  wavelength.  One  simply 
cannot  get  the  required  magnitude  of  loss  into  the  spurious  modes  with- 
out simultaneously  introducing  intolerable  loss  into  TEoi  .  A  numerical 
example  will  make  this  clear. 

We  found  in  Section  2.3.3  that  with  a  three-sector  compensator  in 
2-inch  guide  at  5.4  mm  it  would  be  possible  to  negotiate  a  bend  of 
radius  about  12  feet  with  a  maximum  loss  of  0.1  db  by  mode  conversion 
to  TEi2  (the  worst  spurious  mode).  Let  us  now  ask  w^hat  the  attenuation 
constant  of  TE12  would  have  to  be  if  we  wished  to  transmit  around  a 
bend  of  radius  6  feet  with  a  three-sector  compensator,  and  have  the 
mode  conversion  loss  suffered  by  TEoi  not  greater  than  0.1  db  in  a  90° 
bend.  Preparing  to  substitute  into  (80)  of  Section  2.1,  M'e  have  the 
following  values: 


'to 


6  =  72  inches, 

K[i2]  =  C[i2]  +  f/[i2]  =  2.54/6  =  0.0353  in"\ 

z  —  7r6/2  =  113.1  inches, 

/3o  —  ^1  ^  /io  —  hi  =  0.236  radians/inch, 

N  =  0.1  db  =  0.0115  nepers. 

From  (80)  we  get 

«[i2]  —  «[oi]  =  12.2  nepers/inch  ^  4200  db/meter. 

Since  the  maximum  TE12  attenuation  which  can  be  achieved  in  a  2-inch 
guide  by  a  mode  filter  which  transmits  TEoi  freely  is  of  the  order  of  10 
db/meter,*  the  value  of  a[n]  called  for  by  the  above  calculation  is  ob- 
viously out  of  the  question. 

*  This  estimate  is  based  on  calculations  described  in  Reference  6  for  modes  in 
a  helix  surrounded  by  a  lossy  sheath;  but  it  is  doubtful  that  much  greater  loss 
could  be  produced  by  other  types  of  filter,  such  as  resistance  card  "killers". 
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It  should  be  noted  that  a  moderate  amount  of  loss  in  the  spurious 
modes  may  be  worse  than  none,  so  far  as  the  effect  on  TEm  is  concerned. 
Miller^  has  shown  that  the  total  power  dissipated  in  the  system  goes 
through  a  maximum  when  (ai  —  ao)/K  ^  2.  It  appears  that  ai  —  ao  must 
exceed  k  by  a  couple  of  orders  of  magnitude  before  the  loss  in  the  driven 
line  (i.e.,  TEoi)  becomes  really  small,  if  we  are  counting  on  dissipation  to 
counteract  the  coupling  to  spurious  modes. 

Since  by  use  of  the  compensator  we  are  attempting  to  make  the 
TEoi  -  TM)i  coupling  coefficient  zero,  we  may  expect  that  this  co- 
efficient, if  not  exactly  zero,  will  at  least  be  small  compared  to  the  cou- 
pling coefficients  of  spurious  modes  such  as  TE12  .  Because  K(ii)  is  very 
small,  it  may  be  that  a  practicable  amount  of  loss  in  the  TMn  mode  would 
improve  the  performance  of  the  bend.  But  in  view  of  the  preceding  para- 
graph we  must  be  careful,  when  introducing  loss  into  TMu  ,  not  to 
introduce  the  wrong  amount  of  loss  into  some  spurious  mode  which  has 
a  larger  coupling  coefficient  to  TEoi  • 
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APPENDIX 

Compensation  of  a  Gradual  Bend  by  a  Dielectric  Insert  in  the  Adjacent 
Straight  Pipe 

We  shall  discuss  briefly  three  different  ways  of  transmitting  the  TEoi 
mode  around  a  plain  (i.e.,  air-filled)  bend  with  the  aid  of  dielectric  mode 
transducers  inserted  into  the  straight  sections  of  guide  on  one  or  both 
sides  of  the  bend.  The  first  two  methods  involve  converting  the  TEoi 
mode  to  a  normal  mode  of  the  bend  and  reconverting  to  TEm  on  the 
other  side.**  In  the  third  method,  the  input  to  the  bend  is  pure  TEqi  , 
and  the  output  mixture  of  TEoi  and  TMn  ,  whatever  it  may  be,  is  re- 
converted to  TEoi  by  a  dielectric  transducer. 

A.i  The  TMn  Normal  Mode  Solution 

One  of  the  normal  modes  of  the  bend  is  a  pure  TMu  mode  (TMi/) 
which  is  polarized  at  right  angles  to  the  TMu  mode  (TMu")  that  the 
bend  couples  to  TEoi  •  Clearly  if  one  has  a  transducer  in  a  straight  guide 
which  converts  TEoi  entirely  to  TMu  ,  it  is  a  mere  matter  of  rotating  the 
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transducer  about  the  guide  axis  to  insure  that  the  polarization  which 
enters  the  bend  is  TMi/.  We  shall  design  such  a  transducer  using  a  di- 
electric sector  in  a  straight  pipe. 

From  Section  2.1,  for  complete  power  transfer  from  TEoi  to  TMn  we 
must  have 

/3[oi]  -  ^(11)  =  0;  (111) 

the  transfer  then  takes  place  in  a  distance 

I  =  7r/2|ic(n)|.  (112) 

The  modified  phase  constants  /3[oi]  and  /3(ii)  for  a  single  dielectric  sector 
of  angle  6  are  given  by  (103)  of  Section  2.3.2.  Substituting  these  values 
into  (111),  we  find  that  the  only  condition  under  which  it  is  satisfied  is 

sin  e  ^  0, 

(113) 

e  =  180°. 

The  transducer  must  therefore  be  a  half  cylinder.  From  (104)  we  have 

K'(u)  =  c?(ii)  =  -0.12066^5,  (114) 

and  so  (112)  gives  for  the  length  of  the  transducer, 

I  =  2.072  \/b.  (115) 

The  TEoi  -  TMi/  transducer  should  be  placed  on  either  side  of  the 
diametral  plane  of  the  straight  guide  which  lies  in  the  plane  of  the 
bend.  An  exactly  similar  transducer  on  the  other  side  of  the  bend  will 
reconvert  TMi/  into  TEoi  •  Since  TEoi  and  TMu  have  the  same  velocity 
in  a  straight  guide,  the  transducer  can  be  made  of  a  number  of  sections 
with  arbitrary  spacing  and  of  total  length  /;  but  in  practice  one  \\i\\  not 
wish  to  have  too  long  a  run  of  TMn  in  the  empty  guide  because  of  the 
higher  heat  losses  of  this  mode. 

A.2  The  TEoi  ±  T:\rii"  Normal  Mode  Solidi<m 

If  we  write  the  coupled  wave  ecjuations  for  TEoi  and  TMn"  in  a  plain 
bend  in  the  form 

-r-  +  ihao  +  icui  =  0, 
dz 

da  ^^^^^ 

icao  -\-  -r^  -{-  ihai  =  0, 
dz 
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(117) 


where 

h  =  h[oi]  =  h(n) , 

C    =   C(ii)  , 

it  is  evident  that  we  can  add  and  subtract  to  get  the  equivalent  pair  of 
equations: 

rf(ao+aO_^  .(^_^^)(^^_^^^)  =0, 

(118) 
+  iQi  —  c)(ao  —  tti)  =  0. 


dz 

d(ao  —  aO 


dz 


Hence  the  normal  modes  of  the  curved  guide  are  the  combinations 
ao±ai,orTEoi±TM". 

In  order  to  launch  only  the  normal  mode  TEoi  +  TMu"  at  the  input 
of  the  bend,  the  amplitude  of  the  other  mode  must  be  zero,  or  ao  =  ai  . 
Similarly,  to  launch  only  the  mode  TEoi  -  TMn",  the  condition  is 
ao  =  —  tti  .  Hence  the  output  of  the  normal  mode  transducer  of  length  /, 
say,  must  be 


ao(0  =  ±ai(Z). 


(119) 


We  return  to  the  solution  of  the  coupled  line  equations  in  Section  2.1 
and  write 


K    =  rf(ii)  =  d, 

7o  =  ?'/3[ni]  =  i^o  , 

r  =  is  =  Wi^n  -  )Si)-  +  4rf2. 
Then  equations  (60)  of  Section  2.1  become: 


(120) 


ao(0   = 


1  ,        .  (/3o  -  /3i)    .     1  / 
cos  ^si  —  I sm  f  Si 


-jt(/3o+^i)' 


ai{i)   =   —I —  sm  ^si  e 
s 


(121) 


-\i(?0+^\)l 


Substituting  into  (119)  and  equating  real  and  imaginary  parts  gives: 

/  =  xA,  (122) 

I  /3o  -  iSi  1  =  I  2d  I  .  (123) 


CIRCULAR  WAVEGUIDE  WITH  INHOMOGENEOUS  DIELECTRIC         1249 

In  view  of  (103)  and  (104)  of  Section  2.3.2,  (123)  is  equivalent  to 


and  (122)  becomes 


where 


^      1.465X 

^       8  I  sin  d/2  I '  ^^"^''^ 


=  X/Xe  =  3.8317  X/27ra  (126) 


is  the  cutoff  ratio  for  TEoi  and  TMu  waves  in  a  straight,  empty  guide. 

A  TEoi  to  TEoi  ±  TMu"  mode  transducer  may  thus  consist  of  a  di- 
electric sector,  attached  to  the  surface  of  the  straight  guide  on  the  side 
nearest  the  center  of  curvature  of  the  bend,  if  the  angle  of  the  sector 
satisfies  (124)  and  the  length  satisfies  (125).  However,  the  condition  (124) 
can  be  satisfied  by  a  real  angle  only  if 

0.8483  ^  X/Xe  ^  1;  (127) 

that  is,  only  if  the  guide  is  very  near  cutoff;  and  the  value  of  6  which 
satisfies  (124)  varies  rapidly  with  X  over  the  above  range.  This  form  of 
normal  mode  transducer  is  therefore  too  narrow  band  to  be  of  much 
practical  interest. 

A.3  A  Broadband  Compensator 

We  shall  now  show  how  to  design  a  dielectric  compensator,  in  a  straight 
section  of  guide,  which  takes  the  mixture  of  TEoi  and  TMn"  put  out  by 
an  adjacent  bend  and  reconverts  it  to  pure  TEoi  ,  independent  of  fre- 
;  quency. 

First  let  us  write  the  solution  of  (116)  for  a  plain  bend  in  terms  of  ar- 
bitrary initial  values  ao(0)  and  ai(0).  We  have 


(128) 


ao{z)  +  a,{z)  =  [ao(0)  +  ai(0)]e-''""-'", 
a,{z)  -  a,{z)  =  [ao(0)  -  ai(0)]e-''^+'", 
and  hence 

ao{z)  =  [ao(0)  cos  cz  —  zai(O)  sin  cz]e~''"', 
«i(2)  =  [— mo(0)  sin  cz  -{-  ai(0)  cos  cz]e~'''^ 
The  bend  may  be  compensated  with  a  dielectric-loaded  straight  guide, 


(129) 
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provided  that*  /3o  =  /3i  in  the  straight  guide  (this  may  be  arranged,  for 
example,  by  using  a  half-cyhnder  of  dielectric),  and  provided  that  the 
length  of  the  compensator  and  the  coupling  coefficient  d  are  properly 
chosen.  The  amplitudes  of  the  two  modes  in  the  straight  guide,  in  terms 
of  arbitrary  initial  values  ao(0)  and  ai(0),  are 

ao(z)  =  [ao(0)  cos  dz  —  mi(0)  sin  dz]e~'   °% 

_..  (130) 

ai('2)  =  [  —  laoiO)  sin  dz  +  ai(0)  cos  dz]e     °\ 

Now  suppose  that  the  length  of  the  bend  is  h  and  the  length  of  the 
compensator  k  ,  and  take  the  origin  of  z  at  the  input  to  the  bend.  A  pure 
TEfli  input  is  represented  by 


(131) 


(132) 
(133) 


ao(0)  =  1, 
ai(0)  =  0, 
and  so,  applying  (129)  and  (130)  in  succession, 

ao(/i)  =  cos  ck  e~"  \ 

aiih)  =  —i  sin  di  e~'   \ 

aoih  +  k)  =  cos  (ch  +  dk)e-'^'''+^'''\ 

aiik  +  ^2)  =   -i  sin  {ch  +  dl2)e-'^''''^^''''\ 

The  condition  that  all  the  power  be  in  TEoi  at  the  output  of  the  com- 
pensator at  every  frequency  is 

di  +  dh  =  0,  (134)  i 

or 

dh  =  -0.18454 /3aZi/6,  (135) 

on  referring  to  equation  (86)  of  Section  2.2  for  the  value  of  c. 

A  convenient  form  of  compensator  would  be  a  half  cylinder  of  dielec- 
tric whose  diametral  plane  is  perpendicular  to  the  plane  of  the  bend. 
The  coupling  coefficient  of  the  half  cylinder  is  given  by  (104),  and  the  ' 
condition  for  complete  compensation  becomes 

k8  =  1.5295  ka/b.  (136) 

The  most  easily  adjustable  parameter  is  probably  the  length  ^2  of  the  com- 
pensator. 

*  The  necessity  for  /3o  =  /3i  is  apparent  if  we  consider  that  under  certain  condi- 
tions the  bend  may  put  out  a  pure  TMn"  mode,  and  complete  reconversion  is  pos- 
sible only  if  the  compensator  has  /3o  =  /3i  . 
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We  have  analyzed  the  compensator  as  if  it  were  all  on  one  side  of  the 
bend;  but  it  may  evidently  be  divided  into  sections  of  total  length  U 
which  are  distributed  arbitrarily  on  both  sides  of  the  bend.  An  obvious 
configuration  would  be  to  put  a  section  of  length  UJ2  on  each  side  of  the 
bend  immediately  adjacent  to  it. 

Limitations  on  the  usefulness  of  this  kind  of  compensator  will  be  di- 
electric losses  and  mode  conversions.  The  former  can  presumably  be  re- 
duced as  the  dissipation  of  available  dielectrics  is  reduced.  Mode  conver- 
sions could  be  calculated  by  the  general  methods  of  Part  I,  but  one  would 
have  to  work  out  the  values  of  the  coupling  coefficients  between  TMn 
and  all  other  modes,  which  has  not  yet  been  done.  In  any  case  it  is  likely 
that  the  minimum  tolerable  bending  radius  would  be  no  less  than  for  the 
within-the-bend  compensators  discussed  earlier  in  this  paper. 
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Circular  Electric  Wave  Transmission  in 
a  Dielectric-Coated  Waveguide 

By  H.  G.  UNGER 

(Manuscript  received  January  9,  1957) 

The  mode  conversion  from  the  TEoi  wave  to  the  TMn  wave  which  nor- 
mally occurs  in  a  curved  round  waveguide  may  he  reduced  hy  applying  a 
uniform  dielectric  coat  a  few  mils  thick  to  the  inner  wall  of  the  waveguide. 
Such  a  dielectric  coat  changes  the  phase  constant  of  the  TMn  wave  without 
affecting  appreciably  the  phase  and  attenuation  constants  of  the  TEoi  wave. 
Thus,  relatively  sharp  bends  can  be  negotiated  to  change  the  direction  of  the 
line  or  deviations  from  straightness  can  be  tolerated.  For  each  of  these  two 
cases  a  different  optimum  thickness  of  the  dielectric  coat  keeps  the  TEoi 
loss  at  a  minimum.  At  5.4-mm  wavelength  a  bending  radius  of  8  ft  in  a 
l-inch  pipe  or  50  ft  in  a  2-inch  pipe  can  he  introduced  with  0.2  db  mode 
conversion  loss.  Deviations  from,  straightness  corresponding  to  an  average 
bending  radius  of  300  ft  can  he  tolerated  in  a  2-inch  pipe  at  o.Jf-mm  wave- 
length with  an  increase  in  TEoi  attenuation  of  5  per  cent.  Serpentine  bends 
caused  by  equally  spaced  supports  of  the  pipe  may,  however,  increase  the 
mode  conversion  and  cause  appreciable  loss  at  certain  discrete  frequencies. 
Compared  with  the  plain  waveguide  the  dielectric-coated  guide  behaves  more 
critically  in  such  serpentine  bends.  The  mode  conversion  from  TEoi  to  the 
TEo2 ,  TEo3 ,  •  •  •  waves  at  transitions  from  a  plain  waveguide  to  the  dielec- 
tric-coated guide  is  usually  very  small. 

I.    INTRODUCTION 

In  a  curved  section  of  cylindrical  waveguide  the  circular  electric  wave 
couples  to  the  TEu  ,  TE12 ,  TE13  •  •  •  modes  and  to  the  TMu  mode.i 
The  coupling  to  the  TMu  mode  presents  the  most  serious  problem  since 
the  TEoi  and  TMu  modes  are  degenerate,  in  that  they  have  ec[ual  phase 
velocities  in  a  perfectly  conducting  straight  guide.  In  a  bend  all  TEoi 
power  introduced  at  the  beginning  will  be  converted  to  the  TIMn  power 
at  odd  multiples  of  a  certain  critical  bending  angle.  One  can  reduce  this 
complete  power  transfer  by  removing  the  degeneracy  between  TEoi  and 
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TMii  modes.  The  finite  conductivity  of  the  walls  introduces  a  slight 
difference  in  the  propagation  constants  and  in  a  2-inch  pipe  at  5.4  mm 
wavelength  a  bending  radius  of  a  few  miles  can  be  tolerated  with  about 
double  the  attenuation  constant  of  the  TEoi  wave.  To  get  more  differ- 
ence in  the  phase  constants  of  the  TMn  and  TEoi  modes,  one  might 
consider  a  dielectric  layer  next  to  the  wall  of  the  waveguide.  Since  the 
electric  field  intensity  of  the  TEoi  mode  goes  to  zero  at  the  wall  but  the 
electric  field  intensity  of  the  TMn  mode  has  a  large  value  there,  one  might 
expect  a  larger  effect  of  the  dielectric  layer  on  the  propagation  character- 
istics of  the  TMn  wave  than  on  the  TEoi  wave. 

In  doing  this,  however,  one  has  to  be  aware  of  the  influence  the 
dielectric  layer  will  have  on  the  propagation  characteristics  of  the  TEi^ 
modes  which  also  couple  to  the  TEoi  wave  in  curved  sections.  The  TE12 
wave  couples  most  strongly  to  the  TEoi  wave  and  of  the  TEi^  family  it 
is  the  next  above  the  TEoi  w^ave  in  phase  velocity.  With  the  dielectric 
layer  one  has  to  expect  this  difference  in  phase  velocity  to  be  decreased 
and  consequently  the  mode  conversion  to  the  TE12  wave  to  be  increased. 

In  the  next  section  we  will  solve  the  characteristic  eciuation  of  the 
cylindrical  waveguide  with  a  dielectric  layer  for  the  normal  modes  and 
arrive  at  approximate  formulas  for  the  phase  constants.  We  will  also 
compute  the  increase  in  attenuation  of  the  normal  modes  as  caused  by 
the  dielectric  losses  in  the  layer.  The  change  in  wall  current  losses  as 
caused  by  the  dielectric  layer  is  of  importance  here  only  for  the  TEm 
wave  and  we  will  calculate  it  only  for  this  wave. 

In  order  to  know  what  bending  radii  can  be  tolerated  with  a  dielectric 
coat,  we  have  to  evaluate  the  coupled  wave  theory  for  small  differences 
in  propagation  constants  between  the  coupled  waves.  This  will  be  done 
in  Section  III.  Especially  we  will  consider  serpentine  bends  which  occur 
in  any  practical  line  with  discrete  supports.  In  that  situation,  at  certain 
critical  frequencies,  when  the  supporting  distance  is  a  multiple  of  the 
beat  wavelength  between  TEoi  and  a  particular  coupled  wave,  we  will 
have  to  expect  serious  effects  on  the  propagation  constant  of  the  TEm 
wave. 

In  Section  IV  we  will  combine  the  results  of  Sections  II  and  III  and 
establish  formulas  and  curves  for  designing  circular  electric  waveguides 
with  a  dielectric  coat.  We  will  distinguish  there  between  two  different 
applications.  The  first  case  is  to  negotiate  uniform  bends  of  as  small  a 
radius  as  possible  and  the  second  is  to  tolerate  large  bending  radii  which 
may  occur  in  a  normally  straight  line. 

At  transitions  from  plain  waveguide  to  the  dielectric-coated  guide, 
power  of  an  incident  TEoi  wave  will  be  partly  converted  into  higher 
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FEom  waves.  In  Section  V  we  shall  calfulate  the  power  hvc]  in  the  TE„,i 
waves  resulting  from  this  conversion. 


II.    THE  NOltMAL  MODES  OF  THE  DIELECTKIC-COATED  WAVEGUIDE 

The  waveguide  structure  under  consideration  is  shown  in  Fig.  1.  To 
find  the  various  normal  modes  existing  in  this  structure,  Maxwell's 
equations  have  to  be  solved  in  circular  cylindrical  coordinates  in  the  air- 
filled  region  1  and  dielectric-filled  region  2.  The  boundary  conditions 
are:  equal  tangential  components  of  the  electric  and  magnetic  field 
intensities  at  the  boundary  (r  =  h)  between  regions  1  and  2  and,  assum- 
ing infinite  conductivity  of  the  walls,  zero  tangential  component  of  the 
electric  field  at  the  walls  (r  =  a).  Upon  introducing  the  general  solutions 
into  these  boundary  conditions,  we  get  a  homogeneous  system  of  four  lin- 
ear equations  in  the  amplitude  factors.  Non-trivial  solutions  of  this  sys- 
tem reciuire  the  coefficient  determinant  to  be  zero.  This  condition  is 
called  the  characteristic  ecjuation.  Solutions  of  the  characteristic  equa- 
tion represent  the  propagation  constants  of  the  various  modes.  These 
calculations  have  been  carried  out  elsewhere,  '  and  the  characteristic 
equation  arrived  at  there  has  the  following  form : 


11 


1 


1 


2    -^'2 


Xl 


X2 


exi 


1_  Jn'jpXi) e_   Wn{X2,  pxd 

_  Xi  Jn  (pXi)  pX2^    U„{X2  ,  PX2)_ 

1    Jn'ipXi)  _J_    Vnjx-l,  pX-2) 

_Xi    Jn{pXi)  pX2^  ZniXo  ,  pXo). 


(1) 


=  0. 


v///////.^ 


Fig.  1  —  The  dielectric-coated  waveguide;  p  =  b/a,  5  =   1  —  p=  (a  —  b)/a. 
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Here  we  have  used  the  following  definitions: 

Un(x,  px)  =  Jn{px)Nn{x)    -    Nn{px)Jn(x), 

Vnix,   px)  =  pX%J,:{pX)Nn'{x)    -    Nr:{pX)Jn'{x)], 

Wn{x,  px)  =  px[J,Xx)N,/(px)    -    Jr.'(pX)Nnix)], 

Zn(x,  px)  =  x[Jn'ix)Nn{pX)    -    J n{px) N n' (x)] . 


I 


(2) 


Jn  and  A^„  are  cylinder  functions  of  the  first  and  second  kind,  respec- 
tively, and  the  prime  marks  differentiation  with  respect  to  the  argument. 
The  other  symbols  are: 

p    =  b/a  ratio  of  radii, 

xi  =  ^itt  ,  (3) 

X2    =    ^20.  . 

The  relative  dielectric  constant  of  region  2  is  indicated  by  e  which  is 
assumed  to  be  complex  to  take  dielectric  losses  into  account.  The  radial 
propagation  constants  ^i  and  ^2  are  related  to  the  axial  propagation 
constant  7  and  the  free-space  propagation  constant  k  =  27r/X  by 


(4) 


^f  =  k'  +  Y, 

$2'  =   ek"  +  7'. 

The  circumferential  order  of  the  solution  is  indicated  by  n. 
For  w  =  0,  equation  (1)  splits  into  the  two  equations 

J_  Jo'(p.ri)        _e_  Wq{x2  ,  PX2)  ^  Q  /^N 

xi  Jo{pXi)        p.r2^  Uo{x2 ,  PX2) 

and 

j_  Jo'ipxi)       J\_  Fo(-r2 ,  p.r2)  ^  Q  /gN 

Xi   JoipXi)  pX2'  Zo{X2  ,  PX2) 

representing  the  TMo,„  and  TEo,„  waves,  respectively. 

Except  for  n  =  0  the  solutions  of  (1)  and  the  modes  in  the  waveguide 
do  not  have  transverse  character  as  in  the  case  of  a  uniformly  filled 
waveguide.  They  are  hybrid  modes.  However,  it  is  reasonable  to  label 
them  as  TE„,„  or  TM„;„  ,  according  to  the  limit  which  they  approach  as 
the  dielectric  layer  becomes  very  thin. 

Modes  in  the  dielectric-coated  guide  with  a  very  thin  coat  may  be 
treated  as  perturbed  TE„;„  or  TM„,„  modes  of  the  ideal  circular  wave- 
guide. The  perturbation  terms  are  found  by  expanding  (1)  for  small 
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values  of  5  =  1  —  p.  This  is  done  in  Appendix  1.  The  perturbation  of 
the  propagation  constants  for  the  various  normal  modes  is: 

TM„.  ^  =  '-^  8,  (7) 

'Ynm  € 

^■y  ^  f    1 

-L-t!jnm  '    ^  ;^  5  ~-7Z  TyT  0,  (o) 

n^O      Inm  VnvC    —    W  e{l    —    VunT) 


TEo,n  ^   =    ^ -,  ^  5'.  (9) 


At    ^       e  -    I     Pom  .3 

'Yom  r  Vom       O 


In  these  equations  pnm  is  the  mth  root  of  Jn{x)  =  0  for  TMnm  waves 
and  the  mth  root  of  J„'(x)  =  0  for  TE„;„  waves.  Furthermore,  Vnm  = 
^/Knm  where  Xc„m  =  27ra/p„m  . 

We  note  that  the  change  in  propagation  constant  is  of  first  order  in 
5  for  the  TM„„i  and  TE„„j  waves  with  n  ?^  0,  but  of  third  order  in  5  for 
TEo,„  waves. 

With  e  =  e'  —  je"  the  perturbation  of  the  propagation  constant  splits 
into  phase  perturbation  A/3  and  dielectric  attenuation  ao  .  For  a  low 
loss  dielectric  we  may  assume  t"  «  e'  and  get : 

Pnm  t 

^^^^  A^  ^         n""  t'  -  1       ^ 


TE, 


'om 


Aj8  _  Pom     e'  -  1 


Pom  O       1  Vom 


2  "  ' 


TM         ^    =    —  5 

2  // 

TF       ^  -  ^ ^ ^ 

„j^0       Pnm  Vnm     —    H"   €  "(1     —    Vum') 

2  // 

T'T?  Oio  Pom  C  .a 

""^  /^ ^  F^ 2    • 

Pnm  'J      -1-  ''y/K 

Unfortunately  the  range  in  which  (7),  •  •  •  (10)  are  good  approxima- 
tions is  rather  limited.  Actually 

1  —  Vnm    2Tra  Al3 


Vnm,  A        Pnm 

has  to  be  small  compared  to  unity,  at  least  not  larger  than  0.1.  In  the 
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case  of  the  TMn  wave  in  a  2-inch  pipe  at  X  =  5.4  mm  this  hmit  is 
reached  with  A/3//3ii  -  0.45  X  10"'  or  5  =  0.75  X  10"'  with  e  =  2.^ 
To  evaluate  (1)  beyond  this  Hmit  we  may  use  the  approximations: 

1     Wn{x,px) 


px  U„{x,px) 

l^    Vn{x,px) 
px    Zn{x,px) 


cot  (1  —  p)x  =  cot  8x, 
=  —  tan  (1  —  p)  =  —  tan  8x. 


(11) 


The  approximations  (11)  require  x  »  n,  and  8x  <  x/2,  as  shown  in 
Appendix  I.  These  requirements  are  usually  satisfied  for  the  lower  order 
modes  in  a  multimode  waveguide  with  a  thin  dielectric  layer. 

Equation  (1)  has  been  evaluated  for  the  TMn  mode  using  the  approxi- 
mations (11)  and  a  method  which  is  described  in  Appendix  I.  The  results 
are  shown  in  Fig.  2  for  e  =  2.5  and  several  values  of  a/A. 

In  introducing  a  dielectric  coat  we  have  to  be  aware  of  the  change  in 
attenuation  constant  the  TEoi  mode  will  suffer.  Not  only  the  loss  factor 
of  the  dielectric  material  will  cause  additional  losses,  but  the  concentra- 
tion of  more  field  energy  into  the  dielectric  will  increase  the  wall  currents 
and  so  the  wall  current  losses. 

To  calculate  the  wall  current  attenuation  of  the  TEoi  mode  in  the 
round  waveguide  with  the  dielectric  layer,  we  proceed  in  the  usual 


9 

1- 
z 

LU        8 

U 
cr 

LU          -, 

Q_        7 
2 

_  6 
-^ 
LU        5 

o 

Z 
a.      4 

LU 
LL 
LJ_ 

Q         3 

LU 

a 

> 

/ 

/ 

/ 

/ 

/ 

/ 

f 

/ 

/ 

J 

/ 

/ 

> 

/ 

0 

/ 

y^ 

0123456789 
COAT    THICKNESS   IN   PER   CENT    OF   THE   RADIUS 


10 


Fig.  2(a)  —  Change  in  phase  constant  of  the  TMu  wave  in  the  dielectric-coated 
waveguide,  e  =  2.5;  a/X  =  1.03. 
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Fig.  2(b)  —  Change  in  phase  constant  of  the  TMn  wave  in  the  dielectric-coated 
waveguide,  e  =  2.5;  a/X  =  2.06. 
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Fig.  2(c)  —  Change  in  phase  constant  of  the  TJNIn  wave  in  the  dielectric-coated 
waveguide.  «  =  2.5;  a/X  =  4.70. 
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manner.  Assuming  the  conductivity  to  be  high  though  finite  and  the 
loss  factor  of  the  dielectric  material  to  be  small,  we  take  the  field  pattern 
and  wall  currents  of  the  lossless  case  and  calculate  the  total  transmitted 
power  P  and  the  power  P m  absorbed  per  unit  length  of  the  waveguide  by 
the  metal  walls  of  finite  conductivity.  The  wall  current  attenuation  <xm 
is  then  given  by 


IPm 


(12) 


The  result  of  this  calculation  as  carried  through  in  Appendix  II  is: 


au   _   X2        / x^  —  x^  / 1    I    !!1    V. 

r.         ~'n24/^2_,^2V"^9    ^ 
Oi-om  Vom       y      X2     —    i:X\      \^  L 


r     2 
X^ 


U\  {Xi  ,  pX-y)    -^Ri  (X2  ,  pX^ 


Rl{x2,pX2)    > 


(13) 


In  this  expression  «>/  is  related  to  the  TE^m  attenuation  constant  aom 
of  the  plain  waveguide. 

For  1  —  p  =  5  «  1  we  introduce  the  series  expansions  of  the  functions 
Ui(x2,  pXi)  and  Ri{x2,  PX2), 

^  =  (e  -  1)  ^  8\  (14) 

(Xom  Vom 

Here  Aa^  is  defined  as  the  change  in  wall  current  attenuation  compared 
to  the  attenuation  in  the  plain  waveguide. 

III.    PROPERTIES    OF   COUPLED   TRANSMISSION    LINES 

Wave  propagation  in  gentle  bends  of  a  round  waveguide  can  be  de- 
scribed in  terms  of  normal  modes  of  the  straight  guide. ^  The  bend  causes 
coupling  between  the  normal  modes.  The  TEoi  wave  couples  to  the  TMn 
wave  and  to  the  TEi„  waves  and  the  propagation  in  the  bend  is  de- 
scribed by  an  infinite  set  of  simultaneous  linear  differential  equations. 
An  adequate  approximate  treatment  is  to  consider  only  coupling  between 
TEoi  and  one  of  the  spurious  modes  at  a  time.  Furthermore,  only  the 
forward  waves  need  to  be  considered,  since  the  relative  power  coupled 
from  the  forward  waves  into  the  backward  waves  is  quite  small.  Thus, 
the  infinite  set  of  equations  reduces  to  the  well  known  coupled  fine 
equations: 

^  +  71^1  -  JcE2  =  0, 
dz 

(15) 

^  +   72^2    -  JCE,    =    0, 

dz 
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in  which 
-£"1,2(2)  =  wave  amplitudes  in  mode  1  (here  always  TEoi)  and  mode  2 
(TMii  or  one  of  the  TEi„),  respectively; 
7i,2  =  propagation  constant  of  mode  1  and  2,  respectively   (the 
small  perturbation  of  71,2  caused  by  the  coupling  may  be 
neglected  here) ;  and 
c  =  coupling  coefficient  between  modes  1  and  2. 
Subject  to  the  initial  conditions: 


EM  =  1,        E-,(0)  =  0, 


the  solution  of  (15)  is: 


1 


1  + 


A7 


VAt^  -  4c2 


.-■  +  2 11 


^' 


A7 


^/Ay'^  —  4c2 


] 


0-^22 


Eo  = 


jc 


(16) 


VA72  -  4c2 


[e 


-Tz^ 


-Tiz 


I 


where  A7  =  71  —  72  and  ri,2  =  3^[ti  +  72  ±  \/A7-  —  4c2].  Ti  and  r2 
are  the  propagation  constants  of  the  two  coupled  line  normal  modes. 
Both  coupled  line  normal  modes  are  excited  by  the  initial  conditions. 
For  I  C/A7  I  «  1,  ec^uations  (16)  can  be  simplified: 


E,  = 


1  -  2-%sinh^A72e'^'' 
A7-  2 


-(71  — Cc2/A7))2 


E,  =  /^sinhJA7^e~^^"^+'^^^ 
A7         2 


(17) 


We  are  concerned  with  a  difference  in  phase  constant  which  is  much 
larger  than  the  difference  in  attenuation  constant.  Consequently  in 

A7  =  jAjS  +  Aa  we  have  |  A,8  |  »  |  Aa  |  and  we  may  write : 


El  = 


l+.Jsin^A^.-- 


•exp 


^\^^+A^^^^>~ 


r'A^^'^V' 


1      (18) 


E2  =  i  ^  -sin-AiSs  exp     -  j-  (pi  +  13-^z  --(«!+  a^^z 

We  note  that  the  amplitude  A'l  ,  apart  from  suffering  an  attenuation, 
varies  in  an  oscillatory  manner,  the  maximum  being  ^1  =  1  and  the 
minimum  £"1  =  1  —  2(cVA/5").  Accordingly^,  the  maximum  mode  conver- 
sion loss  is  given  b}^ : 
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20  log 


E, 


10 


E 


max    _     17  qc     ^ 


(19) 


The  attenuation  constant  of  Ei  is  modified  by  the  presence  of  the  coupled 
wave.  Compared  to  the  uncoupled  attenuation  constant  it  has  been 
changed  by 

iV  (20) 


Aq!c 


OCX 


') 


The  amplitude  E2  varies  sinusoidally.  From  our  point  of  view  it  is  an 
unwanted  mode.  The  power  level  compared  to  the  Ei  power  is 


20  log,.  %^  =  20  log,.  I 


(21) 


So  far  we  have  considered  only  a  constant  value  of  the  coupling  co- 
efficient, c,  corresponding  to  a  uniform  bend.  The  attenuation  m  such  a 
uniform  bend  is  increased  according  to  (20),  and  the  worst  condition  we 
can  encounter  at  the  end  of  the  bend  is  a  mode  conversion  loss  (19)  and 
a  spurious  mode  level  (21). 

A  practical  case  of  changing  curvature  and  consequently  changing 
coupling  coefficient  is  the  serpentine  bend.  A  waveguide  with  equally 
spaced  supports  deforms  into  serpentine  bends  under  its  own  weight. 
The  curve  between  two  particular  supports  is  well  known  from  the  theory 
of  elasticity.  An  analysis  of  circular  electric  wave  transmission  through 
serpentine  bends^  shows  that  mode  conversion  becomes  seriously  high  at 
certain  critical  frequencies  when  the  supporting  distance  is  a  multiple 
of  the  beat  wavelength  between  the  TEoi  and  a  particular  coupled  mode. 
The  beat  wavelength  is  here  defined  as 


^b  =  — 


'2t 
AiS 


(22) 


In  serpentine  bends  formed  by  elastic  curves,  mode  conversion  at  the 
critical  frequencies  causes  an  increase  in  TEoi  attenuation 


aoi 


W 


Co 


EI  A/3-aoi_ 


Aa 


and  a  spurious  mode  level  in  the  particular  coupled  mode 


E2 
E, 


w 


Co 


EI  Af^-'m 


OOl 

Aa 


(23) 


(24) 


where    w  =  weight  per  unit  length  of  the  pipe, 
E  =  modulus  of  elasticity, 
I   =  moment  of  inertia. 
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and  Co  is  the  factor  in  the  bend  couphng  coefficient  c  =  Ca/R  determined 
by  waveguide  dimensions,  frequency  and  the  particular  mode.  R  is  the 
bend  radius. 

Equations  (23)  and  (24)  hold  only  as  long  as 

4Aa,  «  I  Aa  1  (25) 

is  satisfied.  The  rate  of  conversion  loss  has  to  be  small  compared  to  the 
difference  between  the  rates  of  decay  for  the  unwanted  mode  and  TEoi 
amplitudes.  If  (25)  is  not  satisfied  a  cyclical  power  transfer  between 
TEoi  and  the  particular  coupled  mode  occurs,  and  the  TEoi  transmission 
is  seriously  distorted. 

Another  case  of  changing  curvature  of  the  waveguide  is  random  de- 
viation from  straightness,  which  must  be  tolerated  in  any  practical  line. 
Such  deviations  from  straightness  change  the  curvature  only  very  gradu- 
ally, and  since  there  is  no  coupled  wave  in  the  dielectric  coated  guide, 
which  has  the  same  phase  constant  as  the  TEoi  wave,  the  curvature  may 
be  assumed  to  vary  only  slowly  compared  to  the  difference  in  phase 
constants.  Under  this  condition  the  normal  mode  of  the  straight  wave- 
guide, which  here  is  the  TEoi  mode,  will  be  transformed  along  the 
gradually  changing  curvature  into  the  normal  mode  of  the  curved  wave- 
guide, which  is  a  certain  combination  of  TEqi  and  the  coupled  modes. 
This  normal  mode  will  always  be  maintained  and  no  spurious  modes 
will  be  excited. 

The  change  in  transmission  loss  is  therefore  given  alone  by  the  differ- 
ence between  the  attenuation  constants  of  the  TEoi  wave  and  the  nor- 
mal mode  of  the  curved  waveguide.  The  propagation  constants  of  the 
normal  modes  of  the  coupled  fines  are  Fi  and  r2  as  given  by  (16).  Only 
the  mode  with  Ti  will  be  excited  here  and  consequently  the  attenuation 
difference  is  given  by  (20). 

IV.    CIRCULAR  ELECTRIC  WAVE  TRANSMISSION  THROUGH  CURVED  SECTIONS 
OF  THE  DIELECTRIC-COATED  GUIDE 

In  curved  sections  of  the  plain  waveguide  the  wave  solution  has  been 
described  in  terms  of  the  normal  modes  of  the  straight  waveguide.  In  this 
presentation  it  has  been  found  that  the  TEoi  wave  couples  to  the  TMn 
and  TEi„  waves  in  gentle  bends.  Likewise,  the  wave  solution  in  curved 
sections  of  the  dielectric-coated  guide  can  be  described  in  terms  of  the 
normal  waves  of  the  straight  dielectric-coated  guide.  In  a  wa^'eguide  with 
a  thin  dielectric  coat  the  normal  waves  may  be  considered  as  perturbed 
normal  modes  of  the  plain  waveguide.  Consequently  the  bend  solution 
of  the  plain  waveguide  may  be  taken  as  the  first  order  approximation 
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for  the  bend  solution  of  the  dielectric-coated  guide.  In  this  fii'st  order 
approximation  the  TEoi  wave  of  the  dielectric-coated  guide  couples  to 
the  TMii  and  TEi„  waves  of  the  dielectric-coated  guide  and  the  coupling 
coefficients  are  the  same  as  in  the  bend-solution  of  the  plain  waveguide  ■} 
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(26) 


j8  =  free-space  phase  constant. 

With  the  coupling  coefficients  (26)  and  the  propagation  constants  as 
given  by  (10)  and  (14)  the  coupled  line  equations  can  be  used  to  com- 
pute the  TEoi  transmission  through  curved  sections.  Since  the  absolute 
value  of  C/A7  is  usually  small  compared  to  unity,  the  mode  conversion 
loss  is  given  by  (19),  the  increase  in  TEoi  attenuation  by  (20),  and  the 
spurious  mode  level  by  (21). 

The  curves  in  Figs.  3,  4  and  5  have  been  calculated  for  the  2-inch 
pipe  at  a  wavelength  of  5.4  mm.  They  take  into  account  the  effects  of 
the  three  most  seriously  coupled  modes,  TMn  ,  TEn  ,  and  TE12  . 

In  very  gentle  bends  of  a  guide  with  a  very  thin  coat,  coupling  effects 
to  the  TEim  modes  are  small  and  only  TMn  coupling  influences  the  TEoi 
transmission.  The  increase  in  TEoi  attenuation  in  such  bends  is  obtained 
by  substituting  the  expression  (10)  for  the  TMn  phase  difference  in  (20). 


Aa,       0.034 


11 


aoi 


Vdl 


(« 


1)252/22- 


(27) 


Note  that  (27)  requires  |  C/A7  |  «  1  and  consequently  {l/b){a/R)  «  1. 
In  Fig.  4,  as  well  as  in  (27),  losses  in  the  dielectric  coat  have  been  neg- 
lected. Ecjuations  (10)  show  that  the  dielectric  losses  are  small  com- 
pared to  the  wall  current  losses  for  a  low  loss  dielectric  coat. 
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Fig.  3  —  Maximum  conversion  loss  of  the  TEoi  wave  in  a  vmiform  bend  of  the 
dielectric-coated  waveguide.  2a  =  2  inches;  X  =  5.4  mm;  e  =  2.5. 

There  are  two  different  applications  of  the  dielectric-coated  guide, 
which  require  different  designs: 

1.  Intentional  bends 

These  are  relatively  short  sections  and  the  increase  in  TEoi  attenuation 
is  usually  small  compared  to  the  bend  loss.  Also,  a  high  spurious  mode 
level  can  be  tolerated,  because  with  a  mode  filter  at  the  end  of  the  bend 
we  can  always  control  the  spurious  mode  level.  Consequentlj^,  the  only 
limit  set  for  this  type  of  bend  is  the  mode  conversion  loss  of  the  TEoi 
wave.  There  is  conversion  loss  mainly  to  TEn  ,  TE12  and  TMn  .  Increas- 
ing the  phase  difference  of  the  TMn  wave  by  making  the  dielectric  coat 
thicker  decreases  the  phase-difference  between  TEoi  and  TE12  and  in- 
creases the  phase-difference  between  TEoi  and  TEu  .  Apparently  we  get 
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Fig,  4  —  Increase  in  TEoi  attenuation  of  a  dielectric-coated  guide  in  a  uniform 
bend.  2a  =  2  inches;  e  =  2.5;  X  =  5.4  mm. 


very  near  to  an  optimum  design  with  a  dielectric  coat  for  which: 

C  /tmu 


t 


(28) 


For  this  condition  conversion  losses  to  TMn  and  TE12  are  equal,  while 
the  conversion  loss  to  TEu  is  small. 

To  find  values  which  satisfy  (28)  we  will  generally  have  to  solve  (1) 
because  the  TMu  phase  difference  required  by  (28)  is  too  large  to  be 
calculated  with  the  first  order  approximation.  At  a  wavelength  of 
X  =  5.4  mm  and  a  dielectric  constant  e  =  2.5  the  optimum  thickness  of 
the  coat  according  to  (28)  is  5  =  1.25  per  cent  in  the  2-inch  pipe.  In  Fig.  6 
the  mode  conversion  loss  in  a  dielectric-coated  guide  of  this  design  is 
plotted  versus  bending  radius. 

2.  Random  deviations  from  straightness 

As  mentioned  before,  random  deviations  from  straightness  change  the 
curvature  only  gradually  and  only  one  normal  mode  propagates.  Mode 
conversion  loss  and  spurious  mode  level  are  very  low.  The  normal  mode 
attenuation  depends  on  the  curvature.  The  increase  in  normal  mode 
attenuation  as  caused  by  curvature  is  obtained  by  adding  the  attenua- 
tion terms  (20)  of  the  various  straight  guide  modes  which  are  contained 
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Fig.  5  —  Spurious  mode  level  in  a  uniform  bend  of  a  dielectric-coated  guide. 
2a  =  2  inches;  e  =  2.5;  X  =  5.4  mm. 

in  the  normal  mode.  The  bending  radius  R  is  a  function  of  position  and  an 
average  bending  radius, 


1 


R 


Av 


=  -7 

z  Jo 


'  dz 
R^ 


(29) 


has  to  be  used  in  (20). 

All  the  attenuation  terms  (20)  decrease  with  increasing  coat  thickness 
5;  the  TEoi  attenuation  in  the  straight  guide  (10)  and  (14)  increases  with 
6.  Consequently  there  is  an  optimum  thickness  for  which  the  total  in- 
crease in  attenuation  is  a  minimum.  This  optimum  thickness  depends  on 
the  average  radius  of  curvature.  In  Fig.  7  optimum  thickness  and  the 
corresponding  increase  in  attenuation  have  been  plotted  versus  the 
average  radius  of  curvature. 

In  gentle  curvatures  the  normal  mode  is  a  mixture  of  TEoi  and  TMn 
only  and  the  attenuation  increase  as  caused  by  the  curvature  is  given 
by  (27).  In  this  case  the  optimum  thickness  and  the  corresponding 
attenuation  increase  are: 
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Av 


We  note  that  5opt  does  not  depend  on  frequency. 

So  far  we  have  listed  only  the  useful  properties  of  the  dielectric-coated 
guide.  There  is,  however,  one  serious  disadvantage.  Serpentine  bends 
caused  by  equally  spaced  discrete  supports  and  the  elasticity  of  the  pipe 
are  inherently  present  in  any  waveguide  line.  At  critical  frequencies,  when 
the  supporting  distance  I  is  a  multiple  of  the  beat  wavelength  \h  between 
TEoi  and  a  particular  coupled  mode,  an  increase  in  TEoi  attenuation 
(23)  and  a  spurious  mode  level  (24)  result  from  the  mode  conversion. 

We  evaluate  (23)  and  (24)  for  a  dielectric-coated  copper  pipe  of  2.000- 
inch  I.D.  and  2.375-inch  O.D.  and  a  supporting  distance  I  —  15  ft.  The 
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Fig.  6  —  Bend  convension  loss  in  a  dielectric-coated  guide  of  optimum  design 
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result  is  for  coat  thicknesses  which  cause  the  wavelength  X  =  5.4  mm 
to  be  critical  with  respect  to  TEoi-TMn  coupling: 


5  =  0.002      I  =  \b    —  =  43.3        20  logio 

OiOl 


E2 


=  -1.29  dh 


=  0.004         =  2X6 


=  2.70 


=  - 13.32  dh 


0.006        =  3X6 


=  0.169 


=  -25.37  dh. 


The  values  corresponding  to  5  =  0.002  do  not  satisfy  the  condition  (25). 
Therefore  they  cannot  be  considered  as  a  cjuantitative  result  but  only  as 
an  indication  that  the  mode  conversion  is  very  high.  We  conclude  from 
these  values  that  the  mode  conversion  is  much  too  high  for  a  coat  thick- 
ness which  makes  the  beat  wavelength  between  TEoi  and  TMn  equal  to 
the  supporting  distance  or  half  of  it. 

If  no  other  measures  can  be  taken,  such  as  remo\dng  the  periodicity 
of  the  supports  or  inserting  mode  filters,  the  lowest  critical  frequencies 
of  TEoi-TMii  coupling  have  to  be  avoided.  A  dielectric  coat  must  be 
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Fig.  7  —  Optimum  coat  thickness  and  increase  in  TEoi  attenuation  of  a  dielec- 
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chosen,  which  is  thin  enough  or  thick  enough  to  keep  these  critical  fre- 
quencies out  of  the  band. 

Mode  conversion  from  TEoi  to  the  TEi,„  modes  in  serpentine  bends  is 
not  changed  substantially  by  the  presence  of  the  dielectric  coat.  Gener- 
ally these  mode  conversion  effects  decrease  rapidly  with  the  beat  wave- 
length. When  the  curvature  varies  slowly  compared  to  the  difference 
in  phase  constant  between  coupled  waves  almost  pure  normal  mode 
propagation  is  maintained. 

v.    MODE   CONVERSION  AT  TRANSITIONS   FROM  PLAIN  WAVEGUIDE  TO  THE 
DIELECTRIC-COATED   W^AVEGUIDE 

We  consider  a  round  waveguide,  a  section  of  which  has  a  dielectric 
layer  next  to  the  walls.  A  pure  TEoi  wave  incident  on  this  dielectric- 
coated  section  will  excite  TE^m  waves.  For  circular  electric  wave  trans- 
mission it  is  important  to  keep  low  the  power  level  of  the  higher  circular 
electric  waves  which  have  low  loss. 

In  an  evaluation  of  Schelkunoff's  generalized  telegraphist's  equations 
for  the  TEoi  mode  in  a  circular  waveguide  containing  an  inhomogeneous 
dielectric^  S.  P.  Morgan  describes  the  wave  propagation  in  the  dielectric- 
filled  waveguide  in  terms  of  normal  modes  of  the  unfilled  waveguide. 
The  only  restriction  made  in  this  analysis  for  the  dielectric  insert  is 

\f\e-l\dS«l,  (32) 

where  S  is  the  cross-sectional  area  of  the  guide. 

The  dielectric-coated  guide  satisfies  (32),  and  we  may  use  the  results 
of  Morgan's  evaluation  here. 

The  round  waveguide  is  considered  as  an  infinite  set  of  transmission 
lines,  each  of  which  represents  a  normal  mode.  Along  the  dielectric- 
coated  section  the  TEom  transmission  lines  are  coupled  mutually.  The 
coupling  coefficient  d  between  TEoi  and  one  of  the  TEq^  waves  is  ob- 
tained by  taking  Morgan's  general  formula  and  evaluating  it  for  the  di- 
electric coat: 

V|Soi|8om      3 

We  mtroduce  this  coupling  coefficient  into  the  coupled  fine  equations 
(16).  Since  d/A^  «  1  for  any  of  the  coupled  modes,  the  spurious  mode 
level  at  the  output  of  the  dielectric-coated  section  is  given  by  (21), 


20  log 
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^2n 


^1 


on  1          2      (e'   -   l)poiPoml3~        3  ,oA\ 

20  logic  -^  ~ ^ — , 5  .  (34; 

^   (/3oi   -  iSom)  V^OllSom 
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Fig.  8  —  Higher  circular  electric  waves  at  a  transition  from  plain  waveguide 
to  the  dielectric-coated  guide,  e  =  2.5;  a/X  =  4.70. 

Fig.  8  shows  an  evaluation  of  (34)  for  a/X  =  4.70  and  e'  =  2.5  correspond- 
ing to  a  2-inch  pipe  with  a  polystyrene  coat  at  X  =  5.4  mm. 


VI.   SUMM.\RY 

A  theoretical  analysis  of  wave  propagation  in  the  dielectric-coated 
guide  is  presented  to  provide  information  necessarj'-  for  circular  electric 
wave  transmission  in  this  waveguide  structure.  The  normal  modes  of  a 
waveguide  with  a  thin  dielectric  coat  are  perturbed  modes  of  the  plain 
waveguide.  While  the  perturbation  of  the  phase  constant  is  only  of  third 
order  of  the  coat  thickness  for  the  circular  electric  waves,  it  is  of  first 
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order  for  all  other  modes.  Thus,  the  degeneracy  of  equal  phase  constants 
of  circular  electric  waves  and  TMim  waves  can  be  removed  quite  effec- 
tively. The  additional  attenuation  to  TEoi  wave  as  caused  by  the  dielec- 
tric loss  in  the  coat  and  the  increased  wall  current  loss  remains  small  as 
long  as  the  coat  is  thin. 

The  dielectric-coated  guide  may  be  used  for  negotiating  intentional 
bends  or  for  avoiding  extreme  straightness  requirements  on  normally 
straight  sections.  For  intentional  bends  of  as  small  a  radius  as  possible, 
an  optimum  thickness  of  the  coat  makes  the  mode-conversion  losses  to 
TMii  and  TE12  modes  equal  and  minimizes  the  total  conversion  loss. 
For  random  deviations  from  straightness,  an  average  radius  of  curva- 
ture is  defined.  For  this  average  radius  an  optimum  thickness  of  the  coat 
minimizes  the  additional  TEm  attenuation  as  caused  by  curvature  and 
dielectric  coat.  In  random  deviations  from  straightness,  propagation  of 
only  one  normal  mode  is  maintained  as  long  as  only  the  rate  of  change 
of  curvature  is  small  compared  to  the  square  of  the  difference  in  phase 
constant  between  TEoi  and  any  coupled  mode. 

Serpentine  bends,  caused  by  equally  spaced  supports  and  the  associ- 
ated elastic  deformation  of  the  pipe,  increase  the  TEoi  attenuation  sub- 
stantially at  certain  critical  frequencies,  when  the  supporting  distance 
is  a  multiple  of  the  beat  wavelength.  The  lowest  critical  frequencies  of 
TEoi-TMii  coupling  corresponding  to  a  beat  wavelength,  which  is  equal, 
to  the  supporting  distance  or  half  of  it,  have  to  be  avoided  by  choosing} 
the  proper  coat  thickness. 

At  transitions  from  plain  waveguide  to  dielectric-coated  guide  higher 
circular  electric  waves  are  excited  by  the  TEoi  wave.  However,  the  power 
level  of  these  spurious  modes  is  low  for  a  thin  dielectric  coat.  ■ 
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APPENDIX    I 

Approximate  Solutions  of  the  Characteristic  Equation 
In  the  following  calculation  we  will  use  the  definitions: 

R„{x,  px)  =  Jn{x)  N„-i{px)  —  J„_i(p.-c)A'„(a;), 

Sn{x,   px)     =    Jn-l{x)   Nnipx)    -    J u(pX^   A'„_i(.t), 
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and  their  relation  to  the  definitions  (2) ; 

Wn{x,  px)    _  Rn{x,  px) 


px 


Sn+l(x,  px) 

-\-  n  =  —px  ^/^         ^    —  n, 


Unix,  px)  Un(x,px)  Un{x,  px) 

Fn(.i-,  px)  ^       xUn-iJx,  px)  +  nRnjx,  px) 
Znix,  px)  '    xSn{x,  px)  +  nUn{x,  px) 


(36) 


To  find  solutions  of  (1)  for  1  —  p  =  5  «  1  we  first  substitute  for  the 
functions  (36)  their  series  expansions  with  respect  to  5. 
We  have  for  instance 

Un{x,  px)    =    Nn{x)    Jn{x    —    8x)    —    J n{x)   Nn{x    —    8x) 

where  we  introduce 

J  nix  -  8x)  =  JM  +  SxJ.'ix)  +  ^'.//'(.r)  +  •.. 


=  J  nix)  +  8x 
^  (5x0  " 


./„+i(.r)  -  -J nix) 

X 

1  X      /  N    ,    /n'  —  n 


and 

Nnix  -  8x)   =  Nnix)  +  8x 

'      2 
Upon  using  the  relation 


-Jn+xix)    + 


Nn+yix)     -    -Nnix) 
X 


-    l]jnix) 


+ 


X 


X'- 


-  l)iVn(a;)] 


+ 


we  get 


Unix,  px) 


Jn+lix)Nnix)     -   Jnix)Nn+lix)    =    — 

TTX 


.  ^+^¥(S^-' 


+  0(6"),       (37) 


and  by  the  same  procedure 


_  ,        .         2 

Rnix,  px)    =    — 

1  7r.f 


1  -  (/;  -  1)5  + 


in  -  Din  -  2) 


-)¥ 


n  -  2/,     ,    in  -  Din  -  3)\  (6.r)" 


1  + 


X 


1-3 


6 


(38) 


+  0(5"). 
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With  these  expressions  the  functions  (36)  are  approximated  by: 

Vn\X,  pX)  ,2  2\      I     fs(f2\ 

■f=- ^  =  b\x   -  n  )  +  0(6  ), 

Z„(.r,  px) 

and  for  n  =  0  especially: 

1    Fo(a;,  px)  _       1  U\{x,  px) 
px~  Zo{x,  px)  X  Ri(x,  px) 


(39) 


-8 


l+l  +  sM^o; 


a---i 


(40) 


+  0  (5^) 


Since  for  5  =  0  the  roots  of  Jn{pxi)  =  0  and  Jn(pxi)  =  0  represent  the 
solutions  of  (1)  for  the  TM  and  TE  waves  respectively,  we  expand  the 
Bessel  functions  of  the  argument  pXi  in  series  around  these  roots: 

pxi  =  (1  -  8)(pnm  +  Ax). 

The  result  for  TM  waves  is 

JniPnm)    -    0:  :^4^    =    ^  \^        ;  (41) 

Jn{pXi)  Ax    —    8pnm 

for  TE  waves: 

//(p..)  =  0 :         -If^  =  '^^^  (X  -  6p.„.) ; 
and  for  TEom  waves  especially : 
Joipom)  =  0: 

'Jo  {pXlJ                                                       1        /  .     2      ,      -2  2\  5  /r,       1      >-.  2\ 
f-7 T-  =   Ax    —    dpom   — [AX     -\-  8  Pom)    —  -7  Pom{o    +    2po,n  ). 

Introducing  (39  •  •  •  42)  into  the  characteristic  equation  (1)  and  neglect-| 
ing  higher  order  terms  in  5  and  Ax  we  get  the  following  approximations 
for  (1): 

TMnm  waves:  Ax  =  (  pnm —  )  8 

2    2  2  ^ 

rrjTTt  A  X2  Pnm        'I'        ^ 

Thnm  waves:  Ax  =  — - — ^— ^  ■ 5 

n^O  Pnm     "    ^      ^Pnm 


(42)  ' 


DIELECTRIC-COATED   WAVEGUIDE  1275 

TEo^  waves:  ^x  =  -^  {x{  -  VoJ)h\  (44) 

If  we  write  for  the  perturbed  propagation  constant 

we  get  with  (3)  and  (4) : 

\  2      §71711      A 

Ax  =  a  Ay 

Pnm 

Vnm 


and 


in  which 


X2      =     (e    —     1    +    Pnm^) 


2 


_       X       _    Pnm    X 
Acnm  ^TT     0, 

i  Using  these  expressions  in  (43)  and  (44)  we  finally  get  approximate 
I  formulae  for  the  perturbation  of  the  propagation  constant  as  caused 
!  by  the  dielectric  coat: 

TMnm  waves :  —  =  5 

TE„„  waves:  —  = ■ 5        (4o) 

n^O  Tnm  Pnn,      —    Tl^  C  1    —    Vnm 

n^Tjy  A7  Pom        e    —    1        .3 

1  Eom  waves :  —  =  '-— 8  . 

Tom  'J       1  Vom' 

The  series  expansions  used  so  far  hold  only  when  (1  —  p)x  «  1.  Approxi- 
mate expressions  which  require  only  (1  —  p)  <K  1  are:^ 

.    1  -  p     , 

sni  — 7^  V  p.r-  -  n^ 

Vni^x,  8x)   =  ^  ^' 


^  W  py?  —  r? 


Sn{x,  8x)  =  - 


TT  (I    -    p)x    _ 


Vp  COS  (— 7^  Vpx'-  -in-  1)2  j 
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If  x'  »  n"  these  expressions  may  be  further  simphfied : 

2      1 

Unix,  px)   =  -  —j=-  sin  (1  -  p)x, 
T  \/px 

2      1 

Sn(x,  px)     =     — -j^r-  COS    (1    —    p)x. 

^  \/ pX 

Substituting  these  values  in  (36)  we  get : 

Wn{x,  px) 


Unix,  px) 


X  cot  (1  —  p)x  —  n, 


i 


n  1 


Vnix,  px) 
Znix,   px) 


=  —px  tan  (1  —  p)x ~ 


cot  (1  —  p)x 


1 tan  (1  —  p)x 

X 


With  the  restrictions  (1  —  p)x  <  7r/2  and  7i  <<C  x  we  may  write: 

Wnix,  px) 


Unix,  px) 
Vnix,  px) 


=  px  cot  (1  —  p)x, 


(46) 


n 


=  -  px  tan  (1  -  p)x. 

Zjn[X,  pX) 

With  (46)  the  characteristic  equation  (1)  is 
1  1 


Xl  .12  _ 


.x,'-x,'  ri/»Vi)^i^^^5^^ 


P  2  2 

X-z    —  eXi 


_Xl    J nipXl)  X-i 


] 


1   Jn'ipXi)  1  I  ^ 

^  ,      ,    —  —  tan  8x2  I  =  0. 

X2    JnipXl)  X2 


■]■ 


Solving  this  equation  for  cot  8x2  we  get: 


F  /        F- 

cot  5x-2  =  -  +  4/  1  4-  J , 


9 


(47) 


in  which 


F  = 


Xl  JnipXi) 
X2  Jn  ipXl) 


1    + 


2/2  2\  /      2  2\  ■ 

n    [Xi    —  X2  j(a;2    —  eXi  ) 


fp" 


X^X^ 


.T2  JnipXl) 
eXi    JnipXl) 


To  evaluate  (47)  we  specify  a  value  of  A^/^nm  and  enter  the  right  hand 
side  of  (47)  with 

2  2       0^^/32      2/1,1  A/3\ 

a;i    =  Pnm    -  2  -—  (S  „,„a  (1  +  9  ^—  ) , 

X2    =  (e  —  l)/?„^  a    +  Xl  , 
p  =  1  -  5i 
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ill  which  5i  is  a  first  order  approximation  as  given  by  (10)  for  a  particular 
mode.  Equation  (47)  then  yields  a  value  62  which  is  usually  accurate 
enough.  To  improve  the  accuracy  the  same  calculation  is  repeated  using 
62 .  Since  for  small  values  of  5  a  change  in  8  affects  the  right  hand  side 
only  slightly  this  method  converges  rapidly. 

APPENDIX   II 

The  TEoi  Attenuation  in  the  Dielectric-Coated  Waveguide 
The  attenuation  constant  of  a  transmission  line  can  be  expressed  as 

IPm 


a  = 


2   P 


in  which  Pm  is  the  power  dissipated  per  unit  length  in  the  line  and  P  is 
the  total  transmitted  power.  For  the  dielectric-coated  guide  the  power 
Pm  is  dissipated  in  the  metal  walls  with  finite  conductivity  a. 

For  TKom  waves  the  wall  currents  are  i  =  Hz{a)  {H^  axial  component 
of  the  magnetic  field)  and  therefore 

1  r'^  a* 

Pm  =  ^         -—a  dip 

Z  Jo      t-  a 

t(T 

where  t  =  skin  depth  and  a-  =  conductivity. 
The  total  transmitted  power  is 


P  =  -  ^  [      [  E^H*rdr  d<p. 
Z  Jo      Jo 


We  introduce  expressions  for  the  field  components,  which  are  listed 
elsewhere  '  and  carry  out  the  integration.  Finally  we  express  the  wall 
current  attenuation  in  terms  of  the  functions  (2)  and  (35); 

Pom  Y     -12  e^i     I  -^  ,      , 

(18) 
•(^  -  1)  (c/i(.i-2 ,  P.r2)  +  ^  R^{X2 ,  pxd^  R,{x, ,  px,)  I  -• 

To  get  an  approximation  for  a  thin  dielectric  coat  we  use  the  expressions 
1(37)  and  (38)  and  obtain 

AaM  OCm    —    OCcm  I  i\Pom   -2  /,^n 

1  =  =  {€  —  1)  -V—  0  .  (49) 
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Circular  Electric  Wave  Transmission 
Through  Serpentine  Bends 

By  H.  G.  UNGER 

(Manuscript  received  January  9,  1957) 

An  otherwise  straight  waveguide  line  with  equally  spaced  discrete  supports 
may  deform  elastically  into  a  serpentine  bend  under  its  own  weight.  The 
TEoi  wave  couples  in  such  bends  to  the  TMn  and  TEi„  waves.  The  general 
solution  of  coupled  lines  with  varying  coupling  coefficient  is  applied  to  a 
serpentine  bend  by  an  iterative  process,  and  evaluated  for  the  elastic  curve 
resulting  from  a  periodically  supported  line.  TEoi-TMu  coupling  causes 
only  a  small  increase  in  TEoi  attenuation.  Mode  conversion  to  TEi„  waves 
can  become  seriously  high  at  certain  critical  frequencies  when  the  supporting 
distance  is  a  multiple  of  the  beat  wavelength.  In  a  copper  pipe  of  2^  inch 
O.D.  and  2  inch  I.D.,  the  mode  conversion  to  the  TE12  wave  at  critical 
frequencies  near  5-mm  wavelength  causes  a  TEoi  attenuation  increase  of 
90  per  cent  and  a  spurious  mode  level  of  —7  db.  These  mode  conversion 
effects  can  be  controlled  effectively  by  inserting  mode  filters. 

I.    INTRODUCTION 

In  curved  sections  of  round  waveguide  the  TEoi  -  wave  couples  to 
the  TMu  and  TEi,,  waves,  and  power  is  converted  to  these  waves  when 
the  TEoi  wave  is  transmitted  through  bends.  A  form  of  bend  which  is 
inherently  present  even  in  an  otherwise  straight  and  perfect  line  is  the 
serpentine  bend,  Fig.  1.  Between  discrete  supports  the  pipe  is  deflected 
by  the  force  of  its  own  weight.  The  resulting  curve  is  well  kno^\Ti  from 
the  theory  of  elasticity.  The  curvature  varies  along  the  axis  following 
essentially  a  square  law.  The  minimum  bending  radius  occurs  at  the  sup- 
ports. For  the  practical  example  of  a  copper  pipe  of  2f-inch  O.D.,  2.00- 
inch  I.D.  and  a  supporting  distance  of  15  ft,  this  minimum  bending  ra- 
dius is  992  ft.  A  uniform  bend  of  this  radius  would  convert  most  of  the 
power  incident  in  the  TEoi  wave  to  the  TMn  wave  after  a  certain  length 
of  bend. 

Fortunately  a  serpentine  bend  with  the  same  order  of  bending  radius 
does  not  affect  circular  electric  wave  transmission  as  seriously  as  does  a 
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I 


Fig.  1  —  Serpentine  bends. 

uniform  bend  with  the  same  bending  radius.  This  will  be  shown  in  the 
following  analysis. 

A  treatment  of  serpentine  bends  given  previously  by  Albersheim  con- 
siders only  circular  and  sinusoidal  curvatures.  Furthermore,  it  does  not 
show  all  the  effects  of  serpentine  bends  that  we  are  interested  in.  We 
shall  present  a  more  general  and  complete  analysis  here.  The  only  re- 
striction we  have  to  make  is  that  the  power  exchanged  in  one  section  of 
the  serpentine  bend  from  the  TEoi  mode  to  any  of  the  coupled  modes  or 
vice  versa  is  small  compared  to  the  power  in  the  mode  from  which  it  has 
been  abstracted.  The  curvature  may  be  any  function  of  distance  along 
the  serpentine  bend. 

The  general  results  indicate  that  normally  a  serpentine  bend  causes  an 
additional  attenuation  to  the  TEoi  mode.  Part  of  the  TEoi  power  which 
travels  temporarily  in  one  of  the  coupled  modes  suffers  the  higher  attenu- 
ation of  this  coupled  mode.  Formulae  for  this  increase  in  attenuation 
constant  are  obtained  for  periodically  supported  guides  from  the  deflec- 
tion curve  given  by  the  theory  of  elasticity. 

The  couphng  between  the  TEoi  and  TMu  waves  causes  only  a  very 
slight  increase  in  TEoi  attenuation,  since  the  difference  in  propagation 
constant  for  these  two  modes  is  very  small.  In  fact,  if  there  were  no 
difference  in  propagation  constant,  as  in  the  round  guide  of  infinite  wall 
conductivity,  coupling  between  TEoi  and  TMu  waves  in  serpentine  bends 
would  not  affect  the  TEm  transmission  at  all. 

Coupled  modes  which  have  a  larger  difference  in  phase  constant  than 
TMii  but  still  are  close  to  TEqi  cause  a  serious  increase  in  TEoi  attenua- 
tion at  certain  critical  frequencies.  If  a  multiple  of  the  beat  wavelength 
between  the  TEoi  mode  and  a  particular  coupled  mode  is  equal  to  the 
supporting  distance,  power  is  converted  continuously  into  the  coupled 
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mode.  For  low  attenuation  in  the  coupled  mode  the  power  transfer  may- 
even  be  essentially  complete. 

II.    SOLUTION    OF   THE    COUPLED    LINE    EQUATIONS 

In  a  curved  round  waveguide  the  TEoi  mode  couples  to  the  TMn 
mode  and  the  infinite  set  of  TEi„  waves.  Consequently,  the  wave  propa- 
gation is  described  by  an  infinite  system  of  simultaneous  first  order 
linear  differential  equations.  An  adequate  procedure  is  to  consider  only 
couphng  between  TEni  and  one  of  the  spurious  modes  at  a  time.  Thus, 
the  infinite  system  of  equations  reduces  to  the  well  known  coupled  line 
equations, 

"^^^  +  71^1  -  kE^  =  0, 


dz 

dE2 

dz 


(1) 

+  72^2  -  kEi  =  0; 


in  which 


Ei,i{z)  =  wave  amplitudes  in  mode  1  (here  always  TEoi)  and  mode 
2  (TMii  or  one  of  the  TEi„),  respectively; 
7i,2  =  propagation  constant  of  modes  1  and  2,  respectively, 
(The  small  perturbation  of  y-i  ,  72  caused  by  the  coupling 
may  be  neglected  here) ;  and 
k{z)  =  jc{z)  =  coupling  coefficient  between  modes   1   and   2. 

In  the  curved  waveguide  the  coupling  is  proportional  to  the  curvature; 

Co  dd  .  . 

in  which  R  =  radius  of  curvature,  and  Q  =  direction  of  guide  axis.  (The 
various  coupling  coefficients  are  listed  in  the  appendix.)  Without  loss  of 
generality  we  start  with  9(0)  =  0.  We  will  use  the  average  propagation 

constant  7  , 

7  =  1(71  +  72), 

(3) 
A7  =  hill  -  72). 

Several  coordinate  transformations  will  change  (1)  to  a  form  which  can 
be  solved  approximately.  A  similar  procedure  has  been  used  to  solve  the 


t 
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related  problem  of  the  tapered  mode  coupler/  With  the  first  transforma- 
tion 


E^{z)  =  he"''  [u,(z)e''''  -  U2{z)e~''''], 
the  new  coordinates  satisfy  the  equations: 

-— -  +  Aye      "  ii2  =  0, 
dz 

— —  +  A7e    °  Ui  =  0. 
dz 

With  the  second  transformation 

ui(z)  =  i[v,{z)  e-^''  +  V2{z)  e-^^^1, 
U2(z)  =  i[v^(z)  e-^''  -  V2{z)  e+^n, 

Vi{z)  and  ^2(2)  satisfy 

-— ^  —  2A7  sin  Codvi  +  jAy  sin  2co6e^  '^'V2  =  0, 
dz 

—-  +  2A7  sin'  Co^t'2  —  7A7  sin  2co0e       Vi  =  0. 
dz 

With  the  third  transformation 

Viiz)  =  Wi{z)  exp  f  2A7  /    sin"  CoS  dz  j , 
Viiz)  =  iVo(z)  exp  f  —  2A7  /    sin"  Cod  dz'  j . 

We  finally  get  the  equations 

dwi 
dz 

dw2 
dz 

in  which 


+  ^1(2)^^2  =  0, 
+  ^2(2)^1  =  0, 


(4) 


(5) 


(6) 


(7) 


(8) 


(9) 


(10) 
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^1,2(2)  =   ±  jAt  sin  2cS  exp     ±  2^^{z  -  2   f   sin^  cS  dz\    . 

As  long  as  we  have  the  condition  /     |  11,2(2')  |  dz'  «   1,  approximate 

sohitions  of  (9)  can  be  written  down  which  proceed  essentially  in  powers 
of  ^1,2  as  follows, 

w^i)  =  wi(0)  -  W2{0)  [  ^i{z)  dz 

Jo 

+ wM  r  ^i(/)  r  uz")  dz"  dz', 

Jo  Jo 

woiz)  =  W2(0)  —  Wi{0)  I    ^2(2')  dz' 

Jo 

+  1^2(0)   r  U^)  [     6(2")  dz"  dz'. 
Jo  Jo 

The  new  coordinates  are  related  to  the  wave  amplitudes  by: 


(11) 


Eiiz)  =  -e  ^"  iwj{z)  exp 


+  jw-ziz)  exp 


—  A7  (  2  —  2  /    sin^  Cod  dz'  J 
Ay  iz  —  2  /    sin'  Co9  dz 


sin  Cod  dz'  ]    cos  Cod 
sin  Cod>, 


1 


E2{z)  =  2^  "'  y^i(^)  ^^P 


—  A7 


+  Wiiz)  exp 


A7 


[z  —  2  \    sn\  Cod  dz  j 
[z  —  2  \    sin"  Cod  dz  j 


(12) 


sin  Ci)d 


cos  Cod  >. 


The  solution  (12)  in  combination  with  (11)  is  general  and  may  be 
applied  to  any  form  of  curvature  as  long  as  the  converted  power  remains 
small  compared  to  the  original  power  in  either  of  the  modes. 

III.    -WAVE    PROPAGATION    IN   SERPENTINE    BENDS 

If  we  apply  (12)  to  a  section  of  a  serpentine  bend  with  the  length  I  we 
have  6(1)  =  0.  The  output  amplitudes  are  related  to  the  input  ampli- 
tudes of  both  modes  by  a  transmission  matrix 


EiH)  =  II  r  II  Em. 

The  elements  of  \\  T  \\  are  obtained  from  (11)  and  (12): 


(13) 
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7^11  = 

1  +   f  Uz)   f  i 
Jo             Jo 

-,i{z)  dzdz 

•exp 

-  jil  +  2A7  /    sin^  CoO  dz 

-'0 

7^21    = 

-  /    ^1(2)  dz  exp 
Jo 

-jil  +  2A7  /    sin^co^d^    , 
Jo                    J 

7^12    = 

-  /    ^2(2)  dz  exp 

-72^  -  2A7  /    sin  Cod  dz 
Jo 

> 

7^22     = 

1  +   I  Uz)  f  ^liz)  dz'  dz 
_          Jo             Jo 

•exp 

-y,l  -  2A7  ( 

Jo 

sin^  CoO  dz 

(14) 


For  a  line  of  iterative  serpentine  bends  we  apply  the  rules  of  matrix 
calculus.  If  £"10  =  1  and  £"20  =  0  at  the  input  of  the  first  section,  then 
the  output  amplitudes  of  the  n    section  are : 


Eln    =    - 


1    + 


7^11  -  T 


22 


V{Tn  -  T22y  +  4ri2T2i_ 


Tn  -  T 


i  J  11  ~  -t  22 

"^  2  L    ~  VCTii  -  7^22)^  +  4^127^21. 


-"02 


,     (15) 


Tn 


V(7^n  -  T,,y  +  47^12^21 


[e-"«i  _  e-""'], 


Eon    = 

where 

e~''-  =  hiTn  +  7^22  ±  V(rn  -  7^22)^  +  4^12^21].  (16) 

Two  limiting  cases  for  the  expressions  (15)  and  (16)  are  of  special  interest: 
1.  I  7^11  -  7^22  r»  4  I  7^12^21! 

7^12  7^21 


-01 


=  7^11  + 


-(72     _ 


i  11    —    J  22 

TriTii 


Tr^T 


Tn  ~  T22 
2.  4  I  r  12  T21  I   »  I  Tn  -  7^22  r 


E^n    = 


12^21  ^^-„«i    _    ^-na,j        ^7) 


{Tn  -  T,,y 

Tn 


7  n  —    7  22 


22 


-0,.,  ^  Tn  +  7^22  ^  ^jT^ 


21 


£i„  =  hie-"''  +  e-"^^) 


(18) 
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In  case  1  the  wave  amplitude  Ein  is  only  affected  by  a  slight  change  of 
the  propagation  constant.  The  small  additional  term  in  the  expression 
for  Ein  can  usually  be  neglected.  The  power  in  the  wave  E^n  is  small 
compared  to  the  A\„  power;  Tu  is  usually  of  the  same  order  of  magnitude 
as  2^21  . 

In  case  2,  however,  a  complete  power  transfer  between  Ein  and  E2n 
occurs  cyclically  if  the  loss  is  sufficiently  low.  Consequently,  condition 
(18)  has  to  be  carefully  avoided.  Rather,  condition  (17)  must  always  be 
satisfied. 


IV.    SERPENTINE    BENDS    FORMED    BY    ELASTIC    CURVES 

A  section  of  the  waveguide  line  between  two  supports  deforms  like  a 
beam  fixed  at  both  ends.  Under  its  own  weight,  w  per  unit  length,  such 
a  beam  will  bend  and  form  an  elastic  curve.  Fig.  1,  whose  deflection 
from  a  straight  line  is  given  by: 

,2 


y  = 


wl     X 


24:EI  P 


1 


X 


(19) 


in  which  E  =  modulus  of  elasticity  of  the  beam,  and  /  =  moment  of 
inertia  of  the  beam.  Since  we  are  concerned  with  small  deflections  y 
only,  we  have  x  =  z  and  6  =  dy/dx.  Hence, 


*  =  <'(i-3p+4'! 


(20) 


in  which  d  =  wl  /12EI.  Introducing  the  elastic  curve  (20)  into  the  trans- 
mission matrix  (10)  and  (14)  and  performing  the  integrations  with  sin 
Cod  =  Cod  we  get  for  the  elements  of  the  transmission  matrix : 


7^11  =  exp 


T.,.  =  exp 


yj  +  A7/ 


+  ?  Ay'f  - 


—  y-J  —  Ayl 


2  ,2-1 
Cod 

l05 

105 

2 ,2 
Cod 

105 


/i 


+ 


Co  d 


9 


3A7'/'  +  A7V' 


4A7«/' 
A77'  -   (3  -  3A7/  +  A7'^')V^"' 
Cod 


1 


1   + 


4A7«/« 


4,4 


y  -  'SAy-l-  +  Ayl 


(21) 


A7 1    +  ~  Ay'r  -  (3  +  3A7/  +  A7-/")-e 


2,2\2    -2A7/ 


T12  =  T,i  =  ./ . 


Cod 
2AyH' 


105 


[(3  -  3A7/  +  A7'/')e 


-72' 


-  (3  +  3A7/  +  A7''r)e"^^']. 


1286      THE   BELL   SYSTEM   TECHNICAL   JOURNAL,    SEPTEMBER    1957 

The  expressions  (21)  are  hard  to  evaluate,  but  for  some  special  cases  of 
interest  they  can  be  simplified  greatly. 

To  compute  the  coupling  effects  between  the  TEoi  wave  and  the 
TMn  wave  we  make  use  of  |  A7/  |  «  1  and  get  the  following  approxima- 
tions : 

T.  ^[,-g  .yV]  exp  -  (..  -  <§  Ay)  I, 


[,  +  g  ,yr 


rp        _     1    1       ,      -u  -      ,      3,3 
J  22    — 


2  ,2 

Co  a 


exp  -     72  +  ~  At    I,  (22) 


105 


m  m  ■  ^0^    A      2,2    -yl 

T12  =  T21  =  J  ^r^  Ay  I  e  ^  . 
15 

In  (22)  the  condition  |  Tn   -   T^  |  '  »  4  |  TnT^i  \  is  satisfied;  conse- 
quently the  wave  propagation  is  described  by  (17), 


Em  =  exp  -  [y,  -  ^"  At)  nl  +  g^'  Ay't  sinh  AT^fe^^"', 

Ein  =  j  ,-V  ^T^  sinhAT/i/e~^"  . 
15 


(23) 


In  addition  to  small  oscillations,  which  are  negligible,  the  wave  ampli- 
tude El  suff'ers  an  additional  attenuation 

A«.  =  -  ^'  Aa.  (24) 

105 

Physically  this  means  that  to  a  first  approximation  there  is  no  net  power 
transfer  from  Ei  to  E2 .  The  power  converted  from  Ei  to  E2  in  one 
section  of  the  iterative  serpentine  bends  is  all  reconverted  in  the  same 
section.  But  this  power,  which  travels  partly  in  the  E2  wave,  suffers 
the  E2  attenuation  and  consequently  changes  the  Ei  attenuation. 

To  evaluate  (24)  w^e  introduce  the  coupling  coefficient  and  the  differ- 
ence in  attenuation  constants  between  the  TEoi  and  TMu  wave.  Then, 
the  relative  increase  of  TEoi  attenuation  is: 

— ^  =  6.39  X  10-^  <f  i  ("2.69  i-l),  (25) 

aoi  A"  \  A"  / 

where     aoi  =  attenuation  constant  of  TEoi , 

a  =  inner  radius  of  pipe, 

X  =  free-space  wavelength. 
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A  numerical  example  shows  that  the  increase  in  TEoi  attenuation  caused 
by  coupHng  to  the  TMn  wave  in  serpentine  bends  is  small.  For  a  copper 
pipe  with  2.00-inch  I.D.  and  2|-inch  O.D.  and  a  supporting  length 
I  =  15  ft,  we  have  d  =  1.51  X  10~",  and  at  X  =  5.4  mm  we  get  Aas/aoi  = 
0.19  X  10"'. 

For  coupling  between  the  TEoi  wave  and  the  waves  of  the  TEi„  family 
the  difference  in  propagation  constant  is  no  longer  small;  the  approxima- 
tion which  was  valid  for  the  TMn  wave  can  not  be  made  for  TEi„  waves. 
Actually,  the  supporting  distance  is  usually  several  beat  wavelengths. 
Therefore,  no  essential  simplifications  of  (21)  are  possible  for  the  general 
case  of  coupling  between  TEoi  and  TEi„  .  But  closer  examination  of  (21) 
shows  that  if 


2A(3l  =  2m7r 


m  =  1,  2,  3, 


(26) 


is  satisfied,  the  difference  Tn-T22  becomes  very  small.  The  net  power 
converted  to  any  of  the  TEi„  modes  may  be  small  in  each  section  of  the 
iterative  serpentine  bends,  but  if  (26)  is  satisfied  the  contributions  from 
each  section  add  in  phase  and  in  a  long  line  with  the  square  of  distance 
more  and  more  power  is  built  up  in  the  particular  TEi„  wave.  Only  when 
the  attenuation  in  this  TEi„  wave  is  large  enough  to  damp  out  the  power 
as  fast  as  it  is  converted  will  an  undistorted  TEoi  propagation  be  main- 
tained. This  condition  for  the  attenuation  constant  can  be  derived  from 
I  ^11  -  7^22  I  '»  4  I  7^12^21  I  .  If  I  Aj8  I  »  I  Aa  I  and  I  Aal  |  »  Co'(f/10mir 
then  Tn  -  Tn  -  -2Aale~^'\  and  since  ^12^21  =  -9  Co'(f/rnT  e~^^'^ 
the  condition  for  undistorted  TEoi  propagation  is: 


(27) 


If  (27)  is  satisfied  the  wave  propagation  is  again  described  by  (17). 
Neglecting  all  terms  which  are  small  because  of  (27)  the  wave  ampli- 
tudes are: 


Eln    = 


1  +9 


2 ,2 
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E.n  =  -.;3 


m  V  2Aa/ 
Cod      1 


—yi'il 


+  9 
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...      -C'        \^ 
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(28) 


[1  -  e        Je 


-Ti'ii 


mV  2Aa/ 
For  not  too  large  values  of  n,  the  first  term  of  E^  may  be  written: 


1  +  9 


Co  d 
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2Aal 


-Jinl 


ini     


exp 


-     71  -  9 
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2  j2 
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WiV  2Aa/2 


nl 


The  additional  attenuation  to  the  Ei  wave  as  caused  by  the  continuous 
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power  abstraction  is  seen  from  this  expression  to  be 


2  ,2 


Atts 


9 


Cod 


1 


m%4  2Aa|2 
The  condition  (27)  may  now  be  written 

2Aa,  «  I  Aa  I  , 


(29) 


(30) 


or,  the  rate  of  conversion  loss  has  to  be  small  compared  to  the  difference 
between  E2  attenuation  and  Ei  attenuation. 

When  the  wave  is  travelling  through  a  large  number  of  serpentine 
bends,  power  is  built  up  gradually  in  the  E2  mode  to  a  constant  value. 


E2 
E, 


=  3 


Cod 


7n~Tr^ 


1 


2Aa/ 


(31) 


Both  the  attenuation  increase  and  the  power  level  in  spurious  modes  can 
seriously  affect  the  Ei  transmission. 

To  evaluate   (29)  and   (31)  we  rewrite  them  with  jnr   =    AjSl  and 
d  =  wf /12E I  tm  follows; 

(32) 


Aa, 

aoi 

Eo 
E[ 


w 


Co 


w 


EI  (2A^)2aoi 

Co 


aoi 


2A 


a 


aoi 


(33) 
EI  (2A/3)2aoi    2A       •  ^     ^ 

We  note  from  (32)  and  (33)  that  the  coupling  effects  cannot  be  controlled 
by  changing  the  supporting  distance.  Only  the  nvmiber  of  critical  fre- 
quencies in  a  given  range  decreases  with  decreasing  supporting  distance. 
The  previously  cited  numerical  example  of  the  2  inch  copper  pipe 
yields  the  following  values  at  the  critical  frequencies  of  the  two  lowest 
TEi„  waves  near  X  =  5.4  mm: 


TEii 


Aa, 


aoi 


ia 


=  0.114 


TE12  ^^  =  0.855 
aoi 


20  log 


20  log 


E2 
El 

E2 
El 


23  A  db. 


=  -6.85  dh. 


The  mode  conversion,  especially  to  the  TE12  wave,  causes  a  seriously 
high  additional  attenuation  and  spurious  mode  level. 


v.   MODE    FILTERS   IN    SERPENTINE    BENDS 


Periodically  spaced  supports  are  a  condition  for  the  critical  case  de- 
scribed by  (32)  and  (33).  Accordingly,  the  coupling  effects  can  be  con- 
trolled by  removing  the  periodicity  of  the  supports. 
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Fig.  2  —  TEoi  attenuation  increase  of  TE01-TE12  coupling  in  serpentine  bends 
with  mode  filters;  2-inch  I.D.  2f-inch  O.D.,  X  =  5.4  mm.  Serpentine  bends  are 
caused  by  equally  spaced  supports  and  the  elasticity  of  the  copper  pipe.  The  sup- 
porting distance  is  a  multiple  of  the  beat -wavelength  between  TEoi  and  TE12  . 

An  alternative  to  control  the  coupling  effects  is  insertion  of  mode 
filters  into  the  line.  Mode  filters  which  pass  the  TEo„  waves  ^nthout  loss 
but  attenuate  all  other  modes  have  been  developed  in  various  forms. 
To  estimate  the  amount  of  mode  conversion  control  that  can  be  achieved 
by  mode  filters,  we  make  two  different  assumptions.  Only  the  critical 
case  of  the  supporting  distance  ecjual  to  a  multiple  of  the  beat  wave- 
length is  considered  here. 

A.  The  mode  filters  are  ideal;  they  present  infinite  attenuation  to  all 
unwanted  modes.  At  the  input  of  a  section  between  two  mode  filters  we 
have  a  TEoi  wave  only  and  at  the  output  the  spurious  mode  level  has 
risen  to 
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EI  (2A/5)2 


(34) 
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Fig.  3  —  Spurious  mode  level  of  TE01-TE12  coupling  in  serpentine  bends  with 
mode  filters;  2-inch  I.D.  2f-inch  O.D.,  X  =  5.4  mm.  Serpentine  bends  are 
caused  by  equally  spaced  supports  and  the  elasticity  of  the  copper  pipe.  The  sup- 
porting distance  is  a  multiple  of  the  beat -wavelength  between  TEoi  and  TE12  . 

The  loss  to  the  TEoi  wave  caused  by  the  mode  conversion  is  eqiii\'alent 
to  an  increase  in  TEoi  attenuation 


Aa,  = 
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Co 


_EI  (2A/3)2J 


L. 


(35) 


L  is  the  spacing  between  two  successive  mode-fihers.  In  (34)  and  (35) 
the  attenuation  constants  of  Ei  and  E2  are  assumed  to  be  equal.  Further- 
more (34)  and  (35)  hold  only  as  long  as  the  E2  power  level  is  small  com- 
pared to  the  El  power  level. 

Ideal  mode  filters  is  a  rather  optimistic  assumption.  Practical  mode 
filters  present  only  a  limited  attenuation  to  the  unwanted  modes.  There- 
fore a  more  realistic  procedure  is  to  represent  the  effect  of  the  mode 
filters  by  a  uniform  increase  of  unwanted  mode  attenuation. 

B.  The  mode  filters  with  a  loss  A  are  considered  to  cause  a  uniform 
increase  in  E2  attenuation  Aa  =  A/L.  Equations  (32)  and  (33)  modified 
to  include  this  attenuation  increase  are: 
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(36) 
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E2  _     W  Co  aoi 

An  evaluation  of  the  TE01-TE12  coupling  in  the  previously  described 
2-inch  copper  pipe  for  critical  frequencies  near  X  =  5.4  mm  is  shown  in 
Figs.  2  and  3.  The  mode  filter  loss  of  1  db  can  be  achieved  for  the  TE12 
wave  in  an  18-inch  long  helix  waveguide.  A  100-foot  spacing  of  the 
mode  filters  reduces  the  increase  of  TEoi  attenuation  to  9  per  cent  and 
the  spurious  mode  level  to  —26  db. 

APPENDIX 

The  coupling  coefficient  for  the  wave  coupling  between  the  TEoi  wave 
and  the  TEu  ,  TE12 ,  TE13  waves  as  well  as  the  TMn  wave  have  been 
calculated  by  S.  P.  Morgan.*  If  c  =  Co/R,  the  factor  Co  is  for  the  various 
waves 

TMn  Co  =  0.18454/3a, 

0.09319(/3a)2  -  0.84204  , 

TEu  Co  =  /^     ^     +  0.09319  V^oiajSna, 

O.loo75(l3ay  -  3.35688    ,  , 

TE12  Co  =  /^  +  0.15575  -vBoittBioa, 

V/3oia/3i2a 

0.01376(^a)2  -  0.60216  , 

TEi3  Co  =  /^— +  0.01376  V^oia/3i3a, 

V/3oia/3i3a 

where     a  =  radius  of  waveguide, 

/3  =  free-space  phase  constant, 

/3„m  =  phase  constant  of  TE„,„  wave. 
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Normal  Mode  Bends 
for  Circular  Electric  Waves 

By  H.  G.  UNGER 

(Manuscript  received  February  18,  1957) 

In  dielectric-coated  round  waveguide  the  degeneracy  or  equality  of  phase 
consta7its  of  TEoi  and  TMn  waves  is  removed.  In  such  a  non-degenerate 
waveguide,  mode  conversion  in  bends  can  he  reduced  by  changing  the  curva- 
ture gradually  instead  of  abruptly.  With  curvature  tapers,  which  are  of  the 
order  of,  or  longer  than,  the  largest  beat  wavelength  between  TEoi  and  any  of 
the  coupled  waves,  propagation  of  only  one  normal  mode  is  maintained 
throughout  the  bend.  Linear  curvature  tapers  can  easily  be  made  by  bending 
the  pipe  within  the  limit  of  elastic  deformation. 

Changes  in  the  direction  of  a  waveguide  line  can  thus  be  made  by  inserting 
a  dielectric-coated  guide  section  which  is  elastically  bent  over  a  fixed  center 
point.  A  thirty  degree  change  of  direction  of  a  2-inch  I.D.  pipe  with  30  ft 
of  a  dielectric-coated  guide  yields  a  total  bend  loss  at  6.4-mm  wavelength 
that  is  twice  the  TEoi  loss  in  30  ft  of  straight  pipe.  An  optimum  bend 
geometry  is  found  which  minimizes  the  total  bend  loss.  The  normal  mode 
bend  is  a  broadband  device. 

I.    INTRODUCTION   AND   SUMMARY 

A  major  problem  in  circular  electric  wave  transmission  is  the  question 
of  negotiating  bends.  In  curved  sections  of  a  round  waveguide  the  TEoi 
mode  couples  to  the  TEn  ,  TE12 ,  TE13  •  •  •  modes  and  to  the  TMn  mode. 
The  coupling  to  the  TMu  mode  presents  the  most  serious  problem,  since 
the  TEoi  and  TMn  modes  are  degenerate  in  that  they  have  equal  phase 
velocities  in  a  perfectly  conducting  straight  guide.  TEoi  power  introduced 
at  the  beginning  of  the  bend  will  be  almost  completely  transferred  to  the 
TMn  mode  at  odd  multiples  of  a  certain  critical  bending  angle.  This 
power  transfer  can  be  reduced  by  removing  the  degeneracy  of  equal 
phase  velocity  of  TEoi  and  TMn  modes.  There  are  various  methods  to 
remove  the  degeneracy;  a  simple  and  a  very  effective  one  is  a  thin  dielec- 
tric layer  next  to  the  walls  of  the  waveguide.  As  a  study  of  the  dielectric- 
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coated  waveguide  has  shown/  this  dielectric  layer  changes  the  phase 
constant  of  the  TMn  wave  without  appreciably  affecting  the  propaga- 
tion characteristics  of  the  TEoi  mode. 

With  removal  of  the  TEoi-TMn  degeneracy  the  mode  conversion 
which  occurs  when  a  TEoi  wave  passes  through  a  bend  of  constant  curva- 
ture may  be  considerably  reduced,  but  it  will  not  be  completely  elimi- 
nated. To  design  a  bend  with  still  lower  mode  conversion  losses,  we  con- 
sider the  effect  of  tapering  the  curvature  along  the  guide. 

Guided  wave  propagation  is  most  easily  explained  in  terms  of  normal 
modes.  Normal  modes  are  solutions  of  the  wave  equation  in  a  particular 
waveguide  structure,  and  represent  waves  propagating  without  loss  of 
poAver  except  for  dissipation.  In  the  straight  waveguide  the  normal  mode, 
in  which  we  are  mainly  interested  here  is  the  TEoi  mode.  The  normal 
modes  of  the  curved  section  are  not  as  simple  as  the  straight  guide  modes, 
but  they  can  be  expressed  as  the  sum  of  the  normal  modes  in  the  straight 
waveguide.  Here  the  mode  of  our  main  concern  is  the  one  which,  when 
represented  as  a  sum  of  straight  guide  modes,  has  most  of  the  power  in 
the  TEoi  part  of  the  sum;  in  other  words,  is  most  similar  to  the  TEoi  mode 
of  the  straight  waveguide. 

At  a  transition  from  a  straight  waveguide  to  a  curved  waATguide  the 
normal  (TEoi)  mode  of  the  straight  waveguide  will  certainly  excite  this 
normal  mode  in  the  curved  waveguide  but  it  will  also  excite  a  series  of 
other  normal  modes.  All  these  modes  propagate  in  the  curved  section, 
and  at  the  other  transition  to  the  straight  guide  excite  not  only  the  TEoi 
mode  but  a  series  of  other  normal  modes  of  the  straight  waveguide.  All 
the  power  in  the  other  normal  modes  represents  mode  conversion  loss 
of  the  bend. 

A  transition  which  transforms  the  normal  (TEoi)  mode  of  the  straight 
waveguide  into  only  one  of  the  normal  modes  of  the  curved  guide  and 
vice  versa  will  avoid  all  mode  conversion  losses.  vSuch  a  transition  can 
be  realized  approximately  by  tapering  the  curvature.  Beginning  with 
zero  curvature  at  the  straight  guide  end  of  the  taper,  the  curvature  is 
increased  gradually  along  the  taper  to  the  finite  value  of  the  bend.  The 
normal  (TEoi)  mode  mcident  from  the  straight  guide  will  be  gradually 
transformed  into  the  particular  normal  mode  of  the  bent  guide  which  is 
most  similar  in  field  configuration  to  the  circular  electric  wave.  At  each 
point  along  the  taper  there  is  essentially  only  one  local  normal  mode  cor- 
responding in  its  configuration  to  the  value  of  curvature  at  that  point. 

This  taper,  unless  it  is  infinitel}^  long,  is  however  only  an  approxima- 
tion of  the  ideal  normal  mode  transition.  There  will  still  be  other  modes 
excited  with  a  very  low  power  level.  In  the  next  section  we  shall  analyze 
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the  propagation  in  the  normal  mode  taper.  We  will  find  that  the  taper 
should  have  a  certain  minimum  length  to  work  properly.  Usually  it  has 
to  be  long  compared  to  the  beat  wavelength  between  the  TEoi  normal 
mode  and  any  of  the  other  normal  modes  into  which  power  may  be  con- 
verted. 

In  the  plain  waveguide  the  degeneracy  between  TEoi  and  TMn  causes 
an  infinitely  long  beat  wavelength.  Hence,  the  normal  mode  taper  would 
not  work  there.  A  nondegenerate  waveguide  is  an  essential  condition 
for  the  normal  mode  bend. 

We  shall  confine  our  attention  to  the  linear  taper.  This  is  not  the 
optimum  taper  form,  but  it  is  most  easily  built. 

The  residual  mode  conversion  in  the  bend  is  to  be  accounted  for  as 
bend  loss.  This  loss  and  the  loss  caused  by  the  normal  mode  attenuation 
in  the  bend  add  up  to  a  total  bend  loss.  We  shall  evaluate  the  total  bend 
loss  for  bend  configurations  which  might  be  useful  in  circular  electric 
wave  transmission.  For  specified  waveguide  dimensions  the  total  bend 
loss  can  be  minimized  by  choosing  the  proper  bend  geometry. 

The  normal  mode  bend  is  an  hiherently  broadband  device.  The  total 
bend  loss  shows  the  same  order  of  frequency  dependence  as  the  loss  in 
the  straight  waveguide. 

II.   ANALYSIS    OF   THE   NORMAL   MODE   TAPER 

In  the  curved  waveguide,  wave  propagation  can  be  described  in  terms 
of  the  normal  modes  of  the  straight  w^aveguide.  The  relation  between 
these  modes  is  then  given  by  an  infinite  system  of  simultaneous  first 
order  linear  differential  equations.  It  represents  the  mutual  coupling  of 
the  straight  guide  modes  in  the  curved  waveguide.  We  are  interested 
mainly  in  TEoi  propagation  and  shall  restrict  ourselves  to  a  low 
power  level  in  all  other  modes.  Consequently,  an  adequate  procedure  is 
to  consider  only  coupling  between  TEoi  and  one  of  the  coupled  modes  at 
a  time.  Thus,  the  infinite  system  of  equations  reduces  to  the  well  known 
coupled  line  equations: 


dz 

dEj 
dz 


(1) 

=   jcEi    —    72£'2, 


in  which 


Ei,2{z)  =  wave  amplitudes  in  mode  1  (here  always  TEoi)  and 
mode  2  (TMn  or  one  of  the  TEim),  respectively; 
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7i,2  =  j^i.2  +  ai,2  =  propagation  constants  of  modes  1  and  2,  respec- 
tively,   (the    small    perturbations    of   71    and    72 
caused  by  the  coupling  may  be  neglected  here); 
and 
c{z)  =  coupling  coefficient  between  modes  1  and  2. 
In  the  curved  waveguide  the  coupling  coefficient  is  proportional  to  the 
curvature  k: 

ciz)  =  c'm  ^  c~,  (2) 

dz 

in  which  d  is  the  direction  of  the  guide  axis.  The  coupled  line  equations 
(1)  with  varying  coupling  coefficient  have  been  solved  by  W.  H.  Louisell 
and  we  shall  borrow  freely  from  his  treatment. 
We  define  local  normal  modes  1^1(5;)  and  Wi{z) : 


(3) 


in  which 


El  =  [wi  cos  ^  ^  —  If 2  sin  f  ^]  e  '^\ 
Ei  =  [wi  sin  I  ^  -\-  w-i  cos  |  ^]  e^'^% 


7i  +  72 
7  =  7^ 


tan^  =  j2—^-  =i2-f . 
72  -  7i  A7 

Substituting  (3)  into  (1),  we  find  that  ^1(2)  and  W2{z)  must  satisfy 

dwi       ^,  .  1  d^ 

dz  2  dz 

(4) 

where  T{z)  =  f  \/A7-  —  4c-.  In  (4)  the  local  normal  modes  are  coupled 
only  through  the  terms  poportional  to  d^/dz.  When  ^  is  constant  they  are 
uncoupled  and  true  normal  modes.  For  small  values  of  d^/dz  or  more 
specifically  when 


2rdz 


«  1  (5) 


approximate  solutions  of  (4)  can  be  written  do^^^l,  which  proceed  essen- 
tialh^  in  powers  of  d^/dz.  These  solutions  are: 
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\_  2  Jo   dz 

4  Jo  dz  Jo     dz" 

w,iz)  =  e-"'''  [wM  -  ^  wM  £  ^  e""'''  dz' 


(6) 


in  which 


p{.z)   =   f  T{z')  dz'. 
Jo 


The  initial  conditions  in  the  normal  mode  taper  are  £"1(0)  =  1  and 
£'2(0)  =  0.  The  taper  begins  with  zero  curvature,  ^(0)  =  0.  Hence  from 
(3)  tUi(O)  =  1  and  w^2(0)  =  0.  The  wanted  local  normal  mode  is  Wi  while 
W2  is  an  unwanted  mode.  At  the  end,  Zi  ,  of  the  taper  the  unwanted  mode 

^7 


<  >' 


JC 

LU 

a. 

i 

a. 
0 

/             1        i        1            \ 

U--z,--J 

<- 

— -L--- 

->l 

Fig.  1  —  Normal  mode  bend  with  linear  curvature  taper. 
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amplitude  is 


'(^■'  I  =  2-  I  i 


„,fe)  I  =  i  ^  «"'"  dz 


dz 


(7) 


This  amplitude  represents  mode  conversion  loss  and  therefore  has  to 
be  kept  as  small  as  possible. 

In  (7)  the  function  ^(2),  i.e.,  the  taper  function,  is  still  undetermined. 
Obviously  it  can  be  chosen  so  as  to  optimize  the  taper  performance.  A 
taper  of  optimal  design  keeps  the  unwanted  mode  below  a  certain  value 
with  as  short  a  taper  length  as  possible.  From  (7)  the  relation  between  this 
optimizing  problem  and  the  problem  of  the  transmission  line  taper  of 
optimal  design  is  at  once  evident.  The  transmission  line  taper  is  a  low 
reflection  transition  between  lines  of  different  characteristic  impedances. 
To  minimize  the  length  of  the  transition  for  a  specified  maximal  reflec- 
tion, the  characteristic  impedance  has  to  change  along  the  transition 
according  to  a  function  which  is  essentially  the  Fourier  transform  of  a 
Tschebj^scheff  polynomial  of  infinite  degree.  The  same  procedure  can  be 
applied  here  and  it  will  result  in  a  curvature  taper  of  optimal  design. 

We  are,  however,  at  present  not  as  much  interested  in  a  transition  of 
optimal  design  as  in  a  curvature  taper  which  can  easily  be  built.  Suppose 
we  bend  the  pipe  to  a  bending  radius  Ro  which  causes  only  elastic  defor- 
mation. We  do  this  on  a  form  of  radius  Ro ,  Fig.  1.  The  forces  acting  on 
both  ends  of  the  pipe  cause  a  torque  and  hence  a  curvature  of  the  pipe 
which  increases  approximately  linearly  from  the  pipe  end  (z  =  0)  to  the 
point  of  contact  (z  =  Zi)  between  pipe  and  form: 

k  =  ko-.  (8) 

The  corresponding  curve  which  the  pipe  forms  along  the  taper  is  Cornu's 
spiral. 

We  shall  evaluate  (7)  for  a  curvature  as  given  by  (8).  In  considering 
the  mode  conversion  we  may  neglect  all  heat  losses,  that  is  7  =  jp,  etc. 
With 

c  =  Co-,  (9) 

Zl 

we  get 

^  _   2co  1 

dz       A|82i  .    i4_£oV_'  (10) 
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and 


f  V  .  A)8^2i  r  Co2  /,     ,      .  /  CozY    I     1     .    ,  -1 


2coZ 


4co    L^jS2i  'y    '    •    '  \Al3zi/     '    2  A/3zi_ 

We  introduce  (10)  and  (11)  into  (7)  and  take  advantage  of 


A^ 


«1, 


(11) 


(12) 


which  is  satisfied  for  a  gentle  enough  bend.  The  unwanted  mode  level 
is  then  given  by 

3\ 


^2(^1)    I     = 


Co 


A/S^^i 


(1  -  e'"''') 


+  0    8 


Co 

A^3 


(13) 


The  general  restriction  (5)  for  the  solution  (6)  in  case  of  the  linear 
taper  is 


2cn 


1  +4 


2    2    N 

CqZ 

A^, 


-3/2 


«1, 


A/3221 

and  in  view  of  (12)  only 

I  A^2i  I  ^  1  (14) 

is  required.  The  length  of  the  transition  has  to  be  of  the  order  or  greater 
than  the  largest  beat  wavelength. 

In  addition  to  mode  conversion  loss  the  normal  mode  suffers  heat  loss 
along  the  taper.  From  (3)  and  (6)  this  heat  loss  is  given  by  the  real  part 
of  [yz  —  p{z)].  If  A/3  »  Aa  we  get 


r'  c 

R[-yz  -  p]  =  aiz  -\-  Aa        -—-  dz 

JQ    AB^ 


(15) 


It  follows  from  (15)  that  the  attenuation  of  the  coupled  straight  guide 
modes  should  not  be  too  high  for  the  normal  mode  bend  to  work  properly. 

III.    THE   TOTAL   BEND    LOSS 

We  will  consider  bends  of  the  dielectric-coated  waveguide  only.  The 
normal  modes  of  the  dielectric-coated  waveguide  have  phase  constants 
which  are  slightly  different  from  the  phase  constants  of  the  modes  in 
the  plain  guide^ 


TM„^ 

A^         e'  -  1 

TE„m 

vith  rif^O 

Aj8               n             e    - 

1 

^nm           Vnn?    "    W^   €'(1    - 

v') 

TEom 

A/3         yam     e'  —  1     -3 
—  =  _-—  - — . d  . 

5, 


(16) 


/3o„ 


3     1  - 


VQn 
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The  losses  in  the  dielectric  coat  increase  the  attenuation  constants  by: 

// 

TM„m     - —    =   —  h, 

I3nm  e  ^ 

TE„OT   - —  =  - — ^ 1  ~W\ 2^  ^'  ^^^^ 

with  n5>^0  pnm  Pnm  ^     €     i-i  i'nm  ) 

2  // 

i  -b^Orn    -^    =   -^-  :j ^  0  . 

pOm  O       i    —    J-Om 

For  the  circular  electric  waves  the  dielectric  coat  increases  the  wall  cur- 
rent attenuation  by 

TEom  —  =  (e'  -  1)  H  5^  (18) 

OCOm  VDm" 

The  various  symbols  in  (16),  (17)  and  (18)  are: 

^nm  =  plain  guide  phase  constants  of  TM„m  and  TE„TO  respectively; 
Vnm  =  wth  root  of  Jn(a:)  =  0  forTM„^  ,  andmthrootof /„'(a;)  =  0 
for  TE„m  waves  respectively; 

Vnm  =  —  =  ^^  cutoff  factor  in  plain  waveguide  of  radius  a; 

8  =  -  relative  thickness  of  dielectric  coat; 
a 

e  =  e    —  je"  relative  dielectric  permittivity  of  dielectric  coat; 

aom  =  attenuation  constant  of  TEom  in  the  plain  waveguide. 

The  coupling  coefficient  between  the  straight  guide  modes  in  a  curved 
waveguide  is  c  =  c'/R  in  which : 

TEoi  ^  TMii  c   =  0.18454  I3a, 

,       0.09319(^a)2  -  0.84204  , 

TEoi  ^  TEn  c   =  /^  \     +  0.09319  V(3o,a^ua, 

TF    ^  TT^     '       0-15575(/3a)^  -  3.35688  ^-^      (19) 

TEoi  ^  TEi2  c    =  /^     ^     +  0.1557O  V^ovajSna, 

Vi8oiai8i2a 

,       0.01376(/3a)2  -  0.60216  , 

TEoi  ^  TEi3  c    =  y  '    ^     +  0.01376  Vl3oial3,za, 

where  jS  =  free-space  phase  constant. 

We  consider  the  bend  configuration  of  Fig.  1,  with  the  curvature  being 
a  trapezoidal  function  of  length.  The  maximum  power  loss  due  to  con- 
version to  one  of  the  unwanted  modes  in  the  first  transition  is,  by  (13), 


I  ^2(2:1) 


A  2 

,2        _       4       Co 

max 


(A/32i)2A/32" 


I 
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I 


By  the  law  of  reciprocity  the  same  conversion  loss  occurs  in  the  second 
transition.  Both  conversion  parts  phase  with  each  other.  To  get  an  aver- 
age total  conversion  we  may  add  them  in  quadrature  and  the  total  con- 
version loss  to  one  of  the  unwanted  modes  is,  expressed  in  nepers, 

Under  most  unfavorable  phase  conditions  the  conversion  loss  may  be 
twice  this  value,  but  it  is  veiy  unlikely  that  such  phase  conditions  will 
be  satisfied  for  all  coupled  modes  simultaneously. 

Besides  mode  conversion  loss  the  local  normal  mode  suffers  attenuation 
in  the  bend.  This  attenuation  is  larger  than  the  straight  guide  attenua- 
tion. Each  straight  guide  mode  contained  in  the  local  normal  mode  of 
the  bend  causes  an  increase  in  attenuation.  From  (15)  the  loss  caused  by 
one  of  these  straight  guide  modes  is: 

J  1.1       2 
T^  ^^-  (21) 

0    Ap^ 

Where  aim  is  the  attenuation  constant  of  the  TEi^  and  TMn  waves 
respectively  in  the  dielectric  coated  waveguide. 

Introducing  the  trapezoidal  curvature  function  of  Fig.  1  into  (21) 
we  get 

A,  =  1^,  (aim  -  «oi)  (l-^  2i).  (22) 

The  loss  caused  by  the  TEoi  attenuation  in  the  straight  dielectric  coated 
guide  is  from  (17)  and  (18) 


As  =  aoil 


1  +  (e  -  1)^5^ 

VOm~ 


+  ^  ^!^  8\  (23) 

3    1  —  foi 


The  total  bend  loss  is  finally  obtained  by  summing  up  all  the  terms  of 
(20),   (22),  and   (23), 

A  =  As-^ZA,  +  T.Ae.  (24) 

The  summation  signs  indicate  that  all  coupled  modes  (TMn  and  TEi,;,) 
have  to  be  taken  into  account. 

The  effectiveness  of  the  normal  mode  bend  is  best  demonstrated  by  a 
practical  example.  A  copper  pipe  now  in  experimental  use  at  Bell  Tele- 
phone Laboratories  for  circular  electric  Avave  transinission  near  5.4  mm 
wavelength  has  2-inch  I.  D.  and  2f-inch  CD.  Suppose  we  want  to  change 
the  direction  of  a  waveguide  fine  with  this  copper  pipe  bn  an  angle  ^o  • 
We  can  do  this  most  easily  by  inserting  a  dielectric-coated  section,  which 
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is  bent  around  a  fixed  support  in  the  center  by  forces  acting  on  both 
ends.  In  order  not  to  exceed  elastic  deformation  the  bending  radius  must 
not  be  smaller  than 

E 

Rmin    =    7 <^1  >  (-5) 

Jm&x 


¥ 


where    /,aax  =  flexural  stress  at  elastic  limit, 
E  =  modulus  of  elasticity, 
Oi  =  outside  radius  of  pipe. 


This  minimum  bending  radius  requires  a  minimum  length  to  change  the 
pipe  direction  by  a  specified  angle  ^o  given  by 

/.nin    =    2eoi?min  •  (26) 

The  total  bend  loss  (24)  has  been  evaluated  for  a  bend  configuration  as 
specified  by  (25)  and  (26).  The  result  is  shoAAii  in  Fig.  2.  The  total  addi- 
tional bend  loss  is  only  of  the  order  of  the  TEoi  loss  in  the  plain  straight 
^va^'eguide.  For  small  bending  angles  the  curvature  taper  becomes  .shorter 
and  consequently  the  mode  conversion  loss  mcreases.  The  mode  conver- 
sion loss,  however,  does  not  go  to  infinity  for  zero  bending  angle.  In 
this  ca.se  (14)  is  no  longer  satisfied,  and  the  mode  conversion  loss  is  no 
longer  described  by  (20). 

The  level  of  the  various  miwanted  modes  which  can  be  calculated  from 
(20)  is  plotted  in  Fig.  2. 

For  a  practical  waveguide  one  would  decide  on  a  .standard  length  of 
dielectric-coated  pipe,  one  or  several  of  which  would  be  inserted  whene\'er 
a  change  in  direction  has  to  be  made.  Take,  in  our  example,  a  standard 
length  of  15  feet.  With  one  such  section  a  change  of  direction  up  to  15° 
could  be  made.  For  a  change  in  direction  up  to  30°  two  such  sections 
would  have  to  be  inserted  and  bent  around  a  fixed  support  at  the  center 
joint.  The  total  loss  of  Fig.  2  is  then  a  maximum  value,  which  would 
only  occur  when  the  pipe  is  bent  to  the  highest  allowable  bending  angle. 

IV.    A    XORiL\L    MODE    BEXD    OF    OPTIMUM   DESIGX 

The  various  terms  of  the  total  bend  loss  (24)  depend  on  the  bend  geom- 
etry in  quite  different  ways.  It  is  therefore  hkely  that  for  a  given  bending 
angle  ^o  a  bend  geometry  can  be  found,  which  minimizes  the  total  bend 
lo.ss.  The  total  bend  loss  can  generallv  be  written  as: 


&"■ 


-4.  =  SI  -{-  B  y— r:,  -1-  C  J-, ^ , 

/(I  —  u)-  r(w  —  u-)- 
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DIELECTRIC  COAT  0.005"  THICK   f'  =  2.5  f"=  2.5x10"^ 
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Fig.  2  —  Normal  mode  bend.  Dielectric-coated  copper  pipe  with  2-iiich  I.D. 
and  2f-inch  O.D.  deflected  to  limit  of  elastic  deformation  (X  =  5.4  mm). 
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in  which 


S  =  aoi 

1  +  (e' 

-  1)  ""{  «-^l 

/2 

^        ^  A3'  ^^  ^°^^'" 

—  aoi), 

A 

/2 

-       "  o 
6     1  —  vqi 


(28) 


u  = 


I 


Here  again  the  summation  signs  indicate  that  all  coupled  modes  have 
to  be  taken  into  account.  The  factors  S,  B,  and  C  do  not  depend  on  the 
bend  geometry,  but  only  on  the  total  bending  angle,  the  waveguide  prop- 
erties, and  the  frequency.  Necessary  conditions  for  A(u,  I)  to  be  a  mini- 
mum are : 


dA  _2(l  -  2m) 
du 


B 


C 


with  the  two  roots 


Z(l  -  u')   L3        /V_ 
1 


=  0, 


u  = 


2' 


and 


'-i"i 


4C 


—  =  S  -  73 

dl  (1  -  uY  r-       (u  -  u')-  I' 

If  u  =  h,  the  solutions  of  (32)  are  the  roots  of 

S  f  -  iBf  -  64C  =  0. 
If  {III)    =  ?){C/B),  the  solutions  of  (32)  are  the  roots  of 

Sufficient  conditions  for  A{u,  I)  to  be  a  minimum  are: 

d'A  ^  ^         d'A 
T^  >  0-         ^  >  0> 


=  0. 


6w2 


dl' 


(29) 

(30) 
(31) 

(32) 

(33) 
(34) 

(35) 
(3()) 


h 
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If  w  =  I,  we  have: 


d'A 


d'A 

dudl 
8/5 


-0, 


C' 


M3+^^3y. 


(37) 


^^(oC  _B 

du"        I   \    I'       3. 


Substituting 


X 


'-4 


B     ■ 


(38) 


we  get  instead  of  (33) 
and  instead  of  (37) 


x\dx''  -  1)  -  2/  =  0, 


(39) 


d'A 


B 


"ar-  =  i«f(^^-i)- 


The  positive  root  of  (39)  is  plotted  in  Fig.  3.  It  follows  that  if  r  >  1  we 
have  a;  >  1,  consequently  d^A/du^  >  0;  and  if  r  <  1  we  have  a;  <  1, 
consequently  d^A/du  <  0.  Consequently  if,  and  only  if,  r  >  1  the 
values  u  =  ^  and  x  from  Fig.  3  minimize  the  total  bend  loss  A. 
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Fig.  3  —  Positive  root  of  a;3(32;2  _  i)  -  2r^  =  0. 
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If  {ulf  is  equal  to  3(C/5), 

a^  al4  _  /  al^Y  ^  4B^  i  -  2u 

du^  dp        \dudl)   ~  l^u  (l-uy 


and 


dA       2B  1  -  2u 


Bu- 


lu  (1  -uY 


Hence,  if  w  <  |  or,  because  of  (31)  and  (34)  r  <  1,  a  minimum  of  A{u, 
I)  is  located  at 
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Fig.  4  —  90°  normal  mode  bend  of  |-inch  I.D.  copper  pipe  with  a  dielectric  coat 
of  e'  =  2.5,  e"  =  2.5  X  10~^  Optimum  design  for  5.4-mm  wavelength. 
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To  fiiid  the  optimum  bend  geometry  for  a  given  dielectric  coated  guide 
and  a  specified  bending  angle  we  calculate  r  from  (38).  If  r  >  1  the  opti- 
mum geometry  is 


I  =  2 


with  X  from  Fig.  3.  If  r  <  1, 


and 


Zi    = 


and 


A  numerical  example,  the  90°  bend  of  a  |-inch  I.  D.  copper  pipe,  is 
shown  in  Fig.  4.  The  total  bend  loss  in  the  optimally  designed  bend  de- 
creases steadily  mth  increasing  thickness  of  the  dielectric  coat.  This 
indicates  that  there  is  also  an  optimum  coat  thickness,  which  minimizes 
the  total  loss  of  the  normal  mode  bend  of  optimum  total  length  and  taper 
length.  Unfortunately,  however,  several  approximations  made  in  calcu- 
lating phase  constants  and  coupling  coefficients  in  the  dielectric-coated 
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Fig.  5  —  90°  normal  mode  bend  of  |-inch  I.D.  copper  pipe  with  a  dielectric  coat 
€.0075  inch  thick  (e'  =  2.5,  e"  =  2.5  X  10~^),  designed  for  optimum  performance 
at  X  =  5.4  mm  (55.5  kmc). 
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waveguide  usually  break  down  at  smaller  than  optimum  values  of  the 
coat  thickness. 

It  should  be  mentioned  finally  that  the  normal  mode  bend  is  an  in- 
herently broad  band  device.  Except  for  the  oscillations  of  the  mode  con- 
version portion  of  the  total  loss  as  caused  by  spurious  mode  phasing, 
there  is  only  a  gradual  change  of  the  loss  with  frequency. 
P  Some  terms  contributing  to  the  total  loss  decrease  with  frequency, 
others  increase.  The  over-all  frequency  dependence  is  of  the  same  order 
as  the  frequency  dependence  of  the  loss  in  the  straight  waveguide.  As  an 
example,  in  Fig.  5  the  bend  loss  has  been  plotted  versus  frequency  for 
the  normal  mode  bend  of  Fig.  4. 
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A  New  Storage  Element  Suitable  for 

Large-Sized  Memory  Arrays — 

The  Twistor 

By  ANDREW  H.  BOBECK 

Three  methods  have  been  developed  for  storing  information  in  a  coinci- 
dent-current manner  on  magnetic  wire.  The  resulting  memory  cells  have 
been  collectively  named  the  "twistor".  Two  of  these  methods  utilize  the  strain 
sensitivity  of  magnetic  materials  and  are  related  to  the  century  old  Wertheim 
or  Wiedeynann  effects;  the  third  utilizes  the  favorable  geometry  of  a  wire. 

The  effect  of  an  applied  torsion  on  a  magnetic  wire  is  to  shift  the  preferred 
direction  of  magnetization  into  a  helical  path  inclined  at  an  angle  of  1^5° 
with  respect  to  the  axis.  The  coincidence  of  a  circular  and  a  longitudinal 
magnetic  field  inserts  information  into  this  wire  in  the  form  of  a  polarized 
helical  magnetization.  In  addition,  the  magnetic  wire  itself  may  be  used  as 
a  sensing  means  with  a  resultant  favorable  increase  in  available  signal  since 
the  lines  of  flu.v  wrap  the  magnetic  wire  many  times.  Equations  concerning 
the  switching  performance  of  a  twistor  are  derived. 

An  experimental  transistor-driven,  330-bit  twistor  array  has  been  built. 
The  possibility  of  applying  weaving  techniques  to  future  arrays  makes  the 
twistor  approach  appear  economically  attractive. 

I.    IXTUODUCTION 

A  century  ago  Wiedemann^  observed  that  if  a  suitable  magnetic  rod 
which  carries  a  current  is  magnetized  bj^  an  external  axial  field,  a  twist 
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of  the  rod  will  result.  The  effect  is  a  consequence  of  the  resultant  helical 
flux  field  causing  a  change  in  length  of  the  rod  in  a  helical  sense.  Con- 
versely, it  was  also  observed  that  a  rod  under  torsion  will  produce  a 
voltage  between  its  ends  when  the  rod  is  magnetized  (see  Fig.  1). 

Recently,  during  an  investigation  of  the  magnetic  properties  of  nickel 
wire,  it  was  observed  that  a  voltage  was  developed  across  the  ends  of  a 
nickel  wire  as  its  magnetization  state  was  changed.  Both  the  amplitude 
and  the  polarity  of  the  observed  signal  could  be  varied  by  movements 
of  the  nickel  wire.  Most  surprising,  the  amplitude  of  the  observed  voltage 
V2  of  Fig.  2,  was  many  times  that  which  would  be  expected  if  a  con- 
ventional pickup  loop  were  used. 

After  determining  experimentally  that  the  observed  voltage  was 
generated  solely  in  the  nickel  wire  and  was  not  a  result  of  air  flux  coupling 
the  sensing  loop  (nickel  wire  plus  unavoidable  copper  return  wire),  it 
was  concluded  that  the  flux  in  the  nickel  wire  must  follow  a  helical  path. 
This  suggested  that  torsion  was  the  cause  of  the  observed  effect,  a  con- 
clusion verified  experimentally.  The  direction  of  the  applied  twist  de- 


APPLY   I, 


TWIST 


OBSERVE  V2 

Fig.  1  —  Observation  of  an  internally  induced  voltage  V2  generated  by  a  mag- 
netic wire  under  torsion. 


TWIST 


Fig.  2  —  Comparison  of  the  internally  induced  voltage  v-i  to  the  voltage  Vt 
induced  in  the  oickup  loop. 
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termined  the  polarity  and  the  amount  of  the  twist  determined  the  mag- 
nitude of  the  observed  voltage. 

As  a  consequence  of  these  results,  it  is  possible  to  build  mechanical- 
to-electrical  transducers,^  transformers  with  unity  turns  ratio  but  possess- 
ing a  substantial  transforming  action,  and  a  variety  of  basic  memory 
cells. 

This  paper  will  be  concerned  with  a  discussion  of  the  memory  cells 
from  both  a  practical  and  theoretical  viewpoint.  It  will  be  shown  how 
these  cells  can  be  fabricated  into  memory  arrays.  One  such  configuration 
consists  solely  of  vertical  copper  wires  and  horizontal  magnetic  wires. 
Experimental  results  of  the  switching  behavior  of  many  magnetic  ma- 
terials when  operated  in  the  "twisted"  manner  will  be  given. 


II.    A    COINCIDENT-CUERENT   MEMORY   CELL  —  THE   TWISTOR 

Consider  a  wire  rigidly  held  at  the  far  end  and  subjected  to  a  clockwise 
torsion  applied  to  the  near  end.  This  will  result  in  a  stress  component  of 
maximum  compression^  at  an  angle  of  45°  with  respect  to  the  axis  of  the 
wire  in  the  right-hand  screw  sense,  and  a  component  of  maximum  tension 
following  a  left-hand  screw  sense.  All  magnetic  materials  are  strain 
sensitive  to  some  degree.  This  will  depend  upon  both  the  chemical  com- 
position and  the  mechanical  working  of  the  material.  For  example,  if 
unannealed  nickel  wire  is  subjected  to  a  torsion,  the  preferred  direction 
of  magnetization  will  follow  the  direction  of  greatest  compression,  as 
would  be  predicted  from  the  negative  magnetostrictive  coefficient  of 
nickel.  Unannealed  nickel  wire,  then,  will  have  a  preferred  remanent  flux 
path  as  shown  in  Fig.  3. 

If  the  ease  of  magnetization  as  measured  along  the  helix  is  sufficientl}^ 
lower  than  that  along  the  axis  or  circumference,  it  is  possible  to  insert 
information  into  the  wire  in  a  manner  somewhat  analogous  to  the  usual 


FLUX   PATH 


CLOCKWISE 
TWIST 


TENSION 


-COMPRESSION 


Fig.  3  —  Relationship  of  the  mechanical  stresses  resulting  from  applied  torsion 
to  the  preferred  magnetic  flux  path  in  nickel. 
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coincident-current  method.  Consider  a  current  pulse  /i  applied  through 
the  nickel  wire  in  such  a  direction  as  to  enhance  the  spiraling  flux,  and 
a  second  current  pulse  h  applied  by  means  of  an  external  solenoid  (see 
Fig.  4).  Coincidentally,  the  proper  amplitude  current  pulses  will  switch 
the  flux  state  of  the  wire;  either  alone  will  not  be  sufficient.  To  sense  the 
state  of  the  stored  information  it  is  necessary  either  to  reverse  both  cur- 
rents, or  to  overdrive  Ii  in  the  reverse  direction.  In  an  array,  the  output, 
in  the  form  of  a  voltage  pulse,  would  be  sensed  across  the  ends  of  the 
nickel  wire.  The  solenoid  may  be  replaced  by  a  single  copper  conductor 
passing  at  right  angles  to  the  nickel  wire.  For  obvious  reasons  the  mem- 
ory cell  has  been  named  the  "twistor".  The  above  method  of  operation 
will  be  referred  to  as  mode  A. 

Mode  B  is  the  use  of  the  magnetic  wire  as  a  direct  replacement  for  the 
conventional  coincident-current  toroid.  Its  use  here  differs  only  in  that 
the  wire  itself  is  used  as  a  sensing  winding  (refer  to  Fig.  5).  The  pulses 
/i  and  1-2  are  eciual  in  value  and  each  alone  is  chosen  to  be  insufficient  to 
switch  the  magnetization  state  of  the  wire.  The  coincidence  of  /i  and  Ii 
will,  however,  result  in  the  writing  of  a  bit  of  information  into  the  wire. 
To  read,  /i  and  I-i  are  reversed  in  polarity  and  applied  coincidently.  The 
output  appears  as  a  voltage  pulse  across  the  ends  of  the  nickel  wire. 


Fig.  4  —  Coincident  currents  for  the  "write"  operation  in  a  twistor  operated 
mode  A.  Wire  under  torsion. 


•SIGNAL 


^i'^"  ^  77  ^°^  mode  B  the  coincidence  of  7i  and  Ii  is  required  to  exceed  the  knee 
ot  the  <(>~NI  characteristic.  Wire  under  torsion. 
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The  third  method  of  operating  the  twistor,  mode  C,  is  similar  in 
nature  to  a  method  proposed  by  J.  A.  Baldwin/  In  this  scheme  the  wire  is 
not  twisted,  so  that  neither  screw  sense  is  favorable.  By  the  proper  ap- 
plication of  external  current  pulses,  information  will  be  stored  in  the 
wire  in  the  form  of  a  flux  path  of  a  right-hand  screw  sense  for  a  "1", 
and  a  left-hand  screw  sense  for  a  "0".  The  operation  of  the  cell  is  indi- 
cated in  Figure  6.  Note  that  the  writing  procedure  requires  a  coinci- 
dence of  currents;  the  reading  procedure  does  not.  The  sign  of  the 
output  voltage  indicates  the  stored  information. 

Modes  A  and  C  are  best  suited  for  moderate  sized  memory  arrays 
since  the  readmg  procedure  is  not  a  coincident  type  selection.  Thus  to 
gain  access  to  ri  storage  points,  an  access  switch  capable  of  selecting 
one  of  n  points  is  recjuired.  For  large  arrays  the  use  of  mode  B  is  mdi- 
cated.  It  then  becomes  possible  to  select  one  of  n  points  with  a  2n  posi- 
tion access  switch.  The  crossover  point  (about  10^  bits)  is  determined  by 
access  circuitry  considerations. 
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Fig.  6  —  Read-write  cycle  for  a  twistor  operated  mode  C.  The   wire  is  not 
under  torsion. 
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III.    ANALYSIS    OF   THE    SWITCHING    PROPERTIES    OF   THE    TWISTOR 

Section  3.1  will  deal  with  the  basic  properties  of  magnetic  wire  as  they 
pertain  to  the  twistor  memory  cell.  Section  3.2  will  be  concerned  with  a 
composite  magnetic  wire.  The  theoretical  conclusions  will  be  supported 
by  expermiental  results  wherever  possible. 

3.1  Solid  Magnetic  Wire 

It  has  been  stated  above  that  there  is  a  voltage  gain  inherent  in  the 
operation  of  the  twistor.  This  voltage  gain  makes  it  possible  to  obtain 
millivolt  signals  from  wires  several  mils  in  diameter.  An  expression  will 
now  be  derived  relating  the  axial  flux  of  an  untwisted  wire  to  the  circular 
flux  component  of  that  wire  when  twisted.  Assume  that  the  magnetic 
wire  has  been  twisted  so  that  the  flux  spirals  at  an  angle  6  (normally 
6  =  45°)  with  respect  to  the  axis  of  the  wire.  If  d  and  I  are  the  diameter 
and  length  of  the  magnetized  region  respectively,  then,  for  a  com- 
plete flux  reversal  the  change  in  the  circular  flux  component  is  ^circ  = 
l(d/2){2Bs  sin  6). 

Here,  ^circ  is  the  flux  change  that  would  be  observed  on  a  hypothetical 
pickup  wire  which  passed  down  the  axis  of  the  magnetic  wire.  The  flux 
change  which  would  be  observed  by  a  single  pickup  loop  around  the  wire, 
if  the  magnetic  wire  were  not  twisted,  is  ^longituudinai  =  tt  d~Bs/2. 
Therefore,  ^circ/v'iong  =  2  Z  sin  d/rd,  and  for  6  =  45°,  this  expression 
reduces  to 


^ciro 


l/d 


9  99-  ^^^ 

Thus,  for  example,  if  the  storage  length  on  a  3-mil  wire  is  100  mils, 
then  a  15:1  gain  in  flux  change  (or  voltage)  is  obtained. 
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Fig.  7  —  (a)  Calculation  of  the  observable  voltage  Fobs  for  a  solid  magnetic 
wire,  (b)  Diagram  of  induced  voltage  V{r)  and  resistance  RO'). 
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The  above  derivation  assumed  that  the  entire  circular  flux  change 
could  be  observed  externally.  Since  the  magnetic  wire  must,  of  necessity, 
serve  as  the  source  of  the  generated  voltage  the  resultant  eddy  current 
flow  reduces  the  observable  flux  change  by  a  factor  of  three.  Consider  Fig. 
7;  assume  that  the  flux  reversal  takes  place  in  the  classical  manner  and 
consider  the  circular  component  of  this  flux  since  it  alone  contributes 
to  the  observable  signal.  The  induced  voltage  V(r)  at  any  point  r  is 
V{r)  =  F(0)/(/-o  —  r/ro),  where  ro  is  the  radius  of  the  wire  and  F(0) 
the  voltage  at  r  =  0.  But  V{r),  the  induced  or  open-circuit  voltage  per 
length  of  wire  I,  could  only  exist  if  the  wire  were  composed  of  many  con- 
centric tubes  of  wall  thickness  dr,  each  insulated  from  one  another.  In  a 
long  wire  no  radial  eddy  currents  can  exist.  Therefore  the  wire  of  length  I 
can  be  assumed  to  be  faced  by  a  perfect  conductor  at  both  of  its  ends. 
It  remains  to  calculate  the  potential  between  these  ends.  The  resistance 
of  the  tube  is  R{r)  =  pl/'Ivr  dr,  where  p  is  the  resistivity  in  ohm-cm. 
The  resistance  of  the  wire  is  given  by  Ro  =  pl/irvo  .  These  resistances 
form  a  voltage  divider  on  the  induced  voltage  in  the  tube  and  the  total 
contribution  of  all  tubes  is  obtained  by  integration; 


Fohserved    -     [        V h^    [-J^d 


\pl/2Trrdr  J 

*"  dr  (2) 


ro  —  r\  2r 


ro     /  To- 


F(0) 


Thus,  (1)  must  be  modified  by  (2)  with  the  voltage  step-up  per  memory 
cell  becoming, 

Fobs    _   l/d  /„v 


long 


6.66 


3.11  Bulk  Flux  Reversal  — -  Classical  Case 

The  switching  performance  of  a  magnetic  wire  under  transient  condi- 
tions will  now  be  considered.  The  speed  of  magnetization  reversal  of 
magnetic  materials  vmder  pulse  conditions  is  best  characterized  by  Su,  , 
the  switching  coefficient,  usually  expressed  in  oersted-microseconds.  It 
is  defined  as  the  reciprocal  of  the  slope  of  the  1/Ts  versus  H  curve  where 
Ts  is  the  time  required  to  reverse  the  magnetization  state  and  //  is  the 
applied  magnetic  field  intensit3^  Onl}'^  eddy  current  losses  will  be  con- 
sidered. 
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First,  consider  the  case  in  which  the  magnetization  is  entirely  circular. 
Reversal  from  one  flux  remanent  state  to  the  other  is  assumed  to  occur 
uniformly  in  time  Ts  .  Axial  eddy  currents  will  flow  down  the  center  of 
the  wire  and  return  along  the  surface.  The  switching  coefficient,  Sw  , 
will  be  obtained  by  equating  the  input  energy  to  the  dissipated  energy . 
The  total  energy  dissipated  per  unit  length  is, 

8  =  n  f  "  27rrP(r)  dr,  (4) 

Jo 

and 

pw=Mr)l\  (5) 

P 

where  P(r)  the  power  density  is  given  by  E{r)  the  voltage  gradient 
squared  divided  by  the  resistivity.  The  average  energy  per  unit  volume 
is  therefore 


Sav/cm3    —    5    /         ^^ 27rr  (//' 

Trro   ^0 


P^'  " ■  (6) 

^  T^  /my 

18pV     I    J 


Now  F(0)  =  [{dB/dt)rd]\^~\  so  F(0)//  =  (25,ro/n)10^l  Putting  this 
expression  into  (6)  yields 


2     2 


_  2Bs  Vq         16  ,-,s 

Oaver/cm^     —    —x — jf^ —   i.\J        .  \l  ) 

The  input  energy  per  unit  volume  is 

.      3       (25,i/cos0i)  10"'  .„. 

S/cm    = ,  (8) 

47r 

since  ABH  =  2BsH  cos  9i  where  di  is  the  angle  betw^een  the  applied 
field  H  and  the  switching  flux.  The  factor  10~  /47r  is  a  constant  relating 
the  energy  in  joules  to  the  BH  product  in  gauss-oersteds.  By  equating 
(7)  and  (8),  and  replacing  H  hy  {H  —  Ho),  the  desired  s,„  expression  is 
obtained ; 

s^  =  T.{H  -  Ho)  =  (^TnB.ro^)  10  '  ^^^_^^^^^^  (9) 

\)p  cos  ^1 

The  substitution  oi  H  —  Ho  for  H  requires  some  explanation.  The 
switching  curve  of  \/Ts  versus  H  is  not  a  straight  line  as  would  be  pre- 
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dieted  from  (9)  but  generally  possesses  considerable  curvature  at  low- 
drives.  Equation  (9)  satisfactorily  predicts  the  slope  of  the  switching 
curve  in  the  high  drive  region,  but  Ho  must  be  determined  experimen- 
tally. In  Section  3.12,  flux  reversal  by  wall  motion  is  treated  as  it  is  a 
possible  switching  mechanism  at  low  drives. 

The  switching  coefficient  s^,  for  the  case  in  which  the  magnetization  is 
purely  axial  will  now  be  treated.  As  above,  the  flux  density  will  change 
from  —Bs  to  -{-Bs  uniformly  in  time  Ts  .  The  eddy  currents,  which  are 
circular,  result  from  an  induced  voltage  V{r)  where  V(r)  =  [V{ro){r/rof], 
and  7(^o)  is  given  by  F(ro)  =  [(25./r,)W]10"'.  Thus,  E{r)  =  V{r)/2Tr, 
and  E{r)  =  {Bsr/Ts)lO~  .  Following  the  procedure  used  above,  the  in- 
ternally dissipated  energy  density  is 

Sav/cm3  =  — .  / zirr  dr, 

Ecjuating  this  expression  to  (8)  yields 

s.  =  (H  -  H,m  =  "^^fl^ ,  (11) 

p  cos  02 

where  6-2  is  defined  as  the  angle  between  the  applied  field  and  the  switch- 
ing flux  now  assumed  axial. 

The  helical  flux  vector  in  a  twist  or  can  be  resolved  into  a  circular  and 
an  axial  component.  Fortunately,  since  the  dissipated  energy  is  pro- 
portional to  the  eddy  current  density  squared,  and  the  axial  and  cir- 
cular current  density  vectors  are  perpendicular  to  each  other,  it  is 
possible  to  write 

£av/cm  3  (helical)  =  8av/cm3(axial)  +  Sav/cm  3  (circular).  (12) 

It  follows,  for  a  45  degree  pitch  angle,  that 

^.(helical)  =  ^-(axial)  +  ..(circular)  ^^^^ 

where  the  factor  "2"  is  a  consequence  of  the  flux  density  components 
being  smaller  by  l/\/2  than  their  resultant.  Substitution  of  (9)  and  (11) 
into  (13)  gives  the  desired  switching  coefficient 

..(helical)  =  {H  -  Horn  =  ^  ^.^0^10'  ^4) 

18     p  cos  d 
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The  term  cos  d  requires  further  explanation.  The  magnetization  vector 
is  constrained  by  energy  considerations  to  ahgn  with  the  easy  direction 
of  magnetization.  The  angle  between  the  applied  field  and  the  easy 
direction  of  magnetization  is  called  6.  Equation  (14)  is  valid  for  any 
direction  of  applied  field.  The  angles  ^i  and  di  used  in  deriving  (9)  and 
(11)  respectively  are  each  45  degrees  for  the  helical  pitch  angle  assumed 
above. 

Equation  (14)  indicates  that  for  maximum  switching  speed  a  material 
with  low  saturation  flux  density  and  high  resistivity  is  required.  The 
lower  limit  on  s^  will  be  determined  by  internal  loss  mechanisms  not 
treated  here.  Experimentally,  this  lower  bound  is  found  to  be  approxi- 
mately 0.2  oe-/isec. 

3.12  Reversal  by  Single  Wall 

The  switching  time  of  a  twistor  when  operating  in  a  memory  array 
under  coincident  current  conditions  will  depend  upon  the  low^-drive 
switching  coefficient.  Experimentally,  it  is  observed  that  the  low  drive 
Sy,  is  several  times  the  high-drive  value.  In  this  section,  following  the 
method  of  Williams,  Shockley,  and  Kittel,^  flux  reversal  by  the  move- 
ment of  a  single  wall  will  be  treated.  Only  the  circular  flux  case  will  be 
considered. 

The  technique  used  to  obtain  Sw  is  identical  to  that  used  in  Section 
3.1.1  except  it  is  postulated  that  a  single  wall  concentric  to  the  wire 
moves  either  from  the  wire  surface  inward,  or  from  the  wire  axis  outward. 
The  result  is  independent  of  the  direction  in  which  the  wall  moves.  As- 
sume the  wall  moves  from  r  =  0  to  r  =  ro  ,  as  indicated  in  Fig.  8.  In- 


V{0) 


Fig.  8  —  Flux  reversal  by  expanding  wall  instantaneously  located  at  radial 
position  aro  moving  with  velocity  v. 
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stantaneously,  the  wall  is  located  at  aro  and  is  traveling  with  a  velocity  v. 
The  induced  voltage  Voc{r)  is, 

Vocir)  =  (2Bslv)10-''  0  <r  <  aro, 

(15) 
=  0  aro  <  r  <  ro , 

and  the  observable  voltage  for  a  wire  of  length  I  is  given  by 

F„  =  /"  lUr)  4^ 
Jo  pL/ lirrar 

'       Foe(r)  tL  dr 
0  rif 

=  aVoc(r). 

It  is  clear  in  the  above  integration  that  Voc(r)  must  be  treated  as  a  con- 
stant. Using  expressions  (4)  and  (5) 


COav/cm  3 


=  -K-  r  i^)  {I  -  ar2rrdr 

+  ^  n  ^-i^y  (0  -  ar2Trdr,     (16) 

5£av/cm3    _    /  Foc\     (l    —    tt  )a 


dt 

The  rate  of  applying  energj^  is 

d&       /  dB  (H  -  He)  cos  d' 


dt         \dt  47r 


10~'.  (17) 


Once  again  hysteresis  losses  are  not  included.  Since  dB/dt  =  2BsVro , 
and  T'oc  is  given  by  (15),  the  equation  of  (16)  and  (17)  yields, 

/,  o.   o         piH  —  He)  cos  6 

''-''■^""  =  — %^. — ■ 

Since  v  =  (dr/dt)  =  ro  (da/dt), 

r  y,      2x  ,     p{H  -  He)  cos  e  r 

a   _a    _  p{H  —  He)  cos  ^  /.    ,    t^\ 
3"  "  5"  (87rB.ro-)  10-«     ^    ^      '^^ 
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When  a  equals  0,  t  equals  0,  so  the  constant  of  integration  is  zero.  When 
a  equals  1,  t  equals  Ts  ,  so 


s^  =  TXH  -  //.)  = 


10    (oe-Atsec; 


(18) 


15  p  cos  d , 

Comparison  to  the  corresponding  bulk  flux  reversal  case  indicates  that 
the  wall  motion  mechanism  is  more  lossy  by  a  factor  of  2.4. 


3.2  The  Composite  Magnetic  Wire 

It  is  apparent  from  the  switching  data  of  Fig.  9  that  for  reasonably 
sized  solid  wires  (ro  >  1  mil)  the  switching  coefficient  Sw  is  unreasonably 
high.  The  typical  ferrite  memory  toroid,  for  example,  when  used  as  a 
memory  element  has  an  s»,  of  0.6  oersted-microseconds.  The  only  possi- 
bility for  high  speed  coincident-current  operation  for  solid  magnetic  wires 
is  that  the  material  have  a  high  coercive  force  He  ,  a  conclusion  not  con- 
sistent with  the  trend  toward  transistor  driven  memory  systems. 

By  the  use  of  a  composite  wire  it  should  be  possible  to  reduce  the  eddy 
current  losses  and  still  preserve  a  reasonable  wire  diameter.  A  composite 
wire,  by  definition,  will  consist  of  a  non-magnetic  inner  wire  clad  with  a 
magnetic  skin.  It  may  be  fabricated  by  a  plating  or  an  extruding  process. 

The  solid  wire  analysis  of  Section  3.1  is  a  special  case  of  composite 
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Fig.  9  —  Reciprocal  of  flux  reversal  time  T s  as  a  function  of  applied  axial  drive, 
H ,  for  solid  and  composite  magnetic  wires.  Sufficient  torsion  applied  to  reach 
saturation. 
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wire  analysis  which  is  given  in  Appendix  I.  Only  the  results  of  the  com- 
posite wire  case  will  be  given  here.  As  indicated  in  Fig.*  10,  pi  and  p2 


AT, 


v(r)- 


V(0) 


(a) 


(b) 


Fig.  10  —  (a)  Composite  wire  is  composed  of  non-magnetic  core  covered  by  a 
magnetic  skin,  (b)  A  voltage  V{r)  is  induced  in  the  wire  during  flux  reversal. 

are  the  resistivities  of  the  inner  (non-magnetic)  and  outer  (magnetic) 
materials.  The  inner  material  is  contained  within  a  radius  ri  .  The  over- 
all wire  radius  is  Ti  .  Defining  a  =  n/r-i ,  if  Fobs  is  the  voltage  obser\'ed 
across  the  ends  of  the  composite  wire  twistor  memory  cell,  and  T^(0) 
is  the  induced  voltage  at  ?•  =  0  for  a  solid  magnetic  wire  of  radius  r-z , 
T^obs  =  bV{0),  and 


+  0" 


a 


(19) 


Pi 

P2 


(1  -  a2)  -j-  a" 


The  parameter  "6"  reduces  to  \  for  a  =  0  in  agreement  with  (2)  which 
was  derived  for  the  solid  wire  case.  Table  I  gives  "b"  for  various  material 
and  geometry  combinations. 

Table  I  —  The  Parameter  ''6" 


1 

Pl/P2 

0.9 

0.8 

0.7 

0.0 
(Solid  Wire) 

0 

0.100 

0.200 

0.300 

1.000 

t'(J 

0.0988 

0.194 

0.285 

.333 

\ 

0.0963 

0.184 

0.259 

.333 

1 

0.0903 

0.163 

0.219 

.333 

3 

0.0790 

0.135 

0.180 

.333 

10 

0.0643 

0.112 

0.155 

.333 

00 

0.0491 

0.0963 

0.141 

.333 

1332       THE    BELL   SYSTEM   TECHNICAL   JOURNAL,    NOVEMBER    1957 


Table  II 

• 

—  The  Parameter  "Ccirc" 

Pl/P2 

0.9 

0.8                                    0.7 

0.0 
(Solid  Wire) 

0 

0.0858 

0.353 

0.820 

1.396 

1 

0.0847 

0.339 

0.763 

1.396 

1 

3 

0.0842 

0.311 

0.657 

1.396 

1 

0.0737 

0.256 

0.498 

1.396 

3 

0.0595 

0.159 

0.341 

1.396 

10 

0.0286 

0.124 

0.243 

1.396 

00 

0.0209 

0.0833 

0.186 

1.396 

The  switching  coefficient,  s„  ,  for  circular  flux  reversal,  is  derived  as 


-3 


OlB       


(87rB.r2')10 
P2(l  —  a^)  cos  6 

4a  (1 


,a 


(1  -  a  -  bY^  -  (1  -  hY 
Pi 


+ 


h) 


a 
2 


+  (1  -  bV 


4(1  -  6)        l\ 
3         ■^21' 


(20) 


or 


=    Co 


(g.r2-)10"' 
P2  cos  6 


(oe-fisec). 


(21) 


Table  II  gives  Ccirc  as  a  function  of  a  and  pi/p2  . 

The  switching  coefficient  s^  for  axial  flux  reversal  is  derived  as 


"7B 


V5,r2'lO~' 


1  -  4a'  +  a'(3  -  4  In  aY 


P2  cos  6 


1  -  a^ 


ii  I  — 

\P2 


(22) 
(23) 


cos  d  I 

Table  III  gives  Caxiai  as  a  function  of  "a". 

Since,  as  explained  for  the  solid  wire  case,  the  eddy  current  density- 
vectors  for  circular  and  axial  flux  reversal  are  in  quadrature, 

s„  (axial)  +  s„,  (circular) 


s^,  (helical)  = 


2 


(24) 


Substitution  of  (21)  and  (23)  into  (24)  gives  the  required  expression; 

^.(helical)  =  iC-^r.^C.^,.\{B,ri)\Q-\  ^^5) 


A  number  of  composite  wire  samples  have  been  prepared  and  evalu- 
ated. These  include  nickel  on  nichrome  and  nickel  on  copper.  The  switch- 
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Table  III 

—  The  Parameter  "Caxiai" 

a 

0.9 

0.8 

0.7 

0.0 
(Solid  Wire) 

'^ax  ial 

0.0795 

0.300 

0.633 

3.142 

ing  curves  for  these  samples  as  well  as  for  a  number  of  solid  magnetic 
wires  are  shown  in  Fig.  9.  The  agreement  between  the  measured  values 
of  s,„  and  the  calculated  values  [(14)  and  (25)]  is  ciuite  good.  Improved 
composite  wire  samples  are  under  development. 


IV.    EXPERIMENTAL   MEMORY    CELLS   AND   ARRAYS 

The  initial  experiments  were  performed  using  commerciall}^  a\'ailable 
nickel  wire  of  3-mil  diameter.  The  ^p-'Nl  characteristic  of  this  wire  in  the 
helical  direction  is  extremely  square.  This  is  a  feature  of  all  the  magnetic 
materials  tested  whether  annealed  or  unannealed.  As  a  typical  example, 
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Fig.  11  —  Sixty  cycle  and  switching  waveforms  for  83  Ni,  17  Fe  wire  (see  Fig.  9) 
as  a  function  of  applied  torsion. 
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the  60-cycle  characteristics  of  the  axial  and  circular  flux  versus  axial 
drive  and  the  switching  voltage  waveforms  under  pulse  conditions  are 
given  in  Fig.  11  for  2-mil  wire  of  composition  83  Ni,  17  Fe. 

Note  the  negative  prespike  on  the  switching  waveforms.  By  simultane- 
ous observation  of  both  the  axial  and  circular  switching  voltage  wave- 
forms on  many  different  magnetic  wires  it  has  been  concluded  that  the 
negative  prespike  is  due  to  an  initial  coherent  rotation  of  the  magnetiza- 
tion vector  which  results  in  an  initial  increase  in  the  circular  flux  com- 
ponent. It  is  during  this  coherent  rotation  that  the  normal  positive  pre- 
spike on  the  axial  switching  voltage  waveform  is  observed.  Because  of 
the  mechanically  introduced  strain  anisotropy,  however,  the  magnetiza- 
tion A'ector  is  constrained  to  remain  nearly  parallel  to  the  easy  direction 
of  magnetization.  Thus,  the  coherent  rotation  soon  ceases  and  the  re- 
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Fig.  12  —  Range  of  writing  currents  for  83  Ni,  17  Fe  wire  operated  mode.  A 
Read  drive  held  constant  at  9  oersteds.  Tjpical  signal-to-noise  ratio  for  a  read 
is  indicated. 
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Fig.  13 
driven. 


A  320-bit  experimental  twistor  memory  array.  The  arraj-  is  transi.stor 


mainder  of  the  flux  reversal  process  is  by  an  incoherent  rotational  process. 
During  this  latter  time  the  circular  and  axial  voltage  waveforms  are 
virtually  identical. 

Fig.  12  gives  the  range  of  operation  of  2-mil  83  Ni,  17  Fe  wire  as  a 
twistor  operated  by  mode  A.  As  a  result  of  the  extreme  squareness  of 
the  ^-NI  characteristic  in  helical  direction  the  range  of  operation  en- 
closes an  area  nearly  the  theoretical  maximum.  The  switching  times  of 
other  memory  cells  tested  ranged  from  0.2  /xsec  for  a  1  mil  4-79  moly- 
permalloy  wire  to  20  )usec  for  a  5  mil  perminvar  wire.  Thus  it  is  seen 
that  the  switching  speeds  of  the  twistor  compare  quite  favorably  ^\ith 
those  of  conventional  ferrite  toroids  and  sheets. 

It  is,  of  course,  possible  to  store  many  ])its  of  information  along  a  single 
magnetic  wire.  The  allowable  number  of  bits  per  inch  is  related  to  the 
coercive  force,  the  saturation  flux  density,  and  the  diameter  of  the  wire. 
For  the  nickel  wire,  about  10  bits  per  inch  are  possible.  Predictions  as 
to  the  storage  density  for  a  given  material  can  be  made  bj'  referring  to 
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suitable  demagnetization  data.  There  are,  however,  interference  effects 
between  cells  which  are  not  completely  understood  at  the  present  time. 

A  memory  array  (16  X  20)  has  been  constructed  as  a  test  vehicle.  An 
illustration  of  this  array  is  shown  in  Fig.  13.  The  drive  wires  have  been 
woven  over  glass  tubes  which  house  the  removable  magnetic  wires. 
Provision  is  made  for  varying  the  torsion  and  the  tension  of  the  in- 
dividual magnetic  wires. 

As  an  indication  of  the  performance  of  the  twistor,  Fig.  14  is  a  com- 
posite photograph  showing  the  minimum  and  maximum  signal  over  the 
16  bits  of  a  given  column  for  3-mil  nickel  wire.  Also  included  are  the 
noise  pulses  for  these  cells,  the  so-called  disturbed  zero  signals.  The 
write  currents  were  2.3  ampere-turns  on  the  solenoid  and  130  ma  through 
the  magnetic  wire.  The  read  current  was  6.0  ampere-turns.  The  array 


Fig.  14  —  Composite  photograph  of  the  16  output  signals  from  a  column  of  the 
array  of  Fig.  13.  Average  output  signal  al)out  3.5  millivolts;  sweep  speed  equals 
2  /isec/cm. 

was  transistor  driven.  A  read-write  cycle  time  of  10  microseconds  ap- 
peared to  be  possible. 


V.    DISCUSSION 

The  twistor  is  presented  as  a  logical  companion  to  the  coincident- 
current  ferrite  core  and  sheet. '  In  many  applications  it  should  compete 
directly  with  its  ferrite  equivalents.  Perhaps  its  greatest  use  will  be 
found  in  very  large  ( >  10^)  memory  arrays. 

From  a  cost  per  bit  viewpoint  the  future  of  the  twistor  appears  quite 
promising.  Fabricating  and  testing  the  wire  should  present  no  special 
problems  as  it  is  especially  suited  for  rapid,  automatic  handling.  The 
possibility  of  applying  weaving  techniques  to  the  construction  of  a 
twistor  matrix  looks  promising. 

It  is  possible  that,  for  l)oth  mode  A  and  C  operation  of  the  twistor,  an 
array  can  be  built  which  consists  simply  of  horizontal  copper  wires  and 
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vertical  magnetic  wires  — -  much  like  a  window  screen.  Preliminary  ex- 
periments have  shown  that  single  cross  wires  do  operate  successfully. 
The  operation  of  this  array  would  be  analogous  to  a  core  memory  ar- 
ray. Physically  it  could  look  just  like  a  core  array  —  but  without 
the  cores. 
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APPENDIX   I 

From  Fig.  10,  for  bulk  circular  flux  reversal  in  a  composite  wire,  the 
induced  voltage  V(r)  for  a  wire  length  /  is 


nr)  ^lir.-nnC^-p) 


lir2  -  n)lC 


10    ,  0  <  r  <  n, 

(26) 
?'i  <  r  <  r-i. 


For  a  solid  magnetic  wire  of  radius  r- 


F(0)  =  C^)  10-^  (27) 


Therefore, 


V(r)  =  l-^^)  V(0),  0  <  r  <  ri  , 


(28) 


In  general,  the  resistance  of  a  tube  of  wall  thickness  dr  is  /?(/•)  =  pi/ 
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2Trrdr.  The  resistance  of  the  wire  in  R t  =  p,P2l/T-[pi{r2~  —  Vi")  -\-  po/'i']- 
The  observable  voltage  for  a  length  of  wire,  /,  is 

Fobs  =  /  [Vir)]         (Volt-Divider) 

Pl/32^ 


f'-2  -  >'i\  y/Q)     7r[pi(r2-  -  ri^)  +  p^rj^] 


2Trr  dr 
P1P2I 


+   /   '  (^''^  "  ')  7(0)  '  ^^P^'^^^'  ~  ''1')  +  P''^'^^ 


r-i     )  \  P2I 


27rr  dr 
This  reduces  to 

(1  -  a^)pi/p2  +  a- 
=  6F(0),  (30) 

where  a  =  ri/r-i  and  b  is  given  by  reference  to  (29).  The  ratio  b/^  =  36 
is  the  relative  efficiency  of  the  composite  as  compared  to  the  solid 
magnetic  wire  from  an  available  signal  viewpoint.  An  expression  for  s„, 
will  now  be  derived. 

The  total  energy  dissipated  per  unit  length  I  is 


^r/l  =  Ts  r  pij{r)2wr  dr,  (31) 

Jo 


''•2 

where  idir)  is  the  current  density.  Now,  ij{r)  =  Y{r)  —  T''obs/p/,  therefore 


i,{r)  =  (1  -  a  -  b)^,  0  <  r  <  r^ 

pit 

=  11  —  —  —  0  1  — —  /'i  <  /■  <  ro 

\         r2         /    p2i 

The  substitution  of  (32)  into  (31)  yields,  after  manipulations. 


(32) 


?av/« 


_  TT^r/  (Vm\  /  2 


P.     y^lTl 

4a(l  -  5)       a 


(1  -a-6)^'^-?-(l  -6)^ 
Pi 


+ 


3  2 


+  a-«=-W^  +  ^] 


(33) 
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From  (8),  the  applied  energy  per  wiie  length  /  is 

'[B.,(//  -  //o)  cose]  10^' 


m  = 


27r 


7r(r2    -  /-r), 


(34) 


where  only  that  part  of  the  applied  energy  associated  with  th(^  high 
drive  dynamic  losses  is  included.  Ecjuating  (33)  and  (34)  and  replacing 
V(0)/l  by  (27)  results  in 


-  (1  -  hy  + 


SirBsr^'lO'' 


po(l  —  a'-)  cos  d 
4a(l  —  b)       a 


I 


a 


(1  -  a  -  bf 


2  P2 

Pi 


+  (1  -  by  - 


4(1  -  b)    ,    ]| 


(35) 


+ 


2/- 


This  can  be  expressed  as 


s.  =  {H  -  m)T.  =  C.,,J-?^ri}}^  (oe-/.sec). 

P2  COS  6 


(36) 


Bulk  axial  flux  reversal  in  a  composite  magnetic  wire  can  be  treated  in 
a  manner  analogous  to  that  used  in  Section  3.1.1  for  the  solid  wire.  The 
uniform  reversal  of  the  axial  flux  induces  a  voltage  T^(r)  in  the  wire  where 


0"  -  & 


V{r)  =  V(r.;) 

=  0, 

and  FCro)  =  [(2B./7\)7r/-.>']  10^'.  Since  £"(/■)  =  T^(/-)/27r/-, 

E^r)  =  I  (r  -  ^Jl)iO-1 
Following  the  procedure  of  Section  3.1.1., 

TsiQ-"     r  By  (      nX-  .^     , 


(37) 


_  J2BsWlO 


-16 


\  P2T, 


L  I  -  a'- 


In  a) 


(38) 


where  a  =  ri/r-2  as  before.  Equating  this  expression  to  (8)  yields 


tBsiVIO^'  Vl  -  4a'-'  +  a'(3  -  4  In  a) 


pi  cos  6 

^^    v.' axial 


(BsrjlQ-' 


\  p2  COS  6 


1  -  a" 

j  (oe-Msec). 


(39) 
(40) 
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Non-Binary  Error  Correction  Codes* 

By  WERNER  ULRICH 

(Manuscript  received  April  19,  1957) 

If  a  noisy  channel  is  used  to  transmit  more  than  two  distinct  signals, 
information  may  have  to  be  specially  coded  to  permit  occasional  errors  to  be 
corrected.  If  pulse  amplitude  modulation  is  used,  the  jnost  probable  error 
is  a  small  one,  e.g.,  6  is  changed  to  7  or  5.  Codes  for  correcting  single  small 
errors,  and  for  correcting  single  small  errors  and  detecting  double  small 
errors,  in  a  message  of  arbitrary  length,  for  an  arbitrary  number  of  differ- 
ent signals  in  the  channel,  are  derived  in  this  paper. 

For  more  specialized  situations,  the  error  is  not  necessarily  restricted  to  a 
small  value.  Codes  are  derived  for  correcting  any  single  unrestricted  error 
in  a  message  of  arbitrary  length  for  an  arbitrary  number  of  different  sig- 
nals. 

Finally,  a  set  of  codes  based  partially  upon  the  Reed-Muller  codes  is 
described  for  correcting  a  number  of  errors  in  a  more  restricted  class  of 
message  lengths  for  an  arbitrary  number  of  different  signals. 

The  described  codes  are  readily  implemented.  Many  techniques  are  used 
which  have  an  analog  in  a  binary  system.  Other  techniques  are  broadly 
analogous  to  binary  coding  techniques  or  are  special  adaptations  of  a 
binary  code. 

I.    INTRODUCTION 

1.1   Use  of  Error  Correction  Codes 

One  function  of  an  error  correction  code  is  to  aid  in  the  correct  trans- 
mission of  digital  information  over  a  noisy  channel.  This  process  is 
illustrated  in  Fig.  1.  An  information  source  gives  information  to  an 
encoder;  the  encoder  converts  the  information  into  a  message  containing 
sufficient  redundancy  to  permit  the  message  to  be  slightly  mutilated  by 
the  noisy  channel  and  still  be  correctly  interpreted  at  the  destination. 
The  message  is  then  sent  ^'ia  the  noisy  channel  to  a  decoder  which  will 

*  This  paper  was  submitted  to  Columbia  University  in  partial  fulfillment  of 
the  requirements  for  the  degree  of  Doctor  of  Engineering  Science  in  the  Faculty 
of  Engineering. 

13-11 


1342       THE    BELL   SYSTEM   TECHNICAL   JOURNAL,    NOVEMBER    1957 

reconstruct  the  original  information  if  the  mutilation  has  not  been  ex- 
cessive. Finally,  the  information  is  sent  to  an  information  receptor. 

One  scheme  for  correcting  errors  in  a  binary  system  is  to  send  each 
binary  digit  of  information  three  times  and  to  accept  at  the  receiver 
that  value  which  is  represented  by  two  or  three  of  the  received  digits. 
Then,  the  encoder  is  simply  an  instrument  for  causing  each  digit  to  be 
sent  three  times,  and  the  decoder  consists  of  a  majority  organ.  However, 
many  methods  are  available  which  are  considerably  more  elegant,  and 
which  will  permit  more  information  to  be  passed  through  a  noisy  channel 
in  a  given  unit  of  time.  This  paper  will  deal  with  such  methods  for 
channels  capable  of  sending  h  different  symbols  instead  of  the  usual  1  and 
0  of  a  binary  channel. 

The  most  convenient  explanation  of  an  error  correction  code  has  been 
made  with  respect  to  the  transmission  of  correct  digital  information 
over  a  noisy  channel.  This  does  not  imply  the  restriction  of  such  codes 


INFORMATION 
SOURCE 

ENCODER 

CHANNEL 

DECODER 
(CORRECTOR) 

INFORMATION 
RECEPTOR 

— * 

1 

NOISE 


Fig.  1  —  Transmission  over  a  noisy  channel. 


to  the  noisy  channel  problem  exclusively.  Actually,  the  first  application 
considered  for  such  a  code  was  with  respect  to  computers.^  Many  large 
high  speed  computers  stop  whenever  an  error  is  detected  in  some  calcu- 
lation and  must  be  restarted;  with  the  use  of  an  error  correction  code 
this  could  be  avoided  by  permitting  the  computer  to  correct  its  own 
random  errors  directly.  To  the  best  knowledge  of  the  author,  error 
correction  codes  have  not  yet  been  used  in  any  major  computer.  But 
the  storage  system  of  a  computer  may,  in  the  future,  lend  itself  to  the 
use  of  error  correction  codes. 

Frequently,  very  elaborate  precautions  must  be  taken  in  present 
storage  systems  to  insure  that  they  are  free  from  errors.  Magnetic  tapes 
must  be  specially  made  and  handled  to  guarantee  the  absence  of  defects, 
magnetic  cores  must  be  carefully  tested  to  make  sure  that  no  defective 
cores  get  into  an  array,  cathode  I'ay  tubes  used  in  Williams  Tube  or 
Barrier  Grid  Tube  storage  systems  must  be  perfect.  Probably,  there  are 
other  storage  methods  whose  development  is  hampered  because  of  a 
common  requirement  for  error-free  performance  in  all  storage  locations. 
With  the  use  of  error  correction  codes,  such  storage  systems  could  be 
used,  if  they  are  sufficiently  close  to  perfection,  even  though  not  perfect. 


XO\-BIXAHY    EKHOR    COHUEC'TIOX    CODES  ]'.]4'.] 

It  is  not  unlikely  that  the  near  futin-e  will  see  the  development  of 
storage  systems  which  will  be  able  to  store  more  than  twcj  states  at  every 
basic  storage  location.-  If  such  systems  are  developed,  it  seems  likely 
that  they  will  be  more  erratic  or  noisy  than  binary  storage  systems, 
since  each  location  must  store  one  of  h  signals  instead  of  one  of  two.  If  a 
cathode  ray  tube  storage  system  were  used,  for  example,  different  quan- 
tities of  charge  would  have  to  be  distinguished;  in  a  binary  storage 
system,  only  the  presence  or  absence  of  charge  must  be  detected.  This 
suggests  that  error  correction  codes  may  become  essential  with  certain 
types  of  non-binary  storage  systems.  One  object  of  this  paper  is  to 
develop  codes  for  this  purpose  and  to  discover  which  number  systems 
are  most  easily  correctable. 

Some  investigations  have  been  made  on  the  use  of  computer  sj^stems 
using  multi-state  elements.*  A  switching  algebra  has  been  developed 
similar  to  Boolean  algebra  for  handling  switching  problems  in  terms  of 
multi-state  elements.  Single  de\'ice  ring  counters  (the  cold  cathode  gas 
stepping  tube  for  example)  alread}^  exist  and  might  be  useful  in  such 
systems.  But  currently,  only  limited  steps  in  this  direction  have  been 
made.  Another  object  of  this  paper  is  to  show  the  advantages  and 
problems  of  error  correction  codes  in  multi-state  systems;  it  is  not  un- 
reasonable to  predict  that  error  correction  codes  may  be  more  necessary 
in  multi-state  systems  than  in  binary  sj'stems. 

1.2  Geometric  Concept  of  Error  Correction  Codes 

A  geometric  model  of  a  code  was  suggested  by  R.  W.  Hamming' 
which  can  be  altered  slightly  to  fit  the  non-binary  case.  For  an  n  digit 
message,  a  particular  message  is  a  point  in  n  dimensional  space.  A 
single  error,  however  defined,  will  change  the  message,  and  will  cor- 
respond to  another  point  in  n  dimensional  space.  The  distance  between 
the  original  point  and  the  new  point  is  considered  to  be  unity.  Thus, 
the  distance  d  between  the  points  corresponding  to  any  two  messages  is 
defined  as  the  minimum  number  of  errors  which  can  convert  the  first 
message  into  the  second. 

With  an  error  detection  and/or  correction  code,  the  set  of  transmitted 
messages  is  limited  so  that  those  which  are  correctly  recei^•ed  are  recog- 
nizable; those  messages  which  are  received  with  fewer  than  a  given 
number  of  errors  are  either  corrected  or  the  fact  that  they  are  wrong  is 
recognized  and  some  other  appropriate  action  (such  as  stopping  a  com- 
puter) is  taken. 

In  the  ease  of  binary  codes,  an  error  changes  a  1  to  0  or  a  0  to  1 .  In 
the  non-binary  case,  two  definitions  of  an  error  are  possible  and  Mill  he 
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used  in  this  paper.  A  small  error  changes  a  digit  to  an  adjacent  value. 
In  a  decimal  system,  a  change  from  1  to  2  or  1  to  0  is  a  small  error.  An 
unrestricted  error  changes  a  digit  to  any  other  value.  In  a  decimal  sys- 
tem, a  change  from  1  to  5  is  an  unrestricted  error. 

1..3  Material  To  Be  Presented 

The  various  types  of  codes  described  in  this  paper  and  the  sections 
in  which  they  are  to  be  found  are  summarized  in  Table  1.  The  tech- 
niques which  are  described  are  summarized  below. 

The  geometric  model  suggests  the  simplest  approach  to  error  correction 
codes.  A  transmitter  has  a  "codebook"  containing  all  members  of  the 
set  of  transmitted  messages.  If  the  message  source  gives  to  the  encoder 
the  signal  that  the  information  to  be  sent  is  k  (that  is  to  say,  the  A'th 


Table  I  —  Types  of  Codes 

Type  of  Code 

Distance 

Type  of  Error 

Described  in 
Section 

Single  Error  Detection 
Single  Error  Correction 
Single  Error  Correction 
Prime  Number  Base 
Composite  Number  Base 
Single  Error  Correction 

and 
Double  Error  Detection 
Multiple  Error  Correction 

2 
3 
3 

4 

Small  and  Unrestricted 
Small 

Unrestricted 
Unrestricted 
Small 

Small 

II 

III  and  6.1 

4.1 

4.2 

V  and  6.1 

6.2 

output  of  all  the  outputs  associated  with  the  message  source),  the  en- 
coder chooses  the  kth  member  of  the  set.  The  decoder  will  then  look  up 
the  message  it  receives  in  its  own  codebook  which  contains  all  possible 
received  messages,  and  corresponding  to  the  entry  of  the  received  mes- 
sage will  find  the  symbols  corresponding  to  k.  Or  the  receiver  may 
compare  the  received  message  with  every  member  of  the  set  of  trans- 
mitted messages,  calculate  the  distance  between  the  two,  and  correct 
the  received  message  to  whichever  of  the  transmitted  messages  is  sep- 
arated from  the  received  message  by  the  smallest  distance.  (It  has  been 
shown  by  Slepian*  that  this  is  the  message  most  likely  to  be  correct  in  a 
symmetrical  binary  channel  having  the  property  that  changes  from  1  to 
0  and  from  0  to  1  as  a  result  of  noise  in  the  channel  are  equally  likely.) 
The  practical  difficult}'  with  such  a  code  is  the  large  size  of  the  re- 
quired codebooks.  Most  coding  schemes  try  to  eliminate  such  codebooks 
and  substitute  a  set  of  rules  for  encoding,  decoding  and  correcting 
messages. 
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One  approach  toward  creating  a  simple  association  between  the  infor- 
mation and  the  message  is  to  use  some  of  the  digits  of  the  message  for 
conveying  information  directly.  The  Hamming  Code'  uses  this  tech- 
nique. 

An  information  digit  is  a  digit  of  a  message  that  is  produced  directly 
by  the  information  source;  in  a  base  b  code,  an  information  digit  may 
have  b  different  values,  the  choice  between  these  values  representing  the 
information  that  is  to  be  sent. 

A  check  digit  is  a  digit  of  a  message  that  is  calculated  as  a  function  of 
the  information  digits  by  the  encoder.  It  is  sometimes  convenient  to 
represent  or  calculate  a  check  digit  in  terms  of  a  recursive  formula  using 
previously  calculated  check  digits  as  well  as  information  digits.  In  a 
base  b  code,  a  check  digit  may  have  b  check  states.  When  more  than  one 
check  digit  is  used,  each  different  combination  of  check  digits  corre- 
sponds to  a  different  check  state  for  the  message;  a  message  with  tn 
check  digits  will  have  6"  message  check  states. 

A  systematic^  code  encoder  generates  messages  containing  only  infor- 
mation digits  and  check  digits.  The  information  source  generates  only 
base  6  information  digits.  The  Hamming  Code  is  a  systematic  code. 

Section  II  offers  a  general  method  for  obtaining  single  error  detection 
codes  for  both  small  and  unrestricted  errors.  The  idea  of  mixed  digits 
(digits  which  are,  in  a  sense,  neither  information  nor  check  digits,  but  a 
combination  of  both)  is  introduced,  and  it  is  shown  how  mixed  digits 
may  lead  to  more  efficient  coding  systems.  This  idea  is  believed  to  be 
novel.  Code  systems  which  use  mixed  digits  are  called  semi-systematic 
codes.  Semi-systematic  codes  are  used  extensively  throughout  this 
paper. 

Section  III  offers  a  general  method  for  obtaining  single  small  error 
correction  codes,  including  both  systematic  and  semi-systematic  codes. 

Section  IV  offers  a  general  method  for  obtaining  the  more  complicated 
single  unrestricted  error  correction  codes.  The  problem  is  diAided  into 
two  parts.  Section  4.1  describes  codes  for  correcting  single  unrestricted 
errors  in  case  b,  the  base  of  the  channel,  is  a  prime  number.*  Section  4.2 
describes  a  special  technique  for  obtaining  the  more  complex  codes  for 
correcting  single  unrestricted  errors  in  the  event  6  is  a  composite  num- 
ber. 

Section  V  offers  a  general  method  for  obtaining  semi-systematic  codes 
for  correcting  single  small  errors  and  detecting  double  small  errors.  No 
general  solution  has  been  found  for  obtaining  single  error  correction  or 
double  error  detection  codes  for  the  case  of  unrestricted  errors.  Xo  gen- 


*  This  class  of  codes  was  previously  described  in  u  brief  summary  liy  Golay.® 
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eral  solution  has  been  found  for  multiple  error  correction  codes  for  the 
unrestricted  error  case. 

In  Section  VI,  a  number  of  techniques  are  presented  for  using  binary 
error  correction  coding  schemes  for  non-binary  error  correction  codes. 
Section  6.1  shows  how  such  techniques  may  be  used  to  obtain  non-binary 
single  error  correction  codes,  and  single  error  correction  double  error 
detection  codes,  for  the  small  error  case.  Section  6.2  presents  a  special 
technique,  involving  the  use  of  an  adaptation  of  the  Reed-Muller  binary 
code,  to  obtain  a  class  of  non-binary  multiple  error  correction  codes,  for 
the  small  error  case. 

Section  VII  shows  that  an  iterative  technique  of  binary  coding  can  be 
directly  applied  to  non-binary  codes.  It  also  shows  how  an  adapted 
Reed-Muller  code  can  be  profitably  used  in  such  a  system. 

Section  VIII  summarizes  the  results  obtained  in  Sections  II-VII  and 
shows  the  advantages  and  shortcomings  of  many  of  these  codes. 

Section  IX  presents  general  conclusions  which  may  be  drawn  from 
this  paper. 

II.    SINGLE   ERROR    DETECTION    CODES 

Single  error  detection  codes  rec^uire  message  points  separated  in  n 
dimensional  space  by  a  distance  of  two. 

For  the  binary  case,  the  only  two  possible  types  of  errors  are  the 
change  from  a  1  to  a  0  and  from  a  0  to  a  1. 

A  simple  technique  that  is  used  frequently  for  binary  error  detection 
codes  is  to  encode  all  messages  in  such  a  manner  that  every  message 
contains  an  even  number  of  I's.  This  is  accomplished  by  adding  a  'parity 
check  digit  to  the  information  digits  of  a  message;  this  digit  is  a  1  if  an 
odd  number  of  I's  exist  in  the  information  digits  of  a  message  and  is  a 
0  if  an  even  number  of  I's  exist  in  the  information  digits.  At  least  two 
errors  must  occur  before  a  message  containing  an  even  number  of  I's 
can  be  converted  into  another  message  containing  an  even  number  of 
I's,  since  the  first  error  will  always  cause  an  odd  number  of  I's  to 
appear.  A  message  with  an  odd  number  of  I's  is  known  to  be  incorrect.* 

An  analogous  technique  may  be  used  for  the  unrestricted  error  case  in 
non-binary  codes.  We  can  obtain  a  satisfactory  code  by  adding  a  com- 
plementing digit  to  a  series  of  information  digits  to  form  a  message. 

A  complementing  digit,  base  b,  is  defined  as  a  digit  which  when  added 
to  some  other  digit  will  yield  a  multiple  of  6. 

*  Parity  check  digits  may  be  selected  to  make  the  number  of  I's  in  a  message 
always  odd,  but  the  principle  is  the  same;  in  this  case,  an  error  is  recognized  if  a 
received  message  contains  an  even  number  of  I's. 
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For  a  single  unrestricted  error  detection  code,  the  complementing 
digit  complements  the  sum  of  the  information  digits.  A  complementing 
digit  is  a  check  digit.  In  the  binary  case,  it  is  a  parity  check  digit. 

As  an  example,  consider  a  decimal  code  of  this  type.  A  message  823 
would  require  a  complementing  digit  7,  making  the  total  message 
8237  (8  +  2  +  3  +  7  =  20,  a  multiple  of  10).  An  error  in  any  one  digit 
will  mean  that  the  sum  of  the  message  digits  will  not  be  a  nuiltiple  of  10. 

For  the  small  error  case,  it  is  sufficient  to  make  certain  that  the  sum 
of  all  digits  is  even  since  any  error  of  ±1  would  destroy  this  property. 
For  the  binary  case,  all  errors  are  small  since  the  only  possible  error  on 
any  digit  is  a  change  by  ±1;  a  simple  parity  check  is  adequate.  For  a 
non-binary  code,  it  would  be  wasteful  to  add  a  digit  just  to  make  sure 
that  the  sum  of  all  digits  is  even.  In  a  decimal  code  for  example,  if  the 
sum  of  the  message  digits  is  even,  the  values  0,  2,  4,  6,  8  for  the  check 
digit  will  satisfy  a  check,  or  if  the  sum  of  the  message  digits  is  odd,  the 
values  1,  3,  5,  7,  9  will  satisfy  the  check.  More  information  could  l)e 
sent  if  a  choice  among  these  A'alues  could  be  associated  with  informa- 
tion generated  by  the  information  source. 

This  introduces  the  concept  of  a  mixed  digit ;  i.e.,  a  digit  which  conveys 
both  check  information  and  message  information 

A  mixed  digit  is  defined  as  follows:  a  mixed  digit  x,  base  h,  is  composed 
of  two  components  (y,  z)  where  y  represents  an  information  component 
and  z  represents  a  check  component.  The  number  of  information  states 
of  a  mixed  digit  is  jS,  wdth  y  taking  the  values  0,  1,  ■  ■  ■  ,  0  —  1 ;  the 
number  of  check  states  of  a  mixed  digit  is  a,  the  number  base  of  z. 
In  a  message  containing  m  check  digits  and  h  mixed  digits,  the  number 
of  check  states  for  the  message  is  b"'-ai-a-y  ■  .  .  -au  ,  where  a,  is  the 
number  of  check  states  of  the  t'th  mixed  digit. 

If  mixed  digits  are  used  as  part  of  a  code,  information  must  be  avail- 
able in  at  least  two  number  bases;  5,  the  number  base  of  the  channel, 
and  (3,  the  number  base  of  the  mixed  digit.  A  situation  where  this  aris(»s 
naturally  is  in  the  case  of  the  algebraic  sign  of  a  number;  this  is  a  digit 
of  information,  base  2,  which  may  be  associated  with  other  digits  of 
any  base.  Similarly,  any  identification  which  must  be  associated  with 
numerical  information  can  be  conveniently  coded  in  a  number  base 
different  from  the  number  base  of  the  numerical  information.  Thus,  a 
mixed  digit  can  sometimes  be  used  conveniently  in  an  information  trans- 
mission system  without  complicating  the  infoi'mation  sonrco  and  re- 
ceptor. 

An  error  detection  code  for  single  small  errors  suggests  tlic  use  of  a 
mixed  digit.  In  the  decimal  code  for  example,  the  quibinary"  representa- 


1348       THE    BELL   SYSTEM   TECHNICAL   JOURNAL,    NOVEMBER    1957 

Table  II  —  Quibinary  Code 


Quinary  Component 

Binary  Component 

Decimal  Digit 

0 

0 

0 

0 

1 

1 

1 

0 

2 

1 

1 

3 

2 

0 

4 

2 

1 

5 

3 

0 

6 

3 

1 

7 

4 

0 

8 

4 

1 

9 

tion  of  the  mixed  digit  might  be  used,  letting  the  quinary  component  of 
the  mixed  digit  convey  information  and  the  binary  component  a  check. 
(Table  II.) 

The  information  source  generates  blocks  of  decimal  digits  followed  by 
one  quinary  digit.  The  messages  are  then  generated  in  the  following 
way :  record  all  decimal  information  digits  as  information  message  digits 
and  take  their  sum;  if  the  sum  is  even,  the  binary  component,  z,  of  the 
mixed  digit  is  0,  otherwise  it  is  1.  The  quinary  component,  |/,  of  the  mixed 
digit  is  taken  directly  from  the  information  source  and  combined  with 
the  calculated  binary  part  by  the  rules  of  the  quibinary  code  to  form 
the  mixed  decimal  digit.  Thus,  a;,  the  value  of  the  mixed  digit,  is  given 
by  the  formula : 


X  =  2\j  -\-  z. 


(1) 


For  example,  if  the  decimal  digits  of  a  message  are  289  and  the  quinary 
digit  of  the  message  is  3,  the  mixed  digit  is  7,  and  the  message  is  2897. 
The  sum  of  the  decimal  information  digits  is  19,  which  is  odd,  so  that 
the  binary  component  of  the  mixed  digit  is  1 ;  this  is  combined  with  the 
quinary  component,  3,  bj^  the  rules  of  the  quibinary  code  table,  to  form 
decimal  digit  7.  The  requirement  that  the  sum  of  all  digits  be  even  is 
satisfied  by  the  binary  component  of  the  mixed  digit,  and  the  informa- 
tion associated  with  the  mixed  digit  is  contained  in  the  quinary  com- 
ponent. 

This  method  is  easily  extensible  to  any  other  number  base  and  is  also 
extensible  to  the  case  of  slightly  larger  but  still  restricted  errors  (such 
as  ±1  or  ±2),  provided  that  the  maximum  single  error  is  less  than 

(&  -  l)/2. 

From  the  preceding  example,  it  is  apparent  that  mixed  digits  can  be 
usefully  employed  in  error  detection  codes.  The  use  of  mixed,  check  and 
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information  digits  simplified  the  encoder  and  decoder.  To  differentiate 
among  the  classes  of  codes  which  will  be  described  in  this  paper,  the 
following  terms  will  be  used,  in  addition  to  those  previously  defined. 

A  semi-sijsiematic  code  encoder  produces  messages  containing  only- 
information,  mixed  and  check  digits.  The  information  source  generates 
information  digits  in  base  h  for  information  digits,  and  in  base  /3  for 
mixed  digits.  (The  example  given  above  is  a  semi-systematic  code.) 

Of  two  coding  schemes  in  the  same  channel  base  6,  each  working  with 
messages  of  the  same  length,  and  each  satisfying  a  given  error  detection 
or  correction  criterion,  the  more  efficient  scheme  is  defined  as  the  one 
which  produces  the  larger  number  of  different  possible  messages. 

III.    SINGLE   ERROR  CORRECTION   CODES,  SMALL  ERRORS    (±1) 

The  problems  of  error  correction  codes  in  nonbinary  systems  are  ex- 
tensive and  must  be  treated  in  several  distinct  sections.  The  basic  differ- 
ence between  the  error  correction  problem  in  binary  and  non-binary 
codes  is  the  fact  that  the  sign  of  the  error  is  important.  In  a  binary 
code,  if  the  message  11  is  received  and  it  is  known  that  the  second  digit 
is  incorrect,  only  one  correction  can  be  made,  to  10.  But  in  a  decimal 
code  with  errors  limited  to  ±1,  if  the  message  12  is  received  and  it  is 
known  that  the  second  digit  is  wrong,  it  can  be  changed  to  either  11  or  13. 

Consider  the  following  simple  code  for  correcting  single  small  errors. 
A  decimal  channel  is  used,  and  a  message  is  composed  of  three  informa- 
tion digits  and  one  check  digit.  Let  Xi  represent  the  check  digit  and  .T2 , 
.Ts,  Xi  the  information  digits.  Here,  .ri  is  chosen  to  satisfy* 

Xi  -f  2.r,  -f-  3.r3  +  4.r4  =  0  mod  10.  (2) 

The  encoder  calculates  Xi ,  and  transmits  the  message  a:iX2a:3.i"4  .  This  is 
received  as  XiXo'xzXi.  The  decoder  then  calculates  c  given  by 

c  =  {xi'  +  2x2'  +  3.r3'  +  4a-4')  mod  10.  (3) 

If  the  assumption  is  made  that  at  most  a  single  small  error  exists,  then 
this  error  can  be  corrected  by  using  the  following  rules,  which  may  be 
verified  by  inspection. 

If  c  =  0,  no  correction  is  necessary; 

5  >  c  >  0,  decrease  the  cth.  digit  by  one ; 

*  B3'  definition  a  =  r  mod  h  is  eciuivalent  to  a  =  c  +  nb,  where  a.  b,  c  and  n 
are  integers.  Tlie  eciuality  notation  is  used  in  j)refeience  to  the  congruenee  nota- 
tion throughout  this  paper,  since  an  addition  performed  without  carry  occurs 
naturally  in  many  circuits;  in  terms  of  such  a  circuit,  the  mod  b  signifies  only  the 
base  of  the  addition,  and  a  true  equality  exists  between  the  state  of  two  circuits, 
with  the  same  output  even  though  one  has  been  cycled  more  often. 
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5  <  c,  increase  the  (10  —  c)th  digit  by  one; 

c  =  5  implies  a  multiple  error  or  a  larger  error. 

Since  the  value  of  c  is  used  for  correcting  a  received  message,  it  is 
called  the  corrector.*  For  the  general  case,  a  corrector  is  defined  as 
follows. 

In  a  message  encoded  to  satisfy  m  separate  checks,  the  result  of  cal- 
culating the  checks  for  the  received  message  at  the  decoder  is  an  m  digit 
word  called  the  corrector.  There  are  as  many  possible  values  of  the  cor- 
rector as  there  are  check  states  of  the  message,  although  all  of  the 
values  of  the  corrector  need  not  correspond  to  a  correctable  error. 

It  is  important  that,  for  a  given  transmitted  message,  every  different 
error  will  lead  to  a  different  value  of  the  corrector;  otherwise  there  will 
be  no  way  of  knowing  which  correction  corresponds  to  a  particular  value 
of  the  corrector.  The  number  of  correctable  errors  may  be  far  less  than 
the  number  of  possible  values  of  the  corrector,  so  that  not  all  of  these 
values  may  be  useful  for  a  code  to  correct  a  particular  class  of  errors. 
However,  the  number  of  corrector  states  sets  an  upper  limit  to  the  num- 
ber of  possible  corrections. 

For  many  codes,  it  is  convenient  to  associate  a  particular  value  of  a 
corrector  for  the  condition  that  a  particular  digit  has  been  received  too 
high  by  a  single  increment,  for  example,  a  7  received  as  an  8. 

The  characteristic  of  a  digit  for  a  particular  code  is  defined  as  the  value 
of  the  corrector  if  that  digit  is  incorrectly  received,  the  error  having 
increased  the  value  of  the  digit  by  + 1 ,  and  all  other  digits  are  correctly 
received.  Obviously,  this  definition  only  applies  to  those  codes  having  the 
property  that  the  value  of  the  corrector  is  independent  of  the  value  of  the 
incorrect  digit  and  of  the  other  digits. 

A  simple  characteristic  code  encoder  produces  messages  in  which  each 
digit  has  a  distinct  characteristic  as  defined  above. 

The  Hamming  code  is  an  example  of  a  simple  characteristic  code  as 
is  the  code  previously  described.  In  that  example,  the  characteristic  of  Xi 
is  i. 

The  advantage  of  a  simple  characteristic  code  for  single  small  error 
correction  is  obvious:  the  association  between  the  calculated  checks 
and  the  correction  to  be  performed  is  simple  and  does  not  depend  on  the 
values  of  the  digits  of  the  message. 

The  following  example  of  a  simple  characteristic  code  will  illustrate 
this  principle  more  fully. 

Consider  a  single  small  error  correction  code,  working  with  a  quinary 

*  The  terms  corrector  and  characteristic  were  first  used  in  a  more  restricted 
sense  in  an  article  on  binary  coding  by  Gola3^* 
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(base  5)  channel.  Each  message  will  consist  of  ten  information  digits 
and  two  check  digits. 

Let  .ri  and  xo  represent  the  check  digits,  and  x^ ,  Xt ,  ■  ■  •  ,  Xn  represent 
the  information  digits. 

The  equations  for  calculating  .ri  and  X2  are: 


I.T1  +  Oa-2  +  0.r3  +  1.1-4  +  l.r5  +  l.re  +  Ixj 

+  2xs  +  2x9  +  2xw  +  2xu  +  2x-i2  =  0  mod  5, 
Oxi  +  U-2  +  2.r3  +  1x4  +  2.1-5  +  3.1-6  +  4x7 

+  0.r8  +  I.T9  +  2.rio  +  3.TU  +  4.ri.-  =  0  mod  5. 


(4) 
(5) 


At  the  decoder,  the  corrector  terms,  Ci  and  d  ,  are  calculated  using  x/, 
the  received  value  of  Xi ,  in  the  following  formulas: 


Ixi'  +  0.1-2'  +  0x3'  +  1x4'  +  1.1-5'  +  Ixe'  +  Ixt' 

+  2x8'  +  2x9'  +  2xio'  +  2xn'  +  2xio'  =  ci  mod  5, 

Ox/  +  1x2'  +  2x3'  +  1.1-4'  +  2.1-5'  +  3x6'  +  4x7' 

+  Oxg'  +  Lrg'  +  2.rio'  +  3xu'  +  4x12'  =  c^  mod  5. 


(6) 

(7) 


The  values  of  C1C2  corresponding  to  the  condition  that  one  and  only- 
one  digit  is  too  high  by  1,  x/  =  Xi  -\-  1,  can  be  read  by  reading  the  coeffi- 
cients of  the  ith  digit  in  the  corrector  formulas.  This  quantit}^  is  therefore 
the  characteristic  of  the  ith.  digit.  If  x/  =  Xj  —  1,  then  the  fiv^es  com- 
plements of  these  coefficients  will  be  the  value  of  the  corrector.  Table  III 
lists  the  characteristics  and  characteristic  complements  associated  with 
each  digit. 

Table  III  —  Characteristics  and  Characteristic  Complements 

Systematic  Quinary  Code 


Digit 

Characteristic 

Complement  of  Characteristic 

Xl 

10 

40 

X2 

01 

04 

X3 

0-2 

03 

X4 

11 

44 

X5 

12 

43 

Xs 

i;-i 

42 

X7 

14 

41 

Xs 

20 

30 

X9 

21 

34 

Xio 

22 

33 

Xii 

23 

32 

X12 

24 

31 
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In  this  code  all  the  possible  values  of  C1C2  correspond  to  the  charac- 
teristic of  a  digit  or  the  complement  of  this  characteristic,  except  00 
which  corresponds  to  the  correct  message.  (An  inspection  of  equations 
(4)  through  (7)  reveals  that  if  Xi  =  Xi  for  all  values  of  t,  the  values 
of  Ci  and  Ci  are  0).  Thus,  we  can  assign  a  unique  correction  to  each 
value  of  C1C2 . 

The  above  techniques  are  extensible  to  other  number  bases  and  dif- 
ferent length  words  provided  6,  the  number  base  of  the  channel,  is 
greater  than  2.  (The  equivalent  binary  channel  problem  has  been  treated 
by  Hamming.  )  The  following  set  of  rules  and  conventions  may  be 
used  for  deriving  a  satisfactory  set  of  characteristics  for  a  simple  charac- 
teristic systematic  code  used  to  correct  single  small  errors  for  any  length 
message,  and  any  base,  6^3.  The  rules  must  be  followed,  and  the 
con^'entions  (which  represent  one  pair  of  conventions  out  of  the  set  of 
pairs  of  conventions,  which  together  with  Rules  1  and  2  can  be  used  for 
deriving  a  code  of  this  class)  if  followed,  will  lead  to  a  reasonably  simple 
method  for  encoding  and  decoding  messages.*  Since  the  rules,  not  the 
conventions,  limit  the  efficiency  of  the  code,  no  set  of  conventions  can 
be  found  which  will  lead  to  a  more  efficient  code  of  this  class. 

Rule  1.  For  an  n  digit  message  (including  check  digits),  m  check  dig- 
its are  required  and  m  must  satisfy  the  following  ineciualities : 

if  6  is  odd,         — - —  ^  n,  (8a) 

if  b  is  even, ^  n.  (8b) 

Rule  2.  No  characteristic  may  be  repeated;  i.e.,  each  digit  must  have 
a  characteristic  different  from  that  associated  with  any  other  digit. 

Convention  1.  The  various  digits  of  a  characteristic  are  arranged  in  a 
set  order;  i.e.,  Cn  ,  Co,  ,  •  •  •  ,  Cmi  •  The  first  digit  which  is  neither  zero, 
nor  (in  case  h  is  even)  6/2,  must  be  less  than  6/2.  There  must  be  at  least 
one  such  digit. 

Convention  2.  The  characteristic  of  the  7th  check  digit  has  a  1  in  the 
jih.  position  and  O's  elsewhere. 

Rule  1  is  required  since,  for  a  code  of  this  type,  we  must  be  prepared  to 
correct  any  digit  in  one  of  two  ways  (±1).  This  implies  a  mininuun  of 
2  n  +  1  values  of  the  corrector,  one  for  each  possible  correction,  and  one 
for  the  case  of  no  corrections.  This  means  that  6"',  the  number  of  possible 


I 


*  The    above    distinction   between    rules    and    conventions    will    be   observed 
tliroughoiit  tills  paper. 
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values  of  the  corrector,  must  be  at  least  2  n  +  1,  equation  (8a).  For 
even  bases,  we  must  reject  all  values  of  the  corrector  containing  only 
the  digits  0  and  b/2  for  representing  error  conditions  for  the  following 
reasons:  a  positive  error  leads  to  a  corrector  that  is  the  characteristic  of 
the  hicorrectly  received  digit,  and  a  negative  error  leads  to  the  ?j-com- 
plement  of  such  a  characteristic.  In  order  to  have  uniciue  error  correc- 
tion, we  must  be  able  to  distinguish  between  these  two  conditions.  If  a 
characteristic  were  to  contain  only  the  digits  0  and  6/2,  it  would  be  equal 
to  its  own  6-complement ;  such  combinations  of  digits  are  therefore  not 
useable  as  characteristics  or  characteristic  complements. 

Rule  2  is  reciuired  to  permit  a  unique  identification  of  an  incorrect 
digit  in  case  of  a  single  error. 

Convention  1  allows  us  to  distinguish  between  positive  and  negative 
errors.  By  observing  this  convention,  a  characteristic  (corresponding  to  a 
positive  error)  can  be  distinguished  from  its  complement  (corresponding 
to  a  negative  error)  by  inspecting  the  first  digit  of  a  corrector  which  is 
neither  0  nor  6/2.  A  characteristic  will  have  this  digit  less  than  6/2, 
a  characteristic  complement  will  have  this  digit  greater  than  b/2.  If 
the  corrector  is  a  characteristic,  the  correction  is  minus  one;  if  it  is  a 
characteristic  complement,  it  is  plus  one. 

Once  the  characteristics  have  been  chosen,  the  corresponding  encoding 
procedure  may  be  performed  in  the  following  manner:  Let  aij  represent 
the  Jth  digit  of  the  characteristic  of  information  digit  .r,  .  Let  Zj  represent 
the  check  digit  which  has  a  characteristic  containing  a  1  in  the  jth. 
position.  If  convention  2  has  been  observed,  (9)  can  be  used  to  cal- 
culate Zj  : 

n — m 

J2  (liji'i  =  —Zj  mod  6.  (9) 

i=l 

An  encoder  calculates  each  Zj  and  inserts  it  into  the  message  in  those 
digit  positions  which  have  the  characteristic  of  the  7th  check  digit  as- 
signed to  them. 

In  more  general  terms,  we  use  implicit  relations  that  are  equivalent 
to  the  explicit  equations  given  by  (9).  Letting  x,  represent  an  informa- 
tion or  a  check  digit,  and  letting  dj  represent  the  jth  digit  of  the  charac- 
teristic of  the  tth  information  or  check  digit,  these  formulas  may  be  re- 
written as 

J2  CijXi  =  0  mod  6.  (10) 

t=i 

At  the  receiver,  the  decoder  calculates  m  different  check  sums.  Let  Cj 
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represent  the  check  sum  corresponding  to  the  jth  corrector  term,  and 
Xi  represent  the  received  vahie  of  Xi  :  Then, 

n 

^  CijX/  =  Cj  mod  b.  (11) 

t=i 

The  difference  between  equations  (10)  and  (11)  is  the  result  of  any 
mutilations  caused  by  the  channel.  If  no  error  has  occurred,  all  the  c/s 
are  0;  if  an  error  of  ±1  has  occurred,  the  m  c/s  will  form  the  characteristic 
or  the  characteristic  complement,  respectively,  of  the  incorrectly  re- 
ceived digit. 

One  disadvantage  of  a  systematic  code  is  the  discontinuity  in  the 
number  of  check  states  as  a  function  of  w,  the  number  of  check  digits. 
For  example,  in  decimal  code  one  check  digit  is  required  for  a  message 
of  up  to  four  digits,  and  two  check  digits  for  up  to  forty-eight  digits. 
Obviously,  for  a  message  of  intermediate  length,  for  example,  twelve 
digits,  many  of  the  corrector  states  cannot  be  used  for  single  error  cor- 
rection smce  they  will  not  correspond  to  any  single  error.  A  more  effi- 
cient code  would  be  obtained  if  the  check  states  were  limited  to  a  smaller 
number. 

One  method  of  reducing  the  number  of  check  states  is  to  perform  the 
check  in  a  different  modulus  than  the  modulus  of  the  channel.  In  the 
single  error  detection  code  using  a  mixed  digit,  binary  check  informa- 
tion and  quinary  message  information  was  conveyed  by  this  digit.  This  | 
code  was  more  efficient  than  a  systematic  code  because  each  message 
contained  the  minimum  number  of  check  states  which  is  2. 

If  a  mixed  digit,  x,  is  composed  of  the  two  components  (y,  z)  where  y 
is  the  information  state  of  the  digit  and  z  the  check  state,  it  is  conven- 
ient to  combine  these  two  components  to  form  x  by  means  of  the  formula   , 

x  =  ay  -\-  z.  (12) 

We  calculate  z  by  using  a  linear  congruence  equation  modulo  a. 

The  use  of  this  formula  permits  a  decoder  to  act  on  x',  the  received 
value  of  x,  directly,  without  first  resolving  x'  into  y'  and  z',  because  (12) 
insures  that  x'  =  y'  mod  a.  This  permits  x'  to  be  corrected  directly  and 
then  resolved  into  its  components. 

As  an  example,  consider  a  semi-systematic  code  for  correcting  a  single 
small  error  in  a  decimal  system,  using  a  twelve  digit  message;  ten  of  the 
digits  are  information  digits  and  two  are  mixed  digits,  each  conveying 
binary  message  information  and  quinary  check  information.  (One  of 
these  binary  digits  might  represent  the  sign  of  the  number.) 

With  two  quinary  checks,  twenty-five  different  check  states  are  pos- 
sible ;  for  correcting  single  small  errors  in  a  twelve  digit  message,  twenty- 
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Table  IV  —  Characteristics  and  Characteristic  Complements, 
Semi-Systematic  Decimal  Code 


Digit 

Characteristics 

Cliaracteristic 

Complements 

Xi  (mixed  digit) 

1 

0 

4 

0 

Xo  (mixed  digit 

0 

1 

0 

4 

X3 

0 

2 

0 

3 

X4 

1 

1 

4 

4 

Xs 

1 

2 

4 

3 

Xe 

1 

3 

4 

2 

X7 

1 

4 

4 

1 

Xs 

2 

0 

3 

0 

X9 

2 

1 

3 

4 

Xio 

2 

2 

3 

3 

Xii 

2 

3 

3 

2 

X12 

2 

4 

3 

1 

five  corrector  states  are  required,  one  for  each  of  the  two  possible  cor- 
rections (±1)  for  each  digit,  and  one  for  the  case  of  a  correctly  received 
message.  Characteristics  may  be  chosen  for  the  various  digits  in  accord- 
ance with  the  rules  and  conventions  outlined  above  in  this  case,  since 
the  check  modulus  is  the  same  for  both  check  digits.  Consequently,  it 
is  no  accident  that  these  characteristics,  shown  in  Table  IV,  are  the 
same  as  those  shown  in  Table  III. 

Let  Ca  and  Ci2  represent  the  characteristic  of  the  ith  digit,  and  let 
l/i  and  2/2  represent  the  two  binary  information  digits.  Then: 


12 


£  CaXi  ^   —zi  mod  5,         Xi  =  21  +  5y, 

i=3 
12 

^  Ci2Xi  =  —Z2  mod  5,        0^2  =  22  +  5yo  . 


(13) 


(14) 


4  =  3 


Because  Xi  =  Zi  mod  5  and  X2  ==  22  mod  5,  these  relations  can  be  re- 
written implicity  to  resemble  equation  (10): 


12 


23  CnXi  =  0  mod  5, 

i=l 
12 

^  Ci2Xi  =  0  mod  5. 
1=1 

At  the  decoder,  the  corrector  C1C2  is  calculated  by: 

12 

S  C'tl•^•^•'  =  Ci  mod  5, 
1=1 

12 

^  Ci2Xi'  =  C2  mod  5. 


(15) 
(16) 

(17) 
(18) 


t=i 
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If  the  corrector  is  00,  the  message  has  been  correctly  received;  other- 
wise, the  corrector  is  either  the  characteristic  or  characteristic  comple- 
ment of  the  incorrect  digit,  from  which  plus  one  or  minus  one  respec- 
tively must  be  subtracted  as  a  correction. 

Consider  the  general  case.  Let  Xi  ,  x-i ,  •  •  •  ,  Xk  represent  the /.•  informa- 
tion digits;  yi  ,  1/2 ,  •  •  •  ,  Vm  represent  the  information  state  of  the  m 
mixed  digits,  and  Zi  ,  2-2 ,  •  -  •  ,  Zm  represent  the  check  state  of  the  m 
mixed  digits.  In  addition,  let  ai  ,  a2 ,  ■  •  •  ,  am  represent  the  number  base 
of  ^1  ,  2-2 ,  •  •  •  ,  z,„  respectively;  I3i  ,  ^2 ,  •  ■  ■  ,  /3,„  represent  the  number 
of  possible  states  of  yi ,  2/2 ,  •  •  •  ,  y,,,  respectively,  and  0:^+1 ,  Xk-+2  ,  ■  •  •  , 
Xk+m  represent  the  values  of  the  mixed  digits  after  the  message  has  been 
encoded.  (Note  that  for  simplicity,  a  check  digit  is  considered  as  a  special 
case  of  a  mixed  digit;  its  information  state  is  permanently  0.)  The  follow- 
ing encoding  procedure  may  be  used  in  which  Xi  ,  2:2 ,  •  •  •  ,  Xk  are  used 
directly  as  part  of  the  transmitted  message.  This  is  a  semi-systematic 
code,  which  means  that  information  digits  are  not  changed  in  coding. 
To  derive  the  mixed  digits,  the  following  formulas  are  used : 

anXi  +  •  •  •  +  auXk  =  —zi  mod  ai         (19-1) 

x^k+i)  =  yioci  +  zi  (20-1) 

ai2Xi  +  •  •  •  +  a2kXk  +  a2ik+i)X(k+i)  =  —22  mod  0:2       (19-2) 

X(k+2)    =    y2a2    +    Z2  (20-2) 


ttjiXi  +  •  •  •  +  ajkXk  +  •  •  •  +  aj(k+j-i)X(k+j-i) 

=  —Zj  mod  aj       (19-j) 

Z(k+j)   =  yjaj  +  Zj  (20-j) 

ttmiXi  +  •  •  •  +  a,nkXk  +  •  •  •  +  am(k+m-i)Xa-+m-i)    =  —  z ,n  uiod  «,„     (19-m) 

X(^k  +  m)    =    ymOim    +    Z^  .  (20-m) 

In  each  case,  the  value  of  the  check  component  Zj ,  of  a  mixed  digit 
X(k+j)  is  determined  by  a  formula  involving  the  information  digits  and 
previously  calculated  mixed  digits.  Immediately  after  Zj  has  been  de- 
termined, X(k+j)  is  calculated  for  possible  use  in  calculating  z^j+d  . 
After  the  message  has  been  completely  encoded  the  following  equations, 
analogous  to  (10),  will  be  satisfied. 
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Let  Cij  represent  aji  in  equation  (19-j).  Then, 

k-\-w, 

X  CijXi  =  0  mod  a,.  (21) 

1=1 

(Since  Xqc+j)  =  ^j  rood  ay,  substitution  of  X(k+j)  ioY  Zj  inequation  (19-j) 
will  continue  to  satisfy  the  equation.) 

At  the  decoder,  equation  (21)  is  changed  to 

k-\-m 

^  CijXi    =  Cj  mod  aj  (22) 

i=l 

In  (22),  Xi  represents  the  received  value  of  Xi ,  and  Cj  represents  the  jth 
digit  of  the  corrector.  If  all  the  digits  have  been  correctly  received,  i.e., 
x/  =  Xi  for  all  values  of  i,  then  Ci  =  C2  =  •  •  •  =  c,„  =  0;  [see  equation 
(21)].  If  Xh.  had  been  received  incorrectly  so  that  xi/  =  xi,  +  1,  but  all 
other  digits  had  been  correctly  received,  then  the  value  of  Cj  (the  ^th 
digit  of  the  corrector)  would  be  calculated  in  the  following  manner: 

k+m 

Cj  mod  aj  =  ^  CijXi' 

k-^m 

Cj  mod  aj  =  Yl  CijXi  +  Chj  =  Chj  (23) 

1=1 

Equation  (23)  proves  that  Chj  is  actually  the  Jth  digit  of  the  charac- 
teristic of  Xh  ,  because  by  definition,  the  characteristic  of  Xh  is  the  value 
of  the  corrector  when  Xh  =  Xh  -{-  1 ,  and  all  other  digits  have  been  cor- 
rectly received.  This  means  that  the  general  term.  C,>  of  (21),  is  actually 
the  jih  digit  of  the  characteristic  of  the  ith.  digit  and  that  this  is  a  simple 
characteristic  code. 

For  the  case  that  Xh  =  Xh  —  1,  the  value  of  the  corrector  is  such  that 
if  it  were  incremented,  digit  by  digit,  by  the  characteristic  of  Xh  ,  the 
corrector  would  be  composed  only  of  zeros.  Incrementing  the  corrector 
by  the  characteristic  of  Xh  is  equivalent  to  recalculating  the  corrector 
with  .T;,'  increased  by  one,  which  in  this  case  would  amount  to  calculat- 
ing the  corrector  for  the  case  of  a  correctly  received  message.  The 
latter  is  composed  of  all  zeros  [see  (21)].  Thus,  for  the  case  of  a  single 
error  of  —1,  the  corrector  is  the  characteristic  complement  of  the  digit 
which  is  incorrectly  received.  For  a  semi-systematic  or  systematic  code, 
the  characteristic  complement  is  an  m  digit  word  whose  Jth  digit  is  the 
complement  modulo  aj  of  the  jth  digit  of  the  characteristic. 

E(iuation  (20-j)  shows  that  generally  aj^j  cannot  exceed  b.  (An  ex- 
ception is  given  below.)  The  maximum  \'alue  of  i/j  is  /3>  —  1  since  y  is  a, 
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digit  in  the  number  base  0j .  The  maximum  vahie  of  Zj  is  usually  «_,  —  1, 
since  Zj  is  a  digit  in  the  number  base  ay.  Thus, 

Xk+i  =  y,a,  +  ^,  ^  6  -  1,  (24) 

(^,  -   l)a,  +  a;  -   1   ^  5  -   1,  (25) 

ocj^,  ^  h.  (26) 

Equation  (24)  restates  (19-j),  and  also  states  that  the  maximum  value 
of  any  digit  x,  is  6  —  1,  where  b  is  the  number  base  of  the  channel.  In 
(25),  the  maximum  values  of  tjj  and  Zj  are  substituted  to  yield  the  result 
shown  in  (26). 

It  was  stated  above  that  the  maximum  value  of  Zj  is  usually  aj  —  1. 
An  exception  occurs  only  in  case  Zj  checks  only  itself  and  other  mixed 
digits,  the  latter  being  restricted  to  fewer  than  6—1  states.  Under  such 
circumstances,  the  value  of  z  is  sometimes  restricted,  so  that  even  though 
z  is  calculated  to  satisfy  a  check,  modulo  aj  [see  equation  (19-j)],  it  can- 
not assume  a>  —  1  values.  For  example,  a  code  for  transmitting  a 
single  digit  message  over  a  decimal  channel  and  permitting  the  correc- 
tion of  small  errors,  might  use  as  the  set  of  transmitted  messages  the 
digits,  0,  3,  6,  9.  In  this  case,  a  =  3  (any  correct  message  satisfies  the 
check  X  =  0  mod  3)  and  (5  —  4  since  four  different  messages  may  be 
transmitted.  In  this  case,  z  is  restricted  to  the  value  0  because  the  mixed 
digit  checks  only  itself. 

In  order  to  correct  single  errors  of  ±1,  using  a  simple  characteristic 
code,  it  is  necessary  and  sufficient  that  every  characteristic  be  different 
from  every  other  characteristic,  and  that  it  also  be  different  from  the 
complement  of  every  other  characteristic. 

The  following  rules  and  conventions  may  be  used  to  derive  a  set  of 
characteristics  which  meet  the  requirements  for  a  simple  characteristic 
semi-systematic  or  systematic  code  for  correcting  small  errors  for  any 
base  6^3  and  an  arbitrary  length  message.  No  set  of  conventions  can 
be  found  which  will  lead  to  a  more  efficient  code  of  this  class,  since  the 
rules,  not  the  conventions  limit  the  efficiency  of  the  code. 

Rule  1 .  For  an  n  digit  message,  including  mixed  digits,  containing  ?/? 
mixed  or  check  digits  of  which  mi  are  associated  with  an  even  modulus, 
a,  the  inequality 

(ara-y  ...   -a,,.  -  2"'i)/2  ^  n  (27) 

must  be  satisfied. 

Rule  2.  No  characteristic  may  be  repeated,  i.e.,  each  digit  must  have 
a  characteristic  different  from  that  associated  with  any  other  digit. 

Rule  3.  Since  the  mth  check  is  the  last  one  to  be  calculated,  and  the 
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characteristic  of  the  mth  mixed  digit  must  therefore  contain  only  a  single 
digit  which  is  not  0,  a,„  must  be  greater  than  2. 

Convention  1 .  The  various  digits  of  a  characteristic  are  arranged  in  a 
set  order,  i.e.,  Ca  ,  Ca,  •  •  •  ,  dm  •  The  first  digit  which  is  neither  0  nor 
(Xj/2  must  be  less  than  olj/2.  There  must  be  at  least  one  such  digit. 

Convention  2.  The  characteristic  of  the  jth  mixed  digit  has  a  1  in  the 
jth  position  and  O's  elsewhere,  provided  that  ay  9^  2.  If  a^  =  2,  the  char- 
acteristic of  this  mixed  digit  has  a  1  in  the  jth  and  mth  positions,  and  O's 
elsewhere. 

Rule  1  is  required  because  the  number  of  possible  corrector  states  is 
ai-ar  ...  •oim  ,  of  which  only  those  containing  at  least  one  digit  which 
is  neither  0  nor  a/2  can  be  associated  with  the  2n  possible  errors.  The 
same  reasons  used  for  Rule  1  for  the  systematic  code  case  are  equally 
applicable  here;  a  characteristic  containing  only  the  digits  0  or  a:y/2  in 
the  jth  position  is  not  distinguishable  from  its  complement. 

Rule  2  is  required  to  permit  a  unique  identification  of  an  incorrect 
digit. 

Rule  3  is  necessary  to  derive  the  sign  of  an  error  on  the  mth  mixed  digit. 

The  reasons  for  using  Conventions  1  and  2  in  the  case  of  the  sys- 
tematic code  are  equally  applicable  in  this  case.  For  the  case  a  =  2, 
however,  a  special  convention  must  be  used  to  avoid  a  conflict  with 
Convention  1. 

The  procedure  for  converting  a  set  of  characteristics  into  an  error 
correcting  code  system  is  the  same  for  a  semi-systematic  code  as  for  a 
systematic  code  except  that  the  following  additional  functions  must  be 
performed:  the  encoder  must  combine  check  states  with  information 
states  to  derive  mixed  digits,  and  the  decoder  must  resolve  mixed  digits 
into  information  and  check  digits  offer  it  has  performed  its  corrections. 

By  using  these  rules  and  conventions,  the  most  efficient  simple  charac- 
teristic code  can  be  determined.  For  messages  of  length  n  (including 
mixed  or  check  digits),  the  following  relations  must  be  satisfied: 

Let 

P  =  avoi-r  ...  •«,„  , 

Q  =  ^v^-r  ...  ■^,n, 

mi  =  number  of  even  as. 

Then: 

(P  -  2"'0/2  ^  n,  (28) 

a^^i  ^  b.  (29)* 


For  exceptions,  see  above. 
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Table  V  —  Decimal  Error  Correction  Codes 


lO™ 

n 

P 

Q 

ai  ,  02  ,  ... 

01,  /32,  ... 

2  «  +  1 

1 

3 

2.5 

3 

4 

3* 

2 

5 

5 

5 

2 

5 

3 

10 

10 

10 

1 

7 

4 

10 

10 

10 

1 

9 

5 

15 

16.7 

5,  3 

2,3 

11 

6 

15 

16.7 

5,  3 

2,3 

13 

7 

15 

16.7 

5,  3 

2,3 

15 

8 

20 

20 

10,  2 

1,  5 

17 

9 

25 

25 

5,5 

2,  2 

19 

10 

25 

25 

5,  5 

2,2 

21 

11 

25 

25 

5,  5 

2,2 

23 

12 

25 

25 

5,  5 

2,  2 

25 

13 

30 

33.3 

10,  3 

1,  3 

27 

14 

30 

33.3 

10,  3 

1,3 

29 

15 

40 

40 

10,  2,  2 

1,  5,5 

31 

16 

40 

40 

10,  2,  2 

1,5,  5 

33 

17 

50 

50 

10,  5 

1,  2 

35 

18 

50 

50 

10,  5 

1,  2 

37 

19 

50 

50 

10,  5 

1,  2 

39 

20 

50 

50 

10,  5 

1,2 

41 

*  The  single  digit  me.s.sage  containing  the  points  0,  3,  6,  9  is  an  exception  to 
the  inequality  a/3  ^  h,  because  the  mixed  digit  checks  only  itself. 


For  the  most  efficient  code  b"7Q  should  be  minimized.  This  term  repre- 
sents the  ratio  of  the  number  of  possible  messages  for  an  n  digit  message 
with  and  without  error  correction.  This  is  normally  at  least  as  great  as 
2n  +  1,  the  number  of  possible  corrections  on  such  a  message. 

Table  V  shows  the  most  efficient  decimal  codes  of  this  type  for  an  n 
digit  message,  for  values  of  n  from  1  to  20.  Where  two  or  more  different 
codes  are  eciually  efficient,  the  code  with  the  fewest  mixed  digits  is  shown. 
It  is  easy  to  convert  from  a  code  using  two  mixed  digits  with  ai  =  5, 
a-i  =  2,  to  one  using  a  check  digit  with  a  =  10,  or  to  make  the  inverse 
conversion,  and  to  show  that  both  codes  are  equally  efficient. 


IV.    SINGLE  ERROR  CORRECTION  CODES,  UNRESTRICTED  ERROR 

The  problem  of  correcting  an  unrestricted  error  on  one  digit  of  a 
message  must  be  divided  into  two  categories,  depending  on  whether  h 
is  a  prime  number  or  a  composite  number.  As  will  be  seen,  the  error 
correction  problem  for  prime  bases  is  considerably  simpler  than  that  for 
composite  bases.  The  method  for  correcting  errors  in  prime  number 
systems  was  discovered  by  Golay,^  although  this  did  not  come  to  the 
author's  attention  until  after  he  had  worked  out  the  same  method.  The 
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adaptation  to  non-prime  channel  bases  is  believed  to  be  novel.  Since  the 
adaptation  makes  use  of  the  code  for  prime  bases,  both  will  be  described. 

4.1  Prime  Number  Base,  Single  Unrestricted  Error  Correction  Code 

This  code  depends  upon  a  fundamental  property  of  prime  numbers, 
well  known  in  number  theory.^  Let  p  represent  a  prime  number  and  d, 
c,  and  w  represent  non-negative  integers  less  than  p,  related  by  the 
expression : 

dw  =  c  mod  p.  (30) 

If  d  9^  0,  then  d  and  c  uniquely  determine  w. 

In  order  to  have  a  simple  characteristic  systematic  code  for  correcting 
unrestricted  errors,  it  is  necessary  and  sufficient  that  the  set  of  charac- 
teristics shall  have  the  property  that  all  multiples  of  all  characteristics 
are  distinct.  Equation  (30)  implies  a  unique  correspondence  between  mul- 
tiples of  a  characteristic  and  the  characteristic  itself,  if  we  consider  c  to 
be  the  multiple,  d  the  multiplying  factor  and  w  a  digit  of  the  charac- 
teristic. An  error,  d,  is  simply  identifiable  if  a  known  digit  of  a  charac- 
teristic is  always  1.  If  each  characteristic  is  distmct  from  everj'  other  and 
if  a  sufficient  number  of  check  digits  are  available,  a  simple  characteristic 
code  can  be  obtained.  In  the  following  set  of  rules  and  con^•entions  which 
may  be  used  for  deriving  a  set  of  characteristics  for  a  simple  charac- 
teristic systematic  code  for  correcting  single  unrestricted  errors,  p  repre- 
sents the  prime  number  base  of  the  channel.  The  number  base  of  the 
channel  must  be  prime,  and  the  length  of  the  message  is  arbitrary.  Since 
the  rules  and  not  the  conventions  limit  the  efficiency  of  the  code,  no  other 
set  of  conventions  may  be  found  which  will  lead  to  a  more  efficient  code 
of  this  class. 

Rule  1.  For  an  n  digit  message,  m  check  digits  are  required  and  m 
must  satisfj^  the  inequalitj- 

n  ^  ^-^.  (31) 

Rule  2.  Each  digit  must  have  a  difi"erent  characteristic. 

Convention  1.  The  digits  of  a  characteristic  are  arranged  in  a  set 
order,  i.e.,  CuCa  •  •  •  dm  •  The  first  digit  which  is  not  0  must  be  1. 

Convention  2.  The  characteristic  of  the  jih  check  digit  has  a  1  in  the 
jth  position  and  O's  elsewhere. 

Rule  1  is  required  for  a  code  for  correcting  single  unrestricted  errors 
since  any  digit  must  be  correctable  in  one  of  p  —  1  ways.  This  implies 
a  minimum  of  n(p  —  1)  +  1  states  for  the  corrector,  one  for  each  cor- 
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rection  and  one  for  the  correct  message.  When  m  check  digits  are  used, 
p™  corrector  states  are  obtained. 

Rule  2  and  Convention  2  are  the  same  for  the  single  small  error  cor- 
rection systematic  codes.  The  same  reasons  apply  for  both  cases. 

Convention  1  is  changed  from  the  equivalent  convention  for  the  small 
error  correction  code,  because  the  magnitude  of  the  error,  not  only  its 
sign,  must  be  derivable  for  a  code  for  correcting  single  unrestricted 
errors. 

An  encoder  first  encodes  the  message  according  to  (32),  where  dj 
represents  the  jth  digit  of  the  characteristic  of  Xi , 

J2  CijXi  =  0  mod  h.  (32) 

The  decoder  calculates  the  corrector  using  the  following  formula  where 
Xi   represents  the  received  value  of  Xi  ; 

XI  Cij^i    =  Cj  mod  h.  (33) 

The  decoder  then  examines  the  digits  of  the  corrector  in  order.  The 
first  digit  which  is  not  0  shows  the  magnitude,  d,  of  the  error.  All  digits 
are  then  divided  by  d  (provided  d  7^  0).  (That  division  is  unique,  as 
shown  by  (30).)  The  result  of  this  division  is  the  characteristic  of  the 
incorrect  digit,  which  is  then  corrected  by  subtracting  d. 

Consider  a  code  for  correcting  a  single  unrestricted  error  in  a  six  digit 
message  for  a  base  5  channel: 

6  ^  ''—^.  (34) 

A  value  of  2  for  m  will  satisfy  equation  (34).  The  characteristics  are  14, 
13,  12,  11,  10  and  01,  the  last  two  being  check  digit  characteristics,  for 
Xi  ,  X2 ,  X3 ,  Xi ,  X5 ,  and  X6  respectively.  Here,  Xi  ,  X2 ,  Xs ,  and  Xi  are  in- 
formation digits.  The  encoding  formulas  are: 

xi  +  .T2  +  X3  +  .T4  =  —Xi  mod  5,  (35) 

Axi  -f  'Sx'i  -f  2x3  +  Xi  =  —  .Te  mod  5.  (36) 

The  decoding  and  correcting  formulas  are:  {x/  is  the  received  value  of 

Xi) 

Xi   +  x-/  +  X3   +  Xi   +  Xr/  =  ci  mod  5,  (37) 

4.t/  -\-  3x2'  +  2x/  +  Xi'  +  .Te'  =  C2  mod  5.  (38) 

The  corrector  is  C1C2 . 
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Suppose  that  a  message  221321  is  received  as  224321.  Then : 

ci  =  13  =  3  mod  5,  (39) 

C2  =  26  =  1  mod  5.  (40) 

To  find  the  characteristic  of  the  digit,  Xh  ,  that  was  incorrectl}^  received 
from  the  value  of  the  corrector,  (41)  and  (42)  must  be  solved: 

d  C,a  =  Ci  =  3  mod  5,  (41) 

d  Ca2  =  C2  =  1  mod  5.  (42) 

Because  the  first  non-zero  digit  of  any  characteristic  is  1,  (41)  can  be 
solved  for  d  since  Chi  =  1-  This  yields  the  result,  d  =  3.  Using  this  result, 
(42)  is  solved  for  Ch-i ;  by  inspection,  Ch2  =  2,  since  3-2  =  6=  1  mod  5. 
Thus  the  characteristic  of  the  incorrect  digit,  Cm  Chi ,  is  12,  and  the 
error  d,  is  3 ;  Xz  must  therefore  be  reduced  by  3  to  get  the  correct  value. 
Since  the  message  was  received  with  .1-3'  too  high  by  an  amount  3,  this 
result  confirms  our  expected  correction. 

Any  correction  that  is  applied  must  be  applied  on  a  modulo  b  basis. 
For  example,  if  a  correction  of  —2  is  indicated  on  a  digit  whose  re- 
ceived value  is  1,  1  —  2  =  4  mod  5,  which  means  that  the  digit  is  cor- 
rected to  4. 

Codes  of  this  type  are  restricted  in  their  construction.  Xo  mLxed  digits 
may  be  used,  and  the  number  base  must  be  prime.  For  the  case  of 
n  —  [{p"  —  l)/(p  —  I)]  -\-  I,  g  -\-  I  check  digits  are  recjuired  [see  (31)]. 
This  means  that  the  number  of  information  digits  for  a  message  of 
this  length  is  the  same  as  for  a  message  one  digit  shorter,  which  requires 
only  g  check  digits.  A  comparable  binary  case  is  the  Hamming  Code 
example  of  an  eight  binary  digit  mes.sage  (four  information  digits) 
compared  with  a  se^'en  digit  message  (also  four  information  digits).  In 
the  binary  case,  the  extra  digit  is  useful  for  double  error  detection,  but 
unfortvniately,  this  is  not  the  case  for  non-binary  codes. 

4.2  Composite  A^miibcr  Base,  Single  Unrestricted  Error  Correcting  Code 

The  problem  of  correcting  an  unrestricted  error  on  a  single  digit, 
working  with  a  number  base  h,  that  is  not  a  prime  is  much  more  difficult. 
Many  relatively  inefficient  techniques  exist.  For  example,  characteristics 
containing  only  binary  lumibers  (0  and  1)  might  be  used;  (this  would 
amount  to  using  the  Hamming  Code  directly).  This  is  obviously  ineffi- 
cient since  the  corrector  associated  with  any  single  digit  error  of  amount 
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d,  would  contain  only  the  digits  0  and  d,  thus  wasting  most  of  the  pos- 
sible corrector  values.* 

It  is  possible  to  encode  and  decode  using  the  prime  factors  of  the 
number  base,  performing  separate  and  independent  corrections  on  each 
factor.  This  is  also  inefficient,  since  for  many  cases,  information  as  to 
which  digit  is  in  error  is  found  independently  in  two  or  more  ways,  while 
for  certain  values  of  the  error,  it  can  be  found  in  only  one  way.  Working 
with  mixed  digits  and  check  bases,  a  lower  than  6,  is  not  satisfactory 
since  certain  values  of  the  error  {a  in  particular)  will  never  show  up  in  a 
particular  check.  The  technique  used  for  primes  will  not  work  since 
multiples  of  two  different  characteristics  may  be  identical;  for  example, 
base  10,  characteristics  11  and  13,  error  5,  will  both  yield  correctors  of  55. 

Another  technique  that  is  relatively  efficient  is,  however,  available. 
It  involves  performing  all  check,  encoding  and  decoding  operations  in  a 
number  base  p,  where  p  is  some  prime  number  (usually,  the  lowest) 
that  is  equal  to  or  greater  than  6.  (In  case  6  is  a  prime,  we  use  the  pro- 
cedure outlined  above,  which  is  a  special  case  of  the  procedure  to  be 
described  below.) 

The  obvious  difficulty  in  such  a  procedure  is  that  while  the  informa- 
tion channel  can  only  handle  h  levels,  the  check  digits  may  assume  p 
levels,  corresponding  to  the  required  p  check  states.  This  dilemma  can 
be  resolved  by  adding  an  adjustment  digit.  The  object  of  this  digit  is  to 
permit  check  hiformation  to  be  transmitted  in  a  base  greater  than  h, 
the  channel  base.  The  idea  of  an  adjustment  digit  can  best  be  illus- 
trated by  an  example.  Suppose  for  a  decimal  channel,  checks  are  performed 
in  a  unodecimal  (base  11)  code.  Let  7  represent  the  value  corresponding  to 
ten.  (The  consecutive  integers  in  a  unodecimal  system  are  then  0,  1,  2, 
3,  •  •  •  ,  9,  7,  10,  11,  •  •  •  ,  19,  I7,  20,  etc.)  Suppose  in  a  particular  mes- 
sage, four  check  digits,  Zi  ,  Zo ,  zs ,  Zi ,  calculated  modulo  1 1  from  decimal 
information  digits  are  used,  whose  values  are  1,  0,  7,  8.  A  fifth  digit, 
Zo  is  added  such  that  the  sums  modulo  11  of  21  +  20  ,  22  +  zo  ,  Zs  +  ^o  , 
24  +  Zq  are  kept  constant  at  1,  0,  7,  8  respectively.  There  are  eleven  dif- 
ferent words  satisfying  the  condition:  [1,  0,  7,  8]  =  [(^i  +  Zo),  (zo  +  Zo), 
(23  +  Zo),  (24  +  Zo)].  These  are  shown  in  Table  VI.  Of  these  words,  six  do 
not  contain  the  digit  7,  and  so  may  be  transmitted  over  a  decimal  chan- 
nel. Thus,  an  adjustment  digit  permits  check  digits  which  are  calculated 
in  a  number  system  of  a  higher  base  than  h,  to  be  transmitted  over  a  base 
h  channel.  When  an  adjustment  digit  is  used  in  base  p  for  adjusting  m 
digits  so  that  transmission  over  a  channel  in  base  h  is  possible,  a  mini- 


*  A  waste  of  corrector  values  is  equivalent  to  an  excessive  number  of  check 
states  for  a  message,  which  in  turn  implies  an  excessive  number  of  check  digits. 
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mum  of  6  —  7n{p  —  h)  states  are  allowed  for  the  adjustment  digit.  (For 
certain  values  of  the  check  digits,  more  states  could  be  allowed,  but  a 
code  for  utilizing  these  extra  states  becomes  unwieldy.)  For  the  case 
b  =  10,  p  =  11,  this  turns  out  to  be  10  —  m.  At  least  one  state  must 
be  available  for  each  adjustment  digit,  to  have  a  workable  code. 

The  characteristic  of  an  adjustment  digit  is  determined  in  the  follow- 
ing way:  if  an  adjustment  digit  adjusts  the  Jth  check  digit,  then  the^th 
digit  of  the  characteristic  of  the  adjustment  digit  is  1 ;  otherwise,  it  is  0. 
The  characteristic  of  all  other  digits  may  be  derived  using  the  rules  de- 
scribed above  for  the  prime  number  base  channel,  except  that  p,  the 
prime  number  base  of  the  code  must  be  used  instead  of  b,  the  number 

Table  VI  —  Illustration  of  Adjustment  Digit 


=0 

Zl 

Z2 

Z3 

Z4 

0 
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0 
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1 

0 

7 

9 

7 

2 

T 

9 

8 

6 

3 

9 

8 

7 

5 

4 

8 

7 

6 

4 

5 

7 

6 

5 

3 

6 

6 

5 

4 

2 

7 

5 

4 

3 

1 

8 

4 

3 

2 

0 

9 

3 

2 

1 

7 

7 

2 

1 

0 

9 

base  of  the  channel,  for  generating  characteristics.  A  message  is  initially 
encoded  using  a  value  of  0  for  an  adjustment  digit.  Subsec^uently,  if  the 
adjustment  digit  always  has  at  least  q  allowable  states,  it  may  be  u.sed 
to  transmit  one  additional  information  digit,  base  q,  of  information.  If 
the  value  of  this  information  digit  is  y,  the  (y  +  l)st  lowest  possible  value 
of  the  adjustment  digit  (making  the  lowest  value  equivalent  to  //  =  0) 
meeting  the  requirement  that  all  adjusted  check  digits  are  no  greater 
than  b  —  1  is  transmitted.  The  adjustment  digit  in  conjunction  with 
its  associated  check  digits  conveys  a  digit,  base  q,  of  information. 

In  the  example  given  above,  q  =  (S  and  if  y  is  4,  the  fifth  lowest  value 
of  ^0 ,  7,  is  transmitted.  The  lowest  ^'alue  must  be  associated  with  y  =  0. 
The  values  of  ZoZiZ2Z32i  that  are  sent  over  the  decimal  chamiel  are  75431. 

An  example  of  such  a  code  is  one  using  a  decimal  channel  working  in  a 
unodecimal  base  for  the  purposes  of  encoding  and  error  correction.  The 
word  length,  n,  is  twelve,  nhie  decimal  information  digits,  one  octal  (base 
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8)  information  digit  a.ssociated  with  the  adjustment  digit,  and  two  check 
digits.  The  characteristics  are  the  following: 


Xi  I7 

X5I6 

X,  12 

X2  19 

.Te  15 

.rio  11  (adjustment  digit) 

X318 

Xi  U 

Xn  10  (check  digit) 

Xi  17 

XslS 

Xn  01  (check  digit) 

Let  2ii  and  212  represent  the  vahies  of  the  check  digits  .Th  and  Xio , 
originally  derived  from  .Ti  ,  X2 ,  •  •  •  ,  Xs  ,  x^  : 


Xi  +  X2  +  Xz  + 

7.ri  +  9.r.2  +  8.r3  +  • 


•  +  Xg  =   —Zn  mod  11, 
+  2.r9  =  —Zn  mod  11. 


(43) 
(44) 


From  Zn  and  212 ,  the  ten  different  words  (0,  Zn  ,  212),  (1,  ^n  —  1,  212  —  1), 
(2,  Zn  —  2,  Z12  —  2),  •  •  •  ,  (9,  Zn  —  9,  Zn  —  9)  are  formed.  If  y  is  the 
value  of  the  octal  information  digit,  the  {y  +  l)stsuch  word,  that  does 
not  contain  the  digit  7,  is  selected  and  transmitted  as  the  last  three 
digits  of  the  message.  For  example,  if  ^u  =  2,  Zvi  =  1  and  y  =  Q,  the  ten 
words  are  (0,  2,  1),  (1,  1,  0),  (2,  0,  7),  (3,  7,  9),  (4,  9,  8),  (5,  8,7),  (6,  7,  6), 
(7,  6,  5),  (8,  5,  4),  (9,  4,  3);  the  word  (8,  5,  4)  is  selected  since  it  is  the 
seventh  in  the  secjuence  that  does  not  contain  any  7's.  Table  VII  shows 
the  choice  of  the  three  last  digits  as  a  function  of  y,  given  2:11  =  2,  212  =  1. 
Formula  (45)  is  used  for  calculating  the  corrector.  Let  C>  represent 
the  jth  digit  of  the  characteristic  of  Xi ,  Cy  the  jth  digit  of  the  cor- 
rector, and  Xi  the  received  value  of  Xi .  Then, 

12 
Cj  =  ^  Cijx/  mod  11.  (45) 

The  translation  from  corrector  to  correction  is  the  same  as  if  the  original 


Table  VII 


Relation  Between  Adjusted  Digit  and 
Associated  Information 
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ATlO 

Xn 

Xl2 
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8 

3 
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7 

4 

6 

7    . 

6 

5 

7 

6 

5 

6 

8 

5 

4 

7 

9 

4 

3 

il 
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message  had  been  in  a  unodecimal  code.  (This  has  been  illustrated  in 
Section  4.1.) 

The  first  step  of  the  encoding  procedure  is  to  calculate  the  unadjusted 
check  digits.  Next,  the  adjusted  check  digits  and  adjustment  digit  are 
selected  according  to  the  value  of  y,  the  information  digit  associated  with 
the  adjustment.  The  message  is  then  ready  for  transmission. 

At  the  decoder,  the  message  is  first  corrected  as  if  it  had  been  re- 
ceived as  a  unodecimal  message.  The  information  digits  are  then  hi 
their  corrected  states.  Next,  the  adjustment  digit  and  the  check  digits 
are  examined  and  the  inverse  of  the  encoding  process  used  to  select  a 
particular  set  of  check  and  adjustment  digits  is  used  to  reconstruct  the 
value  of  y  which  originally  controlled  the  selection.  In  the  example  given 
above,  the  values  of  Xw  ,  Xn  ,  Xn  are  8,  5,  4  respectively;  the  decoder  recog- 
nizes that  this  is  the  seventh  lowest  value  of  Xio  ,  which  means  that  the 
value  of  y,  used  in  selecting  .Tio  and  the  adjusted  values  of  .ru  and  Xn  , 
was  6. 

The  code  described  above  is  fairly  efficient;  about  90  per  cent  of  the 
corrector  values  can  be  associated  with  corrections;  the  product  of  the 
information  states  and  the  check  states  is  about  97  per  cent  of  the 
total  number  of  states  of  a  twelve  decimal  digit  word.  Each  of  the  above 
factors  reduces  the  efficiency  of  the  code  below  a  possibly  unattainable 
maximum.  It  will  be  noted,  however,  that  this  reduction  is  relatively 
small  in  both  cases,  and  is  very  much  lower  than  would  be  the  case  for 
any  of  the  rejected  schemes.  The  scheme  is  not  difficult  to  instrument; 
relatively  little  additional  ec^uipment  is  required  in  addition  to  the 
basic  equipment  for  instrumenting  a  simple  prime  number  base  chan- 
nel, unrestricted  single  error  correcting  code  system. 

The  method  of  adjustment  digits  is  general  and  can  be  used  for  de- 
riving a  single  error  correction  code  for  correcting  unrestricted  errors 
for  any  channel  base.  Any  convenient  prime  check  base,  p,  at  least  as 
great  as  h  may  be  used,  although  the  lowest  will  generally  be  the  most 
efficient.  The  only  requirements  which  must  be  fulfilled  are  that  the 
number  of  states  of  the  adjustment  digit  must  be  at  least  1,  and  that  at 
least  two  check  digits  must  be  associated  with  each  adjustment  digit. 
An  adjustment  digit  associated  with  m  check  digits,  working  with  a 
channel  base  6  and  a  check  base  p,  may  have  b  —  m{p  —  h)  different  states. 

V.  SINGLE  ERROR  CORRECTION,  DOUBLE  ERROR  DETECTION  CODES  FOR 
CORRECTING  SMALL  ERRORS 

Single  error  correction,  double  error  detection  codes  are  ver}^  useful 
in  situations  where  a  message  may  occasionally  be  repeated.  In  order 
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for  a  correction  code  to  be  reasonably  useful  in  a  system  with  random 
noise  or  errors,  the  errors  must  be  relatively  infrequent,  which  makes 
double  errors  still  more  infrequent.  If  means  are  available  for  an  occa- 
sional but  very  infrequent  repetition  of  a  message,  a  single  error  correc- 
tion, double  error  detection  code  will  increase  the  reliability  of  a  digital 
system,  since  a  message  may  be  repeated  if  a  double  error  is  recognized. 

This  section  will  show  how  the  ideas  of  the  single  error  correction, 
double  error  detection  Hamming  Code  may  be  combined  with  the  ideas 
of  semi-systematic  single  small  error  correction  codes  (described  in  Sec- 
tion III)  to  derive  simple  and  efficient  codes  for  correcting  single  small 
errors  and  detecting  double  small  errors. 

In  order  to  derive  a  simple  characteristic  code  for  correcting  single 
small  errors,  and  detecting  double  small  errors,  a  set  of  characteristics 
must  be  found  having  the  property  that  the  sum  or  difference  of  two 
characteristics  or  their  complements  or  double  the  value  of  one  charac- 
teristic or  its  complement  be  distinguishable  from  the  value  of  any 
single  characteristic  or  its  complement.  The  sum  of  two  characteristics 
represents  the  value  of  the  corrector  for  a  message  with  two  errors  of 
+  1,  -fl,  the  difference  represents  two  errors  of  -f-l,  —1,  the  sum  of 
their  complements  represents  two  errors  of  —1,  —1;  double  a  charac- 
teristic represents  an  error  of  +2,  and  double  a  complement  represents 
an  error  of  —2.  To  have  a  true  single  error  correction,  double  error  de- 
tection code  for  small  errors,  all  these  cases  must  be  distinguished  from 
the  case  of  a  single  error  or  no  error  by  making  certain  that  the  value  of 
the  corrector  for  any  of  these  cases  is  different  than  the  value  of  the 
corrector  corresponding  to  any  single  error  and  no  error. 

Table  VIII  gives  the  characteristics  used  in  the  single  error  correction 
Hamming  Code  and  the  single  error  correction,  double  error  detection 
Hamming  Code  for  conveying  four  digits  of  information  in  a  message 
containing  seven  or  eight  binary  digits  respectively. 

An  inspection  ot  Table  VIII  shows  that  the  sum  (performed  without 
carries  from  column  to  column)  of  any  two  characteristics  in  the  right 
part  of  the  table  is  distinguished  by  having  at  least  one  1  in  the  first 
three  places  and  a  0  in  the  last  place.  This  distinguishes  it  from  any 
single  characteristic  since  all  characteristics  have  a  1  in  their  last  place. 

Some  difficulties  arise  in  trying  to  adopt  such  a  scheme  directly  in  a 
non-binary  system.  For  the  code  to  be  efficient,  an  over-all  check  would 
have  to  be  performed  using  a  mixed  digit;  only  two  check  states  are 
required  for  an  over-all  parity  check,  and  if  b  >  3,  (5  representing  the 
number  base  of  the  channel)  at  least  two  information  states  are  pos- 
sible. But  the  over-all  check  digit,  which  performs  a  binary  check,  is  not 
checked  by  any  other  digit.  This  means  that  although  errors  might  be 
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detected  in  an  over-all  check  digit,  difficulties  would  be  encountered  in 
determining  the  direction  of  the  correction,  so  that  the  information 
conveyed  by  the  mixed  digit  could  be  used.  Actually,  means  are  avail- 
able, for  accomplishing  an  adaptation  of  binary  techniciues.  These  meth- 
ods are  described  in  Section  \ll  but  they  are  less  straightforward  than 
the  ones  described  below. 

For  channels  with  base  b,  greater  than  3,  at  least  one  check  may  be 
made  using  a  check  base,  am  ,  that  is  4  or  greater.  If  characteristics  are 
used  whose  last  digit  (the  digit  associated  with  the  a,„  check)  is  always  1, 
and  whose  only  other  limitation  is  that  each  characteristic  is  different 
from  every  other  characteristic,  a  satisfactory  code  is  obtained.  Single 
errors  are  corrected  in  the  normal  way.  If  the  last  digit  of  the  corrector 
is  1  or  a,n  —  1,  the  error  is  ±1  respectively  on  the  digit  whose  charac- 


Table 

VIII  —  Characteristics  for 

Hamming 

Codes 

Single  Error 
Correction 

Single  Error 

Correction  Double 

Error  Detection 

001 

010 

oil 

100 
101 
110 

111 

Check  Digit 
Check  Digit 
Information  Digit 
Check  Digit 
Information  Digit 
Information  Digit 
Information  Digit 
Over-all  Check  Digit 

Xi 

X2 

Xs. 

Xi 

Xs 

X6 

X7 

Xs 

0011 
0101 
0111 
1001 
1011 
1101 

nil 

0001 

teristic  or  whose  characteristic  complement  is  indicated  by  the  cor- 
rector. If  the  last  digit  of  the  corrector  is  2  or  a^  —  2,  or  the  last  digit  is  0 
and  other  digits  are  not  all  0,  a  double  error  is  indicated.  If  the  entire 
corrector  is  made  up  of  O's,  the  message  is  correct  as  received. 

An  example  is  a  code  for  a  ten  digit  message,  decimal  base  channel; 
eight  decimal  information  digits,  one  mixed  digit  conveying  binary 
message  information  (such  as  the  sign  of  the  decimal  number)  and  cjua- 
ternary  (base  4)  check  information,  and  one  check  digit  are  transmitted 
in  each  message.  Let  Xi  and  .r^  represent  the  mixed  and  check  digit  re- 
spectively, Xs  through  Xio  the  information  digits,  yi  the  binary  informa- 
tion conveyed  by  Xi ,  and  Zi  the  quaternary  check  information  conveyed 
by  Xi  .  The  encoding  formulas  are : 

2.1-3  +  3.^4  +  4i-5  +  5.r6  +  6.^7  -\-  7xs  +  8.1-9  +  9.rio  =  -x-.  mod  10,     (46) 

x-2  +  X3  -f  .T4  +  .Ts  +  .Te  +  .Ty  +  .^'s  +  -n  +  .rio  =  —zi  mod  4,       (47) 

xi  =  z,-{-  42/1 .  (48) 
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Note  that  (46),  (47)  and  (48)  must  be  applied  consecutively,  in  that 
order,  since  (47)  cannot  be  applied  without  knowing  Xi  obtained  from 
(46),  and  (48)  requires  Z\  ,  obtained  from  (47). 

The  characteristics  are  01,  11,  21,  31,  41,  51,  61,  71,  81,  91  respec- 
tively; the  complements  of  the  characteristics  are  03,  93,  83,  73,  63,  53, 
43,  33,  23,  13  respectively.  The  corrector,  C1C2 ,  is  calculated  at  the 
decoder  by  the  following  formulas  (x/  is  the  received  value  of  Xi): 

10 
ci  =  E  (x^')  a  -  1)  mod  10  (49) 

10 

C2  =  S  ^i  mod  4  (50) 


Consider  the  example  of  a  message  with  decimal  information  digits 
37520652  and  binary  information  digit  1.  Then  X'i  =  3,  Zi  =  3, 
and  7ji  =  1,  yielding  a  value  of  7  for  .I'l  .  The  message  is  sent  as  7  3  3  7 
5  2  0  6  5  2.  Suppose  that  the  sixth  digit  is  changed  to  1  in  transmis- 
sion. Then  the  corrector  has  a  value  53;  this  is  the  complement  of  the 
characteristic  of  the  sixth  digit  and  indicates  that  the  sixth  digit  should 
be  incremented  by  1  according  to  the  rules  previously  stated.  If  the 
sixth  digit  had  been  received  as  1  and  the  seventh  digit  also  received  as  1 
(an  error  of  +1),  then  the  corrector  value  would  be  10,  indicating  a 
double  error  (see  rules  stated  above) . 

If  a  multiple  of  4  is  used  as  am  ,  the  last  digit  of  a  characteristic  may 
assume  all  odd  values  below  am/2.  The  rule  then  is  that  an  even  value  of 
the  last  digit  of  the  corrector,  or  a  0  for  the  last  digit  and  other  digits 
of  the  corrector  not  all  0,  indicates  a  double  error. 

The  following  set  of  rules  and  conventions  may  be  used  with  any 
base  &  ^  4,  and  anj^  length  of  message,  for  deriving  a  set  of  charac- 
teristics for  a  semi-systematic  code  for  correcting  single  small  errors  and 
detecting  double  small  errors.  Since  the  conventions  restrict  the  effi- 
ciency of  the  code,  it  is  conceivable  that  a  different  set  of  conventions 
will  yield  a  more  efficient  code  in  some  cases;  (51)  may  be  modified 
through  the  use  of  an  alternate  set  of  conventions. 

Rule  1.  No  two  digits  may  have  identical  characteristics. 

Convention  1 .  Choose  for  a^  a  multiple  of  4.  Let  am/4  =  g. 

Convention  2.  The  characteristic  of  the  mixed  digit  associated  with 
am  contains  a  single  1  in  the  last  position;  the  rest  of  its  digits  are  0. 

Convention  3.  The  characteristics  of  the  jih  mixed  or  check  digit  con- 
tains a  1  in  the  last  position,  a  1  in  the  jth  position  and  O's  elsewhere. 

Convention  4-  The  characteristic  of  an  information  digit  has  an  odd 
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number  less  than  a,„/2  in  its  last  position.  The  rest  of  its  digits  are 
arbitrary. 

Convention  5.  The  above  conventions  restrict  the  choice  of  charac- 
teristics. In  order  to  have  n  distinct  characteristics,  m  mixed  or  check 
digits,  using  check  bases  ai  ,  a-, ,  •■-,««,  are  required,  and  inec{uality 
(51)  must  be  satisfied: 

n  ^  aia2-  ...   -am-i-g.  (51) 

Codes  may  be  derived  using  the  above  conventions  only  if  b  ^  4. 
For  the  ternary  case,  a  relatively  efficient  code  may  be  obtained  by 
using  one  ternary  digit  as  an  over-all  parity  check  digit.  The  rest  of  the 
message  is  in  a  single  small  error  correction  code,  derived  using  the 
rules  and  conventions  of  Section  III.  Any  single  small  error  will  lead  to  a 
failure  of  the  parity  check,  and  a  double  small  error  will  lead  to  a  failure 
of  other  checks  but  not  the  parity  check. 

No  general  solution  has  been  found  for  deriving  an  efficient  single 
error  correction  double  error  detection  code  for  the  unrestricted  error 
case.  Also,  no  general  solution  has  been  found  for  deriving  an  efficient 
multiple  error  correction  code  for  the  unrestricted  error  case.  A  reason- 
ably efficient  method  has  been  found  for  correcting  multiple  errors  in 
the  more  important  small  error  case;  this  is  discussed  in  Section  6.2. 

VI.    THE  USE  OF  BINARY  ERROR  CORRECTION  TECHNIQUES  IN  NON-BINARY 
SYSTEMS 

In  this  section,  methods  for  using  binary  codes  for  the  correction  of 
errors  in  a  non-binary  system  are  described.  Although  the  single  small 
error  correction  codes  obtained  in  this  manner  are  generally  less  flexible 
than  the  codes  obtained  in  Section  III,  the  class  of  multiple  error  correc- 
tion codes  described  in  Section  6.2  is  the  only  reasonably  satisfactory 
class  of  such  codes  that  has  been  found.  The  codes  described  in  this 
section  are  semi-systematic  but  are  not  simple  characteristic  codes. 

6.1  Single  Small  Error  Correction  Codes 

Binary  codes  are  most  conveniently  used  for  correcting  small  errors 
(±1).  Suppose  any  digit,  base  h,  has  an  associated  pair  of  binary  digits, 
arranged  in  such  a  way  that  a  change  of  ±1  in  the  base  b  digit  will 
change  only  one  of  the  two  binary  digits.  For  b  =  10,  an  association 
such  as  the  one  shown  in  Table  IX  might  be  used.  For  example,  if  a 
6  is  received  as  a  7,  the  associated  binary  message  would  indicate 
that  the  second  of  the  binary  digits  is  incorrect;  a  7  can  be  corrected 
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Table  IX  —  Assocl«lted  Binary  Digits  for  Correction 

OF  Small  Errors 


Decimal  Digit 

Associated  Binary  Digits 

0 

00 

1 

01 

2 

11 

3 

10 

4 

00 

5 

01 

6 

11 

7 

10 

8 

00 

9 

01 

Table  X  —  Reflected  Quibinary  Code 


Decimal  Digit 

Quinary  Component 

Binary  Component 

Associated  Binary  Digits 

0 

0 

0 

00 

1 

0 

1 

01 

2 

1 

1 

11 

3 

1 

0 

10 

4 

2 

0 

00 

5 

2 

1 

01 

6 

3 

1 

11 

7 

3 

0 

10 

8 

4 

0 

00 

9 

4 

1 

01 

to  an  8  or  a  6,  but  only  the  correction  to  6  would  correspond  to  a 
change  in  the  second  binary  digit  of  the  associated  binary  message. 

If  the  first  of  the  associated  binary  digits  is  the  odd  or  even  indication 
of  a  quinary  component  of  a  decimal  digit,  a  decimal  digit  can  convey 
ten  states  rather  than  the  four  states  of  the  associated  binary  digits. 
The  combination  of  binary  and  quinary  digits  shown  in  Table  X  may 
be  called  a  reflected  quibinary  code  because  of  its  analogy  with  the  re- 
flected binary  code.* 

If  a  method  were  available  for  transmitting  without  error  (e.g.,  by 
using  an  error  correcting  code)  a  message  composed  of  the  associated 
binary  digits  in  a  base  b  code,  small  errors  could  be  corrected  in  the 
base  h  digits. 

An  examination  of  Table  X  for  resolving  a  decimal  digit  into  binary 
and  quinary  components,  reveals  that  a  change  of  ±1  on  any  decimal 


*  The  reflected  binary  code  lias  the  property  that  each  increment  changes  only 
one  binary  digit;  for  example,  the  eight  successive  words  of  a  three  binary  digit 
reflected  l)inary  code  are  000,  001,  Oil,  010,  110,  111,  101,  100. 
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digit  will  change  only  one  of  these  two  components.  Further,  an  error 
corresponding  to  a  change  in  the  quinary  component  can  be  unic^uely 
corrected  if  the  error  in  the  decimal  digit  is  assumed  to  be  ±1.  For 
example,  if  a  received  6  is  discovered  to  have  an  incorrect  quinary  com- 
ponent, only  a  decrease  in  the  quinary  component  making  the  decimal 
digit  5  is  a  possible  correction,  since  an  increase  in  the  c^uinary  com- 
ponent would  correspond  to  the  decimal  digit  9,  a  change  of  more  than 
±1  from  6. 
A  system  is  shown  in  Fig.  2  for  taking  advantage  of  these  properties. 
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CIRCUIT 
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20 
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BINARY 
DIGITS 


^ 


Fig.  2  —  Use  of  binary  codes  with  a  decimal  channel. 
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In  this  example,  an  information  source  generates  n  quinary  and  n  —  m 
binary  information  digits  for  each  message.  All  quinary  digits  go  through 
an  odd  or  even  recognition  circuit  to  be  converted  into  binary  digits  for 
the  purpose  of  generating  a  binary  error  correction  code  message.  These 
binary  digits  and  the  binary  digits  generated  by  the  information  source 
are  fed  into  a  systematic  binary  error  correction  code  encoder  whose 
output  is  a  binary  message  containing  2n.  digits,  of  which  m  are  parit}^ 
check  digits.  This  output  is  divided  into  two  parts,  2n  —  m  original 
inputs  to  the  encoder  unchanged  by  the  encoding  process  (this  is  a  sys- 
tematic encoder  which  does  not  change  information  digits  in  encoding), 
and  m  parity  check  digits. 

The  m  parity  check  digits  are  then  combined  with  m  of  the  quinary 
information  digits  through  the  use  of  the  reflected  quibinary  combiner 
to  form  m  of  the  decimal  digits  of  the  decimal  message  that  is  trans- 
mitted; the  other  decimal  digits  are  formed  by  combining  the  n  —  m 
binary  information  digits  with  the  rest  of  the  quinary  information 
digits. 

The  decimal  message  is  transmitted  over  the  noisy  channel  and  arrives 
with  one  or  more  (a  number  limited  by  the  choice  of  the  binary  code) 
errors  of  ±1  on  decimal  digits.  It  is  fed  into  a  reflected  quibinary  resolver 
which  resolves  decimal  digits  into  binary  and  quinary  components  in 
accordance  with  the  reflected  quibinary  code  (Table  X).  The  quinary 
digits  are  then  fed  into  an  odd  or  even  recognition  circuit  to  form  binary 
digits;  these  and  the  binary  outputs  of  the  resolver  are  fed  into  a  binary 
decoder  and  corrector,  working  with  the  same  code  as  the  binary  en- 
coder. The  output  of  this  corrector  should  correspond  to  the  output  of 
the  original  binary  encoder. 

In  the  decoder,  the  binary  digits  are  corrected.  When  the  binary  digit 
derived  from  a  quinary  digit  is  corrected,  however,  the  quinary  digit  is 
not  yet  correct.  The  correction  of  the  quinarj^  digit  is  performed  by 
examining  both  the  corrected  binary  digit  derived  from  the  quinary 
digit  and  the  corrected  binary  digit  which  was  deri^'ed  from  the  same 
decimal  digit  as  the  quinary  digit  in  ([uestion.  The  rules  for  correcting 
the  quinary  digit  are  given  in  Table  XI. 

As  an  example,  consider  the  application  of  a  Hamming  Code  for 
transmitting  ten  binary  digits  in  a  fourteen  binary  digit  message. 

Using  a  code  of  this  type,  single  errors  of  ±1  may  be  corrected  in  a 
seven  digit  decimal  message,  transmitting  seven  ciuinary  digits  of  in- 
formation and  three  binary  digits  of  information.  The  characteristics 
required  for  a  fourteen  binary  digit  Hamming  Code  message  are  shown 
in  the  first  column  of  Table  XII. 
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Table  XI  —  Correcting  Quinary  Digits 

Q 

Bi 

B, 

Correction  of 

Quinary  Digit 

Even 

0 

0 

None 

Even 

0 

1 

None 

Even 

1 

0 

-1 

Even 

1 

1 

+  1 

Odd 

0 

0 

+  1 

Odd 

0 

1 

-1 

Odd 

1 

0 

None 

Odd 

1 

1 

None 

Table  XII 


Binary  Code  used  for  Correcting 
Decimal  Message 


Binary 

Charac 

tenstics 

0    0 

0     1 

0     0 

1     0 

0     0 

1    1 

0     1 

0    0 

0     1 

0     1 

0     1 

1     0 

0     1 

1    1 

1     0 

0    0 

1     0 

0     1 

1     0 

1     0 

1     0 

1    1 

1    I 

0    0 

1    1 

0     1 

]    1 

1     0 

Parity  Check  Digt 
Parity  Check  Digit 

Parity  Check  Digit 


Parity  Check  Digit 


a 

b 

(0) 
(0) 

1 

(0) 
(0) 

1 

(1) 

0 

(1) 

0 

0 

0 

1 

3 

(1) 

1 

(1) 

3 

0 

2 

0 

4 

1 

1 

1 

3 

0 

0 

Position  in  Decimal  Message 


inary  comp. 
inary  comp. 
inary  comp. 
inary  comp. 
inary  comp. 
inary  comp. 
uinary  comp 
inary  comp. 
uinary  comp 
uinary  comp 
uinary  comp 
uinary  comp 
uinary  comp 
uinary  comp 


of  Lst  digit 
of  2nd  digit 
of  3rd  digit 
of  4th  digit 
of  5th  digit 
of  6th  digit 
.  of  7th  digit 
of  7th  digit 
.  of  6th  digit 
.  of  5th  digit 
.  of  4th  digit 
.  of  3rd  digit 
.  of  2nd  digit 
.  of  Lst  digit 


To  illustrate  the  method  completely,  a  strictly  binary  example  will 
first  be  illustrated,  then  a  related  decimal  example.  In  column  a  of  Table 
XII,  the  digits  of  a  binary  message  are  indicated  and  in  column  b,  the 
binary  and  quinary  information  digits.  The  values  of  the  parity  check 
digits,  which  are  shown  in  parentheses,  are  calculated  by  the  usual  for- 
mula. Let  Cij  represent  the  jth  digit  of  the  characteristic  of  the  fth 
digit  (including  parity  check  digits) : 


14 


X)  XiC.j  =  0  mod  2. 


(52) 


i=l 


This  formula  applies  for  all  values  of  j  and  in  this  case  will  yield  four 
implicit  eciuations  each  with  one  unknown  term,  the  value  of  the  parity 
check  digit.  Using  the  given  values  of  the  binar}^  information  digits, 
the  values  of  the  parit}^  check  digits  are  calculated.  These  are  shown  in 
parentheses  in  Table  XII. 
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The  binary  message  is 

00110011100110. 

For  this  example,  the  quinary  components  (quinary  information  digits) 
of  decimal  digits  are  chosen  odd  if  the  corresponding  digit  of  the  binary 
example  is  1,  even  if  that  digit  is  0.  The  binary  and  c{uinary  components 
are  then  combmed  by  the  rules  of  the  reflected  ciuibinary  code  to  form 
the  decimal  digits  0  7  2  9  4  7  6.  For  example,  the  cjuinary  and  binary 
components  of  the  fifth  digit  are  2  and  0,  respectively;  the  decimal  digit 
which  has  these  components  is  4,  the  fifth  decimal  digit  of  the  message. 
Consider  the  binary  case.  Suppose  that  the  message  is  mutilated  in 
transmission  so  that  the  tenth  digit  is  received  incorrectly.  The  message 
is  mutilated  from 

001100111001  10 
to 

00110011110110. 
The  decoder  and  corrector  calculates  the  corrector  by 

14 

Cj  =  ^  Xidj  mod  2.  (53) 

!=1 

In  this  formula,  Cj  is  the  jth  digit  of  the  corrector  and  .r/  the  received 
value  of  Xi .  In  this  example  the  corrector  is  1  0  1  0,  which  means  that 
the  tenth  digit,  which  has  this  characteristic,  is  wrong  and  should  be 
changed  to  0. 

The  corresponding  error  in  the  decimal  example  is  a  change  in  the 
fifth  digit  from  4  to  3.  If  the  message  0  7  2  9  3  7  6  is  received,  the 
resolver  and  quinary  to  binary  converter  delivers  the  message 

00110011110110 

to  the  decoder  instead  of 

00110011100110 

corresponding  to  the  correct  message.  The  corrected  binary  message  is 
produced  at  the  output  of  the  decoder  and  corrector.  When  the  quinar}^ 
and  binary  components  of  the  fifth  digit  are  examined  by  the  quinary 
correction  circuit,  the  following  inputs  exist: 

Received  quinary  digit  1  (Odd)  (quinary  component  of 


Corrected  binary  digit 

derived  from  quinary  0  (Bi) 

Corrected  binary  digit 

from  same  decimal  number  0  {B-i). 


received  decimal  3) 
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Table  XI  shows  that  the  quinary  digit  must  be  increased  by  1  to  2, 
which  combined  with  the  binary  0  conveyed  by  the  same  decimal  digit 
yields  a  decimal  value  of  4,  the  original  transmitted  value. 

The  best  semi-systematic  simple  characteristic  code  for  correcting 
single  small  errors  in  a  seven  digit  message  allows  6  X  10  possible  mes- 
sages in  a  seven  digit  message  (see  Table  V),  whereas  this  code  allows 
6.25  X  10''.  This  code  is  therefore  slightly  more  efficient.  In  addition, 
this  code  has  the  special  advantage  that  any  error  of  ±2  on  one  digit 
is  recognizable  since  the  corrector  will  have  a  value  of  1111  for  the  asso- 
ciated binary  message.  (An  inspection  of  the  choice  of  characteristics 
and  assignment  of  characteristics  to  the  two  components  of  any  decimal 
digit  will  confirm  this.) 

This  general  technique  can  be  applied  to  any  base  h  channel,  provided 


T 

'able  XIII  - 

—  Components  of  Quinary  Digits 

Mixed  Digit 

Information  Digit 

Quinar>' 

Digit 

Info.  Comp. 

Check  Comp. 

Quinary  Digit 

Binary  Comp. 

Ternary  Comp. 

0 

1 

2 
3 
4 

0 
0 

1 
1 

not  used 

0 
1 
1 

0 
not  used 

0 

1 

2 
3 
4 

0 

1 
1 

0 
0 

0 
0 
1 

1 

2* 

*  If  quinary  information  is  initially  generated,  the  combination  (1,  2)  will  not 
occur. 


that  h  is  greater  than  3.  For  odd  bases,  the  digits  which  convey  a  parity 
check  component  and  an  information  component  cannot  be  utilized  effi- 
ciently since  one  state  of  the  base  h  digit  is  not  available.  For  example, 
using  a  base  5,  (see  Table  XIII),  only  two  information  and  two  parity 
check  states  may  be  conveyed  by  one  digit,  since  the  use  of  a  third  infor- 
mation state  would  require  at  least  six  states  for  the  mixed  digit.  In 
the  case  of  information  digits,  however,  all  states  can  be  used.  In  the 
ciuinary  example,  the  resolution  of  a  digit  into  two  components  and  the 
subseciuent  recombination  is  subject  to  the  restraint  that  one  of  the  com- 
binations (1,  2)  will  not  occur,  which  can  be  assured  if  the  information 
source  generates  quinary  digits. 

For  the  case  of  high  redundancy  codes  having  the  property  that  the 
associated  binary  code  contains  more  than  50  per  cent  parity  check 
digits  (corresponding  to  a  negative  value  of  n  —  7n  in  Fig.  2),  at  least 
some  of  the  base  h  digits  must  convey  two  or  more  parity  check  digits. 

This  can  be  easily  accomplished:  a  decimal  digit  can  convey  three 
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Table  XIV  —  Decimal  Digit  Conveying  Three  Binary  Digits 


Decimal  Digit 

Binary 

Components 

0 

0 

0 

0 

1 

0 

0 

1 

2 

0 

1 

1 

3 

n 

1 

0 

4 

1 

1 

0 

5 

1 

1 

1 

6 

1 

0 

1 

7 

1 

0 

0 

8 

not  used 

9 

not  used 

parity  check  digits  if  a  simple  reflected  binary  code  correspondence  be- 
tween binary  and  decimal  digits  is  maintained  as  shown  in  Table  XIV. 

An  extension  of  this  idea  is  the  encoding  of  the  original  information 
(i.e.,  the  information  that  is  shown  coming  out  of  the  information  source 
in  Fig.  2)  in  some  error  detection  or  correction  code.  For  example,  the 
decimal  to  reflected  quibinary  code  resolver  will  cause  both  components 
to  be  incorrect  if  an  error  of  ±2  in  a  decimal  digit  occurs.  In  this  case, 
the  system  shown  in  Fig.  2  will  automatically  make  a  correction  on  the 
decimal  digit  of  either  +2  or  —2  dependuig  upon  the  value  of  the  re- 
ceived decimal  digit,  and  provided  a  double  error  correction  binary 
code  is  used.  Such  a  correction  wall  be  incorrect  about  half  the  time.  If 
the  received  binary  digit  is  compared  to  the  corrected  binary  digit  and 
the  received  quinary  digit  is  compared  to  its  corrected  odd  or  even  digit, 
an  error  of  ±2  can  be  detected  without  changing  the  code.  If  one  extra 
binary  check  digit,  treated  as  an  information  digit  by  the  encoder  and 
decoder,  is  transmitted  in  the  message,  this  binary  digit  can  convey  the 
information  necessary  for  determining  the  sign  for  a  correction  of  dz2, 
provided  that  only  one  such  correction  is  required  for  any  one  message. 
A  rule  for  determining  the  value  of  this  digit  is: 


Be  =  0         if         X)  Qi  =  (0  or  1)  mod  4, 

i=l 
n 

5e  =  1         if         53  Qi  =  (2  or  3)  mod  4, 


(54) 


where  g,  represents  the  zth  quinary  information  digit,  and  Be  represents 
the  special  check  digit.  If  the  received  message  contains  one  error  of  ±2 
on  a  digit,  two  possible  corrections  may  be  made  on  the  quinary  compo- 
nent of  this  digit;  ±1.  Obviously,  only  one  of  these  corrections  will 
satisfy  the  equation  for  determining  Be  since  the  two  possible  corrected 
values  of  q  are  two  units  apart. 
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Note  that  the  associated  binary  codes  for  performing  such  a  correc- 
tion must  have  the  property  that  two  binary  digits  may  be  corrected 
since  an  error  of  ±2  corresponds  to  incorrect  values  for  two  associated 
binary  digits.  If  the  noise  is  such  that  errors  of  ±2  are  not  very  unhkely, 
it  may  be  desirable  to  place  the  binary  and  the  quinary  components  of 
any  one  decimal  digit  in  a  different  binary  error  correction  code  word  so  as 
to  make  the  errors  independent.  In  a  seven  decimal  digit  message,  as  an 
example,  the  quinary  components  of  the  first  four  decimal  digits  can  be 
used  to  generate  parity  check  digits  which  are  conveyed  by  the  binary 
components  of  the  last  three  decimal  digits.  The  binary  component 
of  the  fourth  decimal  digit  (this  might  be  Be)  and  the  ciuinary  com- 
ponents of  the  last  three  decimal  digits  generate  parity  check  digits 
conveyed  by  the  binary  components  of  the  first  three  decimal  digits. 
Two  separate  binary  error  correction  code  messages  are  then  conveyed 
by  a  single  seven  digit  decimal  code  message.  Each  message  is  in  a  four 
information  digit,  three  parity  check  digit  Hamming  Code.  Through  the 
use  of  this  code,  one  error  in  the  binary  component  of  any  decimal  digit, 
and  one  error  in  the  quinary  component  of  any  decimal  digit  may  be 
corrected. 

In  certain  cases,  the  quinary  digits  themselves  might  be  encoded  in  an 
error  correction  code  for  single  unrestricted  errors  before  the  binary 
process  is  carried  out.  This  is  helpful  chiefly  for  occasional  large  errors, 
leading  to  initial  miscorrections. 

The  variations  based  upon  the  principles  described,  which  can  be 
applied  to  any  channel,  provided  6^4,  including  the  pyramiding  of  one 
code  scheme  upon  another,  are  almost  endless.  Generally,  the  last 
encoding  and  first  decodhig  step  should  be  able  to  correct  many  more 
errors  than  the  first  encoding  step.  For  example,  if  quinary  components 
are  encoded  in  single  unrestricted  error  correction  quinary  code,  the  bi- 
nary code  should  probably  be  a  triple  or  quadruple  error  correction  code; 
otherwise  a  correction  may  not  correspond  to  the  most  probable  error 
condition,  and  the  correction  scheme  loses  its  effectiveness. 

These  techniques  cannot  be  conveniently  applied  to  the  ternarj^  chan- 
nel, since  a  ternary  digit  cannot  be  resolved  into  two  components  effi- 
ciently. 

6.2  Multiple  Small  Error  Correction  Codes 

One  limitation  of  the  above  techniques  is  the  requirement  for  a  sys- 
tematic binary  code;  i.e.,  a  code  in  which  some  of  the  binary  information 
digits  are  transmitted  directly,  and  others  are  determined  by  paritj'' 
checks  on  information  and  previously  calculated  check  digits.  These 
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Table  XV  - —  Reed-Muller  Codes  —  256  Digit  Message 


Number  of  Digits  of  Information  per  Message 

Number  of  Errors  Correctable  per  Message 

255 

0 

247 

1 

219 

3 

163 

7 

93 

15 

37 

31 

9 

63 

1 

127 

systematic  codes  are  conveniently  applicable  only  to  the  correction  of 
single  errors  and  a  few  special  cases  of  multiple  errors. 

The  Reed-Muller^*'  codes  are  not  systematic  codes,  ("systematic" 
being  used  in  the  narrow  sense  indicated  above,  not  in  the  sense  of  Ham- 
ming"), but  offer  the  advantage  that  multiple  error  correction  is  rela- 
tively straightforward.  For  this  reason,  it  is  desirable  to  find  some  way 
of  adapting  the  binary  Reed-Muller  codes  for  correcting  a  number  of 
small  errors  in  non-binary  codes. 

To  explain  the  nature  of  the  Reed-Muller  codes  completely  is  beyond 
the  scope  of  this  paper;  a  list  of  their  important  features  is  sufficient. 
This  is: 

1.  The  length  of  a  message  is  2  binary  digits  for  the  simpler  versions 
of  the  code. 

2.  If  Cc  represents  the  number  of  combinations  of  d  items  taken 
c  at  a  time,  and  Cf  =  dl/[cl(d  —  c)!],  then  2^  —  ^T=o  Ck-i  information 
digits  may  be  transmitted  correctly  in  a  message  containing  2  digits, 
if  no  more  than  2'"  —  1  errors  occur  in  the  messages;  2'"  errors  are  de- 
tected but  they  are  not  always  correctable.  The  Reed-Muller  codes  for 
correcting  a  large  number  of  errors  will  frequently  correct  more  than 
2"  —  1  errors,  and  will  always  correct  2'"  —  1  or  fewer  errors. 

These  values  are  given  for  a  256  digit  message  in  Table  XV. 

3.  Each  digit  of  the  transmitted  message  is  a  parity  check  of  a  group 
of  digits  from  the  information  source ;  the  message  cannot  be  broken  down 
into  information  digits  and  check  digits. 

4.  The  decoding  is  accomplished  by  a  number  of  majority  decisions 
among  different  groups  of  message  digits. 

A  technique  will  be  described  for  using  a  Reed-Muller  code  efficiently 
to  correct  a  number  of  small  (±1)  errors  for  any  code  base  h  that  is  a 
multiple  of  2,  and  also,  at  a  small  sacrifice  of  efficiency,  a  number  of  larger 
errors. 

A  theorem,  stating  that  any  code  which  is  generated  by  a  set  of  parity 


NON-BINARY    ERROR    CORRECTION   CODES 


1381 


checks  will  contain  the  same  set  of  allowable  messages  as  some  systematic 
code,  was  proved  by  Hamming.  ^  In  particular,  such  a  theorem  indicates 
that  a  Reed-Muller  code  will  contain  the  same  set  of  allowable  messages 
as  some  systematic  code.  This  was  also  proved  by  Slepian,  who  has  given 
a  simple  method  of  deriving  a  systematic  code  generating  the  same  set 
of  messages  as  a  Reed-Muller  code.  For  convenience,  such  a  code  will  be 
called  an  SERM  code  (Systematic  Equivalent  Reed-Muller  code). 

A  Reed-Muller  decoder  serves  to  derive  the  information  digits  from  a 
message  in  Reed-Muller  code  which  may  have  been  mutilated  by  noise. 
If  a  Reed-Muller  decoder  is  followed  by  a  Reed-Muller  encoder,  the  com- 
bination serves  as  a  noise  eliminator  (provided  the  noise  is  within  the 
correction  bounds  of  the  code),  since  the  output  of  the  encoder  is  the 
noiseless  Reed-Muller  code  message  that  is  equivalent  to  the  noisy 
message  that  entered  the  decoder.  This  property  is  useful  since  it  means 
that  any  message,  drawn  from  the  set  of  Reed-Muller  code  messages, 
which  has  not  been  mutilated  outside  the  bounds  set  up  by  a  particular 
Reed-Muller  code,  will  be  restored  to  its  original  form,  by  a  Reed-Muller 
decoder  followed  by  a  Reed-Muller  encoder.  Since  an  SERM  code  will 
produce  only  messages  included  in  the  set  of  messages  of  the  correspond- 
ing Reed-Muller  code,  the  SERM  code  can  be  used  in  conjunction  with  a 
Reed-]\Iuller  decoder  and  encoder  to  permit  transmission  over  a  noisy 
channel  in  a  systematic  code. 

The  two  systems  shown  in  Fig.  3  are  therefore  equivalent  in  their 
error  correction  properties.  In  both  cases,  messages  from  the  set  of  Reed- 
Muller  code  messages  are  sent,  and  since  the  same  decoder  is  used  ini- 
tially, both  systems  will  correct  errors  in  the  received  message  in  the 
same  manner.  The  Reed-Muller  encoder  in  the  second  system  is  re- 
(luired  because  a  Reed-Muller  decoder  does  not  correct  a  message  but 
derives  information  digits  from  the  received  message  directly.  The 
derived  information  digits,  however,  necessarily  correspond  to  some 
corrected  form  of  the  received  message  and,  in  effect,  the  decoder  performs 
the  same  correction  as  it  would  perform  by  deriving  the  corrected  form  of 
the  message  first. 


INFORMATION 

REED    MULLER 

NOISY 
CHANNEL 

REED  MULLER 

INFORMATION 

— *► 

ENCODER 

DECODER 

.     > 

INFORMATION 

SERM 
ENCODER 

NOISY 

RM 
DECODER 

RM 

— 

DIGIT 
SELECTOR 

INFORMATION 

Ch 

ANNEL 

ENCODE 

:R 

— * 

Fig.  3  —  Equivalent  systems  using  SERJM  and  Reed-Muller  codes. 
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Table  XVI  —  Multiple  Small  Error  Correction  Code 
Using  SERM  Codes  with  Decimal  Channel 


Message  Length 

Information  Digits 

(Equivalent  Decimal 

Digits) 

Check  Digits 

(Equivalent  Decimal 

Digits) 

No.  of  Small  Errors 
Correctable  per  mes. 

128 
128 
128 
128 

127.7 
125.3 
116.9 
100.0 

.3 

2.7 
11.1 
28.0 

0 

1 

3 

7 

This  means  that  a  Reed-Muller  code  can  be  adapted  to  the  system 
shown  m  Fig.  2.  The  Systematic  Binary  Error  Correction  Code  Encoder 
is  simply  an  SERM  encoder;  this  is  permissible  since  the  SERM  codes 
are  .systematic.  The  Binary  Decoder  and  Corrector  is  simply  a  Reed- 
Muller  decoder  followed  b}^  a  Reed-Muller  encoder.  Everything  else 
remains  unchanged. 

This  scheme  offers  flexibility  for  the  correction  of  large  numbers  of 
small  errors.  Proper  initial  error  correction  encoding  of  the  original  in- 
formation digits  will  permit  correction  of  a  small  number  of  large  errors. 

Table  X^T  shows  some  tj^pical  cases  of  the  correction  of  many  small 
errors  in  a  decimal  message  as  a  function  of  the  number  of  information 
and  check  digits  in  a  message  of  constant  length.  For  convenience,  every- 
thing is  sho^^^l  in  equivalent  decimal  digits,  even  though  in  the  actual 
code,  binary  and  quinary  information  digits  are  used.  Only  the  first  few 
entries  are  considered,  since  the  message  composed  exclusively  of  the 
digits  0,  3,  6,  9  in  which  any  number  of  small  errors  in  a  decimal  channel 
may  be  corrected  (this  code  is  described  by  the  first  entry  of  Table  Y)  is 
more  efficient  than  the  codes  corresponding  to  subsequent  entries  on 
Table  XXl.  This  code,  which  is  very  easy  to  instrument,  will  transmit 
the  equivalent  of  77  decimal  digits  in  a  128  decimal  digit  message. 

One  problem  not  efficiently  solved  by  these  techniques  is  the  multiple- 
error  correction  ternary  channel  problem.  A  technique  which  can  be 
used  is  a  code  identical  to  the  regular  binary  Reed-Muller  Code,  except 
that  all  equations  will  be  modulo  3  instead  of  modulo  2.  In  decoding,  this 
will  sometimes  require  subtraction  instead  of  addition;  in  modulo  2 
ecjuations  there  is  no  difference  between  these  operations,  but  in  modulo  3 
equations,  the  two  operations  are  distinct.  The  same  procedure  can  be 
used  for  correcting  multiple  unrestricted  errors  in  any  base. 


VII.  iterative  codes 


All  the  codes  described  above  have  one  disadvantage;  occasional  ex- 
cessive noise  will  jdeld  a  non-correctable  message.  In  order  to  approach 
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error  free  transmission,  some  iterative  coding  procedure  may  be  used. 
This  problem  has  been  solved  by  Elias.'^  His  methods  are  directly  appli- 
cable to  non-binary  codes,  since  nothing  restricts  the  digits  to  binary 
values.  L   I 

In  order  to  minimize  the  complexity  of  an  iterative  coding  procedure, 
systematic  codes  are  desirable.  The  advantages  of  the  Reed-Muller  code 
are  significant  however,  especially  for  the  case  of  a  relatively  noisy 
channel.  A  sound  procedure  for  a  binary  channel  would  therefore  be  to 
use  SERM  codes,  (see  Fig.  3) ;  such  codes  are  more  efficient  than  iterated 
Hamming  Codes  in  a  relatively  noisy  channel. 

VIII.    SUMMARY   AND   ANALYSIS  :  . 

Many  codes  have  been  presented  in  this  paper,  all  constructed  by 
some  combination  of  procedures  involving  linear  congruence  or  modulo 
equations. 

In  most  cases,  more  efficient  codes  exist.  Exhaustive  procedures  exist 
for  deriving  maximum  efficiency  codes,  although  the  codes  derived  in 
this  manner  usually  require  an  extensive  codebook,  both  at  the  encoder 
and  at  the  decoder.  Even  for  simple  single  error  correction  binary  codes, 
the  most  efficient  code  is  not  always  a  systematic  code.  For  example, 
the  best  systematic  single  error  correction  binary  code  working  with  an 
eight  digit  message  has  only  16  different  allowable  messages;  it  is  known'* 
that  a  non-systematic  code  with  at  least  19  allowable  messages  exists. 

In  the  case  of  non-binary  codes,  the  situation  is  somewhat  worse. 
Very  few  of  the  codes  given  in  this  paper  take  advantage  of  the  fact  that, 
for  most  situations,  a  digit  that  is  incorrectly  received  as  0  or  6  —  1  is 
usually  corrected  only  in  one  direction  and  no  need  exists  to  specif \'^ 
whether  the  correction  is  ±1.  Most  of  the  codes  are  arranged  so  that 
any  received  digit  may  be  corrected  either  positively  or  negativel}'.  Xo 
codes  have  been  found  which  take  full  advantage  of  such  a  property, 
other  than  codebook  codes,  except  for  isolated  instances  of  short  message 
codes  having  symmetrical  properties.  For  example,  the  single  digit, 
single  small  error  correction  decimal  code  having  0,  3,  G,  9  as  the  allow- 
able messages  takes  full  advantage  of  this  property,  and  is,  at  the  same 
time,  a  true  semi-systematic  code. 

It  is  extremely  difficult  to  find  the  ultimate  limits  of  efficiency  of  code- 
book  codes.  The  exhaustive  procedures  are  totally  impractical  except  for 
very  short  messages.  If  an  analysis  is  restricted  to  codes  which  do  not 
take  advantage  of  the  property  that  certain  values  of  digits  may  be 
corrected  in  only  one  direction,  and  it  is  assumed  that  each  possible 
message  is  mutilated  to  the  same  number  of  incorrect  messages,  one 
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limit  to  the  efficiency  of  codes  may  be  found.  This  Umit  can  be  derived 
from  the  fact  that  an  error  correction  code  decoder  and  correction  cir- 
cuit must  be  able  to  convert  any  message  which  contains  errors  within 
the  bounds  of  the  correction  performed  by  the  code,  into  the  value  of 
the  message  as  originally  transmitted,  or  must  be  able  to  derive  the 
original  information  which  was  fed  into  the  encoder.  Thus,  if  each  mes- 
sage may  be  mutilated  in  w  ways,  and  still  be  corrected,  then  at  least  w 
messages  must  be  associated  with  each  allowed  message.  This  is  indi- 
cated diagrammatically  in  Fig.  4.  The  messages  produced  by  the  encoder 
are  shown  at  the  left;  each  one  fans  out  to  w  —  1  mutilated  messages 
plus  the  original  message.  The  decoder  converts  any  of  these  w  messages 
into  the  original  message. 

The  value  of  w  can  be  determined  by  taking  all  possible  combinations 
of  errors  that  can  be  corrected  by  a  coding  system.  For  example,  for  a 
code  system  which  can  correct  up  to  {d  —  l)/2  small  errors  in  different 
digits  in  an  n  digit  message,  w  is  given  by 


w 


(d-l)/2 


(55) 


i=0 


where  d  is  the  minimum  distance  between  messages,  and 


n! 


(n  —  i)li\ 


This  equation  merely  signifies  that  w  is  the  sum  of  all  combinations  of 
positive  and  negative  (accounting  for  the  2  term)  errors  in  up  to 
{d  —  l)/2  different  digits  out  of  n  digits.  For  single  errors,  iv  =  2n  -f  1. 
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Fig.  4  —  Graphicjil  representation  of  an  error  correction  code. 
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The  number  of  different  messages  that  can  be  produced  by  the  en- 
coder must  be  no  greater  than  b"/w,  subject  to  the  above  restriction,  6" 
representing  the  maximum  numbei-  of  messages  that  the  decoder  may 
receive  as  an  input.  If  only  systematic  and  semi-systematic  codes  are 
considered,  the  number  of  messages  is  Umited  to  multiples  of  powers  of 
b  and  of  the  information  component  base  /3  of  mixed  digits.  The  number 
of  check  states  must  be  at  least  as  large  as  w,  so  that  w  different  correc- 
tors may  be  calculated  and  associated  with  w  different  corrections. 

Subject  to  the  above  restrictions,  the  following  statements  may  be 
made. 

1.  The  systematic  single  small  error  correction  codes  derived  using 
the  rules  of  Section  III  are  the  most  efficient  systematic  single  small 
error  correction  codes  possible.  For  those  codes  in  which  the  two  sides 
of  inecjuality  (8a)  are  equal,  no  code,  not  even  a  non-systematic  code,  is 
more  efficient. 

2.  The  systematic  single  unrestricted  error  correction  codes  deri\'ed 
using  the  rules  of  Section  4.1  are  the  most  efficient  systematic  single 
unrestricted  error  correction  codes.  For  those  codes  in  which  the  two 
sides  of  inequality  (31)  are  equal,  no  code  is  more  efficient. 

3.  No  codes  are  more  efficient  than  those  semi-systematic  codes, 
derived  using  the  rules  of  Section  III,  for  which  the  two  sides  of  in- 
equalities (28)  and  (29)  are  equal  and  mi  =  0.  It  is  difficult  to  make 
more  general  statements  about  semi-systematic  codes,  because  spe- 
cial techniques  (such  as  those  of  Section  VI),  not  all  of  which  are  known, 
may  be  used  with  these  codes. 

For  multiple  error  correction  codes,  other  techni(|ues  are  both  simpler 
and  more  efficient  than  the  straight  systematic  and  semi-systematic 
techniques  described  in  Sections  III,  lY  and  Y.  One  such  scheme  has 
been  described  in  detail  in  Section  VL  No  codes  have  been  found  which 
approach  the  limit  set  by  iv,  but  the  codes  described  in  Section  6.2  are 
moderately  efficient. 

Throughout  this  paper,  all  techniques  which  in\-olve  vast  complica- 
tions at  the  expense  of  slight  additional  efficiency  have  been  avoided. 
Codebook  methods  are  always  possible.  If  a  technique  is  almost  as  com- 
plicated as  a  codebook  technique  with  only  slightly  greater  efficiency 
than  a  simple  technique,  the  simple  technique  would  always  be  used  in 
practice,  and  the  codebook  satisfies  the  mathematical  and  theoretical 
requirements.  In  a  sense,  a  really  complicated  technique  is  only  useful 
for  deriving  a  better  lower  limit  for  the  maximum  efficiency  of  a  code- 
book  code.  In  the  non-binary  case,  howe^'er,  a  codebook  system  is  con- 
siderably more  efficient  than  any  code  system  which  does  not  take  ad- 
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vantage  of  the  fact  that  all  transmitted  messages  are  not  mutilatable  to 
an  equal  number  of  correctable  received  messages. 

From  the  point  of  view  of  deriving  lower  limits  to  the  maximum  effi- 
ciency of  a  codebook  technique,  such  a  consideration  is  vital.  Except  for 
a  few  relati^'ely  trivial  cases,  no  codes  have  been  found  which  take  sig- 
nificant advantage  of  the  above  consideration,  for  deriving  such  a 
limit.* 

IX.    CONCLUSION 

In  this  paper,  techniques  have  been  presented  for  deriving  error  cor- 
rection codes  for  non-binary  systems.  None  of  the  methods  presented 
are  overly  complicated,  nor  do  they  recjuire  excessive  storage  capacity 
for  either  the  encoding  or  decoding  and  correction  system. 

The  codes  are  sufficiently  simple  so  that  their  use  with  a  non-binary 
storage  system  may  be  considered,  and  the  development  of  such  a 
storage  system  should  not  be  stopped  because  a  system  without  flaws  or 
not  subject  to  noise  cannot  be  realized. 

An  important  disadvantage  of  using  error  correction  codes  with  such 
a  system  is  the  time  recjuirement.  Correction  usually  requires  a  signifi- 
cant amount  of  time.  This  is  probably  one  reason  why  the  Hamming 
Code  is  not  used  more  extensively.  The  more  advanced  and  complicated 
codes,  such  as  the  Reed-Muller  Codes,  suffer  particularly  from  the 
amount  of  time  required  for  a  correction.  The  codes  described  in  this 
paper  are  therefore  probably  best  suited  to  medium  or  low  speed  stor- 
ages, which  are  not  read  too  frecjuently. 

A  study  of  this  type  may  be  of  some  interest  to  those  who  have  been 
considering  the  use  of  multi-state  devices  for  building  switching  systems 
and  computers,  since  this  paper  represents  a  stvidy  of  a  typical  problem. 
Certain  lessons  may  be  derived  from  this  study: 

1.  Restriction  to  a  single  number  base  for  all  operations  is  a  severe 
handicap.  The  more  advanced  codes  presented  in  this  paper,  require 
extensive  use  of  different  number  base  operations.  The  abiUty,  inside 
the  computer,  to  change  number  bases  for  different  operations,  may  well 
be  useful. 

2.  Different  problems  are  best  solved  using  different  number  bases. 
For  example,  the  use  of  an  even  number  base  is  desirable  for  multiple 
small  error  correction  codes,  while  the  use  of  a  prime  number  base  is 
desirable  for  correcting  single  large  errors.  It  is  the  author's  opinion  that 

*  Note  that  this  restriction  has  less  significance  in  the  case  of  binary  codes.  In 
a  symmetrical  channel  with  only  two  available  signals,  each  value  of  a  digit  ma\' 
be  changed  in  as  many  ways,  namely,  one,  as  every  other. 
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number  bases  which  are  the  product  of  several  small  factors  are  best. 
Suggested  values  are  six,  ten  and  twelve.  Number  bases  with  two  differ- 
ent prime  factors,  may  offer  an  advantage,  since  they  permit  simple 
translation  and  change  of  number  base  among  at  least  three  different 
numbers. 

In  the  comparison  between  binary  and  non-binary  error  correction 
codes,  the  following  observations  may  be  made: 

1.  Keeping  the  amount  of  information  per  message  fixed,  a  binary 
single  error  correction  code  is  less  efficient  than  a  non-binary  single 
small  error  correction  code,  provided  b,  the  channel  base,  is  greater  than 
three,  but  is  more  efficient  than  a  non-binary  single  unrestricted  error 
correction  code. 

2.  Non-binary  codes  are  slightly  more  complicated  to  implement  than 
binary  codes;  this  applies  to  multiple  error  correction  codes  as  well  as  to 
single  error  correction  codes.  The  amount  of  added  complication  is  in  no 
case  really  extensive. 

It  was  initially  hoped  that  this  study  might  also  produce  some  addi- 
tional binary  error  correction  techniciues.  One  such  technique  was  dis- 
covered: the  use  of  a  systematic  ecjuivalent  Reed-]\Iuller  code  to  ap- 
proach error  free  coding  (see  Section  VII) . 

Finally,  the  author  wishes  to  express  the  hope  that  further  work  on 
non-binary  systems  will  be  encouraged  by  this  study. 
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Shortest  Connection  Networks 
And  Some   Generalizations 

By  R.  C.  PRIM 

(Manuscript  received  May  8,  1957) 

The  basic  problem  considered  is  that  of  interconnecting  a  given  set  of 
terminals  with  a  shortest  possible  network  of  direct  links.  Simple  and  prac- 
tical procedures  are  given  for  solving  this  problem  both  graphically  and 
computationally.  It  develops  that  these  procedures  also  provide  solutions 
for  a  much  broader  class  of  problems,  containing  other  examples  of  practical 
interest. 

I.    INTRODUCTION 

A  problem  of  inherent  interest  in  the  planning  of  large-scale  communi- 
cation, distribution  and  transportation  networks  also  arises  in  connec- 
tion with  the  current  rate  structure  for  Bell  System  leased-line  services. 
It  is  the  following: 

Basic  Problem  —  Given  a  set  of  (point)  terminals,  connect  them  by  a 
network  of  direct  terminal-to-terminal  links  having  the  smallest  possible 
total  length  (sum  of  the  link  lengths).  (A  set  of  terminals  is  "connected," 
of  course,  if  and  only  if  there  is  an  unbroken  chain  of  links  between  every 
two  terminals  in  the  set.)  An  example  of  such  a  Shortest  Connection  Net- 
work is  shown  in  Fig.  1.  The  prescribed  terminal  set  here  consists  of 
Washington  and  the  forty-eight  state  capitals.  The  distances  on  the  par- 
ticular map  used  are  accepted  as  true. 

Two  simple  construction  principles  will  be  established  below  which 
provide  simple,  straight-forward  and  flexible  procedures  for  solving  the 
basic  problem.  Among  the  several  alternative  algorithms  whose  validity 
follows  from  the  basic  construction  principles,  one  is  particularly^  well 
adapted  for  automatic  computation.  The  nature  of  the  construction 
principles  and  of  the  demonstration  of  their  validity  leads  quite  naturally 
to  the  consideration,  and  solution,  of  a  broad  class  of  minimization  prob- 
lems comprising  a  non-trivial  abstraction  and  generalization  of  the  basic 
problem.  This  extended  class  of  problems  contains  examples  of  practical 
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interest  in  cjuite  different  contexts  from  those  in  which  the  basic  prob- 
lem had  its  genesis. 

II.    CONSTRUCTION    PRINCIPLES    FOR    SHORTEST    CONNECTION    NETWORKS 

In  order  to  state  the  rules  for  solution  of  the  basic  problem  concisely, 
it  is  necessary  to  introduce  a  few,  almost  self-explanatory,  terms.  An 
isolated  terminal  is  a  terminal  to  which,  at  a  given  stage  of  the  construc- 
tion, no  connections  have  yet  been  made.  (In  Fig.  2,  terminals  2,  4,  and 
9  are  the  only  isolated  ones.)  A  fragment  is  a  terminal  subset  connected 
by  direct  links,  between  members  of  the  subset.  (In  Fig.  2,  8-3,  1-6-7-5, 
5-6-7,  and  1-6  are  some  of  the  fragments;  2-4,  4-8-3,  1-5-7,  and  1-7  are 
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Fig.  2  —  Partial  connection  network. 

not  fragments.)  The  distance  of  a  terminal  from  a  fragment  of  which  it 
is  not  an  element  is  the  minimum  of  its  distances  from  the  individual 
terminals  comprising  the  fragment.  An  isolated  fragment  is  a  fragment 
to  which,  at  a  given  stage  of  the  construction,  no  external  connections 
have  been  made.  (In  Fig.  2,  8-3  and  1-6-7-5  are  the  only  isolated  frag- 
ments.) A  nearest  neighbor  of  a  terminal  is  a  terminal  whose  distance 
from  the  specified  terminal  is  at  least  as  small  as  that  of  an}^  other.  A 
nearest  neighbor  of  a  fragment,  analogously,  is  a  terminal  whose  distance 
from  the  specified  fragment  is  at  least  as  small  as  that  of  an}^  other. 

The  two  fundamental  construction  principles  (PI  and  P2)  for  shortest 
connection  networks  can  now  be  stated  as  follows: 

Principle  1  —  Any  isolated  ierminal  can  he  connected  to  a  nearest 
neighbor. 

Principle  2  —  Any  isolated  fragment  can  be  connected  to  a  nearest 
neighbor  by  a  shortest  available  link. 

For  example,  the  next  steps  in  the  incomplete  construction  of  Fig.  2 
could  be  any  one  of  the  following: 

(1)  add  link  9-2  (PI  applied  to  Teiin.  9) 
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(2)  add  link  2-9  (PI  applied  to  Term.  2) 

(3)  add  link  4-8  (PI  applied  to  Term.  4) 

(4)  add  link  8-4  (P2  applied  to  frag.  3-8) 

(5)  add  link  1-9  (P2  applied  to  frag.  1-6-7-5). 

One  possible  sequence  for  completing  this  construction  is:  4-8  (Pi),  8-2 
(P2),  9-2  (PI),  and  1-9  (P2).  Another  is:  1-9  (P2),  9-2  (P2),  2-8  (P2), 
and  8-4  (P2). 

As  a  second  example,  the  construction  of  the  network  of  Fig.  1  could 
have  proceeded  as  follows:  Olympia-Salem  (PI),  Salem-Boise  (P2),  Boise- 
Salt  Lake  City  (P2),  Helena-Boise  (PI),  Sacramento-Carson  City  (PI), 
Carson  City-Boise  (P2),  Salt  Lake  City-Denver  (P2),  PhoenLx-Santa  Fe 
(PI),  Santa  Fe-Denver  (P2),  and  so  on. 

The  kind  of  intermixture  of  apphcations  of  PI  and  P2  demonstrated 
here  is  very  efficient  when  the  shortest  connection  network  is  actually 
being  laid  out  on  a  map  on  which  the  given  terminal  set  is  plotted  to 
scale.  With  only  a  few  minutes  of  practice,  an  example  as  complex  as 
that  of  Fig.  1  can  be  solved  in  less  than  10  minutes.  Another  mode  of 
procecku'e,  making  less  use  of  the  flexibihty  permitted  by  the  construc- 
tion principles,  involves  using  PI  only  once  to  produce  a  single  frag- 
ment, which  is  then  extended  by  successive  applications  of  P2  until  the 
network  is  completed.  This  highly  systematic  variant,  as  will  emerge 
later,  has  advantages  for  computer  mechanization  of  the  solution  proc- 
ess. As  applied  to  the  example  of  Fig.  1,  this  algorithm  would  proceed 
as  follows  if  Sacramento  were  the  indicated  initial  terminal:  Sacramento- 
Carson  City,  Carson  City-Boise,  Boise-Salt  Lake  City,  Boise-Helena, 
Boise-Salem,  Salem-Olympia,  Salt  Lake  City-Denver,  Denver-Cheyenne, 
Denver-Santa  Fe,  and  so  on. 

Since  each  application  of  either  PI  or  P2  reduces  the  total  number 
of  isolated  terminals  and  fragments  by  one,  it  is  evident  that  an  A^-ter- 
minal  network  is  connected  by  N-1  applications. 

III.    VALIDATION  OF  CONSTRUCTION  PRINCIPLES 

The  validity  of  PI  and  P2  depends  essentially  on  the  establishment 
of  two  necessary  conditions  (NCl  and  NC2)  for  a  shortest  connection 
network  (SCN) : 

Necessary  Condition  1  —  Every  terminal  in  a  SCN  is  directly  con- 
nected to  at  least  one  nearest  neighbor. 

Necessary  Condition  2  —  Every  fragment  in  a  SCN  is  connected  to  at 
least  one  nearest  neighbor  by  a  shortest  available  path. 

To  simplify  the  argument,  it  will  at  first  be  assumed  that  all  distances 
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between  terminals  are  different,  so  that  each  terminal  or  fragment  has 
a  single,  uniquely  defined,  nearest  neighbor.  This  restriction  will  be 
removed  later. 

Consider  first  NCI.  Suppose  there  is  a  SCN  for  which  it  is  untrue. 
Then  [Fig.  3(a)]  some  terminal,  t,  in  this  network  is  not  directly  joined 
to  its  nearest  neighbor,  n.  Since  the  network  is  connected,  t  is  necessarily 
joined  directly  to  some  one  or  more  terminals  other  than  n  —  say  /i  , 
•  •  ■  ,fr  ■  For  the  same  reason,  n  is  necessarily  joined  through  some  chain, 
C,  of  one  or  more  links  to  one  of  /i  ,  •  •  • ,  fr  —  say  to  fk  .  Now  if  the  link 
t  —  fh  is  removed  from  the  network  and  the  link  t  —  n  is  added  [Fig.  3(b)], 
the  connectedness  of  the  network  is  clearty  not  destroyed — fk  being 
joined  to  t  through  7i,  and  C,  rather  than  directly.  However,  the  total 
length  of  the  network  has  now  been  decreased,  because,  by  hypothesis, 
t  —  nis  shorter  than  t  —  fk  ■  Hence,  contrary  to  the  initial  supposition,  the 
network  contradicting  NCl  could  not  have  been  the  shortest,  and  the 
truth  of  NCI  follows.  From  NCl  follows  PI,  which  merely  permits  the 
addition  of  links  which  NCl  shows  have  to  appear  in  the  final  SCN. 

Turning  now  to  NC2,  the  above  argument  carries  over  directly  if  t 
is  thought  of  as  a  fragment  of  the  supposed  contradictory  SCN,  rather 
than  as  an  individual  terminal  —  pro^'ided,  of  course  that  the  t  —  n  link 
substituted  for  t  —  fk  is  the  shortest  link  from  n  to  any  of  the  terminals 
belonging  to  t.  From  the  validity  of  NC2  follows  P2  —  again  the  links 
whose  addition  is  permitted  by  P2  are  all  necessary,  by  NC2,  in  the 
final  SCN. 

The  temporary  restrictive  assumption  that  no  two  inter-terminal 
distances  are  identical  must  now  be  removed.  A  reappraisal  of  the 
proofs  of  NCl  and  NC2  shows  that  they  are  still  valid  if  n  is  not  the 
only  terminal  at  distance  t  —  n  from  /,  for  in  the  supposedly  contradictory 
network  the  distance  t  —  fk  must  be  greater  than  t  —  n.  What  remains  to  be 
established  is  that  the  length  of  the  final  connection  network  residting 


Fig.  3  —  Schematic  demonstration  of  NCl. 
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from  successive  applications  (A^  —  1  for  N  terminals)  of  PI  and  P2  is 
independent  of  which  nearest  neighbor  is  chosen  for  connection  at  a 
stage  when  more  than  one  nearest  neigh))or  to  an  isolated  terminal  or 
t  is  available.  This  is  a  consequence  of  the  following  considera- 
tions: For  a  prescribed  terminal  set  there  are  only  a  finite  number  of 
connection  networks  (certainly  fewer  than  Cn'^i~^''''^  —  the  number  of 
distinct  ways  of  choosing  A^  —  1  links  from  the  total  of  A^(A^  —  l)/2  possible 
links) .  The  length  of  each  one  of  this  finite  set  of  connection  networks  is 
a  continuous  function  of  the  individual  interterminal  distances,  dij  (as  a 
matter  of  f  ct,  it  is  a  linear  function  with  coefficients  0  and  1).  With 
the  dij  specified,  the  length,  L,  of  a  shortest  connection  network  is 
simply  the  smallest  length  in  this  finite  set  of  connection  network 
lengths.  Therefore  L  is  unicjuely  determined.  (It  may,  of  course,  be 
associated  with  more  than  one  of  the  connection  networks.)  Now,  if  at 
each  stage  of  construction  employing  PI  and  P2  at  which  a  choice  is  to 
be  made  among  two  or  more  nearest  neighbors  rii  ,  ■  •  • ,  n^  of  an  isolated 
terminal  (or  fragment)  t,  a  small  positive  quantity,  e,  is  subtracted  from 
any  specific  one  of  the  distances  d,„j  ,  •  •  •,  dm,  —  say  from  dm^  —  the 
construction  will  be  uniciuely  determined.  The  total  length,  L',  of  the 
resulting  SCN  for  the  modified  problem  will  now  depend  on  e,  as  well 
as  on  the  dtj  of  the  original  terminal  set.  The  dependence  on  e  will  be 
continuous,  however,  because  the  minimum  of  a  finite  set  of  continuous 
functions  of  e  (the  set  of  lengths  of  all  connection  networks  of  the  modi- 
fied problem)  is  itself  a  continuous  function  of  e.  Hence,  as  e  is  made 
vanishingly  small,  L'  approaches  L,  regardless  of  which  "nearest  neigh- 
bor" links  were  chosen  for  shortening  to  decide  the  construction. 

IV.    ABSTRACTION   AND    GENERALIZATION 

In  the  examples  of  Figs.  1  and  2,  the  terminal  set  to  be  connected  was 
represented  by  points  on  a  distance-true  map.  The  decisions  involved 
in  applying  PI  and  P2  could  then  be  based  on  visual  judgements  of 
relative  distances,  perhaps  augmented  by  application  of  a  pair  of  di- 
viders in  a  few  close  instances.  These  direct  geometric  comparisons  can 
of  course,  be  replaced  by  numerical  ones  if  the  inter-terminal  distances 
are  entered  on  the  terminal  plot,  as  in  Fig.  4(a).  The  application  of  PI 
and  P2  goes  through  as  before,  with  the  relevant  "nearest  neighbors" 
determined  bj^  a  comparison  of  numerical  labels,  rather  than  by  a 
geometric  scanning  process.  For  example,  Pi  applied  to  Terminal  5  of 
Fig.  4(a)  yields  the  Link  5-6  of  the  SCN  of  Fig.  4(b),  because  4.6  is 
less  than  5.6,  8.0,  8.5,  and  5.1,  and  so  on. 
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When  the  construction  of  shortest  connection  networks  is  thus  reduced 
to  processes  involving  only  the  numerical  distance  labels  on  the  various 
possi))le  links,  the  actual  location  of  the  points  representing  the  various 
terminals  in  a  graphical  representation  of  the  problem  is,  of  course, 
inconsequential.  The  problem  of  Fig.  4(a)  can  just  as  well  be  represented 
by  Fig.  5(a),  for  example,  and  PI  and  P2  applied  to  obtain  the  SCX 
of  Fig.  5(b).  The  original  metric  problem  concerning  a  set  of  points  in 
the  plane  has  now  been  abstracted  into  a  problem  concerning  labelled 
graphs.  The  correspondence  between  the  terminology  employed  thus 
far  and  more  conventional  language  of  Graph  Theory  is  as  follows: 

terminal  <-^  vertex 

possible  link  <-^  edge 

length  of  link  <->  "length"  (or  "weight")  of  edge 

connection  network  <-^  spanning  subgraph 

(without  closed  loops)  <-^  (spanning  subtree) 


(a) 


Fig.  4  —  Example  of  a  shortest  spanning  subtree  of  a  complete  labelled  graph. 
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Fig.  5  —  Example  of  a  shortest  spanning  sul)trec  of  a  complcto  lal)ellpd  grai)h 


1396       THE    BELL    SYSTEM   TECHNICAL   JOURNAL,    NOVEMBER    1957 

shortest  connection  network  <-^  shortest  spanning  subtree 

SCN  ^  SSS 
It  will  be  useful  and  worthwhile  to  carry  over  the  concepts  of  "fragment" 
and  "nearest  neighbor"  into  the  graph  theoretic  framework.  PI  and  P2 
can  now  be  regarded  as  construction  principles  for  finding  a  shortest 
spanning  subtree  of  a  labelled  graph. 

In  the  originating  context  of  connection  networks,  the  graphs  from 
which  a  shortest  spanning  subtree  is  to  be  extracted  are  complete  graphs ; 
that  is,  graphs  having  an  edge  between  every  pair  of  vertices.  It  is 
natural,  now,  to  generalize  the  original  problem  by  seeking  shortest 
spanning  subtrees  for  arbitrary  connected  labelled  graphs.  Consider,  for 
example,  the  labelled  graph  of  Fig.  6(a)  which  is  derived  from  that  of 
Fig.  5(a)  by  deleting  some  of  the  edges.  (In  the  connection  network 
context,  this  is  equivalent  to  barring  direct  connections  between  certain 
terminal  pairs.)  It  is  easily  verified  that  NCI  and  NC2,  and  hence  PI 
and  P2,  are  valid  also  in  these  more  general  cases.  For  the  example  of 
Fig.  6(a),  they  yield  readily  the  SSS  of  Fig.  6(b). 

As  a  further  generalization,  it  is  not  at  all  necessary  for  the  validity 
of  PI  and  P2  that  the  edge  "lengths"  in  the  given  labelled  graph  be 
derived,  as  were  those  of  Figs.  4-6,  from  the  inter-point  distances  of 
some  point  set  in  the  plane.  PI  and  P2  will  provide  a  SSS  for  any  con- 
nected labelled  graph  with  any  set  of  real  edge  "'lengths."  The  "lengths" 
need  not  even  be  positive,  or  of  the  same  sign.  See,  for  example,  the 
labelled  graph  of  Fig.  7(a)  and  its  SSS,  Fig.  7(b).  It  might  be  noted  in 
passing  that  this  degree  of  generality  is  sufficient  to  include,  among 
other  things,  shortest  connection  networks  in  an  arbitrary  number  of 
dimensions. 

A  further  extension  of  the  range  of  problems  solved  b}'  PI  and  P2 
follows  trivially  from  the  obser\'ation  that  the  maximum  of  a  set  of 


C6)0 


C6)0 


(a)  (b) 

Fig.  6  —  Example  of  a  shortest  spanning  subtree  of  an  incomplete  labelled  graph. 
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real  numbers  is  the  same  as  the  negative  of  the  minimum  of  the  negatives 
of  the  set.  Therefore,  PI  and  P2  can  be  used  to  construct  a  longest 
spanning  subtree  by  changing  the  signs  of  the  "lengths"  on  the  given 
labelled  graph.  Fig.  8  gives,  as  an  example,  the  longest  spanning  subtree 
for  the  labelled  graph  of  Figs.  4(a)  and  5(a). 

It  is  easy  to  extend  the  arguments  in  support  of  NCI  and  NC2  from 
the  simple  case  of  minimizing  the  sum  to  the  more  general  problems  of 
minimizing  an  arbitrary  increasing  symmetric  function,  or  of  maximizing 
an  arbitrary  decreasing  symmetric  function,  of  the  edge  "lengths"  of  a 
spanning  subtree.  (A  sjanmetric  function  of  n  variables  is  one  whose 
value  is  unchanged  by  any  interchanges  of  the  variable  values;  e.g., 
.ri  +  X2  +  •  •  •  +  .T„ ,  Xi  Xo  •  •  •  Xn ,  sin  2.ri  +  sin  2.r2  +  •  •  •  +  sin  2.r„ , 
(.ri^  +  x-i^  +  •  •  •  +  Xn^y'~,  etc.)  From  this  follow  the  non-trivial  generali- 
zations. 

The  shortest  spanning  siibtree  of  a  connected  labelled  graph 
also  minimizes  all  increasing  sjanmetric  functions,  and  maxi- 
mizes all  decreasing  symmetric  functions,  of  the  edge  "lengths." 


(a) 


Fig.  7  —  Example  of  a  shortest  spanning  subtree  of  a  labelled  graph  with 
some  "lengths"  negative. 


®o      -^      0® 


Fig.  8 
5(a). 


The  longest  spanning  subtree  of  the  labeled  graph  of  Figs.  4(a)  and 
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The  longest  spanning  subtree  of  a  connected  labelled  graph 
also  maximizes  all  increasing  symmetric  functions,  and  mini- 
mizes all  decreasing  symmetric  functions,  of  the  edge  "lengths." 

For  example,  with  positive  ''lengths"  the  same  spanning  subtree  that 
minimizes  the  sum  of  the  edge  "lengths"  also  minimizes  the  product  and 
the  square  root  of  the  sum  of  the  squares.  At  the  same  time,  it  maximizes 
the  sum  of  the  reciprocals  and  the  product  of  the  arc  cotangents. 

It  seems  likely  that  these  extensions  of  the  original  class  of  problems 
soluble  by  PI  and  P2  contain  many  examples  of  practical  interest  in 
quite  different  contexts  from  the  original  connection  networks.  A  not 
entirely  facetious  example  is  the  following:  A  message  is  to  be  passed 
to  all  members  of  a  certain  underground  organization.  Each  member 
knows  some  of  the  other  members  and  has  procedures  for  arranging  a 
rendezvous  with  anyone  he  knows.  Associated  with  each  such  possible 
rendezvous  —  say  between  member  "^"  and  member  "/"  —  is  a  certain 
probability,  pij  ,  that  the  message  will  fall  into  hostile  hands.  How  is 
the  message  to  be  distributed  so  as  to  minimize  the  over-all  chances  of 
its  being  compromised?  If  members  are  represented  as  vertices,  possible 
rendezvous  as  edges,  and  compromise  probabilities  as  "length"  labels 
in  a  labelled  graph,  the  problem  is  to  find  a  spanning  subtree  for  which 
1  —  n(l  —  Pij)  is  minimized.  Since  this  is  an  increasing  symmetric 
function  of  the  p,:/'s,  this  is  the  same  as  the  spanning  subtree  minimiz- 
ing 2  Pij ,  and  this  is  easily  found  by  PI  and  P2. 

Another  application,  closer  to  the  original  one,  is  that  of  minimizing 
the  lengths  of  wire  used  in  cabling  panels  of  electrical  equipment.  Re- 
strictions on  the  permitted  wiring  patterns  lead  to  shortest  connection 
network  problems  in  which  the  effective  distances  between  terminals 
are  not  the  direct  terminal-to-terminal  distances.  Thus  the  more  general 
viewpoint  of  the  present  section  is  applicable. 

V.    COMPUTATIONAL   TECHNIQUE 

Return  now  to  the  exemplary  shortest  connection  network  problem 
of  Figs.  4(a)  and  5(a)  which  served  as  the  center  for  discussion  of  the 
arithmetizing  of  the  metric  factors  in  the  Basic  Problem.  It  is  evident 
that  the  actual  drawing  and  labelling  of  all  the  edges  of  a  complete 
graph  will  get  very  cumbersome  as  the  number  of  vertices  increases  — 
an  A^-vertex  graph  has  (l/2)(N^  —  N)  edges.  For  large  N,  it  is  convenient 
to  organize  the  numerical  metric  information  in  the  form  of  a  distance 
table,  such  as  Fig.  9,  which  is  equivalent  in  content  to  Fig.  4(a)  or  Fig. 
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5(a).  (A  distance  table  can  also  be  prepared  to  represent  an  incomplete 
labelled  graph  by  entering  the  length  of  non-existent  edges  as  oo .) 

When  it  is  desired  to  determine  a  shortest  connection  network  directly 
from  the  distance  table  representation  —  either  manually,  or  b}^  machine 
computation  —  one  of  the  numerous  particular  algorithms  obtainable 
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Fig.  9  —  Di.stance  table  equivalent  of  Figs.  4(a)  and  5(a). 
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Fig.  10  —  Illustrative  computational  determination  of  a  shortest  connection 
network. 
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by  restricting  the  freedom  of  choice  allowed  by  PI  and  P2  is  distinctly 
superior  to  other  alternatives.  This  variant  is  the  one  in  which  PI  is 
used  but  once  to  produce  a  single  isolated  fragment,  which  is  then  ex- 
tended by  repeated  applications  of  P2. 

The  successive  steps  of  an  efficient  computational  procedure,  as  ap- 
plied to  the  example  of  Fig.  9,  are  shown  in  Fig.  10.  The  entries  in  the 
top  rows  of  the  successive  F  tables  are  the  distances  from  the  connected 
fragment  to  the  unconnected  terminals  at  each  stage  of  fragment  growth. 
The  entries  in  parentheses  in  the  second  rows  of  these  tables  indicate 
the  nearest  neighbor  in  the  fragment  of  the  external  terminal  in  question. 
The  computation  is  started  by  entering  the  first  row  of  the  distance 
table  into  the  F  table  (to  start  the  growing  fragment  from  Terminal  1). 
A  smallest  entry  in  the  F  table  is  then  selected  (in  this  case,  2.8,  asso- 
ciated with  External  Terminal  4  and  Internal  Terminal  1).  The  link  1-4 
is  deleted  from  the  F  table  and  entered  in  the  Solution  Summary  (Fig. 
11).  The  remaining  entries  in  the  first  stage  F  table  are  then  compared 
with  the  corresponding  entries  in  the  "4"  row  of  the  distance  table 
(reproduced  beside  the  first  F  table).  If  any  entry  of  this  "added  ter- 
minal" distance  table  is  smaller  than  the  corresponding  F  table  entry, 
it  is  substituted  for  it,  with  a  corresponding  change  in  the  parenthesized 
index.  (Since  3.4  is  less  than  5.2,  the  3  column  of  the  F  table  becomes 
3.4/(4).)  This  process  is  repeated  to  yield  the  list  of  successive  nearest 
neighbors  to  the  growing  fragment,  as  entered  in  Fig.  11.  The  F  and 
"added  terminal"  distance  tables  grow  shorter  as  the  number  of  un- 
connected terminals  is  decreased. 

This  computational  procedure  is  easily  programmed  for  an  automatic 
computer  so  as  to  handle  c^uite  large-scale  problems.  One  of  its  advan- 
tages is  its  avoidance  of  checks  for  closed  cycles  and  connectedness. 
Another  is  that  it  never  requires  access  to  more  than  two  rows  of  distance 
data  at  a  time  —  no  matter  how  large  the  problem. 


SOLUTION   SUMMARY 
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1  -  6 
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3.2 

6-5 

4.6 

Fig.  11  —  Solution  summary  for  computation  of  Fig.  10. 
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VI.    RELATED   LITERATURE   AND    PROBLEMS 

J.  B.  Kruskal,  Jr.'  discusses  the  problem  of  constructing  shortest 
spanning  subtrees  for  labelled  graphs.  He  considers  only  distinct  and 
positive  sets  of  edge  lengths,  and  is  primarily  interested  in  establishing 
imiciueness  under  these  conditions.  (This  follows  immediately  from  XCl 
and  NC2.)  He  also,  however,  gives  three  different  constructions,  or 
algorithms,  for  finding  SSS's.  Two  of  these  are  contained  as  special 
cases  in  PI  —  P2.  The  third  is  —  "Perform  the  following  step  as  many 
times  as  possible:  Among  the  edges  not  yet  chosen,  choose  the  longest 
edge  whose  removal  will  not  disconnect  them"  While  this  is  not  directly 
a  special  case  of  PI  —  P2,  it  is  an  obvious  corollary  of  the  special  case 
in  which  the  shortest  of  the  edges  permitted  by  PI  —  P2  is  selected  at 
each  stage.  Kruskal  refers  to  an  obscure  Czech  paper-  as  giving  a  con- 
struction and  uniqueness  proof  inferior  to  his. 

The  simplicity  and  power  of  the  solution  afforded  by  PI  and  P2  for 
the  Basic  Problem  of  the  present  paper  comes  as  something  of  a  surprise, 
because  there  are  w^ell-known  problems  which  seem  quite  similar  in 
nature  for  which  no  efficient  solution  procedure  is  known. 

One  of  these  is  Steiner's  Problem :  Find  a  shortest  connection  network 
for  a  given  terminal  set,  with  freedom  to  add  additional  terminals 
wherever  desired.  A  number  of  necessary  properties  of  these  networks 
are  known^  but  do  not  lead  to  an  effective  solution  procedure. 

Another  is  the  Traveling  Salesman  Problem :  Find  a  closed  path  of 
minimum  length  connecting  a  prescribed  terminal  set.  Nothing  even 
approaching  an  effective  solution  procedure  for  this  problem  is  now 
known  (early  1957). 
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This  paper  concerns  itself  with  the  analysis  of  a  type  of  periodically 
switched  network  that  might  be  iised  in  time  multiplex  systems.  The  econom- 
ics of  the  situation  require  that  the  ratio  of  the  switch  closure  time  r  to  the 
switching  period  T  he  small.  Using  this  assumption,  the  analysis  is  performed 
by  successive  appro.vimations.  More  precisely  the  zeroth  appro.vimation  to 
the  transmission  is  obtained  from  a  block  diagram  analogous  to  those  used 
in  .sampled  servomechanisms.  From  the  convergence  proof  of  the  successive 
appro.vimation  scheme,  it  follows  that  when  t/T  is  small,  the  zeroth  approxi- 
mation is  very  close  to  the  exact  transmission.  A  discussion  of  some  examples 
is  included. 
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I.  INTRODUCTION 

One  main  contributor  to  the  cost  of  transmission  circuits  is  the  trans- 
mission medium  itself.  Thus  it  is  important  to  share  the  transmission 
medium  among  as  many  messages  as  possible.  One  possible  method  is 
the  frequency  multiplex  where  each  message  vitilizes  a  different  frequency 
band  of  the  whole  band  available  in  the  medium.  An  alternate  method 
is  the  time  multiplex  where  each  message  is  assigned  a  time  slot  of  dura- 
tion T  and  has  access  to  that  time  slot  once  every  T  seconds.  It  is  obvious 
that  the  economics  of  the  situation  requires  that  r  be  as  small  as  possible 
and  T  as  large  as  possible  so  that  the  largest  possible  number  of  messages 
are  transmitted  over  the  medium.  For  this  very  reason  the  analysis  of 
periodically  switched  networks  is  of  special  interest  in  the  case  where 
t/T  is  small. 

W.  R.  Bennett''  has  published  an  exact  analysis  of  this  problem  without 
any  restrictions  either  on  the  network  or  on  the  ratio  r/T.  It  is  believed, 
however,  that  the  analysis  presented  in  this  paper  will,  in  most  practical 
cases,  give  the  desired  answer  with  a  considerable  reduction  in  the 
amount  of  calculations.  The  simplification  of  the  analysis  is  mainly  a 
result  of  the  assumption  that  t/T  is  small. 

First  the  successive  approximation  method  of  solution  will  be  discussed 
in  general  terms.  Next  it  will  be  shown  that  the  zeroth  approximation 
to  the  transmission  through  the  network  can  be  obtained  from  the  gain 
of  a  block  diagram  analogous  to  those  used  in  the  analysis  of  sampled 
servomechanisms.  The  nature  of  the  zeroth  approximation  is  further 
clarified  by  some  general  discussion  and  some  examples.  Next  it  is  shown 
that  the  successive  approximations  converge.  The  convergence  proof  then 
suggests  some  slight  modifications  of  the  block  diagram  to  obtain  a  more 
accurate  solution. 

II.  DESCRIPTION    OF   THE    SYSTEM 

The  system  under  consideration  is  shown  on  Fig.  1.  It  consists  of  two 
reactive  networks  Ni  and  A''2  connected  through  a  switch  S  which  is  it- 
self in  series  with  an  inductance  /.  A^i  is  driven  at  its  terminal  pair  (1) 


Fig.  1  —  System  under  consideration. 


I 
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Resonant  circuit. 


by  a  current  source  h  which  is  shunted  by  a  one  ohm  resistor.  N2  is  also 
terminated  at  its  terminal  pair  (1)  by  a  one  ohm  resistor  R^  which  is  the 
load  resistor  of  the  system.  The  switch  S  is  periodically  closed  for  a  dura- 
tion T.  The  switching  period  is  T.  Thus  if  the  switch  is  closed  during  the 
interval  (0,  r)  it  will  be  closed  during  the  intervals  (nT,  nT  +  r)  for 
n  =  1,  2,  3,  •  •  •  .  The  inductance  t  is  selected  so  that  the  series  circuit 
sho^vn  on  Fig.  2  has  a  resonant  frequency  fr  =  1/2t;  i.e.,  the  time  r 
during  which  the  s^\-itch  is  closed  is  exactly  one-half  period  of  the  circuit 
of  Fig.  2. 

The  switch  S  acts  as  a  sampler  and,  as  a  result  of  the  well-known  modu- 
lating properties  of  sampled  systems,  the  sampling  period  T  must  be 
chosen  such  that  the  frequency  l/2r  is  larger  than  any  of  the  frequencies 
present  in  the  signals  generated  by  /o  .  Furthermore,  in  order  to  eliminate 
all  the  sidebands  generated  by  the  switching,  N2  must  have  a  high  in- 
sertion loss  for  all  frequencies  above  1/2  T  cps. 

In  the  analysis  that  follows  networks  Ni  and  A^2  will  be  assumed  to  be 
identical:  it  should,  however,  be  stressed  that  this  assumption  is  not 
necessar}?-  for  the  proposed  method  of  analysis.*  This  assumption  is 
made  because  in  the  practical  situation  which  motivated  this  analj'sis 
Ni  and  A'^2  were  identical  since  transmission  in  l^oth  directions  was  re- 
cjuired. 

In  order  for  the  system  under  consideration  to  achieve  the  maximum 
degree  of  multiplexing,  the  closure  time  r  of  the  switch  will  be  taken  as 
small  as  practically  possible  and  the  switching  period  T  as  large  as  pos- 
sible (consistent  with  the  bandwidth  of  the  signals  to  be  transmitted). 
As  a  result  the  ratio  t/T  is  very  small,  of  the  order  of  10~"  or  less  in  prac- 
tical cases.  Consequently  the  resonant  frequency /r  of  the  series  resonant 
circuit  sho^^^l  on  Fig.  2,  is  many  times  larger  than  any  of  the  natural 
frequencies  of  Ni  and  A^2  • 


*  The  modifications  required  for  the  case  where  -Vi  is  not  identical  to  N2  are 
given  in  Appendix  IV. 
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The  problem  i.s  to  determine  the  relation  between  K4  ,  the  voltage 
across  R^  ,  and  /o  . 


III.    METHOD    OF   SOLUTION 

Let  us  first  write  the  equations  of  the  system.  Obviously  the  equations 
will  depend  on  the  exact  configuration  of  the  networks  A'':  and  No  .  For 
simplicity  we  shall  write  them  for  the  case  where  .Vi  and  N2  are  dissipa- 
tionless  low-pass  ladder  networks.  As  will  become  apparent  later  this 
assumption  is  not  essential  to  the  argument.  What  is  essential,  however, 
is  the  fact  that  both  A^i  and  N->  should  start  (looking  in  from  the  switch) 
with  a  shunt  capacitor  C  and  a  series  inductance  L„  ,  the  element  value 
of  Ln  being  much  larger  than  (.  Using  a  method  of  analysis  advocated 
by  T.  R.  Bashkow,'^  we  obtain,  for  the  network  of  Fig.  3,  the  equations: 


J   dii 


Rii  —  i'2  +  Rio 


Ci 


dv2 
dt 


t\    -    l2 


>  L 


^     dVn    _     .  _     . 

dt 

di 
dt 


(l.a) 


C^^  =  in  -  iA{t)      (Lb)  ] 
dt 

t  ^  =  k  -  e,]A(t)     (Lc)  }  R 
dt 

c^'  =  iMt)  -i,:  (Ld) 

dt 


r     din  t 

Ln  -jr     =    es    —    Vn 

at 

CdVn      .    /    .   / 
n       J,                'n  In  —1 

dt 


>  h 


Ci  -7-    =  li    —  i\ 
dt 

T    dii  ,        j3  .  / 

Lx  -^   =  V2    —  RlIi 
dt 


(1) 


1408       THE    BELL   SYSTEM   TECHNICAL   JOURNAL,    NOVEMBER    1957 

where 

A(0  =    E   Ht  -  kT)  -  u{t  -  kT  -  t)],  (2) 


+00 

z 

fc= — 00 

with         u{t)  =  1     for     ^  >  0,     and     u{t)  =  0     for     t  <  0 


This  system  of  linear  time  varying  equations  may  be  broken  up  into 
three  sub-systems  /«  ,  R  and  h  .  It  is  this  subdivision  that  suggests  a 
successive  approximation  scheme  that  will  be  shown  to  converge  to  the 
exact  solution. 

The  zeroth  approximation  is  obtained  as  follows:  when  the  switch  is 
closed,  i.e.,  A(^)  =  1,  the  resonant  current  ir  is  much  larger  than  the  cur- 
rents in  and  i,/.  Thus,  during  the  switch  closure  time,  in  and  in'  are  neg- 
lected with  respect  to  ir  in  (l.b)  and  (l.d).  Hence  when  A(0  =  1  the 
system  R  may  be  solved  for  ir{t),  €2(1)  and  es(t)  in  terms  of  the  initial 
conditions.  The  resulting  function  €2(1)  and  given  function  io{t)  are  then 
the  forcing  functions  of  the  system  /a.  The  other  function  es{t)  is  the 
forcing  function  of  the  system  /b.  Under  these  assumptions,  the  periodic 
steady-state  solution  corresponding  to  an  applied  current  io{t)  =  /oc'" 
is  easily  obtained. 

The  zeroth  approximation  will  be  distinguished  by  a  subscript  "0". 
Thus  iro{t)  is  the  (steady  state)  zeroth  approximation  to  the  exact  solu- 
tion ir{t). 

The  first  approximation  will  be  the  solution  of  the  system  (1),  pro- 
vided that  during  the  switch  closure  time  the  functions  in{t)  and  in'{t) 
in  (l.b)  and  (l.d)  are  respectively  replaced  by  the  known  functions 
ino{t)  andino'it).  And,  more  generall}^,  the  {k  +  l)th  approximation  will 
be  the  solution  of  (1)  provided  that  during  the  switch  closure  time,  the 
functions  in{t)  and  in(t),  in  (l.b)  and  (l.d),  are  respectively  replaced  by 
the  known  solutions  for  ^„(0,  and  in'it)  given  by  the  Ath  approximation 
It  will  be  shown  later  that  this  successive  approximation  scheme  con- 
verges. Let  us  first  describe  a  simple  method  for  obtaining  the  zeroth 
approximation. 

IV.   THE   ZEROTH    APPROXIMATION 

4.1  Introduction 

The  problem  is  to  obtain  the  steady-state  solution  of  (1)  under  the 
excitation  io{t)  =  /oe'"'.  Using  the  approximations  indicated  above, 
during  the  switch  closure  time  (that  is  when  A(^)  =  1)  the  system  R 
becomes 
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C 

f 


de2 
~dt 

dir 
dt 


-ir(t)A(t), 
[e.  -  c-Mt), 


c^«  =  aoA(o. 


(3) 
(4) 
(5) 


Differentiating  the  middle  equation  and  eliminating  de^/dt  and  dez/dt 
we  get  f  or  0  ^  /  <  r : 


d  ir 


^zVA(o  +  -J  h(/)  -  c,mm 


(0) 


in  which  we  used  the  notation  bit)  for  the  Dirac  function  and  the  knowl- 
edge that 


dA{t) 
di 


=  5(0   -  bit  -  r). 


(7) 


Equation  (6)  represents  the  behavior  of  the  resonant  circuit  of  Fig.  2 
for  the  following  initial  conditions: 


i(0+)  =  0, 
(/tV(0  +  )       cM  -  e^m 


dt 


I 


(8) 

(9) 


In  Appendix  I  it  is  shown  that  the  resulting  current  ir{t)  is,  for  the  in- 
terval 0  ^   /   <   T, 


where 


m  =  ch(o)  -  cM]si{t), 


IT       .       TTl  1  .  ,        r  r\     ^     , 

— -  sm  —  =  -  0)0  Sill  coof     tor     0  <  /  <  r 
Si(  )   =\'^r  r         2 

0  elsewhere 


(10) 


(11) 


with 


■K 


Wo 


(C 


(12) 


Thus  the  zeroth  approximation  to  the  exact  ir{t)  is  given  for  the  interval 
0  ^  /  ^  r  by 


iM  =  C[em  -  f3(0)]si(/). 


(13) 
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We  shall  now  show  that  the  zeroth  approximation  may  be  conveniently 
ol)tained  from  the  block  diagram  of  Fig.  4. 

4.2  Description  of  the  Block  Diagram 

All  the  blocks  of  the  block  diagram  are  unilateral  and  their  correspond- 
ing transfer  functions  are  defined  in  the  following.  Capital  symbols  repre- 
sent ^-transform  of  the  corresponding  time  functions,  thus  /o(p)  is  the 
£-transform  of  in(/). 

Referring  to  Fig.  1, 


Z,,{v)   = 


E,{v) 
hip) 


lr=0 


Thus  Znip)  represents  the  transfer  impedance  of  A^i  when  its  output  is 
open-circuited  (i.e.,  Ir  =  0).  Since  A''!  and  N2  are  identical  we  also  have, 
from  /?i  =  1  and  reciprocity,  Znip)  =  Ei/Ir,  where  Ir  is  the  cur- 
rent entering  A? . 

The  impulse  modulator  is  periodically  operated  every  T  seconds, 
and  has  the  property  that  if  its  input  is  a  continuous  function  f{t)  its 
output  is  a  sequence  of  impulses: 

x;/(0  5(/  -  i-T). 


The  transfer  function  Sx{p)  is  defined  by 


>Si(p)   =  £[si(0]  =  - 


Wo 


p"  +  coo 


cosh  -?  e-'"\ 


(14) 


Let  Z{p)  be  the  driving  point  impedance  at  the  terminal  pair  (2)  of  A^  . 
It  is  also  that  of  Nt  since  Ai  and  A'2  are  assumed  to  l)e  identical. 

Let  V{p)  be  the  output  of  the  first  block,  then,  by  definition,  V{p)  = 
Zn{p)h  ■  Let  v{f}  be  the  corresponding  time  function.  The  voltage  v{t) 


Z,2 


v(p) 


IMPULSE 
MODULATOR 


<^ 


-fO 


CS,(p) 


2Z(p) 


-12 


note: 

all  blocks  are  unilateral 


Fig.  4  —  Zeroth-approximation  block  diagram. 
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is  the  output  voltage  of  Ni  ,  when  A''!  is  excited  by  the  current  source 
/o  and  the  switch  S  remains  open  at  all  times. 

4.3  Analysis  of  the  Block  Diagram 

For  simplicity,  vsuppose  that  the  system  starts  from  a  relaxed  condi- 
tion (i.e.,  no  energy  stored)  at  i  =  0.  Let  z{t)  =  £~\Z{p)].  Considering 
the  network  A'':  as  driven  by  io  and  zVo  ,  it  follows  that  the  voltage  ^2(0 
shown  on  Fig.  3  is  given  by 

620(0  =  v(t)  -    [  iM)z{t  -  t')  dt'.  (15) 


Similarly 


Thus 


ez,{t)  =   f    iM)z{t  -  t')  dt'.  (16) 


eM  -  eUt)  =  v(t)  -  2  [  ir,{t')z{i  -  t')  dt' .  (17) 

''0 

These  equations  have  been  derived  by  considering  Fig.  1.  They  could 
have  been  also  derived  from  the  block  diagram  of  Fig.  4  as  follows:  let 
/ro(p)  be  the  output  of  CSi{p).  x\s  a  result,  the  output  of  the  block 
2Z(p)  is  2Z(p)Iro{p).  When  this  latter  quantity  is  subtracted  from  V(p) 
one  gets  V(p)  —  2Z{p)Iro(p),  which  is  the  Jt^-transform  of  the  right-hand 
side  of  (17).  Referring  to  the  block  diagram  it  is  also  seen  that  this 
quantity  is  the  input  to  the  impulse  modulator. 

Thus  we  see  that  if  Iroip)  is  the  output  of  CSi{p),  then  the  input  of 
the  impulse  modulator  is  e^oit)  —  630(0  by  virtue  of  (17).  If  this  is  the 
case  the  output  of  CSi(p)  is  given  by  Cho(O)  -  e^o{0)]si{t) ,  iorO  ^t<T, 
which,  according  to  (9),  is  iro{t). 

Thus  the  block  diagram  of  Fig.  4  is  a  convenient  way  of  obtaining  the 
zeroth  approximation  to  the  periodic  steady-state  solution. 

In  order  to  use  the  techniques  developed  for  sampled  data  systems,  • 
we  introduce  the  following  notation.-  If  f{t)  =  ^~\F{p)],  then  we  define 
F*(p)  by  the  relation 

F*ip)  =  I    Z    I'(P  +  Jru^s),  (18) 


AN'here 


J-        H  =  - 


CO.   =  ^  .  (19) 
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If/(0+)  is  defined  by  lim/(e'),  then,  provided /(0  +  )  =  0,* 


«^o 


F*{p)   =  £ 


E/Wsa-  nT) 


n=0 


(20) 


Going  back  to  the  system  of  Fig.  4  we  get^ 

J,   (    ^    _  [Zn{p)hip)]*CS,{p)Zr2{p) 

""''^^^  1  +  2C[Sr{p)Z{p)]* 


(21) 


and 


Iroip)     = 


[Zn(p)h{p)]*CS,{p) 


(22) 


1  +2C[5i(p)Z(p)]*' 

where  according  to  the  notation  defined  by  (18) 

1      " 
[Z nip) hip)]*  =  Tj,    12    Znip  +  jnois)hip  +  jnc^s), 

1        71= — ZC 

-I  +00 

[Slip) Zip)]*  =  7p   S    Slip  -\-  Jnws)Zip  +  >co,). 

It  should  be  stressed  that  (21)  and  (22)  are  not  vaHd  when  r  is  made 
identical  to  zero.  When  r  =  0,  Siip)  =  1  for  all  p's  and  since  Zip)  '^ 
1/Cp  as  p  — >  3c  the  time  function  whose  transform  is  Zip)Siip)  is  differ- 
ent from  zero  at  /  =  0.  In  such  a  case  (20)  does  not  hold.  From  a  physi- 
cal point  of  view,  the  feedback  loop  of  Fig.  4  is  unstable  when  r  is  identi- 
cally zero  since  an  impulse  generated  by  the  impulse  modulator 
produces  instantaneously^  a  step  at  the  input  of  the  impulse  modulator. 
This  step  causes  an  instantaneous  jump  in  the  measure  of  the  impulse 
at  the  output  of  the  impulse  modulator  and  so  on.  In  short  the  feedback 
loop  is  unstable. 

It  should  be  pointed  out  that  if  the  power  density  spectrum  of  h  is 
zero  for  frequencies  higher  than  cos/2,  (21)  reduces  to 


h 


1 


CSiip)Ziiip) 


for     \p\  < 


COs 


(23) 


T\  +  2C[Siip)Zip)]*     '"-     '"  '    ^  2 
For  certain  applications  it  is  convenient  to  rewrite  (21)  in  a  slightly 


by 


*  When/(0),  as  defined  above,  is  different  from  zero,  (20)  should  be  replaced 


£ 


23  /(/)  i{t  -  nT) 

n=0 


=  F*ip)   +-/(0+). 
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different  form.  Advancing  the  time  function  Si{t)  by  t/2  seconds,  one 
gets  the  function  So{t)  which  is  even  in  t.  As  a  result  its  transform  So{p) 
is  purely  real,  that  is, 

Soip)  =     ^  ^°    g  cosh  ^. 
p  -\-coo  ^ 

From  an  analysis  carried  out  in  detail  in  Appendix  IV  we  finally  obtain 

^^°^^^=  2[Z(p)So(p)]* •  ^'^^ 

It  should  be  pointed  out  that  (23)  is  still  valid  when  r  =  0.  Equations 
(20)  and  (23)  give  the  zeroth  approximation  to  the  gain  of  the  system 
for  any  driving  current  nit). 

In  many  cases  it  is  sufficient  to  know  only  the  steady-state  response 
Eioip)  to  an  input  io{t)  =  /oe^"^' .  The  response  Eio(p),  as  given  by  (23) 
[or  (20)]  includes  both  transient  and  steady-state  terms.  Since  hip)  = 

^-r—  equation  (24)  gives 

P  -  J^o 

(^    E   Zuip  +  jnco.)      ^  /" r-)  So{p)Zn{p) 

^"^^^ 2[Z{p)So(p)]* •      ^^"^ 

Since  neither  So(p)  nor  Ziiip)  have  poles  on  the  imaginary  axis,  the 
steady  state  includes  only  the  terms  corresponding  to  the  imaginary 
axis  poles  of  the  summation  terms.  Thus  the  steady-state  response  is  of 
the  form 


where,  from  (25), 

2   X)    Zijuo  +  j(k  -  ti)cos]So[j(jOQ  +  j{k  -  n)a).v] 


.     _           IoZi2(,j^(i)So(juo  —  jnuis)Zr2U^o  —  Jnc*}s)  .. 

^«  -  ■     +^ ■  .       (26) 


V.   TRANSMISSION    LOSS 

A  practically  important  question  is  to  find  out  a  priori  whether  a 
switched  filter  necessarily  introduces  some  transmission  loss. 

The  following  considerations  apply  exclusively  to  the  zeroth  order 
approximation.  It  will  be  shown  that  assuming  ideal  elements,  the  trans- 
mission at  dc  may  have  as  small  a  loss  as  desired. 
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By  transmission  at  dc  we  mean  the  ratio  of  the  dc  component  of  the 
steady  state  output  voltage  to  the  intensity  of  the  applied  direct  current. 
Thus  we  refer  to  (26)  and  set  coo  =  0  and  n  =  0.  Suppose  the  lossless 
networks  Ni  and  A^2  are  designed  so  that  their  transfer  impedance  Zu 
is  of  the  Butter  worth  type,  that  is 

I  Zuiju)  p  = 


1    +    C02^' 

where  for  our  purposes  AI  is  a  large  integer. 

In  the  following  sum,  which  is  the  denominator  of  (26)  when  coo  = 
n  =  0 

2    E    Z{jkc,.)So{jko::), 

k=—<x 

(where  co,.  >  2  since  the  cutoff  of  the  networks  N  occurs  at  w  =  1),  the 
terms  corresponding  to  values  of  /c  f^  0  will  make  a  contribution  that 
vanishes  as  M  -^  x  .  This  is  a  consequence  of  the  following  facts : 

(a)  Re[Z(jA-coJ]  =  |  Zuijkuis)  \  ,  since  the  networks  A^i  and  A^2  are 
dissipationless.  Hence  for  k  ^  0  and  as  M  ^  ^o  Re[Z(yAws)]  -^  0, 

(b)  lm[Z{jko:S\    =    -Im[Z(-iA-a;.)], 

(c)  So{jo})  is  real. 

Thus  the  imaginary  part  of  the  products  Z{jkus)So(jkws)  cancel  out  and 
the  real  part  (for  k  7^  0)  decreases  exponentially  to  zero  as  ilf  -^  oc . 
Hence  for  sufficiently  large  M  the  denominator  of  (26)  may  be  made  as 
close  to  two  as  desired. 

It  is  easy  to  check  that  the  numerator  of  (26)  reduces  to  7o ,  the  in- 
tensity of  the  applied  direct  current.  Therefore  the  ratio  of  A^ ,  the  dc 
component  of  the  output  voltage  to  /o  may  be  made  as  close  to  one-half 
as  desired. 

VI.   A   SIMPLE    EXAMPLE 

Since  the  approximate  formulae  derived  in  Section  IV  are  somewhat 
unfamiliar  it  seems  proper  to  consider  in  a  rather  detailed  manner  a 
simple  example.* 

Consider  the  system  of  Fig.  5.  Assume  that  the  current  source  applies 
a  constant  current  to  the  system  and  assume  that  the  steady  state  is 
reached.  For  simplicity  let  hR  =  E. 

The  steady-state  behavior  of  the  voltages  ^^2(0   and   e:i{t)    =   €4(1)  is 

*  In  addition,  the  limiting  case  of  the  sampling  rate  — >  <»,  i.e.,  T"  — >  0,  is  treated 
in  Appendi.x  II. 
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C      <'R     e. 


Fig.  5  —  A  simple  example. 


V, +A 


Fig.  6  ■ —  Waveforms  of  the  network  of  Fig.  5. 

shown  on  Fig.  6.  It  is  further  assumed  that  the  duration  r  during  which 
the  switch  is  closed  is  negUgible  compared  to  T,  the  interval  between 
two  successive  closures. 

Let  64  be  the  average  value  of  the  steady-state  voltage  ei{t).  Thus  Ci 
is  equal  to  Ao  as  given  by  (26)  with  wo  =  n  =  0,  namely, 

_    ^  ^12^(0)   So(0) 

64    —    -to         +00 

2  2  ^(J/^'^s)  Soijkcos) 


In  this  particular  case 

Zip)  =  Zviip)  = 


R 


c- 


1  ^pRC  ,1 


Since  we  assume  r  to  be  infinitesimal  Soip)  and  Si{p)  ma}'  be  con- 
sidered equal  to  unity  over  the  band  of  interest.  Using  the  expansion 
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1  °° 

coth  2  =  -  +  ^ 


2z 


z  1    2^  +  nV^ ' 
we  obtain 

1    +°°               C"^  1 

^•W4g 1     ^2^"°"' 


(p  +  jnojs)  + 


"  +  m)1 


Hence 


i        —00 


,  =  .=  ^™*'>(2Sc) 


Thus  finally 


-^  ^  '''^^  =  £  ^  1  (27) 

This  last  result  obtained  from  the  theory  developed  above  is  now  going 
to  be  checked  directly.  Referring  to  Fig.  6,  where  the  notation  is  defined, 
and  noting  the  periodicity  of  the  boundary  conditions,  we  get 

{E  -  Vr)e-''"'''  =  E  -  {V,  +  A). 

Noting  that  ei{t)  =  (Vi  +  A)e''"''^,  and  solving  for  T'l  and  A  we  fin- 
ally get 

—  t/RC 

By  definition 


64 


E  RCl  -  r'"^'' 


T      1  +  e-^/«^  ' 
or 

RC  1 


e,  =  E 


coth  I  - 


\2RC/ 
This  last  equation  checks  with  (27). 

VII.  NUMERICAL  EXAMPLES 

Consider  the  network  of  Fig.  7.  The  cutoff  of  both  Ni  and  A''2  occurs 
at  w  =   1.  In  view  of  the  sampling  theorem  good  transmission  recjuires 
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2.0 


Fig.  7  —  Computed  transmission  loss. 

that  the  signal  be  sampled  at  a  rate  at  least  tmce  as  large  as  its  highest 
frequency  component.  Since  the  cutoff  occurs  at  w  =  1,  the  sampling 
angular  freciuency  should  at  least  be  ec^ual  to  2.  For  illustration  purposes 
we  have  taken  cos  =  2.67  and  co.,  =  5  for  the  angular  sampling  frequency 
The  value  cos  =  2.67  corresponds  to  a  cutoff  at  3  kc  and  a  sampling  rate, 
of  8  kc.  The  ratio  r/T  was  taken  to  be  1/125.  The  transmission  through 
the  switched  network  as  given  by  the  zeroth  approximation  is  shown  for 
both  cases  on  Fig.  7. 

As  expected  the  transmittance  of  the  switched  filter  gets  closer  to  that 
of  an  ordinary  filter  as  the  switching  frequency  increases. 

VIII.    THE    SUCCESSIVE    APPROXIMATION    SCHEME 


The  ideas  involved  in  the  successi^'e  approximation  scheme  are  simple 
and  straightforward.  One  point  remains  to  be  settled,  namely  the  con- 
vergence of  the  procedure. 

We  shall  assign  a  subscript  1  to  the  correction  to  be  applied  to  the 


1418       THE   BELL   SYSTEM   TECHNICAL   JOURNAL,    NOVEMBER    1957 

zeroth  approximation  in  order  to  obtain  the  first  approximation.  Thus 
adding  init)  to  iroit)  we  get  the  first  approximation  iro{t)  +  iriit).  More 
generally  the  A-th  approximation  is  ^„=otrn(0-  The  procedure  will  con- 
verge if,  in  particular,  the  infinite  series  22*=o^Vn(0  converges. 

8.1  Preliminary  Steps 

(a)  Let  us  normalize  the  frequency  (and  consequently  the  time)  so 
that  the  switching  period  T  is  unity.  Since  the  networks  A''!  and  N2  must 
have  high  insertion  loss  for  co  >  h{2Tr/T)  =  tt,  the  pass  band  of  A'^i  and 
N2  must  be  the  order  of  1  radian/sec.  As  a  result  the  element  values  of 
the  capacitor  C  and  the  inductance  L„  (see  Fig,  3)  are  also  0(1). 

(b)  For  the  excitation  io  =  e'"  ,  the  zeroth  approximation  derived 
above  may  be  written  in  terms  of  Fourier  components: 

■     /.\  iwt     V~*      7-  iiirkl 

Uo{t)  =  e       2^   lro,ke       , 

k=-K, 
+00 

tnoW  =  e       2^  ino.ke 

Let  Iro  denote  the  complex  conjugate  of  iVo  ,  then 

+00 

iroit)lro(t)     =        XI       IrO,kIrO,(e^'''    "  ^\ 

k,(=-ao 

Since  the  functions  e'"'  \k  —  •  •  •  —  1,  0,  1,  •  •  •  ]  are  orthonormal  over 
the  interval  (0,  1)  and  form  a  complete  set,  we  have  from  Bessel's  equal- 
ity: 

f    I  iM  \'dt  =    E    I  ho,k  I'-  =  A^(/.o), 

Jo  A=-oo 

where  N{Iro}  denotes  the  norm  of  the  vector  Iro  which  is  defined  by  its 
components  /,o,/t(/v  =  •  ■  •  —  1,  0,  +1  •  •  •  )•  Similarly, 

/.I  +00 

/       I   ino(t)  f   dt    =      ^      \   InO,k    1'    =    .V(/„o). 
Jo  k=-ac 

(c)  Since  the  switch  is  periodically  closed  we  shall  be  interested  in 
the  Fourier  series  expansion  of  A(/) : 

A(0   =  u(t)  -  u(t  -  r)   =  i:  A,c'''''\ 

—00 

where  Ao  =  r  and 

+00 
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Since  r/T  <<C  1,  and  since  the  frequency  has  been  normahzed  so  that 
T  =  1,  we  have  r  «  1. 
Using  the  convolution  in  the  frequency  domain,  we  have 

k=—<x>    \a=— 00  / 

If  we  introduce  the  infinite  matrix  G  defined  by 

Gik  =  A,_,.  ii,k=  -  X,  ...  ,  -1,  0,  +1,  •  •  •  x), 

the  convolution  may  be  represented  by  the  product,  GIno ,  where  /„o  is 
the  vector  whose  components  are  /„o,  a(A"  =  •  •  ■  —  1,  0,  1,  •  •  •). 

(d)  Considering  the  network  shown  on  Fig.  3,  let  E{p)  be  the  ratio  of 
In'iv)  to  Iriv)-  Taking  into  account  the  assumed  identity  between  A'^i 
and  A^2  it  follows  that 


+  In{v) 
Iriv) 


=  ^  =  E(V). 

70=0  Iriv) 


Using  the  system  of  (1)  and,  for  example,  by  Neumann  series  expan- 
sion of  the  inverse  matrix,  Ave  get 

(e)  Considering  now  the  effect  of  init)  and  in  it)  on  irit),  (42)  of 
Appendix  I  gives  Iriv)  ^s  a  function  of  Iniv)  ^^nd  In'iv)-  I^^  ^he  present 
discussion  where  we  are  interested  in  the  steady  state  of  irit)  it  is  es- 
sential to  keep  in  mind  that  since  the  switch  opens  at  i  =  r,  the  memory 
of  the  resonant  circuit  extends  only  over  an  interval  0  <  /  ^  r.  To  take 
this  into  account  we  must  modify  the  factor  (coo  /2)/(p"  +  wo")  of  (40), 
because  the  impulse  response  (which  represents  this  memory)  must  be 
identically  zero  for  t  >  t.  The  resulting  new  expression  is 

2 

Fiv)   =^.r^.e-'"^'~W-"  +  e--"'], 
or 

V    +  coo-  2 

Since  the  time  function  whose  transform  is  F(p)  is  non-negative  for  all 
fs  and  since  F(0)  =  1,  it  follows  that 

IF(ico)  I  ^  1.  (28) 


1420       THE    BELL   SYSTEM   TECHNICAL   JOURNAL,    NOVEMBER    1957 

8.2  Matrix  description  of  the  successive  approximations 

From  the  developments  of  Section  IV,  we  know  i,o{t),  i„o(t)  and  ino'it) 
or  what  is  equivalent,  the  vectors  Iro  ,  Ino  and  I„o'.  The  first  approxi- 
mation takes  into  account  the  effect  of  i„o{t)  and  t„u'(0  on  ir{t).  [See 
eciuation  (l.c)  and  (l.d)].  The  time  functions  i„o(0  and  z„o'(0  affect  the 
system  R  only  during  the  interval  (0,  r) .  Therefore  we  must  consider  the 
vector  G(I„o  +  /„o')  which  corresponds  to  the  excitation  of  the  resonant 
circuit.  Since  the  opening  of  the  switch  after  a  closure  time  r  forcibly 
brings  ir{t)  to  zero  we  have 

In  =  GFG{InO  +  Ino'),  (29) 

where  the  matrix  G  has  been  defined  above  and  the  matrix  F  is  a  diago- 
nal matrix  whose  diagonal  elements  Fa  (/.'  =  •••  —  1,  0,  +1  •••)  are 
defined  by  Fk  =  F(jco,  +  /27rA-).  Note  that  (28)  implies  that  |  F^  |  ^  1 
for  all  A-'s.  It  should  be  kept  in  mind  that  Iro  +  In  is  the  first  approxima- 
tion to  the  exact  Ir{p)- 

The  next  iteration  is  obtained  by  first  taking  into  account  the  effect 
of  In  on  the  rest  of  the  network: 

/„i  =  E  In  , 

(30) 

Inl      =    E  In  , 

where  E  is  a  diagonal  matrix  whose  elements  Ek  {k  =  •  •  ■  ,  —  1,  0,  +1, 
•  •  •)  are  defined  by  Ek  =  E{jus  +  27rAy),  and  then  the  effects  of  /„2 
and  In2  on  /,  ,  that  is, 

1,2  =  GFG{I,a  +  /„i'),  (31) 

combining  (30)  and  (31),  hi  =  2G  F  G  E  In  ■  A  repetition  of  the  same 
procedure  would  lead  to  la  —  2  G  F  G  E  Ir2 ,  and  in  general  Im  +  i  = 

2GFGE  Irn. 

Since  the  nth.  approximation  to  Ir(p)  is  given  by  the  sum  ^ILoIrk  , 
the  successive  approximation  scheme  will  be  conA'ergent  only  if  the  series 

converges.  This  will  be  the  case  if  and  only  if  the  series 

[\  -\-2GFGE  -^  ■■■  +  (2  G  F  G  F)"  +  •  •  •]/,!  (32) 

converges. 
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8.3  Convergence  Proof 

Consider  a  vector  X  of  bounded  norm  corresponding  to  a  time  func- 
tion x{0  having  the  property  that  x(t)  =  0  for  r  ^  f  ^  T  and  x(t)  9^  0 
for  0  <  ^  <  T.  In  the  above  scheme,  the  vector  .Y  would  be  /r„  .  Let  us 
define  the  vectors  F,  Z,  IJ  and  F  by  the  relations 

Y  =  EX,  (33) 
Z  ^  GY,  (34) 
U  =  FZ,  (35) 

V  =  2GU,  (36) 
hence 

V  =  2GFGEX.  (37) 

We  wish  to  show  that  N{V)  ^  aN(X)  with  a  <  1,  since  these  inequali- 
ties imply  that  the  infinite  series  (32)  converges. 

Since  (a)  A^i  and  A^  are  low-pass  filters  with  cutoff  ^  x  radians/sec, 
(b)  E{p)  =  1  for  p  =  0,  (c)  E{p)  ex  l/LnCp'  for  p  »  1,  only  a  few  of 
the  Ek's  will  be  of  the  order  of  unity  In  most  cases  E-i ,  Eq  ,  Ei  will  be 
smaller  than  unity,  thus, 

N(Y)  ^  NiX).  (38) 

In  view"  of  the  pulsating  character  of  x{t)  the  power  spectrum  of  x{t) 
is  almost  constant  up  to  frequencies  of  the  order  of  tt/t  radians/sec. 
Because  of  the  low-pass  characteristic  of  E{p),  the  function  y(t)  associ- 
ated with  the  vector  Y  is  smooth  in  comparison  to  x{t),  thus  from  (34), 

N{Z)  =   f   1  z{t)  {'  dt=  f  \  y{t)  I'  dt  =  arNiY), 
Jo  Jo 

where  a  =  0(1). 

Since  |  F,  ]  ^  1  for  all  k%  from  (33),  NiU)  ^  N{Z),  hence  N{U)  = 
hTN{Y)  with  h  =  0(1). 

N{U)  =  brNiY)     with     6  =  0(1). 

From  (36)  we  have 

N{V)  =  2  [    \  u{t)  I'  f//  ^  2  f    I  u{t)  \-  dt  =  2N{U). 

Jo  Jo 

Thus  we  finally  get 

N{V)  =  2bTN{Y)     where    6  =  0(1),  (39) 
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and  since  r  «  1  we  get  from  (38)  and  (39)  N(V)  =  aN{X)  with  a  <  1. 
Hence  the  convergence  is  estabhshed. 

IX.    A   MODIFICATION    OF   THE   BLOCK   DIAGRAM   TO    IMPROVE  THE  ZEROTH 
APPROXIMATION 

In  principle  it  is  possible  to  obtain  a  block  diagram  whose  transmission 
characteristic  is  equal  to  the  first  approximation.  In  many  cases  it  is 
not  necessary  to  go  that  far.  The  first  approximation  takes  into  account 
the  effect  of  the  currents  ino{t)  and  z„o'(0  on  the  resonant  circuit  of  Fig.  2. 
Since  during  the  switch  closure  time  the  currents  t„o  and  t,,n'  cannot  vary 
much,  let  us  assume  that  they  remain  constant  for  the  duration  of  the 
switch  closure. 

Referring  to  the  analysis  of  Appendix  I  and  to  (42)  in  particular,  we 
see  that  the  current  ir  is  increased  by 


8in{p)  = 


C^O^  4(0  —  )    +    in\0  —  ) 

p2  +  0)0^  2p 


or 


3i(0  =  C  ^^(Q-)  -  ^3(0-)  (1  _  ,^,  ^^^)         o^t<r. 


Defining  S^ip)  =  ^    {^{1  -  cos  cooO[;'(0  -  u{t  -   t)]},  or 

1 


S2{p)     = 


Wo 


{2p'    +    Wo")        -pT 

e      , 


2  p{p'  +  W)       2p{p'  +  coo^) 


I 


( 


E4(P) 


c[z„(p)Io(p)]*S,(p)+c[pZ,g(p)Io(p)]*S3(p) 
l  +  2c|[z(p)S,(p)]*+   [pZ(p)S2(p)]' 


Fig.  8  —  Modified  lilock  diagram. 
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and  recalling  that  the  input  of  the  impulse  modulator  of  Fig.  4  is 
eo{0)  —  ^3(0),  it  becomes  ob\'ious  that  the  modified  block  diagram  should 
be  that  given  by  Fig.  8.  The  output  of  the  modified  block  diagram  is 
given  by^ 

E  (n)   =  <"[^i2(?>)/o(p)]*-^i(?>)   +  C[pZr,(p)Io(p)]*SM 

'^^'  1  +  2C{[Z{v)S,{p)]*  +  [pZ{j>)SM]*\      ' 

X.    CONCLUSION 

Let  us  compare  the  method  of  solution  presented  above  with  the  more 
formal  approach  proposed  by  Bennett.  The  latter  method  leads  to  the 
exact  steady-state  transmission  through  a  network  containing  periodi- 
cally operated  switches.  This  method  is  perfectly  general  in  that  it  does 
not  require  any  assumption  relative  to  the  properties  of  the  network 
nor  to  the  ratio  of  t/T.  As  expected  this  generality  implies  a  lot  of  de- 
tailed computations.  In  particular  it  rec^uires,  for  each  reactance  of  the 
network,  the  computation  of  the  voltage  across  it  due  to  any  initial  con- 
dition. The  method  presented  in  this  paper  is  not  so  general  because  it 
assumes  first  that  the  ratio  t/T  is  small;  second  the  value  of  the  induct- 
ance (  is  very  much  smaller  than  that  of  L„  (see  Fig.  3).  The  result 
of  these  assumptions  is  that  the  system  of  time  varying  equations 
may  be  solved  by  successive  approximations  with  the  further  advantage 
that  the  convergence  proof  guarantees  that,  for  very  small  r  T,  the 
zeroth  approximation  will  be  a  close  estimate  of  the  exact  solution. 

The  zeroth  approximation  may  conveniently  be  obtained  by  consider- 
ing a  block-diagram  analogous  to  those  used  in  the  analysis  of  sampled 
servomechanisms.  Further  the  proposed  method  leads  directly  to  some 
interesting  results,  for  example,  as  far  as  the  zeroth  approximation  is 
concerned,  the  dc  transmission  may  be  achieved  with  as  small  a  loss  as 
desired  provided  the  lossless  networks  Ni  and  N-i  are  suitably  designed. 
Another  advantage  of  the  proposed  method  is  that  the  simplicity  of  the 
analj'sis  permits  the  designer  to  investigate  at  a  small  cost  a  large  num- 
ber of  possible  designs. 

Finally  it  should  be  pointed  out  that  this  approach  to  the  solution  of 
a  system  of  time-varying  linear  differential  equations  may  find  applica- 
tions in  many  other  physical  problems. 

Appendix  I 

ANALYSIS    OF   THE    RESONANT    CIRCUIT 

Consider  the  re.sonant  circuit  of  Fig.  2.  Suppose  that  at  t  =  0,  the  left- 
hand  capacitor  has  a  potential  ro(0)  and  the  right-hand  capacitor  has 
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a  potential  63(0)  and  that  at  ^  =  0  the  current  v  through  the  inductance 
(  is  zero. 

The  network  equation  is 


dt 


ir-\-lf  ir 


dt  =  0. 


Now  tV(0)  =  0  and  di,{0)/dt  =  [e.,(0)  -  c,{0)]/(.  Let  2/(C  =  wo',  then 
diM/dt  =  coo'C[e2(0)  -  e8(0)]/2. 
Using  Laplace  transforms, 


(p^   +   Uo^)Ir{p)     =    piriO)    + 


'■c 


dirjO) 

dt    ' 


(40) 


Irip)  =  "^  [^2(0)  -  eM]  -^ 


■p-  +  wo- 


hence 


•  (,^           r  ^2(0)  -  ^3(0)    .        ^ 
%r\t)    =  (jOqC sni  COol 


(41) 


and 


q{t)    -    f    irif)  dt   =   C- 
Jo 


eM  -  cM 


[1    —   cos  wnt]. 


If  27r/wn  =  2r,  i.e.,  r  =  Tr\/(C/2,  which  means  that  the  duration  of  the 
switch  closure  is  a  half -period  of  the  resonance  of  the  tuned  circuit,  then 

..,.        tCIsM-  eM]    .    ^t 
ir{t)  = sni  — , 

T  Z  T 


( 


q{t) 


Ch(0)  -  ^3(0)] 


1  —  cos  — 

T 


It  is  clear  then  that,  during  the  period  r,  the  charge  transferred  onto  the 

1 


Ir(P)  "     ?       ? 


coi  In(P)  +  In(P) 


Fig.  9  —  Resonant  circuit  excited  b.y  current  sources  7„  and  /,/ 
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right-hand  capacitor  is  ^(t)  =  C'[(?2(0)  —  f:i(0)]  and  as  a  result  at  time 
I  =  T  the  right-hand  capacitor  has  a  voltage  CoCO)  and  the  left-hand 
capacitor  has  a  voltage  fsCO).  Considering  now  the  network  of  Fig.  9, 
the  ecjuation  is 

dr        C  C 

Assuming  all  initial  conditions*  to  be  zero  we  get, 

/Xp)=^^^=M+A:W.  (42) 

p2  -f  coo-  2 

Appendix  II 

STUDY    OF   THE    LIMITING    CASE    T    -^   0 

We  expect  that  if  the  sampling  period  T  — >  0,  which  is  equivalent  to 
stating  that  the  sampling  freciuency  w^  ^  ^  ,  then  the  inductance  ^  -^  0 
and  as  a  result  the  voltage  e-i{t)  will  be  infinitely  close,  at  all  times,  to 
the  voltage  e-2{t).  Thus,  in  the  limit,  everything  happens  as  if  the  termi- 
nal pairs  (2)  of  A^i  and  A^o  were  directly  connected.  In  that  case  the  gain 
of  the  system  is 

2Z(^)  ^"^P'- 

as  is  easily  seen  by  referring  to  the  Thevenin  equivalent  circuit  of  A^i  . 
Let  us  show  that  as  T  — >  0,  (21)  leads  to  the  same  result.  First  note 
that  both  Z12/0  and  Z»Si  go  to  zero  at  least  as  fast  as  l/p"  for  p  -^  x . 
Hence  the  summations  in  (21)  reduce  to  the  term  corresponding  to 
71  =  0.  Therefore, 

„    /     V  C  IZ12/0J     *J1         rj  C  Ziolo^n^^l  ^12      T 


1  +  2C[ZSi]*  T  +  2CZS1       2Z    "■ 

Appendix  III 

ZEROTH  approximation  IN  THE  CASE  WHERE  A^i  IS  NOT  IDENTICAL  TO  A^2 

Let,  for  k  =  1,2;  Ck  be  the  shunt  capacitor  at  the  terminal  pair  2  of 
Nk  ,  Zk{p)  be  the  driving  point  impedance  of  Nk  ,  and  Zu''\p)  be  the 
transfer  impedance  of  N'k  •  In  the  present  case  the  capacitors  Ci  and  C-i 
are  in  series  in  the  resonant  circuit  of  Fig.  2.  It  can  be  shown  that  the 

*  Their  contribution  has  been  found  in  (40). 
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charge  exchanged  during  one-half  period  of  the  resonance  is 

,^^  k(0)  -  eMl 

^1   -+-    ^2 

For  the  present  case,  (16)  and  (17)  become 


62(0    =  lit)   -    /      ^Vo(r)^l(^  -  r)  dr, 

J  —  00 

^3(0    =    f     uMz.it  -  t)  dr. 

J — GO 


Following  the  same  procedure  as  before  we  are  finally  led  to  the  block 
diagram  of  Fig.  10  whose  output  is  given  by 


E,{p)  = 


[Zn''\p)h(p)]*  ^^p^  S^(p)Z,S-\p) 
^1  +  C2 


Appendix  IV 

THE    DERIVATION    OF    EQUATION    (24) 

Considering  the  method  used  in  Section  IV  to  derive  the  zeroth  ap- 
proximation, it  is  clear  that  during  the  switch  closure  the  voltages  e^it) 
and  €^{1)  vary  sinusoidally,  that  is. 


lo 


62(0  =  62(0) 


e^{t)  =  eM  + 


62(0)  -  63(0) 


62(0)  -  63(0) 


1  —  cos  — 


1  —  cos 


irt 


IMPULSE 
MODULATOR 


-12 


«H 


2C,C2 


Si(p) 


Zi(p)  +  Z2(p) 


,(2) 
-12 


Fig.  10  —  Zeroth  approximation:  modified  bloclv  diagram  for  the  case  where  A^'i 
and  A^2  are  not  identical. 
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Thus,  it  always  happens  that  for  t  =  r/2,  i.e.,  at  the  middle  of  switch 
closure  time,  62(0  —  es(t)  =  0. 

Therefore  if  we  consider  the  time  function  62(0  ~  ^3(0  we  have  for  all 

A:'s  (-a>,  ...  0,  •••   +   ^), 


62  (kT  +  l)-es  (jcT  +  ^)  =  0. 


If,  for  simplicity  of  analysis,  we  assume  that  the  switch  is  closed  during 
the  intervals  -(r/2)  +  kT  ^  t  ^  +r/2  +  kl\  then  for  all  A-'s, 

62(^7^)  -  e.ikT)  =  0. 

Using  (17),  this  condition  implies  that  [V{p)]*  -  2[Iro{p)Z{p)]*  =  0. 

Now,  remembering  that  irn{t)  couvsists  of  a  sequence  of  half  sine  waves 
whose  shape  is  defined  by  So{t)  (which  is  by  definition  identical  to  Si{t) 
except  for  an  advance  in  time  of  t/2)  it  follows  that  7ro(p)  =  B{p)So{p), 
where  B{p)  is  the  .^^-transform  of  the  seciuence  of  impulses  whose  measure 
is  eciual  to  the  charge  interchanged  between  A''i  and  A^2  at  each  switch 
closure.  Since  [B(p)Soip)Z(p)]*  =  Bip)[Soip)Z{p)]*,  then 

j.(.  ^  [Zn{p)h{p)\* 
^^^       2[So{p)Z{p)\*- 

From  which  it  immediately  follows  that 

[Zr,ip)Up)]*So{p) 


Iroip)     = 


2[So{p)Z{p)y 


and 


,,./!_  [Za(p)Up)]*Up)Zn(p) 
^'°<P' 2[S„(p)Z(p)l* ^ 


where 


+» 


[So(p)  Zip)]*  =  ^     Z     Soip  +  jnco.)  Zip  +  jno^s) 
1    »» =  —00 
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Experimental  Transversal  Equalizer  for 
TD-2  Radio  Relay  System 

By  B.  C.  BELLOWS  and  R.  S.  GRAHAM 

(Manuscript  received  February  26,  1957) 

To  determine  the  effect  of  improved  equalization  on  the  performance  of 
TD-2  radio  relay  systems,  an  experimental  adjustable  transversal  equalizer 
has  been  developed.  The  equalizer  is  based  on  the  echo  principle  as  used  in 
transversal  filters,  and  operates  in  the  60-  to  80-mc  frequency  band.  Seven 
pairs  of  adjustable  leading  and  lagging  echo  terms  provide  flexibility  for 
simultaneous  gain  and  delay  equalization.  Directional  couplers  are  used 
for  tapping  and  controlling  the  echo  voltages.  Field  experiments  have  shown 
that  systejn  equalization  can  be  improved  appreciably  by  the  use  of  such 
equalizers. 

INTRODUCTION 

The  TD-2  radio  relay  system'  employs  frequency  modulation  to 
transmit  multichannel  telephony  or  television.  The  frequency  modulated 
signal  requires  a  transmission  system  whose  gain  and  envelope  delay 
are  constant  over  the  frecjuency  band,  20  mc  wide,  used  to  transmit 
the  signal.  Deviations  from  constant  gain  or  delay  result  in  non-linear 
distortion  of  the  demodulated  signal.  For  television  this  results  in  dis- 
torted images,  and  for  multichannel  telephone  transmission  this  intro- 
duces cross  modulation  among  the  voice  channels. 

Basic  equalization  is  provided  in  each  repeater.  In  addition,  certain 
fixed  equalizers  ha\'e  been  used  on  a  mop-up  basis.  However,  there 
remains  some  residual  distortion  of  random  shape.  This  paper  discusses 
the  design  of  an  adjustable  equalizer  to  compensate  for  this  distortion. 

I.   BASIC    EQUALIZATION 

The  transmission  path  through  a  TD-2  repeater  consists  of  an  inter- 
mediate frequency  portion  covering  the  60-  to  80-mc  band  and  radio 
frequency  channels  2C-mc  wide  in  the  3,700-  to  4,200-mc  band.  At  each 
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repeater  the  RF  channels  are  separated  by  wave  guide  filters  and  each 
is  demodulated  to  the  IF  frequency  for  amplification  and  ecjualization. 
The  outgoing  signal  is  then  modulated  back  to  an  RF  channel,  at  a 
different  frecjuency  from  the  incoming  signal  to  reduce  interference. 
The  RF  and  IF  portions  of  the  repeater  were  designed  so  that  the  com- 
bination would  have  flat  gain  to  within  the  closest  practicable  limits 
over  the  20-mc  band,  and  a  number  of  adjustments  are  provided  in  the 
IF  amplifier  to  maintain  this  flatness  under  field  conditions.  The  unequa- 
lized  repeater,  however,  has  an  envelope  delay  distortion  characteristic 
shown  in  Fig.  1  which  is  approximately  parabolic.  To  minimize  this 
distortion,  each  repeater  contains  a  315A  equalizer,  which  has  approxi- 
mately the  inverse  of  the  delay  distortion  of  a  typical  repeater. 

II.  SUPPLEMENTARY    EQUALIZATION 

In  a  TD-2  system  consisting  of  many  repeaters  in  tandem,  both  gain 
and  delay  distortions  may  accumulate  to  the  point  where  additional 
equalization  is  necessary.  If  the  pass  band  of  the  repeaters  shifts  slightly 
in  frequency,  due  to  changes  in  temperature  or  adjustment,  the  differ- 
ence between  the  repeater  delay  and  the  delay  of  its  equalizer  will  result 
in  delay  distortion  which  has  approximately  a  linear  slope  with  fre- 
quency. This  may  be  corrected  at  main  repeater  stations  by  combina- 
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Fig.  1  —  Over-all   delaj^  distortion  of   a  typical   microwave  repeater,   TD-2 
system. 
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tioiis  of  delay  slope  equalizers.  The  characteristics  of  the  319A,  B  and  C 
equalizers  provided  for  this  purpose  are  shown  in  Fig.  2.  Each  equalizer 
consists  of  two  bridged-T  all-pass  sections.  There  is  also  some  variation 
in  bandwidth  of  the  TD-2  repeaters,  resulting  in  part  from  the  fact  that 
the  waveguide  filters  used  in  the  higher  frequency  radio  channels  are 
somewhat  broader  than  those  in  the  lower  frequency  channels.  This 
^'ariation  in  bandwidth  results  in  delay  distortion  which  has  a  parabolic 
shape  with  frequency.  Use  of  a  larger  or  smaller  number  of  the  basic 
315A  ec^ualizers  corrects  this. 

Over  long  circuits,  small  distortions  in  the  gain  shape  of  the  TD-2 
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Fig.  2  —  Delaj-  characteristics  of  319  type  equalizers.  Combinations  of  these 
are  used  at  main  stations  to  equalize  delay  slope  of  the  system. 
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equipment  produce  a  cumulative  gain-frequency  distortion  which  is 
noticeable  in  television  circuits.  Present  practice  is  to  correct  for  this 
by  standard  video  equalizers  after  the  FM  signal  has  been  demodulated 
to  baseband.  In  connection  with  the  experimental  eciualizing  program 
to  be  described,  parabolic  gain  equalizers  operating  on  the  FM  signal 
before  demodulation  were  used. 

III.  RESIDUAL    DISTORTION 

After  correction  of  the  known  shapes  discussed  above,  there  remains 
a  certain  residual  gain  and  delay  distortion  which  results  from  a  random 
summation  of  many  minor  sources.  The  shape  of  this  distortion  is  not 
predictable,  but  its  statistics  are  known.  Examination  of  typical  delay 
versus  frequency  characteristics  have  shown  that  these  may  be  reason- 
ably well  approximated  by  six  cosine  terms:  a  40-mc  fundamental  and 
the  next  five  harmonics.  Similar  gain  terms  are  needed.  However,  the 
gain  and  delay  distortion,  when  examined  within  the  20-mc  band  of 
interest,  do  not  have  a  minimum  phase  relationship.  This  is  to  be  ex- 
pected because  of  the  presence  in  the  system  of  the  delay  eciualizers, 
which  are  non-minimum-phase  networks,  and  of  amplifiers  with  com- 
pression. 

The  magnitude  of  the  residual  distortion  is  small  enough  so  that  trans- 
continental TD-2  circuits  provide  television  and  telephone  transmission 
of  commercial  quality.  Some  effects,  such  as  cross  modulation,  are 
sufficiently  marginal  so  that  improvement  would  be  desirable.  To  deter- 
mine whether  this  could  be  achieved  by  improved  gain  and  delay  eciuali- 
zation,  the  development  of  an  experimental  adjustable  equalizer  was 
undertaken.  The  considerations  outlined  show  that  such  an  equalizer 
should  approximate  the  desired  characteristics  with  independent  gain 
and  delay  terms  of  the  harmonically  related  cosine  type.  Equalization 
to  reduce  cross  modulation  in  telephone  channels  and  differential  phase 
in  color  television  must  be  performed  before  demodulation  of  the  FM 
signal  to  base  band.  The  equalizer  was,  therefore,  built  to  operate  in 
the  60-  to  80-mc  IF  band. 

IV.  TRANSVERSAL    EQUALIZER 

One  method  of  obtaining  independent  control  of  the  loss  and  delay 
characteristics  of  a  network  has  been  achieved  in  the  transversal  filter." 
Equalizers  have  been  designed  on  this  principle  for  the  equalization  of 
television  circuits.  '  This  type  of  equalizer,  referred  to  here  as  a  trans- 
versal equalizer,  provides  a  flexible  means  of  synthesizing  any  loss  char- 
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at'teristic  and  aii}^  delay  characteristic  limited  011I3'  by  the  number  of 
harmonics  that  are  provided  and  the  range  of  each. 

Basically,  the  transversal  eciualizer  consists  of  a  delay  line  with 
eciually  spaced  taps,  with  a  means  for  independentl}^  controlling  the 
amount  of  signal  fed  through  each  of  the  taps  to  a  summing  circuit, 
as  shown  schematically  on  Fig.  3.  The  input  signal  is  fed  into  one  end 
of  the  delay  line  which  is  terminated  at  the  other  end.  The  center  tap 
is  fed  to  the  output  and  forms  the  main  transmission  path. 

The  operation  of  the  equalizer  can  best  be  described  using  the  "time 
domain"  analysis  based  on  the  theory  of  paired  echos.^  Portions  of  the 
signal  tapped  off  the  "leading"  or  first  half  of  the  delay  line  will  not  be 
delayed  as  much  as  the  main  signal  and  will  introduce  leading  "echos". 
Similarly,  lagging  echos  can  be  obtained  from  the  taps  on  the  lagging 
or  second  half  of  the  delay  line.  Combinations  of  both  types  of  echos, 
either  positive  or  negative  as  required,  can  be  added  to  cancel  out,  to  a 
first  approximation,  distortion  present  in  the  input  signal. 

This  analysis  can  also  be  carried  out  in  the  frequency  domain.  To 
obtain  a  family  of  cosine  loss  versus  freciuency  characteristics  without 
any  appreciable  delay  characteristic,  equal  leading  and  lagging  echos 
of  the  same  polarity  are  added  to  the  main  signal  in  the  summing  circuit. 
To  obtain  a  corresponding  family  of  cosine  delay  versus  frequency 
characteristics  without  loss  distortion,  leading  and  lagging  echos  equal 


INPUT    P 


L_^J 


OUTPUT 


Fig.  3  —  Block  schematic  of  transversal  equalizer. 
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in  magnitude  but  of  opposite  polarity  are  added  in  the  summing  circuit 
to  the  main  signal. 

To  achieve  a  practical  eciualizer  for  operation  over  the  GO-  to  80-mc 
band  recjuires  the  following  components:  delay  line  or  delay  networks, 
means  for  tapping  off  small  portions  of  the  signal  controlled  both  in 
amount  and  polarity,  and  a  suitable  summing  circuit. 

V.  DERIVATION    OF   THE    EQUALIZER   CIRCUIT 

A  brief  analysis  of  the  operation  of  the  equalizer  will  be  given  at  this 
point  as  a  basis  for  discussion  of  the  method  of  tapping  the  signal  and 
controlling  the  amplitude  and  polarity  of  the  tapped  portion. 

Fig.  3  shows  the  basic  delay  line  PQ  as  well  as  the  means  used  for 
producing  the  main  signal  and  a  single  pair  of  leading  and  lagging  echos. 
The  tap  labeled  "o"  in  the  center  of  the  line  produces  the  main  signal. 
The  tap  "a",  being  closer  to  the  input,  produces  a  signal  which  leads  the 
main  signal  by  time  t.  The  tap  "5"  produces  a  signal  which  lags  the  main 
signal  by  the  same  amount.  The  boxes  "/va"  and  "/vb"  control  the  ampli- 
tude and  polarity  of  the  leading  and  lagging  signals  which  are  to  be  com- 
bined with  the  main  signal  to  produce  one  term  of  the  desired  equaliza- 
tion characteristic.  It  will  be  shown  that  these  three  signals  will  provide 
one  cosine  gain  term  and  one  cosine  delay  term,  both  having  the  same 
period,  but  being  independently  controllable  as  to  amplitude  and 
polarity. 

We  will  choose  as  our  reference  point  for  phase  the  main  output  sig- 
nal, eo  =  -E'c^"'.  The  output  from  tap  "a"  is  then 

After  passing  through  box  "Ka",  this  becomes 

Similarly, 

Here  the  terms  Ka  and  Kh  are  of  the  form 

K  =  is"" 

where  a  is  the  attentuation  in  nepers  of  the  box  K.  Note  that  \K\  is 
less  than  unity,  assuming  the  box  represents  a  passive  network.  Combin- 
ing these  two  signals  with  the  main  signal,  we  have 

er  =  Co  +  e„  +  e,  =  Ee''"[l  +  A^a^"'"^  +  /Uf^^l-  (1) 
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Now  it  will  be  shown  that,  by  the  adjustment  of  the  two  parameters 
Ka  and  A'fc  ,  it  is  possible  to  realize  independent  control  of  a  cosine  gain 
term  and  a  cosine  delay  term. 

Since,  in  general,  Ka  9^  Kb  ,  let  us  define 


Ka  =  Kg  -\-  Kp 


and 


Then 


Kr 


Substituting  the  trigonometric  form: 

Bt  =  Ee'"''\\  +  2Kg  cos  ix>t  +  j  2Kp  sin  oif]. 


(2) 


(3) 


(4) 


Note  that  for  Ka  equal  to  Kb  ,  the  sine  phase  term  is  zero  and  that  for 
Ka  eciual  to  —Kb  the  cosine  gain  term  is  zero.  Similarly,  by  proper  pro- 
portioning of  Ka  and  Kb  ,  Kg  and  Kp  may  be  assigned  any  desired  values. 
If  we  normalize  (3)  by  setting  Co  =  Ee^"^'  =  1,  the  expression  in 
brackets  can  yield  two  vector  diagrams  which  are  useful  in  explaining 
the  functioning  of  the  eciualizer.  To  obtain  the  diagram  shown  in  Fig. 
4(a),  we  have  set  Kp  =  0.  We  then  have  a  unit  vector,  representing  the 
main  signal,  a  leading  echo  K„e~^"^,  and  a  lagging  echo  KgE^"^.  The 


en  =  i 


Knf 


er=  1  +  2KnCOSaJ7' 

(a) 


Kpf-J'^^ 


eo=i 


(b) 


Fig.  4  —  Vector  diagrams  of  paired  echos.  (a)  Kqual  eclios  of  same  polarity 
produce  magnitude  change  without  phase  change,  (b)  Equal  echos  of  opposite 
pohirity  produce  a  change  in  phase  shift  with  a  minor  change  in  magnitude. 


1436       THE    BI<:LL    system    technical    journal,    NOVEMBER    1957 

v^ector  representing  the  leading  echo  rotates  clockwise  with  respect  to 
the  main  signal  when  the  frecinency  increases,  whereas  the  vector  repre- 
senting the  lagging  echo  rotates  counterclockwise  by  the  same  amount, 
and  the  resultant  thus  varies  in  magnitude  but  not  in  phase.  The  magni- 
tude of  the  resultant  is  given,  for  this  case,  by  the  first  two  terms  in 
parentheses  in  (4). 

If,  on  the  other  hand,  if  we  set  Kg  —  0,  we  have  the  three  vectors 
shown  in  Fig.  4(b),  identical  with  those  in  Fig.  4(a)  except  that  the 
polarity  of  the  lagging  echo  has  been  reversed.  In  this  case,  the  two 
echos  produce  a  resultant,  Cp ,  which  is  in  ciuadrature  with  the  main 
signal.  For  small  echos,  Cr  is  thus  shifted  in  phase  from  the  main  signal, 
with  substantially  no  change  in  magnitude.  The  resultant  in  this  case  is 
given  by  the  first  and  third  terms  in  parentheses  in  (4).  This  gives  a 
sinusoidal  variation  in  the  phase  of  the  resultant.  Since  envelope  delay 
is  defined  as  rf/3/rfco,  where  (8  is  the  phase  shift  through  the  circuit  in 
question,  the  sinusoidal  phase  ripple  will  be  seen  to  yield,  after  differenti- 
ation, a  cosine  delay  ripple. 

The  period  of  the  ripple  can  be  seen  from  the  above  expressions  to 
depend  on  r,  the  delay  between  the  leading  and  the  main  tap,  and  be- 
tween the  main  tap  and  the  lagging  tap.  Other  pairs  of  echos,  each  pair 
symmetrically  disposed  about  the  main  tap,  but  with  different  values 
for  T,  will  give  transmission  ripples  of  different  periods.  To  provide  a 
series  of  orthogonal  terms,  the  values  of  r  must  be  integral  multiples  of  a 
common  value,  normally  that  required  to  produce  180°  phase  shift 
across  the  band  of  interest. 

A  complete  ecjualizer  must,  of  course,  sum  up  the  various  echos  and 
the  main  signal,  taking  care  that  the  delay  between  the  tap  and  the 
summing  point  is  the  same  for  each  echo  and  the  main  signal,  that 
parasitic  losses  such  as  losses  in  cabling  are  the  same  for  each  path 
through  the  equalizer,  and  that  any  frequency  characteristic  in  the  tap- 
ping device  or  other  parts  of  the  ec^ualizer  is  properly  eciualized  out  so 
that  the  over-all  equalizer  introduces  a  minimum  of  distortion  of  its 
own. 

VI.  directional  coupler 

To  reduce  incidental  distortion,  it  is  desirable  that  the  device  used  to 
tap  the  delay  line  for  the  main  signal  and  the  echos  introduce  substan- 
tially no  discontinuity  in  the  main  line.  The  device  chosen  for  this  pur- 
pose is  a  directional  coupler.  It  is  shown  symbolically  in  Fig.  5.  The  di- 
rectional coupler  is  a  four  port  device  having  properties  similar  to  a 
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hybrid  coil.  Power  entering  one  port  divides  (not  necessarily  equally) 
between  two  other  ports,  but  none  of  it  reaches  the  fourth,  or  conjugate 
port.  In  Fig.  5,  the  power  entering  at  1  divides  between  2  and  4,  that 
entering  at  2  divides  between  1  and  3,  that  entering  at  3  divides  between 
2  and  4,  and  that  entering  at  4  divides  between  1  and  3.  Directional 
couplers  inherently  provide  an  impedance  match  at  all  four  ports.  Thus, 
such  a  coupler  sets  up  no  reflections  in  the  main  line.  Its  insertion  loss 
in  this  line  may  be  kept  small  by  having  nearly  all  the  power  enter- 
ing at  1  come  out  at  2;  then  only  a  small  fraction  is  diverted  to  4.  Co- 
axial directional  couplers  have  been  discussed  in  the  literature  '  '  and 
will  not  be  dealt  with  in  detail  here. 
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Fig.  5  —  Diagram  of  directional  coupler.  Input  .signal  divides  between  Ports 
2  and  4  with  no  output  at  Port  3.  Termination  Z  at  Port  4  reflects  some  signal  to 
Port  3,  proportional  to  the  reflection  coefficient,  p. 


The  coupler  used  here  (J68333C)  is  one  originally  developed  to 
measure  reflections  on  IF  transmission  lines  in  the  TD-2  system.  The 
directivity  of  a  coupler  is  defined  as  the  coupling  loss  between  main  line 
and  branch  line  in  the  undesired  direction  less  the  loss  in  the  desired 
direction  (loss  from  1  to  3  less  the  loss  from  1  to  4,  for  example).  In  the 
J68333C  coupler,  the  directivity  can  be  adjusted  to  exceed  45  db  over 
the  band  of  interest.  This  can  be  done  by  adjusting  two  screws,  shown  on 
model  in  Fig.  6,  to  obtaiit  the  optimimi  spacing  between  the  coupling 
elements.  The  loss  between  the  main  line  and  the  branch  line  in  the 
desired  direction  is  about  23  db  at  mid-band  (70  mc),  and  decreases  6 
db  per  octave  with  increasing  freciuency.  The  loss  along  one  of  the  coupled 
lines  (1  to  2  or  3  to  4)  is  very  small. 

Use  has  been  made  of  the  directional  properties  of  the  coupler  in  pro- 
viding a  simple  means  of  controlling  the  amplitude  and  polarity  of  the 
tapped  signal.  Referring  to  Fig.  5,  and  keeping  in  mind  the  properties 
of  the  coupler,  it  will  be  noted  that  a  small  portion  of  the  input  signal 
appears  at  Port  4  of  the  coupler,  but  none  at  Port  3.  If  the  impedance  Z 
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Fig.  6  —  J-6S333C  directional  coupler  with  cover  plate  removed  to  show  cou- 
pling elements.  Optimum  spacing  for  maximum  directivitj'can  be  obtained  b}' ad- 
justing screws. 

matches  the  impedance  seen  looking  into  Port  4,  all  of  the  small  signal 
will  be  absorbed  in  Z.  If  Z  is  an  adjustable  resistance,  then  a  controllable 
portion  of  the  small  signal  can  be  reflected  back  into  Port  4,  whence  most 
of  it  will  come  out  Port  3.  A  small  portion  of  the  reflected  signal  will 
emerge  at  Port  1,  headed  toward  the  input.  This  portion  will  be  attenu- 
ated b}'  twice  the  coupling  loss  between  the  main  and  the  branch  line 
plus  the  return  loss  of  the  reflection  at  Z,  and  can  be  made  negligible. 
The  interactions  caused  by  the  reflected  signal  on  the  main  delay  line 
entering  previous  couplers  are  also  reduced  by  twice  the  coupler  loss. 


ii 
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The  coupler  in  Fig.  5  represents  any  one  of  the  taps  on  the  line  PQ 
in  Fig.  3.  The  signal  emerging  from  Port  4  can  be  written  as  E£^"''^^^\ 
where  5  is  a  time  delay  dependent  on  the  location  of  the  tap  on  the  line 
PQ.  The  signal  emerging  from  Port  3  is  then  p£'f:"'"""'^*\  where  p  is  the 
voltage  reflection  coefficient  at  Z,  and  is  given  by 

_  R  —  Ra 
^  ~  R  +  R,- 

Here  R  is  the  value  of  resistance  used  to  provide  the  impedance  Z,  and 
Rq  is  the  impedance  seen  looking  into  Port  4.  An  examination  of  the 
signal  from  Port  3  shows  that  it  is  the  same  as  the  signals  Ca  or  Cb  in  Fig. 
3,  with  the  reflection  coefficient  p  substituted  for  variable  Ka  or  Kh  in 
Fig.  3.  Thus,  it  is  seen  that  we  may  use  the  reflection  at  Z,  variable  by 
controlling  the  value  of  /?,  to  perform  the  function  of  the  box  K  in  Fig. 
3.  Neglecting  parasitic  losses  we  may  then  write: 

jjr  R  —  Ro 

K  =  p  = 


R  -\-  Ro 


and 

^  =  ^0  ^-^.  (5) 

This  gives  us  the  value  of  R  to  use  for  any  desired  value  of  K  for  any  of 
the  taps  which  derive  echos,  assuming  the  summing  circuit  has  equal 
attenuation  in  all  paths.  In  the  case  of  the  main  central  tap,  the  signal 
from  Port  4  of  the  coupler  is  seen  to  be  the  same  as  the  main  signal  eo  in 
Fig.  3,  and  is  used  as  such  directly. 

VII.  METHOD    OF   ADJUSTMENT 

The  detailed  design  of  a  manually  adjustable  eciualizer  is  materially 
influenced  by  the  method  to  be  used  in  the  field  for  determining  the 
setting  of  its  controls.  The  present  equalizer  with  14  independent  con- 
trols would  present  a  complex  problem  of  field  adjustment  unless  special 
procedures  were  developed  to  simplify  the  adjustment.  To  adjust  the 
equalizer,  the  radio  circuit  being  equalized  must  be  taken  out  of  com- 
mercial service,  so  any  reasonable  measures  to  simplify  the  adjustment 
or  reduce  the  time  reciuired  are  justified. 

Two  methods  appeared  to  be  feasible  at  the  time  the  de\elupment 
was  started.  One  would  be  to  use  existing  gain  and  delay  sweep  test 
circuits.  These  present  a  visual  display  of  the  circuit  gain  or  delay  dis- 
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tortion  versus  frequency.  These  displays  are  not  available  simultane- 
ously with  present  equipment.  To  adjust  the  equalizer  controls  using 
this  equipment,  it  must  be  possible  to  adjust  either  gain  or  delay  without 
affecting  the  other.  Thus,  all  the  gain  terms  can  be  adjusted  in  suc- 
cession using  the  gain  display.  Then  the  procedure  is  repeated  with  the 
delaj^  display,  adjusting  the  delay  terms.  Since  a  combination  of  leading 
and  lagging  echos  in  equal  amounts  is  reciuired  for  this  procedure,  an 
arrangement  of  the  controls  to  facilitate  this  is  required.  One  way  to 
achieve  this  is  to  use  stepped  rheostats  with  the  steps  proportioned  to 
introduce  ecjual  amplitude  changes  in  the  echo  voltage.  With  this  ar- 
rangement, gain  changes  can  be  introduced  by  rotating  the  two  switches 
corresponding  to  a  pair  of  echos  in  the  same  direction  an  equal  number 
of  steps.  Delay  changes  can  be  obtained  by  similar  rotation  in  opposite 
directions.  A  further  refinement  consisting  of  mechanically  ganging  the 
controls  is  possible  but  this  was  not  done  on  these  experimental  models. 

The  second  method  of  adjustment  would  be  to  develop  a  special  test 
set  similar  to  the  one  developed  for  the  L3  system.^  This  could  produce 
a  meter  reading  proportional  to  the  amount  of  gain  and  delay  distortion 
present  in  the  circuit.  Successive  controls  could  then  be  adjusted  for  min- 
imum meter  readings.  Experience  with  the  L3  system  cosine  ecjualizers 
has  shown  the  desirability  of  continuously  adjustable  controls  for  such 
a  method. 

To  test  both  methods  under  field-trial  conditions,  two  versions  of  the 
eciualizer  were  built  —  one  with  stepped  rheostats  and  one  with  con- 
tinuously adjustable  rheostats. 

VIII.  COAXIAL    RHEOSTAT 

Since  there  were  no  available  continuously  adjustable  rheostats  sat- 
isfactory for  operation  at  70  mc,  a  special  rheostat  was  developed  for 
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Fig.  7  —  Schematic  of  coaxial  rheostat.  Moveable  sleeve  changes  position  of 
inner  contacts  touching  ceramic  rod,  changing  resistance.  Fixed  outer  contacts 
maintain  constant  path  length  to  frame. 
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Fig.  8  —  Model  of  coaxial  rheostat  with  cover  removed. 


this  purpose.  It  employ's  a  ceramic  rod,  |  inch  in  diameter,  coated  with 
a  pyrolytic  carbon  film,  asa  centermember  of  a  coaxial  structure.  A  metal 
sleeve  which  is  moved  longitudinally  by  a  lead  screw  carries  sliding  con- 
tacts along  the  rod.  These  parts  are  supported  inside  a  rectangular  hous- 
ing which  forms  the  outer  conductor.  A  second  set  of  fixed  contacts  at- 
tached to  the  rectangular  housing  makes  contact  with  the  sleeve.  This 
arrangement  maintains  a  substantially  constant  length  of  path  from 
the  input  end  of  the  rod  to  the  housing,  which  forms  the  ground,  inde- 
pendent of  the  position  of  the  sleeve.  The  schematic  of  the  rheostat  is 
shown  in  Fig.  7.  A  model  of  the  rheostat  is  shown  in  Fig.  8. 

To  obtain  uniform  adjustment  of  amplitude  in  decibels,  a  resistance 
that  varies  exponentially  with  length  or  with  rotation  of  the  lead  screw 
is  required.  Such  a  resistance  characteristic  is  realized  by  varying  the 
thickness  of  the  carbon  film  along  the  rod.  This  produced  a  total  re- 
sistance which  varied  from  20  ohms  at  the  low  setting  to  about  350 
ohms  at  the  high  resistance  setting.  .After  an  initial  wearing-in  period 
of  1,000  cycles  of  moving  the  contacts  over  their  full  travel,  the  resist- 
ance was  changed  less  than  1  per  cent  by  another  9,000  cycles.  This 
amount  of  wear  is  estimated  to  be  greater  than  that  encountered  in 
twenty  years  of  normal  operation. 

The  housing  and  rod  were  dimensioned  to  form  a  7o-ohm  transmission 
line.  Measurements  of  the  impedance  at  the  input  connector,  made  at 
frequencies  from  (iO  to  80  mc,  showed  that  this  impedance  can  be  approx- 
imated by  a  resistor  terminating  6.7  cm  of  7o-ohm  coaxial  cable.  For 
the  7o-ohm  setting,  the  reflection  coefficient  of  the  rheostat  is  less  than 
2  per  cent  across  this  frequency  band. 
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One  model  of  the  equalizer  was  completely  equipped  with  these  rheo- 
stats. By  allowing  for  the  equivalent  length  of  cable  within  the  rheostat, 
an  essentially  pure  resistive  termination  was  obtained. 

IX.  OTHER   COMPONENTS 

Other  components  reciuired  for  the  equalizer  included  stepped  rheo- 
stats, delay  line  or  delay  networks,  a  suitable  summing  network,  and  a 
loss  equalizer. 

The  stepped-switch  rheostats  were  made  from  standard  switch  parts 
with  eleven  positions.  Deposited  carbon  resistors,  205D,  were  used  for 
the  steps.  The  mid-position  corresponded  to  the  circuit  impedance  level, 
75  ohms.  The  other  steps  were  arranged  to  provide  equal  increments  of 
echo  amplitude  measured  in  decibels.  With  careful  control  of  lead  lengths, 
special  shielding  and  a  coaxial  cable  connector,  satisfactory  control  of 
the  return  loss  of  this  rheostat  was  obtained. 

Resistance  pads  were  added  to  the  switch  assemblies  associated  with 
each  of  the  echo  terms.  The  loss  of  each  pad  was  determined  so  that  the 
corresponding  term  would  have  the  desired  maximum  amplitude.  In 
addition,  the  losses  of  the  pads  associated  with  the  leading  echo  terms 
were  increased  to  compensate  for  the  midband  loss  of  the  delay  line  be- 
tween the  leading  coupler  and  the  corresponding  lagging  coupler.  This 
insured  that  the  two  echos  would  have  equal  amplitudes. 

The  delay  required  between  taps  in  the  delay  line  is  0.025  microsecond, 
corresponding  to  a  change  in  phase  shift  of  180°  from  60  to  80  mc.  In 
order  for  the  equalizer  cosine  characteristics  to  have  maxima  at  the  band 
edges,  the  total  phase  shift  at  60  and  80  mc  must  be  successive  integral 
multiples  of  180°.  Since  the  phase  shift  of  coaxial  patch  cable  is  closely 
linear  and  proportional  to  length,  it  could  be  used  for  the  delay  line. 
Lumped-element  delay  networks  consisting  of  two  or  more  all-pass  sec- 
tions are  a  feasible  alternative  and  would  reduce  the  over-all  size  and 
weight.  In  view  of  the  additional  development  effort  involved  to  produce 
these  and  the  experimental  nature  of  this  equalizer,  it  was  decided  to 
use  coaxial  patch  cord.  The  type  selected,  728A  cable,  has  a  polyethylene 
dielectric  and  is  tested  during  production  for  return  loss  in  the  50-  to  95- 
mc  band.  The  length  reciuired  for  each  section  is  about  15.6  feet.  This 
much  cable  has  a  loss  of  about  0.3  db  at  70  mc. 

It  was  originally  proposed  to  use  a  series  of  directional  couplers  for 
summing  the  echo  voltages  with  the  main  signal.  This  would  provide 
additional  isolation  between  terms.  However,  tests  on  a  preliminary 
model  indicated  this  isolation  was  not  required  in  this  application.  In- 
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Fig.  9.  —  Summing  network  with  cover  removed.  Main  signal  input  is  at  right, 
echo  signal  inputs  on  top,  and  output  is  at  left.. 

stead,  a  resistance  summing  network  was  developed  using  deposited 
carbon  resistors.  An  L-pad  is  used  in  each  echo  path  and  a  series  resistor 
is  added  to  the  main  path  to  preserve  the  75-ohin  impedance  level,  intro- 
ducing a  main  path  loss  of  about  0.4  db  per  tap.  A  model  with  cover 
removed  is  shown  on  Fig.  9.  The  main  signal  is  introduced  at  one  end 
of  the  structure,  the  echo  voltages  are  connected  along  the  side  and  the 
sum  is  taken  off  the  other  end.  The  return  loss  measured  at  any  of  the 
connectors  with  the  others  terminated  was  of  the  order  of  40  db  over  the 
60-  to  80-mc  band. 

An  attentuation  equalizer  is  required  to  make  the  transmission  through 
the  main  path  constant.  This  path  consists  of  about  108  feet  of  728  cable, 
the  straight -through  loss  of  six  couplers,  and  the  coupling  loss  of  the 
main  coupler.  The  net  distortion  over  the  band  is  a  slope  of  about  1.5 
db  and  is  corrected  for  by  a  constant  resistance  ec^ualizer.  Return  losses 
exceeding  34  db  were  obtained  over  the  frequency  band. 

X.  ASSEMBLY 

All  the  components  were  mounted  on  the  rear  of  a  standard  i-elay  rack 
panel.  The  rheostat  controls  are  arranged  on  the  front  of  the  panel  as 
shown  on  Fig.  10.  This  is  a  front  view  of  the  completed  eciualizer.  The 
controls  for  the  leading  echo  terms  are  on  the  left  and  for  the  lagging 
echo  terms  on  the  right.  They  are  arranged  vertically  in  numerical  order 
with  the  first  terms  (shortest  time  separation  from  the  main  signal)  at 
the  top. 

The  rear  of  the  panel  is  shown  on  Fig.  11.  The  directional  couplers 
are  mounted  horizontally  in  two  vertical  columns.  The  cables  forming 
the  delay  line  sections  are  terminated  in  a  plug  and  a  jack  and  these  are 
inserted  in  successive  couplers,  from  the  second  port  of  one  to  the  first 
port  of  the  next.  The  third  port  of  each  coupler  is  connected  through  a 
short  cable  to  its  corresponding  rheostat  assembly.  The  fourth  port  of 
each  coupler  is  connected  to  the  summing  network.  An  exception  is 
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Fig.  10  —  Front  view  of  equalizer,  showing  rheostat  controls.  Leading  echo 
controls  are  on  left,  lagging  ones  on  right.  First  harmonic  controls  are  at  top. 
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the  middle  coupler,  the  fourth  port  of  which  is  terminated  in  75  ohms 
and  the  third  port  connected  to  the  summing  network. 

The  envelope  delay  in  the  cables  connecting  each  coupler  to  the  rheo- 
stat and  to  the  summing  network  appears  as  delay  for  the  particular 
echo  path.  Since  these  delays  are  not  negligible  compared  to  the  25  milli- 
microsecond delay  between  echos,  the  cable  lengths  were  controlled  so 
that  the  same  amount  of  additional  delay  was  introduced  into  each  path 
including  the  main  path. 

XI.  ADJUSTMENT    AND    PERFORMANCE 

After  the  eciualizer  was  assembled,  the  length  of  each  of  the  cables 
connecting  the  couplers  to  the  summing  network  was  adjusted  so  that 


Fig.  11  — Equalizer  with  cover  removed.  Calile.s  wound  out.-^ide  frame  are  the 
delay  line  sections.  Summing  network  and  directional  couplers  are  in  center.  Rheo- 
stat cases  are  mounted  on  panel  with  coaxial  connection  in  rear. 
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the  zeros  of  the  cosine  shape  occurred  at  the  proper  freciuencies,  as  ob- 
served when  the  associated  rheostat  was  set  at  maximum  and  minimum 
positions,  with  all  other  rheostats  set  at  midrange,  or  no-echo,  setting. 

Some  reflections  were  present  in  the  main  signal  path  as  evidenced  by 
ripples  in  the  gain  characteristic  when  all  rheostats  were  set  at  midrange, 
corresponding  to  the  "flat"  loss  condition.  These  reflections  were  reduced 
to  some  extent  by  minor  readjustments  of  the  balancing  screws  on  the 
directional  couplers.  The  over-all  flat  gain  characteristic  obtained  after 
these  adjustments  is  shown  on  Fig.  12. 

This  figure  also  shows  the  seven  gain  characteristics  obtained  when 
each  pair  of  rheostats  is  set  for  maximum  gain.  The  markers  on  the  refer- 
ence trace  correspond  to  the  band  edges.  A  sharp  gain  bump  resulting 
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Fig.  12  —  Measured  gain  characteristics  of  equalizer. 
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Fig.  13  —  Gain  change  introduced  by  changing  delay  terms  from  zero  to  maxi- 
mum. Left,  normal  case.  Middle,  third  harmonic  term  at  maximum.  Right,  fifth 
harmonic  term  at  maximum. 
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from  reflections  on  the  delay  line  occurs  just  above  80  mc  and  distorts 
each  characteristic  near  this  frequency.  The  delay  characteristics  obtained 
closely  resemble  the  corresponding  gain  characteristics.  The  delay  char- 
acteristic with  all  rheostats  on  midrange  was  flat  to  within  about  ±1.5 
millimicroseconds. 

Another  measure  of  the  performance  is  the  amount  of  interaction 
between  gain  and  delay  characteristics.  As  shown  on  Fig.  13  the  gain 
changes  less  than  0.2  db  when  the  third  or  fifth  harmonic  delay  terms 
are  set  at  their  maximum  values  of  11  and  12  millimicroseconds,  respec- 
tively. Similarly,  when  a  pair  of  rheostats  are  set  for  the  maximum  gain 
characteristic,  the  effect  on  delay  is  of  the  order  of  two  millimicroseconds. 
These  results,  which  are  typical,  indicate  the  interaction  effect  is  of  the 
order  of  20  per  cent  using  one  neper  of  gain  distortion  ripple  as  equiva- 
lent to  a  ripple  of  one  radian  of  phase  shift  amplitude.  The  effect  of  this 
interaction  on  the  field  use  of  the  equalizer  is  to  require  a  second  round 
of  equalization  to  correct  for  interactions  after  the  gross  distortions  in 
a  circuit  have  been  equalized. 

XII.  FIELD    EXPERIMENTS 

Models  of  this  equalizer  were  installed  in  two  channels  of  the  TD-2 
system  between  Denver,  Colorado,  and  Omaha,  Nebraska,  early  in 
1956.  This  route  is  about  500  miles  long  and  includes  18  microwave  links. 
One  equalizer  was  installed  at  the  center  of  the  route  and  a  second  one 
at  the  receiving  end.  The  results  of  a  tj^pical  set  of  characteristics  ob- 
tained are  shown  in  Figs.  14  and  15.  The  first  shows  the  delay  charac- 
teristic of  the  whole  channel  measured  at  the  receiving  intermediate 

60  MC  80  MC  60  MC  80  MC 


mam-  mmm 

(a)   UNEQUALIZED  (b)  EQUALIZED 


Fig.  14 — ^Measurements  on  Denver-Omaha  route.  Envelope  delay  distortion 
measured  at  intermediate  frequency  point.  Left,  unequalized;  right  with  equalizer 
adjusted. 
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Fig.  15  —  Measurement  on  Denver-Omaha  route.  Transmission  characteristic 
measured  at  video  (a)  unequalized,  (b)  with  equalizers  adjusted. 


frequency  point.  The  "unequalized"  characteristic  is  the  circuit  delay 
distortion  immediately  after  standard  line-up  procedures  without  video 
equalization.  The  "equalized"  characteristic  shows  the  same  circuit 
distortion  corrected  by  the  addition  of  the  transversal  equalizer.  The 
first  two  delay  terms  of  this  equalizer  were  supplemented  by  the  use  of 
319  type  (linear  slope)  and  315A  (parabolic)  eciualizers.  The  second  loss 
term  was  supplemented  by  the  use  of  experimental  fixed  parabolic  loss 
eciualizers.  An  attempt  was  made  to  obtain  the  best  performance  over 
the  center  10  mc  of  the  band,  corresponding  to  the  first  order  modulation 
band. 

The  gain  distortion  was  adjusted  on  a  demodulated  video  basis  as 
this  was  the  only  type  of  sweep  gain  circuit  available.  As  shown  in  Fig. 
15,  the  unequalized  circuit  had  more  than  0.5  db  per  mc  of  slope  up  to 
10  mc.  The  addition  of  the  equalizer  produced  a  flat  band  to  about  8.5  mc. 

The  effect  of  this  equalization  on  cross  modulation,  measured  by  simu- 
lating the  message  load  with  a  flat  band  of  noise,  is  shown  in  Fig.  10, 
for  two  sample  channels.  In  these  curves,  normal  drive  represents  the 
noise  load  whose  power  is  12  db  below  the  power  in  a  sine  wa^'e  giving 
4-mc  peak  deviation  of  the  TD-2  carrier.  Channel  A  showed  5-db  im- 
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Fig.  16  —  Effect  of  improved  equalization  on  cross  modulation  noise,  Denver- 
Omaha  route.  Measurements  on  two  channels,  referred  to  —  9  db  transmission 
level. 

provement  at  normal  drive,  and  a  somewhat  greater  improvement  at 
higher  dri\'es.  Channel  B,  however,  showed  a  slight  degradation  at 
normal  drive,  which  becomes  a  9-  or  10-db  improvement  at  high  drive. 
In  the  case  of  the  latter  channel,  the  improvement  at  normal  drive  was 
limited  by  the  presence  of  a  delay  ripple,  due  to  waveguide  echoes, 
which  was  of  too  short  a  period  to  be  equalized  by  the  present  ecfualizer. 
The  realization  of  such  improvements  in  a  working  system  is  limited 
by  such  Avaveguide  echoes,  which  are  not  stable  enough  for  ready  equal- 
ization, as  well  as  by  other  instabilities  in  the  transmission  characteristic 
which  have  been  attributed  to  antenna  and  air  path  effects. 
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Transmission  Aspects  of  Data  Transmission 

Service  Using   Private   Line   Voice 

Telephone  Channels 

By  P.  MERTZ  and  D.  MITCHELL 

(Manuscript  received  February  2,  1957) 

An  exploration  is  reported  of  the  possibilities  of  a  moderately  fast  data 
transmission  system  to  use  private  line  message  facilities.  A  comparatively 
conventional  system  was  desired  to  permit  expeditious  application.  An 
auxiliary  ''word  start"  signal  was  necessary  for  the  system  considered. 

Transmission  characteristics  of  a  number  of  arrangements  were  examined. 
These  included  several  exploratory  AM  vestigial  sideband  systems  {using  a 
spectrum  similar  to  telephotography),  double  sideband  AM  systems,  various 
telegraph  and  other  midtichannel  systems. 

It  was  concluded  that  the  1600  bits  per  second  usable  over  the  AM  vestigial 
sideband  arrangement  was  about  as  fast  as  could  be  expected  with  the  data 
system  contemplated.  This  transmission  is  not  as  '^rugged,"  with  respect  to 
impulse  noise  and  sudden  level  changes,  as  other  slower  arrangements,  but 
it  is  expected  to  be  satisfactory.  It  will  require  delay  correction,  and  simple 
methods  are  considered  for  carrying  this  out. 

I.    INTRODUCTION 

The  Bell  System  has  been  approached  on  a  number  of  occasions  in 
regard  to  the  transmission  of  computing  machine  and  similar  data  over 
its  telephone  circuits.  This  has  reached  the  point  where  specific  possibil- 
ities for  private  line  data  transmission  have  been  given  serious  consider- 
ation. 

The  telephone  network  was  developed  for  speech  transmission,  and 
its  characteristics  were  designed  to  fit  that  objective.  Hence,  it  is  recog- 
nized that  the  use  of  it  for  a  distinctly  different  purpose,  such  as  data 
transmission,  may  impose  compromises  both  in  the  mediinn  and  in  the 
special  service  contemplated. 

A  short  time  ago  the  authors  were  assigned  the  problem  of  examining 
possibilities  for  such  an  adaptation  aimed  at  high  speed,  and  exploring 
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the  nature  of  the  transmission  compromises  that  might  be  needed.  As 
a  result,  a  variety  of  data  transmission  systems  in  different  stages  of 
development  have  been  investigated  including  some  telegraph  systems. 
Certain  conclusions  have  been  reached  regarding  their  suitability  for 
use  over  private  line  telephone  facilities.  (By  "private  line"  facilities 
are  meant  facilities  leased  to  the  subscriber  on  a  more  or  less  permanent 
private  basis,  and  that  are  not  set  up  by  operators  at  a  telephone  central ' 
office  switchboard.) 

These  conclusions  are  summarized  below.  In  the  later  text  there  is 
included  the  background  material  for  the  conclusions  which  includes  a 
brief  characterization  of  the  facilities.  Finally  there  is  included  a  dis- 
cussion of  the  line  treatment  which  may  be  needed  for  the  best  trans- 
mission. 

It  should  be  emphasized  that  not  all  possible  data  systems  for  use 
over  telephone  circuits  are  covered.  The  problem  considered  covers 
particularly  some  recently  proposed  applications,  for  which  the  need  of 
a  relatively  high  bit  rate  is  important.  Also,  only  the  more  promising 
comparatively  conventional  systems,  which  have  been  relatively  well 
tested  and  can  be  readily  applied,  are  considered.  More  radical  designs 
are  conceivable  but  they  would  require  more  extensive  investigation 
before  conclusions  could  be  reached  concerning  them.  It  is  clear  also 
that  the  designs  involved  in  the  choice  of  a  system  are  determined  by 
the  type  of  service  it  is  to  provide. 

1.1  Conclusions 

It  is  concluded  that  about  the  fastest  transmission  of  data  which  can 
be  accomplished  with  the  present  art  over  message-type  telephone 
facilities  is  obtainable  with  an  amplitude  modulated  vestigial  sideband 
system.  Such  a  system  will  be  presented  in  some  greater  detail  below. 
Its  frequency  spectrum  is  similar  to  that  of  a  telephotograph  signaP  and 
a  number  of  the  transmission  problems  involved  are  the  same. 

This  system  will  provide  about  1600  binary  digits  of  data  (or  "bits") 
per  second,  but  it  requires  some  special  selection  and  considerable  treat- 
ment of  many  types  of  circuits.  This  treatment  is  necessary  to  reduce 
noise,  particularly  of  the  impulsive  type,  and  to  correct  for  delay  dis- 
tortion. 

Such  a  system  is  therefore  considered  suitable  where  a  high  bit  rate 
is  essential.  It  will  be  developed  in  the  text  that  beyond  the  matter  of 
the  delay  correction  and  other  treatment  of  circuits  required,  the  vestigial 
sideband  process  imposes  a  certain  signal-to-noise  penalty.  A  further 
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signal-to-noise  penalty  comes  from  the  method  of  multiplexing  an  aux- 
iliary channel  needed  for  word  start  indications. 

Where  a  lower  bit  rate  is  acceptable,  a  750  bit  per  second  amplitude- 
modulated,  double-sideband  system  which  is  now  available,  and  has 
been  tested  extensively,  is  somewhat  more  rugged.  It  permits  operation 
over  the  great  majority  of  telephone  facilities  and  will  also  be  described 
in  more  detail. 

The  most  rugged  system  considered  uses  frequency-shift  transmission. 
This  form  of  transmission  has  been  used  extensively  for  some  time  on  a 
multiple-channel,  voice-frequency  telegraph  basis  in  which  each  channel 
is  capable  of  46  to  74  bits  per  second.  When  used  in  this  form  to  handle 
high  speed  data  signals,  it  requires  relatively  complicated  terminal 
devices  because  the  several  channels  have  to  be  merged  to  provide  one 
high  speed  data  system.  However,  when  frequency  shift  is  used  as  a 
single  channel  over  an  untreated  telephone  message  facility  the  system 
promises  to  be  relatively  simple  and  to  give  a  total  possibility  up  to 
1,200  bits  per  second  according  to  the  type  of  facility. 

1.2  Summary  Table 

These  findings  are  concisely  grouped  in  a  summary  table,  Table  I. 
These  entries  are  based  upon  present  knowledge  and  are  believed  to  be 
reasonably  accurate,  although  estimates  regarding  impulse  noise  need 
more  extensive  checking,  particularly  in  the  case  of  the  broad-band, 
frequency-shift  system. 

The  table  compares  relative  estimated  performances  of  three  broad- 
band systems  among  themselves,  and  ^^•ith  a  subdivided  channel  (or 
telegraph)  system.  The  performances  considered  cover  the  effects  of 
noise  and  delay  distortion,  and  the  bit  rates  considered  achievable  in  a 
1,000-cycle  band  and  in  a  300-  to  2,800-cycle  telephone  band.  Some 
crude  approximations  covering  speech  are  also  given  as  a  matter  of 
interest. 

The  noise  performance  is  gi\'en  in  terms  of  relati\'e  total  power  capac- 
ity required  in  the  line  for  a  given  error  rate  in  the  presence  of  a  gi^'en 
noise.  The  double  sideband  system  is  taken  as  reference.  Allowance  is 
made  in  the  multiple  channel  or  telegraph  system  for  occasional  peaking 
caused  by  temporary  unfavorable  phasing.  In  this  part  of  the  comparison 
a  12  channel  system  has  been  assumed.  This  is  about  as  many  channels 
as  can  be  used  on  a  telephone  facility  that  has  heavy  impulsive  noise. 

The  delay  distortion  figures  represent  some  present  ideas  on  good 
engineering  design  in  the  allowable  impairment  of  signal-to-noise  ratio. 
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Table  I  —  Summary  of  Various  Data  System  Characteristics 


Use  in  Band 

Relative  Peak  Power  Re- 
quired in  Line   for  Equal 
Performance*  in  Presence 
of  Noise,  db 

Approx.  Max. 
Delay  Distortion 

in  Millisec.  Al- 
lowable in  Band 

(for  3  db  noise 
penalty) 

Approx.   Bits  per 

Second  in  1000 

Cycle  Band  (25-db 

S/N  Random 

Noise  for  DSB) 

Approx.  Max.  Bits 
per  Second  in  Tele- 
phone Facility  300- 

SF 

Ran- 
dom 

Impulse 

Within 

One 
Channel 

Over 
1000 
Cycle 
Band 

2,800  Cycles 

Broadband  VSB 
Broadband  DSB 
Broadband  FS 

+  6 

0 

-3 

+  6 

0 

-3 

+6 
0 

-7t 

±0.4 

±0.55 

±0.5 

±0.4 

±0.55 

±0.5 

1000 
700 
650 

1600** 
800  to  1400** 
750  to  1200** 

Telegraph  Comparison 


43A1  Channel 


+  10ttl 


0tt|-10tt|±5       |±60 
-12    Channels- ) 


450 
(6  Channels) 


1100 
(15  Channels) 


Speech  Comparison 


Speech 


-t-10      +10      +10 


±10 


50 


*  High  grade  performance;  i.e.,  less  than  1  error  per  100,000  bits. 

**  High  figure  assumes  accurate  delay  correction  and  control  of  nonlinearity. 

t  Depends  on  precise  line-up  of  filter  and  carrier. 

ft  Allowance  for  peak  factor  of  12  frequencies. 

VSB  =  Vestigial  sideband;  DSB  =  Double  sideband;  FS  =  frequency  shift. 

This  impairment  is  here  assumed  to  be  about  3  db.  A  rather  larger 
impairment  has  on  occasion  been  assumed  by  other  authors.'  In  the 
case  of  the  telegraph  system  some  arrangements  for  merging  the  signals 
in  parallel  channels  into  a  single  high  speed  channel  require  a  certain 
exactness  in  timing  correlation.  The  need  for  this  may  be  overcome  by 
the  use  of  a  small  amount  of  data  storage  in  the  receiver  of  each  channel.  Jj 
The  delay  distortion  figures  quoted  in  the  table  assume  no  need  for  this 
timing  exactness.  As  in  the  other  part  of  the  comparison  twelve  chan- 
nels are  assumed. 

The  last  two  columns  indicate  the  bit  rate  that  can  be  expected  of  the 
various  systems,  first  per  1,000  cycles  of  band,  and  second  for  a  tele- 
phone facility  of  somewhat  narrow  (but  frequently  encountered)  band- 
width. Some  of  these  figures  assume  a  careful  control  of  delay  distortion 
and  of  nonlinear  distortion.  In  the  1,000-cycle  band  only  six  channels 
of  the  telegraph  assumed  may  be  accommodated.  In  a  2,500-cycle  band 
the  number  can  be  extended  to  15.  The  band  that  can  actually  be  used 
for  telegraph,  over  a  given  facility,  depends  upon  the  nature  of  that 
facility. 
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Some  comparison  data  are  indicated  for  telephone  speech.  The  bit 
rate  given  assumes  particularly  message  communication  and  not  finer 
shades  of  artistic  expression.  For  this  a  collection  of  phonemes  (or 
elementary  sounds)  in  the  fifties,  needing  six  bits  for  identification,  and 
a  typical  speech  rate  of  eight  phonemes  per  second,  require  48  bits  per 
second.  A  few  bits  are  also  needed  for  pitch  indication,  and  the  figure 
is  rounded  to  50. 

The  low  bit  rate  obtained  for  telephone  speech  communication  indi- 
cates considerable  redundancy  in  the  speech  signal  sent  over  the  tele- 
phone channel.  This  suggests  why  substantial  transmission  impairments 
can  be  tolerated  without  destroying  the  intelligibility  of  speech,  as 
compared  with  telegraph  or  data  signals. 

1.3  Nature  of  Study 

The  procedure  followed  has  consisted  of  examining  systems  of  binary 
or  similar  signal  transmission  which  appeared  suitable  for  the  sending 
of  data.  The  systems  studied  are  listed  here,  and  some  description  of 
them  is  given  later  in  the  text.  As  noted,  part  of  the  information  has 
come  from  outside  the  Bell  System. 

1.  Exploratory  1,650  bit  per  second  vestigial  sideband  system  studied 
at  Bell  Telephone  Laboratories. 

2.  Exploratory  1,600  bit  per  second  vestigial  sideband  system  studied 
at  Lincoln  Laboratory  of  M.LT.* 

3.  Exploratory  750  bit  per  second  double  sideband  system,  of  general 
type  reported  by  Horton  and  Vaughan.^ 

4.  Voice  frecjuency  telegraph  channels.^ 

5.  "Polytonic"  signaling  system  reported  by  Lovell,  McGuigan  and 
Murphy.^ 

The  transmission  problem  of  applying  these  various  systems  to  the 
various  tj^pes  of  telephone  message  facilities  employed  for  private  line 
service  has  been  considered.  These  are  also  listed,  and  a  brief  character- 
ization of  them  is  given  in  the  text. 

1.  ^^oice  frequency  circuits,  over  cable  and  open  wire. 

2.  Type-C  carrier  circuits  for  open  wire.^^ 

3.  Type-N  carrier  circuits  for  cable.® 

4.  Broad-band  carrier  systems'^  using  A  channel  banks  for  paired 
cable,  coaxial  cable,  open  wire,  and  microwave  radio. 

5.  Other  broad-band  carrier  systems. 


1456       THE   BELL   SYSTEM   TECHNICAL   JOURNAL,    NOVEMBER    1957 

1.4  Outline  of  Paper 

As  a  result  of  the  study,  some  recommendations  were  made.  The  dis- 
cussion of  this  material  is  presented  in  Section  II.  It  covers  first  the  sort 
of  service,  with  comparatively  high  bit  rate,  for  which  there  has  been 
user  demand,  and  which  can  be  furnished  over  private  line  facilities. 
Secondly,  the  recommendations  cover  the  broad  features  of  the  signal 
characteristics  which  appear  promising  for  use  over  such  facilities.  These 
recommendations  are  at  the  present  time  evolving  into  an  exploratory 
system.  The  recommendations  themselves,  together  with  some  general 
remarks,  are  presented  in  Sections  2.0  and  2.1.  The  background  material 
on  which  these  were  based,  and  which  covers  consideration  of  the  five 
systems  which  have  been  listed,  is  presented  m  Sections  2.2  to  2.5. 

The  discussion  on  the  nature  of  the  problems  involved  in  transmission 
of  the  signals  over  the  telephone  plant  to  be  used  (which  above  has 
been  listed  in  five  categories)  is  finally  covered  in  Section  III. 

II.    SYSTEMS    OF    BINARY   SIGNAL   TRANSMISSION 

2.0  Geyicral  Remarks 

There  are  a  number  of  arrangements  in  the  present  art,  both  experi- 
mental and  commercial,  which  are  capable  of  sending  digital  data  infor- 
mation under  something  like  the  conditions  required  for  the  service 
con.sidered.  Study  of  these  has  led  to  a  set  of  recommendations  which 
are  outlined  below.  The  specific  arrangements  are  then  discussed  in 
more  detail.  The  description  covers  only  the  essential  transmission 
characteristics  of  the  arrangments. 

The  arrangments  generally  divide  into  tAvo  groups,  those  which  are 
essentially  short-pulse  single  channel  (though  some  of  these  may  include 
a  slow  auxiliary  channel) ,  and  those  which  use  frequency  division  multi- 
plex channels  and  therefore  employ  longer  individual  pulses.  One  impor- 
tant advantage  of  the  multiple  channel  systems  is  noted  in  Section  3.3 
as  consisting  of  an  increased  immunity  against  impulse  noise. 

The  single  channel  group  shows  much  similarity  among  the  systems. 
The  principal  difference  is  that  of  bit  rate.  The  faster  systems  use  ves- 
tigial sideband  transmission,  at  the  expense  of  a  certain  increase  in 
vulnerability  to  noise  as  compared  with  those  which  use  double  side- 
band transmission,  and  also  at  the  expense  of  a  more  general  need  for 
delay  distortion  correction  because  of  the  speed. 

The  systems  in  this  group  which  use  vestigial  sideband  are  expected 
to  be  able  to  operate,  with  a  very  low  error  rate  (some  1  error  per  100,000 
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hits),  over  telephotograph  type  circuits,  which  employ  delay  distortion 
correction.  This  is  a  "normal"  condition  error  rate,  and  does  not  in- 
clude abnormal  circuit  conditions,  such  as  static,  trouble  conditions, 
etc.  It  also  assumes  a  more  or  less  even  error  distribution. 

One  of  these  systems  gives  very  desirable  word  start  indications  by 
using  an  additional  level  of  signal.  "Words"  are  groups  of  signal  elements 
of  fixed  total  number  each.  A  distinctive  separation  signal  greatly 
simplifies  their  recognition  at  the  recei^'er,  particularly  after  short  line 
interruptions. 

As  the  price,  however,  of  both  the  speed  and  the  third  level  signal 
indication,  this  system  is  more  vulnerable  than  the  others  to  impulse 
noise,  of  the  kind  encountered  in  hitherto  installed  Nl  carrier  and  open- 
wire  circuits,  which  have  not  been  treated  for  impulse  noise.  It  is  also 
more  vulnerable  than  the  other  systems  to  sudden  level  changes  in  the 
received  signal. 

The  multiple  channel  group  is  generally  characterized  by  a  lower  bit 
rate.  Of  all  of  them  only  one,  the  frecjuency-shift  carrier  telegraph, 
shows  capability  of  consistent  operation  over  untreated  Nl  carrier.  On 
this  type  of  carrier  the  frequency-shift  telegraph  permits  a  bit  rate  of 
the  order  of  only  half  that  obtainable  with  the  vestigial-sideband  S3^s- 
tems.  This  telegraph  system  performs  much  better  over  other  types  of 
telephone  facilities  but  even  then  its  bit  rate  is  only  about  three  fourths 
that  desired. 

2.1  Digital  Data  Transmission  Service 

2.1.1  Some  Desirable  Major  Requirements 

1.  Transmission  of  a  maximum  of  1,600  bits  per  second  with  an 
error  rate  not  to  exceed  one  in  every  100,000  bits  (or  once  per  minute). 

2.  Applicability  to  most  telephone  facilities  for  private  line  use. 
Some  selection  of  circuits  and  some  treatment  of  those  selected  will  be 
acceptable.  The  circuits  carrying  data  are  to  be  one-way  terminal 
circuits  only  (i.e.,  not  to  be  linked  in  tandem).  It  is  expected  that  for 
the  bulk  of  the  service  the  circuits  would  not  be  likely  to  run  over  some 
200  to  300  miles  in  length,  but  a  small  number  of  3,000-mile  circuits 
is  considered  possible. 

2.1.2  Characteristics  of  the  System 

The  system  which  has  been  considered  and  recommended  as  promising 
for  the  service  outlined  above  has  the  following  essential  characteristics: 

1.  Carrier  at  2,000  cycles,  with  vestigial  band  extending  up  to  some 
2,400  cycles.  Lower  nominal  effective  band  (half  the  bit  rate  in  width) 
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extends  down  to  1,200  cycles,  and  roll-off  band  down  to  about  1,000 
cycles.  The  frequency  space  above  the  vestigial  band  and  below  the 
roll-off  band  is  essentially  "dead"  space,  free  of  signal  energy. 
2.  The  signal  comprises  three  components: 

(a)  synchronization,  (or  start),  to  indicate  word  separations, 

(b)  data,  or  the  actual  information,  and 

(c)  timing,  to  mark  out  the  successive  bit  intervals  in  the  data. 
The  signal  is  represented  in  Fig.  1  as  the  envelope  of  a  carrier.  The 

synchronizing  signal  has  an  amplitude  of  one  and  a  duration  of  one 
signal  element.  Data  spacing  signals  have  an  amplitude  of  about  0.63 
and  a  duration  each  of  one  signal  element.  Data  marking  signals  have 
an  amplitude  of  about  0.25  and  also  one  signal  element  duration.  It 
will  be  noted  that  this  is  an  "upset"  signal,  in  which  spaces  have  more 
power  than  marks.  The  two  signal  elements  immediately  before,  and 
again  the  two  signal  elements  immediately  after,  the  synchronization 
signal  are  always  to  be  spacing.  A  timing  signal  is  not  actually  sent, 
but  instead  the  synchronizing  signal  is  used  to  pull  the  phase  of  a  highly 
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Fig.  1  —  Multiple  level  signal. 
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accurate  oscillator  or  "clock"  at  the  receiver  into  the  proper  phase 
relation  at  the  beginning  of  each  word. 

The  phase  of  the  oscillator  is  readjusted  slightly  as  necessary  at  the 
beginning  of  each  word  Init  this  adjustment  is  purposely  made  sluggish 
so  that  an  occasional  noise  burst  will  not  throw"  timing  out  badly.  Thus 
the  timing  information  is,  in  effect,  by  its  repetitive  characteristic,  highly 
redundant.  The  recei\-ing  device  is  capable  of  getting  in  step  without 
any  manual  adjustment  but  it  may  require  as  many  as  10  words  (or 
that  number  of  synchronizing  pulses)  before  it  gets  into  exact  phase,  on 
an  initial  connection  or  after  losing  synchronization. 

2.1.3  Transmission  Considerations 

Such  a  signal  leads  to  the  following  transmission  considerations: 

1.  The  signal  is  rather  similar  in  its  spectrum  to  a  telephotograph 
signal,  and  as  a  first  order  approximation  requires  about  the  same  type 
of  facility  for  its  transmission. 

2.  In  particular,  the  signal  is  expected  to  require  something  like  the 
same  over-all  delay  equalization  as  the  telephotograph  signal.  A  brief 
discussion  of  this  point  was  given  in  a  paper  by  one  of  the  authors.'  The 
conclusions  there  are  that  the  telephotograph  etjualization  limits  of 
±0.4  times  a  signal  element  duration  in  envelope  delay  are  generally 
reasonable,  although  these  are  probably  overly  severe  with  respect  to 
very  fine  structure  irregularities  in  the  residual  envelope  delay  charac- 
teristic. The  formal  limits  which  have  been  set  on  the  envelope  delay 
distortion  for  the  1,600  bit  per  second  signal  are  ±250  microseconds. 

8.  These  limits  constitute  a  rather  less  severe  problem  for  the  bulk 
of  the  expected  circuits  (200-300  miles)  than  they  present  for  telephoto- 
graph circuits  which  are  equalized  for  3,000-  to  5,000-mile  lengths.  For 
the  small  expected  number  of  very  long  circuits  the  problem  would  of 
course  be  the  same  as  for  the  telephotograph  ser\'ice. 

4.  The  delay  ecjualization  problem  recjuires  special  consideration  in 
view  of  the  nature  of  practices  which  have  developed  in  the  telephoto- 
graph art.  The  number  of  circuits  which  haA'e  been  equipped  for  tele- 
photography has  in  the  past  been  rather  small.  The  adjustment  of  the 
delay  equalization  has  involved  arithmetical  calculation  in  the  process 
of  fitting  various  manufactured  delay  equalizer  sections  to  the  measured 
ilelay  distortion.  These  methods  are  not  generally  suitable  for  large 
scale  operations.  It  is  believed  that  a  process  of  equalization  by  prescrip- 
tion will  l)e  useable  for  the  200-300  mile  circuits.  This  is  discussed  in 
more  detail  in  Section  3.3. 

5.  So  far,  it  has  not  been  found  expedient  to  transmit  telephotograph 
signals  generally  over  unmodified   XI    carrier  or  other  compandored 
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circuits,  and  the  same  problem  is  appearing  with  the  proposed  data 
signal.  The  problem  is  discussed  in  more  detail  in  subsequent  sections. 

6.  The  specific  signal  suggested  has  the  disadvantage  that  multiple 
levels  must  be  discriminated  by  the  receiver.  This  increases  vulnerability 
to  noise  and  level  changes,  as  will  now  be  discussed  in  some  more  detail. 

The  specific  signal  which  has  been  suggested,  as  noted  before,  is 
outlined  in  Fig.  1.  This  signal  comprises  several  levels.  In  the  first  place 
it  includes  a  word  start  indication,  on  a  separate  level  from  the  mark 
and  space  indications.  In  the  second  place  the  lowest  amplitude  level 
(normally  a  space,  but  a  mark  in  the  "upset"  signal,  as  has  been  noted) 
is  not  made  zero,  but  0.25  the  amplitude  of  the  word  start  indication 
or  "synchronizing"  pulse.  The  need  for  this  is  explained  in  the  discussion 
on  vestigial  sideband,  below. 

Consider  for  the  moment  a  signal  of  only  two  levels;  these  can  be 
taken  as  1  volt  and  0  volts  respectively.  The  discrimination  between 
them  without  error  requires  that  an  instantaneous  noise  pulse  at  this 
time  be  kept  to  less  than  |  volt.  In  these  terms  this  represents  an  S/N 
ratio  of  6  db. 

The  use  of  0.25  volt  minimum  signal  means  that  the  amplitude  range 
between  maximum  and  minimum  is  reduced  from  1  volt  to  1  —  0.25  = 
0.75  volts.  The  maximum  allowable  noise  pulse  must  be  0.75/2  =  0.375 
volts  for  this  signal.  This  is  an  8.8-db  S/N  ratio,  as  compared  with  the 
previous  6  db.  It  represents  a  handicap  of  approximately  3  db  which 
must  be  accepted  as  part  of  the  price  of  the  increased  bit  transmission 
rate  permitted  by  the  use  of  vestigial  sideband  as  compared  with  double 
sideband  transmission. 

An  additional  penalty  comes  from  the  use  of  three  as  against  two 
signal  levels.  The  spacing  signal  level  is  set  at  0.625  volt,  midway  be- 
tween 1  and  0.25  volt.  Discrimination  between  synchronization  and 
spacing  signals  can  tolerate  noise  pulses  of  (1  —  0.625)/2  =  0.1875 
volt.  This  amplitude  is  15  db  below  synchronization  level.  Discrimina- 
tion between  spacing  and  marking  signals  tolerates  maximum  noise 
pulses  of  (0.625  -  0.25)/2  =  0.1875  volt.  This  is  again  15  db  below 
synchronization  \eye\.  Thus  the  signal  tolerates  a  15-db  S/N  ratio 
between  synchronization  level  and  the  level  of  maximum  noise  pulses. 

The  difference  between  the  approximate  9-db  S/N  for  the  two  level 
vestigial  sideband  signal  and  the  15  db  represents  the  6-db  handicap 
caused  by  the  multiple  level  discrimination  in  the  signal.  This  is  the 
price  paid  for  a  distinctive  word  start  indication. 

The  price  also  applies  to  sudden  level  changes.  In  a  two  level  signal 
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between  1  and  0  volt,  a  sudden  drop  of  6  db  (without  compensating 
change  in  the  "sHcing"  or  critical  level)  causes  error. 

In  the  two  level  signal  between  1  and  0.25  volt,  the  permissible  drop 
is  reduced  to  4  db  (ratio  of  0.625/1). 

In  the  three  level  signal,  the  permissible  drop  is  reduced  to  1.8  db 
(ratio  of  (0.625  +  0.1875) /I). 

Automatic  gain  control  and  corresponding  adjustment  of  the  slicing 
level  ameliorate  these  conditions  to  some  extent,  but  the  problem  is  still 
a  serious  one;  a  sudden  rise  is  also  serious. 

The  use  of  a  compandor  in  the  transmission  facility  exaggerates  the 
situation.  Some  discussion  of  the  action  of  a  compandor  to  improve  the 
signal-to-noise  ratio  for  speech  is  given  in  Section  3.1.  For  the  moment 
it  can  be  said  that,  at  the  transmitting  end,  the  compandor  compresses 
the  range  of  amplitudes  in  the  speech  signal  at  approximately  a  syllabic 
rate.  At  the  receiving  end  an  expansion  restores  the  original  amplitude 
relationships  in  a  complementary  manner. 

The  compression  and  expansion  are  matched  almost  perfectly  as  far 
as  the  human  ear  is  concerned.  However  data  transmission  is  more  vul- 
nerable to  short  time  level  irregularities.  This  allows  small  imperfections 
in  the  amplitude  restoration  to  impose  a  further  penalty  in  the  form  of 
error  hazards. 

2.1.4  Other  Considerations 

Present  ideas  call  for  the  acceptance  of  the  signal  by  the  telephone 
company,  and  redelivery  to  the  subscriber  not  in  the  form  indicated 
by  Fig.  1,  but  in  the  form  of  the  three  separate  components  listed  in 
2.1.2.  This  presents  some  problems  regarding  the  transmission  of  such 
signals  over  the  connecting  loops  between  the  subscriber  and  the  tele- 
phone office.  These  are  not,  however,  germane  to  the  general  transmis- 
sion problem  and  will  not  be  considered  further  here. 

2.2  Bell  Telephone  Laboratories  and  Lincoln  Laboratory  Vestigial  Side- 
band Systems 

The  first  of  these  represents  an  unpublished  exploration,  particularly 
bj^  C.  B.  H.  Feldman  and  A.  C.  Norwine,  of  the  possibilities  of  trans- 
mitting moderately  high  speed  data  pulses  over  telephone  facilities. 

The  exploratory  system  used  a  carrier  at  2,200  cycles;  a  vestigial  band 
extended  up  to  2,600  C3^cles;  the  nominal  effective  band  extended  down 
to  1,375  cycles;  and  a  roll-off  band  continued  down  to  1,100  cycles.  In 
order  to  reduce  the  quadrature  component  resulting  from  the  ^'estigial 
sideband  the  spacing  signal  was  made  equal  to  one-third  the  marking 


1462       THE    BELL    SYSTEM    TECHNICAL    JOURNAL,    NOVEMBER    1957 

signal  amplitude.  The  receiver  used  AVC  both  for  amplitude  control 
and  space-to-mark  slicing  level  adjustment. 

The  timing  of  the  receiver  sampling  instants  to  determine  mark  and 
space  indications  was  determined  by  a  flywheel  circuit  which  operated 
from  space-to-mark  and  mark-to-space  transitions  in  the  signal.  This 
is  similar  in  principle  to  the  old  Baudot  quadruplex  arrangements  in 
telegraphy.  It  was  a  synchronous  system  and  required  a  dummy  signal 
for  a  lining-up  period  pre\'ious  to  the  actual  transmission  of  information. 
The  lining-up  was  automatic  but  required  some  15  to  50  milliseconds 
(25  to  80  signal  elements). 

A  number  of  experiments  with  the  system  were  made  on  actual  lines. 
Most  of  these  showed  successful  transmission,  though  the  error  rates 
were  not  measured  quantitatively.  The  test  showed  the  signal  margin 
against  error  on  a  cathode  ray  oscilloscope.  The  wave  trace  indicated 
displacements  both  in  the  signal  amplitude  and  in  the  timing  of  the 
sampling  instant.  This  margin  has  been  found  to  correlate  reasonably 
well  (in  an  inverse  relationship)  with  the  calculated  delay  distortions 
of  the  circuits  used.  It  also  corresponds  reasonably  well  to  theoretical 
expectations.'^ 

The  system  reported  on  by  the  Lincoln  Laboratory  of  MIT^  shows 
much  general  similarit}^  to  the  above.  Perhaps  the  most  distinctive  fea- 
ture of  difference  is  in  the  use  of  a  word  start  indicating  or  synchronizing 
signal,  in  the  form  of  the  high  le\-el  pulse  discussed  above  and  somewhat 
similar  to  that  used  in  television  for  scanning-line  synchronization. 

2.3  Double  Sideband  Systems 

A  prototype  of  these  systems  has  been  described  by  Horton  and 
Vaughan.^  Several  models  have  been  derived  from  the  prototype  which 
differ  from  it,  somewhat,  in  several  respects.  Large  portions  of  the  sys- 
tems are  not  germane  to  the  present  discussion,  and  only  a  brief  de- 
scription will  be  given  of  the  signals. 

An  outline  of  the  signal  spectrum  for  the  most  recent  of  these  derived 
models  is  illustrated  in  Fig.  2.  The  main  signal  is  handled  on  a  carrier  at 
1,500  cycles.  The  bit  rate  is  750  per  second,  and  the  nominal  effectiA'e 
band  is  shown  as  ±375  cycles.  A  schematic  roll-off  is  indicated.  The 
words  in  this  system  are  of  about  100-signal  element  length,  of  which  8 
are  used  for  synchronization.  The  synchronization  pattern  involves  a 
.3-signal  element  ready  pulse  on  the  600-cycle  carrier,  simultaneous  with 
the  first  3  of  the  6-signal  element  marking  pulse  on  the  1,500-cycle 
carrier.  Following  this  comes  a  spacing  bit,  then  another  marking  bit 
on  the  1,500  cycles  only.  The  next  bit  is  the  first  information  bit. 
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Fig.  2  —  Double  sideband  signal  with  auxiliary  start  channel. 

Marking  consists  of  maximum  carrier  amplitude  and  spacing  is  zero 
carrier  amplitude.  The  pulses  are  shaped  both  at  the  transmitting  end 
and  at  the  receiver  before  sampling. 

The  earlier  prototype  system  as  described  by  Horton  and  Vaughan 
was  tested  over  a  variety  of  telephone  facilities  (not  including  Nl 
carrier)  running  up  to  over  12,000  miles  in  length  and  found  to  be  quite 
rugged.  For  reasons  which  are  to  be  discussed  later,  the  use  of  these 
systems  over  compandored  circuits  presents  certain  extra  transmission 
problems  regarding  noise  and  level  changes. 

2.4  Voice  Frequency  (VF)  Carrier  Telegraph 

The  opposite  extreme  to  the  use  of  the  telephone  facility  as  a  single 
band,  to  carry  short  duration  pulses,  is  to  subdivide  the  band  into  a 
large  number  of  subchannels,  each  using  longer  duration  pulses.  As 
already  noted,  this  has  advantages  against  impulse  noise,  and  also 
delay  distortion. 

There  is  available  for  this  use  the  VF  telegraph  system.^  In  an  AIM 
form  (40C1)  this  subdivides  the  space  into  18  telegraph  channels,  which 
can  each  carry  100  words  per  minute  (or  74  bits  per  second).  A  fre- 
(luency  shift  form  (48A1)  is  available,  to  give  17  channels,  each  to  carr}^ 
74  bits  per  second. 

The  18  channels  use  a  band  of  200  to  3,200  cycles  in  the  telephone 
facility,  and  the  lowest  channel  permits  only  a  lower  word  speed.  The 
17  channels  occupy  the  band  from  350  to  3,200  cycles. 

It  has  been  mentioned  that  the  telephone  channels  which  provide 
the  most  serious  problem  for  data  transmission  are  those  using  compan- 
dors. The  untreated  Nl  carrier  is  a  principal  example  of  such.  Further, 
the  type  of  circuits  which  use  compandors  are  apt  to  be  placed  in  plant 
which  is  relatively  exposed  to  impulsive  noise. 

The  principal  interest  in  the  telegraph  channels,  therefore,  is  to  exam- 
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ine  how  they  fare  in  appHcation  over  untreated  Nl  carrier.  There  have 
been  some  studies  of  this  point.  The  general  conclusion,  to  be  elaborated 
below,  is  that  although  the  frequency  subdivision  (and  also  the  fre- 
quency shift)  helps  against  impulsive  noise,  fewer  telegraph  channels 
may  be  used  than  over  good  non-compandored  facilities;  and  at 
best,  the  transmission  is  accompanied  by  more  distortion  than  expected 
in  a  telegraph  link  of  the  highest  grade.  However,  a  serious  possibility 
for  data  transmission  is  indicated. 

2.4.1  Telegraph  Tests  on  Nl  Carrier 

Tests  on  this  subject  have  been  carried  out  by  S.  I.  Cory,  J.  M.  Fraser 
and  others  and  reported  in  unpublished  memoranda.  Before  presenting 
the  results  of  the  tests,  some  background  is  necessary  on  the  terms  in 
which  the  results  are  reported. 

The  performance  is  usually  evaluated  in  tests  of  this  kind  in  terms  of 
a  "maximum  checkable"  telegraph  distortion  over  a  short  time  (about 
5  minutes).  The  "telegraph  distortion"  represents  the  displacement 
from  correct  timing,  of  received  signal  transitions,  after  the  initial 
mark-to-space  transition  in  the  "start"  element.  These  displacements 
are  measured  in  percentages  of  the  signal  element  duration.  By  "maxi- 
mum checkable"  distortion  is  meant  the  maximum  such  displacement 
that  is  consistently  reproduced  in  repetitions  of  the  short  testing  period. 
This  is  somewhat  larger  than  the  root-mean -square  distortion.  A  larger 
displacement  is,  of  course,  obtainable  over  a  longer  testing  period. 
Although  this  measure  of  performance  has  had  long  use  in  the  telegraph 
art,  other  measures  are  perhaps  more  readily  grasped  by  and  probably 
of  more  value  to  the  data  transmission  engineer.  Such  a  measure,  for 
example,  is  the  error  rate. 

The  error  rate  may  be  estimated  through  the  use  of  the  telegraph 
transmission  coefficient.^  This  is  a  figure  which  has  been  designed  by 
telegraph  engineers  to  indicate  the  performance  of  a  telegraph  circuit, 
particularly  when  it  is  made  up  of  several  sections.  It  is  more  or  less 
proportional  to  the  square  of  the  distortion,  and  has  the  property  that, 
when  carefully  chosen,  it  can  be  added  for  circuits  connected  in  tandem. 
A  small  coefficient  thus  characterizes  good  transmission,  and  correspond- 
ingly, a  large  coefficient  characterizes  poor  transmission. 

The  correlation  between  peak  distortion  over  5-minute  intervals  and 
error  rate,  through  the  telegraph  transmission  coefficient,  is  indicated 
in  Reference  8  and  Table  II.  It  is  to  be  understood  that  the  correlation 
is  only  a  rough  one.  Particularly  at  the  two  extreme  ends  of  the  scale, 
the  entries  in  the  table  can  serve  only  as  a  general  guide  to  the  perform- 
ance, and  the  specific  numbers  are  not  to  be  taken  too  literally. 
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Table  II  —  Characterization  of  Telegraph  Distortion  and 
AND  Error  Rates  by  Telegraph  Transmission  Coefficient 


Distortion 

Errors 

Transmission 

Coefficient 

RMS 

5  min.  peak 

1  in  «  characters 

1  in  >n  bits 

in) 

(«») 

13.9 

30 

30 

40 

2.9  X   102 

12.6 

27 

25 

87 

6.2  X   102 

11.2 

24 

20 

2.5  X   102 

1.8  X   10^ 

9.8 

21 

15 

1.5  X   10^ 

1.1   X   10^ 

8.0 

17 

10 

4.4  X   10^ 

3.2  X   10^ 

5.6 

12 

5 

10^ 

7.4  X   109 

4.3 

9 

3 

10'2 

7.4  X   10'2 

2.5 

5 

1 

— 

— 

A  very  brief  summary  of  some  of  the  experiments  in  the  use  of  VF 
telegraph  over  untreated  N  carrier  is  given  in  Table  III.  This  portion 
of  the  results  covers  Nl  circuits  with  compandors  which  have  slightly 
more  noise  than  the  objective  which  is  set  for  the  telephone  use  of  such 
circuits.  The  noise  was  28  dba  at  the  zero  transmission  level  point,  as 
against  an  objective  of  26  dba  at  that  point.  It  is  noted  in  Section  3.3.2 
that  the  measurement  of  noise  in  these  terms  is  not  altogether  reliable 
in  the  evaluation  of  its  effects  on  transmission  systems  that  use  pulses. 
Thus,  these  experiments  must  be  considered  as  giving  only  a  general 
indication  of  the  situation. 


Table  III  —  Summary  of  Telegraph  Peformance  over  Noisy 

N-I  Carrier  Link 


1.  Number  of  channels.  . 

2.  Frequency  space  used  . 

3.  Words  per  minute  .... 

4.  Total  bits  per  second. 


40C1  (AM) 


6 
1020 
75 
342 


43 Al  (FS) 


75 

684 


12 
2040  cycles 


100 
888 


Average  Channel 

5.  Peak  distortion 

6.  Estimated  Transmission  coeff . . 

7.  Estimated  errors,  1  in 

16 

9 

10« 

8 

2.5 
10'^ 

18  per  cent 

11.5 

10^  bits 

Worst  Channel 

8.  Peak  distortion 

25 
21 

1.5  X   103 

17 

10 

4  X  105 

22  per  cent 
17 
5  X  103  bits 

9.  Estimated  transmission  coeff..  . 
10.  Estimated  errors,  1  in 
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The  tabulation  is  first  given  for  an  average  channel.  The  performance 
of  the  worst  channel  has,  however,  also  been  included  to  give  an  indica- 
tion of  its  contribution  to  over-all  operation. 

Many  of  the  Nl  carrier  telephone  circuits  in  the  plant  show  lower 
noise  than  the  objective,  and  to  this  extent  Table  III  is  somewhat 
pessimistic.  Also  some  of  the  tests  have  shown,  particularly  for  AM, 
that  the  performance  is  somewhat  improved  by  removing  the  com- 
pandors. Thus,  allowing  for  both  points,  better  performance  can  be 
expected  from  the  average  Nl  circuit  (less  than  200  miles)  in  the  plant. 
The  transmission  coefficient  of  11.5  listed  for  Item  6  at  100  words  per 
minute  might  go  down  to  say  9.  At  75  words  per  minute  with  FS  or 
AM,  it  might  not  be  over  4.5.  It  is  clear,  of  course,  that  with  further 
modifications  of  the  Nl  channels,  such  as  to  reduce  noise  exposures, 
better  performance  could  be  obtained. 

The  broad  conclusions  that  can  be  derived  from  these  considerations 
are: 

1.  The  subdivision  of  the  frec}uency  band  into  telegraph  channels, 
and  the  use  of  FS,  permit  a  workable  system  to  be  operated  over  a 
compandored  facility  like  the  Nl  carrier  without  modification.  This 
occurs  even  when  the  latter  has  noise  up  to  and  a  little  over  the  tele- 
phone objective. 

2.  This  workable  system  under  such  noisy  conditions  transmits  up 
to  some  350  bits  per  second  with  AM,  and  some  800  bits  per  second 
with  FS.  It  is  accomplished  with  an  error  rate  of  the  order  that  has 
been  implied  for  data  transmission,  even  in  the  worst  channel. 

3.  There  is  a  relatively  wide  range  of  performance  of  the  system  over 
different  Nl  circuits,  and  the  average  performance  is  sensibly  better 
than  that  under  the  limiting  conditions  which  have  been  considered. 

2.4.2  Distribution  of  Signal  in  Allocated  Bandwidth 

A  more  extensive  discussion  of  the  use  of  bandwidth  is  given  in  Sec- 
tion 3.1,  below.  However,  a  few  specific  points  are  appropriate  here  on 
the  band  use  in  telegraph  channels. 

The  spectrum  of  the  original  voice  frequency  telegraph  system,  based 


Table  IV  —  Use  of  Frequency  Spectrum  in  Telegraph  Channel 


AM 

FS 

1.  Channel  spacing 

2.  Nominal  effective  bands 

3.  Roll -off  band  (both  sides) 

4.  FM  swing 

5.  Guard  band  (both  sides) 

170 

74 

37 

0 

59 

170  cycles 

74 

26 

70 

0 
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Fig.  3  —  Utilization  of  telegraph  channels. 

on  170  cycles  between  carriers,  was  conservatively  developed  for  the 
60  word  per  minute  speed  of  the  time.  The  100  word  per  minute  speed 
has  used  up  some  of  this  conservatism.  The  use  of  frequency  shift  in  the 
same  channels  has,  however,  used  up  the  spectrum  space  even  more. 

An  outline  of  the  band  allowances  is  given  in  Table  IV,  and  illustrated 
in  Fig.  3.  Item  2  of  the  table  is  based  on  the  100  word  per  minute  speed, 
using  double  sideband.  On  this  basis,  the  number  is  equal  to  the  num- 
ber of  bits  per  second.  This  is  the  minimum  double  sideband  over  which 
that  number  of  bits  can  be  transmitted,  according  to  the  Xycjuist 
theory.  Each  such  sideband  is  sometimes  called  a  "nominal  effective 
band."  In  practice  various  allowances  are  necessary  over  this  minimum. 

In  the  first  place  a  roll-off  is  necessary  because  filters  are  not  infinitely 
sharp,  and  in  addition  the  nature  of  the  modulation  itself  forms  a  roll- 
off.  Roll-off  also  leads  to  a  signal  which  is  more  free  of  overshoots  and 
generally  "cleaner"  than  when  a  sharp  cutoff  is  used.  Item  3  and  Fig. 
3(a)  and  (b)  show  an  allowance  for  roll-off.  For  the  AM  case  this  amounts 
to  half  the  nominal  effective  band.  For  the  FS  case  there  is  not  quite 
that  much  space  available. 

For  the  FS  signal  it  is  necessar}'  to  allow  for  the  frecjuency  swing 
as  Item  4.  For  the  43A1  system  this  amounts  to  70  cycles.  In  Fig.  3(b) 
the  spectrum  includes  the  region  comprised  by  the  FM  swing,  and  up- 
per and  lower  sidebands.  The  upper  and  lower  sidebands  as  formed  by 
the  modulation  of  a  random  signal  are  shown  extending  respectively 
above  and  below  the  extremities  of  the  swing  (instead  of  only  above  and 
below  a  central  carrier,  as  they  would  with  AM). 

A  final  allowance  in  Item  5  is  a  "guard  band."  This  is  taken  to  mean 
a  region  in  which  the  signal  energy  is  negligible,  but  at  the  same  time 
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a  region  in  which  no  appreciable  interference  is  tolerated  from  the  ad- 
jacent band.  The  allowance  for  this  is  generous  in  the  AM  case.  In  the 
FS  case  the  roll-off  band  of  Item  3  tends  to  use  up  all  the  space  not 
employed  by  the  nominal  effective  band  and  the  swing,  and  nothing  is 
indicated  as  left  for  guard  band.  This  is  illustrated  in  Fig.  3(b)  by  the 
extremities  of  the  roll-off  band  reaching  the  extremities  of  the  170-cycle 
spacing.  It  is  to  be  recognized  that  the  illustrations  are  diagrammatic. 
However,  the  extremities  mentioned  measure  the  bands  occupied  by 
power  from  random  signal  transitions  between  marking  and  spacing 
(as  distinguished  from  mere  mark-space  reversals),  analogous  to  the 
bands  occupied  by  power  from  AM  signal  transitions.  Comparison  of 
Figs.  3(a)  and  3(b)  suggests  how  modulated  signal  components  of  signifi- 
cant intensity  are  displaced  farther  from  the  edges  of  the  channel  with 
FS  than  with  AM. 
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Fig.  4  —  Experimental    relation    between    telegraph    distortion    and    speed, 
with  fixed  channel  filters  (after  Jones  and  Pfleger'). 


PRIVATE   LINE    DATA   TRANSMISSION  1469 

The  conclusion  is  reached  that  there  is  hardly  any  excess  conservatism 
in  the  43A1  system.  Some  confirmation  of  this  is  indicated  in  a  paper 
by  Jones  and  Pfleger.^  Fig.  4  reproduces  some  curves  presented  in  that 
paper.  The  curve  at  (B)  (from  Fig.  5  of  that  paper)  shows  that  the  FS 
telegraph  rises  rapidly  in  distortion  above  the  100  word/min  speed.  The 
curve  at  (A)  (taken  from  the  same  Fig.  5)  for  level-compensated  AM 
shows  a  substantially  broader  and  somewhat  lower  curve  in  this  region. 
From  curve  (C)  (taken  from  Fig.  3  of  the  paper)  for  diode  modulated 
signals,  it  is  seen  that  the  sharp  rise  in  distortion  for  FS  is  even  more 
accentuated  than  for  the  relay  modulator.  This  indicates  how  much 
more  characteristic  distortion  FS  exhibits  than  AM  because  of  the 
sharper  roll-off  of  its  signal  bands  within  the  confines  of  the  same  170- 
cycle  channel  spacings.  Of  course,  as  the  word  speed  is  raised  beyond 
the  practically  usable  values,  either  type  of  modulation  leads  to  so  much 
power  in  the  filter  cutoff  regions  that  the  characteristic  distortions  be- 
come more  or  less  indistinguishable. 

2.5  "Polytonic"  System 

This  is  a  frequency  discrimination  system  experimentally  proposed 
for  toll  and  local  signaling.^  It  works  on  5  channels  at  speeds  of  100  and 
300  decimal  digits  per  second  (or  the  equivalent  of  some  330  to  slightly 
under  1,000  bits  per  second).  It  has  some  similarities  to  an  earlier  multi- 
frequency  system,'"  but  is  faster. 

The  distinguishing  characteristic  of  the  polytonic  system  lies  in  the 
mathematical  theory  which  has  been  followed  to  reduce  interchannel 
interference.  This  analysis  makes  use  of  the  theory  of  orthogonal  func- 
tions, and  is  similar  to  that  used  in  the  computation  of  Fourier  com- 
ponents. The  mathematical  analysis  leads  to  an  ideal  receiver  design 
for  minimum  interchannel  interference.  The  ideal  detector  in  this 
receiver  closely  resembles  the  conventional  homodyne  detector.  The 
detector  actually  UvSed,  however,  represents  a  practical  simplification  of 
the  latter.  A  complete  description  cannot  be  given  here,  but  it  may  be 
noted  that  the  theory  leads  to  a  need  for  synchronization  of  the  signal 
elements  in  the  five  channels,  and  to  the  setting  of  an  exact  timing 
instant  for  the  sampling  of  the  received  wave  to  obtain  minimum  inter- 
channel interference.  The  indication  for  this  instant  is  obtained  from 
the  use  of  a  sharp  wave-front  pulse  in  the  marking  channels. 

Tests  with  the  100  decimal  digit  per  second  system  (100  decimal 
digits  normally  correspond  to  332  binary  digits)  indicated  that  it  gave 
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good  operation''  over  toll  circuits  of  comparatively  limited  length  (350 
miles  for  four-wire  voice  frequency,  1,900  miles  for  K  carrier).  The  higher 
speed  system  was  designed  only  for  local  plant. 

It  is  clear  that  this  system  has  too  low  a  bit  rate  for  the  application 
contemplated,  even  in  the  faster  form.  It  is  also  not  generally  adaptable 
to  the  variety  of  circuit  lengths  which  are  expected  to  be  encountered. 

III.    UTILIZATION    OF    THE    TELEPHONE    CHANNEL 

The  discussion  herewith  covers  a  broad  examination  of  some  major 
characteristics  of  telephone  communications  facilities,  to  evaluate  their 
bearing  on  the  choice  of  a  system  for  the  data  transmission  service 
outlined  before.  It  is  of  course  clear  that  different  conclusions  might  be 
reached  for  other  types  of  service. 

The  first  item  is  an  outline  review  of  the  different  types  of  message 
telephone  facilities  in  the  plant.  This  is  followed  by  an  analysis  of  the 
different  possibilities  in  the  use  of  the  frequency  spectrum,  of  noise,  and 
of  delay  distortion,  in  the  application  of  the  data  signals. 

3.1  Telephone  Facilities 

There  is  a  rather  wide  variety  of  facilities  to  be  found  in  the  tele- 
phone plant,  to  be  examined  with  respect  to  the  factors  that  are  ger- 
mane to  the  present  question. 

The  first  of  these  factors  is  the  frequency  bandwidth  capability  of 
the  facility.  For  message-type  voice  circuits,  this  is  generally  character- 
ized as  being  three  kilocycles  (with  the  exception  of  "emergency  banks," 
which  are  substantially  narrower,  and  are  not  to  be  considered  as 
useable  for  data  transmission).^^  However,  some  of  the  telephone  circuits 
in  the  plant,  aside  from  the  emergency  banks,  are  also  somewhat  nar- 
rower than  3-kc,  and  in  any  case,  not  all  the  band  is  effectively  usable 
for  data  transmission.  As  will  be  seen,  the  net  a^^aiIable  band  is,  in 
practice,  about  half  of  the  3kc. 

Part  of  the  reason  that  not  all  of  the  frequency  band  is  effectively 
usable  is  that  the  circuit  shows  delay  distortion.  This  tends  to  become 
large  at  both  the  lower  and  the  upper  edges  of  the  band.  Some  details 
of  the  delay  correction  are  discussed  further  below. 

Another  impairing  factor  in  telephone  facilities  is  the  nonlinear  dis- 
tortion encountered.  In  voice  frequency  facilities  this  comes  from  ampli- 
fiers and  loading  coils,  and  increases  progressively  with  circuit  length. 
In  carrier  facilities  the  nonlinear  distortion  arises  almost  exclusivelv  at 
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carrier  terminals,  in  the  part  of  the  circuit  where  the  signal  is  at  voice 
frecjuency.  In  such  a  case,  the  distortion  increases  with  the  number  of 
times  in  the  telephone  facility  that  the  signal  is  modulated  down  to 
voice  frequency.  Second  order  nonlinear  distortion  tends  to  develop 
modulation  products  in  the  lower  portion  of  the  transmission  band 
which  are  a  source  of  potential  interference  wdth  the  signal. 

Another  impairment  encountered  in  carrier  telephone  channels  is  a 
slight  frequency  shift;  that  is,  a  1,000  cycle  input  may  appear  at  the 
output,  say  at  998  cycles.  This  occurs  because  modulator  and  demodula- 
tor frequencies  are  not  identical.  With  independent  oscillators  on  recent 
systems  this  shift  may  amount  to  some  two  cycles.  With  older  systems 
it  can  run  from  5  to  10  times  as  much.  The  effects  of  this  shift  are  dis- 
cussed below.  The  frequency  shift  may  be  avoided  by  working  double 
or  vestigial  sideband  and  using  an  envelope  detector,  or  in  some  carrier 
systems  by  locking  the  oscillators  in  a  constant  frequency  network.  This 
locking  may  or  may  not  result  in  close  phase  synchronization  of  the 
carriers,  depending  on  the  method  used  to  lock  and  the  particular  carrier 
system  involved. 

Still  another  factor  is  the  use,  or  not,  of  "compandors."  A  compandor 
compresses  the  range  of  speech  volume  in  the  impressed  line  signal  and 
correspondingly  expands  this  range  at  the  receiver.  This  raises  the  line 
signal  level  during  periods  of  low  speech  power,  and  lowers  it  during 
periods  of  high  speech  power  without,  in  principle,  affecting  the  final 
received  level.  The  effect  is  to  reduce  the  final  noise  in  periods  of  low 
speech  power,  and  increase  it  during  periods  of  high  speech  power.  A 
listener  is  less  perceptive  to  the  noise  during  high  speech  power  levels 
than  low.  By  this  means,  it  has  been  found  that  the  telephone  circuit 
can  be  engineered  to  some  23  db  more  noise  (and  also  crosstalk  and  simi- 
lar forms  of  interference)  than  it  can  without  the  use  of  a  compandor. 

In  the  case  of  data  signals,  however,  the  influence  of  noise  in  causing 
error  is  not  very  much  different  whether  the  signal  is  marking  or  spac- 
ing. Thus,  there  is  no  "compandor  advantage"*  (indeed  there  is  a  cer- 
tain disadvantage  as  pointed  out  earlier),  and  facilities  that  have  been 
engineered  to  be  entirely  satisfactory  for  voice  transmission  are  effec- 
tively some  23  db  more  noisy  for  data  transmission.  As  a  practical  mat- 
ter it  appears  desirable  to  remove  compandors  from  circuits  used  ex- 
clusively for  data. 

A  short  listing  is  presented  here  of  the  various  types  of  message  facili- 

*  Perhaps  a  simpler  way  to  think  of  it  is  that  all  possible  "compandor  advan- 
tage" has  already  been  obtained  in  a  data  system  by  using  the  best  combination  of 
amplitudes  for  mark,  space,  start,  etc. 
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ties  most  frequently  found  in  the  telephone  plant,  and  some  comments 
are  made  on  each. 

3.1.1  Voice  Frequency  Circuits 

There  is  a  variety  of  open-wire  facilities  of  this  type.  They  are  mostly 
short,  and  two-wire.  Thus,  repeaters  can  to  advantage  be  turned  one-way 
for  data  service.  Delay  correction  is  discussed  later. 

Voice  frequency  cable  facilities  over  more  than  a  very  short  distance 
are  loaded.  This  gives  appreciable  delay  distortion.  The  loading  used 
is  indicated  by  a  letter  denoting  the  spacing,  followed  by  a  number 
denoting  the  loading  coil  inductance.  Thus  "H-44"  means  G,000-foot 
spacing,  of  44-millihenry  coils,  and  "B-88",  3,000-foot  spacing  of  88- 
millihenry  coils.  Conductor  capacities  range  from  0.62  microfarads  per 
mile  for  toll  circuits,  to  0.82  microfarads  per  mile  or  sometimes  even 
higher  for  local  circuits.  This  affects  the  delay  distortion. 

3.1.2  Type-C  Carrier  Circuits^^ 

This  is  an  open-wire  three-channel  system  operating  at  different 
frequencies  in  opposite  directions,  over  the  same  pair.  Historically  there 
has  been  a  variety  of  C  systems  developed,  but  only  the  C-5  system 
exists  in  any  extensive  quantity.  The  upper  frequency  cutoff  in  the 
voice  channel  is  well  under  3  kc.  The  delay  distortion  varies  widely 
with  the  specific  channel  and  direction  of  transmission.  There  is  a 
variety  of  channel  frequency  allocations,  and  the  distortion  varies 
with  this  also.  The  delay  distortion  over  some  channels  increases  rapidly 
above  2,400  cycles.  The  frequency  shift  discussed  before  may  be  as 
much  as  ±20  cycles. 

3.1.3  Type-N  Carrier  Circuits^ 

This  is  a  short-haul  twelve-channel  system  for  use  over  cables.  Be- 
cause of  its  economy  it  has  been  extensively  introduced.  Its  principal 
characteristic,  in  the  application  of  data  circuits,  is  that  it  uses  com- 
pandors. It  therefore  presents  a  noise  problem.  The  delay  distortion, 
introduced  almost  exclusively  by  the  terminals  is  not  excessive,  and 
depends  very  little  upon  circuit  length  between  the  terminals.  The  N 
system  uses  double  sideband  transmission,  and  therefore  exhibits  no 
frequency  shift  between  input  and  output  signals.  , 

3.1.4  Broadband  Carrier  Systems  Using  A  Channel  Banks^'" 

There  is  a  variety  of  carrier  systems  designed  for  paired  cable,  coaxial 
cable,  open  wire,  and  radio,  that  use  a  standard  grouping  of  twelve 
channels  with  associated  filters,  known  as  an  "A  channel  bank."  The 
delay  distortion  in  these  associated  filters  constitutes  nearly  all  of  the 
distortion  measurable  over  the  complete  system.  These  are  single  side- 
band systems,  and  unless  the  local  modulator  and  demodulator  carrier 
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supplies  are  locked  in  a  constant  frequency  network,  frequency  shifts 
of  some  ±2  cycles  may  be  expected  between  input  and  output. 

For  paired  cables,  these  are  known  as  Kl  andK2  systems.  For  coaxial, 
they  are  LI  and  L3,  for  open-wire,  J,  and  for  microwave  radio,  TD-2. 

3.1.5  Other  Broadband  Carrier  Systems 

An  0  carrier  system  has  been  developed  for  open  wire,  and  combina- 
tions of  it  are  used  with  N  for  open-wire  and  carrier.  These  are  com- 
pandored  systems. 

3.2  Use  of  Bandwidth 

This  section  examines  the  more  important  factors  which  affect  the 
choice  of  how  the  available  bandwidth  of  a  facility  is  to  be  used,  either 
in  one  band  or  a  subdivided  band. 

3.2.1  Baseband  Transmission 

This  is  the  simplest  type  of  transmission.  It  is  used  in  telegraph  loops 
and  other  short  distance  telegraph  transmission.  A  mark  is  indicated  by 
placing  marking  voltage  across  the  wire  line,  and  a  space  by  placing 
spacing  voltage.  In  the  simplest  systems  the  latter  is  zero.  In  "polar" 
systems  it  is  the  negative  of  marking  voltage. 

The  frequency  spectrum  of  the  signal  runs  down  to  and  includes  dc, 
as  illustrated  by  the  solid  lines  in  (a)  of  Fig.  5. 

With  many  transmission  facilities  it  is  difficult  or  impossible  to  trans- 
mit the  dc;  i.e.,  the  circuit  cuts  off  as  is  illustrated  by  the  dotted  lines. 
In  such  cases  it  is  impossible  to  distinguish  between  a  permanent  mark 
and  a  permanent  space. 

Extra  pulses  can,  however,  be  added  to  the  signal  to  insure  that  marks 
or  spaces  are  not  permanent,  but  are  relieved  by  the  opposite  signal  in 
some  maximum  interval  of  time.  In  such  cases  the  received  signals  can 
be  clamped  on  mark  or  space  signals  and  the  opposite  condition  can  be 
readily  distinguished.  This  is  sometimes  called  "dc  restoration,"  and 
strictly  speaking  the  system  ceases  to  use  baseband  transmission.  It 
may  be  designated  as  "modified  baseband  transmission."  Methods  other 
than  clamping  have  been  suggested  for  dc  restoration. 

Reverse  pulses  can  be  systematically  inserted  after  each  mark  or  space 
pulse,  according  to  various  patterns.'^  Two  suggested  are  "dipulse"  and 
"dicode"  pulses.  Such  signals  approach  carrier  signals,  which  are  dis- 
cussed below. 

The  principal  weakness  of  baseband  transmission  appears  when  it  is 
sent  over  C  carrier  or  other  single  sideband  telephone  facilities,  where  the 
recovered  signal  may  vary  in  frequency  from  that  sent.  This  causes  a 
distortion  of  the  received  pulse  which  makes  it  difficult  to  recognize. 
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An  analysis  of  this  point  is  given  in  Appendix  I.  It  is  concluded  that 
while  there  may  be  long  range  possibilities  in  baseband  transmission,  it 
requires  more  study,  and  it  will  not  be  considered  further  in  this  paper. 

3.2.2  AM  Carrier  Transmission 

The  simplest  of  this  type  is  double  sideband  transmission,  as  illus- 
trated by  the  full  line  of  Fig.  5(b). 

A  comparison  of  the  susceptibility  to  noise  of  this  arrangement,  with 
that  of  baseband  transmission,  is  considered  in  the  next  section. 

A  further  consideration  required  is  susceptibility  to  nonlinearity  in 
the  facility.  Second  order  modulation  leads  among  other  things  to  a  recti- 
fication of  the  signal  back  to  baseband.  This  is  indicated  by  the  dotted 
lines  in  Fig.  5(b).  After  such  rectification  of  the  signal  by  the  facility,  it 
is  impossible  to  separate  any  overlapping  portions  of  the  signal  between 
the  baseband  and  lower  sideband.  Some  o^'erlap  is  shown.  This  inter- 
ference was  first  considered  in  telephotography^'  and  is  known  as  "Ken- 
dall effect." 

The  possibility  of  Kendall  effect  may  be  eliminated  insofar  as  second 
order  modulation  is  concerned  by  mo^'ing  the  carrier  frequency  high 
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Fig.  5  —  Spectra  of  signals  with  various  modulations. 
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enough  to  prevent  such  an  overlap.  This  is  indicated  in  Fig.  5(c).  It  does 
not  prevent  third  order  modulation  effects. 

It  has  been  found  necessary  to  allocate  frecjuency  bands  thus  to  avoid 
the  overlap  discussed  in  the  transmission  of  high  grade  telephotography 
over  telephone  type  facilities.  It  has  also  been  noted  that  allocation  ^vith 
such  overlap  was  undesirable  in  some  data  transmission  experience. 
However,  the  question  has  not  been  resolved  in  complete  detail.  For  the 
data  service  under  consideration,  which  is  expected  to  show  a  very  low 
error  rate,  it  is  deemed  conservative  to  allocate  bands  without  the  over- 
lap. 

This  conclusion  then  leads  to  wasting  a  certain  part  of  the  lower  fre- 
quency range.  It  is  still  possible,  however,  to  use  this  range  for  an  auxil- 
iary signal,  as  in  the  system  illustrated  in  Fig.  2,  if  the  auxiliary  signal 
occurs  only  during  word  starts. 

The  double  sideband  frequency  range,  as  indicated  in  Fig.  5(b)  or 
5(c),  is  about  twice  the  baseband  range  of  Fig.  5(a).  It  is  possible  to  re- 
duce this  extension  by  cutting  down  one  of  the  sidebands  to  a  "vestige" 
of  itself  and  sending  carrier  at  a  reduced  level,  as  indicated  by  the  diag- 
onal dotted  line  about  the  carrier  in  Fig.  5(c).  This  was  proposed  by 
Nyquist.'^  It  is  done  at  the  expense  of  an  increased  vulnerability  to 
noise,  which  in  total  amounts  to  some  5  or  6  db  in  certain  typical  cases."'  ^' 
In  Section  2.1.3  discussion  was  given  to  account  for  3  db  of  this.  In  the 
references  cited  herewith  it  is  noted  that  vestigial  sideband  transmission 
is  accompanied  by  an  interfering  component  (called  a  "quadrature  com- 
ponent") which  accounts  for  the  other  2  or  3  db. 

3.2.3  FM  Carrie?-  Transmission 

Certain  additional  immunity  to  noise  is  gained  by  the  use  of  frec{uency 
modulation  (or  "frequency  shift")  of  the  carrier.  The  immunity  which 
can  be  obtained  against  impulse  noise  can  be  even  greater  than  that 
against  random  noise,  provided  that  the  receiver  is  precisely  tuned.  This 
was  noted  in  Section  2.4  in  connection  with  voice  frequency  telegraph. 

The  noise  immunity  obtained  from  FS  is  in  part  due  to  the  use  of  a 
higher  average  power  and  is  at  the  expense  of  a  wider  frequency  band 
as  illustrated  in  Fig.  5(d).  In  addition  to  all  the  band  that  is  used  for  a 
double  sideband  system,  a  space  must  be  allowed  for  the  swing.  FS  is 
also  much  less  vulnerable  to  sudden  level  changes  than  DSB  and  thus 
may  well  be  preferable  to  DSB  for  medium  bit -rate  service.  As  shown  in 
Table  I,  these  advantages  can  be  obtained  with  only  a  small  sacrifice  of 
bit  rate  compared  to  DSB  for  equal  bandwidths. 

So  far  the  single  channel  broadband  FS  system  has  not  been  generally 
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used  over  wire  circuits.  Hence  its  exact  performance,  particularly  with 
impulse  noise,  is  only  estimated. 

On  occasion  not  all  of  the  band  illustrated  in  Fig.  5(d)  is  allowed  for. 
This  leads  to  an  increase  in  distortion  of  the  signal,  which  has  some  simi- 
larity to  a  very  close-in  echo.  It  uses  up  some  of  the  additional  noise 
immunity  provided  by  the  FM,  as  an  engineering  compromise. 

Another  direction  along  which  the  FM  system  may  be  practically 
extended  is  to  use  four  instead  of  two  (marking  and  spacing)  frequencies. 
This  would  double  the  bit  capacity  at  the  expense  of  only  a  moderate 
widening  of  the  frecjuency  band  and  somewhat  tighter  requirements  on 
noise  and  delay  distortion  (but  not  of  level  regulation,  which  would  be 
required  for  a  similar  extension  of  the  AM  signal) . 

3.2.4  Multichannel  Systems 

It  is  possible  to  divide  up  the  entire  frequency  band  available  into  a 
number  of  separate  channels  and  use  any  one  of  the  various  carrier  sys- 
tems which  have  been  described,  in  each  individual  channel.  This  may  be 
done  because  the  nature  of  the  information  transmitted  may  be  better 
adapted  to  the  narrow  channel,  as  in  conventional  telegraph.  It  permits 
certain  elements  of  flexibility  in  layout,  and  offers  certain  noise  advan- 
tages (and  also  disadvantages)  as  discussed  in  the  next  section. 

In  an  idealized  way  one  can  proportion  the  various  allowances  for 
nominal  effective  band,  roll-off,  guard  band,  and  swing  (FS)  in  the  same 
proportion  in  which  they  would  occur  in  a  single  broad  channel  over  the 
whole  facility.  Thus  no  frecjuency  space  would  be  lost  by  the  subdivision. 
In  practice,  however,  subdivision  usually  does  lead  to  some  actual  loss 
in  the  frequency  space. 

A  significant  limitation  to  frequency  subdivision  lies  in  nonlinearity  of 
the  facility.  This  leads  to  modulation  products  between  the  various 
channels,  which  interfere  with  other  channels. 

In  the  case  of  voice  frequency  telegraph  and  other  multiple  channel 
systems  the  modulation  effects  are  mitigated  by  allocating  the  carriers 
at  odd  multiples  of  a  basic  frequency.  That  is,  any  given  carrier  /  is  set 
at  /  =  n/v,  where  n  is  odd  and  A;  is  a  basic  figure.  Then  the  three  second 
order  modulation  products  are 

2/  =  2nk, 

/i  +  f-  =  {fh  +  n-i)  k, 

/i  -  fi  =  (wi  -  no)  k. 
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Table  V  —  Use  of  Telephone  Band  by  Various  Data  Systems 


System 


1.  Proposed.  .  . 

2.  Exploratory 

3.  Exploratory 


4.  Polytonic  <i 

5.  40ClTeg. 

6.  43A1  Teg. 


toll  .  . 
ocal 


Modulation 


VSB 

VSB 
DSB 
DSB 
DSB 
DSB 
FS 


Max.  No.  of 
Channels 


1 
1 
1 

5 
5 

18t 
17t 


Bits/Sec. 
per  Channel 


1600 

1650 

750 

100 

300 

74tt 

74tt 


Total  Bits/Sec. 


1600 

1650 

750 

500* 
1500* 
1332tt 

1258tt 


*  Not  realizable  with  2  out  of  5  codes  used. 

t  Not  realizable  over  some  facilities. 

ft  Based  on  100  word  per  minute  channel  capability. 

All  these  products  are  necessarily  even  multiples  of  k  and  therefore  al- 
ways fall  half  way  between  carriers.  This  allocation,  however  does  not 
permit  mitigation  of  third  order  modulation  effects. 

3.2.5  Experience 

Table  V  reviews  systems  which  have  been  discussed  earlier  in  this 
paper,  to  indicate  the  extent  to  which  they  use  a  general  telephone 
channel  facility,  in  terms  of  the  bit  rate  output.  It  is  clear,  of  course, 
that  the  various  systems  are  not  engineered  to  the  same  conservatism. 
These  differences  have  already  been  commented  upon. 

The  general  conclusion  which  one  can  reach  from  the  table  is  that  the 
use  of  the  medium  in  a  single  channel  gives  possibilities  of  a  higher  bit 
rate  than  subdivision.  However,  it  is  to  be  kept  in  mind  that  the  tele- 
graph facilities  are  conservatively  engineered.  Further  as  noted,  they 
can  be  used  to  the  full  extent  indicated  only  over  the  broader  band  tele- 
phone channels.  For  example,  the  full  18  telegraph  channels  can  not  be 
used  over  a  C  carrier  telephone  channel. 


3.3  Noise 

A  general  theory  regarding  the  influence  of  noise  on  digital  systems 
was  presented  in  1948  by  Oliver,  Pierce  and  Shannon.'''  This  was  dis- 
cussed further  at  a  symposium.''  Several  additional  points  are  considered 
here,  relating  to  the  effect  of  noise  on  a  data  transmission  service  of  the 
type  contemplated. 

3.3.1  Effect  of  Channel  Subdivision  on  Vulnerahility  to  Noise 

This  has  been  suggested  earlier  at  several  points.  A  more  detailed 
discussion  is  given  of  the  effects  in  Appendix  II. 

The  conclusions  reached  there  are,  broadly: 

1.  Channel  subdivision  has  comparati\'el3^  small  effect  on  ^'ulnera- 
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bility  to  random  noise.  The  small  effect  which  does  occur  is  a  disadvan- 
tage which  can  run  up  to  some  3  or  4  db  for  ten  or  twelve  channels,  for 
the  multichannel  as  compared  to  the  single  channel  system. 

2.  Channel  subdivision  is  advantageous  over  single  channel  use,  with 
regard  to  vulnerability  to  impulse  noise. 

3.  Channel  subdivision  is  disadvantageous  compared  to  single  channel 
use,  with  regard  to  vulnerability  to  single  frequency  noise. 

3.3.2  Noise  Effects  in  Vestigial  Sideband  System 

Some  brief  discussion  of  the  noise  problems  in  the  vestigial  sideband 
system  under  consideration  has  already  been  presented  in  Sections  2.1.3 
and  3.1.  That  such  problems  may  be  important  in  the  use  of  actual 
telephone  facilities  has  generally  been  checked  by  some  unpublished  tests 
carried  out  by  J.  Mallett,  of  Bell  Telephone  Laboratories. 

The  noise  problem  is  most  serious  in  the  application  of  data  transmis- 
sion over  Nl  carrier.  It  is  particularly  significant  for  the  Nl  installations 
previous  to  the  most  recent.  The  most  recent  installations  are  engineered 
with  distinctly  more  conservatism  in  regard  to  noise  performance.  As  is 
noted  in  Section  3.1,  the  principal  characteristic  of  the  Nl  system  that 
affects  this  application  is  that  it  uses  a  compandor  and  that  its  design 
for  telephone  use  assumes  a  reduction  of  the  noise  by  this  compandor. 
The  reduction  then  is  not  realized  for  data  signals.  A  second  characteris- 
tic is  that  Nl  channels  are  exposed  to  impulse  noise.  The  channels  are  of 
course  designed  to  limit  such  noise  to  the  extent  that  it  will  not  sensibly 
impair  telephone  speech.  But  short  data  pulses  are  more  vulnerable  to 
the  impulse  noise  than  speech.  The  2B  noise  meter,  which  is  normally 
used  for  telephone  noise  measurements,  does  not  read  sharp  noise  im- 
pulses according  to  their  effect  on  data  signals,  and  other  methods  of 
measurement  have  been  explored. 

A  summary  of  some  of  Mallett's  results  is  plotted  in  Fig.  6.  Here  the 
reading  on  the  2B  meter  is  compared  with  that  on  a  level  distribution 
recorder  which  records  peaks  of  1  millisecond  or  longer.  The  "one  per 
cent"  point  is  noted,  which  means  that  one  per  cent  of  the  one  second 
intervals  in  the  period  of  measurement  contained  one  or  more  peaks  (of 
1  millisecond  or  longer  duration)  of  the  amplitude  indicated.  This  is 
found  convenient  as  a  measure  of  the  error  frecjuency  tolerated  in  the 
system  considered  (one  in  10^  bits). 

The  heavy  dots  indicate  the  correlation  between  the  two  sets  of  noise 
readings  on  idle  tested  channels  of  an  operating  Nl  system  (other  chan- 
nels in  the  system  being  busy  due  to  normal  use) .  All  channels  had  com- 
pandors in.  Dots  that  mark  the  boundaries  of  a  group  of  tests  (usually  a 
single  system  in  the  group)  are  connected  by  straight  lines.  The  open 
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Fig.  6  —  Noise  measurements  in  Nl  carrier  facilities. 


40 


dots  refer  to  an  estimate  (computed  from  the  known  properties  of  the 
compandor)  of  what  the  noise  peak  levels  would  have  been,  had  the 
channel  tested  been  busy  with  an  operating  data  transmission  signal  (of 
the  general  type  illustrated  in  Fig.  1).  Under  this  condition  the  com- 
pandor setting  would  of  course  be  different  from  that  of  an  idle  channel. 
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In  such  cases  the  2B  meter  reading  is  also  adjusted  to  the  effective  mes- 
sage circuit  noise  which  would  have  existed  in  the  presence  of  speech  on 
the  tested  channel. 

Open  triangles  connected  by  fine  dotted  lines  indicate  summary  plots 
for  the  idle  channels,  and  for  the  busy  channels. 

Examination  of  the  plot  shows  that  there  is  only  a  general  correlation 
between  the  2B  set  and  level  distribution  recorder  readings,  as  sum- 
marized by  the  dotted  lines.  Thus  the  2B  meter  is  not  a  reliable  instru- 
ment to  denote  how  noisy  a  circuit  is  for  data  transmission  of  the  speed 
used  in  the  proposed  project. 

The  telephone  objective  for  Nl  circuits,  as  read  on  the  2B  meter,  is 
indicated  by  the  vertical  dotted  line.  This  show^s  that  most  of  the  cir- 
cuits (actually  55  out  of  62)  met  the  objective. 

The  suggested  requirements  for  data  are  shown  by  the  horizontal 
dotted  lines.  The  "through"  or  noncompandored  channel  has  a  3  db  more 
lenient  requirement  (as  indicated  during  some  of  the  tests)  than  the 
compandored  one.  This  results  from  the  penalty  mentioned  earlier  which 
compandors  impose  on  in  a  data  circuit,  as  compared  with  the  23  db  or 
so  advantage  that  it  introduces  for  voice  transmission.  Only  a  few"  of  the 
circuits  measured  (actually  10  out  of  62)  met  the  suggested  require- 
ments. 

The  principal  conclusion  reached  from  these  measurements  is  that 
where  used  for  a  data  service  of  the  type  considered,  with  vestigial 
sideband  transmission,  most  of  the  hitherto  installed  Nl  circuits  (and 
probably  other  compandored  circuits)  will  require  modification  to  reduce 
noise  exposure.  Also  noise  measurement  will  be  more  complicated  for 
such  a  service  than  for  telephony. 

3.4  Envelope  Delay  Distortion 

Some  simple  theoretical  considerations''  have  shown  that  the  envelope 
delay  distortion  limits  for  a  telephotograph  circuit  generally  also  hold  for 
a  data  transmission  circuit  of  the  same  speed.  The  principal  difference  is 
that  less  emphasis  need  be  placed  for  data  circuits  upon  fine  structure 
deviations  of  the  envelope  delay  as  plotted  on  a  frequency  scale.  In 
general,  distortion  of  ±0.4  signal  element  in  the  important  part  of  the 
band  has  been  found  to  give  a  signal-to-noise  impairment  of  some  3  db 
in  signal  reception.  This  has  been  assumed  here  as  a  tentative  engineer- 
ing objective. 

In  accordance  with  this,  the  envelope  delay  requirements  for  service 
with  the  vestigial  sideband  signal  consideration  have  been  set  at  not  to 
exceed  500  microseconds  (±250  microseconds)  between  1,000  and  2,500 
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cycles.  This  contains  an  element  of  conservatism  inasmuch  as  the  strict 
requirement  is  really  fully  implied  only  on  the  nominal  effective  band 
(1,200-2,000  cycles).  The  signal  power  is  reduced  in  the  roll-off  and 
vestigial  bands,  respectively  1,000-1,200  and  2,000-2,500  cycles,  and 
some  corresponding  liberality  may  be  expected  there. 

The  delay  distortion  constitutes  a  more  serious  problem  with  a  faster 
system  as  compared  with  a  slower  one,  in  part  because  of  the  wider 
frequency  band  occupied  by  it,  and  in  part  because  0.4  signal  element 
represents  a  more  severe  tolerance  in  microseconds  for  a  shorter  element 
than  for  a  longer  one.  Consequently,  the  limits  given  represent  about  as 
severe  tolerances  as  may  be  expected  to  be  needed  with  the  use  of  a 
telephone  channel. 

The  distortions  of  various  circuits  have  been  considered  to  estimate  the 
order  of  the  problem  involved  in  meeting  the  proposed  requirements  over 
Unks  of  100  to  500  miles. 

The  following  conclusions  are  reached  first  for  the  vestigial  sideband 
signal,  and  after  this  for  the  slower  systems. 

3.4.1  Facilities  Requiring  No  Treatment 

As  already  noted,  K2,  LI,  and  L3  carrier,  and  TD-2  microwave,  use 
"A"  channel  banks  to  separate  the  individual  channels,  and  these  give 
the  dominant  delay  distortion.  This  amounts  to  a  maximum  of  about 
200,  and  a  minimum  of  150  microseconds,  according  to  the  exact  com- 
bination of  filters  used.  This  figure  is  for  one  link  of  transmitter  and 
receiver.  A  single  section  delay  equilizer  can  cut  the  maximum  residual 
to  about  80  microseconds.  It  is  concluded  that  these  facilities  present  no 
important  delay  distortion  problems.  An  Nl  carrier  link  gi^'es  a  maxi- 
mum delay  distortion  of  220  microseconds,  which  can  be  reduced  to  50 
microseconds  by  one  section  of  equalizer.  This,  then,  also  presents  no 
serious  problem. 

3.4.2  Facilities  Treated  by  Simple  Prescription 

The  delay  distortion  of  H-44  voice  frequency  cable  in  the  1,000-  to 
2,400-cycle  range  runs  to  slightly  under  900  microseconds  for  300  miles, 
if  the  cable  is  of  standard  toll  capacitance  (0.062  mf  per  mile),  and  to 
slightly  under  2,000  microseconds  if  of  higher  local  plant  capacitance 
(0.084  mf  per  mile).  The  use  of  about  one  section  of  ecjualization  per  100 
miles  reduces  the  residual  to  less  than  330  microseconds  for  the  low 
capacitance  cable.  For  the  higher  capacitance  cable,  about  three  sections 
are  needed  per  110  miles.  The  J-2  carrier  uses  A  channel  banks,  but  has, 
in  addition,  directional  separation  filters  at  each  repeater.  This  gives 
maximum  and  minimum  distortions,  respecti^'ely,  for  100  miles,  of 
slightl}''  under  300  and  slightly  under  160  microseconds.  The  precise 


1482       THE    BELL   SYSTEM   TECHNICAL   JOURNAL,    XOVEMBER    1957 

distortion  in  any  given  channel  depends  upon  its  proximity  to  the  cut- 
off of  the  directional  filter.  For  500  miles  the  figures  are  slightly  over  500 
and  slightly  under  50  microseconds.  With  the  same  single  section  of 
equalization  the  maximum  figures  are  reduced  to  about  100  microseconds 
for  100  miles,  and  about  300  microseconds  for  500  miles.  To  carry  out 
this  equalization  requires  onl}'  rudimentary  information  on  the  general 
nature  and  correction  of  delay  distortion.  If  moderate  care  is  used  in  the 
prescription  of  equalization  on  a  packaged  basis  no  delay  measurement 
of  the  circuit  would  in  general  be  needed,  though  it  is  recognized  that 
some  difficult  cases  may  arise. 

3.4.3  Facilities  Requiring  More  Involved  Prescription 

The  delay  distortion  in  C-5  carrier^^  is  influenced  to  a  dominating  ex- 
tent both  by  channel  and  directional  separation  filters.  It  varies  in  a 
complex  fashion  from  channel  to  channel,  and  according  to  the  direction 
of  transmission.  Its  correction  thus  requires  more  involved  prescription 
than  is  required  for  the  other  types  of  circuit.  In  some  few  cases  measure- 
ment may  be  necessary.  The  distortion  of  H-88  voice-frequency  cable 
runs  from  some  1,400  to  over  3,000  microseconds  per  100  miles  accord- 
ing to  capacitance.  For  20  miles  of  H-174  toll  cable  the  distortion  is 
slightl}^  under  1,400  microseconds,  and  its  use  is  not  contemplated. 

3.4.4  Data  Systems  Requiring  No  Corrections 

The  delay  distortion  problem  is  practically  non-existent  for  the  slower 
systems.  For  the  double  sideband  .systems  some  delay  correction  may  be 
needed  if  long  heavily  loaded  circuits  are  used  or  perhaps  for  some  other 
rare  unfavorable  situations,  but  otherwise  no  correction  is  necessary. 
No  correction  is  needed  for  the  telegraph  systems. 

APPENDIX    I  —  BASEBAND    SIGNAL    DISTORTION     CAUSED     BY     CARRIER 
FREQUENCY    SHIFT 

A  simple  analysis  of  the  phenomenon  may  be  considered.  Let  the 
voltage  input,  as  in  Fig.  7(a),  be  a  raised  cosine  pulse  between  the  angular 
arguments  of  —  tt  and  -\-ir.  That  is 

Vi  =  1  +  cos  m,  (1) 

where  O/tt  is  the  envelope  frequency.  When  this  is  transmitted  on  the 
carrier,  cos  ut,  the  carrier  signal  voltage  is 

Vo  =  (1  +  cos  m)  cos  o:t,  (2) 

=  cos  wt  -\-  \  COS  (o)  —  0)/  +  I  cos  (o)  +  ^)t.  (3) 

When  the  carrier  and  one  sideband  are  removed  (say  the  lower  side- 


PRIVATE   LINE   DATA   TRANSMISSION 


1483 


band),Fc  becomes  (neglecting  the  factor  §) 

Vc  =  cos  (oj  +  ^)t. 


(4) 


At  the  receiving  end,  Vc  is  modulated  with  a  carrier  which  may  mo- 
mentarily differ  in  phase  from  the  signal  carrier  by  angle  tp,  giving 

Vo  =  cos  (w  +  12)^  cos  {ut  +  (f),  (5) 

=  ^  cos  [(w  +  U)t  -   (oot  +  -p)]  +  I  cos  [(co  +  n)t  +  {cot  +  <p)].      (6) 

The  lower  frequency  part  of  Vo  constitutes  the  recovered  signal,  and 
it  is  extracted  by  a  filter  that  attenuates  the  higher  frequency  part.  Thus, 
again  neglecting  the  factor  of  |, 

Vr   =    cos   {o)t   -\-   9.t   —   ut   —   tp), 

(7) 

Vr   —    cos  {^t   —  (f). 
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Fig.  7  —  Distortion  of  baseband  pulse  signal  in  single  sideband  carrier  facility. 
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The  angle  ^  progresses  through  0  to  27r  per  cycle  of  difference  between 
the  original  and  recovered  frequencies.  That  is,  if  this  difference  is  2 
cycles,  then  ^p  progresses  from  0  to  27r  twice  each  second. 

The  effect  of  the  progression  from  0  to  tt  is  illustrated  in  Figs.  7(a)  to 
7(e).  When  the  phase  is  equal  to  tt,  as  at  7(e),  the  signal  is  "upset";  i.e., 
marks  are  changed  to  spaces,  and  vice  versa.  When  the  phase  is  equal 
to  7r/2,  the  signal  is  effectively  differentiated,  as  at  7(c). 

In  general,  the  signal  as  specified  in  (1)  includes  harmonics  of  fi.  An 
illustration  of  such  a  signal  several  dots  long  is  shown  in  Fig.  7(f).  As 
before,  when  (^  =  tt,  the  complete  signal  is  upset,  as  illustrated  in  Fig. 
7(j).  When  ^p  =  ir/2,  as  at  7(h),  the  signal  is  more  or  less  differentiated. 
The  differentiation  is  not  exact  because  the  successive  harmonics  are  not 
weighted  according  to  order,  as  in  true  differentiation. 

The  distortions  cau.sed  by  the  progression  of  <p  are  what  make  it  diffi- 
cult to  recognize  the  signal  at  the  receiving  point.  Some  suggestions 
have  been  made  for  correcting  the  indication  when  the  signal  is  upset, 
as  in  Figs.  7(e)  and  7(j).  It  is  more  difficult,  however,  to  take  care  of  the 
mtermediate  cases,  particularly  7(c)  and  7(h). 

APPENDIX  II  —  EFFECT  OF  CHANNEL  SUBDIVISION    ON    VULNERABILITY 
TO    NOISE 

There  are  three  broad  categories  of  noise  to  which  the  system  may  be 
exposed.  These  are: 

1.  Random  noise  which  is  not  localized  in  time  nor  frequency. 

2.  Impulse  noise  which  is  highly  localized  in  time  but  covers  a  broad 
frequency  spectrum. 

3.  Single-frequency  noise,  which  is  highly  localized  in  frequency  but 
which  lasts  a  significant  time  (or  substantial  number  of  bits). 

We  can  assume  two  systems,  A  used  as  a  single-frequency  band,  and 
B  divided  into  ten  channels.  Correspondingly,  therefore,  signal  pulses  of 
unit  duration  over  system  A,  are  of  10  units  duration  in  each  channel  of 
system  B. 

Random  noise  having  uniform  spectral  distribution,  and  power  W  in 
each  channel  of  system  B,  cumulates  to  power  lOTF  in  system  A.  Signal 
power  P  in  each  channel  of  system  B  cumulates  to  lOP  for  the  total 
system.  If  signal  power  lOP  is  used  in  system  A,  the  two  systems  are  at 
a  stand-off  in  signal-to-noise  ratio  for  this  type  of  noise. 

In  practice,  the  power  capacity  to  handle  the  signals  for  system  B  must 
be  made  a  few  db  higher  than  indicated  by  lOP  to  allow  for  occasional 
peaking  caused  during  instants  of  unfavorable  phasing  among  the  vari- 
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ous  channels.  Thus,  the  multichannel  system  B  is  really  worse  off,  by 
that  small  amount,  than  system  A.  This  may  amount  to  some  3  or  4  db 
in  ten  or  twelve  channels. 

There  are  occasions  where  crosstalk  into  other  facilities  sets  the  level 
permitted  for  the  signal.  It  may  be  that  concentration  of  the  signal  onto 
a  single  carrier  aggravates  this  interference,  as  compared  with  that  from 
a  multi-carrier  signal.  In  such  cases  system  A  may  be  penalized  by  a  few 
dl),  as  compared  with  system  B. 

Impulse  noise  shows  correlation  among  the  phases  of  its  spectral 
components.  Thus  a  noise  pulse  of  voltage  amplitude  A^  in  each  channel 
of  system  B,  cumulates  to  voltage  amplitude  lOiV  in  system  A  or  20  db 
greater.  On  the  other  hand,  a  signal  of  amplitude  S  in  each  channel  of 
system  B,  cumulates  to  an  RMS  voltage  amplitude  -v/lO  S,  or  10  db 
greater,  over  the  total  system  (plus  a  peaking  correction  which  may  be 
positive  or  negative  as  just  mentioned).  Thus,  the  single  channel  A  sys- 
tem is  at  a  disadvantage  of  10  db,  less  the  peaking  adjustment,  with  re- 
spect to  the  B  system. 

A  further  adjustment  may  be  needed,  because  a  single  noise  peak  that 
affects  all  10  channels  of  B,  or  10  bits,  may  affect  only  one  bit  of  A. 
This  adjustment  depends  upon  the  word  grouping  of  bits  which  is  used. 
It  may  be  neglected  if  all  the  10  bits  of  B  are  in  the  same  word,  and  if, 
in  one  word,  an  error  of  10  bits  is  effectively  no  worse  than  an  error  of 
1  bit. 

Single-frequency  noise  lies  at  the  opposite  extreme  of  the  gamut  from 
impulse  noise.  The  vulnerability  of  a  signal  pulse  to  single-frequency 
noise  varies  according  to  the  relationship  between  the  frequencies  of  the 
noise  and  of  the  signal  carrier  in  the  utilized  signal  band. 

The  pattern  of  sensitivity  to  noise  over  an  individual  channel  can  be 
expected  to  be  about  the  same  for  a  narrow  band  as  for  a  wide-band 
channel.  Thus  the  pattern  of  sensitivities  in  the  single  channel  of  system 
A  is  repeated  in  each  channel  of  system  B  on  a  10  times  finer  frequency 
scale.  The  required  S/N  ratio  in  any  one  channel  of  B  remains  the  same 
as  that  for  A. 

In  sj'stem  B  each  of  the  ten  channels  must  put  out  onh'  one  tenth  of 
the  power  of  the  single  channel  of  system  A  (less  the  correction  for  peak- 
ing which  as  before  may  be  positive  or  negative).  Thus  any  one  of  the 
ten  channels  of  B  is  10  db  (plus  a  peaking  correction)  more  vulnerable 
to  single  frequency  noise  than  the  single  channel  of  A. 

It  must  be  noted  that  there  are  occasional  special  circumstances  where 
the  single  frequency  noise  may  be  persistent  and  steady.  The  multi- 
channel system  B  may  in  such  cases  have  an  advantage  in  permitting 
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the  one  channel  affected  to  be  dropped,  and  the  others  to  be  worked 
entirely  free  from  this  interference.  This  of  course  reduces  the  total  bit 
rate. 

To  summarize  the  discussion  in  a  general  philosophical  way,  it  can  be 
said  that  there  is  advantage  in  multiplexing  the  signal  in  the  manner 
that  makes  it  as  different  as  possible  from  the  type  of  noise  to  which  it 
is  expected  to  be  the  most  exposed.  If  the  predominant  noise  is  in  short 
duration  pulses,  the  most  advantageous  signal  is  in  long  duration  pulses 
with  frequency  discrimination  multiplex.  If  the  noise  is  in  longer  dura- 
tion single  frequencies,  the  most  advantageous  signal  is  in  very  short 
pulses  with  time  discrimination  multiplex. 
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Design,  Performance  and  Application 
of  the  Vernier  Resolver* 

By  G.  KRONACHER 

(Manuscript  received  May  29,  1957) 

The  Vernier  Resolver  is  a  precision  angle  transducer  which,  from  the 
stand-point  of  performance,  resembles  a  geared  up  synchro  resolver,  except 
that  the  step-up  ratio  between  the  mechanical  angle  and  the  electrical  signal 
is  obtained  electrically. 

Vernier  resolvers  with  step  iip  ratios  of  26,  27,  32  and  33  have  been  de- 
signed and  built. 

The  unit  is  a  reluctance  type,  variable  coupling  transformer .  By  placing 
all  unndings  on  the  stator,  sliding  contacts  are  eliminated.  Both  the  stator 
and  the  rotor  are  laminated.  Because  of  the  averaging  effect  inherent  in  a 
laminated  construction,  the  accuracy  of  the  unit  exceeds  by  many  times  the 
machining  accuracy. 

The  performance  of  present  experimental  units  is  characterized  by  a  re- 
peatability of  better  than  ±5  seconds  of  shaft  angle,  and  a  standard  devia- 
tion error  over  one  full  revolution  of  less  than  10  seconds  of  arc. 

I.    IXTRODUCTIOX 

The  precise  measurement  of  an  angle  is  a  basic  operation  in  many 
technical  fields.  The  observation  of  stars,  mapping  of  land,  machining 
in  the  factory  are  all  operations  which  require  angle  measurements.  Of 
course,  an  angle  can  be  measured  by  reading  a  calibrated  dial.  However, 
in  automatically  controlled  operations  the  angular  position  of  a  shaft 
has  to  be  sensed  electrically.  The  instrument  which  performs  the  con- 
version from  a  mechanical  angle  to  an  electrical  output  is  called  an  angle 
transducer.  One  commonly  used  angle  transducer  is  the  synchro  resolver. 

Basically  this  is  a  variable  coupling  transformer  with  one  primary 
winding  and  two  output  windings  displaced  90  degrees  from  each  other. 
The  variable  electrical  coupling  is  accomplished  by  placing  the  primary 


*  The  Vernier  Resolver  was   developed  under  the  sponsorship  of  the  Wright 
Air  Development  Center. 
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winding  on  the  rotor  and  the  secondary  windings  on  the  stator  or  vice 
versa.  The  primary  winding  is  excited  from  an  alternating  voltage 
source  of,  say,  400  cycles  per  second.  The  amplitudes  of  the  induced 
secondary  voltages  of  the  synchro  resolver  are  ideally  proportional  to 
the  sine  and  cosine  of  the  rotor  orientation.  These  two  induced,  ampli- 
tude modulated  voltages  are  the  resolver  output. 

The  accuracy  of  commercially  available  synchros  is,  at  best,  three 
minutes  of  arc.  Certainly,  this  accuracy  is  sufficient  for  many  applica- 
tions. In  the  machining  of  precision  parts  and  in  field  applications  in- 
volving the  measurement  of  elevation  and  azimuth  of  distant  targets, 
however,  accuracies  down  to  10  seconds  of  arc  are  required. 

One  might  be  tempted  to  try  to  meet  this  requirement  by  merely  re- 
fining the  present  standard  synchro.  However,  even  if  this  refinement 
were  possible,  it  still  would  be  a  difficult  task  to  transmit  this  near-per- 
fect synchro  output  and  also  to  convert  it  into  other  analog  forms  with- 
out losing  most  of  the  added  accuracy  because  of  noise  in  the  system. 
The  transmission  and  conversion  problem  can  be  side-stepped  by  going 
to  a  so-called  "two  speed"  or  "vernier"  representation  of  the  angle.  This 
representation  is  obtained  by  using  two  synchros;  one,  the  low  speed 
synchro,  is  positioned  directly  to  the  particular  angle  and  the  other,  the 
high-speed  synchro,  is  geared  up  with  respect  to  the  former.  The  angle 
is  now  represented  by  two  synchro  outputs.  Assuming  perfect  gears  the 
accuracy  of  this  system  is  improved  by  the  step-up  ratio  in  the  gearing. 

This  approach  has  been  adopted  in  the  past,  but  unfortunatel}^,  it  has 
major  disadvantages  to  it.  First,  precision  gears  of  better  than  one  min- 
ute of  arc  are  expensive,  relatively  large  and  of  limited  life  due  to  wear. 
Second,  considerable  torque  is  required  to  overcome  the  gear  friction  and 
the  inertia  effect  of  the  high  speed  synchro.  For  these  reasons,  it  is  de- 
sirable to  replace  the  geared-up  synchro  by  a  transducer  which  performs 
the  step-up  between  input  and  output  electrically.  The  vernier  resolver 
is  such  an  angle  transducer. 

The  unit  is  a  reluctance  type,  variable  coupling  transformer.  By 
placing  all  windings  on  the  stator,  sliding  contacts  are  eliminated.  Both 
the  stator  and  the  rotor  are  built  up  of  laminations.  The  step-up  ratio 
is  equal  to  the  number  of  teeth  on  the  rotor  lamination.  Prototype  units 
have  been  built  with  step-up  ratios  of  26,  27,  32  and  33.  The  accuracy 
of  these  units  is  characterized  by  a  standard  deviation  error  of  less  than 
10  seconds  of  arc.  This  high  degree  of  accuracy  is  due  largely  to  the  aver- 
aging effect  inherent  in  a  laminated  construction.  The  unit  may  be  re- 
garded, simply,  as  a  device  which  senses  the  average  orientation  of 
all  rotor  laminations  with  respect  to  the  stator.  Because  of  the  great 
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number  of  laminations  (one  hundred  in  the  present  units)  the  effect  of 
individual  imperfections  in  laminations  is  greatly  reduced. 

In  preparation  for  a  close  study  of  the  vernier  resolver  we  shall  describe 
the  performance  of  an  ideal  unit,  and  also  introduce  some  technical 
terms.  The  output  of  the  vernier  resolver  consists  of  two  amplitude 
modulated  voltages  one  of  which  is  called  the  sine-voltage  and  the  other 
the  cosine  voltage.  The  amplitudes  of  these  voltages  are  proportional  to 
the  sine  and  cosine  of  "n"-times  the  rotor  orientation.  The  factor  "n" 
which,  of  course,  is  a  function  of  the  rotor  configuration  will  be  called 
the  order  of  the  resolver.  We  shall  call  the  arctangent  of  the  ratio  of  the 
secondary  voltages  —  sine-voltage  over  cosine-voltage  —  the  "signal- 
angle".  Furthermore,  to  define  a  positive  sense  of  rotation  and  to  make 
the  signal-angle  definition  unambiguous,  we  shall  assume  that,  with 
continuous  positive  shaft  rotation,  the  signal-angle  runs  through  a  se- 
quence of  cycles,  each  going  from  zero  to  360°.  Thus,  one  signal-angle 
cycle  corresponds  to  a  shaft  rotation  of  (l/w)th;  of  one  revolution.  This 
angular  interval  is  called  the  "vernier"  interval. 

II.    DESIGN    PRINCIPLES 

2.1  .1  Simplified  Description 

Fig.  1  represents  a  simplified  model  of  a  third  order  vernier  resolver. 
The  unit  consists  of  a  laminated  rotor  with  three  equally  spaced  teeth 
and  a  laminated  4-pole-shoe  stator.  Each  pole-shoe  bears  one  exciting 
coil  (not  shown  in  the  figure)  and  one  output  coil.  Successive  exciting 
coils  are  wound  in  opposite  directions,  connected  in  series,  and  energized 
from  an  ac  source.  Thus,  successive  pole-shoe  fields  alternate  in  phase. 
The  two  output  windings  each  consist  of  two  diametrical  output  coils 
connected  in  phase  opposition. 

If  the  rotor  were  a  circular  cylinder,  the  net  voltage  in  either  output 
winding  would  be  zero.  However,  because  of  the  three  rotor  teeth,  the 
induced  voltage  of  either  output  winding  goes  through  three  identical 
cycles  per  rotor  revolution.  Consequently,  the  amplitude  Ec  of  the  in- 
duced cosine-voltage  ec  can  be  represented  as  a  Fourier  series  of  three 
times  the  shaft  angle  dm  , 

Ea  =  E,  cos  (30,„)  +  E,  cos  [3(30„,)]  +  •  •  •  ,  (1) 

where  Ei  ,  E3  are  the  Fourier  components  of  Ec  with  respect  to  (3^m). 
The  series  is  free  of  even  harmonic  terms  because  of  the  s\'mmetry  be- 
tween positive  and  negative  half-cycles.  The  expression  for  the  ampli- 
tude Es  of  the  sine-voltage  Cs  is  obtained  by  substituting  [6^  —  (tt/G)] 
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for  d,n  in  (1); 


E,  =  E,  sin  {?,e,n)  -  E^  sin  [3(3^„j]  + 


(2) 


The  magnitudes  of  the  Fourier  components  depend  on  the  design 
details  of  the  unit.  In  a  properly  designed  unit  all  higher  order  Fourier 
components  are  sufficiently  small  so  that  the  induced  signal  voltages 
closely  approximate  those  of  an  ideal  third  order  resolver  as  expressed 
by  the  following  equations: 


Ec  =  El  cos  (30„,), 
E,  =  El  sin  (30„O, 

ds  =  tan~^  ~  =  39„  , 


(3) 

(4) 

(5) 


where  ds  is  the  signal-angle. 

2.2  Analysis  of  Practical  Case 

Fig.  2  shows  an  assembled  unit,  and  typical  stator  and  rotor  laminations 
are  illustrated  in  Figs.  3  and  4. 


Fig.  1  —  Schematic  of  a  3rd  order  vernier  resolver. 


i\ 
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Fig.  2  —  View  of  the  assembled  vernier  resolver  and  its  rotor. 

The  stator  lamination  is  of  ten  pole-shoes,  each  pole-face  having 
three  teeth.  All  30  teeth  of  the  stator  are  equally  spaced.  The  number 
of  equally  spaced  teeth  of  the  rotor  lamination  is  equal  to  the  order  "«" 
of  the  resultant  vernier  resolver. 

The  exciting  winding,  as  in  the  simplified  model,  produces  ac  mag- 
netic fields  alternating  in  phase  from  one  pole-shoe  to  the  next.  Each  of 
the  two  output  windings  is  distributed  over  all  ten  pole-shoes. 

To  describe  the  turns  distribution  of  these  windings  it  is  necessary 
to  define  the  positive  winding  sense  and  the  electrical  angle  of  a  pole- 


Fig.  3  —  Stator  lamination  of  the  vernier  resolver. 
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shoe.  The  positive  winding  sense  for  a  given  pole-shoe  is  that  of  the 
exciting  coil.  The  electrical  angle  of  a  pole-shoe  is  its  mechanical  angle 
measured  clockwise,  with  respect  to  a  reference  on  the  stator,  multiplied 
by  the  number  of  rotor  teeth  (the  order  of  this  resolver). 

The  winding  which  produces  the  cosine  voltage,  Cc  ,  consists  of  ten 
coils,  one  on  each  pole-shoe,  connected  in  series.  Each  coil  has  a  dif- 
ferent number  of  turns  depending  on  the  pole-shoe  to  which  it  belongs. 
Specifically,  this  number  of  turns  is  equal  to  a  design  constant  '7" 
multiplied  by  the  cosine  of  the  electrical  angle  of  the  pole-shoe.  Similarly, 
the  winding  which  produces  the  sine-voltage,  Cs  ,  consists  of  ten  coils, 
one  on  each  pole-shoe.  The  number  of  turns  of  each  coil  is  equal  to  the 
same  constant  "i"  multiplied  by  the  sine  of  the  electrical  angle  of  the 
particular  pole-shoe. 

With  ae  being  the  electrical  angle  between  adjoining  pole-shoes  and 
with  the  electrical  angle  of  pole-shoe  No.  0  equalling  zero,  the  turns  of 
the  coils  of  the  cosine-winding  on  pole-shoes  No.  0  through  9  are: 


tco   =   t  COS  (0) 
tcl  =   t  COS  (ae) 


(6) 


tc9  =   t  COS  {9ae)  . 

Similarly  the  turns  distribution,  ^  ,  of  the  sine  winding  is: 

tso  =  t  sin  (0) 
tsi  =  t  sin  (qjc) 


(7) 


ts%  =  t  sin  (9ae) 


ORDER    OF 
RESOLVER 

NUMBER    OF 
ROTOR   TEETH 

26 

26 

27 

27 

32 

32 

33 

33 

Fig.  4  —  Rotor  lamination  of  the  vernier  resolver. 
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To  obtain  the  voltage  induced  in  the  output  coils,  the  flux  amplitude 
for  each  pole-shoe  must  be  established.  Defining  the  electrical  angle  of 
the  rotor,  de  ,  as  its  mechanical  angle  multiplied  by  its  number  of  teeth 
and  choosing  de  to  be  zero  when  the  center  of  a  rotor  tooth  lines  up  with 
the  center  of  pole-shoe  No.  0,  one  can  write  for  the  flux  amplitudes 
00  through  09  of  pole-shoes  No.  0  through  No.  9: 

00  =  .4u  +  Ai  cos  de  +  A2  COS  26 e  A-  ■  •  • 

01  =  Ac  +  Ai  cos  (de  -  ae)  +  ■•• 


(8) 


09    =   .4o  +  Ai  cos   {de    -    9oie)    + 


where  Ao ,  Ai ,  A2 ,. . .  .  are  the  Fourier  Components  of  0. 

The  amplitude,  Ec ,  of  the  voltage  induced  in  the  cosme  winding  is 
the  sum  of  the  products  of  the  pole-shoe  flux,  0^  ,  measured  in  [volt  sec] 
and  the  coil  turns,  tc^ ,  multiplied  by  the  exciting  current  frequency  in 
radians  per  second,  w: 

9 
Ec  =  0)^  (i>vtcv  .  (9) 

Substituting  the  \'alues  of  1,.^  and  0;,  from  (6)  and  (7)  and  neglecting  all 
higher  order  Fourier  components  of  0,  one  obtains 

Eo  ^  —  wAi  cos  de  .  (10) 

Similarl}'-  one  obtains  for  the  amplitude  E^  of  the  sine  voltage : 

Es  =       wAi  sin  de .  (11) 

As  required,  the  two  induced  secondary  voltages  are  proportional  to 
the  cosine  and  sine  of  the  electrical  rotor  angle. 

As  shown  in  the  appendix,  an  analysis  which  takes  into  account  the 
higher  order  Fourier  components  of  the  pole-shoe  flux  shows  that  a 
sinusoidally  distributed  Avinding  is  sensitive  solely  to  the  so-called  slot- 
harmonics.  The  order  "m"  of  these  harmonics  is  given  by  the  expression 

m  =  A-g  ±  1  (12) 

where  "/c"  is  any  integral  positive  nvnnber  and  q  is  the  number  of  pole- 
shoes  divided  b}^  the  largest  integral  factor  common  to  the  number  of 
pole-shoes  and  the  number  of  rotor  teeth.  For  instance,  in  the  case  of  a 
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Fig.  5  —  Error  of  a  27th  order  vernier  resolver  over  |  vernier  interval. 

27th  order  vernier  resolver  this  common  factor  is  1  and  consequently  the 
slot  harmonics  are  of  order:  9,  11,  19,  21,  etc. 

The  effect  of  the  slot  harmonics  can  be  reduced  by  the  following 
means : 

a)  Selecting  the  dimensions  as  well  as  the  number  of  rotor  and  stator 
teeth  such  as  to  keep  the  higher  order  flux  components  low. 

b)  Using  a  ''skewed"  rotor  or  stator,  in  which  successive  laminations 
are  progressively  displaced  with  respect  to  their  angular  orientation. 

III.    PERFORMANCE 

Clifton  Precision  Products  Co.  built  experimental  resolver  models  of 
order  26,  27,  32  and  33  using  the  laminations  shown  in  Figs.  3  and  4. 
The  best  results  were  obtained  with  27th  order  resolvers.  Their  per- 
formance is  described  in  the  following  sections. 

3.1  Repeatability  and  Accuracy 

The  repeatability  is  better  than  d=3  seconds  of  shaft  angle. 

Figs.  5,  6  and  7  show  the  error  curves  taken  on  a  27th  order  vernier 
resolver  after  compensating  with  trimming  resistors  for  the  fundamental 
and  second  harmonic  error  with  respect  to  the  vernier  interval.  (In  es- 
sence, the  effect  of  these  trinnning  resistors  is  either  to  add  or  to  sub- 
tract a  small  voltage  to  one  or  both  of  the  resolver  signals.)  Fig.  8  shows 
an  error  curve  before  trimming.* 


3.2  Temperature  Sensitivity 

The  error  introduced  by  a  temperature  change  of  70°C  is  less  than  25 
seconds  of  shaft  rotation. 


*  The  error  curves  really  represent  the  combined  error  of  the  tested  resolver 
itself  plus  that  of  the  testing  apparatus. 
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Fig.  6  —  Error  of  a  27th  order  vernier  resolver  over  one  vernier  interval. 

It  may  be  pointed  out  that  the  housing  of  the  tested  unit  was  of 
aluminum.  A  unit  with  a  non-magnetic  steel  housing  should  be  of  lower 
temperature  drift,  because  stator  stack  and  housing  would  then  have  the 
same  temperature  coefficient  of  expansion. 

3. .3  Transformation  Ratio,  Input  and  Output  Impedances 

At  maximum  coupling  the  induced  output  voltage  is  0.123  times  the 
exciting  voltage  and  is  leading  in  phase  by  6°. 

The  impedance  of  the  input  winding  with  the  output  windings  open 
is  117  +  J  781  ohms. 

The  impedance  of  the  output  windings  with  the  primary  winding 
shorted  is  235  +  j  920  ohms. 

The  effect  of  the  rotor  position  on  this  impedance  is  hardly  noticeable. 


3.4  Output  Signal  Distortions 

The  harmonic  content  of  the  output  signal  at  maximum  coupling  is: 

fundamental  1.7  volts 
2nd  harmonic  0.2  mv 
3rd  harmonic  13.5  mv 
5th  harmonic  5.4  mv 

The  harmonic  content  of  the  output  signal  at  minimum  coupling  (null 
voltage)  is: 

fundamental  1.6  mv 
2nd  harmonic  0.05  mv 
3rd  harmonic  2.0  mv 
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Fig.  7  —  Error  of  a  27th  order  vernier  resolver  over  one  shaft  revohition. 
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Fig.  8  —  Error  of  a  27th  order  vernier  resolver  before  trimming. 


3.5  Moment  of  Inertia  and  Friction  Torque 

The  moment  of  inertia  of  the  rotor  of  a  27th  order  harmonic  resolver 
is  63  gram  em  sq. 

The  maximum  break-away  friction  torque  among  five  units  was  0.027 
in.  oz.  No  change  in  this  torque  due  to  excitation  of  the  unit  could  be 
detected. 
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IV.    APPLICATION 

In  its  application,  the  vernier  resolver  is  usually  directly  coupled  to  a 
standard  resolver  or  some  other  coarse  angle  transducer.  Such  a  system 
which  represents  a  ^'ariable,  in  this  case  the  shaft  angle,  in  two  scales, 
coarse  and  fine,  will  be  called  a  vernier  system. 

The  following  sections  describe  applications  using  the  vernier  resolver 
in  an  encoder,  a  follow-up  system  and  an  angle-reading  system. 

4.1  Vernier  Angle  Encoder 

A  vernier  angle  encoder  converts  a  shaft  angle  into  a  pair  of  digital 
numbers,  one  being  the  coarse  and  the  other  being  the  vernier  number. 
This  type  of  encoder  can  be  built  by  mechanically  coupling  a  standard 
resolver  directly  to  a  vernier  resolver.  The  outputs  of  the  two  resolvers, 
after  encoding,  represent  the  coarse  and  the  vernier  number. 

The  output  of  a  resolver  may  be  encoded,  for  instance,  by  the  following 
method.  The  primary  winding  of  the  resolver  is  excited  from  an  a-c 
source  of,  say,  400  cycles  per  second.  The  two  induced  secondary  volt- 
ages are  in  phase  with  each  other.  Their  amplitudes  are  proportional  to 
the  cosine  and  sine  of  the  electrical  rotor  angle,  de  . 

These  two  amplitude  modulated  voltages  are  combined  by  means  of 
two  phase-shifting  networks  into  two  phase-modulated  voltages.  One  net- 
work first  advances  the  sine  voltage  by  90°  and  then  adds  it  to  the  cosine 
voltage.  The  other  network  performs  the  same  addition  after  retarding 
the  sine  voltage  by  90°.  The  result  is  two  constant  amplitude  voltages 
with  relative  phase  shift  of  twice  the  electrical  rotor  angle.  The  time  in- 
terval between  the  respective  zero  crossings  of  these  two  voltages  is  con- 
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Fig.  9  —  Resolver  servo  system. 
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verted  into  digital  representation  by  means  of  an  electronic  stop-watch 
(time  encoder). 

4.2  Vernier  Follow-up  System 

A  vernier  follow-up  system  can  be  built  much  like  the  present  two 
speed  synchro  control-transformer  system,  except  that  the  geared  up 
synchros  are  replaced  by  vernier  resolvers.  Fig.  9  illustrates  the  vernier 
portion  of  this  system.  Since  the  output  impedance  of  the  vernier  re- 
solver  is  fairly  large,  it  may  be  desirable  to  use  amplifiers,  as  shown  in 
Fig.  9,  to  energize  that  vernier  resolver  which  plays  the  part  of  the  con- 
trol-transformer. 

4.3  Vernier  Angle-Reading  System 

A  visual  vernier  angle-reading  system  as  reciuired  to  read  the  position 
of  a  rotary  table  can  be  built  by  using  the  output  of  a  vernier  resolver 
to  position  a  standard  resolver. 

The  coarse  angle  can  be  read  as  usual  from  calibration  lines  marked 
directly  on  the  rotary  table.  The  vernier  angle  reading  is  obtained  by 
coupling  a  vernier  resolver  directly  to  the  rotary  table.  The  output  of 
this  resolver  is  used  to  position  a  standard  control  transformer.  This 
control  transformer  will  go  through  "w"  revolutions  for  each  revolution 
of  the  rotary  table,  where  "w"  is  the  order  of  the  vernier  resolver.  The 
reading  of  a  dial  coupled  either  directly  or  through  gears  to  the  control 
transformer  provides  the  vernier  reading. 

V.    SUMMARY 

Vernier  resolvers  of  order  26,  27,  32  and  33  have  been  designed,  built 
and  tested. 

The  construction  of  the  unit  is  very  simple  because  all  windings  are 
located  on  the  stator.  The  absence  of  brushes  and  slip  rings  makes  the 
unit  inexpensive  in  production  and  reliable  in  performance. 

The  performance  of  present  experimental  models  is  characterized  by 
a  repeatability  of  better  than  ±3  seconds  of  arc  and  by  a  standard  de- 
viation error  over  one  revolution  of  less  than  10  seconds  of  arc. 

Production  units  should  be  of  even  higher  accuracy  because  better 
tooling  fixtures  would  be  used  and  minor  design  improvements  would  be 
incorporated. 

The  principal  forseeable  application  of  the  resolver  lies  in  vernier  sys- 
tems. Vernier  encoder,  vernier  servo  and  vernier  angle-reading  systems 
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are  readily  obtained  by  applying  existing  techniques  to  the  vernier  re- 
solver. 
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APPENDIX 

Sy7nbols 

E     Amplitude  of  induced  voltage 

p      Number  of  pole-shoes 

n      Number  of  rotor  teeth 

de      Electrical  rotor  angle,  equal  to  its  geometrical  angular  position  mul- 
tiplied by  ri 

q      p  divided  by  largest  integral  factor  common  to  n  and  p 

n'     n  divided  by  the  same  factor 

V       Pole-shoe  number  running  from  0  to  (p  —  1) 

m     Order  of  Fourier  component  representing  the  pole-shoe  flux  as  a 
function  of  the  electrical  rotor  angle,  de 

ae     Electrical  angle  between  adjoining  pole-shoes,  equal  to  the  geometri- 
cal angle  multiplied  by  n 

k      A  number  equal  to  zero  or  to  any  positive  integer. 

In  accordance  with  eciuations  (7)  and  (8)  the  voltage  induced  in  the 

sine-winding  coil  on  the  i^th  pole-shoe  by  the  mth  flux  harmonic  is: 

Esm,    =    Co[Am   COS  m    (de    —     Vae)    t  siu    (uCX,)].  (13) 

After  trigonometric  transformation: 

Esm,>  =  hAmtco  [sin  {mde  —  (ni  —I) vae) 

(14) 
+  sin  (-171 6 e  -\-  (m  ^  I) vae)]  . 

The  voltage,  Esm  ,  induced  in  the  sine  winding  is  obtained  by  summing 
the  expression  of  (14)  over  all  values  of  v.  Since  (pa^)  is  a  multiple  of  27r 
the  summing  of  all  sine  terms  from  1^  =  0  to  1/=  {p  —  1)  results  in  zero 
unless  the  angle  (m  ±  1)  a?  is  an  integral  multiple,  k,  of  2ir.  This  condi- 
tion is  spelled  out  in  the  following  equation: 
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(w  ±  1)  ae  =  k2Tr  .  (15) 

The  electrical  angle  ae  being  the  mechanical  angle  between  successive 
pole-shoes  divided  by  the  number  of  rotor  teeth  is: 

27rn  ,     . 

Oie    =    .  (16) 

p 

Dividing  p  and  7i  by  the  largest  common  integral  factor,  one  can  write 

«.  =  '^'.  (17) 

Substituthig  this  expression  into  (15)  and  solving  for  m,  one  obtains 

m  =  ^  ±  1  (18) 

n 

where  m  and  k  are  integers  or  zero.  Consequently,  (18)  is  satisfied  for 
the  following  values  of  m: 

m=l;         g±l;         2q  zL  1;  ■  ■  •  .  (19) 

The  amplitude  of  the  voltage,  Esm  ,  induced  in  the  sine  winding  by  flux 
harmonics  of  order  m,  where  m  is  specified  by  (19),  is 

7) 

Esm  =  ~  Amtu  sin  {7nde).  (20) 

Similarly  one  obtains  for  the  voltages,  Ecm  ,  induced  in  the  cosine 
winding 

Ecm  =  ^  Ajw  cos  (mde).  (21) 
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distance coaxial  cable  circuits,  microwave  systems  and  both  telephone 
and  television  transmission.  During  World  War  11,  Mr.  Graham  de- 
signed circuits  for  electronic  fire  control  computers  for  military  use.  He 
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FM    See  Frequency  Modulation 
Fading,  radio  transmission    600-01 
Fedukowicz,  W.     1093 
Feher,  George 

biographical  material     588 

Sensitivity    Considerations    in    Micro- 
wave   Paramagnetic    Resonance    Ab- 
sorption Techniques    449-84 
Ferrite 

microwave   region,   dielectric   proper- 
ties, measurement    427-48 

parameters    428-30 
Ferrite  Loaded  Waveguide  See  Wave- 
guide 
Ferromagnetic  Materials    See  Ferrite 
Field,  Cyrus     293 
Field     See  Magnetic  Field 
Filter(s),  carrier,  PI     365-66 


Gas  Diode  Tube    See  Electron  Tube 
Gas    Discharge    Tube     See    Electron 

Tube 
Geiger    Counters,    Poisson    patterns 

1005-33 
Generalized    Telegraphist's    Equa- 
tions 
waveguide,  circular,  curved 

dielectric,  inhomogeneous     1209-51 
Gere,  E.     483 
Germer,  Lester  H. 
Activation    of   Electrical    Contacts    by 

Organic  Vapors     769-812 
biographical    material    829 
Geschwind,  S.    483 
Gibson,  W.  C.     1126 
Gilbert,  E.  N.    964 
biographical  material     1045 
Coincidences     in      Poisson     Patterns 
1005-33 
Gilbert,  J.  J.     67 


INDEX 


Glaser,  J.  L.     698 
Glasgow,  Scotland    9 
Gleichmann,  T.  F. 

biographical  material     340 

Repeater  Design  for  the  North  Atlantic 
Link    69-101 
Graham,  R.  Shells 

biographical  material     1511 

Experimental  Transversal  Equalizer  for 
TD-2  Radio  Relay  System     1429-50 
Great  Eastern  (cable  ship)     293,  303 
Greenland     map    8 
Griffith,  R.  G. 

biographical  material    340 

Transatlantic  Telephone  Cable  System — 
Planning  and  Over-All  Performance 
7-27 
Grismore,  O.  D.     495 
Guide    See  Waveguide 
Guided  Missiles    See  Nike 
Gumley,  R.  H.    812 
Gun     See  Electron  Gun 
Gupta,  S.  S.     576 

H 

H.M.T.S.  Monarch    See  Monarch 
Hagelbarger,  D.  W.     1033 
Hale,  A.  L.     1093 
Halsey,  R.  J. 

biographical  material     341 
System  Design  for  the  Newfoundland- 
Nova  Scotia  Link    217-44 
Transatlantic  Telephone  Cable  System — • 
Planning  and  Over-All  Performance 
7-27 
Hamming,  R.  W.     535 
Hawaiian  Telephone   Cable     168 
Hawthorne    Works    (Western    Elec- 
tric)    107 
Heezen,  Bruce  C 

biographical  material     1317 
Oceanographic     Information    for    En- 
gineering Submarine   Cable  Systems 
1047-93 
HefTner,  William  W. 
biographical  material    341 
Repeater    Production    for    the    North 
Atlantic  Link     103-38 
Heskett,  H.  E.    405 


High-Voltage         Conductivity-Modulated 
Silicon  Rectifier  (M.  B.  Prince,  H.  S. 
Veloric)     975-1004 
Hillside  Plant   (Western  Electric) 

103-38 
Hipkins,  Renee    512 
Hogg,  David  C. 
biographical  material     829 
Reflection    Theory  for  Propagation  be- 
yond the  Horizon     627^4 
Holdaway,  V.  L.     768 
Holmes,  M.  F. 

biographical  material    341 
Electron    Tubes  for   the    Transatlantic 
Cable  System     163-88 
Hoth,  D.  F.    698 
Howard,  John  D. 
biographical  material     588 
New  Carrier  System  for  Rural  Service 
349-90 
Huyett,  Marilyn  J. 

biographical  material    589 
Selecting  the  Best  One  of  Several  Bi- 
nomial Populations    537-76 
Human  Channel    See  Channel 


Iceland     map    8 
Inductor 
carrier,  PI     366-67 
repeater,  flexible 

North  Atlantic  link     127-29 
Information  Rate 
channel,  human     497-516 
prose    501-04 
reading  rates     497-516 
word  length     500 
vocabulary  size    409 
vocoder    497 
Information    Storage 

twistor     1319-40 
Inhomogeneous    Dielectric    See    Di- 
electric 
Inspection 
repeater,   flexible,   transatlantic   tele- 
phone cable     131-38 
Installation 
carrier,  PI     380-90 
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Instantaneous  Companding  of  Quantized 
Signals  (B.  Smith)     653-709 

Integrity  (components)     31,  33 

Interchannel  Interference  due  to  Klystron 
Pulling  (H.  E.  Curtis,  S.  O.  Rice) 
645-52 
interchannel,  frequency  modulation 
klystron  pulling     645-52 
power  spectrum    647—48 
transatlantic    telephone    cable    power 
supply     161 

Intjcrnational     Consultative     Com- 
mittee ON  Telephony 
standards     17 

International  Cooperation     7-8, 

14-15,  27,  246,  326 

Ionosphere,  radio  transmission     618-23 

Iowa   Engineering   Experiment   Sta- 
tion 
conduit,  underground     737-54 

Ireland     map    294,  296 


J-7  Transducer    See  Transducer:  elec- 

trohydraulic 
Jack, John  S. 

biographical  material     341 
Route  Selection  and  Cable  Laying  for 
the      Transatlantic      Cable      System 
293-326 
Jacobs,  O.  B.     67 
Jensen,  R.  A.     1337 
Jervey,  W.  T.     754 
Jute,  in  BOD  test     1099 

K 

Kankowski,  Edward     448 
Kaplan,  E.  L.     576 
Karlin,  John  E. 

biographical  material     589 

Reading  Rates  and  the  Information  Rate 
of  a  Human  Channel     497-516 
Kearney  Works   (W.  E.  Co.)     103-38 
Kegelman,  T.  D.     1126 
Kelly,  J.  L.     512 
Kelly,  Mervin  J. 

biographical  material     342 

Transatlantic  Communications — .4 n 
Historical  Resume     1-5 


Kelly,  R. 

biographical  material     342 

Power-Feed  System  for  the  Newfound- 
land-Nova Scotia  Link     277-92 
Kelvin,  Lord     11,  293 
Kip,  A.  F.     483 
Klystron  Pulling 

interference,  interchannel     645-52 
Kohman,  G.  T.     495 
Kronacher,  Gerald 

biographical  material     1512 

Design,   Performance  and  Application 
of  the  Vernier  Resolver     1487-1500 


L-Type  Carrier    See  Carrier 
Laboratories    See  Bell  Telephone  Lab- 
oratories 
Lamb,  Harold  A. 

biographical  material    342 
Repeater    Production    for     the    North 
Atlantic  Link     103-38 
Lawton,  C.  S.     1126 
Laying    See  Cable  Laying 
Leach,  Priscilla     1126 
Leased-Line  Services 
data  transmission 

transmission  aspects     1451-86 
network,  shortest  connection 
1389-1401 
Lebert,  Andrew  W.     495 
biographical  material    343 
Cable  Design  and  Manufacture  for  the 
Transatlantic  Submarine  Cable  Sys- 
tem    189-216,  496 
Lee,  C.  Y.     1387 
Leech,  W.  H. 

biographical  material     343 
Route  Selection  arid  Cable  Laying  for 
the      Transatlantic      Cable      Systoii 
293-326 
Letham,  D.  L.     512 
Levenbach,  G.  J.     1004 
Lewis,  Herbert  A. 

biographical  material     343 
Route  Selection  and  Cable  Laying  for  the 
Transatlantic  Cable  System    293-326 
System  Design  for  the  North   Atlantic 
Link     29-68 
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Lewis,  J.  A.    495 
Life  Expectancy 

electron  tube 

175HQ     166,  171-77 
6P12     185-86 

transatlantic  telephone  cable 
North  Atlantic  link     66-67 
LiMNORiA     1096-1127 
Lince,  Arthur  H. 

biographical  material     344 

Repeater  Design  for  the  North  Atlantic 
Link    69-101 
Linear  Programming 

binomial  processes     537-76 
Lloyd,  Stuart  P.     964 

Binary  Block  Coding    517-35 

biographical  material    589 
Loading 

repeaters,  submarine  cable     20 
London    7-9;     map    8 
Looney,  D.  H.     1337 
Lorac  (naviagtion  system)     1050 
LoRAN  (navigation  system)     1050 
Loss    See  Net  Loss;  Transmission  Loss 
Lovell,  G.  H. 

biographical  material     344 

System  Design  for  the  North  Atlantic 
Link    29-68 
Lozier,  J.  C.     1499 
Lutchko,  F.  R.     1004 
Lutz,  Mary    512 
Lynch,  A.  C.     495 

M 

McC'all,  D.  W. 

biographical  material     589 
Determination  of  Pressure  Coefficients 
of  Capacitance  for  Certain  Geometries 
485-95 
McClure,  B.  T.     768 
McMillan,  B.     698 
McNally,  J.  O. 

biographical  material     344 
Electron    Tubes  for    the    Transatlantic 
Cable  System     163-88 
Magdalena  River 

turbidity  currents     1089-90 
M.AGNETic  Wire     See  Wire 


Maintenance 
carrier,  PI     375 

Newfoundland-Nova       Scotia       link 
235-41 

North  Atlantic  link    55-57 
transatlantic   telephone   cable    21-23, 
55-57,  235-41 
Marine  Borer (s) 
test  sites     1115-21 
transatlantic  telephone  cable     194 
Marine  Navigation     See  Navigation 
Maritime  Provinces  of  Canada    9 
Measurement  of  Dielectric  and  Magnetic 
Properties  of  Ferromagnetic  Materials 
at   Microwave   Frequencies    (W.    von 
Aulock,  J.  H.  Rowen)     427-48 
Memory  Arrays 

twistor     1319-40 
Mertz,  Pierre 

biographical  material     1512 
Transmission  Aspects  of  Data   Trans- 
mission Service   Using  Private  Line 
Voice  Telephone  Channels     1451-86 
Meszaros,  George  W. 

biographical  material    345 
Power  Feed  Equipment  for  the  North 
Atlantic  Link     139-62 
Metering 

current,  transatlantic  telephone  cable 
151-58 
Methyl-Methacrylate    See  Plexiglass 
Metson,  G.  H. 

biographical  material    345 
Electron    Tubes  for   the    Transatlantic 
Cable  System     163-88 
Mica  Capacitors    See  Capacitor 
Michaels,  S.  E.     512 
Microwave  (s) 
feed,  polarization,  dual    391-408 
paramagnetic     resonance    techniques 
449-84 
Microwave  Relay  Systems    See  Radio 

Relay  Systems 
Mid-Atlantic  Ridge     1066-68 
Military  Commixications 
Nike,      electrohydraulic      transducer 

711-36 
servomechanisms,  hydraulic     736 
Miller,  S.  E.     405 


12 


THE  BELL  SYSTEM  TECHNICAL  JOURNAL,   1957 


Miniaturization,  carrier,  PI    370 
Misalignment,      transatlantic      cable. 

North  Atlantic  link    42-46 
Mitchel,  Duncan  M.    754 
Mitchell,  Doren 

biographical  material     1512 
Transmission  Aspects  of  Data  Trans- 
mission Service   Using  Private  Line 
Voice  Telephone  Channels     1451-86 
Mode(s),  normal,  electric  waves,  circu- 
lar   1292-1307 
Modulation 

amplitude,  see  Amplitude  Modulation 
frequency,  see  Frequencj'  Modulation 
Modulation 

transatlantic  telephone  cable 

North  Atlantic  link    63 
pulse 

amplitude  (PAM)     655-57 
code  (PCM)     655-57 

quantizing  impairment     656-57 
duration  (PDM)     655-57 
position  (PPM)     655-57 
Monarch     (cable    ship)     162,    244,    250, 
303-26;    illus    305 
cable  gear  line  schematic    310 
Monographs,    recent,    of   Bell    System 
technical   papers    not   published   in 
this  Journal     335-37,  583-87;  823-27; 
1043-44;  1313-17;  1508-10 
Monro,  S.     576 
Montreal    7-9;    map    8 
Morgan,  Samuel  P. 

biographical  material     1318 
Theory  of  Curved  Circular  Waveguide 
Containing    an    Inhomogeneous    Di- 
electric   1209-51 
Mottram,  Elliott  T. 

biographical  material     345 
Transatlantic  Telephone  Cable  System — 
Planning  and  Over- All  Performance 
7-27 
Murphy,  R.  B.     576 
Mutilation  (data  transmission)     1342 

N 

No.  4B  Transistor     See  Transistor 
No.  5B  Transistor     See  Transistor 


No.  6P10  Electron  Tube    See  Electron 

Tube 
No.  6P12  Tube     See  Electron  Tube 
No.  7F  Test  Set    See  Test  Set 
No.  175HQ  Tube    -See  Electron  Tube 
No.  SP61  Tube    See  Electron  Tube 
Nantucket     13 
Navigation 

marine,  systems  table     1050 
Net  Loss 

transatlantic  telephone  cable     18 
Network 

carrier,  PI     .369 
shortest  connection     1389-1401 
construction  principles     1.391-94 
U.  S.  state  capitals     illus     1390 
switching,  periodic     1403-28 
Network  Containing  a  Periodically  Oper- 
ated   Switch    Solved    by    Successive 
Approximations      (C.     A.     Desoer) 
1403-28 
New  Carrier  System  for  Rural  Service  (R. 
C.  Boyd,  J.  D.  Howard,  L.  Pedersen) 
349-90 
New  Storage  Element  Suitable  for  Large 
Sized   Memory   Arrays — the    Twistor 
(A.  H.  Bobeck)     1319-40 
New  York  City    map    7-9,  11;  8 
Newfoundland    map    294,  296,  300 
Newfoundland-Nova  Scotia  Link 
attenuation     221-23 
circuits     223 
crosstalk    230,  243 
design     217-44 

electron  tubes     163-88,  179-88 
maintenance    235-41 
noise     229,  241-42 
power  supply    225-27,  277-92 
repeaters     163-88,  245-76 
route  selection    317-20 
terminals     227-29 
transmission  loss     229,  241 
transmission  objectives    217 
Niagara  (cable  ship)     303 
Nike 
roll  servo 
purpose    711 
simplified  schematic     712 
transducer,      elect  rohydraulic,     J-7 
711-36 
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Noise 

electron  beam    831-78 

electron  tube,  traveling-wave    831 

error  correction  codes     1341-88 

Newfoundland-Nova  Scotia  Link    229, 
241-42 

transatlantic  telephone  cable 
North  Atlantic  link    39-42,  62-63 

radio  transmission  623-25 
Noise  Spectrum  of  Electron  Beam  in 
Longitudinal  Magnetic  Field:  The 
Groicing  Noise  Phenomenon;  The 
UHF  Noise  Spectrum  (W.  W.  Rigrod) 
831-78 
Non-Binary  Error  Correction  Codes  (W. 

Ulrich)     1341-88 
Nonlinear  Attenuation    See  Attenua- 
tion 
Normal  Mode  Bends  for  Circular  Electric 

Waves  (H.-G.  Unger)     1292-1307 
North  America    map    294,  296 
North  Atlantic  Link 

bandwidth    34-35 

cable  current 

regulation     143-45;   simplified  sche- 
matic    143-45 

channels     38 

description     29-31 

design    29-68 

electron  tubes     163-78 

equalization 

shore     46-49;  block  schematics 

inaccessibility    34 

integrity    33 

maintenance     55-57 

misalignment     42—46 

modulation     63 

noise    39-42,  62-63 

performance     59-65 

power  feed,  see  Power  Supply 

repeaters,  see  Repeater 

schematic  diagram    30 

signal-to-noise  design    35 

spares    65-66 

terminals     52-55 

testing    55-59 
North  Atlantic  Ocean 

basins     1064-65 

bottom     1072-74 


temperature     1077-86 

continental  shelf     1063-64 

earthquake  epicenters     map     1087 

telegraph  cables    map    294 

topography     1061-70;     illus 
North  Sea    3 
Northern    Electric    Company,    Ltd. 

57,  244 
Norton,  E.  L.     736 
Nova  Scotia    map    294,  296 
Noyce,  R.  N.     1004 

Number  4B  Transistor  See  Transistor 
Number  5B  Transistor  See  Transistor 
Number    6P10     Electron     Gube     See 

Electron  Tube 
Number  6P12  Tube     See  Electron  Tube 
Number  7F  Test  Set    See  Test  Set 
Number     175HQ    Tube     See    Electron 

Tube 
Number  SP61  Tube    See  Electron  Tube 


175HQ  Tube     See  Electron  Tube 
Oban,  Scotland     2,  9,  29,  49,  57,  140, 
145,  147,    150,  164-65,  217,   219,  221, 
246,  248,  293,  301,  317-18,  323;    7nap 
8,  218,  300 
Ocean  Bottom 
catastrophic  changes     1086-93 
knowledge,  present     1070-74 
sediment     1071 
study     1048 

evaluation     1056-1057 
methods     1065-70;     illus 
presentation     1057-61 
topography     1049-65 
turbidity  currents     1089-93 
Ocean  Cable    See  Submarine  Cable 
Oceanographic  Information  for  Engineer- 
ing Submarine  Cable  Systems  (C.  H. 
Elmendorf,  B.  C.  Heezen)     1047-93 
Oceanography,  defined     1047-48 
Office     See  Central  office 
O'Neil,  H.  T.     1033 
Operating  Companies 

carrier,  PI     350 
Ordnance  Survey  of  Great  Britain 
244 
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PI  Carrier    See  Carrier 
PAM    See  Modulation :  pulse;  amplitude 
PCM    See  Modulation:  pulse:  code 
PDM    See  Modulation:  pulse:  duration 
PPM    See  Modulation:  pulse:  position 
Parallel       Plate       Capacitors    See 

Capacitor 
Paramagnetic  Resonance 

absorption     450 
Parameter(s) 

carrier,  PI     351-65 

ferrites    428-30 
Paris    9 
Pauer,  J.  J.     754 
Pedersen,  Ludwig 

biographical  material     589 

New  Carrier  System  for  Rural  Service 
349-90 
Periodic  Switching     See  Switching 
Perkins,  E.  H.     390 
Phase  Shift 

FM  signal,  noise  modulated 
distortion     879-89 
Pholadidae     1096-1127 
Pierce,  John  R. 

biographical  material     590 

Reading  Rates  and  the  Information  Rate 
of  a  Human  Channel     497-516 
PiERCE-TypE  Electron  Gun    See  Elec- 
tron Gun 
Plastics 

marine  conditions     1095-1127 
Plexiglass 

properties     115 

repeaters,     flexible.     North     Atlantic 
link     115-16 
PoissoN         Patterns,         coincidences 

1005-33 
Pollak,  H.  O. 

biographical  material     1045 

Coincidences      in      Poisson      Patterns 
1005-33 
Polyethylene 

BOD  test    1099 

submarine  cable     189-93,  197,  199,  205 
Polyvinyl  Chloride,  BOD  test     1099 
Populations,    binomial     See    Binomial 
Processes 


Port  is,  A.  M.     483 
Portland,  Maine     map    8 
Post  Office     See  British  Post  Office 
Power,  dc,  reliability     140 
Power-Feed     See  Power  Supply 
Power    Feed    Equipment   for    the    North 
Atlantic  Link  (G.  W.  Meszaros,  H. 
H.  Spencer)     139-62 
Power-Feed  System  for  the  Newfoundland- 
Nova  Scotia  Link  (R.  Kelly,  J.  F.  P. 
Thomas)     277-92 
Power  Supply 
carrier,  Pl     376-80 
Newfoundland-Nova        Scotia       link 

225-27,  277,  292 
transatlantic  telephone  cable 
crosstalk     161 
North  Atlantic  link     49-52,  139-62; 

schematic  diagram     51 
equipment  design     158-62 
standby  sources     145-51 
Prim,  R.  C. 

biographical  material     1512 
Shortest  Connection  N^etworks  and  Some 
Generalizations     1389-1401 
Prince,  M.  B. 

biographical  material     1045 
High-Voltage      Conductivity -Modulated 
Silicon  Rectifier    975-1004 
Printed  Circuitry 

carrier,  PI     371 
Private    Line    Services    See    Leased- 

Line  Services 
Probabilities,  binomial  processes 

537-76 
Processes    See  Binomial  Processes 
Programming     See  Linear  Programming 
Propagation     See  Transmission 
Prose,  information  rate    501-04 
Pulse  Modulation,  quantized    655-57 


Quality 

Bell  System     103 
Western  Electric     103 
Quantized  Signal    See  Signal 
Quartz  Crystal    See  Crystal 
Quebec  (city)     map    8 


INDEX 


15 


Radio    Propagation    Fundamentals     (K. 

BuUington)     593-626 
Radio  Relay  Systems 
TD-2 

distortion     1429-50 
equalizer,  transversal     1429-50 
repeaters,      equalizer,      transversal 
1429-50 
Radio  Telephone,  transatlantic     5 
Radio  Transmission  Loss    See  Trans- 
mission Loss 
Rain,  and  radio  transmission     602 
Radley,  Sir  Gordon 

biographical  material     345 
Transatlantic        Communications — An 
Historical  Resume     1-5 
Rayleigh  Distribution     600-01,  624 
Reading  Rates  and  the  Information  Rate 
of  a  Human  Channel  (J.  E.  Karlin, 
J.  R.  Pierce)     497-516 
Rectangular   Waveguide     See   Wave- 
guide 
Rectifier 
silicon,  conductivity-modulated 

high-voltage    975-1004 
solid  state 
voltage    975 
Reed-Muller  Codes     1341 
Reflection  Theory  for  Propagation  beyond 
the  Horizon  (A.  B.  Crawford,  H.  T. 
Friis,  D.  C.  Hogg)     627^4 
Regenerative  Repeater    See  Repeater 
Regulator 

current,  transatlantic  telephone  cable 
143-45 
Relay  Systems    See  Radio     Relay  Sys- 
tems 
Reliability 

electron  tube,  175HQ     178 
Repeater 

carrier,  PI     362  65,  373-75 
flexible 

North  Atlantic  link     69-138 
capacitors     125-26 
circuit     71 
components     81-88 
container    90-94 
coupling  networks     73-76 


design  69-101 
equalization     99-100 
feedback  loop    78-79 
gain  formula     72-73 
gas  diode  tube    88-90;  illus    89 
inspection     131-38 
manufacture     103-38 
assembly     116-20 
brazing     116-20 
clothing,  special     109 
dust  count     110 
quartz  crystals     120-23 
mechanical  design     79-81 
packing     130 
performance     96-98 
power  feed     139-62 
production     110-14 
raw  materials     114-16 
schematic  diagram     70 
seals    90-94,  123-25;     illus     118 
shipping     130 

subcontracted    operations     107-08 
testing     77-78,  94-96 
Newfoundland-Nova  Scotia  link  245-76 
regenerative,  self-timing    891-937 
reliability     245 
submarine  cable 
British  Post  Office     12 
loading     20 
TD-2  radio  relay  system 

equalizer,  transversal     1429-50 
transatlantic  telephone  cable 
armoring     58 
efficiency     2-3 
electron  tubes     2-4 
specifications    2 
Repeater  Design  for  the  Xewfoundland- 
Nova  Scotia  Link  (R.  A.  Brockbank, 
D.  C.  Walker,  V.  G.  Welsby)   245-76 
Repeater  Design  for  the  North   Atlantic 
Link  (F.  J.  Braga,  T.  F.  Gleichmann, 
A.  H.  Lince,  M.  C.  Wooley)     69-101 
Repeater  Production  for  the  North  Atlantic 
Link  (W.  W.  Heffner,  H.  A.  Lamb) 
103-38 
Resin  (s) 
casting     1095-1127 
BOD  test     1099 
marine  conditions     1095-1127 


16 


THE  BELL  SYSTEM  TECHNICAL  JOURNAL,   1957 


Resistance  of  Organic  Materials  and  Ca- 
ble Structures   to  Marine  Biological 
Attack  (L.  R.  Snoke)     1095-1127 
Resistor 
repeater,  flexible 
North  Atlantic  link     126-27 
Resolver    See  Synchro  Resolver;  Ver- 
nier Resolver 
Resonance    450 

See  also  Paramagnetic  Resonance 
Rice,  Stephen  O.     698 
biographical  material     829,  1046 
Distortion  Produced  in  a  Noise  Modu- 
lated FM  Signal  by  Non-Linear  At- 
tenuation and  Phase  Shift     879-89 
Interchannel  Interference  due  to  Klys- 
tron Pulling    645-52 
Richards,  A.  P.     1126 
Rigrod,  W.  W. 
biographical  material     1046 
Noise  Spectrum  of  Electron  Beam  in 
Longitudinal    Magnetic    Field:    The 
Growing    Noise    Phenomenon;     The 
UHF  Noise  Spectrum    831-78 
Riordan,  J.     964-65 
Ringing 

carrier,  PI     359-61 
Rose,  A.  C.     1387 
Round     Waveguide    See     Waveguide: 

circular 
Route  Selection  and  Cable  Laying  for  the 
Transatlantic    Cable   System    (J.    S. 
Jack,  W.  H.  Leech,  H.   A.  Lewis) 
293-326 
Rowen,  John  H. 

biographical  material    590 
Measurement  of  Dielectric  and  Magnetic 
Properties  of  Ferromagnetic  Materials 
at  Microwave  Frequencies    427-48 
Rural  Telephone  Serivce 
carrier,  PI     349-90 


S 
Tube 


Tube    See     Electron 


6P10    Electron 

Tube 
6P12     Electron 

Tube 
6P12  Tube    See  Electron  Tube 
7F  Test  Set    See  Test  Set 
SP61  Tube     See  Electron  Tube 


See    Electron 


Schaefer,  J.  W. 
biographical  material    830 
Electrically  Operated  Hydraulic  Control 
Valve    711-36 
Scotland     map    294,  296 
Sea    See  Ocean  Bottom 
Seal(s),  repeater,  flexible.  North  Atlan- 
tic link    90-94,  123-25;  illus     118         < 
Seasons,    transmission,    radio,    bej'ond 

the  horizon    640-43 
Sediment,  ocean  bottom     1071 
Seidel,  Harold 
biographical  material    590 
Character  of  Waveguide  Modes  in  Gyro- 
magnetic  Media    409-26 
Selecting  the  Best  One  of  Several  Binomial 
Populations     (Marilyn    J.    Huyett, 
M.  Sobel)     537-76 
Self -Timing  Regenerative   Repeaters    (E. 

D.  Sunde)     891-937 
Semiconductor(s),  Semiconducting  Ma- 
terials   See  Ferrite 
Sensitivity  Considerations  in  Microwave 
Paramagnetic  Resonance  Absorption 
Techniques  (G.  Feher)     449-84 
Serpentine     Waveguide     See     Wave- 
guide: circular 
Service     See     Maintenance 
Servo  Systems 
electrohydraulic,  Nike     711-36 
hydraulic,     military    communications 

736 
power  supply,  transatlantic  telephone 

cable     155-58 
vernier  resolver    illus     1497 
Shoran   (navigation  system)     1050 
Short  Circuit 

cables,  Poisson  patterns     1005-33 
Shortest  Connection  Networks  and  Some     1 
Generalizations  (R.  C.  Prim) 
1389-1401 
Signal(s),  Signaling 
binarj',  data  transmission     1451-86  1 

carrier,  PI     359  j 

companding,    instantaneous     653-709 
FM,  noise  modulated  distortion 

879-89 
quantized,  companding,  error     665-76 

instantaneous     653-709 
spectrum     663 
transatlantic  telephone  cable     20-21 


INDEX 
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196-97 
Silsbee,  R.  H.    483 
Silverman,  S.  J.     1004 
Simonick,  V.  F.     736 
Slepian  D.     512 
Slichter,  C.  P.    483 
Smith,  Bernard 
biographical  material    830 
Instantaneous  Companding  of  Quantized 
Signals    653-709 
Smith,  D.  H.     390 
Smith,  James  L. 
Activation    of    Electrical    Contacts    hy 

Organic  Vapors     769-812 
biographical  material    830 
Snoke,  Lloyd  R. 
biographical  material     1318 
Resistance    of  Organic    Materials    and 
Cable  Striictures  to  Marine  Biological 
Attack     1095-1127 
Snow  and  radio  transmission    602 
Sobel,  Milton 

biographical  material     590 
Selecting  the  Best  One  of  Several  Bi- 
nomial Populations     537-76 
SoFAR  (naviagtion  sj-stem)     1050 
Solenoid  electrohydraulic,  J-7    711-36 
Sounding,  echo    1051-52, 1055 
Southern     United    Telephone     Co., 

Ltd.    244 
Spare  Parts,  North  Atlantic  link    65-66 
Spencer,  H.  H. 
biographical  material    346 
Power  Feed  Equipment  for  the  North 
Atlantic  Link     139-62 
Spruce    Lake,    New    Brunswick    11 
St.  John,  New  Brunswick    map    8 
Standard    Telephones    and    Cables, 

Ltd.     244,  274,  292 
States  (United  States),  capitals,  net- 
work,    shortest     connection     1389- 
1401;  ill  us     1390 
Statistical  Methods 
telephone  exchange  model    939-64 
traffic  fluctuations    965-73 
Storage  Battery,  as  power  source     140 
Storage    See  Information  Storage 
Strength  Requirements  for  Round  Conduit 
(G.  F.  Weissmann)     737-54 


Submarine  Cable(s) 
background  experience     11-15 
British  Post  Office  systems     12-13 
capacitance    485 
electron  tubes    3 

marine  organism  attack     1095-1127 
North  Atlantic  link    33 
oceanographic  information     1047-93 
recovery 
dynamics     1129-1207 
kinematics     1129-1207 
research    5 
stresses     1 

transatlantic    telephone,    see    Trans- 
atlantic Telephone  Cable 
transistors    3-^ 
United  States     13-14 
Submarine  Cables,  Ltd.     196-97,  274 
Sufficient  Set  of  Statistics  for  a  Telephone 
Exchange  Model  (V.  E.  Benes)     939-64 
Sunde,  Erling  D.     889 
biographical  material     1046 
Self-Timing     Regenerative     Repeaters 
891-937 
Switching  periodic,  network    1403-28 
Switching  Systems 

electron  tubes,  gas  discharge    755-68 
Switching  Time  twistor    1328 
Synchro  Resolver 
accuracy     1487-88 
See  also  Vernier  Resolver 
Sydney  Mines,  Nova  Scotia    11,   29, 
164-65,  219,  221,  232,  246,  248,  318, 
321,323;    map    8,218,300 
Syste77i  Design  for  the  Newfoundland-Nova 
Scotia  Link  (J.  F.  Bampton,  R.  J. 
Halsey)     217-44 
System   Design  for    the   North    Atlantic 
Link  (J.  M.  Fraser,  H.  A.  Lewis,  G. 
H.  Lovell,  R.  S.  Tucker)     29-68 


TD-2  Radio  Relay  System    See  Radio 

Relay  Systems 
Tacan  (navigation  system)     1050 
Technical    Papers,    Bell    System,    not 

published    in    this   Journal     327-34, 

577-82,     813-22,     1035-42,     1308-13, 

1501-07 
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Telegraph 
North  Atlantic  routes    viap    294 
transatlantic   cable     2,   20,     26-27 
Telegraph  Construction  and  Main- 
tenance Co.,  Ltd.     308 
Telegraphist's   Equations    See   Gen- 
eralized Telegraphist's  Equations 
Telephone  Exchange 

model,  statistics    939-64 
Temperature 
North  Atlantic  Ocean     1077-86 
ocean  bottom     1075-86 
Terminal(s) 

carrier,  PI     354,  373-75 
network,  shortest  connection 

1389-1401 
Newfoundland-Nova  Scotia  link 

227-29 
transatlantic  telephone  cable 
North  Atlantic  link     52-55 
Terrenceville,     Newfoundland     11, 
219,  232,  246,  248,  293,  295,  318-19, 
322,  324;     mav     218,  300 
Test(s),  Testing 

biochemical  oxygen  demand     1098-1 1 14 
carrier,  PI     375 
electron  tube,  6P12     186-88 
conduit,  thin-walled    737-54 
repeater,  flexible 
North  Atlantic  link    77-78,  94-96 
Test  Set 

7F     389-90;     illus     390 
conduit,  thin-walled     illus    739 
Tharp,  Marie     1093 

Theory  of  Curved  Circular  Waveguide  Con- 
taining an  Inhomogeneous  Dielectric 
(S.  P.  Morgan)     1209-51 
Thomas,  J.  F.  P. 

biographical  material     346 
Power-Feed  System  for  the  Newfound- 
land-Nova Scotia  Link    277-92 
Time  of  Day,   and  radio  transmission 

noise     624 
Title,  R.  S.     1337 

Tonawanda    Plant    (W.    E.   Co.)     107 
Townsend,  Mark  A.     88-90 
biographical  material     830 
Cold  Cathode  Gas  Tubes  for  Telephone 
Switching  Systems    755-68 


Traffic 

demand     941 
engineering    940 
fluctuations    965-73 
measurement    939-64 
Transatlantic  Communications — An  His- 
torical Resume  (M.  J.  Kelly,  Sir  G. 
Radley)     1-5 
Transatlantic  Radio  Telephone    5 
Transatlantic  Telephone  Cable 
cable,  see  Submarine  Cable 
crosstalk     19-20 
echo    21 

facilities  block  diagram     10 
frequency  characteristics     18,  24-26 
maintenance    21-23,     55-57,     235-41 
map    8,  302 
net  loss     18 
noise     19-20 

operating  services     21-23 
performance    24-27 
profile    304 

repeaters,  see  Repeater 
route  selection    293-326 
service  objectives     16 
signaling  objectives    20-21 
submarine  cable,  see  Submarine  Cable 
system  planning     15-24 
telegraph  facilities     2,  20,  26-27 
telephone  circuits    9 
temperature  profile     1083 
transmission  objectives     16-18 
Transatlantic    Telephone    Cable   System - 
Planning  and  Over-All  Performance 
(J.  W.  Emling,  R.  G.  Griffith,  R.  J. 
Halsey,  E.  T.  Mottram)     7-27 
Transducer 
coupled-wave,  problems    391 
electrohydraulic,   J-7     711-36 
illus    717,  718 

actuating  mechanism    719-24 
cutaway  section     716 
description    715-19 
exploded  view    717 
hydraulic  characteristics     724-34 
internal  view    720 
ports    illus    714 
See  also  Vernier  Resolver 
Transformer,   carrier,  PI     368-69 
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Transistor 
4B,   carrier,  PI     355-56 
4C,     carrier,  PI     355-56 
carrier,  PI     349-90 
submarine  cable  prospects     3-4 
twistor  memory  arrays     1333-36 
Transmission 

carrier,  PI     351-55 
information,  see  Information  Rate 
radio 
beyond  the  horizon 
antenna  size     639-40 
experimental  data     608-11 
reflection  theory     627-44 
seasons    640-43 
buildings     613-14 
fog     602 

fundamentals     593-626 
ground  wave    614-18 
ionospheric     618-23 
noise  levels     623-24 
rain     602 
snow     602 
trees     613-14 
transatlantic    telephone    cable     16-18 
Transmission  Aspects  of  Data  Transmis- 
sion Service  Using  Private  Line  Voice 
Telephone   Channels    (P.   iSIertz,   D. 
iMitchell)     1451-86 
Transmission  Loss 

Newfoundland-Nova  Scotia  Link     220, 

241 
radio    593-97 

earth,  plane  diagrams     598 
line  of  sight     596-602 
Transoceanic    Cable     See    Submarine 

Cable 
Transverse  Equalizer    See  Equalizer 
Traveling-Wave    Tibe     See    Electron 

Tul)e 
Trees,   and  radio  transmission     613-14 
Tretola,  A.R.     1004 
Trunk(s),  Trunking 
carriers     350 
defined    941-42 
TiBE     See  Electron  Tube 
Ttbing     »See  Copper  Tubing 
Tucker,  Rexford  S. 

biograi)hical  material     346 


System   Design  for  ike  North  Atlantic 
Link     29-68 
Tukey,  J.  W.     576,  964 
Turbidity  Currents     1089-93 
Twistor     1319-40 

bits  (binary  digits)     1330 

switching  time     1328 

transistor  powering     1333-36 


USAF    See  United  States  Air  Force 
Ulrich,    Werner 

biographical    material  1513 
Non-Binary  Error    Correction  Codes 
1341-88 
Unger,  Hans-Georg 

biographical  material     131S 
Circular    Electric    Wave    Transmission 
in  a  Dielectric-Coated  Waveguide 
1253-78 
Circular    Electric    Wave    Transmission 

through  Serpentine  fiends     1279-92 
Normal  Mode  Bends  for  Circular  Elec- 
tric Waves     1292-1307 
United  States 

submarine  cable  systems     13-14 
United  States  Air  Force  Missile  Test 
Center,  submarine  cable     190-92,  214 


Van  Uitert,  L.  G.     448 

Vapor,  organic,  contacts,  electrical 

activation     769-812 

erosion  769-812 
Vasko,  T.  J.  1004 
Veazie,  Edmund  A. 

l)iographical  material     347 

Electron    Tubes  for    the    Transatlantic 
Cable  System     163-88 
Veloric,  Harold  S. 

l)iographical  material     1046 

High-Voltage      Conductivity-Modulated 
Silicon  Rectifier    975-1004 
Vernier  Resolver 

applications     1487-  1500 

design     1487-1500 

output     1489 

performance     1487-1500 
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Vernier  Resolver  (Cont.) 

rotor  lamination     ill  us  1492 

schematic  diagram     1490 

servo  system     illiis     1497 

stator  lamination     illus     1491 
Vocabulary  Size 

information  rate     499 
Vocoder     channel  capacity     497 
Voltage     rectifier,  solid  state    975 
Volz,  A.  H.     1449 

W 

Wakai,  T.  W.     1499 
Walker,  D.  C. 

biographical  material     347 
Repeater  Design  for  the  A'ewfoundlat^d- 
Nova  Scotia  Link     245-76 
War  Work    See  Military  Commun. 
Watling,  R.  G.     754 
Washington,  D.  C. 
state    capitals,     shortest     connection 
network     1389-1401;     illas     1390 
Wave 
circular 
bends,  serpentine 

transmission     1279-92 
modes,   normal,    l)ends     1292-1307 
waveguide,     dielectric-coated 
transmission     1253-78 
radio,  path    600 
See  also  Microwave 
Waveguide 
circular 

bends,   modes,   normal     1292-1307 
birefringence,  effect     409-26 
curved,  dielectric,  inhomogeneous 

1209-51 
modes,   in   gj^romagnetic   media 

409-26 
propagation    characteristics     409-26 
serpentine 

wave,    circular,    transmission 
1279-92 
coupler,  see  Coupler 
coupling 

attenuation     392 
coupler,  see  Coupler 
dielectric-coated,  wave,  circular,  trans- 
mission    1253-78 


ferrite  loaded,  propagation  character- 
istics    409 
rectangular 

birefringence,  effect     409-26 
modes,   in   gj-romagnetic   media 

409-26 
propagation  characteristics    409-26 
round,  see  Waveguide:  circular 
Weatherington,  C.  A.     495 
Weissmann,  Gerd  F. 

biographical  material    830 
Strength  Requirements  for  Round  Con- 
duit    737-54 
Welber,  I.     1449 
Welsby,  V.  G. 

biographical  material     347 
Repeater  Design  for  the  Newfoundland- 
Nova  Scotia  Link     245-76 
Weniw,  D.  H.,  Jr.     1337 
Werner,  J.  K.     1449 
West  Haven,   Connecticut    map    S 
White,  A.  D.     768 
White  Plains,  New  York     map    8 
Williams,  I.  V.     754 
Winnicky,  A.  P.     512 
Wire(s) 

magnetic,    twistor     1319-40 
Wiring,   printed,  see  Printed  Circuitry 
Wittenberg,  A.  M.     768 
Wooley,  M.  C. 

biograjihical  material     347 
Repeater  Design  for  the  North  Atlantic 
Link     69-101 
Words 

familiarity,  and  information  rate     500 
length,  information  rate     500 
Wright     Air     Development     Center 

1487,  1499 
Wrightsville    Beach,    North    Caro- 
lina, test  site     1115-21 


Zadeh,  L.  A.     1387 
Zajac,  E.  E. 
biographical  material     1318 
Dynamics  and  Kinematics  of  the  Laying 
and  Recovery  of  Submarine  Cable 
'1129-1207 
ZoBell,  Claude  E.     1126 
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